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In 2012 he joined NON-A team of Inria Lille, France. His main research interests include sliding mode control, time delay system, set-theoretic and homogeneity-based methods in control. During the scientific carrier he produced more than 150 publication.

The thesis deals with one of the main research direction of the applicant in the last 5 years: design of finite/fixed-time controllers and observers by means of a canonical homogeneous norm induced by linear dilations. Such a norm simplifies the analysis and design of homogeneous control systems, and allows a liner control and state estimation algorithms to be extended easily to some non-linear cases. Canonical homogeneous norms appear in the control and systems theory in the form of controllability functions and implicit Lyapunov functions.

The first chapter of the thesis presents the scientific background and the experience of the author. In the second chapter, the concept of homogeneity (symmetry) with respect to linear dilations (i.e. linear geometric homogeneity) is introduced and some related notions such as the canonical homogeneous norm are studied. Solutions to several control and estimation problems for linear and nonlinear systems in a Banach space B and in the Euclidean space R n are presented. In the third chapter, the future directions of the research of the author are discussed. Finally, the list of publications of the author and the texts of four selected papers, which are closely related with the topic of the thesis but not surveyed in the chapter 2, are presented in Appendix.

Notation

• N is the set of natural numbers; Z is the set of integers; R is the set of reals; R = R ∪ {-∞} ∪ {+∞} and R + = [0,+∞); C is the set of complex numbers.

• I denotes one of the following intervals: • The Cartesian product of sets is denoted by ×.

• B is a real Banach space with a norm • and H is a real Hilbert space with an inner product •, • .

• S = {x ∈ B : x = 1} is the unit sphere in B.

• L(X, Y ) is the space of linear bounded operators X → Y , where X and Y are Banach spaces, and

A L(X,Y ) = sup u =0 Au Y u X and A L(X,Y ) = inf u =0 Au Y u X , A ∈ L(X, Y ).
If X = Y we use notations A and A for shortness.

• If P = P ∈ R n×n then P 0 means that the matrix P is positive definite.

• λ min (P ) and λ max (P ) denotes minimum and maximum eigenvalues of symmetric matrix P = P ∈ R n .

• X denotes the closure of the set X of a metric space.

• ∂Ω is the boundary set of a Ω ⊂ R n .

• C ∞ 0 (Ω, R m ) is the set of infinitely differentiable (smooth) functions having compact support in Ω, where Ω ⊂ R m is an open set.

• H n (Ω, R m ) = W n,2 (Ω, R m ) is the Sobolev space of functions Ω ⊂ R k → R m . • H n 0 (Ω, R m ) is the closure of C ∞ 0 (Ω, R m ) with respect to the norm in H n . • L 2 (Ω, R m ) = H 0 (Ω, R m ) is the Lebesgue space of quadratically integrable functions Ω → R m .
• The set consisting of elements x 1 , x 2 , ..., x n is denoted by {x 1 , x 2 , ..., x n }.

• The sign function is defined by

sign σ (ρ) :=    1 if ρ > 0, -1 if ρ < 0, σ if ρ = 0, (1) 
where σ ∈ R : -1 ≤ σ ≤ 1. If a concrete value of σ is not important for considerations, we use the notation sign(ρ).

• If V (•) ∈ C 1 (R n , R) then ∇V (x) := ∂V ∂x1 , ..., ∂V ∂xn T . If s ∈ C 1 (R n , R m ),
s(•) = (s 1 (•), ..., s m (•)) T then ∇s(x) is the matrix R n×m of the partial derivatives ∂sj ∂xi , i = 1, 2, ..., m, j = 1, 2, ..., n.

• Let F d (R n ) (resp. H d (R n ))
be the set of continuous vector fields R n \{0} → R n (resp. functions R n \{0} → R) homogeneous with respect to the dilation d.

• Let deg F d (f ) (resp. deg H d (h)) denote the homogeneity degree of f ∈ F d (R n ) (resp. h ∈ H d (R n )).
Chapter 1

Scientific Background and Experience

In this chapter, my scientific background, the main achievements and scientific carrier are expressed shortly. Next, in the second chapter, the main results obtained in the field of homogeneity-based control and estimation are presented with more details. Some planned directions of research are briefly described in the third chapter.

Diplomas and Grades

Both my degrees I have obtained from Voronezh State University, Russia: 

•

Research and Publication Activities

Research topics

My research activities in the field of control theory can be split in four topics

• Homogeneity in Systems and Control (since 2012).

Homogeneity is a sort of a symmetry allowing a lot of useful properties to be discovered in the context of systems theory and control design. For example, asymptotic stability of homogeneous system ensures its robustness (in the sense of input to state stability) with respect to a rather large class of perturbations and it implies finite-time stability if the homogeneity degree is negative. Last years, I have dealt with control and observer design based on homogeneity technique as well as with both quantitative and qualitative analysis of homogeneous systems. In particular, the methods of implicit Lyapunov functions, linear matrices inequalities and consistent discretizations have been elaborated for homogeneous systems. Some homogeneity based methods have been successfully extended to infinite dimensional systems. A few recent results are reported in the next chapter.

• Set-Theoretic Methods in Control and Estimation (since 2007).

In practice, asymptotic (or finite-time) stability and as well as exact estimation are hard to be realized due to technical nonidealities of actuators and sensors, uncertainties in system models, etc. In this case set-theoretic methods (e.g. stability of sets) become proper tools for quantitative control system analysis and design. Attractive ellipsoids method is one of the most efficient tools in this context. It allows the linear control/ observer design approaches to be applied for a class of quasi-Lipschitz nonlinear models. This methodology is summarized in the book (co-authored by me) "Attractive Ellipsoids in Robust Control", Bikhauser, 2014. In the last years, I have also dealt with minimax and interval observers techniques as well as observerbased control design for both finite and infinite dimensional systems.

• Sliding Mode Control (since 2000).

Being introduced in the early 60s, sliding mode is one of the first methods of robust control design. However, a mathematically rigorous analysis of the sliding mode control system is always complicated due to the discontinuous nature of the control laws. In this context I have proposed a unified approach to Lyapunov function-based stability analysis of the so-called second order sliding mode systems. I have also dealt with extension of attractive ellipsoids and homogeneity methods to sliding mode systems and with application of sliding mode control design methodology in flow control systems.

• Time Delay Systems (since 2000).

Delay effects accompany any real control systems. Analysis and design of control systems in the case of input and state delays is important for control practice. In this context, I was involved in development of relay and sliding mode control design for systems with delays. Analysis of robustness of homogeneous systems with respect to delays. Control design for bi-linear time switched systems with delays. Interval state estimation and interval control design for for uncertain delay systems.

Structure of publications

The complete list of publications is given in Appendix A. This sections gives just general overview of my publication activity. I have more than 150 scientific publications:

• International Journal Papers: more than 50 (including 20 journal papers in the top-ranked control journals: Automatica and IEEE Transactions on Automatic Control) arise some specific issues studied in this project. In particular, I have developed algorithms of control design for relay systems. The methods of convex embedding, implicit Lyapunov function and attractive ellipsoids have been utilized for successful solving of the robust stabilization problem for such control systems.

• ANR PRC Chaslim (2011-2015) Subject: "Chattering-free sliding modes" Coordinator: Bernard Brogliato Partners: Inria Grenoble, Inria Lille, CNRS IRCCyN

In this project some methods of chattering reduction of sliding mode control were developed. They include novel discretization schemes for the first order and the second order systems as well as homogeneity-based design of high order sliding mode algorithms allowing chattering reduction. In this project, I have developed the implicit Lyapunov function method for high order sliding mode control design and proposed an efficient scheme of a digital control implementation allowing completely remove the chattering.

• CPER DATA, project "ControlHub" (2016-Now)

Coordinator: Andrey Polyakov Participants: Dagher Roudy, Dherbomez Gerald, Jean-Pierre Richard, Denis Efimov ControlHub is the platform for a rapid prototyping of control algorithms for cyber-physical systems. It allows the End-User to have a remote access to real experimental setups in order to validate mathematical control algorithms. ControlHub is under construction by Non-A Post(future Valse) team of Inria Lille Nord Europe.

• CPER ELSAT2020, project "Contratech" (2015-Now)

Coordinator: Jean-Marc Foucaut Partners: Univ. Vallenciennes, Centrale Lille, LMFL, CNRS LAMIH, ON-ERA, Inria Lille, CNRS CRIStAL

The Contratech platform joins research groups of different institutions around the important and challenging problem of active flow control.

• "RECoT" North-European Inria Associate team with IBM Research in Dublin, Ireland Subject: "Robust Estimation and Control with Time Constraints" Coordinator: Andrey Polyakov (Inria)

The project bridges the research team of NON-A Post (future Valse), Inria Lille, France and IBM Research Lab in Dublin. It is aimed at development of minimax control and estimation algorithms based on homogeneity technique.

• "HoTSMoCE" Inria Associate team with UNAM, Mexico Subject: "Homogeneity Tools for Sliding Mode Control and Estimation" Coordinator: Denis Efimov (Inria)

The project "HoTSMoCE" bridges the research team of NON-A Post (future Valse), Inria Lille, France and Sliding Mode Control Lab of National Autonomous University of Mexico (UNAM).

Supervision

I was also involved (or I am still involved) in supervision of the following Postdocs and PhD students in France: Postdocs

• Nicolas Espitia (10.2017-now; co-supervisors: Prof. Wilfrid Perruquetti and Dr. Denis Efimov )

• Tonametl Sanchez (10.2017-now; co-supervisor: Prof. Jean-Pierre Richard) 

Teaching

The courses were given in Voronezh State University (2004-2007 and 2008-2010; more than 3000 hours):

• Algebra & Analytical Geometry (for bachelors, 1st year);

• Programming Languages and Algorithms (for bachelors, 1st and 2nd years);

• Algorithms for Sparse Matrices (for bachelors, 3rd year);

• Mathematical Software (for bachelors, 3th year);

• Algorithms of Computer Graphics (for bachelors, 4th year);

• Relational Database Management Systems (for bachelors, 4th year);

• Computational Mathematics (for bachelors, 3rd and 4th years);

• Internet Programming (for masters, 1st year);

• Linear Matrix Inequalities (for masters, 2nd year); • Automation and Remote Control (2015-now)

Invited Talks

Conferences:

• "Active Flow Control: Sliding Mode Control Approach", Workshop on Active Drag Reduction Aachen, Germany, 15-16 March 2018

• "Sliding mode control of flow separation", 2nd Workshop on Machine Learning Control, Valenciennes, France, July 5th-6th , 2017 

Reviewing activity

• Outstanding reviewer of Automatica (2016).

• I also serve as a reviewer in high ranked journals/conferences : IEEE Transactions of Automatic Control, Systems & Control Letters, International Journal of Robust and Nonlinear, Conference on Decision and Control etc.

Chapter 2

Linear Geometric Homogeneity in Systems and Control

Introduction Dilation Symmetry

Symmetry is a certain invariance when some characteristics of an object do not change under a set of transformations. Symmetry occurs in many branches of mathematics. The simplest examples of the symmetry can be found in the geometry, for example, as an invariance of a figure with respect to such transformations as rotation, translation, reflection and dilation. It is well-known that the rotation remains invariant both size and shape of the figure, while the dilation changes its size leaving invariant only the shape. The symmetry with respect to the dilation can also be discovered for the level set of the so-called homogeneous function. In mathematical analysis, symmetry of a function f with respect to the uniform dilation of its argument x → λx, where λ > 0 is the scaling factor, is known as homogeneity. In the simplest case, it is defined as follows f (λx) = λf (x), λ > 0.

In other words, homogeneity is a dilation symmetry. The latter always needed for linearity, which additionally asks for the central symmetry f (-x) = -f (x) and the additivity f (x + y) = f (x) + f (y). Thus all linear functions are homogeneous with respect to the uniform dilation. The class of homogeneous mappings is placed somewhere in-between essentially non-linear and linear ones.

In 18th century the homogeneity with respect to the uniform dilation (standard homogeneity) has been studied by Leonhard Euler. His notion of homogeneity is also well known in the context of polynomial functions.

Definition. A function f : R → R is said to be homogeneous if there exists a number ν ∈ R such that f (λx) = λ ν f (x), ∀λ > 0. The number ν is called homogeneity degree of the function f .

According to this definition, any linear function has homogeneity degree 1, but, the quadratic one

x = (x 1 , x 2 ) f → x 2 1 + x 1 x 2 + x 2 2
is homogeneous of degree 2. Its level sets are ellipsoids centered at the origin. Obviously, they are symmetric with respect to the uniform dilation. Euler's Homogeneous Function Theorem is one of the famous results underlying the modern homogeneity theory:

Theorem. A continuously differentiable function f : R n → R is homogeneous of degree k if and only if ∂f ∂x x = kf (x), x ∈ R n .

From this theorem, in particular, we conclude that homogeneity of a function is inherited by its derivatives. In fact, the dilation symmetry can be inherited by other mathematical objects induced by homogeneous functions. In particular, this chapter deals with a symmetry of non-linear generalized homogeneous differential equations and some related properties important for control systems design.

Homogeneous Differential Equations

Let us consider the simplest scalar ordinary differential equation (ODE) with the homogeneous right-hand side ẋ = -x ν , x ∈ R, where ν = p/q, p is an odd integer and q is an even natural number. Its solution with the initial condition x(0) = x 0 is given by

x(t, x 0 ) = x 0 1 + (ν -1)x ν-1 0 t 1/(ν-1)
.

Hence, we easily derive a symmetry of solutions with respect to simultaneous dilation of the initial condition and the time variable t:

x λ 1-ν t, λx 0 = λx (t, x 0 ) , λ > 0.

The time scaling factor depends on homogeneity degree ν. In fact, such a symmetry of solutions holds for any homogeneous differential equation [START_REF] Zubov | Methods of A.M. Lyapunov and Their Applications[END_REF].

Theorem. Let f : R n → R n be a continuous homogeneous vector field of degree ν ∈ R such that the Cauchy problem ẋ = f (x), x(0) = x 0 ∈ R n admits a solution x(t, x 0 ) defined for all t > 0. Then

x(λ 1-ν t, λx 0 ) = λx(t, x 0 ), λ > 0, where x(•, λx 0 ) is a solution to the same problem with the scaled initial condition x(0) = λx 0 .

Homogeneity simplifies qualitative analysis and design of control systems, since homogeneous dynamical systems behave similarly (in a certain sense) to linear ones. For example, x = 0 is always an equilibrium of continuous homogeneous system. If there exists another equilibrium x * = 0 then the set M = {x ∈ R n : x = λx * , λ > 0} is invariant and f (x) = 0 for all x ∈ M . From the latter theorem we immediately conclude that local property (e.g. stability of the origin) always implies the global one. Robustness of homogeneous control systems can be granted by its stability in the disturbance-free case [START_REF] Ryan | Universal stabilization of a class of nonlinear systems with homogeneous vector fields[END_REF], [4], [8]. In other words, homogeneous systems have similar properties to linear ODE models (see Table 2.1 and, for example, [START_REF] Zubov | On systems of ordinary differential equations with generalized homogenous right-hand sides[END_REF], [START_REF] Rosier | Etude de quelques problèmes de stabilization[END_REF], [34], [START_REF] Ryan | Universal stabilization of a class of nonlinear systems with homogeneous vector fields[END_REF], [9], [START_REF] Nakamura | Smooth lyapunov functions for homogeneous differential inclusions[END_REF], [START_REF] Polyakov | Sliding mode control design using canonical homogeneous norm[END_REF] for proofs of the mentioned properties of homogeneous systems).

Homogeneity and Convergence Rate

Homogeneity degree allows an additional qualitative analysis to be provided easily. For example, finite-time or fixed-time stability (see e.g. [START_REF] Roxin | On finite stability in control systems[END_REF], [10], [START_REF] Orlov | Finite time stability and robust control synthesis of uncertain switched systems[END_REF], [4], [START_REF] Polyakov | Nonlinear feedback design for fixed-time stabilization of linear control systems[END_REF], [START_REF] Polyakov | Stability notions and Lyapunov functions for sliding mode control systems[END_REF] for more details) can be derived from homogeneity degree. Indeed, if ν = 1/3 then the solution of the scalar homogeneous system ẋ = -x ν is given by

x(t, x 0 ) =    |x 0 | 2 3 -2 3 t 3 2 if t ∈ 0, 3 2 |y 0 | 2 3
,

0 if t ≥ 3 2 |x 0 | 2 3 .
Obviously, it converges to zero in a finite-time. However, if ν > 1 then any trajectory converges to a unit ball in a fixed time independently of the initial condition. Indeed, the formula for its solution (see the beginning of this section) implies that |x(t, x 0 )| ≤ 1 for t > 1 ν-1 independently of x 0 ∈ R. In fact, these properties can be established in a more general case. Therefore, homogeneity degree specifies the convergence rate of solutions to the origin. Namely, if the origin of homogeneous ODE is asymptotically stable then each trajectory vanishes in a finite-time time provided that ν < 1 but if ν > 1 then all trajectories convergence in a fixed-time to a neighborhood of the origin [START_REF] Nakamura | Smooth lyapunov functions for homogeneous differential inclusions[END_REF].

Linear System

Homogeneous System ẋ = Ax ẋ = f (x) 

A ∈ R n×n f (λx) = λ ν f (x) Trajectory Scaling x(t, λx 0 ) = λx(t, x 0 ) x(t, λx 0 ) = λx(λ ν-1 t, x 0 ) Local ⇔ Global (existence of solutions, stability, etc) Invariance ⇔ Stability Stability ⇒ Robustness ẋ = Ax + Dw ẋ = f (x, w) (Input-to-State Stability) w ∈ L ∞ w ∈ L ∞ Finite (ν < 1) Convergence Rate Exponential Exponential (ν = 1) Fixed-time (ν > 1) Quadratic Homogeneous ("Quadratic-like") Lyapunov Function V = x P x, V = x Ξ (x)P Ξ(x)x, P 0 P 0, Ξ(λx) = Ξ(x) ∈ R n×n , ∂Ξ ∂x i x = 0, det(Ξ(x)) = 0

Locally Homogeneous Systems

An approximation by means of homogeneous functions (homogeneous approximation [29], [4]) can be utilized for local analysis of dynamical systems if, for example, linearization is non-informative (for stability analysis) or simply impossible. For example, the system ẋ = -x(sin 2 (x) + x 2 ) is globally uniformly asymptotically stable. The corresponding homogeneous approximation at the origin ẋ = -2x 3 is also globally asymptotically stable, while its linearization ẋ = 0 is not. Let us consider mechanical system consisting of a rigid body moving laterally on a contact surface and in a viscous environment (fluid). A simplest real-life example of such mechanical system is a car moving on a flat road. Let z be the position of the center of mass of the body in an inertial frame. The equation describing motion of this system has the form

ż(t) = v(t), m v(t) = F (t), t > 0, z(t) ∈ R,
where v(t) is the velocity, m is the mass of the body, but F is the sum of external forces.

We study only the deceleration phase for this mechanical system assuming that at the initial instant of time it has some non-zero velocity ż(0) = v(0) = 0. Dissipation of the energy may be caused by several external forces. To discover some fast (non-asymptotic) transition it is sufficient to consider only two of them:

• drag force (fluid resistance) is proportional to the square of the velocity [22] 

F drag (t) = -k drag v 2 (t) sign(v(t)),
where k drag > 0 is the coefficient of fluid (air) resistance and the sign function is given by sign

(ρ) =    1 if ρ > 0, 0 if ρ = 0, -1 if ρ < 0;
• dry friction force is almost independent of a velocity magnitude and given by the model [5] F dry (t) = -k dry sign(v(t)),

where k dry > 0 is the coefficient of dry friction.

The friction models also may contain some linear terms (proportional to velocity). We skip them for simplicity of analysis, since they will not effect the final conclusions about local homogeneity degree and convergence rate. The sum of external forces F (t) can be represented as follows

F (t) = F drag (t) + F dry (t) = -k dry + k drag v 2 (t) sign(v(t)).
and the differential equation describing evolution of the velocity of the body has the form:

m v(t) = -k dry + k drag v 2 (t) sign(v(t)).
It is easy to see that v = 0 is the equilibrium of the last equation, which is globally stable, v(t) → 0 as t → +∞. The solution can be found explicitly :

v(t) = tan arctan(|v(0)|) - k dry k drag m t sign(v(0)).
This immediately implies v(t) = 0 for t ≥ m arctan(|v(0)|) √ k dry k drag . Since arctan is bounded, we conclude that independently of initial velocity the motion terminates no later than the instant of time

T max = mπ 2 k dry k drag .
The model of friction force F is not homogeneous function of the velocity v, but locally (close to the origin or close to infinity) it is. Namely,

F ≈ -k dry sign(v) as v → 0 and F ≈ -k drag v 2 sign(v) as v → ∞.
Therefore, the approximation at zero is a homogeneous function with degree ν = 0, but the approximation at infinity is a homogeneous function with degree ν = 2. The first one allows us to conclude finite-time convergence of the velocity to zero, while the second one guarantees fixed-time convergence to the neighborhood of zero. Such a combination implies fixed-time deceleration of the mechanical system independently of the initial velocity. This property is known as fixed-time stability (or fixed-time convergence) [START_REF] Polyakov | Nonlinear feedback design for fixed-time stabilization of linear control systems[END_REF], [START_REF] Polyakov | Stability notions and Lyapunov functions for sliding mode control systems[END_REF].

Weighted Dilation

Standard (uniform) homogeneity considered above has been introduced by means of uniform dilation x → λx , λ > 0. It is clear that changing of this dilation to some non-uniform one defines another type of homogeneity. The weighted dilation (introduced by V. Zubov in 1958, [START_REF] Zubov | On systems of ordinary differential equations with generalized homogenous right-hand sides[END_REF]) of the vector x = (x 1 , x 2 , ..., x n ) ∈ R n is the simplest case of the so-called generalized (non-uniform) dilation:

(x 1 , x 2 , ..., x n ) → (λ r1 x 1 , λ r2 x 2 , ..., λ rn x n ),
where λ > 0 as before is the scaling factor, but the positive numbers r 1 , r 2 , ..., r n are the weights specifying the dilation rates along different coordinates. If r 1 = r 2 = ... = r n then the weighted dilation becomes uniform. The introduced transformation of coordinates is a linear map R n → R n defined by the dilation matrix:

x → Λx, where Λ =     λ r1 0 ... 0 0 λ r2 ... 0 ... ... ... ... 0 0 ... λ rn     .
The symmetry (homogeneity) of a function with respect to the weighted dilation can be identified analogously to the uniform case.

Definition. A function f : R n → R is homogeneous with respect to the weighted dilation Λ if

f (Λx) = λ ν f (x), x ∈ R n , λ > 0,
where ν ∈ R is the homogeneity degree.

The weighted dilation extends the class of homogeneous functions under consideration. For example, the polynomial function

x = (x 1 , x 2 ) f → x 2 1 + x 1 x 2 2 + x 4 2
is homogeneous with respect to the weighted dilation (x 1 , x 2 ) → (λ 2 x 1 , λx 2 ), but it is not homogeneous with respect to the uniform one (x 1 , x 2 ) → (λx 1 , λx 2 ).

Weighted homogeneous functions demonstrate similar properties to the standard homogeneous case. In particular, symmetry of solutions of homogeneous differential equations can be established easily (see, e.g. [START_REF] Zubov | On systems of ordinary differential equations with generalized homogenous right-hand sides[END_REF], [29]). Weighted homogeneous models frequently appear in control theory and applications. For example, the most of high order sliding mode control algorithms are weighted homogeneous [START_REF] Levant | Homogeneity approach to high-order sliding mode design[END_REF], [START_REF] Orlov | Finite time stability and robust control synthesis of uncertain switched systems[END_REF]. The classical minimum time control problem

T → min u subject to ẋ1 = x 2 , ẋ2 = u, u ∈ L ∞ ((0, T ), R) such that |u(t)| ≤ 1 x 1 (T ) = x 2 (T ) = 0,
has solution (see, e.g. [13]) in the form of the weighted homogeneous feedback

u = -sign(|x 2 |x 2 + 2x 1 ). Indeed, u(λ 2 x 1 , λx 2 ) = u(x 1 , x 2 ), i.e.
u is the weighted homogeneous function with the zero degree.

Below, for simplicity, the scaling factor λ > 0 is denoted by e s with s ∈ R, where e is the Euler number.

Linear Dilation

From the previous section we conclude that once a homogeneity of a function with respect to a group of transformations (dilations) is established, many properties useful for analysis and design of dynamical control system modeled by the corresponding ODE can be discovered. In fact, the same conclusion can be done for infinite-dimensional dynamical models [START_REF] Polyakov | On homogeneous distributed parameters equations[END_REF].

The different types of dilations have been studied in systems and control theory. The brief overview of different homogeneity concepts is given below

• Uniform dilation -L. Euler 17th century x → e s x, s ∈ R;
standard homogeneous ODEs (V. Zubov 1957 [78], W. Hahn [26]);

• Weighted dilation -V. Zubov 1958, [79] (x 1 , x 2 , ..., x n ) → (e r1s x 1 , e r2s x 2 , ..., e rns x n ), s ∈ R; weighted homogeneous ODEs (V. Zubov 1958, [79]); weighted homogeneous PDEs (G. Folland 1975, [23]);

• Geometric dilation induced by a flow of a vector field -V. Khomenuk 1961, [36]; M. Kawski 1991 [33]; L. Rosier 1993, [START_REF] Rosier | Etude de quelques problèmes de stabilization[END_REF];

In this chapter we deal with the group of linear dilations in a Banach space B:

x

→ d(s)x, x ∈ B, s ∈ R,
where d is a strongly continuous group (i.e. d(•)x : R → B is continuous for any x ∈ B) of linear bounded operators B → B and s ∈ R is the group parameter. For B = R n , the linear dilation includes uniform and weighted dilations as particular cases, but it is less general than the geometric dilation, which allows the group d to be nonlinear. In other words, the geometric homogeneity (geometric dilation) can be split in two sub-classes: linear and non-linear. In this chapter we restrict ourself to linear geometric homogeneity only. The detailed study of linear dilations is presented in the next section.

Obviously that all linear operators are homogeneous with respect to the uniform dilation d(s) = e s I, where I is an identity operator in L(B, B). Moreover, the most of nonlinear models of mathematical physics are generalized homogeneous under a proper selection of the dilation group d(s), e.g. Navier stocks, KdV equation, Fast diffusion equation, Burgers equation, Saint-Venant equation are homogeneous in the generalized sense [START_REF] Polyakov | On homogeneous distributed parameters equations[END_REF].

The homogeneity allows many important results to be obtained, for example, in the context of controllability, stabilizability and observability of nonlinear systems [32], [34], [START_REF] Sepulchre | Homogeneous Lyapunov Functions and Necessary Conditions for Stabilization[END_REF], [START_REF] Sepulchre | Stabilizability does not imply homogeneous stabilizability for controllable homogeneous systems[END_REF], [25], controllers and observers design [3], [17], [START_REF] Perruquetti | Finite-time observers: application to secure communication[END_REF], [4], [START_REF] Polyakov | Finite-time and fixed-time stabilization: Implicit Lyapunov function approach[END_REF], [START_REF] Lopez-Ramirez | Finitetime and fixed-time observer design: Implicit Lyapunov function approach[END_REF], [START_REF] Polyakov | Sliding mode control design using canonical homogeneous norm[END_REF], [START_REF] Polyakov | On homogeneous finite-time control for linear evolution equation in hilbert space[END_REF]. It simplifies robustness analysis for both delay-free [START_REF] Ryan | Universal stabilization of a class of nonlinear systems with homogeneous vector fields[END_REF], [4], [8] and time-delay systems [2], [START_REF] Zimenko | A note on delay robustness for homogeneous systems with negative degree[END_REF]. The most of high order sliding mode algorithms are homogeneous [START_REF] Levant | Homogeneity approach to high-order sliding mode design[END_REF], [START_REF] Orlov | Finite time stability and robust control synthesis of uncertain switched systems[END_REF], [7]. Below we introduce the linear geometric homogeneity of vector fields in R n and (unbounded) operators in the Banach space B; discovers some important properties of homogeneous systems and study some control/ estimation problems in order to demonstrate how homogeneity can be utilized for analysis and design of both finite and infinite dimensional control systems.

Homogeneous Systems

Linear Dilations

Let L be a space of linear bounded operators B → B, where B is a real Banach space with a norm • .

Definition 2.1. A map d : R → L is said to be dilation in B if • (Group property) d(0) = I ∈ L and d(t + s) = d(t)d(s) = d(s)d(t) for t, s ∈ R; • (Limit property) lim s→-∞ d(s)z = 0 and lim s→+∞ d(s)z = ∞ uniformly on z ∈ S,
where S = {z ∈ B : z = 1} is the unit sphere in B.

Obviously, the dilation d is a group of linear bounded and invertible operators

d(-s) = (d(s)) -1 .
The limit property given above is just a version of the so-called Teresaka's condition (see, for example, [33] for more details) that is required for a group d to be a dilation in an abstract space.

Definition 2.2. A dilation d is

• strongly continuous if d(•)z : R → B is continuous for any z ∈ B; • uniformly continuous if d(•) : R → L is continuous in the operator norm d(•) := sup z =0 d(•)z z .
The strong continuity plays an important role for dilations in infinite dimensional spaces, where the uniform continuity is sometimes a too restrictive property. In a finite dimensional space (e.g. B = R n ) any strongly continuous dilation is always uniformly continuous.

Example 2.1.

• Let B be the space of bounded uniformly continuous functions R → R with the supremum norm. The dilation d in B can be defined as

(d(s)z)(x) = e αs z(x + βs),
where s ∈ R is the group parameter, z ∈ B, x ∈ R and α > 0 and β ∈ R are constant parameters.

• Let B = L 2 (R, R) and d : R → L be defined as

(d(s)z)(x) = e αs z(e βs x),
where

s ∈ R is the group parameter, z ∈ L 2 (R, R), x ∈ R, α, β ∈ R are constant parameters. If β < 2α then d is a strongly continuous dilation in L 2 (R, R). • Let B = R n and Q is a Hurwitz matrix then d(s) = e -sQ is a dilation in R n .
Let us recall the following notations

d(s) = sup u∈S d(s)u = sup u =0 d(s)u u and d(s) = inf u∈S d(s)u = inf u =0 d(s)u u .
These quantities characterize a rate of dilation in B.

Proposition 2.1. [60] If d is a strongly continuous dilation in B then 1) 0 < d(s) ≤ d(s) < +∞, s ∈ R;
2) d(s) → 0 as s → -∞ and d(s) → +∞ as s → +∞;

3) d(s) < 1 for s < 0 and d(s) > 1 for s > 0; It is well known that any nontrivial element from B can be projected to the unit sphere using the uniform dilation. The corresponding projector P : B\{0} → S is defined as follows

P (u) = u u = d(-ln u )u,
where d(s) = e s I is the uniform dilation, I is the identity operator on B. In fact, the similar projection can be constructed using the linear dilation d given above.

Proposition 2.2. [START_REF] Polyakov | On homogeneous distributed parameters equations[END_REF] If d is a strongly continuous dilation in B then for any z ∈ B\{0} there exist s 0 ∈ R and z 0 ∈ S such that

z 0 = d(s 0 )z.
The point z 0 defined in the latter proposition is called homogeneous projection of z to the unit sphere S. The homogeneous projection may be non-unique even in the Euclidean space R 2 .

Example 2.2. Let us consider the weighted dilation

d(s) = e αs 0 0 e s , s ∈ R, α > 1 + 2 √ 5 -1 ,
in the Euclidean space B = R 2 with the norm

z = √ z P z, z ∈ R 2 , P = P ∈ R n×n , P 0,
where

P = P 0 + ε 0 0 0 1 0, P 0 = 3- √ 5 2 -1 -1 2 3- √ 5
, ε > 0.

Let us show that for sufficiently small ε > 0, the function ξ : R → R,

ξ(s) = d(s) 1 1 2 -1, s ∈ R has at least two zeros: ξ(s 1 ) = ξ(s 2 ) = 0 and s 1 = s 2 . Let us denote ξ 0 (s) = 1 1 d (s)P 0 d(s) 1 1 -1.
Notice that ξ 0 (0) =

1 1 P 0 1 1 -1 = 3- √ 5 2 + 2 3- √ 5 -3 = 0.
The function ξ 0 : R → R is continuous differentiable on R and decays in the neighborhood of the point s = 0, since

ξ 0 (0) = 1 1 ( α 0 0 1 ) P 0 + P 0 ( α 0 0 1 ) 1 1 = 1 1 α(3- √ 5) -1-α -1-α 4 3- √ 5 1 1 < 0.
This means that ξ 0 (s) is negative for small s > 0 and there exists δ > 0 such that ξ 0 (s) < 0 for all 0 < s < δ.

Since ξ 0 (s) → +∞ as s → +∞ and ξ 0 (0) = 0 then for sufficiently small ε > 0 the function ξ given by ξ(s) = ξ 0 (s) + εe 2s has at least two zeros. Therefore, the point z = Uniqueness of homogeneous projection may depend on the unit sphere S, i.e. on the norm in B. Notice that in the case of uniform dilation d(s) = e s I, the homogeneous projection is always unique due to homogeneity of the norm:

γu = |γ| u , γ ∈ R, u ∈ B.
The problem of uniqueness of homogeneous projection in a more general case is studied below, where the so-called monotone dilation is introduced.

Geometric Structures Induced By Dilation

Linear dilation allows a sort of norm-topology to be introduced in B by means of the so-called canonical homogeneous norm studied in the next section. Here we just consider some related geometric structures (balls, spheres and cones).

Definition 2.3. The set

S d (r, z 0 ) = {z ∈ B : d (-ln(r)) (z -z 0 ) = 1} ,
is called d-homogeneous sphere of the radius r > 0 with the center at z 0 ∈ B and the set Note also that 0 ∈ B d (r) for any r > 0.

B d (r, z 0 ) = {z ∈ B : d (-ln(r)) (z -z 0 ) < 1} ,
Corollary 2.1. The following set-theoretic relations hold

1) B d (r)\{0} ⊆ 0<δ<r S d (δ); 2) B\{0} = r>0 S d (r).
Recall that the homogeneous projection is not unique in the general case. This means that the homogeneous sphere S d (r) may have intersections with the unit sphere for r = 1. 

D = {z ∈ C([0, p], R) : z(0) = z 2 (p)} is d-homogeneous cone in C([0, p], R). Indeed, if z ∈ D then z(0) = z 2 (p) and (d(s)z)(0) = e s z(0) = e s z 2 (p) = (e 0.5s z(p)) 2 = ((d(s)z)(p)) 2 .

Generators of Dilations

It is well known (see e.g. [START_REF] Pazy | Semigroups of Linear Operators and Applications to Partial Differential Equations[END_REF]) that any strongly continuous group of linear bounded operators on B can be identified by means of an infinitesimal generator. 

D(G d ) = z ∈ B : lim s→0 + d(s)z -z s exists .
The generator is a linear possibly unbounded operator [START_REF] Pazy | Semigroups of Linear Operators and Applications to Partial Differential Equations[END_REF]. The next result follows, basically, from the fact that d(s) is a strongly continuous group of linear bounded operators.

Proposition 2.3. Let d be a dilation in B then 1) there exists M ≥ 1, ω + ∈ R and ω -∈ R such that d(s) L ≤ M e ω + s if s ≥ 0, e ω -s if s ≤ 0; (2.1)
2) if the operator G - d is defined as follows

G - d u = lim s→0 - d(s)u -u s , u ∈ B
with the domain

D(G - d ) = u ∈ B : lim s→0 - d(s)u-u s exists then G - d = G d , i.e. G - d z = G d z for any z ∈ D(G - d ) = D(G d ); 3) D(G d ) is a d-homogeneous cone and it is a linear subspace dense in B; 4) if z ∈ B then lim h→0 t+h t d(s)z ds = d(t)z, t 0 d(s)z ds ∈ D(G d )
and

G d t 0 d(s)z ds = d(t)z -z; 5) if z ∈ D(G d ) then d ds d(s)z = G d d(s)z = d(s)G d z, s ∈ R; 6) if the operator G d is bounded then the dilation d is uniformly continuous and d ds d(s) = G d d(s) = d(s)G d , s ∈ R; d(s) = e sG d := +∞ n=0 (sG d ) n n! , s ∈ R; d(s) L ≤ e s G d L , s ∈ R.
In the above proposition, all integrals are understood in the sense of Brochner (see e.g. [20, page 187]). Most of the proofs of these properties can be found in [START_REF] Pazy | Semigroups of Linear Operators and Applications to Partial Differential Equations[END_REF]Theorem 2.4,page 4]. The others are straightforward consequences of the introduced definitions.

Example 2.4.

• Let B be the space of bounded uniformly continuous functions R → R with the supremum norm. In Example 2.1 the dilation in B is defined as (d(s)z)(x) = e αs z(x + βs), s ∈ R, z ∈ B, x ∈ R and α > 0, β ∈ R are constant parameters. The generator of this dilation is defined as follows

(G d z)(x) = αz(x) + βz (x), x ∈ R with the domain D(G d ) = {z ∈ B : z ∈ B} . • In Example 2.1 the dilation in B = L 2 (R, R) is defined as (d(s)z)(x) =
e αs z(e βs ), s ∈ R, z ∈ B, x ∈ R and α ∈ R, β < 2α are some constant parameters. The generator of this dilation is defined as follows

(G d z)(x) = αz(x) + βxz (x), x ∈ R with the domain D(G d ) = z ∈ L 2 (R, R) : xz ∈ L 2 (R, R) .
where z denotes the weak derivative of z ∈ L 2 (R, R) (see e.g. [20, page 623]).

• If B = R n then any continuous dilation in R n is defined as follows

d(s) = e sG d , G d ∈ R n×n .
Moreover, the limit property of the dilation implies that all eigenvalues of the matrix G d are placed in the right complex half-plane. Indeed, otherwise there exists an eigenvalue λ * : (λ * ) ≤ 0 and there exists a vector x λ i * belonging to an eigensubspace of λ * such that e sG d x λ * is bounded for any s ≥ 0.

Monotonicity of Dilations

The notion of monotonicity of dilation introduced below is very important for analysis and design of homogeneous control systems. In particular, it allows uniqueness of homogeneous projection and existence of the so-called canonical homogeneous norm (see below). 

d(0 -) • d(0 + ) = d(0 -) = d(0 + ) = 1.
According the latter proposition, the monotonicity of the dilation implies the uniqueness of the homogeneous projection. This property is important for the later constructions, in particular, for the proof of an existence/uniqueness of solutions of non-linear homogeneous evolution systems, stability analysis and homogeneous control design.

To specify the rate of monotone dilation the next notion is utilized. Proof. The sufficiency has been proven in [START_REF] Polyakov | On homogeneous finite-time control for linear evolution equation in hilbert space[END_REF].

Necessity. Let d be strictly monotone and z ∈ S ∩ D(G d ). Using Cauchy-Swartz inequality for s > 0 we derive

1 = z, z = d(-s)d(s)z, z ≤ d(-s) • | d(s)z, z | ≤ e -βs d(s)z .
Hence we have

e 2βs -1 ≤ d(s)z, d(s)z -z, z = d(s)z -z, d(s)z + z, d(s)z -z .
Dividing both sides of the last inequality by s taking the limit s → 0 + we obtain

2β ≤ G d z, z + z, G d z = 2 G d z, z .
Example 2.5. Let B = L 2 (R, R) and d : R → L be defined as

(d(s)z)(x) = e αs z(e βs x),
where

s ∈ R is the group parameter, z ∈ L 2 (R, R), x ∈ R, α, β ∈ R are constant parameters. If β < 2α
then this dilation is strongly continuous and strictly monotone since

d(s)z = e (α-0.5β)s z .
It is worth stressing that monotonicity of dilation depends on the norm 

where α = 1 2 λ max P 1 2 G d P -1 2 + P -1 2 G d P 1 2 > 0 and β = 1 2 λ min P 1 2 G d P -1 2 + P -1 2 G d P 1 2 > 0.
Therefore, any continuous dilation d(s) = e sG d in the Euclidean space B = R n is strictly monotone provided that the inner product in R n and the weighted Euclidean norm, respectively, are selected according to the inequality (2.6).

Notice also that the parameter α given in (2.7) may not exist for infinite dimensional case, since the operator G d may be unbounded.

Canonical Homogeneous Norm

The next definition introduces the so-called homogeneous norm in B.

Definition 2.8. A continuous functional p

: B → R + is said to be d- homogeneous norm in B if • p(u) → 0 as u → 0 and • p(d(s)u) = e s p(u) > 0 for u ∈ B\{0}, s ∈ R.
The functional p may not satisfy the triangle inequality p(u+v) ≤ p(u)+p(v), so it is not even a semi-norm. However, many authors (see e.g. [32], [4], [21], [6]) call some functionals satisfying the above definition by the "homogeneous norm". We follow this tradition and consider the canonical homogeneous norm introduced by means of the following formula

u d = e su , where s u ∈ R is such that d(-s u )u = 1.
(2.8)

The next lemma proves that the canonical homogeneous norm is well defined for monotone dilations. In [START_REF] Polyakov | On finite-time stabilization of evolution equations: A homogeneous approach[END_REF] such a homogeneous norm was called canonical since it is induced by the canonical norm • in B. The canonical homogeneous norm has several obvious but rather important properties:

• u d = 1 ⇔ u = 1; • d(s)u d = e s u d ; • u d = r ⇔ u ∈ S d (r)
, where r ≥ 0

• for any u ∈ B one has

d(ln( u d )) ≤ u ≤ d(ln( u d )) (2.9)
The canonical homogeneous norm • d is not a norm in the usual sense, but it defines a sort of norm topology in B in terms of homogeneous spheres and homogeneous balls defined above. Lemma 2.2. [START_REF] Polyakov | On homogeneous finite-time control for linear evolution equation in hilbert space[END_REF] Let d be a strictly monotone dilation in a Hilbert space H then the homogeneous norm

• d is Fréchet differentiable on D(G d )\{0} and the Fréchet derivative of • d at u ∈ D(G d )\{0} is given by (D u d ) (•) = d(-ln u d ) • , d(-ln u d )u G d d(-ln u d )u, d(-ln u d )u u d . (2.10)
To compute a homogeneous norm in practice an appropriate numerical procedure is required [START_REF] Polyakov | Finite-time and fixed-time stabilization: Implicit Lyapunov function approach[END_REF], [START_REF] Polyakov | Sliding mode control design using canonical homogeneous norm[END_REF]. In some particular cases it can be calculated explicitly.

Example 2.6. Sometimes, for B = R 2 the canonical homogeneous norm can be calculated explicitly. Indeed, if

d(s) = e sG d with G d = ( 2 0 0 1 )
and the norm of u = (u 1 , u 2 ) ∈ R 2 is defined as Hence, using the Ferrari formulas we can solve the quartic equation to derive an explicit representation of the canonical homogeneous norm.

u = √ u P u, P = ( p11 p12 p12 p22 ) ∈ R 2×2 : P ( 2 0 0 1 ) + (

Homogeneous Mappings and Equations

Homogeneous operators

Operators to be studied in this chapter are introduced by the next definition, which extends the homogeneity concept proposed in [23].

Definition 2.9 (Homogeneous operator). An operator f :

D(f ) ⊂ B → B (a functional g : D(g) ⊂ B → R) is said to be d-homogeneous of degree ν if D(f ) (resp. D(g)) is a d-homogeneous cone and f (d(s)u) = e νs d(s)f (u), s ∈ R, u ∈ D(f ), (2.11) 
(resp. g(d(s)u) = e νs g(u), s ∈ R, u ∈ D(g)) (2.12)
where d is a dilation in B and ν ∈ R is a homogeneity degree.

Any linear operator is always d-homogeneous of zero degree if d(s) = e s I ∈ L(B). However, in some cases the same linear operator may also have negative or positive homogeneity degree dependently of the dilation group as shown in the following example.

Example 2.7. [START_REF] Polyakov | On homogeneous distributed parameters equations[END_REF] The operator

A = ∂ 2 ∂x 2 : H 2 (R, R) ⊂ H 0 (R, R) → H 0 (R, R) is d-homogeneous of degree ν ∈ R provided that the dilation d is defined as follows (d(s)u)(x) = e αs u(e 0.5νs x), s ∈ R, u ∈ H 0 (R, R), x ∈ R with ν < 4α. Indeed, (Ad(s)u)(x) = ∂ 2 ∂x (d(s)u)(x) = ∂ 2 ∂x
e αs u(e 0.5νs x) = e νs (d(s)Au)(x).

Example 2.8. [START_REF] Polyakov | Sliding mode control design using canonical homogeneous norm[END_REF] Let B = R n and f (x) = Ax, where x ∈ R n and A ∈ R n×n . Then the vector field f is d-homogeneous of the degree ν ∈ R if and only if

AG d -G d A = νA,
where G d ∈ R n×n is the generator of the dilation. Indeed, to fulfill the homogeneity condition Ad(s) = e νs d(s)A with s ∈ R, d(s) = e sG d , the mentioned identity is, obviously, necessary and sufficient.

Example 2.9.

[60] The Saint-Venant equation is an example of a system of conservation laws studied in [14]. In the field of hydraulics, it represents the flow in open-channels by the following model

∂H ∂t = - ∂ ∂x (HV ), ∂V ∂t = - ∂ ∂x 1 2 V 2 + gH , (2.13) 
where H and V are scalar functions of time and space variables. The quantity H(t, x) is the water level at the instant of time t ∈ R + in the point x ∈ R, and V (t, x) is the water velocity in the same position. The parameter g denotes the gravitation constant. Let us consider the case when the water channel is supported by two overflow spillways, which adjust an input and output flows in a pool (between spillways). The space argument is restricted on the segment [0, 1], where x = 0 and x = 1 are positions of spillways, and the equation (2.13) is supported with the boundary conditions [14]:

H(t, 0)V (t, 0) -(Z 0 -L 0 ) 3/2 = 0, H(t, 1)V (t, 1) -(H(t, 1) -L 1 ) 3/2 = 0,
where Z 0 is the water level above the pool and L 0 , L 1 are spillways heights.

Let us show that for L 0 = Z 0 and L 1 = 0 the corresponding evolution equation is homogeneous. Let us consider the operator f :

D(f ) ⊂ B → B := C([0, 1], R) × C([0, 1], R) defined on the domain D(f ) = (u 1 , u 2 ) ∈ C 1 ([0, 1], R + ) × C 1 ([0, 1], R) : u 1 (0)u 2 (0) = 0; u 1 (1)u 2 (1) = u 3/2 1 (1)
as follows

f (u) = -∂ ∂x (u 1 u 2 ) -∂ ∂x gu 1 + 1 2 u 2 2
, where u = (u 1 , u 2 ) ∈ D(f ). The operator f is d-homogeneous of degree ν = 1 with respect to the weighted dilation d(s)u = (e 2s u 1 , e s u 2 ), where u

= (u 1 , u 2 ) ∈ C([0, 1], R) × C([0, 1], R) and s ∈ R. Indeed, f (d(s)u) = -∂ ∂x (e 2s u 1 e s u 2 ) -∂ ∂x ge 2s u 1 + 1 2 [e s u 2 ] 2 = -e 3s ∂ ∂x (u 1 u 2 ) -e 2s ∂ ∂x gu 1 + 1 2 u 2 2 = e s d(s)f (u).
Finally, the equality (d(s)u)(x) = (e 2s u 1 (x), e s u 2 (x)), x ∈ R implies that for any u ∈ D(f ) one has d(s)u ∈ D(f ), i.e., D(f ) is a d-homogeneous cone.

Remark 2.1 (On a set-valued homogeneous operator). Definition 2.9 is applicable to a set-valued operator F : D(F ) ⊂ B ⇒ B provided that the identity (2.11) is understood in the set-theoretic sense (as equality of sets). It remains meaningful even for unbounded sets (values of F ) since d(s) is a linear bounded invertible operator on B. In [START_REF] Polyakov | On homogeneous finite-time control for linear evolution equation in hilbert space[END_REF] it was introduced the relaxed set-theoretic condition of homogeneity of the operator F given by the inclusion

e νs d(s)F (u) ⊂ F (d(s)u), s ∈ R, u ∈ D(F ). (2.14)
Evolution equations with d-homogeneous operators were studied in [START_REF] Polyakov | On homogeneous distributed parameters equations[END_REF] and [START_REF] Polyakov | On finite-time stabilization of evolution equations: A homogeneous approach[END_REF]. Below we basically use the next property: if a uniformly asymptotically stable evolution system is d-homogeneous with negative degree then it is finite-time stable.

Homogeneous Extension

Homogeneous extension (as well as homogeneous approximation) allows some homogeneity-based methods to be applied for non-homogeneous systems. 

f : D(f ) ⊂ B → B if f (u) ∈ F (u) for any u ∈ D(f ) ⊂ D(F ).
Set-valued homogeneous extensions appear, for example, as a result of Filippov regularization procedure applied to discontinuous vector field [START_REF] Orlov | Finite time stability and robust control synthesis of uncertain switched systems[END_REF], [START_REF] Levant | Homogeneity approach to high-order sliding mode design[END_REF]. It also allows us to simplify robust stability analysis of uncertain non-linear affine system

s (n) = a+bξ, s ∈ R, |a| < C, 0 < b min < b < b max provided that the extended differential inclusion s (n) ∈ [-C, C] + [b min , b max ]ξ
is homogeneous, where ξ = ξ(s, ṡ, ..., s (n-1) ) is a homogeneous feedback law [START_REF] Orlov | Finite time stability and robust control synthesis of uncertain switched systems[END_REF], [START_REF] Levant | Homogeneity approach to high-order sliding mode design[END_REF].

Below we deal with the following homogeneous extension

F (u) = s∈R:d(s)u∈D(f ) {e -νs d(-s)f (d(s)u)}, (2.15) 
having the domain

D(F ) = s∈R d(s)D(f ).
By construction the set-valued operator F is d-homogeneous of degree ν. It satisfies (2.11) in the set-theoretic sense (see, Remark 2.1).

Formally, such a set-valued homogeneous extension is defined for any fixed

ν ∈ R. For example, if f (u) = -(1 + 0.5 sin(u)))u with u ∈ R then F (u) = -u • (0, +∞) for ν = 0 and F (u) = -u • 1 2 , 3 2 
for ν = 0. The issue of an appropriate selection of the parameter ν can be solved for a concrete f .

It is worth stressing that a properly defined homogeneous extension remains informative and useful even when a homogeneous approximation [START_REF] Zubov | On systems of ordinary differential equations with generalized homogenous right-hand sides[END_REF], [4]) simply does not exist.

Example 2.10. Let B = R and f (x) = (cos(1/x) -2)x 1/3 , x ∈ R, d(s) = e s . Obviously, a homogeneous approximation of the function f at zero (see, [4]) does not exists, but the formula (2.15) gives

F (x) = [-3, -1]x 1/3 .
and the stability of the original system can be easily analysed using the homogeneous extension.

Remark 2.2. Below we utilize the homogeneous extension for Lyapunov analysis of a well-posed non-homogeneous evolution system

u(t) = f (u(t))
having classical (or strong) solutions u(t) ∈ D(f ) ⊂ H. Notice that in the latter case we do not need to prove existence of solution of the extended evolution inclusion u(t) ∈ F (u(t))

but we simply use the fact f (u(t)) ∈ F (u(t)) in order to estimate the time derivative of the Lyapunov-like functional V : D(f )\{0} → R + defined as

V (u) = u d . Indeed, if D(f ) ⊂ D(G d )
and d is a strictly monotone dilation then the formula (2.10) gives

V (u) = (D u d ) (f (u)) = d(-ln u d )f (u), d(-ln u d )u G d d(-ln u d )u,d(-ln u d )u u d ≤ sup y∈F (u) d(-ln u d )y, d(-ln u d )u G d d(-ln u d )u,d(-ln u d )u u d .
for u ∈ D(f )\{0}. Since F is d-homogeneous operator then e νs d(s)F (u) ⊂ F (d(s)u) for any s ∈ R and

V (u) ≤ u 1+ν d sup v∈F (d(-ln u d )u) v, d(-ln u d )u G d d(-ln u d )u,d(-ln u d )u .
Using d(-ln u d )u = 1 we conclude that the inequality

α G d z, z + sup v∈F (z) v, z ≤ 0, ∀z ∈ D(f ) : z = 1 (2.16) implies V (u) ≤ -αV 1+ν (u), α > 0, u ∈ D(f )\{0}.
(2.17)

In the latter case the functional V decays along any classical solution u(t) ∈ D(f ) and vanishes in a finite time provided that ν < 0.

Example 2.11. The above considerations may remain consistent for the case of unbounded sets F (u), u ∈ D(f ). For example, if f : R → R is defined as 

f (u) = -(1 + |u|) |u| sign(|u|), u ∈ R and d(s) = e s , ν = -1/2,
F (u) = -|u| sign(u) • (1, +∞).
The differential equation ẋ(t) = f (x(t)), obviously, has continuous right-hand side so its solutions are well-defined (at least locally). For the uniform dilation d(s) = e s one has G d = 1 and V (u) = u d = |u|. Hence, from (2.16) and (2.17) we derive

V ≤ -V 1/2 since z 2 + sup y∈F (z) yz ≤ 0 for all z ∈ R : |z| = 1.
We refer the reader to [START_REF] Polyakov | Finite-time and fixed-time stabilization: Implicit Lyapunov function approach[END_REF], [START_REF] Polyakov | Robust stabilization of MIMO systems in finite/fixed time[END_REF] for more details about application of these ideas in the finitedimensional case.

Homogeneous Evolution Equations

Let us consider the following nonlinear evolution equation

ẋ = f (x) := Ax + g(x), (2.18) 
with the initial condition

x(0) = x 0 ∈ B,
where A : D(A) ⊂ B → B is a linear densely defined closed operator, which generates a strongly continuous semigroup Φ of linear bounded operators on B; g : D(g) ⊂ B → B is a nonlinear mapping, such that D(g) ⊂ D(A). We refer the reader, for example, to [START_REF] Pazy | Semigroups of Linear Operators and Applications to Partial Differential Equations[END_REF] for more details about existence of solutions for the evolution equations like (2.18). Notice that for B = R n and A = 0 the latter equation defines a non-linear ODE.

In this chapter we deal with the classical solutions1 to (2.18) and the so-called mild solutions satisfying

x x0 (t) = Φ(t)x 0 + t 0 Φ(t -s)g(x x0 (s)) ds, (2.19) 
where the integral is understood in the sense of Brochner (see e.g. [20, page 187]).

The next results can be proven for both classical and mild solutions. This simple result has a lot of corollaries useful for analysis and design of homogeneous control systems [START_REF] Zubov | Methods of A.M. Lyapunov and Their Applications[END_REF], [START_REF] Zubov | On systems of ordinary differential equations with generalized homogenous right-hand sides[END_REF], [START_REF] Rosier | Homogeneous Lyapunov function for homogeneous continuous vector field[END_REF], [9]. Below we use the next one.

Corollary 2.3. [START_REF] Polyakov | On homogeneous distributed parameters equations[END_REF] Let the origin of the system (2.18) be globally uniformly asymptotically stable and the operator f : D(f ) ⊂ B → B be d-homogeneous of degree ν < 0, then the origin is globally uniformly finite-time stable, i.e. there exists T (x 0 ) : B → R + such that any solution x x0 of (2.18) with x x0 (0) = x 0 satisfies x x0 (t) = 0 for all t ≥ T (x 0 ). This corollary introduces a general way for finite-time control and observation, namely, to design a stable homogeneous system with negative degree. 

Control

u(0) = u 0 ∈ D(A), (2.21) 
where A : D(A) ⊂ H → H is a (possibly unbounded) closed linear operator with the domain D(A) dense in H, B : X → H is a linear bounded operator, X is a real Banach space, H is a real Hilbert space with the inner product •, • , u(t) is the system state, ξ : H → X is a (locally or globally) bounded feedback control.

It is well known that algorithms for a linear feedback design ξ = Ku with K : H → X for the systems (2.20) are developed for both finite-time dimensional (see e.g. [START_REF] Wonham | Linear Multivariable Control: A Geometric Approach[END_REF]) and infinite dimensional (see e.g. [START_REF] Tucsnak | Observation and Control for Operator Semigroups[END_REF], [12]) cases. One of the most popular technique is based on linear matrix inequalities [11]. The closed-loop system is exponentially stable in the linear case.

Our aim is to design a control which steers any solution of the closed-loop system to zero in a finite time. The control design procedure is assumed to be based on the homogeneity with negative degree.

The problem of finite-time stabilization is studied since 1960 [24], where some finite-time control algorithms have been derived as solutions to certain optimization problems. In particular, the well-known time-optimal feedback control is a finite-time controller (see, e.g. [13]). Lyapunov function method for finitetime stability analysis is introduced in [START_REF] Roxin | On finite stability in control systems[END_REF]. Finite-time controllers have been also studied in [27], [START_REF] Utkin | Sliding Modes in Control Optimization[END_REF], [START_REF] Praly | Generalized weighted homogeneity and state dependent time scale for linear controllable systems[END_REF], [9], [START_REF] Levant | Homogeneity approach to high-order sliding mode design[END_REF], [START_REF] Orlov | Finite time stability and robust control synthesis of uncertain switched systems[END_REF].

The finite-time control of PDEs is also the topic of intensive research [START_REF] Korobov | Method of Controlability Functions[END_REF], [15,16,30,[START_REF] Perrollaz | Finite-time stabilization of 2x2 hyperbolic systems on tree-shaped networks[END_REF]. It is related with controllability analysis of evolution systems [START_REF] Tucsnak | Observation and Control for Operator Semigroups[END_REF] as well as with sliding mode control method [START_REF] Orlov | Application of Lyapunov method in distributed systems[END_REF], [START_REF] Pisano | Tracking control of the uncertain heat and wave equation via power-fractional and sliding-mode techniques[END_REF].

In [START_REF] Polyakov | Finite-time and fixed-time stabilization: Implicit Lyapunov function approach[END_REF], [START_REF] Polyakov | Robust stabilization of MIMO systems in finite/fixed time[END_REF] finite-time control is designed for linear finite-dimensional plants using implicit Lyapunov function method and homogeneity. First, a linear stabilizing feedback and a corresponding quadratic Lyapunov function are designed. Next, homogeneous dilation is applied in order to derive both a finite-time stabilizing feedback and a corresponding implicit Lyapunov function. Below we follow the same idea and use the canonical norm • d defined by (2.8) as a Lyapunov function. Alternative approaches of finite-time stabilization of linear systems in R n can be found, for example, in [START_REF] Praly | Generalized weighted homogeneity and state dependent time scale for linear controllable systems[END_REF], [37], [9].

Theorem 2.2. [58] If A : D(A) ⊂ H → H is a generator of a strongly continuous semigroup on H, B : X → H is a linear bounded operator and A) d 1 is a uniformly continuous group of linear bounded operators in H such that d 1 (s)D(A) ⊂ D(A), s ∈ R and γ z 2 ≤ G d1 z, z , ∀z ∈ H with γ ≥ 0, B) d be a dilation on H such that β z 2 ≤ G d z, z for z ∈ D(G d ) and β > G d1 , C) ∃K ∈ L(H, X) such that BK(D(A)) ⊂ D(A) and there exists a set D ⊂ D(A) ∩ D(G d ) dense in H such that (A + BK + αG d )z, z ≤ 0, ∀z ∈ D
where α > 0 is a positive number, D) the operator A be d-homogeneous of degree µ < 0 and

d(s)BKd 1 (s) = BKd(s), s ∈ R, then the feedback control ξ : H → H defined by ξ(u) = u µ d Kd 1 (-ln( u d ))u if u = 0, 0 if u = 0 (2.22) is locally Lipschitz continuous on H\{0}, Fréchet differentiable on D(G d )\{0} and Bξ(D(A)) ⊂ D(A). Moreover, if ∃M ≥ 1 such that d(s) ≤ M e (µ+γ)s for s > 0 then ξ(•) ≤ M K L .
For any u 0 ∈ H\{0} the closed-loop system (2.20), (2.21), (2.22) has a mild solution u : [0, T (u 0 )) → H such that u(t) → 0 as t → T (u 0 ) and

d dt u(t) d a.e ≤ -α u(t) 1-µ d , t ∈ [0, T (u 0 )), (2.23) 
and the settling time admits the estimate

T (u 0 ) ≤ u0 -µ d -αµ .
Sketch of the proof. 1) The local Lipschitz continuity/differentiability of the feedback (2.22) follows from the local Lipschitz continuity/differentiability of • d .

The inclusion Bξ(D(A)) ⊂ D(A) follows from Conditions C) and D). Indeed, d(s)D(A) ⊂ D(A) and BKD(A) ⊂ D(A) imply d(-s)BKd(s)D(A) ⊂ D(A).

According to Condition D) we have BKd 1 (s) = d(-s)BKd(s).

2) Since ξ is locally Lipschitz continuous then the closed-loop system has a mild solution any x 0 ∈ H\{0} [50, Theorem 5. The finite-time extinction of classical solutions obviously follows from the inequality (2.23), which can be derived using conditions of Theorem 2.2. Indeed, Condition D) asks for d-homogeneity of the operator f := A + Bξ with negative degree µ < 0, so one has

e µs d(s)f (u) = f (d(s)u) = (A + BK)d(s)u
for u ∈ D(A). Hence, for any classical solution, Condition C) and the formula (2.10) yield (2.23):

d dt u(t) d = (D u u(t) d )( u(t)) = u(t) d d(-ln u(t) d ) u(t), d(-ln u(t) d )u(t) G d d(-ln u(t) d )u(t), d(-ln u(t) d )u(t) = u(t) 1+µ d (A + BK)d(-ln u(t) d )u(t), d(-ln u(t) d )u(t) G d d(-ln u(t) d )u(t), d(-ln u(t) d )u(t) ≤ -α u(t) 1+µ d .
One can be shown that the latter inequality holds for the mild solutions almost everywhere. The latter inequality immediately implies that u(t) d vanishes to zero in a finite time

T (u 0 ) ≤ u0 -µ d -αµ . Example 2.12 (Distributed Finite-time Control for a Wave Equation on R). Let H = H 1 (R, R) × L 2 (R, R)
with an inner product to be defined below.

Let us consider a wave equation represented in the form (2.20) using the notations:

A = O I ∂ 2 ∂z 2 O : D(A) ⊂ H → H, where D(A) = H 2 (R, R) × H 1 (R, R), O ∈ L(L 2 (R, R), L 2 (R, R)) and I ∈ L(L 2 (R, R), L 2 (R, R))
are zero and identity operators, respectively, and

B = O I : L 2 (R, R) → H.
Let the inner product in H be defined as follows 

x, x = R x ( 
= Q -1 with Q = q 11 q 12 q 12 q 22 ∈ R 2×2
being a positive definite solution of the system of linear matrix inequalities (LMIs) and equations:

ν-1.5µ 1 0 ν-0.5µ Q + Q ν-1.5µ 0 1 ν-0.5µ + y b + by = 0, (2.24) ν-1.5µ 0 0 ν-0.5µ Q + Q ν-1.5µ 0 0 ν-0.5µ 0, Q 0, (2.25 
)

where ν > max{0, 1.5µ}, b = (0 1) ∈ R 2 , y = (y 1 y 2 ) ∈ R 1×2 .
The operator A is a generator of a strongly continuous semigroup of linear bounded operators on H (see e.g. [START_REF] Pazy | Semigroups of Linear Operators and Applications to Partial Differential Equations[END_REF]Section 7.4] for more details).

This system of LMIs is always feasible with respect to Q and y. Since from (2.24) we conclude (ν -1.5µ)q 11 + q 12 = 0 then taking into account

P = Q -1 0 it is easy to see that 0 < (ν -1.5µ)p 22 = p 12 .
Let the operator K : H → L 1 (R, R) be defined as

Kx := yQ -1 x, x ∈ H,
where the pair (Q, y) is a solution of the LMIs (2.24), (2.25).

A) Let the uniformly continuous semigroup d 1 of linear bounded operators on H be defined as follows

d 1 (s)x = e -µs 0 0 1 x.

Its generator

G d1 x = -µ 0 0 0 x,
obviously, satisfies the condition A) of Theorem 2.2 with γ min = min{0, -µ} and

γ max = max{0, -µ} ≥ 0. B) Let us introduce the dilation d on H as follows (d(s)x)(z) = e s(ν-µ) 0 0 e sν x(e µs z), x ∈ H, z ∈ R.
The dilation d has the generator

G d : D(G d ) ⊂ H → H defined as G d x = ν-µ 0 0 ν x + µz ∂x ∂z ,
where

D(G d ) = x ∈ H : z ∂x ∂z ∈ H .
According to Proposition 2.5 the dilation d is strictly monotone on H if there exists

β > 0 such that G d x, x ≥ β x 2 for any x ∈ C ∞ c (R, R) × C ∞ c (R, R), where x 2 =
x, x . Using integration by parts we derive

G d x, x = R x (z)P ν-µ 0 0 ν x(z) + µz ∂x(s) ∂z dz+ p 22 R (ν -µ) ∂x1(z) ∂z 2 + µ ∂x1(z) ∂z ∂ ∂z z ∂x1(z) ∂z dz = R x (z)P ν-µ 0 0 ν x(z)dz+ µ 2 R z ∂ ∂z x (z)P x(z) dz+ p 22 ν R ∂x1(z) ∂z 2 dz + µ 2 R z ∂ ∂z ∂x1(z) ∂z 2 dz = R x (z)P ν-1.5µ 0 0 ν-0.5µ x(z) + p 22 (ν -0.5µ) ∂x1(z) ∂z 2 dz ≥ β x 2 ,
where

β ≥ min λ min P 1 2 ν-3µ 2 0 0 ν-µ 2 P -1 2 + P -1 2 ν-3µ 2 0 0 ν-µ 2 P 1 2 , ν - µ 2 
The LMI (2.25) implies β > 0.

C) Given x = (x 1 , x 2 ) ∈ C ∞ c (R, R) × C ∞ c (R, R) and A 0 = ( 0 I 0 0 ) we have (A+BK +G d ) x, x = (A 0 +BK + G d ) x, x + 0 ∂ 2 x 1 ∂z 2 , x .
Using (2.24) we derive

x, (A 0 +BK +G d )x = p 22 R ∂x1(z) ∂z ∂x2(z) ∂z dz + p 22 (ν -0.5µ) R ∂x1(z) ∂z 2 dz.
Using integration by parts we derive

x,

0 ∂ 2 x 1 ∂z 2 = R -p 12 ∂x1(z) ∂z 2 -p 22 ∂x1(z) ∂z ∂x2(z) ∂z dz,
Therefore, taking into account the identity 0

< (ν -1.5µ)p 22 = p 12 we con- clude x,(A+BK +G d ) x = µp 22 R ∂x1(z) ∂z dz.
For µ ≤ 0 we, obviously, have x,(A+BK +G d ) x ≤ 0. On the other hand, if ν ≥ 2.5µ > 0 then using the representation for x, G d x we derive

x,(A+BK +0.5G d ) x ≤ -p22(ν-2.5µ) 2 R ∂x1(z) ∂z dz ≤ 0.
Therefore, the condition C) of Theorem 2.2 holds for any µ ∈ R and any ν ≥ max{0, 2.5µ}. D) Finally, d(s)BKd 1 (s) = BKd(s) for any s ∈ R and the operator A is d-homogeneous of the degree µ. Indeed,

(Ad(s)x)(z) = A e (ν-µ)s x1(e µs z) e νs x2(e µs z) = e νs x2(e µs z) e (ν+µ)s ∂ 2 x 1 (q) ∂q 2 q=e µs z = e µs (d(s)Ax)(z)
and the condition D) of Theorem 2.2 is fulfilled. Therefore, the homogeneous feedback control of the form (2.22) steers all trajectories of the wave system to the origin in a finite time if µ < 0.

In the general case, the homogeneous norm

• d is defined implicitly, see (2.8). For µ = -1, ν = 1
2 the canonical homogeneous norm can be found as a unique positive solution of the quartic equation

V 4 = aV 2 + bV + c with V = e sx = x d , a = p 22 R x 2 2 (z) + (x 1 (z)) 2 dz, b = 2p 12 R x 1 (z)x 2 (z)dz, c = p 11 R x 2 1 (z)dz.
In this case x d can be computed using Ferrari formulas, i.e., the homogeneous finite-time stabilizing feedback (2.22) for the wave equation admits an explicit representation.

Non-homogeneous operators allowing homogeneous extensions

The above examples introduce dilations for systems on unbounded domains. If the domain is bounded then the mentioned dilations are not applicable and the previous kind of operators on bounded domains may become non-homogeneous. If the condition D) in Theorem 2.2 does not hold (non-homogeneous case) then the finite-time control can be still be designed for an operator A allowing a homogeneous extension.

Corollary 2.4. [58] Theorem 2.2 remains true if D) is replaced with D * ) there exists a set-valued operator F : D(F ) ⊂ H ⇒ H such that Au + Bξ(u) ∈ F (u) for u ∈ D(A) ⊂ D(F ), F is d-homogeneous of degree -µ < 0 and there exists D ⊂ D(F )∩D(G d ) dense in D(A), α G d z, z + sup y∈F (z) y, z ≤ 0, z ∈ D : z = 1
for some α > 0.

The operator F is the homogeneous extension of the operator A + Bξ (see Definition 2.10). Recall that we do not need to study an evolution system u ∈ F (u). The existence of classical solutions of the closed-loop system (2.20) comes from Conditions A)-C) of Theorem 2.2. The inclusion Au + Bξ(u) ∈ F (u) is utilized only for analysis of finite-time extinction of these solutions (see Remark 2.2 for more details).

This corollary allows any mild solution of the closed-loop system to be prolonged to zero by continuity u(t) = 0 for t ≥ T (u 0 ) since the canonical homogeneous norm • d is the Lyapunov function to the closed-loop system implying uniqueness and finite-time stability of the zero solution.

Finite-time stabilization by means of switched linear feedback

Realization of the control law (2.22) needs calculation of the homogeneous norm u d , which is defined implicitly by the functional equation (2.8). Sometimes the homogeneous norm can be calculated explicitly (see, [START_REF] Polyakov | Finite-time and fixed-time stabilization: Implicit Lyapunov function approach[END_REF], [START_REF] Polyakov | On finite-time stabilization of evolution equations: A homogeneous approach[END_REF] and the above example). The control law (2.22) can also be applied in a sampled way by means of replacing u(t) d in (2.22) with u(t j ) d for t ∈ [t j , t j+1 ). The value u(t j ) d can be found by means of an appropriate numerical procedure (see, e.g. [START_REF] Polyakov | Finite-time and fixed-time stabilization: Implicit Lyapunov function approach[END_REF]). The control (2.31) becomes linear on each interval of time [t j , t j+1 ).

Let us consider the following switched linear feedback

ξ σ(t) (u(t)) = r -µ σ(t) Kd 1 (-ln(r σ(t) ))u(t), (2.26) 
with state dependent switching function σ such that σ(0) ∈ Z,

σ(t) = S(σ(t -), u(t -)), S : Z × H → Z, S(σ, u) := i-1 if σ=i and u d ≥ri-1, i if σ=i and ri+1≤ u d ≤ri-1, i+1 if σ=i and ri+1≤ u d , (2.27) 
where r i ∈ R + : r i+1 < r i , i ∈ Z and Ω = i∈Z {r i }. The switching variable σ has its own evolution equation given by (2.27) so the pair (u(t), σ(t)) can be treated as an augmented state of the closed-loop switched system having a strong solution 2 . We refer the reader to [START_REF] Liberzon | Switchings in Systems and Control[END_REF] for more details about switched systems.

Corollary 2.5 (On switched linear finite-time feedback law). [START_REF] Polyakov | On homogeneous finite-time control for linear evolution equation in hilbert space[END_REF] If all conditions of Theorem 2.2 hold and the control is given by (2.26), (2.27) with 

r 0 = 1, r i+1 = e -qi r i , i ∈ Z and q i > 0 such that +∞ i=0 q i = +∞ and lim i→+∞ q i+1 e -µqi /q i < 1, then • for u 0 ∈ D(A)\{0} the closed-loop system (2.
u(t) → 0 as t → T (u 0 ),
where the settling time functional T : H → R admits the estimate

T (u 0 ) ≤ α -1 ∞ j=i0 r µ j q j < +∞ provided that u 0 d ∈ (r i0+1 , r i0 ];
• the time instants t j : u(t j ) d = r j are isolated and the set {t j } +∞ j=i0+1 has the unique accumulation point T (u 0 );

• the control is a linear continuous feedback on each (t j , t j+1 ) and

ξ σ(t) (t) ≤ M K L if d(s) H L ≤ M e (µ+γ)s for s > 0.
Existence, uniqueness and finite-time extinction of mild solutions to the closed-loop system (2.20), (2.21), (2.26), (2.27) with u 0 ∈ H\{0} can be shown repeating the proof of Corollary ??.

Corollary 2.5 proposes a scheme for homogeneity-based finite-time control design in the form of switched linear feedback. Its applicability to boundary control case looks like a promising research direction, especially, in the context of the papers [16], [START_REF] Polyakov | Boundary finite-time feedback design for heat equation[END_REF], where a finite-time linear switched boundary control has been designed for heat system using the back-stepping approach [START_REF] Krstic | Boundary Control of PDEs: A Course on Backstepping Designs[END_REF].

Example 2.13 (Distributed Finite-time Control for Heat System on a Segment). To demonstrate a possible way of application of Corollary 2.4, we design a distributed finite-time control for the following heat system on [0, 1]:

∂x ∂t = ∂ 2 x ∂z 2 + φ(z)u(t, z), x(t, 0) = x(t, 1) = 0, x(0, z) = x 0 (z), where x is the system state, u is the distributed control, φ : [0, 1] → R + is a continuous function such that c z 2 ≤ φ(z) for z ∈ [0, 1],
(2.28) for some c > 0. The function φ represents possibly non-uniform feedback gain on [0, 1]. The design procedure is realized in several steps

• First, we extend the considered system virtually to R + (with the zero operator on (1, +∞));

• Next, we design a feedback control using conditions A)-C) of Theorem 2.2) and Condition D * ) of Corollary 2.4.

• Finally, we reduce the extended closed-loop system to the original one assuming that the initial condition of the extended system has a support only in (0, 1).

Homogeneous finite-time control design on R

+ . Let H = H 0 (R + , R) = L 2 (R + , R) and x (a,b) denotes a restriction of a function x : R + → R to the interval (a, b). For any x ∈ H we have x (0,1) ∈ H 0 ((0, 1), R) and x (1,+∞) ∈ H 0 ((1, +∞), R).
Let the operator A : D(A) ⊂ H → H be defined as the connection of the Laplace operator with Dirichlet boundary conditions on [0, 1] and the zero operator on

[1, +∞), i.e. (Ax)(z) = ∂ 2 x(z) ∂z 2 if z ∈ (0, 1) and (Ax)(z) = 0 if z ≥ 1 for x ∈ D(A) := x ∈ H : x (0,1) ∈ H 1 0 ((0, 1), R) ∩ H 2 ((0, 1), R)
. The operator A is closed and densely-defined. It generates the strongly continuous semigroup Φ of linear bounded operators on the Hilbert space H :

(Φ(t)u)(x) = 2 ∞ n=1 e -n 2 π 2 t sin(πnx) 1 0 sin(πny)u(y)dy if x∈(0,1), u(x) if x∈[1,+∞).
Let us consider the equation (2.20) with A given above and B :

H → H defined as follows (Bx)(z) = φ(z)x(z) if z ∈ (0, 1) and (Bx)(z) = φ(1)x(z) if z ≥ 1 for x ∈ H.
Let us show that conditions A)-C) of Theorem 2.2 and the condition D * ) of Corollary 2.4 hold for K = -kI ∈ L(H) with a sufficiently large scalar k > 0.

A) Let a uniformly continuous group d 1 be defined as follows

(d 1 (s)x)(z) = e -µs x(z) if z ∈ (0, 1) and (d 1 (s)x)(z) = x(z) if z ≥ 1,
where µ < 0. Obviously, γ min = 0 and γ max = -µ, where γ min and γ max are defined in Theorem 2.2. B) Let the dilation d(s) in H be defined as

(d(s)x)(z) = e s
x(e 0.5µs z).

It has the generator

G d x = x + 0.5µz ∂x ∂z with the domain D(G d ) = {x ∈ H : x+0.5µz ∂x ∂z ∈ H}. Obviously, d(s)x = R+ e 2s x 2 (e 0.5µs z)dz = e (1-0.25µ)s x and (1 -0.25µ) x 2 = G d x, x if x ∈ D(G d )
, where, as before, • denotes the norm in H . Hence, we derive

x d = x 1 1-0.25µ
and the formula (2.22) gives

u(x) = -k x µ d d 1 (-ln x d )x = -k x 2µ 1-0.25µ x.
Theorem 2.2, guarantees that this feedback control is locally Lipschitz continuous on H\{0}. Moreover, it is continuous at 0 if -4/7 < µ < 0 and globally bounded if µ = -4/7. C)-D * ) Let us consider the homogeneous extension (2.15):

F (x) = s∈R:d(s)x∈D(A) {A s x + q s (x))} ,
where

A s = e -µs d(-s)Ad(s) and g s (x) = e -µs d(-s)Bu(d(s)x). It is easy to see that (A s x)(z) = ∂ 2 x(z) ∂z 2 if z ∈ (0, e 0.5µs ) and (A s x)(z) = 0 if z ≥ e 0.5µs , (g s (x))(z) = -k φ(e -0.5µs z)e µs x(z) x -2µ d , z∈(0,e 0.5µs ), φ (1) 
x(z)

x -µ d , z≥e 0.5µs .

The set-valued operator F : D(F ) ⊂ H ⇒ H is d-homogeneous of degree µ < 0 and Ax + Bu(x) ∈ F (x) for any x ∈ D(A), where D(F ) = s∈R d(s)D(A).

Let us denote q s = e 0.5µs and consider the set

Ds = x ∈ H : x (0,qs) ∈ C ∞ c ((0, q s ), R), x (qs,+∞) ∈ C ∞ c ((q s , +∞), R). Obviously, D0 ⊂ D(A) is dense in D(A) and d(s)x ∈ D0 ⇒ x ∈ Ds . Let us denote x, y (a,b) = b a x(z)y(z)dz.
Using integration by parts for any s ∈ R and for any x ∈ Ds we derive

z ∂x ∂z , x (0,qs) = -x, x (0,qs) 2 and z ∂x ∂z , x (qs,+∞) = -x, x (qs,+∞) 2 .
Due to (2.28) one has φ(e -0.5µs z)e µs ≥ cz 2 if z ∈ [0, q s ] and φ(e -0.5µs z)e µs x, x (0,e 0.5µs ) ≥ c zx, zx (0,qs) .

Therefore, for any x ∈ Ds , x = 1 we obtain

(A s x + g s (x) + ρG d )x, x ≤ -∂x ∂z , ∂x ∂z (0,qs) -2ρ(1 -0.25µ) z ∂x ∂z , x (0,qs) -kc zx, zx (0,qs) -( kφ(1) -ρ(1 -0.25µ)) x, x (qs,+∞) ≤ 0 provided that k ≥ max ρ(1-0.25µ) φ(1) , ρ 2 (1-0.25µ) 2 ) c . The condition D * ) of Corollary 2.4 holds for D = s∈R Ds since • D is a d-homogeneous cone by construction; • D contains the set D0 dense in D(A); • x ∈ D : d(s)x ∈ D(A) ⇒ x ∈ Ds .
Therefore, the feedback law (2.22) steers any solution of the extended evolution system (2.20) to zero in a finite time

T ≤ (-ρµ) -1 x 0 -µ d , provided that µ ∈ [-4/7, 0).

Restriction of the finite-time control to the segment

[0, 1]. If supp(x) ⊂ [0, 1] and x ∈ H\{0} then supp(Φ(t)x) ⊂ [0, 1], supp(u(x)) ⊂ [0, 1] and x = 1 0 x 2 (z)dz,
where supp(x) denotes the support of a function x ∈ D(A). Therefore, any solution of the closed-loop system (2.20), (2.22) with initial condition

x 0 ∈ {x ∈ D(A) : supp(x) ⊂ [0, 1]} coincides on [0, 1] with the solution to the equation ∂x ∂t = ∂ 2 x ∂z 2 + φ(z) -k x -2µ 1-0.25µ x, x(t,0)=x(t,1)=0, x(0,z)=u0(x), z∈[0,1].
Consequently, any solution of the latter heat system vanishes in a finite time

T (x 0 ) ≤ (-ρµ) -1 1 0 x 2 0 (z)dz -0.5µ/(1-0.25µ) . Piecewise linear finite-time control on [0, 1]. Since x d = x 1 1-0.
25µ then the parameters of Lemma 2.1 are M = 1, α = β = 1 -0.25µ. Applying Corollary 2.5 for q i = ln 2 we derive u(t) = -λ(t)x(t), where the switched gain λ(t) = with r i = 2 -i and σ(t) defined by (2.27). Therefore, for any x 0 ∈ H 1 0 ((0, 1), R) ∩ H 2 ((0, 1), R) the equation

∂x ∂t = ∂ 2 x ∂z 2 -λ(t)φ(z)x,
x(t,0)=x(t,1)=0, x(0,z)=u0(z), z∈[0,1].

(2.29) has a unique strong solution which vanishes in a finite-time

T (x 0 ) ≤ ln 2 ρ +∞ j=i0 2 µj for x 0 d ∈ (r i0+1 , r i0 ] .
Notice that in contrast to the linear switched feedback presented in [16], the settling time of our algorithm depends on the initial condition.

Numerical simulations. The simulation results of the system (2.29) (for φ(z) = z 2 ) with homogeneous and switched linear finite-time controls (µ = -0.5, k = 1) as well as with the static linear feedback (λ = k) are depicted at Fig. 2.1. The initial condition is given by x 0 (z) = 5.25z(1z). For numerical simulations, the system has been discretized by means of divided differences on a uniform grid with the step h = 0.005 for the space variable. The discretization with respect to time has been done using implicit scheme with the step size τ = h 2 . The norm x is calculated by Simpson rule. Numerical simulations show that the heat system with homogeneous control has a fast decay (typical for finite-time stable systems) with the settling time T (x 0 ) ≤ 0.3.

Example 2.14. Let us consider the linear control system in R n ẋ(t) = Ax(t) + Bu(t), t > 0,

where x(t) ∈ R n , u(t) ∈ R n , A ∈ R n×n and B ∈ R n×m . Let x → Ax be d- homogeneous of degree -µ < 0, i.e. AG d = (G d -µI n )A,
where G d ∈ R n×m is a generator of the dilation d(s) = e sG d . Let the Euclidean space R n be equipped with the inner product

x, y = x P y, 0 ≺ P ∈ R n×n , x, y ∈ R n .
and the dilation d be monotone with respect to the norm x = √ x P x, i.e.

G d P + P G d 0.
If G d B = µB and there exists a matrix K ∈ R m×n such that

(A + BK) P + P (A + BK) + α(G d P + P G d ) 0, α > 0, then all conditions of Theorem 2.2 hold for G d1 = G d -µI n , d 1 (s) = e sG d 1
and the homogeneous globally bounded feedback

u(t) = Kd(-ln x(t) d )x(t),
stabilizes the origin of the closed-loop system in a finite time. If the pair {A, B} is controllable then the obtained system of matrix inequalities is always feasible and the homogeneous feedback can always be designed (see, [START_REF] Polyakov | Robust stabilization of MIMO systems in finite/fixed time[END_REF] for more details).

Other examples of an application of Theorem 2.2 for H = R n can be found in [START_REF] Polyakov | Finite-time and fixed-time stabilization: Implicit Lyapunov function approach[END_REF], [START_REF] Polyakov | Robust stabilization of MIMO systems in finite/fixed time[END_REF] and in the next section.

Quadratic Stabilizability of Homogeneous Systems in R n

Problem Statement

Let B = R n and the model of a control system is given by

σ(t) = g(σ(t), u(t)), (2.30) 
where

t ∈ R + is time variable, σ(t) ∈ R n is the vector of state variables at the time instant t, u(t) ∈ R m is the control input, g ∈ C(R n+m , R n ), g(0, 0) = 0.
We assume that the whole state vector σ can be measured on-line and utilized for control purposes. In this section we deal (mainly) with the problem of a dynamical feedback control design

u(t) = k(σ(t), u(t)), k ∈ C(R n+m \{0}, R m ). (2.31)
and we restrict ourself with the class of the homogeneous nonlinear systems. The main goal is to derive a necessary and sufficient condition of (finite-time or fixedtime) stabilizability of the system (2.30) by means of a homogeneous dynamical feedback (2.31). In particular, we are interested in a (more or less) constructive stabilizability criteria allowing a unified scheme for control design. Obviously, under assumption

f = g k ∈ C(R n+m \{0}, R n+m ), (2.32) 
the closed-loop system (2.30), (2.31) may have discontinuity only at the origin similarly to the unit control [START_REF] Utkin | Sliding Modes in Control Optimization[END_REF] or "quasi-continuous" control [START_REF] Levant | Homogeneity approach to high-order sliding mode design[END_REF]. It is also worth stressing that sliding mode control method frequently uses dynamical feedbacks as a part of the control law (see, e.g. super-twisting algorithm [START_REF] Levant | Sliding order and sliding accuracy in sliding mode control[END_REF]).

Let

F d (R n ) (resp. H d (R n )) be the set of vector fields R n → R n (resp. functions R n → R) satisfying the identity (2.11) (resp. (2.12)), which are continuous on R n \{0}. Let deg F d (f ) (resp. deg H d (h)) denote the homogeneity degree of f ∈ F d (R n ) (resp. h ∈ H d (R n )).

Quadratic Stability

The further constructions are essentially based on the theorem given below for the system

ξ = f (ξ), f ∈ F d (R n ).
(2.33)

Theorem 2.3. [START_REF] Polyakov | Sliding mode control design using canonical homogeneous norm[END_REF] The next five claims are equivalent

1) The origin of the system (2.33) is asymptotically stable.

2) There exists a Lyapunov function

V ∈ H d (R n )∩ C ∞ (R n );
3) The origin of the system

ż = z 1+deg F d (f ) (In-G d )z zP z P G d z + I n f z z (2.34)
is asymptotically stable, where z = √ z P z with P satisfying (2.6).

4)

For any matrix P ∈ R n×n satisfying (2.6) there exists

Ψ ∈ F d (R n ) ∩ C ∞ (R n \{0}), deg F d (Ψ) = 0 such that Ψ is diffeomorphism on R n \{0}, homeomorphism on R n , Ψ(0) = 0 and ∂(Ψ (ξ)P Ψ(ξ)) ∂ξ f (ξ) < 0 if Ψ (ξ)P Ψ(ξ) = 1. (2.35) Moreover, Ψ d ∈ H d (R n ) ∩ C ∞ (R n \{0}
) is Lyapunov function to the system (2.33), where • d is the canonical homogeneous norm induced by ξ = ξ P ξ.

5)

For any matrix P ∈ R n×n satisfying (2.6) there exists a map

Ξ ∈ C ∞ (R n \{0}, R n×n ) such that det(Ξ(z)) = 0, ∂Ξ(z) ∂zi z = 0, Ξ(e s z) = Ξ(z) for z = (z 1 , ..., z n ) ∈ R n \{0}, s ∈ R, i = 1, ..., n and z Ξ (z)P Ξ(z) (In-G d )zz P z P G d z +I n f z √ z P z < 0. (2.36)
This theorem proves three important facts:

• Any homogeneous (with respect to linear dilations) system is homeomorphic on R n and diffeomorphic on R n \{0} to a standard homogeneous one.

• Any asymptotically stable homogeneous system is homeomorphic on R n and diffeomorphic on R n \{0} to a quadratically stable one. Indeed, making the change of variables z = Ψ(ξ) we derive

ż = f (z), where f (z) = ∂Ψ(ξ) ∂ξ f (ξ) ξ=Ψ -1 (z)
, but the criterion (2.35) implies that

z P ż < 0 if z P z = 1,
so the homogeneous norm • d is the Lyapunov function to the latter system. Finally, the change of variable

x = z d d(-ln z d )z gives z d = x , so the transformed system ẋ = f (x)
is quadratically stable. The fact that the Lyapunov function for the homogeneous system has a level set diffeomorphic to the unit sphere, has been noticed in [33]. The canonical homogeneous norm has allowed us to construct the required transformation in the simple explicit form

Ψ(ξ) = d   ln V 1 deg H d (V ) (ξ) ξ d   ξ.
• The formula (2.36) gives a more or less constructive stability criterion. Since Ξ(z) = Ξ(e s z) for z ∈ R n \{0}, s ∈ R then the map Ξ is constant along any straight line {e s z : s ∈ R} if z = 0. In addition, the property ∂Ξ(z) ∂zi z = 0 motivates the conjecture that a quadratic Lyapunov function (Ξ ≡ const) always exists for asymptotically stable standard homogeneous system. Such assumption was also studied in [3]. However, in the view of [6,Proposition 5.2] this conjecture seems to be wrong. Therefore, the condition

z Q 0 (In-G d )zz P z P G d z +I n f z √ z P z < 0 if z = 0, P G d + G d P > 0, P > 0, Q 0 > 0 (2.37)
derived from (2.36) is just sufficient stability condition. For Q 0 = P (or, equivalently, Ξ = I n ) we derive the more simplified stability condition

z T P f z √ z P z < 0.

Finite-time Stabilization of a Linear System in R n

As an example to both Theorem 2.2 and Theorem 2.3 let us consider the system

σ = Aσ + Bu(σ), A =       0 1 0 ... 0 0 0 1 ... 0 ... ... ... ... 0 0 0 ... 1 0 0 0 ... 0       , B =       0 0 ... 0 1       , (2.38) 
u(σ) = n i=1 k i σ i N (σ) n-i+1 , σ = (σ 1 , σ 2 , ..., σ n ) ∈ R n , (2.39) 
and the weighted dilation

d(s) = e G d s with G d =       n 0 ... 0 0 0 n -1 ... 0 0 ... ... ... ... 0 0 ... 2 0 0 0 ... 0 1       ,
where N : R n → R is a continuous positive definite function that is d-homogeneous of degree 1, i.e. N (σ) > 0 for σ = 0 and

N (d(s)σ) = e s N (σ), σ ∈ R n , s ∈ R.
In the view of Definition 2.8 the function N is simply an arbitrary homogeneous norm and the control law can be rewritten in the form

u(σ) = Kd (-ln N (σ)) σ, where K = k 1 k 2 ... k n-1 k n ∈ R n
is a vector of control parameters. Obviously, if N is a canonical homogeneous norm then the considered control law becomes the form (2.31).

The control u : R n → R is d-homogeneous of degree zero:

u(d(s)σ) = Kd(-ln N (d(s)σ))d(s)σ = Kd(-ln(e s N (σ)))d(s)σ = Kd(-s -ln N (σ))d(s)σ = Kd(-ln N (σ))d(-s)d(s)σ = u(σ), σ ∈ R n \{0}, s ∈ R.
Therefore, u is a version of the so-called quasi-continuous homogeneous sliding mode control [START_REF] Levant | Quasi-continuous high-order sliding-mode controllers[END_REF]. Indeed, it is homogeneous of degree 0, continuous outside the origin and globally bounded:

Bu(σ) ≤ BK L d(-ln N (σ))σ ≤ BK L d -ln N (σ) σ d L d(-ln σ d )σ = BK L d -ln N (σ) σ d L ≤ C < +∞, σ ∈ R n , since the function χ : R n → R, χ(σ) = N (σ)
σ d is homogeneous of degree 0, and, consequently, globally bounded. Similarly, for f (σ) = Aσ + Bu(σ) we derive

f (d(s)σ) = Ad(s)σ + Bu(d(s)) = e -s d(s)Aσ + Bu(σ) = e -s d(s)(Aσ + Bu(σ)) = e -s d(s)f (σ), σ ∈ R n \{0}, s ∈ R,
i.e. the closed loop system has negative homogeneity degree: deg

F d (f ) = -1.
Let us find some sufficient conditions (to the vector K and to the function N ) allowing the finite-time stability of the closed-loop system. Selecting Q 0 = P in (2.37) we derive the following sufficient stability condition

z P f (z) < 0, f (z) = 1 z Az + BKd(-ln Ñ (z))z , z ∈ R n \{0}, (2.40)
where Ñ (z) = N z z , z = √ z P z with P satisfying (2.6). Since N is a continuous and positive definite function then 0 < min

ξ∈R n :ξ P ξ=1 N (ξ) ≤ Ñ (z) ≤ max ξ∈R n :ξ P ξ=1 N (ξ) < +∞
and there exist numbers δ min and δ max such that

0 < δ min ≤ Ñ (z) ≤ δ max . (2.41) Obviously, if N (σ) = σ d is the canonical homogeneous norm then Ñ (z) = 1, z ∈ R n \{0}
and the stability condition becomes

z T P (A + BK)z < 0, z ∈ R n \{0},
i.e., K can be selected as a gain matrix of a linear stabilizing feedback. Since the pair {A, B} is controllable then appropriate K and P 0 can always be found (see, e.g. [11]) to guarantee the required inequality, while the parameter γ can be selected sufficiently large to fulfill (2.6). Moreover, Theorem 2.3 implies that • d is the Lyapunov function to the closed-loop system.

Therefore, the usage of the canonical homogeneous norm allows the very simple rule to be applied for selection of control parameters. However, the canonical homogeneous • d is defined implicitly, and for simplicity of practical realization it is worth to know if • d can be replaced with some explicitly defined homogeneous norm N (see also [START_REF] Polyakov | Finite-time and fixed-time stabilization: Implicit Lyapunov function approach[END_REF], [START_REF] Zimenko | Stabilization of chain of integrators with arbitrary in finite-time[END_REF]).

Proposition 2.6. [START_REF] Polyakov | Sliding mode control design using canonical homogeneous norm[END_REF] Let for some 0 < δ min ≤ δ max the system of LMIs

       AX +XA +BY +Y B -X ln δmax δmin BY Xd ln δmax δmin ln δmax δmin Y T B T -(G -1 d X +XG -1 d ) 0 d ln δmax δmin X 0 -X        ≺ 0, X 0, (2.42) be feasible with respect to X ∈ R n×n , Y ∈ R 1×n . If a function N : R n \{0} → R is continuous, positive definite, N ∈ H d (R n ), deg H d (N ) = 1
and it satisfies the inequalities (2.41) with P = X -1 and 0 < δ min ≤ δ max then the closed-loop system (2.38), (2.39) with

K = Y X -1 d(ln δ max )
is globally uniformly finite-time stable and the canonical homogeneous norm • d is its Lyapunov function.

The system of LMIs (2.42) is always feasible provided that δ min and δ max are sufficiently close to each other. Indeed, ln(δ max /δ min ) → 0 and d(ln(δ max /δ min )) → I n as δ max /δ min → 1, so the LMI (2.42) becomes feasible.

An explicitly-defined homogeneous norm N can be selected according to [25], [4] or [START_REF] Zimenko | Stabilization of chain of integrators with arbitrary in finite-time[END_REF]. Also it can be defined as follows

N (σ) = φ (σ)Qφ(σ) 1 2n , (2.43) 
where Q ∈ R n×n is a positive definite matrix and

φ(σ) = |σ1| r 1 sign(σ1)
... The similar control design scheme can be developed for an arbitrary matrix A (see, e.g. [START_REF] Polyakov | Robust stabilization of MIMO systems in finite/fixed time[END_REF]) provided that the pair {A, B} is controllable.

|σn| rn sign(σn) , r i = n n-i+1 , i = 1,

Dynamic Feedback for Non-Linear Plants

Let us consider now the problem of homogeneous stabilization of the (2.30) in the disturbance free case (ω = 0), i.e. σ(t) = g(σ(t), u(t)), by means of the dynamical feedback (2.31):

u(t) = k(σ(t), u(t)).
Based on the scheme of the universal stabilizing control design given in [START_REF] Sontag | A 'universal' construction of artstein's theorem on nonlinear stabilization[END_REF] we derive the following corollary of Theorem 2.3. 

and f = g 0 ∈ F d (R n+m ).
The origin of the system (2.30) is globally asymptotically stabilizable by means of the homogeneous dynamical feedback (2.31) with

g k ∈ F d (R n+m )
if and only if there exist a number γ ≥ 0, a symmetric matrix

P ∈ R (n+m)×(n+m) satisfying (2.6) and a map Ξ ∈ C ∞ (R n+m \{0}, R (n+m)×(n+m) ): det(Ξ(z)) = 0, ∂Ξ(z) ∂zi z = 0, Ξ(e s z) = Ξ(z) for z = (z 1 , .., z n+m ) ∈ R n+m \{0}, s ∈ R, i = 1, ..., n+m such that a(z) < γ b (z)b(z) for z ∈ S, (2.44) 
where

a(z) = z W (z) f (z), b (z) = z W (z) 0 Im , W (z) = Ξ (z)P Ξ(z) (In-G d )z zP z P G d z +I n
and S is the unit sphere in R n+m with z = √ z P z. Moreover, the corresponding stabilizing homogeneous feedback law can be designed as follows

k(ξ) = ξ deg d ( f ) d d u (ln ξ d )k 0 (d(-ln ξ d )ξ) with ξ = σ u , (2.45) 
where

k 0 (•) = -a(•)+ √ a 2 (•)+(b (•)b(•)) 2 b (•)b(•) b(•) if b(•) =0 0 if b(•)=0 (2.46)
and • d is the canonical homogeneous norm induced by ξ = ξ P ξ.

The control design scheme consists of two steps: first, we design a stabilizing control using Sontag's formula (2.46), next, we apply the homogeneous dilation in order to derive the homogeneous stabilizing control (2.45) allowing the closed-loop system to be homogeneous with a required degree.

For Ξ(z) = I n the inequality (2.44) gives the following sufficient condition of quadratic stabilizability: 

z P f z √ z P z ≤ γ z P 0n×n 0n×m 0m×n Im P z, z = 0 P G d + G d P 0, P 0. ( 2 
σ1 = |σ 1 | 1 3 u + σ 2 , σ2 = u, (2.48) 
where σ 1 , σ 2 , u ∈ R. The vector field f : R 3 → R 3 defined by

f (ξ) =   |ξ 1 | 1 3 ξ 3 + ξ 2 ξ 3 0   , ξ = (ξ 1 , ξ 2 , ξ 3 ) = (σ 1 , σ 2 , u) is d-homogeneous of degree -1 with respect to the dilation d in R 3 generated by G d = diag{3, 2, 1}.
Hence, the sufficient stabilizability condition (2.47) becomes z P A(z)z < γ √ z P z z P e 3 e 3 P z,

P > 0, P G d + G d P > 0, where z = (z 1 , z 2 , z 3 ) ∈ R 3 and A(z) =    0 1 |z1| √ z P z 1 3 0 0 1 0 0 0    .
Let X ∈ R 3×3 and γ 0 > 0 satisfy the linear matrix inequalities 

XA i + A i X -2γe 3 e 3 < 0, XG d + G d X > 0, X > 0, A i = 0 1 i 0 0 1 0 0 0 , i = 0, 1, e 3 = (0, 0, 1) ∈ R 3 . Since A(z) = α(z)A 1 + (1 -α(z))A 0 , where α(z) = |z1| √ z P z
u = k 0 (d(-ln ξ d )ξ) , (2.49) 
where k 0 is given by (2.46) with a(z) = z P f (z) and b(z) = p 13 z 1 +p 23 z 2 +p 33 z 3 .

For example, an appropriate matrix P obtained using the above LMIs is Remark 2.3. The canonical homogeneous norm is defined implicitly by the formula (2.8). Therefore, to implement the designed control law either the canonical homogeneous norm must be calculated numerically on-line (like in [START_REF] Polyakov | Finite-time and fixed-time stabilization: Implicit Lyapunov function approach[END_REF], [START_REF] Polyakov | Robust stabilization of MIMO systems in finite/fixed time[END_REF]) or it must be approximated with some explicitly defined homogeneous norm N (for example, using the formula (2.43) or the results of [START_REF] Zimenko | Stabilization of chain of integrators with arbitrary in finite-time[END_REF]). The construction of an appropriate approximation N of the canonical homogeneous norm • , in the general case, is a non-trivial theoretical problem needed to be studied in future.

P =   1.
The problems of robustness analysis and sliding mode control design using the presented methodology are studied in [START_REF] Polyakov | Sliding mode control design using canonical homogeneous norm[END_REF].

Homogeneous Observers in R n

Let us consider the perturbed linear control system:

ẋ(t) = Ax(t) + Bu(t), y(t) = Cx(t), (2.50) 
where x ∈ R n is the state variable, y ∈ R k is the measured output, u : R → R s is the control input, A ∈ R n×n is the system matrix, B ∈ R n×s is the matrix of input gains and the matrix C ∈ R k×n is the output matrix which links the measured outputs to the state variables. The pair (A, C) is assumed to be observable and rank(C) = k.

The goal is to design two dynamic observers that estimate the state of the non-perturbed system (2.50) in a finite time (or in a fixed, defined a priori, time under the assumption that the domain of initial conditions is unknown).

The observers' design starts with a decomposition of the considered system into an appropriate block canonical form. Lemma 2.3. Consider the system (2.30) with the pair (A, C) being observable and rank(C) = k. Then there exists a nonsingular transformation Φ such that

ΦAΦ -1 = F C + Ã, CΦ -1 = ( C0 0 ... 0) , C = [I k 0] ∈ R k×n , Ã =    0 A1 2 0 ... 0 0 0 A2 3 ... 0 . . . . . . . . . . . . . . . 0 0 0 ... Am-1 m 0 0 0 ... 0    , C 0 ∈ R k×k , F ∈ R n×k ,
where m is an integer, A j-1 j ∈ R nj-1×nj , n j = rank(A j-1 j ), j = 2, ..., m, so that

n 1 = rank(C) = k and m i=1 n i = n.
This lemma is a trivial consequence of well known results on block observability and controllability forms (see [START_REF] Wonham | Linear Multivariable Control: A Geometric Approach[END_REF], [18], [19], [START_REF] Misrikhanov | Pole placement for controlling a large scale power system[END_REF]).

If k = 1 then m = n, n i = 1 and Φ transforms the matrix A into the canonical Brunovsky form. It is also worth stressing that canonical forms and related transformations also exist for nonlinear systems (see for instance [31], [35]). Therefore, the observer design algorithms given below can be adapted to the nonlinear case.

Let us consider the following nonlinear observer

d dt x(t) = Ax(t) + Bu(t) -g F T (y(t) -C x(t)), (2.51) 
where x(t) ∈ R n is the observer state vector and the function g F T : R k → R n is defined as

g F T (σ) = Φ -1 d r ln P C -1 0 σ -1 L F T -F C -1 0 σ, (2.52) 
where

σ ∈ R k , the matrices Φ ∈ R n×n , C 0 ∈ R k×k and F ∈ R n×k are defined in Lemma 2.3, d r (•) is the weighted dilation d(s) = e diag(r)s ∈ R n×n with r = µ 1+(m-1)µ , 2µ 1+(m-1)µ , ..., mµ 1+(m-1)µ T , µ ∈ (0, 1], (2.53) 
and L F T ∈ R n×k and P ∈ R k×k are matrices of observer gains, to be determined.

The error equation has the form

ė = Ã + d r ln P Ce -1 L F T C e, (2.54) 
where e = Φ(x-x), Ã ∈ R n×n and C ∈ R k×n are defined in Lemma 2.3. Obviously, if µ = 0 then d r (s) = I n for all sin R and the presented observer becomes the classical Luenberger one.

Remark 2.4. If the term P C -1 0 σ in (2.52) is replaced with (1+(m-1)µ)/µ where > 0 is a small constant, then the system (2.51)-(2.52) becomes a high-gain observer [START_REF] Prasov | A nonlinear high-gain observer for systems with measurement noise in a feedback control framework[END_REF], [35] with the error dynamics given by

ė = Ã + diag( -1 I n1 , -2 I n2 , • • • , -m I nm )L F T C e.
In our algorithms the gain factor depends on the available part of the observation error, namely, on σ = y -C x = Ce. This allows the finite-time and fixed-time observers to be less sensitive with respect to noises.

Let us denote

H r = diag(r 1 I n1 , r 2 I n2 , ..., r m I nm ) ∈ R n×n , r = 1 + µ 1 + (m -1)µ (1, 1, ..., 1) - r and Ξ(λ) = λ D r (λ -1 )-I n .
Theorem 2.5. [START_REF] Lopez-Ramirez | Finitetime and fixed-time observer design: Implicit Lyapunov function approach[END_REF] Let for some µ ∈ (0, 1], α > 0, ξ > 0 and τ ≥ 1 the system of matrix inequalities P Ã+ ÃT P + CT Y T +Y C+ξP +α(P H r +H r P ) P P -ξZ 0, (2.55a)

P 0, Z 0, X 0, (2.55b) τ X Y T Y P 0, (2.55c 
)

P H r + H r P 0, (2.55e) 
P CT X C, (2.55d) Ξ(λ)ZΞ(λ) 1 τ P, ∀λ ∈ [0, 1], (2.55f) 
be feasible for some P, Z ∈ R n×n , Y ∈ R k×n and X ∈ R k×k . Then the error equation (2.54) with L F T = P -1 Y and P = X 1/2 is globally finite-time stable with settling time

T ≤ e(0) ρ d αρ , ρ = µ 1+(m-1)µ .
In other words, this theorem claims that any solution of the observer system (2.51) converges to a solution of the real system (2.30) in a finite time T , which is dependent on the initial estimation error e(0) ∈ R n . As before the main idea of the proof is to show that the canonical homogeneous norm • d is a Lyapunov function of the error equation.

Corollary 2.6. The system of matrix inequalities (2.55) is feasible for sufficiently small µ > 0.

Indeed, observability of the pair (A, C) implies that the pair ( Ã + 0.5(αH r + ξI n ), C) is also observable. Hence, it can be easily shown that the inequality (2.55a) is feasible with some positive definite matrices P, Z ∈ R n×n and Y ∈ R k×n . The matrix inequalities (2.55d) and (2.55c) are also feasible for some X ∈ R k×k and sufficiently large τ ≥ 1. Since Ξ(λ) → 0 uniformly on λ ∈ [0, 1] as µ → 0, then the inequalities (2.55e), (2.55f) will hold for sufficiently small µ > 0.

Proposition 2.7. The parametric inequality (2.55f) holds if

Ξ(q i )ZΞ(q i ) + 1 2 (q 2 i -q 2 i-1 )M ≺ 1 τ P, i = 1, ..., N, (2.56a) 
P 0, Z 0, M 0 (2.56b) (In-Hr)Z+Z(In-Hr) -ZHr -HrZ M > 0, (2.56c 
)

where 0 = q 0 < q 1 < ... < q N = 1, H r = diag(r 1 I n1 , r2 I n2 , ..., rm I nm ), P, M, Z ∈ R n×n .
The provided result allows the implementation of a simple algorithm to solve the parametrized system of matrix inequalities (2.55) with fixed α, ξ, τ , µ.

Algorithm 2.1. [START_REF] Lopez-Ramirez | Finitetime and fixed-time observer design: Implicit Lyapunov function approach[END_REF] Initialization: N = 1, q 0 = 0, q N = 1, Σ = {q 0 , q N }. Loop: While the system of LMI (2.55a)-(2.55d), (2.56a)-(2.56c) is not feasible, do

Σ ← Σ ∪ qi-1+qi 2 N i=1
and N ← 2N .

Since the matrix inequality (I n -H r )Z+Z(I n -H r ) > 0 is obviously feasible for sufficiently small µ > 0, then, in the view of Corollary 2.6, the presented algorithm always finds the required solution if µ is sufficiently small.

The fixed-time observer for linear plants is designed similarly in [START_REF] Lopez-Ramirez | Finitetime and fixed-time observer design: Implicit Lyapunov function approach[END_REF]. It is based on combination of systems with positive and negative degrees.

Example 2.16. The numerical simulations aim to show the main properties of the finite-time observers. In the example, an inverted-cart pendulum model will be used. The robustness of the finite-time observer will be studied by applying it to the nonlinear plant and a comparison with a high-gain observer will be included.

The state vector is given by x = [x, ẋ, θ, θ] T , where as usual (x, ẋ) represents the position and the velocity of the cart and (θ, θ) the angle (from the vertical down position) and the angular velocity of the pendulum. The model parameters are M = 0.5 Kg -mass of the cart, m c = 0.2 Kg -mass of the pendulum, b = 0.1 N/m/s -cart friction coefficient, l = 0.3 m -length to pendulum center of mass, I = 0.006 Kg -moment of inertia of the pendulum.

It is assumed that only position and angle can be measured directly. The nonlinear equations describing the system motion are given by

(M + m c )ẍ + b ẋ + m c -l θ cos θ -m c l θ2 sin θ = F in (I + m c l 2 ) θ + m c gl sin θ + m c lẍ cos θ = 0,
where F in represents the input force. A simple proportional control law F in = K p d dt θ(t) is used to stabilize the pendulum around the downward position, d dt θ(t) is an estimate of the angular velocity to be obtained using the observers. The linearization of the model around the downward equilibrium point x 0 = 0 ∈ R 4 gives the following parameters for (2.30):

A =    0 1 0 0 0 -0.1818 2.672 0 0 0 0 1 0 0.4545 -31.181 0   , B =    0 1.818 0 -4.545   , C = 1 0 0 0 0 0 1 0 .
The first step of the observer design is to transform the linearized model into the observable canonical form, given in Lemma 2.3, by obtaining the matrix

Φ = 0 0 1 0 -1 0 0 0 a -1 0 0 b 0 0 1
, where a = -0.1818 and b = -0.4545.

Comparison between finite-time and high-gain observers. In order to make a fair comparison we adjusted the parameters of both observers to have similar time response for the initial condition x 0 = (0, -2, π/4, 1); that is to say, the norm of the estimation errors is admitted to be less than 0.15 for t ≥ 0.5 s. Using Algorithm 2.1 with (µ, α, τ, ξ) = (0.25, 2.5, 100, 4) we design the finite-time observer (2.51), (2.52) with , P = 0.0969 1 0 0 1 , and we compare it with the high-gain observer, designed according to Remark 2.4. Namely, the term P C -1 0 σ in (2.52) is replaced with (1+(m-1)µ)/µ .

L F T = -9.
Note that, the gain factor = 0.3 (and correspondingly the admissible estimation error e(0.5) ≤ 0.15) is selected sufficiently large since the high-gain observer becomes more sensitive with respect to measurement noises as decreases. The estimation error of the finite-time observer turned out to be 10 times less 3( e(t) ≤ 0.01) for t ≥ 0.5 s.

Figure 2.2 depicts the evolution of the observation errors of finite-time and high-gain observers for the noise-free case. Although the observers were designed using a linearized model, the system remains stable for the complete nonlinear model. It is also worth noting that the finite-time observer demonstrates a smaller peaking during transients.

To compare the observers for the case of noisy measurements, a band-limited white noise of power 10 -5 has been added to the output signal during the simulation. The corresponding results are presented at Figure 2.3. They show almost twice better precision (in both L 2 (0.5,1.5) and L ∞ (0.5,1.5) norms of the error) of the finite-time observer with respect to the high-gain one. This fact has a simple explanation in the context of high-gain observer theory: since the gain factor of the finite-time observer depends on the available part of the observation error (see Remark 2.4), namely,

= (σ) = P C -1 0 σ µ/(1+(m-1)µ) , σ = y -C x = Ce,
then its value is automatically adapted to the noises of different magnitude (the larger the noise magnitude, the smaller the gain). In the noisy case the convergence time of the finite-time observer slightly increases, allowing a better estimation precision.

Conclusions

In this chapter it is shown that the method of linear dilation and the canonical homogeneous norm simplify the analysis and design of homogeneous control systems. In particular, they allow simple extensions of linear control and state estimation algorithms to the non-linear homogeneous cases. Notice that the canonical homogeneous norm implicitly appears in the theory of controllability functions introduced in [37]. It also corresponds the radius vector of "homogeneous" spheric coordinates studied in [START_REF] Praly | Generalized weighted homogeneity and state dependent time scale for linear controllable systems[END_REF]. The canonical homogeneous norm also defines the implicit Lyapunov functions considered in [1], [START_REF] Polyakov | Finite-time and fixed-time stabilization: Implicit Lyapunov function approach[END_REF], [START_REF] Polyakov | Robust stabilization of MIMO systems in finite/fixed time[END_REF]. It allows to unify the finite-time control design methodology for linear models in both finite and infinite dimensional spaces. A further elaboration of this method looks promising for other control problems (like observer design and robustness analysis for evolution equations in Hilbert spaces, consistent discretization of homogeneous models, etc). In a short term perspective I will concentrate on the problems announced in the actual research projects, in which I am involved (e.g. AND DIGITSLID, ANR Finite4SoS, CPER DATA, CPET ELSAT2020).

Consistent Discretization of Homogeneous Systems in R n

The discretization issues are very important for practical implementation of homogeneous algorithms in a digital control device. The development of discretization schemes for homogeneous systems, which would preserve the convergence properties of the continuous system, is a difficult task. Some of my recent results [START_REF] Polyakov | Consistent discretization of finitetime stable homogeneous systems[END_REF] gives us a possible way for successful solving of this problem in a short term perspective. The proposed scheme is based on a transformation of the original homogeneous model to an equivalent one, which admits consistent implicit or semi-implicit discretization. It has been tested that this approach allows to reject completely the numerical chattering of homogeneous sliding mode controllers and preserve finite-time/fixed-time stability in some systems with a sampled implementation of control laws . Extension of this results to the general case are expected to be provided in a short term perspective. This research direction is proposed by ANR DIGITSLID .

Homogeneous observers for linear systems in B

Development of a unified approach to the design of finite-time control and estimation algorithms for systems modeled by ODEs, PDEs, time-delay equations, differential inclusions is planned in the context of ANR Finite4SoS. The simplest way to cover all this models is to deal with abstract evolution equations in a Banach space. The finite-time control design has been presented in the previous chapter.

Using the Kalman duality principle for linear system and homogeneity ideas, a universal finite-time observer for evolution systems is planned to be developed in a short term perspective.

Quasi-Homogeneity and Homogeneous Extensions

The homogeneous systems cover rather large class of the nonlinear models. However, the conventional assumptions on the dilation symmetry and the conventional symmetry (homogeneity) relations are still very restrictive. It is rather difficult to use homogeneous arguments for finite-time boundary control of PDEs. For example, an infinite chain of integrators may appear as an approximated model of a boundary controlled heat system. It does not admit a well defined weighted dilation with respect to which the homogeneity property can be established. However, some quasi-homogeneity relations like

f (d 1 (s)u) = d 2 (s)f (u), f : D(f ) ⊂ B → B, s ∈ R, u ∈ D(f )
where d 1 and d 2 are some dilations in B, are fulfilled. Under additional conditions on the dilations d 1 and d 2 , some results about finite-time convergence can be proven similarly to the homogeneous case.

To treat this problem the method of homogeneous extensions introduced in the previous chapter can also be utilized in some cases. In the short term perspective the concepts of quasi-homogeneity and homogeneous extensions is expected developed in the context of ANR Finite4SoS.

Long term perspective

In a long term perspective my research activities in the context of homogeneous systems can be continued in the following directions. Homogeneous controllers and observers for nonlinear systems in B. Extension of the homogeneous control and estimation algorithms developed for linear plants in B to some classes of nonlinear evolution systems are planned for a long term perspective. Consistent Discretization of Homogeneous Systems in B. Homogeneity simplifies numerical simulations of the non-linear systems. Indeed, knowing the solutions of some homogeneous systems for initial conditions on a sphere we can easily construct solutions with initial conditions in a whole domain. Due to this symmetry, numerical simulations for some nonlinear infinite dimensional systems can be boosted. The latter is very important, in particular, for control/observation systems based on Navier-Stokes models of the flow, which on-line simulation is currently impossible. The problem of consistent discretization in B can be also studied in this context (similarly to consistent discretization in R n ). Homogeneity in optimal control. The ideas of the dilation symmetry can be useful in the optimal control theory. For instance, homogeneity of the system will imply a homogeneity of the Hamiltonian and a homogeneity of the Bellman function. This may lead to a simplification of an optimal control design. Homogeneity in learning control. If it is known (e.g. from physics) that a control plant is homogeneous in a generalized sense, then the learning control design can be essentially using this knowledge. This may imply a homogeneity of a learning function, of the corresponding data utilized for the learning process, etc. This is also an interesting problem to be considered in a long term perspective.

Applications

Control of flow separation. Active flow control is a very promising research direction in the transportation area. It is aimed at a drag (and, consequently, consumption) reduction of the vehicles (both flying and terrestrial) by means of some actuators (e.g. air-blowers). This task is also important for increase (or on-line control) of the lift force of an airplane under turbulence (e.g. during take off and landing). I develop flow control algorithms in cooperation with colleagues from ONERA, Centrale Lille, The University of Valenciennes, University of Poitiers. The efficiency of the developed control laws is confirmed by successful experimental applications (see, https://www.youtube.com/watch?v=b5NnAV2qeno). In a short term perspective, an efficiency of the drag reduction by means of the proposed control scheme is planned to be analyzed at University of Valenciennes during real-life experiments with the car Reanult Twingo. Fast control of flying vehicles. The platform for control experimentation with autonomous vehicles is under construction in Inria Lille in the context of the project ControlHub (see below). In particular, it includes flying vehicles such as Q-Drone of Quanser. Application of the control algorithms proposed in the previous chapter is planned to be done using this platform. Interconnected systems. The Internet of Things (IoT) is the union of physical devices embedded with electronics, software, sensors, actuators and network interconnectivity allowing these objects to gather and exchange the information. The interconnected systems are expected to be the main model of a control plant in a recent future. The issues of possible application of homogeneity approach to some real interconnected systems are planned to be considered in long term perspective.

ControlHub Platform

ControlHub is the platform for a rapid prototyping of control algorithms on real physical systems. ControlHub is under construction Inria Lille. I lead this project (http://controlhub.gforge.inria.fr/).

The control theory can be considered as a crossing point between engineering (and other sciences such as biology, economy ...) and mathematics. The control practice deals with a real plant (e.g. distillation column) and a control device (e.g. digital controller), which sends appropriate signals to the plant in order to govern its behavior, while the mathematical control theory considers its mathematical model (usually a dynamical system) with some input (control signals) and output (sensors measurements) parameters. Control design in the mathematical sense is just a synthesis of an appropriate mathematical law. The practical validation of this law cannot be done without a direct interaction with a real system. Apart of a mathematical study, a lot of engineering activities are required for prototyping of control algorithms. ControlHub automatizes the most of them using the modern achievements of computer science and control engineering. It allows the end-user to have a remote access (i.e. using Internet) to real experimental setups in order to validate mathematical control algorithms realized, for example, in MATLAB.

The project ControlHub illustrates my activities related to an innovative research infrastructure for the control systems. 

On the Lyapunov function approach

In the seminal work published by A.M.Lyapunov in the end of the 19-th century there were presented some very simple (but, philosophically, very profound) theorems (after referred to as the direct Lyapunov's method ) for deciding the stability or instability of an equilibrium point of an ODE. The idea of this approach consists in the generalization of the concept of "energy" and its "power " which usefulness lies in the fact that the decision on stability can be made by investigating the di¤erential equation itself (in, fact, its right-hand side only) but not by …nding its exact solution. The considered class of ODE contained basically the so-called regular di¤erential equations with right-hand sides continuous on both variables: time and state. Later several authors [5], [18] considered more wide class of di¤erential equations where right-hand side was discontinuous on its variables. Modern approaches usually treat such class of di¤erential equations as di¤erential inclusions (DI). This class of systems includes as a subclass the so-called Variable Structure Systems (VSS') which has attracted a considerable research interest in the last three decades Email address: apolyakov(apoznyak)@ctrl.cinvestav.mx (Andrei Polyakov and Alex Poznyak*). [17], [8], [9], [13]. Although Lyapunov-type methods have been widely used in practice [3], [16], the need for nonsmooth Lyapunov functions in particular has been recognized for non-smooth system models [1]. So, to analyze VSS'with sliding modes, where "kinks" form an essential part of dynamics, a non-smooth Lyapunov-like analysis is required [12].

Motivation

One of the most important features of VSS'systems with sliding modes is a …nite-time convergence to a sliding surface (or manifold), or in other words, a …nite-time reaching phase t reach . The corresponding Lyapunov functions are non-smooth in this case. For example (see [17]), for the …rst-order sliding mode systems, the simplest representative of which is

_ x (t) = r sign [x (t)] ; r > 0 (1) 
with

sign[x] := 8 > > < > > : 1 if x > 0 1 if x < 0 2 [ 1; 1] if x = 0 (2) 
evidently, the Lyapunov function is V (x) = jxj, and hence, its time-derivative (for x 6 = 0) taken on the tra-jectories of (1) satis…es

_ V (x (t)) = r
that implies 0 V (x (t)) = V (x (0)) rt and de…nes t reach = V (x (0)) =r. For the second-order sliding modes (see [8]), such as

• x (t) = r 1 sign[x(t)] r 2 sign[ _ x(t)]; r 1 > r 2 > 0 (3)
the …nite-time convergence analysis and the reaching time estimation have been done by a geometrical setting [10]. Such proof seems to be di¢ cult to extend to multidimensional case. Besides, in [12] to analyze the convergence of x(t) governed by ( 3) there has been suggested the Lyapunov function approach with the Lyapunov function

V (x; _ x) = r 1 jxj + _ x 2 =2 (4) 
which guarantees only asymptotic (non …nite-time) convergence since in this case it turns out that _ V (x(t); _ x(t)) 0. The modern approaches to the …nitetime convergence analysis of high-order sliding mode systems is based on homogeneity principle [2], [11], [16], [6]. However, it does not allow to estimate the reaching time. Thus, the uni…ed approach to the problems of the …nite-time convergence analysis and the reaching time estimation of the high-order sliding mode systems has never been presented before.

So, the motivation of this study is based on the following remarks:

the geometrical approach for the convergence analysis and reaching time estimation can not be de…nitely extended to multidimensional case; -the Lyapunov functions providing …nite-time convergence of the high-order sliding systems have never been designed; -the …nite-time converged Lyapunov function permits to estimate the reaching time even in the presence of a bounded deterministic noise.

Structure of the paper

In the next section the main ideas of the Lyapunov function design providing a …nite-time convergence are discussed. Then, using the suggested approach, the process of the Lyapunov function designing for the so-called "twisting" controller is given. Finally, it is illustrated by a numerical example.

2 The Method of the Lyapunov Function Design with Finite-Time Convergence

System description

Consider an a¢ ne control system given by ( _ x = g(x; y) _ y = a(x; y) + b(x; y)u + f (t; x; y)

where x 2 R k ; y 2 R n are components of the state-space vector, g : R k R n ! R k ; a : R k R n ! R n are smooth system vector functions, u 2 R m is vector of control inputs, b : R k R n ! R n m are control-gain matrix, and f : R + R k R n ! R n is an uncertain measurable but bounded function (in fact, a deterministic noise), i.e., jf j (t; x; y)j C j ; 8x 2 R k ; 8y 2 R n ; 8t 0; j = 1; n (6) Supposing that a stabilizing control u is already designed as u = u(x; y) (7) (which, in fact, is admitted to be discontinuous) we have to prove the stability (asymptotic or …nite-time) of zero solution (0; 0) of the system (5) with the control (7) using the Lyapunov function technique.

The generalization of Zubov's Method

Let V (x; y) be a function di¤erentiable almost everywhere. Then its derivative on the trajectories of ( 5) is estimated as follows

_ V = hr x V; gi + hr y V; a + b u + f i hr x V; gi + hr y V; a + b ui + hjr y V j ; Ci (8) 
where h ; i means the scalar product in an Euclidian space, jr y V j = (j @V @y1 j; j @V @y2 j; :::; j @V @yn j) T and C = (C 1 ; C 2 ; :::; C n ) T is the vector with non-negative components. Denoting h j (x; y; j ) := a j (x; y) + b j (x; y) u(x; y) + j ; j = 1; n the inequality (8) might be rewritten (in the componentwise form) as

dV dt k P i=1 @V @xi g i (x; y) + k P j=1 @V @yj h j (x; y; C j sign[ @V @yj ])
Let us try to …nd the Lyapunov function V (x; y) as an absolute continuos positive de…nite solution of the following partial di¤erential equation

k P i=1 g i (x; y) @V @xi + k P j=1 h j (x; y; j ) @V @yj = qV (9) 
where j = C j sign[ @V @yj ] and q > 0; > 0 are some positive parameters.

Remark 1 a) In the case < 1 we obtain the Lyapunov function with …nite time convergence t reach 1 q(1 ) [V (x(0); y(0))] 1 : b) For 1 the positive de…nite solution of (9) implies only an asymptotic convergence To solve the partial di¤erential equation ( 9) we need to de…ne precisely the piecewise constant function j ;which depends on sign[ @V @yj ]. Fortunately, since j takes only two values C j and C j ; we may consider (9) supposing that j is a one of these two constants. Then, obtaining V (x; y) as a solution of ( 9), one can try de…ne the parameters j in an appropriate way.

The idea of the Lyapunov function design as the solution of the partial di¤erential equation was presented by V.I Zubov [19]. The well-known variable gradient method (see, for example, [7]) is also based on this idea. The presented generalization of the Zubov's method permits the right-hand side of ( 9) to be depended on the function V too. Only this assumption allows us to …nd the Lyapunov function with …nite-time convergence.

Method of Characteristics

The solution of (9) can be found using the so-called Method of Characteristics [4]. According to this method we can formulate the following lemma.

Lemma 1 If an absolute continuous positive de…nite function V (x; y) satis…es the following system of ODE (in the symbolic form)

dx 1 g 1 (x; y) = ::: = dx k g k (x; y) = dy 1 h 1 (x; y; 1 )
= :::

= dy n h n (x; y; n ) = dV qV (10) 
for kxk 2 + kyk 2 > 0, then the same function V (x; y) is a solution of (9).

PROOF. For kxk

2 + kyk 2 > 0 we have V (x; y) > 0, dx i = g i (x; y) dV qV ; dy j = h j (x; y; i ) dV qV and

dV = P k i=1 @V @xi dx + P n j=1 @V @yj dy = h P k i=1 @V @xi g i (x; y) + P n j=1 @V @yj h j (x; y; i ) i dV qV
implies (9). Suppose that the system of ODE (10) can be solved and its …rst integrals are ' i (V; x; y; ; q; ) = const := c i ; i = 1; n + k

Since any function of constants is a constant too (in the partial case, zero), the function V (x; y; ; q; ) can be found as a solution of nonlinear algebraic equation (' 1 (V; x; y; ; q; ); :::; ' n+k (V; x; y; ; q; )) = 0 (12) where (' 1 ; :::; ' n+k ) is an arbitrary function. An explicit analytical solution of the last equation (if it exists) de…nes the Lyapunov function candidate. However, the function and the parameters ; q; should be chosen in such a way that the function V (x; y) should be an absolute continuous and positive de…ne. Only such functions V (x; y) may be considered as a Lyapunov function candidate.

Remark 2 Obviously, this approach does not provide a formal algorithm for a Lyapunov function design, but only helps to derive a speci…c form of a Lyapunov function candidate that reduces the problem of a Lyapunov function design to the problem of the correct parameters de…nition which guarantee the absolute continuity and positive de…niteness of the obtained "energetic" function.

Below we will illustrate the proposed method designing the Lyapunov function with …nite time convergence (0 < < 1) for the second order sliding system with "twisting" controller.

3 Lyapunov Function Design for Twisting Control Algorithm

System description and Problem formulation

Consider the controlled system given by

( _ x = y _ y = f (t; x; y) + u(t) (13) 
where x; y 2 R are the scalar state variables, f (t; x; y) is a measurable but unknown function treated hereafter as an external noise or perturbation, u 2 R is the so-called "twisting" control (see [8])

u(t) = r 1 sign[x(t)] r 2 sign[y(t)] (14) 
where r 1 ; r 2 > 0 are control parameters, and the operator sign[ ] is de…ned by (2). The solution of ( 13) is understood in the Filippov's sense (see [5]).

It is supposed that jf (t; x; y)j C; 8x; y 2 R and 8t 0

with a known constant C.

Now the main problem is to design the Lyapunov function which provides the …nite-time convergence of the solutions of ( 13) to the origin (0; 0) under the control ( 14) and the assumptions above.

Partial Di¤ erential Equation

For an arbitrary absolute continuous function V (x; y) we have

dV dt = @V @x _ x + @V @y _ y = y @V @x + (u + f (t; x; y)) @V @y y @V @x + (u + C sign[ @V @y ]) @V @y = y @V @x sign[x] @V @y = r 1 + r 2 sign[xy] 0 ; 0 = C sign[x @V @y ] (16) 
According to the proposed method the equation ( 9) becomes to be as

y @V @x sign[x] @V @y = kV 1=2 (17) 
where k > 0 is a positive parameter. Supposing that 0 is a constant let us …nd the solution of ( 17). The corresponding system (10) of the characteristics ODE is

dx y = dy sign[x] = dV k p V (18) 
Its …rst integrals are as follows

' 1 (x; y) = jxj + y 2 2 ; ' 2 (V; y) = y sign[x] 2 p V k (19)
Select as

(' 1 ; 2 ) = k 0 p ' 1 + ' 2 = 0 (20) 
where k 0 is a real parameter. Substitution (19) in to (20) leads to the equation

2 p V k = y sign[x] + k 0 q jxj + y 2 2 (21) 
Obviously, the right-hand side of ( 21) makes sense for all jxj > 0 if and only if > 0, or equivalently, when r 1 > r 2 + C. Since the left-hand side of ( 21) is always non-negative we have

k 0 > sign[xy] p 2= p 1+2 jxj=y 2 (22) 
So, the function V (x; y) can be found from (21) as

V (x; y) = k 2 4 y sign[x] + k 0 q jxj + y 2 2 2 (23) 

Removing of Discontinuities

The next step consists in the removing of the discontinuities of the function ( 23) by special selection of the parameters k and k 0 .

Considering the partial limits of the function V (x; y) when x tends to zero for any …xed y and when y tends to zero for any …xed x, one derive

if x ! 0 then V (x; y) ! k 2 4 sign[xy] + k0 p 2 2 y 2 if y ! 0 then V (x; y) ! k 2 k 2 0 4 jxj
Hence, to eliminate the discontinuities on the lines x = 0 and y = 0 it is su¢ cient to resolve the following system 8 < :

k 2 sign[xy] + k0 p 2 2 = k 2 k 2 k 2 0 = 1
for some positive value k. This gives

k = q 2 p 2 k 1 > 0; k 0 = q 2 sign[xy] p 2 k 1 (24) 
Therefore, the function V (x; y) (23) in view of the continuity property, discussed above, should satisfy

V (0; y) = k 2 4 y 2 and V (x; 0) = jxj 4 (25) 
Combining (24) with (22) we can formulate the following simple result.

Lemma 2 If r 1 > r 2 + C and r 2 > C and the parameter k in ( 24) is selected in a such way that the following inequalities hold

1 p 2(r1+r2 C) < k < 1 p 2(r1 r2+C) (26) 
then k 0 > 0 and the condition ( 22) holds for all xy 6 = 0.

PROOF. 1) Consider the case xy > 0. Then we need to check the validity of the following inequality

p 2 + k 1 1 > 1 + 2 + jxj=y 2 1=2 with + = r 1 + r 1 + C sign[x @V @y ] which directly results from the inequalities k > (2(r 1 + r 2 C)) 0:5 2 + 0:5 .
2) When xy < 0 we have to prove 1 p 2 k 1 > 1 + 2 jxj=y 2 0:5 with = r 1 r 1 +C sign[x @V @y ] that results from 0 < k < (2(r 1 r 2 + C)) 0:5 So, the Lyapunov function (23) becomes

V (x; y)= 8 > > > > < > > > > : k 2 4 y sign[x] +k 0 q jxj+ y 2 2 2 if xy6 =0 k 2 y 2 =4 if x=0 jxj=4 if y=0 (27) 
with k, k 0 are as in (24) and k satisfying (26).

Main Theorem

The rigorous consideration of the partial derivative @V @y

shows that sign[ @V @y ] switches on the line L p jxj sign[x] + y = 0 where L is a constant depending on the parameters of the system ( 13)- (15). However, de…ning as function of sign[L p jxj sign[x] + y] one has to de…nitely remove new discontinuities of the function V (x; y). So, the more preferable de…nition of is

:= r 1 + (r 2 C) sign[xy] (28) 
that leads to the following claim.

Theorem 3 If r 1 > r 2 + C, r 2 > C then the function V (x; y) (27) with given by (28) has the properties:

1) V (x; y) is absolute continuous in all space R 2 and continuously di¤ erentiable when xy 6 = 0;

2) the time derivative of V (x; y) on the trajectories of ( 13)- (15) satis…es

dV dt k min r1 r2 C r1 r2+C: p V ( 29 
)
almost always with k min := min(k);

3) the corresponding guaranteed reaching time is

t reach 2(r1 r2+C) kmin(r1 r2 C) p V (x(0); y(0)) (30) 
PROOF. 1) Obviously that the function V (x; y) may have discontinuities only on the lines x = 0 and y = 0. Since the parameters k and k 0 (24) are selected in such a way that discontinuities have to be removed (see (25)), the function V (x; y) is continuos by the accepted construction.

2) The partial derivatives of the function V (x; y) are

@V @x = k 2 2 1 p 1+2 jxj=y 2 k0 p 2 + k 2 0 sign[x] 2 @V @y = k 2 2 y 2 + k0y 2 2 + k0 sign[x](y 2 + jxj) 2 p jxj+y 2 =(2 )
Since ; k and k 0 switch only on the lines x = 0 and y = 0, it follows that @V @x and @V @y are continuos for all x 6 = 0 and y 6 = 0. Moreover, the left and right limits on these lines are …nite everywhere in any bounded region.

3) Consider then the time derivative of the function V (x; y) on the trajectories of the system (13): 4) To complete the proof it is enough to notice that the system ( 13) -( 15) doesn't have nontrivial solutions with x(t) 0 or y(t) 0, or in other words, the trajectories cross these switching lines avoiding the movements along them (see [12]). Thus, the inequality (29) holds almost always along the trajectory of the system (13) - (15).

dV dt = k p V + q 2 k0 sign[xy] p 1+2
Remark 3 Notice that the Main Theorem conditions r 1 > r 2 + C; r 2 > C coincide with ones in [9].

Remark 4 It is not di¢ cult to show that using the designed Lyapunov function (27) the local stability (with a …nite-time convergence) of ( 13)-( 14) takes place if the condition (15) holds only in a local neighborhood of the origin D 0 provided that the system starts from within domain D(c max ), where D(c) = f(x; y) T 2 R 2 : V (x; y) cg and c max = max 

Conclusion

In this paper we present a method of a Lyapunov functions design providing a …nite-time convergence of system dynamics to the origin for a class of ODE with discontinuous right-hand side. It is based on Characteristic Method application and related with resolution of the …rst-order partial di¤erential equation of a special type. Even the suggested approach does not provide a formal algorithm for a Lyapunov function design, it helps to derive a speci…c form of a Lyapunov function candidate that reduces the problem of a Lyapunov function design to the problem of the correct parameters de…nition guaranteeing the absolute continuity and positive de…niteness of the obtained "energetic" function. The suggested method is successfully illustrated by its application to the "twisting" controller stability analysis. 
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To cite this version: The paper deals with an extension global finite-time stability concept that is related to possible predefining of guaranteed convergence(settling) time independently on initial conditions. The corresponding property is called in this paper by fixed-time stability. Such phenomenon was discovered in [18], [10], [23], [6], where observers with predetermined finite convergence time The controls considered in this paper basically have polynomial forms. Polynomial state feedback control systems have considerable attention in nonlinear control [8]. This class of control systems appears in models of a wide range of applications such as chemical processes, electronic circuits and mechatronics, biological systems etc. This paper studies a special property of polynomial feedbacks, which is expressed in fixed-time attraction of solutions of the closedloop system into any selected neighborhood of the origin.

Usually finite-time stability is closely related with homogeneity property of the system. While being asymptotically stable and homogeneous of negative degree, the system is shown to approach the equilibrium point in finite time [16], [20]. The concept of homogeneity in bi-limit introduced in [1] generalizes this property providing that an asymptotically stable system is fixedtime stable if it is homogeneous of negative degree in 0-limit and homogeneous of positive degree in ∞-limit. Unfortunately, homogeneous approach does not allow to adjust or even estimate the settling time. To overcome this problem the paper introduces a special modification of the socalled "nested" (terminal) second order sliding mode control algorithm [17] that provides fixedtime stability of the origin and allows to adjust the global settling time of the closed-loop system.

All control algorithms presented in the paper are robust with respect to system disturbances and plant parameters variations in the case when the, so-called, matching condition [24] holds, that is, to guarantee successful elimination of system uncertainties or external disturbances they should act in the same subspace as an admissible control. where x ∈ R n is the vector of system states, g : R + × R n → R n is a nonlinear function. The case of discontinuous right-hand sides of the system (1) is not excluded, so solutions of (1) are understood in the sense of Filippov [12]. Assume that the system (1) has zero equilibrium point.

Definition 1 ([4], [20]

). The equilibrium point x = 0 of the system (1) is said to be globally finite-time stable if it is globally asymptotically stable and any solution x(t, x 0 ) of (1) reaches the equilibria at some finite time moment, i.e. x(t, x 0 ) = 0, ∀t ≥ T (x 0 ), where T :

R n → R + ∪ {0}
is the so-called settling-time function.

The finite-time stability property may demonstrate homogeneous systems with negative degree [4], [20] or the so-called sliding homogeneous systems [16]. For example, any solution of the system ẋ = -x -1/3 , x ∈ R converges to zero equilibrium point in finite time T (x 0 ) := 2 3

3 |x 0 | 2 .
Definition 2. The equilibrium point x = 0 of the system (1) is said to be globally fixed-time stable if it is globally finite-time stable and the settling-time function T (x 0 ) is bounded by some positive number T max > 0, i.e. T (x 0 ) ≤ T max for ∀x 0 ∈ R n .

For example, the system ẋ = -x 1/3x 3 , x ∈ R has the fixed-time stable zero equilibrium.

Any solution x(t, x 0 ) of this system converges to the origin in a finite-time and for any x 0 ∈ R the equality x(t, x 0 ) = 0 holds for all t ≥ 2.5.

In the paper [6] the closed-loop control systems that demonstrate dynamics described in Definition 2 was called by "uniformly finite-time convergent". The term "stability" is used here just because this notion is more traditional and natural for describing the referred properties of the system's equilibrium points, but the term "uniformly finite-time stable" can not be used for this purpose, since it has different natural meaning discussed in [20].

The fixed-time stability can be simply extended to the case of attractive set.

Definition 3.

The set M is said to be globally finite-time attractive for the system (1) if any solution x(t, x 0 ) of (1) reaches M in some finite time moment t = T (x 0 ) and remains there, i.e.

x(t, x 0 ) ∈ M , ∀t ≥ T (x 0 ), where T : R n → R + ∪ {0} is the settling-time function. . The following simple result extends the Lyapunov function method providing the background for the fixed-time stability analysis.

Lemma 1. If there exists a continuous radially unbounded function

V : R n → R + ∪ {0} such that 1) V (x)=0 ⇒ x∈M ; 2) any solution x(t) of (1) satisfies the inequality D * V (x(t)) ≤ -(αV p (x(t))+βV q (x(t))) k for some α,β,p,q,k > 0 : pk < 1, qk > 1 then the set M ⊂ R n is
globally fixed-time attractive for the system (1) and T (x 0 ) ≤

1 α k (1-pk) + 1 β k (qk-1) , ∀x 0 ∈ R n . Proof: Due to 2) we have D * V (x(t)) ≤ -α k V pk (x(t)) if V (x(t)) ≤ 1 and D * V (x(t)) ≤ -β k V qk (x(t)) for V (x(t)) > 1.
Hence, for any x(t) such that V (x(0)) > 1 the last inequality guarantees V (x(t)) ≤ 1 for t ≥ 1 β k (qk-1) and for any x(t) such that V (x(t 0 )) ≤ 1 we derive V (x(t)) = 0 for t ≥ t 0 + 1 α k (1-pk) . Therefore, V (x(t)) = 0 for all t ≥ 1 α k (1-pk) + 1 β k (qk-1) and any solution x(t) of (1). Applying the condition 1) we finish the proof of this lemma.

Replacement of the condition 1) in Lemma 1 by V (x)=0 ⇔ x=0 helps to check invariance of the set M . So, for M = {0} Lemma 1 allows to analyze the fixed-time stability of the origin.

III. PROBLEM STATEMENT AND BASIC ASSUMPTIONS

Consider the control system of the form

ẋ = Ax + Bu + f (t, x) (2) 
where x ∈ R n is the vector of system states, A ∈ R n×n is the system matrix, B ∈ R n×m is the matrix of control gains, u ∈ R m is the vector of control inputs, and the function f : R + × R n → R n describes systems uncertainties.

We study the system (2) under the following classical assumptions: 1. The pair (A, B) is controllable, i.e. rank[B, AB, A 2 B, ..., A n-1 B] = n. 2. The uncertain function f (t, x) satisfies the so-called matching condition (see, for example, [24]), i.e. f (t, x) = Bγ(t, x), where γ(t, x))

DRAFT is an unknown but bounded function. The function γ(t, x) is assumed to be bounded by some known function γ 0 (t, x) ≥ 0, i.e. γ(t, x) ∞ ≤ γ 0 (t, x) for ∀t > 0 and ∀x ∈ R n .

Denote a closed ball of radius r > 0 with the center in the origin by B r , i.e. B r := {x ∈ R n :

x ∞ ≤ r}, x ∞ := max i=1,2,...,n |x i |.
This paper address two following problems:

• to design a feedback control u = u(t, x) for the system (2), which provides the fixed-time attractivity property of the given ball B r for a predefined global settling-time estimate T max ;

• to design a feedback control u = u(t, x), which guarantees fixed-time stability of the origin of the closed-loop system (2) for a predefined global settling-time estimate T max .

IV. FIXED-TIME CONTROLLERS FOR SINGLE INPUT SYSTEMS

A. Fixed-time Attractivity

Consider the case m=1. Then the linear transformation y=Gx, G=[A n-1 b, A n-2 b, ..., Ab, b] -1 brings (may be after reordering) the initial system (2) to the Brunovsky form

ẏ1 = y 2 , ẏ2 = y 3 , ..., ẏn = n i=1 a i y i + u(y) + γ(t, y) (3) 
where a i ∈ R and the uncertain term γ is described in the previous section, γ(t, y) ∞ < γ 0 (t, y).

Introduce the nonlinear coordinate transformation s = Φ(y) by the following formulas:

s i =y i + ϕ i , i=1,2,...,n, ϕ 1 =0, ϕ i+1 =α i (y i + ϕ i ) + β i (y i + ϕ i ) 3 + i k=1 ∂ϕ i
∂y k y k+1 , where α i , β i , i = 1, 2, ..., n -1 are some positive numbers. The presented coordinate transformation is smooth and nonsingular. The inverse transformation y = Φ -1 (s) is defined as follows:

y i =s i + ψ i , i=1,2,...,n, ψ 1 =0, ψ i+1 =-α i s i -β i s 3 i + i k=1 ∂ψ i ∂s k (-α k s k -β k s 3 k + s k+1 ). Formal calculations show that the system (3) is equivalent to ṡ1 =-α 1 s 1 -β 1 s 3 1 +s 2 , ṡ2 =-α 2 s 2 -β 2 s 3 2 +s 3 , ..., ṡn = n i=1 a i y i + n-1 k=1 ∂ϕ n ∂y k y k+1 +u+γ(t, y) (4)
and the feedback control of the form

u = -α n s n -β n s 3 n - n i=1 a i y i - n-1 k=1
∂ϕ n ∂y k y k+1 , where s = Φ(y)

provides fixed-time attractivity property of the closed-loop system (4). The next lemma gives a background for an appropriate adjustment of the control parameters α i and β i .

DRAFT Lemma 2. Let 1) ε i > 0, i = 1, 2, ..., n and T max > 0 are some positive numbers; 2)

α 1 = α 1 + ε 2 ε 1 , ..., α n-1 = α n-1 + εn ε n-1 , α n := α n (t, y) = α n + γ 0 (t,y)
εn , where α i are nonnegative numbers and γ(t, y) ∞ < γ 0 (t, y); 3)

β i ≥ α i /ε 2 i exp(2α i Tmax n )-1
, i = 1, 2, ..., n. Then any solution s(t) of the system (4)-( 5) satisfies the inequalities

|s i (t)| ≤ ε i for ∀t ≥ T max . Proof: Denote V i (t) = |s i (t)|, i = 1, 2, ..., n. For all t > 0 the inequality D * V n (t) ≤ -α n V n (t) -β n V 3 n (t) + γ 0 holds. Hence, Vn (t) ≤ -α n V n (t) -β n V 3 n (t) for t > 0 : V n (t) ≥ ε n . Studying the last inequality we derive βn αn V 2 n (t) + 1 ≤ 1 -βnV 2 n (0) βnV 2 n (0)+αn e -2αnt -1
. Hence,

V n (t) ≤ ε n for all t ≥ T max /n. The similar considerations for i = n -1 give V i (t) ≤ ε i for all t ≥ (n -i + 1)T max /n. The last step (i = 1) provides |s i (t)| < ε i for all t > T max .
Corollary 1. Selection of the parameters ε i = ε > 0 and α i = 1 for i = 1, 2, ..., n under conditions of Lemma 2 implies the inequality s(t) ∞ ≤ ε for all t > T max , where s(t) is an arbitrary solution of the system (4)-( 5) with control parameters α i = 2, i = 1, 2,..., n -1;

α n (t, x) = 1 + γ 0 (t, x)/ε and β i = β := ε -2 exp 2Tmax n -1 -1 , i = 1, 2, ..., n.
The presented corollary shows the way for designing of the control, which provides the fixedtime attractivity property of the ball B ε for the system (4). The radius of the ball ε and the global settling-time T max can be selected in arbitrary way. Show now that the designed controller will guarantee the same fixed-time attractivity property for the original system (3).

Denote a set of all polynomials of the order k by P k .

Corollary 2. If conditions of Corollary 1 hold, then there exist polynomials p i ∈ P i , i = 1, 2, ..., n with nonnegative coefficients such that |y i (t)| ≤ p i (q) ε, ∀t > T max , where q = exp 2Tmax n -1 -1 and y(t) = (y 1 (t), ..., y n (t)) T is an arbitrary solution of the system (3), (5).

Proof: Due to Corollary 1 we have that

|s i | ≤ ε for all t > T max . Let z i > 0, i = 1, 2, ..., n and ψ1 =0, ψi+1 = ψi+1 (z 1 ,z 2 ,...,z i+1 ):=2z i +βz 3 i + i k=1 ∂ ψi ∂z k (2z k +βz 3 k +z k+1 ). It is easy to see that |ψ i (s 1 ,...,s i )| ≤ ψi (|s 1 |,...,|s i |). Show now that ψi (ε,...,ε)=ε i-1 j=0 µ ij (βε 2 ) j
, where µ ij are some nonnegative numbers. Obviously, ψ1 =0 and ψ2 =2z 1 +βz 3 1 satisfy the required representation. Assume that it fulfils for ψi and show the same property for ψi+1 . Due to recursive polynomial structure of ψi we conclude that for z j =ε, j = 1,2,...,i ∂ ψi (z 1 ,...,z i )

∂z k = i-1 j=0 μk ij (βε 2 ) j
, where μk ij are some DRAFT nonnegative numbers. Hence, ψi+1 (ε,...,ε)=ε(1+βε 2 )+ε

i k=1 i-1 j=0 μk ij (βε 2 ) j (2+βε 2 )=ε i j=0 µ i+1j (βε 2 ) j
and the required property is proven. Finally taking into account βε 2 = q and |y i (t)| ≤ |s i (t)|+ |ψ i (s 1 (t),...,s i (t))| ≤ p i (q) ε, where p i (q) := 1 + i-1 j=0 µ ij q j , we finish the proof.

Remark that the proof of Corollary 2 gives an algorithm of construction of the polynomials p i (q) ∈ P i introduced in its statement. These polynomials are needed for adjustment of control parameters to guarantee convergence of all solutions of the original system (2) into the required neighborhood of the origin. The explicit form of the corresponding polynomial can be obtained using the recursive formulas for ψi calculated in symbolic computation packages such as Mathematica or Symbolic Toolbox of MATLAB. In particular the first three polynomials have the form: p 1 (q) = 1, p 2 (q) = 3 + q, p 3 (q) = 9 + 12q + 3q 2 .

Taking into account p i (q) ≤ p i+1 (q) we may formulate the theorem.

Theorem 1. If m=1 and the control u has the form (5) with parameters α i =2, i=1,2,...,n -1,

α n (t, x)=1+γ 0 (t, x)/ε, β i = q ε 2 , i=1,2,...,n, ε=r/ ( G -1 ∞ p n (q)), q = exp 2Tmax n -1 -1 ,
where r > 0 and T max > 0 are arbitrary numbers and the polynomial p n ∈ P n is introduced in Corollary 2, then the ball B r is the globally fixed-time attractive set of the closed-loop system

(2) with the settling-time function bounded by T max .

Theorem 1 mostly declares the theoretical possibility for designing of a nonlinear control providing fixed-time attractivity property of the closed-loop linear control system. The practical applications may require more precise adjustment of control parameters basing on Lemma 2.

B. Fixed-time stability

The scheme presented above allows to design the control u a (t, x) := u(t, x) for the single input case of the system (2), which guarantees fixed-time attractivity property of an arbitrary ball B r with the center in the origin. The simplest combination of this controller with some control law u f (x) providing local finite-time stability of the origin for the system (2) gives us a

hybrid control algorithm u f x (t, x) =    u a (t, x) for x / ∈ B r u f (t, x) for x ∈ B r
, which can afford fixed-time stability of the origin for the system (2). Some design procedures of local finite-time controllers can be found, for example, in [16] or [14]. However, the existed controllers providing local finite-time stability do not have precise algorithms for adjustment of control parameters to predefine the DRAFT local settling time estimate (excepting the so-called "twisting" second order (n = 2) sliding mode system, see, for example, [22]). To realize the presented hybrid scheme we need to prevent the appearance of switching (chattering) regimes [9] around the boundary of the ball B r , which may slow down or even prevent the convergence process. Therefore the "solid" (non-hybrid) controller providing fixed-time stability of the origin for the system ( 2) is more preferable. The designing such controller is a difficult problem, which is solved in this paper only for linear plants satisfying the additional assumption rank[B, AB] = n. This condition definitely restricts the class of controllable systems, but it still covers a lot of real-life control systems. For example, mechanical systems with maximum numbers of control inputs [5] obviously satisfy this condition.

For m=1 the presented assumption implies n=2.

Introduce the following denotation z [q] = |z| q sign[z], z, q ∈ R, which presents the involution operation without loss of number's sign. Remark, z [1/k] = z 1/k and z [k] = z k for odd integers k.

Theorem 2. Let T max > 0 be an arbitrary positive number, m=1, n=2 and the control u(t, x)=

u f x (t, Gx), x ∈ R 2 has the form u f x (t, y)=-a 1 y 1 -a 2 y 2 - α 1 +3β 1 y 2 1 +2γ 0 (t,y) 2 sign[s]-(α 2 s+β 2 s [3] ) 1 2 ,
where

s=y 2 + y [2] 2 +α 1 y 1 +β 1 y [3] 1 [0.5] , 0.5α 1 =α 2 =0.5β 1 =β 2 =64T -2 max .
Then the origin of the closedloop system (2) is globally fixed-time stable with the settling-time function bounded by T max . Proof: I. Show that s = 0 is a sliding surface of the closed-loop system (2). Consider the Lyapunov function candidate V (y 1 , y 2 ) := |s(y 1 , y 2 )| and calculate its total upper righthand Dini derivative along the trajectories of the closed-loop system (3)

D * V (y 1 (t), y 2 (t)) = ẏ2 (t) sign[s(t)]+ |y 2 (t)| ẏ2 (t) sign[s(t)]+ α 1 +3β 1 y 2 1 (t) 2 y 2 (t) sign[s(t)] / y [2] 2 (t)+α 1 y 1 (t)+β 1 y [3] 1 (t) 1 2
for s = 0. Taking into account the equality (α 2 s + β 2 s [3] )

[ 1 2 ] sign[s] = (α 2 |s| + β 2 |s| 3 ) 1 2 we obtain ẏ2 sign[s]= (a 1 y 1 + a 2 y 2 + u f x (y) + γ(t, x)) sign[s]= - α 1 +3β 1 y 2 1 2 -(α 2 |s| + β 2 |s| 3 ) 1/2 -(γ 0 -γ) for s = 0. Hence, we conclude that D * V ≤ -(α 2 V + β 2 V 3 ) 1/2 and following the proof of Lemma 1 we guarantee V (t) := |s(t)| = 0 for all t ≥ T s := 2 √ α 2 + 2 √ β 2 = Tmax 2 . II. The equality s=0 implies 2y [2]
2 +α 1 y 1 +β 1 y 3 1 =0 and the sliding motion equation takes the form ẏ1 =-α 1 2 y 1 + β 1 2 y 3 1 [1/2] . Using Lemma 1 with the Lyapunov function V (y 1 )=|y 1 | we show

y 1 =0 for all t ≥ Tmax 2 + 2 √ 2 √ α 1 + 2 √ 2 √ β 1 =T max .
Finally we remark that y 1 =0 and s=0 imply y 2 =0. Remark that for β 1 = 0 the switching line s = 0 coincides with the sliding surface of "nested" controller [17], which provides finite-time stability of the closed-loop system. The polynomial terms β 1 y [3] 1 and β 2 s [3] are introduced to guarantee the fixed-time stability property.

DRAFT V. FIXED-TIME CONTROLLERS FOR MULTI INPUT SYSTEMS

A. Block Decomposition

Introduce denotations: rown(W ) and coln(W ) are the number of rows and columns of the matrix W , respectively; ker(W ) and range(W ) are the null space and the column space of W ; null(W ) is the matrix with columns defining the orthonormal basis of ker(W ).

To adapt the fixed-time control design scheme developed for the single-input case we need to decompose the original multi input system (2) to a block from [7]. The required coordinate transformation can be constructed using supporting matrices provided by Algorithm 1.

Algorithm 1. I. Initialization :

A 0 = A, B 0 = B, T 0 = I n , k = 0. II. Recursion: While rank(B k ) < rown(A k ) do A k+1 = B ⊥ k A k B ⊥ k T , B k+1 = B ⊥ k A k Bk , T k+1 =   B ⊥ k Bk   , k=k+1,
where

B ⊥ k := null(B T k ) T , Bk := null B ⊥ k T .
This algorithm can be easily realized in a computational software system such as MATLAB.

Lemma 3. If the pair (A, B) is controllable then 1) Algorithm 1 terminates after finite number

of steps k ≤ n -1; 2) the matrices T i ∈ R rown(B i )×rown(B i ) , i = 1, 2, ..., k are orthogonal; 3) the

orthogonal coordinate transformation y = Gx G =   T k 0 0 I w k     T k-1 0 0 I w k-1   ...   T 2 0 0 I w 2   T 1 , where w i := n -rown(T i ) (6)
reduces the original system (2) to the following block form

             ẏ1 = A 11 y 1 + A 12 y 2 ẏ2 = A 21 y 1 + A 22 y 2 + A 23 y 3 ... ẏk = A k1 y 1 + ... + A kk y k + A k k+1 (u + γ(t, y)) (7) 
where y = (y 1 , ..., y k ) T ,

y i ∈ R n i , n i := rank(B k-i ), A k k+1 = B0 B 0 and A ij ∈ R n i ×n j are blocks of the matrix GAG T such that rank(A i i+1 ) = n i , i = 1, 2, ...

, k

Proof: I. Denote B 0 = B, A 0 = A and r 0 =rank(B 0 ). Controllability of (A 0 , B 0 ) implies r 0 > 0. For r 0 = n Algorithm 1 stops after initialization showing that the original system does not require transformation. II. Consider the case r 0 < n. In this case dim(range(B 0 ))=r 0 , DRAFT dim(ker(B T 0 ))=n-r 0 and R n =range(B 0 )⊕ker(B T 0 ). Columns of the matrix null(B T 0 ) ∈ R n×(n-r 0 ) by definition are the orthonormal basis for ker(B T 0 ) ⊂ R n , so ker(B T 0 )=range(null(B T 0 )). Since range(B 0 ) is an orthogonal complement to ker(B T 0 ) then range(B 0 )=ker(null(B T 0 ) T ) and columns of the matrix (B ⊥ 0 ) T =null(B T 0 ) together with columns of the matrix ( B0 ) T =null(null(B T 0 ) T ) provide the orthonormal basis in R n . So, the block matrix T 1 is square and orthogonal. Since

B T 0 null(B T 0 )=0 then the coordinate transformation ỹ1 ỹ2 T =T 1 x, ỹ1 ∈ R n-r 0 , ỹ2 ∈ R 0 gives ẏ1 = Ã11 ỹ1 + Ã21 ỹ2 , ẏ2 = Ã21 ỹ1 + Ã22 ỹ2 + B0 B 0 (u + γ)
where Ã11 , Ã12 , Ã21 , Ã22 are the blocks of the matrix T 1 AT T 1 . Obviously that A 11 = A 1 and A 12 = B 1 , where matrices A 1 and B 1 are generated by the recursive step of Algorithm 1.

Controllability of the pair (A 0 , B 0 ) implies controllability of (A 1 , B 1 ) [24], so we can repeat the recursive step of Algorithm 1 for A 1 and B 1 . Since for each recursive step we have rown(A i+1 ) = rown(B i+1 ) = rown(A i )rank(B i ) and rank(B i ) > 0 then Algorithm 1 terminates in finite steps and the coordinate transformation y = Gx reduces the original system (2) to the block form (7). Finally rank

(A i i+1 )=rank( Bk-i B k-i )=rank(T k-i B k-i )=rank(B k-i ) = n i .
This paper considers the restricted robust problem statement assuming that all uncertainties and disturbances satisfy the matching condition. The control design for more general case can be done using the robustness analysis of block controllability forms presented in [15].

B. Fixed-time attractivity

Further considerations are presented for the system (2) transformed to the block form (7). Since

rank(A i i+1 )=rown(A i i+1 )=n i then A i i+1 A T i i+1 is invertible and A + i i+1 =A T i i+1 (A i i+1 A T i i+1 ) -1 is the right inverse matrix of A i i+1 . Denote z [p] =(z [p] 1 , ..., z [p] k ) T for z=(z 1 , ..., z k ) T ∈ R k .
By analogy to single input case introduce the nonlinear coordinate transformation s = Φ(y),

s = (s 1 , ..., s k ) T , s i ∈ R n i , y = (y 1 , ..., y k ) T , y i ∈ R n i by the recurrent formulas: s i =y i + ϕ i , i=1, 2, ..., k, ϕ 1 =0, ϕ i+1 =A + i i+1 α i (y i +ϕ i )+β i (y i +ϕ i ) [3] + i j=1 A ij y j + i r=1 ∂ϕ i ∂yr r+1 j=1
A rj y j , where α i > 0, β i > 0 and i = 1, 2, ..., k -1. The presented coordinate transformation is smooth and nonsingular. The inverse transformation y = Φ -1 (s) is defined as follows:

y i =s i +ψ i , i=1, 2,...,k, ψ 1 =0, ψ i+1 =A + i i+1 i k=1 ∂ψ i ∂s k A i i+1 s k+1 -α k s k -β k s [3] k -α i s i -β i s [3] i -i j=1 A ij (s j +ψ j ) .
DRAFT Applying the transformation s = Φ(y) to the system (7) we obtain

                 ṡ1 = -α 1 s 1 -β 1 s 3 1 + A 12 s 2 ṡ2 = -α 2 s 2 -β 2 s 3 2 + A 23 s 3 .... ṡk = k i=1 A ki y i + k-1 i=1 ∂ϕ k ∂y i i+1 j=1 A ij y j + A k k+1 (u + γ(t, y)) (8) 
So, the feedback control providing fixed-time attractivity property to the system (8) has the form

u= -A + k k+1 α k s k +β k s 3 k + k i=1 A ki y i + n-1 i=1 ∂ϕ k ∂y i i+1 j=1 A ij y j , s=Φ(Gy), α k , β k > 0 (9) 
Let ε and T max be positive numbers,

α i =1+ A i i+1 ∞ , i=1,2,...,k -1, α k =1+ A k k+1 ∞γ0(t,y) ε and β i =β:= q ε 2 , i=1,2,...,k, q= exp 2Tmax n -1 -1
then repeating the proof of Lemma 2 we can show that any solution s(t) of the system ( 8)-( 9) satisfies the inequality s(t) ∞ ≤ ε, ∀t ≥ T max .

By analogy with single input case let us show now that there exist polynomials p i ∈ P i , i = 1, 2, ..., k with nonnegative coefficients such that y i (t) ∞ ≤ p i (q) ε for ∀t > T max , where

y(t) = (y 1 (t), ..., y k (t))
T is an arbitrary solution of the system (7), (9).

Denote the vector-modulus and the matrix-modulus operation by

[]•[], i.e. []v[] = (|v 1 |, ..., |v r |) T for the vector v = (v 1 , ..., v r ) T and []W [] := {|w ij |} for the matrix W = {w ij }. The inequalities []v 1 [] []v 2 [] and []W 1 [] []W 2 [] are understood in a component-wise sense. Let ψ1 =0, ψi+1 =[]A + i i+1 [] α i z i +βz 3 i + i j=1 []A ij [](z j + ψj )+ i k=1 ∂ ψi ∂z k (α k z k +βz 3 k +[]A i i+1 []z k+1 ) , where z i ∈ R n i + , i=1, 2,...,k. Following the proof of Corollary 2 we can show that []ψ i (s 1 ,...,s i )[] ψi ([]s 1 [], ..., []s i []), ψi (εē n 1 , ..., εē n i ) = ε i j=0 (βε 2 ) j M ij ēn j
, where ēr =(1,...,1) T ∈ R r + and M ij ∈ R n i ×n j are matrices with nonnegative elements. Hence it directly follows that

y i ∞ ≤ s i ∞ + ψ i (s 1 ,...,s i ) ∞ ≤ ε+ ψi (εē n 1 ,...,εē n i ) ∞ =ε+ε i j=0 (βε 2 ) j M ij ∞ :=p i (q) ε.
Similarly to single input case the polynomials p i (q) can be calculated using some symbolic computation package. For instance, p 1 (q)=1 and p 2 (q

)=1+ A + 12 ∞ (1+ A 12 ∞ +q+ A 11 ∞
). Therefore, we have just proven the main theorem for the multi input case.

Theorem 3. If the control u has the form (9) with parameters α

i = 1+ A i i+1 ∞ , i = 1, 2, ..., k- 1, α k = 1 + γ 0 A k k+1 ∞ G 1 p k (q) r , β i = q G 2 1 p 2 k (q) r 2 , i = 1, 2, ..., k, q= exp 2Tmax n -1 -1
, where r > 0 and T max > 0 are arbitrary positive numbers, then the ball B r is the globally fixed-time attractive set of the closed-loop system (2) with the settling-time function bounded by T max .

DRAFT VI. NUMERICAL EXAMPLES Consider as a benchmark example the system (2) with

A=      1 -3 2 -2 0 3 0 -1 4      , B=      2 0 -1 1 0 -3      , f =      2 0 -3      sin(t), G =     
0.4286 0.8571 0.2857 -0.8571 0.4857 -0.1714 -0.2857 -0.1714 0.9429

     .
The transformation y = Gx brings the system to the block from (10) with

y 1 ∈ R, y 2 ∈ R 2 , A 11 = -0.5918, A 23 =   -2.2 1.0 -0.4 -3.0   , A 21 =   1.2980 0.7184   , A 22 =   3.0612 -0.8367 -0.5510 2.5306   ,
A 12 = -0.4449 4.9469 . For this case we have γ(t,x)=(sin(t),sin(t)) T and γ 0 (t,x)=1.

A. Example of fixed-time attractivity

Let T max =6, r=1. Following Theorem 3 we select the controller u(t, x) in the form ( 9 estimate T max =6 is too conservative. Obtained convergence times to the ball B 1 are less than 1.

B. Example of fixed-time stability

According to Theorem 4 the controller of the form (11) with parameters α 1 =β 1 =1, α 2 =β 2 =0.5, In contrast to polynomial feedback numerical simulations for the fixed-time stabilizing controller demonstrates very small conservatism in settling-time estimate showing that for x(0) = (10 7 , 0, 0) the settling-time is equal approximately to 7.2.

VII. CONCLUSIONS

In this paper the new control problems are considered. They consist in designing of the feedback control for linear uncertain plant that guarantees convergence of system trajectories to the origin or into selected neighborhood of the origin in predetermined finite time independently on initial conditions. The described property is called in this paper by fixed-time stability and attractivity, respectively. Controllers that provides fixed-time attractivity to the closed-loop systems are designed in the form of polynomial feedbacks under the classical assumption on controllability of the pair (A, B). Fixed-time stabilizing controllers presented for more restrictive case rank[B, AB] = n are modification of the second order sliding mode control algorithm. It is proven that all controllers are robust with respect to matched uncertainties and disturbances.

Numerical experiments approve the declared fixed-time properties for the closed-loop system with the proposed control algorithms. However, they show that for polynomial feedbacks the real convergence time is less than the predetermined. This fact probably points out ineffective usage of the control resource. So, the problem of optimal selection of the control parameters in order to minimize the control energy and magnitude appears. But this is another story.
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DRAFT 1 Introduction and related works

Many practical applications require severe time response constraints (for security reasons, or simply to improve productivity). That is why, finite-time stability and stabilization problems have been intensively studied, see [2], [3], [4], [5], [6]. Time constraint may also appear in observation problems when a finite-time convergence of the state estimate to the real values is required: [7], [8], [9], [10], [11].

Let us stress that finite-time stability property is frequently associated with HOSM controls, since these algorithms should ensure finite-time convergence to a sliding manifold [12], [13], [14], [15]. Typically, the associated controllers have mechanical and electromechanical applications [16], [17], [18], [19].

The theoretical background of HOSM control systems is very well developed [12], [20], [21]. However, applications of the existing HOSM control algorithms are complicated, since there are a few constructive algorithms for tuning the HOSM control parameters. Most of them are restricted to the second order sliding mode systems [21], [15], [22], [23].

⋆ The preliminary version of this paper was presented at IFAC Symposium on Nonlinear Control Systems 2013 [1]. This work is supported by ANR Grant CHASLIM (ANR-11-BS03-0007) Email addresses: andrey.polyakov@inria.fr (Andrey Polyakov), denis.efimov@inria.fr (Denis Efimov), wilfrid.perruetti@inria.fr (Wilfrid Perruquetti).

Fixed-time stability, that demands boundedness of the settling-time function for a globally finite-time stable system, was studied in [23], [22], [24]. This property was originally discovered in the context of homogeneous systems [25]. Fixed-time stability looks promising if a controller (observer) has to be designed in order to provide some required control (observation) precision in a given time and independently of initial conditions.

The main tool for analysis of finite-time and fixed-time stability is the Lyapunov function method (see, for example, [4], [5], [24]), which is lacking for constructive design in the nonlinear case. This paper deals with ILF method [26], which relies on Lyapunov functions defined, implicitly, as solutions to an algebraic equation. Stability analysis does not require solving this equation, since the implicit function theorem [27] helps to check all stability conditions directly from the implicit formulation. The similar approach was presented in [28] for control design and called the controllability function method (see, also [29]). This paper addresses the problem of a control design for the robust finite-time and fixed-time stabilization of a chain of integrators. The ILF method is used to design the control laws together with Lyapunov functions for closed-loop systems. This method allows us to analyze robustness of the closed-loop system and to design a high order sliding mode control algorithm, which rejects bounded matched exogenous disturbances. Finite-time and fixed-time stability conditions were obtained in the form of Linear Matrix Inequalities (LMI). They provide simple constructive schemes for tuning the control parameters in order to predefine the required convergence time and/or to guarantee stability and robustness with respect to disturbances of a given magnitude.

Through the paper the following notation will be used:

• R is the set of real numbers, R + = {x ∈ R : x > 0}; • dV dt (.)
is the time derivative of a function V along the solution of a differential equation numbered as (.);

• • is the Euclidian norm in R n ; • diag{λ i } n
i=1 is the diagonal matrix with the elements λ i ; • a continuous function σ : R + → R + belongs to the class K if it is monotone increasing and σ(h) → 0 + as h → 0 + ; • for a symmetric matrix P = P T the minimal and maximal eigenvalues are denoted by λ min (P ) and λ max (P ),

• int(Ω) is the interior of the set Ω ⊆ R n .

Problem statement

The paper deals with finite-time and fixed-time stabilization problems for the disturbed chain of integrators. Note that a control design scheme developed for such systems usually admits extension to feedback linearizable nonlinear multi-input multi-output systems [30]. The problem statement presented below is also typical for high-order sliding mode control design [12].

Consider a linear single input system of the following form where x ∈ R n is the state vector, u ∈ R is the control input, and the function d : R + × R n → R n describes the system uncertainties and disturbances. The whole state vector x is assumed to be measured. Let the function d be measurable locally bounded uniformly in time, i.e. sup t∈R+,x∈R n : x <δ d(t, x) < ∞ for any δ > 0. Both the control function u and the function d are admitted to be discontinuous with respect to x. For example, the function d may describe unknown dry friction of a mechanical model. The analysis of such systems requires a special mathematical framework. In this paper we use Filippov theory [31].

ẋ(t) = Ax(t) + bu(t) + d(t, x(t)), t > 0, (1) A 
The goal of the paper is to develop control laws such that the origin of the closed-loop system (1) will be globally asymptotically stable and all its trajectories will reach the origin in a finite time or in the fixed time T max ∈ R + .

In addition, the control algorithms to be developed should have effective schemes for tuning the control parameters and assigning of the settling time.

The control design is based of ILF approach to finite-time and fixed-time stability analysis, which is developed in the next section.

3 Preliminaries

Finite-time and fixed-time stability

Consider the system defined by

ẋ(t) = f (t, x(t)), t ∈ R + , x(0) = x 0 , (2) 
where x ∈ R n is the state vector, f : R + × R n → R n is a nonlinear vector field locally bounded uniformly in time.

If f is a locally measurable function that is discontinuous with respect to the state variable x then a solution of the Cauchy problem ( 2) is understood in the sense of Filippov [31], namely, as an absolutely continuous function satisfying the differential inclusion

ẋ(t) ∈ K[f ](t, x(t)) for almost all t ∈ [0, t * ), where t * ∈ R + or t * = +∞. The set-valued function K[f ] : R + × R n ⇒ R n is defined for any fixed (t, x) ∈ R + × R n as follows K[f ](t, x) = ε>0 N :m(N )=0 co f (t, B(x, ε)\N ),
where co(M ) defines the convex closure of the set M ⊂ R n , B(x, ε) is the ball with the center at x ∈ R n and the radius ε ∈ R + , the equality m(N ) = 0 means that the Lebesgue measure of the set N ⊂ R n is zero.

Let the origin be an equilibrium of (2), i.e. 0 ∈ K[f ](t, 0).

The system (2) may have non-unique solutions and may admit both weak and strong stability (see, for example, [31]). This paper deals only with the strong stability properties, which ask for stable behavior of all solutions of the system (2). The next definition of uniform finite-time stability is just a compact representation of Definition 2.5 from [13].

Definition 1 The origin of system (2) is said to be globally uniformly finite-time stable if it is globally uniformly asymptotically stable (see, for example, [13]) and there exists a locally bounded function T : R n → R + ∪ {0}, such that x(t, x 0 ) = 0 for all t ≥ T (x 0 ), where x(•, x 0 ) is an arbitrary solution of the Cauchy problem (2). The function T is called the settling-time function.

Asymptotic stability of the time-independent (autonomous) system always implies its uniform asymptotic stability (see, for example, [32]). For finite-time stable systems this is not true in general case (see, for example, [24]), since Definition 1 additionally asks a uniformity of the settling time with respect to initial conditions. The origin of system ẋ(t) = -|x(t)| 0.5 sign[x(t)], x ∈ R is globally uniformly finite-time stable, since its settling-time function T is locally bounded:

T (x 0 ) = 2 |x 0 |.

Definition 2 ([23]

) The origin of system (2) is said to be globally fixed-time stable if it is globally uniformly finitetime stable and the settling-time function T is globally bounded, i.e.

∃T max ∈ R + such that T (x 0 ) ≤ T max , ∀x 0 ∈ R n .
The presented definition just asks more: strong uniformity of finite-time stability with respect to initial condition. The origin of system ẋ(t) = -|x| 0.5 (t)+|x| 1.5 (t) sign(x(t)), x ∈ R, is globally fixed-time stable, since its settling time function T (x 0 ) = 2 arctan( |x 0 |) is bounded by π ≈ 3.14 .

The uniformity of finite-time and fixed-time stability with respect to system disturbances can also be analyzed. For instance, finite-time stability, which is uniform (in some sense) with respect to both initial conditions and system disturbances, was called equiuniform finite-time stability [13].

Implicit Lyapunov Function Method

This subsection introduces some stability theorems further used for control design. They refine the known results about global uniform asymptotic, finite-time and fixed-time stability of differential inclusions to the case of implicit definition of Lyapunov function. The next theorem extends Theorem 2 from [26].

Theorem 3 If there exists a continuous function

Q : R + × R n → R (V, x) → Q(V, x) satisfying the conditions C1) Q is continuously differentiable outside the origin; C2) for any x ∈ R n \{0} there exists V ∈ R + such that Q(V, x) = 0; C3) let Ω= {(V, x) ∈ R + × R n : Q(V, x)=0} and lim x→0 (V,x)∈Ω V =0 + , lim V →0 + (V,x)∈Ω x =0, lim x →∞ (V,x)∈Ω V = + ∞; C4) ∂Q(V,x) ∂V < 0 for all V ∈ R + and x ∈ R n \{0}; C5) sup t∈R+,y∈K[f ](t,x)
∂Q(V,x) ∂x y < 0 for all (V, x) ∈ Ω;

then the origin of (2) is globally uniformly asymptotically stable.

Proof. The conditions C1), C2), C4) and the implicit function theorem [27] imply that the equation Q(V, x) = 0 implicitly defines a unique function V : R n \{0} → R + such that Q(V (x), x) = 0 for all x ∈ R n \{0}. The function V is continuously differentiable outside the origin and

∂V ∂x = -∂Q(V,x) ∂V -1 ∂Q(V,x) ∂x
for Q(V, x) = 0, x = 0. Due to the condition C3) the function V can be continuously prolonged at the origin by setting V (0) = 0. In addition, it is radially unbounded and positive definite. Denote

Z(V, x) = ∂Q ∂V -1 sup t∈R+,y∈K[f ](t,x) ∂Q(V,x) ∂x
y and W (x) = Z(V (x), x). The conditions C4 and C5 imply W (x) > 0 for x = 0. Let x(t, x 0 ) be a solution of the system (2) with initial condition x(0, x 0 ) = x 0 then the function V (x(t, x 0 )) is differentiable for almost all t such that x(t, x 0 ) = 0 and d dt V (x(t, x 0 )) ≤ -W (x(t, x 0 )). Finally, we finish the proof using Theorem 4.1 from [33] and, for example, Lemmas 4, 6 from [24].

Evidently, the conditions of Theorem 3 mainly repeat (in the implicit form) the requirements of the classical theorem on global asymptotic stability (see, for example, [33]). Indeed, Condition C1) asks for smoothness of the Lyapunov function. Condition C2) and the first two limits from Condition C3) provide its positive definiteness. The last limit from Condition C3) implies radial unboundedness of the Lyapunov function. Condition C5) guarantees the negative definiteness of the total derivative of the Lyapunov function calculated along trajectories of the system (2). The only specific condition is C4), which is imposed by implicit function theorem (see, for example, [27]). This condition is required in order to guarantee that the Lyapunov function is (uniquely) well-defined by the equation Q(V, x) = 0.

Theorem 4 If there exists a continuous function Q : R + × R n → R that satisfies the conditions C1)-C4) of Theorem 3 and the condition C5bis) there exist c > 0 and 0 < µ ≤ 1 such that sup

t∈R+,y∈K[f ](t,x) ∂Q(V,x) ∂x y ≤ cV 1-µ ∂Q(V,x) ∂V for (V, x) ∈ Ω,
then the origin of the system (2) is globally uniformly finite-time stable and T (x 0 ) ≤

V µ 0 cµ , where Q(V 0 , x 0 ) = 0.
Proof. Theorem 3 implies global uniform asymptotic stability of the origin of (2). The uniform finite-time stablity of the origin follows from the differential inequality dV (x(t,x0)) dt ≤ -cV 1-µ (x(t, x 0 )), which, due to the condition C5bis), holds for almost all t such that x(t, x 0 ) = 0. For a detailed analysis of the obtained differential inequality see, for example, [4], [5], [24].

Theorem 5 Let there exist two functions Q 1 and Q 2 satisfying the conditions C1)-C4) of Theorem 3 and the conditions C6) Q 1 (1, x) = Q 2 (1, x) for all x ∈ R n \{0}; C7) there exist c 1 >0 and 0 <µ< 1 such that the inequality sup

t∈R+,y∈K[f ](t,x) ∂Q1(V,x) ∂x y ≤ c 1 V 1-µ ∂Q1(V,x)
∂V , holds for all V ∈ (0, 1] and x ∈ R n \{0} satisfying the equation Q 1 (V, x) = 0; C8) there exist c 2 >0 and ν>0 such that the inequality sup

t∈R+,y∈K[f ](t,x) ∂Q2(V,x) ∂x y ≤ c 2 V 1+ν ∂Q2(V,x) ∂V ,
holds for all V ≥ 1 and x ∈ R n \{0} satisfying the equation Q 2 (V, x) = 0, then the system (2) is globally fixed-time stable with the settling-time estimate T (x 0 ) ≤ 1 c1µ + 1 c2ν .

Proof. Let the two functions V 1 and V 2 be defined by the equations Q 1 (V, x) = 0 and Q 2 (V, x) = 0 (see, the proof of Theorem 3). Consider the sets

Σ 1 = {x ∈ R n : V 1 (x) > 1}, (x 1 , x 2 ) T = x ∈ R 2 .
The roots of the obtained quartic (with respect to V ) equation can be found using, for example, Ferrari formulas. Due to Theorem 6 the equation has a unique positive root for any

(x 1 , x 2 ) T ∈ R 2 . Denote z(x 1 , x 2 ) = 2p22x 2 2 -C1(x1,x2)-C2(x1,x2) 3
, where

C i (x 1 , x 2 ) = 3 (-1) i √ ∆ 2 1 (x1,x2)-4∆ 3 0 (x1,x2)+∆1(x1,x2) 2 , ∆ 0 (x 1 , x 2 ) = p 2 22 x 4 2 -12p 11 x 2 1 and ∆ 1 (x 1 , x 2 ) = p 3 22 x 6 2 -180p 2 12 x 2 1 x 2 2 .
The roots of the quartic equation coincide with roots of two quadratic equations [35]:

V 2 + (-1) i z(x 1 , x 2 )V + r i (x 1 , x 2 ) = 0, i = 1, 2, where r i (x 1 , x 2 ) = p22x 2 2 +z(x1,x2) 2 + (-1) i p12x1x2 √ z(x1,x2)
.

The explicit representations of roots are rather cumbersome. They are omitted in order to safe the space. • The implicit restriction (6) to the system disturbances and uncertainties takes an explicit form when µ = 1 and the matching condition [14] e n,n = 1. So, the finite-time control (5) designed for µ = 1 rejects the bounded disturbances realized HOSM algorithm. The HOSM version of ( 5) has a discontinuity only at zero similarly to the quasi-continuous HOSM algorithm [20]. • For µ = 1 the control ( 5) is globally bounded. Indeed, the equality

x T D r (V -1 )P D r (V -1 )x = 1 implies D r (V -1 )x 2 ≤ 1 λmin(P ) and u(x) ≤ k • D r (V -1 )x ≤ k √ λmin(P ) .
Hence the condition u(x) ≤ u 0 , u 0 ∈ R + can be formulated as additional LMI:

X y T y u 2 0 ≥ 0. (7) 
Indeed, the inequality

u 2 =x T D r (V -1 )k T kD r (V -1 )x ≤ u 2 0 = u 2 0 x T D r (V -1 )P D r (V -1 )
x holds for all V ∈ R + and x ∈ R n such that Q(V, x) = 0. Hence k T k ≤ u 2 0 P and Schur complement gives (7) for X = P -1 , y = kX.

• The advantage of the control design scheme presented in Theorem 6 is related to simplicity of tuning the control parameters, which is based on LMI technique. The parameters γ and α are introduced in (4) in order to tune the settling time of the closed-loop system.

Corollary 7 Let the conditions of Theorem 6 hold and the control law is modified as u(x) = u(V 0 , x), where V 0 ∈ R + is an arbitrary fixed number, then the ellipsoid

Π(V 0 )= x ∈ R n : x T (D r (V 0 )XD r (V 0 )) -1 x ≤ 1 (8)
is strictly positively invariant set of the closed-loop system (1), i.e. x(t 0 ) ∈ Π(V 0 ) ⇒ x(t) ∈ int Π(V 0 ), t > t 0 , where

x(•) is any trajectory of the closed-loop system (1) and t 0 ≥ 0 is an arbitrary instant of time.

Proof. Rewrite the matrix inequality (4) in the form: P A + A T P + P bk + k T b T P + αP + βP 2 ≤ 0.

Hence we derive D r (V -1 0 )(P A + A T P + P bk + k T b T P + αP + βP 2 )D r (V -1 0 ) ≤ 0. Denoting P 0 = D r (V -1 0 )P D r (V -1 0 ) > 0 and taking into account

D -1 r (V -1 0 )AD r (V -1 0 ) = V µ 0 A, D -1 r (V -1 0 )b = V 0 b
we obtain the following matrix inequality:

P 0 A + A T P 0 + P 0 bk 0 + k T 0 b T P 0 + αP0+βP0D 2 r (V0)P0 V µ 0 ≤ 0,
where

k 0 = V 1-µ 0 kD r (V -1
0 ), α > β > 0 and P 0 > 0. This means that the matrix A + bk 0 is Hurwitz, i.e. u(x) = u(V 0 , x) = k 0 x is a stabilizing linear feedback control for the system (1) with the Lyapunov function Ṽ (x) = x T P 0 x. Note that using Schur Complement the obtained matrix inequality can be transformed into the form W 0 ≤ 0, where

W 0 =   P 0 (A+bk 0 )+(A+bk 0 ) T P 0 + α V µ 0 P 0 P 0 P 0 - V µ 0 D 2 (V -1 0 ) β   .
Taking into account the inequality (6) for V = V 0 (or equivalently Ṽ = 1) we derive

d dt Ṽ (1) = x T (P 0 A+A T P 0 +P 0 bk 0 +k T 0 b T P 0 )x+2d T P 0 x = x d T W 0 x d + V µ 0 β d T D 2 r (V -1 0 )d - α Ṽ V µ 0 ≤ β -α V µ 0 < 0 for Ṽ (x) = 1.
The obtained inequality implies that the ellipsoid ( 8) is strictly positively invariant.

The next corollary proves stability of the sampled-time realization for the ILF-based control algorithm (5).

Corollary 8 Let {t i } ∞ i=0 be a strictly increasing sequence of arbitrary time instants, 0 = t 0 < t 1 < t 2 < ... such that lim i→∞ t i = +∞. Let all conditions of Theorem 6 hold and the control u is applied as follows:

u(t) = u(V i , x(t)) for t ∈ [t i , t i+1 ), where V i > 0 : Q(V i , x(t i )) = 0.
Then the origin of the system (1) is globally asymptotically stable.

Proof. Let V (x) be a positive definite function implicitly defined by the equation Q(V, x) = 0 and x(t) be a trajectory of the closed-loop system (1) with the sampled control application described above. Let us prove that the sequence {V (x(t i ))} ∞ i=1 is monotone decreasing and tends to 0. This, obviously, implies convergence of x(t) to the origin.

Consider the time interval [t i , t i+1 ) and the function Ṽi (x) = x T P i x, where P i = D r (V -1 (x(t i )))P D r (V -1 (x(t i )) > 0. The switching control u(x) = u i (x) on this interval takes the form u

i (x) = u(V (x(t i )), x) = k i x, where k i := V 1-µ (x(t i ))kD r (V -1 (x(t i ))).
Repeating the proof of Corollary 7 we show Ṽi (x(t i )) > Ṽi (x(t)) for all t ∈ (t i , t i+1 ). Since V (x) is such that Q(V (x), x) = 0 then for all t ∈ (t i , t i+1 )

Q(V (x(t i )), x(t)) = x T (t)D r (V -1 (x(t i ))P D r (V -1 (x(t i ))x(t) -1 = Ṽi (x(t)) -1 < Ṽi (x(t i )) -1 = Q(V (t i ), x(t i )) = 0 = Q(V (x(t)), x(t)).
For any given x ∈ R n \{0} the function Q(V, x) is monotone decreasing for all V ∈ R + (see Condition C4) of Theorem 3 and the proof of Theorem 6). Then the obtained inequality implies V (x(t)) < V (x(t i )), ∀t ∈ (t i , t i+1 ]. Moreover V (x(t)) ≤ V (x(0)) for all t > 0, i.e. the origin of the closed-loop system (1) is Lyapunov stable. The proven properties of closed-loop system also imply that x(t) and d(t, x(t)) are bounded by some constants for all t > 0.

Since the function V (x) is positive definite then the monotone decreasing sequence {V (x(t i ))} ∞ i=1 converge to some limit. Let us show now that this limit is zero. Suppose the contrary, i.e.

lim i→∞ V (x(t i )) = V * > 0 or equivalently ∀ε > 0 ∃N = N (ε) : 0 ≤ V (x(t i )) -V * < ε, ∀i ≥ N .
Let us represent the sampled control law u in the form

u(V (x(t i )), x) = u(V * , x) + ∆ i x, ∆ i = V 1-µ (x(t i ))kD r (V -1 (x(t i ))) -V 1-µ * kD r (V -1 *
). Since the control function u = u(V, x) is continuous in R + × R n and then there exists γ ∈ K (possibly depended on µ, k, V * , n) such that ∆ i ≤ γ(ε) for all i ≥ N (ε). This means that for t > t N (ε) the closed-loop system (1) can be presented in the form

ẋ = (A + bk * )x + b∆ i x + d(t, x) (9) 
where

k * = V 1-µ * kD r (V -1 * ).
Consider the Lyapunov function candidate Ṽ (x) = x T P * x, where P * = D r (V -1 * )P D r (V -1 * ). Under the assumptions made above we have Ṽ (x(t)) ≥ 1 for all t > 0 and repeating the proof of Corollary 7 we derive

d Ṽ (x(t)) dt (1) 
≤ V µ * d T D 2 r (V -1 * )d β -α Ṽ (x(t)) V µ * +2x T (t)P * b∆ i x(t) ≤ -α+β V µ * + 2x T (t)P * b∆ i x(t) + V µ * (d T D 2 r (V -1 * )d -β 2 V -2µ * ) β .
Since x(t) and d(t, x(t)) are bounded by some constants for all t > 0 then for sufficiently small ε > 0 we have

d Ṽ (x(t)) dt (1) 
≤ -α+β 2V µ * < 0 for all t > t N (ε) . This contradicts the condition V (x(t)) ≥ V * for all t > 0. Consequently, lim i→∞ V (x(t i )) = 0. Hence, we derive the asymptotic stability of the closed-loop system (1). The proven corollary shows that the sampled-time realization of the developed "implicit" control scheme preserves the asymptotic stability to the origin of the closed-loop system (1) independently on the sampling period. Between two switching instants the unperturbed system is linear, so analysis of its discrete-time version can be studied using discretization schemes of linear systems (see, e.g. [36]).

Fixed-time Stabilization

Consider now two functions:

Q 1 (V, x) = x T D r1 (V -1 )P D r1 (V -1 )x -1, Q 2 (V, x) = x T D r2 (V -1 )P D r2 (V -1 )x -1, where P ∈ R n×n , P = P T > 0, r 1 = (1 + (n -1)µ, 1 + (n -2)µ, ..., 1 + µ, 1) T ∈ R n , r 2 = (1, 1 + ν, ..., 1 + (n -2)ν, 1 + (n -1)ν) T ∈ R n , 0 < µ ≤ 1 and ν ∈ R + . Denote H ν = diag{-(r 2 ) i } n i=1 .
Theorem 9 (Fixed-time stabilization) If 1) the system of matrix inequalities

             AX + XA T + by + y T b T + αX + βI n ≤ 0, -γ 1 X ≤ XH µ + H µ X < 0, -γ 2 X ≤ XH ν + H ν X < 0, X > 0, (10) 
is feasible for some X = X T ∈ R n×n , y ∈ R 1×n and numbers µ ∈ (0, 1], ν, α, β, γ 1 , γ 2 ∈ R + such that α > β;

2) the control u has the form

u(V, x)= V 1-µ kD r1 (V -1 )x for x T P x < 1, V 1+nν kD r2 (V -1 )x for x T P x ≥ 1, (11) 
where k = yX -1 , P = X -1 and V defined by

V = V (x) such that Q 1 (V, x) = 0 for x T P x < 1, Q 2 (V, x) = 0 for x T P x ≥ 1;
3) the disturbance function d satisfy

β 2 V -2µ ≥ sup t∈R+ d T (t, x)D 2 r1 (V -1 )d(t, x) if x T P x < 1, β 2 V 2ν ≥ sup t∈R+ d T (t, x)D 2 r2 (V -1
)d(t, x) if x T P x ≥ 1; then the closed-loop system (1) is fixed-time stable with the settling-time estimate:

T (x) ≤ (γ 1 /µ + γ 2 /ν)(α -β) -1 . Proof. The functions Q 1 (V, x) and Q 2 (V, x) satisfy the con- ditions C1)-C4) of Theorem 3. Since Q 1 (1, x) = Q 2 (1, x),
then the condition C6) of Theorem 5 also holds.

Repeating the proof of Theorem 6 it can be shown that

∂Q1 ∂x (Ax+bu(x)+d(t, x)) ≤ α-β γ1 V 1-µ ∂Q1 ∂V for x T P x ≤ 1, ∂Q2 ∂x (Ax+bu(x)+d(t, x)) ≤ α-β γ2 V 1+ν ∂Q2
∂V for x T P x ≥ 1. Applying Theorem 5 we finish the proof.

If µ = 1, |d n (t, x)| ≤ β and the matching condition holds then Theorem 9 provides a HOSM control with fixed-time reaching phase.

Let us call the controls ( 5) and (11) by the finite-time ILF control and the fixed-time ILF control, respectively. The ILF control with µ = 1 we call the HOSM ILF control.

It is worth to stress that Corollaries 7 and 8 stay true for the case of fixed-time control (11) application. We do not prove the finite-time and fixed-time stability properties for the sampled-time realization of the ILF controls. However, the motion of the sampled system will be close to the original one if the sampling period is sufficiently small.

Aspects of practical implementation

Corollaries 7 and 8 give some remarks on possible implementation of the developed control scheme. A detailed study of sampled-time and discrete-time versions of the presented control algorithms goes beyond the scope of this paper providing the subject for a future research. In this section we provide just some general ideas to be used for ILF control implementation.

The control scheme (5) can be realized in digital control devices, which allow us to solve the equation Q(V, x) = 0 numerically and on-line for any given x ∈ R n \{0} . Rather simple numerical procedures can be utilized for this purpose. The function Q(V, x) satisfy the properties C1)-C4) of Theorem 3. So, for each fixed x ∈ R n \{0} the function Q(V ) = Q(V, x) is monotone decreasing and has the unique zero on the interval (0, +∞). In this case we may use, for example, the bisection method in order to solve the scalar equation Q(V ) = 0.

Let the control u(V, x) be given by ( 5) and the parameter V may change its value at some time instants t 0 = 0, t i > 0, i = 1, 2, .... Namely, let the control signal u(t) be defined as u(t) = u(V i , x(t)) for t ∈ [t i , t i+1 ) and V i ∈ R + . Recall that u(V i , x) is a linear stabilizing feedback for any V i ∈ R + (see, the proof of Corollary 7). Denote x i = x(t i ). If V i = V (x i ) then stability of the sampling control scheme follows from Corollary 8.

The simplest algorithm for finding the switching control parameter V i is given below.

Algorithm 10 (Implementation of the ILF control)

INITIALIZATION: a = V min ; V 0 > V min ; b = V 0 ; STEP : If x T i D r (b -1 )P D r (b -1 )x i > 1 then a = b; b = 2b; elseif x T i D r (a -1 )P D r (a -1 )x i < 1 then b = a; a = max{ a 2 , V min }; else c = a+b 2 ; If x T i D r (c -1 )P D r (c -1 )x i < 1 then b = c; else a = max{V min , c}; endif; endif; V i = b, where V min ∈ R + is a minimal admissible value of V i .
INITIALIZATION defines a linear feedback u(V 0 , x) on the first sampling interval [t 0 , t 1 ) by means of selection of the value V 0 ∈ R + . STEP of the algorithm is applied at each sampling time instances t i in order to define the value V i (and the linear feedback u(V i , x)) for the next interval [t i , t i+1 ). Let x i ∈ R n is a current state vector. If at the sampling instant t i STEP of the algorithm is repeated many times for the same x i (for example, there exists a loop containing STEP) then Algorithm 10 realizes: 1) a localization of the unique positive root of the equation Q(V, x i ) = 0, i.e. V (x i ) ∈ [a, b]; 2) improvement of the obtained localization by means of the bisection method, i.e. |b -a| → 0. Such an application of Algorithm 10 allows us to calculate V (x i ) with a high precision, however, it requests a high computational capability of a control device. Therefore, it is more reasonable to realize STEP of Algorithm 10 just once or a few (2 or 3) times at each sampling instant. Some additional considerations are needed in order to show that the algorithm will work properly in this case.

Denote Π(V i )={x ∈ R n : x T D r (V -1 i )P D r (V -1 i )x ≤ 1}.
If the set of initial conditions is known then the value V 0 ∈ R + can be always selected such that x 0 ∈ Π(V 0 ). Otherwise, applying Algorithm 10 for sufficiently small sampling period there always exists a finite number i * ∈ {0, 1, 2, ...} such that x i * ∈ Π(V i * ). Corollary 7 implies that the ellipsoid Π(V i ) is strictly positively invariant for the closedloop system (1) with the feedback law u(x) = u(V i , x) of the form (5). Monotonicity condition ∂Q(V,x) ∂V < 0 implies that Π(V ′ ) ⊂ Π(V ′′ ) for V ′ < V ′′ . In order to guarantee stability of the sampled-time realization of the developed control, on each STEP of Algorithm 10 the upper estimate (i.e. V i = b) is selected in order to design the linear feedback u(V i , x) for the next interval

[t i , t i+1 ). Such selection ensures V i+1 ∈ (0, V i ] if x i ∈ Π(V i ) and the sequence {V i } ∞
i=i * generated by Algorithm 10 is non-increasing. The bisection procedure will operate until x(t) / ∈ Π(V min ). So, it can be shown that V i → V min as i → ∞.

The parameter V min defines the lower possible value of V and the "minimal" attractive invariant set Π(V min ) for the closed-loop system. This parameter cannot be selected arbitrary small due to finite numerical precision of digital devices. Fixed-time control application can be realized with small changes of Algorithm 10.

Remark 11 An additional advantage of the developed control scheme is related to the possible reduction of the chattering effect for HOSM ILF control application. Indeed, the HOSM control of the form (5) with µ = 1 has the unique discontinuity point x = 0. According Algorithm 10, near discontinuity point the feedback law is defined as follows: u(x) = kD(V min )x, ∀x ∈ Π(V min ), where V min ∈ R + , i.e. we always have a linear continuous control inside the ellipsoid Π(V min ). Such a modification of the control law obviously follows the classical idea of the chattering reduction developed for the first order sliding mode algorithms [14]. Namely, for practical realization of the sliding mode control, the discontinuous feedback law can be replaced with a high-gain linear feedback if the system state is close to the switching manifold [14].

6 Numerical examples 6.1 HOSM ILF control

Consider the system (1) for n = 4, d 1 (t, x) = d 2 (t, x) = d 3 (t, x) = 0 and |d 4 (t, x)| ≤ β = 0.2.
We take d 4 (t, x) = 0.1 sin(t) + 0.1 cos(x 4 ) and x(0) = (2, 0, 0, 0) T .

The numerical solution of ODE for the closed-loop system has been obtained using the explicit Euler method with a fixed step size h ∈ R + . In order to show the effectiveness of the developed control scheme with respect to the chattering reduction, we select quite a large step size h = 0.1.

The Fig. 1(a) shows the simulation results for the closedloop system with the HOSM ILF control (5) (µ = 1) that is restricted by |u(x)| ≤ 1 (see, (7)) and applied by the scheme presented in Algorithm 10 for V min = 0.1 and h = 0.1.

The parameters of the HOSM ILF control (5) were selected by means of solving the LMI system (4), (7) In order to compare the obtained results with some existing HOSM controller, the simulations also have been done for the fourth order sliding mode (4-SM) nested controller [12] of the form

u = -sign x 4 + 0.5 |x 1 | 3 + |x 2 | 4 + |x 3 | 6 1 12 sign(φ) , φ = x 3 + 1 4 (|x 1 | 3 +|x 2 | 4 ) 1 6 sign x 2 +0.15|x 1 | 3 4 sign[x 1 ] .
The effective procedures for parameters adjustment of high order sliding mode control algorithms are not developed yet for n ≥ 3. So, the parameters of this controller have been selected manually. The simulations of the 4-SM nested control algorithm were initially done for the small sampling period: h = 10 -3 . They showed good performances of this control: fast convergence rate and rejection of matched bounded disturbances. The chattering effect appears in the system, when the sampling period becomes larger. The simulation results with h = 0.1 for the 4-SM nested control are depicted on the Fig. 1(b). The Fig. 1(c) shows the control inputs generated by two considered algorithms.

Note that the comparison of the sliding mode control laws for the sufficiently large sampling period h = 0.1 is motivated by practical reasons. For instance, the HOSM control is frequently demonstrated on the control problems for mobile robotics (see, for instance, [12]). However, the computational restrictions of autonomous mobile systems does not allow us to spend to much computational power for the generation of control actions. In practice, the reasonable sampling period can be 0.05 -0.1 second [37]. The numerical simulation has been done using the Euler method with a fixed step size h = 0.01. The control has been applied using Algorithm 10 with V min = 0.001. The simulation results are presented on Fig. 2 for x 0 = (1, 0, 0) T and x 0 = (9, 0, 0) T . They show a "week" dependence of the convergence time on the initial conditions. Definitely, it requires a rather high magnitude of the control.

Conclusion

The paper develops the Implicit Lyapunov Function method for finite-time and fixed-time stability analysis. Using this theoretical framework new algorithms of finite-time and fixed-time stabilization for a chain of integrators and high order sliding mode control design are developed. The obtained control schemes have the following advantages:

• The control design algorithms are constructive. The schemes for tuning the control parameters have LMI representations.

• For µ = 1 the algorithms provide high order sliding mode control rejecting matched bounded disturbances.

• The digital implementation of the developed control scheme admits the effective chattering reduction by means of tuning the parameter V min . • The fixed-time ILF controllers allow us to prescribe the convergence time independently of the initial condition.

and disadvantages:

• The algorithms are applicable only in digital controllers.

• The practical realization of the developed control schemes asks for additional computational power of the digital control device, which is required for on-line computation of the ILF value at the current state.

The developed Implicit Lyapunov Function method for finite-time and fixed-time stability analysis is promising to tackle many other problems such as fast observation and estimation, development of fast adaptation algorithms or fast consensus protocols, etc. 

Relay Control Design for Robust Stabilization in a Finite-Time Andrey Polyakov and Laurentiu Hetel

Abstract-The problem of robust finite-time stabilization of perturbed multi-input linear system by means of generalized relay feedback is considered. A new control design procedure, which combines convex embedding technique with Implicit Lyapunov Function (ILF) method, is developed. The sufficient conditions for both local and global finite-time stabilization are provided. The issues of practical implementation of the obtained implicit relay feedback are discussed. Our theoretical result is supported by numerical simulation for a Buck converter.

I. INTRODUCTION

Theory of relay automatic control systems has a long outstanding history. Relay feedbacks appeared in the early technological developments of the 19th century. However, the systematic theoretical study of relay control methods was provided in 1950s [1], [2]. The modern frequency domain approach to analysis and design of the relay systems can be found in [3].

When the sliding mode control methodology [4] was invented, it suggested to utilize a proper fast relay switching strategy in order to maintain the motion of the control system on a prescribed surface in the state space. Indeed, the classical example of the sliding mode system has the form of relay feedback: ẋ(t) =sign[x(t)], t > 0, x(0) = x 0 ∈ R, where the sign function is defined as follows: sign[ρ] = 1 if ρ > 0 and sign[ρ] = -1 if ρ < 0. Any trajectory of this system reaches the state x = 0 in a finite time and remains thereafter. In fact, finite-time stability frequently accompanies the relay and sliding mode feedback systems [4], [5], [6], [7], [8]. The main application domains of sliding mode approach are electrical and electro-mechanical systems [4], [7]. Historically, being invented in 1960s the sliding mode is one of the first robust control approaches. Indeed, the sliding mode control is nonsensitive with respect to the so-called matched disturbances [9], [4].

Nowadays, the relay control systems can be found in different application domains. For instance, relay actuators (switches) are used in power converters [10] for control of output voltage but the relay (pulsed) jets are utilized in fluid dynamics for control of separated (turbulent) flows [11], [12].

The modern theoretical framework of hybrid dynamical systems [13], [14], [15] includes relay feedbacks as a particular case of switched affine systems [16], [17], [18], [19]. To the best of our knowledge, the finite-time stabilization problems have never been studied in the context of switched affine systems. This research is supported by ANR ROCC-SYS (ANR-14-CE27-0008). A. Polyakov (andrey.polyakov@inria.fr) is with Non-A team-project, Inria Lille-Nord Europe, 40, avenue Halley, 59650 Villeneuve d'Ascq, France. L. Hetel (laurentiu.hetel@ec-lille.fr) and A. Polyakov are with CRIStAL UMR CNRS 9189, 59650 Villeneuve d'Ascq, France.

The present paper addresses the robust finite-time stabilization of linear multi-input system using the so-called generalized relay control. The generalized relay assumes a fixed set of possible values for the whole vector of control inputs [20]. This means, in particular, that the inputs cannot be switched independently. Such type of relay is motivated by practical demands of power electronics [21], where, for example, some switch cannot be turned on while an another one has the same state. Such restrictions in general case do not allow us to apply directly conventional schemes of relay sliding mode control design [4], [6]. In order to tackle this challenge, the technical note uses the convex embedding procedure. Recently, the ideas of convex embedding have been applied in order to design an locally exponentially stabilizing relay switching law based on the existence of a stabilizing linear feedback [20]. Here based on Implicit Lyapunov Function (ILF) method [22], [23], [24], [25] the convex embedding procedure allows us

• to design a finite-time stabilizing feedback for the case of generalized relays;

• to formulate stability conditions and restrictions to control parameters in terms of linear matrix inequalities;

• to obtain an estimate of both matched and mismatched uncertainties and disturbances, which can be rejected by the generalized relay feedback;

• to derive sufficient conditions for global finite-time stabilization and to estimate an attraction domain in the local case;

• to provide a settling-time estimate of the closed-loop system. One more challenge tackled in the paper is the development of a feedback control rejecting state-dependent discontinuous disturbances. This allows us, for example, to take into account an unknown dry friction in mechanical or electromechanical models.

A preliminary version of this paper appeared in [26]. The key differences with respect to [26] are as follows: in this technical note we design a robust relay feedback control for perturbed multi-input system, present the proofs to all claims (Appendix), provide the global finite-time stabilization conditions (Proposition 7) and study a possible application of the proposed relay control to buck converter (Section VI).

The paper is organized as follows. The section II discusses problem statement and basic assumptions. After that preliminaries are considered. Next, the main result is presented. Finally, numerical simulation example and concluding remarks are given. All proofs are presented in Appendix.

Notation: R is the set of real numbers; R + = {x ∈ R : x > 0}; x denotes the Euclidian norm of the vector x ∈ R n ; Range(B) is the column space of the matrix B ∈ R n×m ; diag{λ 1 , ..., λ n } is a diagonal matrix with elements λ i ; the order relation P > 0(< 0, ≥ 0, ≤ 0) for P ∈ R n×n means that P is symmetric and positive (negative) definite (semidefinite); if P > 0 then the matrix P 1/2 := B is such that B 2 = P ; λ max (P ) and λ min (P ) denote maximum and minimum eigenvalues of the symmetric matrix P ∈ R n×n ; co(U ) is the convex closure of the set U ⊂ R n ; int{U } denotes the interior of the set U ; B(r) = {u ∈ R m : u ≤ r} is the ball of the radius ε in R m .

II. PROBLEM STATEMENT

Let us consider a model of a control system described by the ordinary differential equation (ODE):

ẋ(t) = Ax(t) + Bu(t) + d(t, x(t), u(t)), t ∈ R + , (1) 
where x(t) ∈ R n is the state vector, u(t) ∈ R m is the vector of control inputs, A ∈ R n×n is the system matrix, B ∈ R n×m is the matrix of control gains and the locally measurable function d : R n+m+1 → R n describes the exogenous disturbances and parametric uncertainties.

It is assumed that the matrices A and B are known, rank(B) = m ≤ n and the pair (A, B) is controllable; the whole state vector x can be measured and utilized for control purposes. The control input u is assumed to be a generalized relay, i.e. it can take values from a given discrete set:

u(t) ∈ U := {v 1 , v 2 , ..., v N } , v i ∈ R m , t ∈ R + , (2) 
where N is a natural number. In addition, the assumption

0 ∈ {co(U)} ⊂ R m (3) 
is possessed in order to guarantee the existence of the locally stabilizing relay control (see, [20] for the details). As we will see further, this configuration includes as a particular case the classical sliding control generated by sign functions. This control configuration may also be related to the simplex method in [27], [28] and to the stabilization of switched affine systems [17], [18]. Filippov theory of differential equations with discontinuous right-hand sides [29] is utilized below in order to take into account the discontinuity of the control law and possible discontinuity of the disturbances. The control aims are

• to stabilize the origin of the system (1) in a finite time,

• to describe a class of uncertainties d, which can be rejected by relay feedback control,

• to specify a set of admissible initial conditions (i.e. the domain of finite-time attraction). Following the ideas of [20] the relay stabilizing control law can be designed in two steps. Initially, some (possibly continuous) stabilizing feedback should be selected. For this purpose the method of the Implicit Lyapunov Functions (ILF) is utilized [22], [24], [25], [30]. Next, a proper convex embedding procedure [20] is applied in order to construct the relay switching law in the form

u(t) ∈ u r (t, x(t)) = argmin v∈U Γ T (t, x(t))v, (4) 
where Γ : R n+1 → R m is a continuous (outside the origin) nonlinear function to be defined. The inclusion in (4) indicates that argmin is not unique in general case. In particular, if m = 1 and U = {-1, 1} then u r (t, x) = -sign[Γ(t, x)] similarly to the sliding mode control [4], where

sign[ρ] =    1 if ρ > 0, -1 if ρ < 0, {-1, 1} if ρ = 0.
Note that in order to define the control input according to the formula (4) we just need to select the minimum of Γ T (t, x(t))v over finite set values v ∈ U. This operation does not need applying any finite or infinite dimensional optimization procedure. Just N scalar products Γ T (t, x(t))v i , i = 1, . . . , N must be calculated at each instant of time.

III. PRELIMINARIES

A. Finite-Time Stability

Let us consider the differential inclusion [29] of the form

ẋ(t) ∈ F (t, x), t ∈ R + , (5) 
where x ∈ R n is the state vector, F : R n+1 ⇒ R n is a multivalued map that is convex-valued, compact-valued and upper semi-continuous. It is well known [29] that an absolute continuous function x : (a, b) ⊂ R n is called Caratheodory solution of (5) if it satisfies the differential inclusion (5) almost everywhere on the time interval (a, b).

Let the origin be an equilibrium point of the system (5), i.e. 0 ∈ F (t, 0). Only strong uniform stability properties of the system (5) are studied in this paper, so the corresponding words "strong uniform" will be omitted below for shortness and simplicity of the presentation.

Definition 1 ( [31], [32], [5]): The origin of system ( 5) is said to be finite-time stable if it is asymptotically stable and finite-time attractive, i.e. for any initial condition x(0) = x 0 ∈ M\{0} there exists T (x 0 ) ∈ R + such that x(t) = 0 for all t ≥ T (x 0 ), where M is a neighborhood of the origin and T is called the settling-time function of the system (5). If M = R n then the origin is globally finite-time stable.

According to [29] the discontinuous system (1), (4) can also be treated as differential inclusion (5) properly constructed by means of the so-called Filippov regularization procedure. Below we deal only with Filippov solutions of the control system (1), (4).

B. Implicit Lyapunov Function Method

The next theorem is utilized below in order to design the feedback law.

Theorem 2: [25] If there exists a continuous function Q

: R + × R n → R that satisfies the conditions C1) Q is continuously differentiable in R + × R n \{0}; C2) for any x ∈ R n \{0} there exist V ∈ R + such that Q(V, x) = 0; C3) let Ω = {(V, x) ∈ R + × R n : Q(V, x) = 0} and lim x→0 (V,x)∈Ω V = 0 + , lim V →0 + (V,x)∈Ω x = 0, lim x →∞ (V,x)∈Ω V = +∞; C4) the inequality ∂Q(V,x) ∂V < 0 holds for all V ∈ R + and x ∈ R n \{0}; C5) there exist c ∈ R + and µ ∈ (0, 1] such that sup t∈R+,y∈F (t,x) ∂Q(V,x) ∂x y ≤ cV 1-µ ∂Q(V,x) ∂V , (V, x) ∈ Ω;
then the origin of system ( 5) is globally finite time stable with the following settling time estimate:

T (x 0 ) ≤ V µ 0 cµ , where V 0 ∈ R + : Q(V 0 , x 0 ) = 0.
Theorem 2 provides the sufficient conditions of finite-time stability for implicit definition of Lyapunov function. The conditions C1)-C4) guarantee existence and uniqueness of a continuously differentiable (outside the origin) positive definite radially unbounded function V : R n → R + , which is implicitly defined by the equation Q(V,x) = 0. The implicit function theorem [33] gives

∂V ∂x = -∂Q ∂V -1 ∂Q ∂x . Due to C4) and C5) the estimate V ≤ sup t∈R+y∈F (t,x)
∂V ∂x y ≤ -cV 1-µ implies the finite-time stability of the origin of (5) if µ ∈ (0, 1]. We refer the reader to [31], [23], [32], [5], [6], [25] for more details about finite-time stability and implicit Lyapunov function method.

Corollary 3: If the conditions C1)-C4) of Theorem 2 are fulfilled then the set

ε(V 0 ) = {z ∈ R n : Q(V 0 , z) ≤ 0} (6) is the V 0 -level set {s ∈ R n : V (s) ≤ V 0 } of the positive definite function V : R n → R + implicitly defined by the equation Q(V, s) = 0. Proof: Indeed, if s ∈ R n is such that V (s) = α
, where α ∈ R + then Q(α, s) = 0, i.e. s ∈ ε(α). The condition C4) implies that Q(V , s) < 0 (i.e s ∈ ε(V )) for any V > α and Q(V , s) > 0 (i.e. s / ∈ ε(V )) for any V < α. Corollary 3 allows us to adapt Theorem 2 to local finitetime stability analysis possessing the condition C5) locally, i.e. 0 < V < V and x ∈ ε(V ) for some given V ∈ R + . The level set ε(V ) specifies the finite-time attraction domain M in this case (see, Definition 1).

IV. IMPLICIT RELAY FEEDBACK LAW

A. Block Decomposition

Let us initially decompose the original multi-input system (1) to a block form [34]. In order to make the paper selfcontained the block decomposition procedure studied in [35], [30] is very briefly discussed in Appendix. It constructs the non-singular coordinate transformation s = Θx (7) reducing the original system (1) to the block form ṡ(t) = Ãs(t) + Bu(t) + d(t, s(t), u(t)), 

the matrices A i i+1 ∈ R ni×ni+1 are of full row rank, j = 1, 2, .., k, n 1 + ... + n k = n, n k = m and A k k+1 ∈ R m×m is a nonsingular matrix, where k is the number of blocks.

The function d may be discontinuous. Following Filippov regularization procedure [29] we construct the compact and convex-valued upper semi-continuous map ∆ : R n+1 ⇒ R n : ∆(t, s) = δ>0 µ(N )=0 co d(t, s + B(δ)\N, co(U))) , (10) which collects all possible perturbations of the system (1).

B. Relay Feedback Design

Let us introduce the ILF function [30] of the form

Q(V, s) = s T D r (V -1 )P D r (V -1 )s -1, (11) 
where s = (s 1 , ..., s k ) T , s i ∈ R ni , V ∈ R + , D r (λ) is the so-called homogeneous dilation matrix [30] D 

where λ ∈ R + is a non-negative scaling parameter, r i = 1 + (ki)µ, i = 1, 2, .., k are scaling weights with 0 < µ ≤ 1, and P ∈ R n×n , P > 0. Denote H µ := diag{r i I ni } k i=1 . Theorem 4: Let µ ∈ (0, 1), α > 0, X ∈ R n×n and Y ∈ R n k ×n satisfy the system of matrix inequalities:

ÃX+X ÃT + BY +Y T BT +α(H µ X +XH µ )+R ≤ 0, XH µ + H µ X > 0, X > 0, (13) 
then there exists a function V : R n → R + implicitly defined by the equation Q(V, s) = 0 with Q is given by (11) for P = X -1 . Let β ∈ (0, α), V max ∈ R + ∪ {+∞} and the inequality δ T D r (V -1 )R -1 D r (V -1 )δ ≤ βV -2µ s T D r (V -1 )(H µ P +P H µ )D r (V -1 )s, (14) holds for δ ∈ ∆(t, s), V ∈ (0,V max ), s ∈ R n : Q(V, s) = 0 and for almost all t ∈ R + , then the control (4) with

Γ T (t, x) = x T Θ T D r 1 V (Θx) P D r 1 V (Θx)
B, (15) locally stabilizes the origin of the system (1) in a finite time and the settling-time function T can be estimated as follows

T (x 0 ) ≤ V µ 0 (α -β)µ , ∀x 0 ∈ R n : Θx 0 ∈ ε(V ), (16) 
where V 0 ∈ R + : Q(V 0 , Θx 0 ) = 0 and ε(V ) is the finite-time attraction domain (6) with a positive V ∈ R + : V ≤ V max .

All proofs are given in Appendix, where the estimate of the finite-time attraction domain is also provided.

The system of matrix inequalities (13) can be easily solved using LMI toolbox of MATLAB or, for example, SeDuMi solver. The solution of (13) also can be constructed analytically using the proof (see, [30]) of the next proposition.

Proposition 5 ( [30]): If the pair (A, B) is controllable then the system of matrix inequalities ( 13) is feasible for any µ ∈ R + .

Obviously, if d ≡ 0 then ∆ ≡ {0} and ( 14) holds for any R. The matrix R is introduced in ( 13) is order to characterize disturbance functions d, which do not affect the finite-time stability property of the closed-loop system. The formula (14) gives the implicit restrictions to the system disturbances. In order to provide the explicit ones let us introduce the matrices E i , i = 1, 2, ..k by the following formula 

E i =       0 n1 ...
for δ ∈ ∆(t, s), γ = λ min P -1 2 (P H µ + H µ P )P -1 2 and i = 1, 2, ..., k then the inequality (14) holds for any V ∈ R + : Q(V, s) = 0.

In the view of Corollary 3 the inequality V ≤ 1 is equivalent to s T P s ≤ 1, so the restriction (18) can be used locally for V max = 1 (see, (14)).

The class of the disturbances which can be rejected by the proposed control law is essentially depended on the parameter µ. If µ = 1 then, obviously, condition (18) implies δ T E k δ ≤ β 2 k γ = const for any s ∈ R n , i.e. the constructed relay feedback rejects the so-called bounded matched disturbances [4]. The mismatched disturbances E i δ, i = 1, 2, ..., k -1 should vanish as s → 0 and admit polynomial estimates close to the origin (see (18)).

Proposition 7: Theorem 4 stays true for µ = 1 if the matrix inequality (13) is supplied with the additional condition

X Y T Y u 2 0 I m ≥ 0, (19) 
where 0 < u 0 ≤ u max = sup r∈R+:B(r)⊂co{U } r. Moreover, the closed-loop system (1), ( 4), ( 15) is globally finite-time stable if V max = +∞. This proposition provides sufficient condition for global robust finite-time stability of the closed-loop relay system (1), ( 4), (15). In particular, it is globally finite-time stable if (13) and (19) holds and d satisfies (18) for µ = 1.

V. PRACTICAL IMPLEMENTATION

In order to realize the control algorithm (4), (15) in practice we need to know V . In some cases the function V can be calculated analytically [36]. The function V can also be approximated numerically on a grid constructed in the finite-time attraction domain ε(V ). Finally, the relay control The following corollary may be utilized for this purpose.

Corollary 8: If 1) the conditions of Theorem 4 hold; 2) {t i } +∞ i=0 is an arbitrary sequence of time instances such that 0 = t 0 < t 1 < t 2 < ... and lim i→+∞ t i = +∞; 3) the relay control u r has the form (4) with the sampled computation of the switching function Γ(t, x) = Γi (Θx) for t ∈ [t i , t i+1 ), ΓT i (s) = s T D r (V -1 i )P D r (V -1 i ) B, Q(V i , s(t i )) = 0. Then the system (1), ( 4) is globally asymptotically stable.

The corollary shows that asymptotic stability of the closed loop system is maintained even if the switching function Γ can be updated only at some isolated instants of time. The estimation of the switching parameter V i can be obtained using the simple bisection method. We refer the reader to [25], [30] for more details about practical implementation of the control algorithms based on implicit Lyapunov function.

VI. EXAMPLE: CONTROL OF BUCK CONVERTER

Let us consider the model of Buck converter (Fig. 1) studied in [10] The Fig. 2 shows the simulation results of the control application for x(0) = (0, 0) T and the sampling period 10 -5 . During the simulations the value of the implicit Lyapunov function has been calculated on-line using bisection method.

It was expectable that relay finite-time stabilizing algorithm should be a sort of (high order) sliding mode control. This fact is indirectly confirmed by simulations, since the chattering phenomenon appear. Fortunately, the oscillations are observed only for the current i L . They are not destructive, since i K is the fast variable of the system.

VII. CONCLUSION

The paper presents relay feedback control algorithm for stabilization of linear multi-input system provided nonasymptotic transitions. The control design procedure combines the ILF method and convex embedding technique. This approach allows us to develop a simple procedure for implicit switching surface design using LMIs. The algorithm of practical implementation of the obtained implicit relay feedback is presented and tested on the numerical example. Its sampled-time analysis is considered as the subject for future research.

VIII. APPENDIX

A. Transformation to Block Form

Let us denote by rown(W ) the number of rows of a matrix W and by null(W ) the matrix that has the columns defining an orthonormal basis of the null space of a matrix W .

Let the orthogonal matrices T i be defined by the following simple algorithm: Initialization : A 0 = A, B 0 = B, T 0 = I n , k = 0.

Loop:

While rank(B k ) < rown(A k ) do

A k+1 = B ⊥ k A k B ⊥ k T , B k+1 = B ⊥ k A k Bk , T k+1 = B ⊥ k Bk , k = k + 1,
where B ⊥ k = null(B T k )

T , Bk = null B ⊥ k T . It was proven (see, e.g. [35]) that 

GAG T =      
G= T k 0 0 I w k T k-1 0 0 I w k-1 ... T 2 0 0 I w2 T 1 , (20) 
where w i := nrown(T i ), A k k+1 = B0 B 0 , A ij ∈ R ni×nj , n i := rank(B k-i ), i, j = 1, 2, ..., k and rank(A i i+1 ) = n i .

Recall that the B has full column rank (rank(B) = m). Consequently, A k k+1 is square and nonsingular. Since rank(A i i+1 ) = n i = rown(A i i+1 ) then A i i+1 A T i i+1 is invertible and A + i i+1 = A T i i+1 (A i i+1 A T i i+1 ) -1 is the right inverse matrix of A i i+1 . Introduce the linear coordinate transformation s = Φy, s = (s 1 , ..., s k ) T , s i ∈ R ni , y = (y 1 , ..., y k ) T , y i ∈ R ni by the formulas:

s i = y i + ϕ i , i = 1, 2, ..., k, ϕ 1 = 0, ϕ i+1 = A + i i+1 i j=1 A ij y j + i r=1 ∂ϕi ∂yr r+1 j=1 A rj y j . (22) 
The presented coordinate transformation is linear and nonsingular. The inverse transformation y = Φ -1 s is defined as follows: y i = s i + ψ i , i = 1, 2, ..., k, ψ 1 = 0, The proof is divided into several steps. First, based on implicit Lyapunov function method we design a continuous feedback ensuring global finite-time stabilization. Next, we provide an estimation of the domain in which the continuous feedback may be re-configured as a relay using convex embedding procedure. We continue with the Filippov regularization of the closed-loop relay system. At last, we show the local finite-time stability of the closed-loop system when Filippov solutions are being considered. The construction of the switching surface Γ is the most specific part of proof, since, usually [20], it is depended on the Lyapunov function, which does not have an explicit representation in our case.

ψ i+1 = A +
1) The continuous feedback law providing finite-time stabilization: In the proof we use the a result presented in [30]. Let µ ∈ (0, 1), α > 0, X ∈ R n×n and Y ∈ R n k ×n satisfy the system of matrix inequalities (13). Let Θ ∈ R n×n be given by (7), K := Y X -1 and the positive definite function V : R n → R satisfying Q(V (s), s) = 0 with Q defined by (11) and P := X -1 . It is known [30] that the function V is smooth outside the origin and the continuous feedback law

u con (x(t)) def = ũ(Θx(t)), (23) 
ũ(s) = V 1-µ (s)KD r (V -1 (s))s, (24) 
ensures the inequality

∂V ∂s

Ãs + Bu con (s) + δ ≤ -(αβ)V 1-µ (s), (25) for any δ satisfying (14). Hence, for V max = ∞ the origin of the closed-loop system (1) is globally finite-time stable and the settling-time function is bounded as follows

T (x 0 ) = V µ 0 µ(α -β) , (26) 
where V 0 ∈ R + : Q(V 0 , ΦGx 0 ) = 0. The function V is the Lyapunov function of the closed-loop system [30], which is defined implicitly by means of equation Q(V, s) = 0. If V max < +∞ then the given feedback law guarantees local finite-time stabilization for x 0 ∈ ε(V max ), where ε(V max ) is the level set of the Lyapunov function V (see, Corollary 3).

2) Estimation of attraction domain: As follows we show how the continuous feedback ( 23), ( 24) can be re-configured as a relay feedback using convex optimization arguments. The representation of the continuous feedback ( 23), (24) as a convex combination of the relay vectors v i , i = 1, . . . , N, u con (s) = N i=1 α i (s)v i , α i (s) ≥ 0, N i=1 α i (s) = 1 (27) can be applied locally for this purpose. In contrast to the feedback law (23), (24) the relay control (4) is always bounded. Therefore, the representation (27) holds locally in the domain defined as follows

C U = {z ∈ R n : u con (z) ∈ co(U)} . (28) 
Since u con is the continuous function [30] and u con (0) = 0, then C U is a nonempty compact set. Moreover, due to (3) the inclusion 0 ∈ int{C U } holds. Let V ∈ R + be defined as

V = min V max , sup V ∈R+:ε(V )⊂C U V ,
where V > 0 due to 0 ∈ int{C U }. Below we show that ε(V ) is the finite-time attraction domain of the system (1),( 4), (15).

3) Filippov regularization of the closed-loop relay system: Since the closed-loop system system (1), ( 4), (15) has a discontinuous right-hand side, classical solutions may not exists. In order to describe the system behavior, we considered solution x(t) in the sense of Filippov and construct the differential inclusion ẋ(t) ∈ F (t, x(t)), F (t, x) = Ax+Bco argmin v∈U Γ T (t, x)v +Θ -1 ∆(t, Θx) .

Obviously, the obtained inclusion contains all Filippov solutions of the closed-loop system (1), ( 4), (15). For its finitetime stability analysis Theorem 2 can be utilized.

4) Finite-time stability of the closed-loop relay system: Let us show that the function the implicit Lyapunov function (11) satisfying ( 25) is also Lyapunov function for the system (1) closed by the relay feedback (4), (15). It is sufficient to show that 

Obviously, Γ(t, x) = Γ(Θx) (see, the formula ( 15)). Recall that the implicit function theorem [33] gives ∂V ∂s = -∂Q ∂V -1 ∂Q ∂x . So, we derive the following representation: 

C. Proof of Corollary 8

In [30] it was proven that for any fixed V i ∈ R + the control ( 23), (24) with V = V i is the linear stabilizing feedback for the system (8) and the corresponding quadratic Lyapunov function V i is defined as follows V i (s) = s T P i s, where P i := D r (V -1 i )P D r (V -1 i ) > 0. Hence, the ellipsoid ε(V i ) defined in Corollary 3 is strictly positively invariant set.

Corollary 9 ( [30]): If 1) the conditions (13) of Theorem 4 hold; 2) {t i } +∞ i=0 is an arbitrary sequence of time instances such that 0 = t 0 < t 1 < t 2 < ... and lim i→+∞ t i = +∞; 3) the control has the form (23) with ũ(s) = ũVi (s) on each time interval [t i , t i+1 ), where ũV (s) is defined by (24) and V i ∈ R + : Q(V i , s(t i )) = 0. Then the closed-loop system (1) is globally asymptotically stable.

The convex embedding technique for design relay feedback law using existing linear stabilizing feedback is studied in [20]. Applying this technique to the switching linear feedback described in this corollary (see the condition 3)) we finish the proof of Corollary 8. Note that the ellipsoids ε(V i ) are also strictly positively invariant for the relay feedback.

D. Proof of Proposition 6

For proof of this proposition we use the ideas presented in [30]. Obviously, γI n ≤ P 1/2 H µ P -1/2 + P -1/2 H µ P 1/2 or equivalently γP ≤ P H µ + H µ P . On the one hand, we have γ = γs T D r (V -1 )P D r (V -1 )s ≤ s T D r (V -1 )(P H µ + H µ P )D r (V -1 )s, where (V, s) ∈ R + × R n such that Q(V, s) = 0. On the other hand, 1 = s T D r (V -1 )P D r (V -1 )s ≥ λ min (P )V -2 s T s for s T P s ≤ 1, λ min (P )V -2-2(k-1)µ s T s for s T P s > 1.

Hence, we derive δ T D r (V -1 )R -1 D r (V -1 )δ =

k i=1 β -1 i V -2-2(k-i)µ δ T E i δ ≤ γ V 2µ (β 1 + ... + β k ) ≤ βV -2µ s T D r (V -1
)(P H µ + H µ P )D r (V -1 )s, i.e. the inequality (14) holds.

E. Proof of Proposition 7

If µ = 1 then the control function ũv is continuous outside the origin and bounded for all x ∈ R n . Indeed, since s T D r (V -1 )P D r (V -1 )s = 1 → D r (V -1 )s 2 ≤ 1 λmin(P ) and ũ2 (s) ≤ sD r (V -1 )K T KD r (V -1 )s ≤ λmax(K T K) λmin(P ) . Hence, in order to restrict globally the control magnitude by ũ(s) ≤ u 0 the inequality K T K ≤ u 2 0 P should be added to (13). Therefore, the inequality (19) guarantees that C U is nonempty and all steps of the proof of Theorem 4 can be repeated for µ = 1. Moreover, {s ∈ R n : u con (s) ≤ u max } ⊂ C U , so V = min{V max , +∞} = V max .
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 4 d(s) = I ∈ L for s = 0. If d is uniformly continuous then d(•) : R → R and d(•) : R → R are continuous.

1 1

 1 admits at least two different homogeneous projections d(s 1 )z and d(s 2 )z, s 1 = s 2 to the unit sphere S.

  is called open d-homogeneous ball of the radius r > 0 with the center at z 0 ∈ B. If z 0 = 0 we use the notations S d (r) and B d (r). Obviously, the unit homogeneous sphere S d (1) (resp. ball B d (1)) coincides with the unit sphere S (resp, ball B) in B, so S d (r) = d(ln r)S and B d (r) = d(ln r)B.

Definition 2 . 4 .

 24 A nonempty set D ⊆ B is said to be d-homogeneous cone if D is invariant with respect to dilation d : R → L(B, B), i.e. d(s)z ∈ D for z ∈ D and s ∈ R. Any point z ∈ D belongs to the homogeneous cone D together with the continuous curve (homogeneous curve) Γ d (z) = {y ∈ B : y = d(s)z, s ∈ R}. In particular, if d is the uniform dilation (i.e. d(s) = e s I, s ∈ R), then D becomes the conventional positive cone in B. Example 2.3. Let B = C([0, p], R) and the dilation in B be defined as (d(s)z)(x) = e s-0.5sx/p z(x), where s ∈ R, x ∈ [0, p]. The set

Definition 2 . 5 .

 25 An operator G d : D(G d ) ⊂ B → B defined as G d z = lim s→0 + d(s)zz s is called an infinitesimal generator of a strongly continuous dilation d. The domain of the generator G d is given by

Lemma 2 . 1 . [ 58 ]•

 2158 If the dilation d is monotone on B then the functional • d : B\{0} → R + defined by (2.8) is single-valued and positive. It can be prolonged to zero by continuity since u d → 0 as u → 0. • If d is strictly monotone on B then • d is locally Lipschitz continuous on B\{0}.

e

  -su P e -2su 0 0 e -su u = 1, or, equivalently, V 4 = aV 2 + bV + c, where V = e su = u d and a = p 22 u 2 2 , b = 2p 12 u 1 u 2 , c = p 11 u 2 1 .

Definition 2 .

 2 10. ( Homogeneous extension) A set-valued d-homogeneous operator F : D(F ) ⊂ B ⇒ B is said to be d-homogeneous extension of an operator

Theorem 2 . 1 .

 21 [START_REF] Polyakov | On homogeneous distributed parameters equations[END_REF] Let the nonlinear operator f :D(f ) ⊂ B → B be dhomogeneous of degree ν ∈ R and let x x0 : [0, T ) → B be a solution to (2.18) with the initial condition x(0) = d(s)x 0 then x d(s)x0 (t) = d(s)x x0 (e νs t), s ∈ R, t ∈ [0, e -νs T ), is a solution to (2.18) with the initial condition x(0) = d(s)x 0 .

  3.1, page 135]. The classical solutions can be obtained using [50, Theorem 5.4.6, page 146].

Figure 2 . 1 :

 21 Figure 2.1: Evolution of L 2 -norm of the heat equation with a linear (red dotted line), switched linear (green dashed line) and a non-linear (blue solid line) homogeneous control (plotted in the logarithmic scale) k/r -2µ/1-0.25µ σ(t)

Theorem 2 . 4 (

 24 On Homogeneous Dynamical Feedback). [55] Let d x and d u be dilations in R n and R m , respectively, d := dx(s) 0 0 du(s)
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 1 and α(z) ∈ [0, 1] provided that p 11 = 1, then for P = P /(p 11 ), P = X -1 the stabilizability condition (2.47) holds. So, the considered system can be stabilized in a finite time (due to deg d ( f ) = -1) to zero by means of the d-homogeneous dynamical feedback
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 2223673 Figure 2.2: Simulation plots of e ẋ and e θ for the HG and finite-time observers applied to the nonlinear plant with IC x(0) = (0, -2, π 4 , 1) and K p = 10.
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 2 Fig. 1. The Lyapunov function
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  have been developed. The present paper mostly addresses the control design problem for linear plants providing fixed-time convergence to the given set. The developed design procedure requires only controllability of the system, i.e. rank[B,AB,...,A n-1 B]=n. Some controllers are presented for fixed-time stabilization of the origin. These results are restricted by the case rank[B,AB]=n.

  The paper is organized as follows. The next section discuses finite-time and fixed-time stability concepts. It also extends Lyapunov Function Method to fixed-time stability case. Section 3 states the main problem. Sections 4 and 5 consider control design algorithms for single-input and multiinput systems. Finally, numerical simulations examples and conclusions are presented. DRAFT II. FINITE-TIME STABILITY AND SOME FURTHER EXTENSIONS Consider the following system ẋ = g(t, x), x(0) = x 0 (1)

DRAFT Definition 4 .

 4 The set M is said to be globally fixed-time attractive for the system (1) if it is globally finite-time attractive and the settling-time function T (x 0 ) is bounded by some positive number T max > 0, i.e. T (x 0 ) ≤ T max for x 0 ∈ R n .The property of global finite-time attractivity may demonstrate even some linear systems, but the only nonlinear ones may have fixed-time attractive sets.Denote by D * ϕ(t) the upper right-hand derivative of a continuous function ϕ(t), i.e. D * ϕ(t) := sup lim h→+0 ϕ(t+h)-ϕ(t) h

  ) with the control parameters α 1 =6.3918, α 2 = 13.333, β 1 =β 2 =0.0327. Fig.1(a) and Fig. 1(b) show evolutions of the system states for x(0)=(1,0,0) and x(0)=(10,0,0). Fig. 1(c) presents the plot for the control magnitude. Numerical experiments show that the predetermined settling time(a) x(0) = (1, 0, 0) (b) x(0) = (10, 0, 0) (c) Control magnitude.

Fig. 1 .

 1 Fig. 1. Simulation results for fixed-time attraction.

α 3 =

 3 β 3 = 0.25 provides fixed-time stability of the considered system guaranteing the global settling-time estimate T max =8. Simulations results approve declared property (see Fig. 2). DRAFT (a) x(0) = (1, 0, 0) (b) x(0) = (10, 0, 0) (c) Control magnitude.

Fig. 2 .

 2 Fig. 2. Simulation results for fixed-time stabilization.

  for µ = 1 and α = 0.5, β = 0.2, γ = 10, u 0 = 1: -0.0330, -0.2522, -0.7823, -1.1386).

6. 2 2 = 4 . 5 .

 2245 Fixed-time ILF controlDefine the fixed-time control u in the form(11) with n = 3, µ = 0.5, ν = 0.1, where the matrix k = (-2.9319, -5.6235, -2.6998) are obtained from the LMI(10) with β = 0, α = 1, γ 1 = 4.5, γ In this case the settling time estimate provided by Theorem 9 gives T (x 0 ) ≤ 54.

4 (b) The 4 -

 44 SM nested control[12].

  nested control (c) Comparison of control inputs.

Fig. 1 .

 1 Fig. 1. The simulation results for the HOSM ILF control (Vmin = 0.1) and the 4-SM nested control.

  (1 , 0, 0) T x 0 =(9 , 0, 0) T (c) Control inputs.

Fig. 2 .

 2 Fig. 2. The simulation results for the fixed-time ILF control.

0

  where d(t, s, u) = Θd(t, Θ -1 s, u)+K lin s and K lin ∈ R n×n , A 12 ... 0 ... ... ... ... 0 ... ... A k-1 k 0 ... ... R n×n k ,
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 1 Figure 1: Buck circuit and phase plane

Fig. 1 .

 1 Fig. 1. Scheme of Buck converter

Fig. 2 .

 2 Fig. 2. Evolution of the system state

  1 1 A k-1 2 ... A k-1 k-1 A k-1 k A k1 A k2 ... A kk-1 A kk

  ii+1 s k+1 -i j=1 A ij (s j + ψ j ) . Applying the transformation s = Θx with Θ = ΦG to (1) we derive ṡ =     0 A 12 ... 0 ... ... ... ... 0 ... ... A k-1 k Ãk1 ... ... Ãkk     s + Bu + Θd, that is equivalent to (8) with K lin = BA -1 k k+1 Ãk1 ... Ãkk . B. Proof of Theorem 4

∂s

  Bz ≤ -(1β)V 1-µ (s)for all δ ∈ ∆(t, s) and all s ∈ R n \{0} : s ∈ ε(V ), whereΓ(s) = s T D r (V -1 (s))P D r (V -1 (s)) B T .

  ∂V ∂s = 2V (s)s T Dr(V -1 (s))P Dr(V -1 (s)) s T Dr(V -1 (s))(HµP +P Hµ)Dr(V -1 (s))s , where H µ P + P H µ > 0 (see,(13)). Hence, we conclude that the relation argmin v∈U ΓT (s)v = argmin v∈U ∂V ∂s Bv holds for any s ∈ R n \{0}. Moreover, the inequality ∂V ∂s Bz ≤ ∂V ∂s Bv i , holds for any v i ∈ U and any z ∈ argmin v∈U ΓT (s)v. Using the standard convexity arguments, it can be easily shown that this inequality also holds for any z ∈ co argmin v∈U ΓT (s)v . Therefore, we derive ∀α i ≥ 0 : N i=1 αi = 1 and ∀z ∈ co argmin v∈U ΓT (s)v .Finally, taking into account the representation (27) of the control law (23),(24) and the equality (25) we derive with αi = α i (s), i = 1, . . . , N, the representation∂V ∂s Ãs+δ + N i=1 α i (s) ∂V ∂s Bv i ≤ -(αβ)V 1-µ , N i=1 α i (s) = 1, α i(s) ≥ 0 for any δ ∈ ∆(t, s) and any s ∈ ε(V ). The obtained representation completes the proof.
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1: Some properties of linear and homogeneous systems

  • . The next corollary is the straightforward consequence of Proposition 2.5 in the case B = R n .

	where 0 ≺ P = P ∈ R n×n is a positive definite symmetric matrix. The dilation d is strictly monotone in R n equipped with the norm z = z, z
	if and only if the following linear matrix inequality holds	
	P G d + G d P 0,	(2.6)
	where G d ∈ R n is the generator of the dilation d. Moreover, one has	
	e αs ≤ d(s) ≤ d(s) ≤ e βs if s ≤ 0, e βs ≤ d(s) ≤ d(s) ≤ e αs if s ≥ 0,	(2.7)
	Corollary 2.2. [55] Let d be a dilation in the Euclidean space B = R n with
	the scalar product	
	u, v = u P v, u, v ∈ R n ,	

  20), (2.21), (2.26), (2.27) has a unique strong solution and

  2, ..., n. The only problem is to select N such that (2.41) is fulfilled. To illustrate the proposition 2.6 we consider the system (2.38), (2.39), (2.43) for n = 2. Selecting δ min = 1, δ max = 1.4 we solve the LMI (2.42):

	P =	1.1214 0.4247 0.4247 0.2327
		Q =	1.9403 0.4410 0.4410 0.1330

and K = -10.8695 -6.2376 .

One can be checked numerically (e.g. using a sufficiently dense grid on the unit sphere {z ∈ R n : z P z = 1}) that the homogeneous norm (2.43) with satisfies 1 ≤ N (z) ≤ 1.4 for z P z = 1, i.e. the condition (2.41) holds.
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  holds, i.e. d i (t, x) ≡ 0 for i = 1, ..., n -1 and d = (d 1 , ..., d n ) T . In this case the condition (6) becomes |d n (t, x)| ≤ β and the term βI n in (4) can be replaced with βE, where the matrix E = {e ij } ∈ R n×n has only one nonzero element:

  0 n1×ni ... 0 n1×n k ×n1 ... 0 n k ×ni ... Note that if E i d = 0 just for some i = i 1 , i 2 , ..., i p then Theorem 4 stays true even when the term R in the LMI (13) is replaced with(E i1 +E i2 +...+E ip )R(E i1 +E i2 +...+E ip ).Proposition 6: Let X ∈ R n×n be a solution of the LMI system (13) with R = diag{β 1 I n1 , β 2 I n2 ..., β k I n k }, β i ∈ R + : β = β 1 + ... + β k < α and P = X -1 . If δ T E i δ ≤ β 2 i γ λ min (P )s T s 1+(k-i-1)µ if s T P s ≤ 1,λ min (P )s T s

					
	... 0 ni×n1 ... ... ... ...	... I ni ...	... ... 0 ni×n k ... ... ...	    	. (17)
	0 n k 0 n k		
		1+(k-i-1)µ		
		1+(k-1)µ		

if s T P s > 1,

A function xx 0 : [0, T ) → B is a classical solution to (2.18) if xx 0 (0) ∈ D(A), xx 0 (t) ∈ D(A)and ẋx 0 (t) = g(xx 0 (t)) for all t ∈ (0, T ).

A continuous function u : [0, T ) → H which is differentiable almost everywhere on [0, T ] such that u ∈ L 1 ((0, T ), H) is called strong solution to the initial value problem (2.20), (2.21), (2.26), (2.27) if u(t) ∈ D(A) for t ∈ (0, T ), u(0) = u 0 and there exists a (locally) piecewise constant function σ : [0, T ) → Z such that σ satisfies (2.27) on (0, T ) and u(t) = Au(t) + Bξ σ(t) (u(t)) almost everywhere on (0, T ).

The numerical simulations have been done using the explicit Euler method with sampling period 10 -4 .
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I. INTRODUCTION

Finite-time stability and stabilization problems have often been a subject of research [13],

[4], [19], [21]. The control theory provides many systems that exhibit finite-time convergence to the equilibrium. Frequently such systems appear in observation problems when finite-time convergence of the observed states to the real ones is required [3]. The high order sliding mode control algorithms also provide finite-time convergence to the origin [16], [20], [17], [22].

Typically such controllers have mechanical and electromechanical applications [2], [11], [5]. 

C. Fixed-time stability

In this subsection we assume rank[B, AB]=n. Then Algorithm 1 terminates after the first recursive step, so the transformation y = Gx brings the original system to the form

where

Theorem 4. Let the controller u(t, y), y = (y T 1 , y T 2 ) T ∈ R n has the form:

where

Then the origin of the closed-loop system (10) is globally fixed-time stable with the settling-time function bounded by T max .

Proof: First of all remark that A 12 (A ⊥ 12 ) + = 0 and A ⊥ 12 A + 12 = 0. Denote z = A 11 y 1 + A 12 y 2 . In this case the system (10) can be rewritten in the form

. Following the proof of Theorem 2 we similarly show that y 1 (t) = 0 and z(t) = 0 for all t ≥ T max . Hence A 12 y 2 (t) = 0 for all t ≥ T max . Taking into account formulas for u d and u p we obtain ṡ2 = -γ 0 (t, y) A

2 ) [ 1 2 ] +A ⊥ 12 A 23 γ. Hence it can be easily shown that s 2 (t) = A ⊥ 12 y 2 (t) = 0 for all t ≥ T max . Theorem 4 extends the "nested" second order sliding mode control and the fixed-time controller presented in Theorem 2 to the multi input case.

Remark that the control (11) has the form closed to classical sliding mode controllers [24].

The equivalent control term u eq compensates the inner dynamic of the system, the switching term u d ensures the sliding mode existence and the new additional term u p has the form required for fixed-time stability.

For n 1 =n 2 we have ker(A 12 )=∅, so the terms with A ⊥ 12 and (A ⊥ 12 ) + presented in (11) disappear.

DRAFT Σ 2 = {x ∈ R n : V 2 (x) > 1} and prove that Σ 1 = Σ 2 . Suppose the contrary, i.e. ∃z ∈ R n such that z ∈ Σ 1 and z / ∈ Σ 2 . On the one hand,

Therefore, due to C6) and C4) the function V : R n → R defined by the equality

The function V is Lipschitz continuous outside the origin and has the following Clarke's gradient [34]:

Hence, due to conditions C7) and C8), the inequality

, holds for almost all t such that x(t, x 0 ) = 0, where x(t, x 0 ) is a solution of the system (2) with the initial condition x(0) = x 0 . This implies the fixed-time stability of the origin of the system (2) with the estimate of settling-time function given above. Please see [23] or [24] for more details.

Control design using Implicit Lyapunov Function Method

Finite-Time Stabilization

Introduce the implicit Lyapunov function candidate

where

The function Q is an implicit analog of the quadratic Lyapunov function. Indeed, for µ = 0 the equality Q(V, x) = 0 gives V (x) = √ x T P x. For µ = 1 it is coincides with the implicit Lyapunov function considered in [26]. Theorem 6 (Finite-time Stabilization) Let 1) µ ∈ (0, 1], α, β, γ ∈ R + such that α > β and the system of matrix inequalities

is feasible for some X = X T ∈ R n×n and y ∈ R 1×n ;

2) the control u has the form

where

3) the function d(t, x) satisfy the inequality

then the closed-loop system (1) is globally uniformly finitetime stable and T (x) ≤ γV µ µ(α-β) , where Q(V, x) = 0.

Proof. It can be shown that the following inequalities

where z 1 = D r (V -1 )x, z 2 = D r (V -1 )d, the matrix W := 1 V µ P (A+bk) + (A+bk) T P + αP P P -V µ β I n is negative semidefinite due to (4) and the Schur complement. Since z T 1 P z 1 = 1 and z T 2 z 2 ≤ β 2 V -2µ by ( 6) then the condition C5bis) of Theorem 4 holds for c = (αβ)/γ.

Let us make remarks about the presented control scheme:

• The practical implementation of the control (5) requires to find the solution V (x) of the equation Q(V, x) = 0, which can be solved numerically and on-line using the current value of the state vector. A simple numerical scheme that can be utilized for this purpose is presented in Section 5. • If n = 2 and µ = 1 the function V (x) can be found analytically. Indeed, the equation Q(V, x) = 0 becomes V 4p 22 x 2 2 V 2 -2p 12 x 1 x 2 Vp 11 x 2 1 = 0, where {p ij } are elements of the matrix P > 0 and