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Ī Ī < Iref
μu = μc

p̄

P (λ) +Q(λ)

∫ +∞

0

p̄(x)e−λxdx = 0,

P 3 Q
λ ∈ C �(λ) < 0 λ �(λ) > 0

τ ∗

p̄ = δτ∗ p̄ = δτ , τ < τ ∗

τ ∗

P 1 Q



τ
τ

P 3

4

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dψ∗
s

dt
= −β(ψ∗

s + ψ∗
r)ψ

∗
s − μ∗

ndψ
∗
s +

∫∞
0

φs(t, x)αs(x)dx,
dψ∗

r

dt
= −β(ψ∗

s + ψ∗
r)ψ

∗
r − μ∗

ndψ
∗
r +

∫∞
0

φr(t, x)αr(x)dx,
dψs

dt
= γβ(ψ∗

s + ψ∗
r)ψ

∗
r − μndψs − ζs0ψs,

dψr

dt
= γβ(ψ∗

s + ψ∗
r)ψ

∗
r − μndψr − ζr0ψr,

∂φs

∂t
(t, x) + ∂

∂x
φs(t, x) = −μ(x)φs(t, x)− αs(x)φs(t, x),

∂φr

∂t
(t, x) + ∂

∂x
φr(t, x) = −μ(x)φr(t, x)− αr(x)φr(t, x),

φs(t, 0) = ζs0ψs(t),

φr(t, 0) = ζr0ψr(t),

s, r

φ(t, x) x t

ψ∗(t)

ψ(t) t



β
ψ̄∗
s + ψ̄∗

r

E0 = (0, 0, 0, 0, 0, 0).

Es = (ψ̄∗
s , ψ̄s, φ̄s(x), 0, 0, 0) Er = (0, 0, 0, ψ̄∗

r , ψ̄r, φ̄r(x)).

Ep = pEs + (1− p)Er, p ∈ (0, 1).

E0

Es = (ψ̄∗
s , ψ̄s, φ̄s(x), 0, 0, 0)

Er = (0, 0, 0, ψ̄∗
r , ψ̄r, φ̄r(x))

β(ψ̄∗
s) < β(ψ̄∗

r) Es Er
β(ψ̄∗

r) < β(ψ̄∗
s) Er Es

β(ψ̄∗
r) = β(ψ̄∗

s)

pEs + (1− p)Er, p ∈ (0, 1)

β β

Es Er
Er



⎧⎪⎨
⎪⎩

U ′
0(t) = rU0(t)

(
1− U0(t)

K(Un(t))

)
− δU0(t),

U ′
n(t) = −μnUn(t) + he−μτH(Un(t− τ))U0(t− τ).

(U0(t), Un(t)) = (φ(t), ψ(t)), t ∈ [−τ, 0], (φ, ψ) ∈ C([−τ, 0],R2).

U0 Un

λ = iω

P (λ, τ) +Q(λ, τ)e−λτ = 0

P,Q λ

τ





τ μc = μu

g = 1



K
K







10
5 × 109 200

400



90%

τ
P N

G0{
dP
dt

= −γP + β(N)N − β(Nτ )Nτe
−γτ , τ < t,

dN
dt

= −δN − β(N)N + 2β(Nτ )Nτe
−γτ , τ < t.

γ
δ Nτ = N(t − τ) 2

β



β

β(N) = β0
θn

θn +Nn
,

β0, θ n β0

G0 θ G0

30 50





10 − 20%
20%

≤ 0.1%
MR4

≤ 0.01% MR4.5 4.5
≤ 0.0032% MR5

≤ 0.001%

α
α

α



80%



−α

4







α

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

y′0 = b1y1 − a0y0 − μ y0z
1+εy23

,

y′1 = a0y0 − b1y1 + ry1(1− y1
K
)− d1y1 − μ y1z

1+εy23
,

y′2 =
a1

inh1
y1 − d2y2 − μ y2z

1+εy23
,

y′3 =
a2

inh2
y2 − d3y3 − μ y3z

1+εy23
,

z′ = s− dz + αy3z
1+εy23

,

y0 y1
r K

y2 y3 z

b1, a0, a1, a2 d1, d2, d3, d μ
ε

inh1, inh2

αy3



y1 y2
z y1

1 + εy23 y3, y1

f

f(y2) = d− αy2
1 + εy22

.

f

⎧⎪⎨
⎪⎩
y′1 = ry1(1− y1

K
)− d1y1 − μy1z,

y′2 = a1y1 − d2y2 − μy2z,

z′ = s− f(y2)z

r
K f C2



5× 109 1
4× 109

13
11 17 del(13q)

del(11q) del(17p)





> 15000/mcL
> 40%

11.0g/dL
< 33%

100000/mcL

Hb < 10g/dl

< 1011/L



2H2O
2H





0.8%± 0.5%



90% 81%
43%

4%

4%
5%



TH

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dB
dt

= bB + (r − dB)B − dBNBN − dBTBT,
dN
dt

= bN − dNN − dNBNB,
dT
dt

= bT − dTT − dTBTB + kaTH

BL

s+BLTH ,
dTH

dt
= bTH

− dTH
TH + aTH

BL

s+BLTH .

bB, bN , bT , bTH

dB, dN , dT , dTH
dBN , dBT,dNB, dTB

r kaTH

BL

s+BLTH

k CD4+

aTH

BL

s+BLTH

dBT

aTH
bB



{
dx
dt

= −mx− d1(x− c),
dy
dt

= mx− d2y,

x y d1, d2
m c



x ∈ R
+

x = 0 ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dc
dt

= rc(1− c
K
)− μccz

∂u
∂t
(t, x) + g ∂u

∂x
(t, x) = h(x)u(t, x)− μuu(t, x)z

gu(t, 0) = ac(t)
dz
dt

= s− S(I)z

(c0, u0, z0) ∈ R+×L1
+(R+)×R+

c(t)

u(t, x) x t
I =

∫∞
0

w(x)u(t, x)dx w

z(t) t

μu, μc

S w

S
I0

S (0, I0) (I0,+∞).

h
x h(x) = p(x) − d(x) h

h x



(0, 0, 0)
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H(Ūn)
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u = u0(x),

c(0) = c0,

z(0) = z0.

Φ t ∈ (0, T )

T 0 ≤ t ≤ T

0 ≤ c ≤ Bc Bc = max{K, c0},

u(t, x) ≤
{
u0(x− gt)e

H(x)−H(x−gt)
g , x− gt > 0,

aBce
H(x)

g , x− gt ≤ 0
,

H(x) =
∫ x

0
h(y)dy ∫∞

0
u(t, x)dx∫ ∞

0

u(t, x)dx ≤ Bu < ∞,

Bu = Bu(I0, T ) I0 =
∫∞
0

u0(x)dx



0 ≤ z ≤ Bz(z0, T )
Bz(z0, T ) =

(
z0 + s

S∞
)
eS

∞t − s
S∞ , S∞ = max(0, sup(−S))

z
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‖δū(t)‖.

d(Φn(ū)Φn(v̄)) ≤
(
C̄(T )eC(T )TT

)n
n!︸ ︷︷ ︸

<1

d(ū, v̄).

Φ

z c [0, T ] u t [0, T ]
T



(DFE) (0, 0, s
S(0)

)

S

(0, 0, s
S(0)

)

Ī =
∫∞
0

w(x)ū(x)dx

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
c̄ = K

r

(
r − μc

s
S(Ī)

)
,

ū(x) = a
g
K
r

(
r − μc

s
S(Ī)

)
e

H(x)
g

−μu
s

S(Ī)
x
g ,

z̄ = s
S(Ī)

.

I

S(Ī) > μcs
r

Ī F (I) = I F

F (I) =

∫ ∞

0

a

g

K

r

(
r − μc

s

S(I)

)
w(x)e

H(x)
g

−μu
s

S(I)
x
g dx.

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
0 = rc̄(1− c̄

K
)− μcc̄z̄,

g dū
dx
(x) = h(x)ū(x)− μuū(x)z,

gū(0) = ac̄,

0 = s− S(Ī)z̄.

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
0 = c̄((r − rc̄

K
)− μcz̄),

ū(x) = ū(0)e
1
g

∫ x
0 h(s)ds− 1

g
μuz̄x,

gū(0) = ac̄,

z̄ = s
S(Ī)

.



c̄ = 0 ū(0) = 0 ū(x) = 0 z̄ = s
S(0)

(c̄, ū, z̄) = (0, 0,
s

S(0)
).

c̄ �= 0 c̄ = K − μcz̄
r

z̄ = s
S(Ī)

S(I) > 0 z̄ > 0 S(Ī) > μcs
r

c̄ > 0
ū

rS(0)− μcs > 0

rS(I)−μcs Imin, Imax

I (0, Imin)

I (Imax,∞)

rS(0) − μcs ≤ 0
(ymax,+∞))

f(I) =
μu

μc

1

g

(
r − μc

s

S(I)

)
,

ψ

ψ(x) = a
μcK

rμu

w(x)e
1
g

∫ x
0 h(s)ds− rμu

μcg
x,

F

F (I) = f(I)

∫ ∞

0

ψ(x)ef(I)xdx.

f f(0) = μu

μc

1
g
(r− μcs

S(0)
) = μu

μcg
S(0)r−μcs

S(0)
> 0

f

f ′(I) =
sμu

g

S ′(I)
S(I)2

F

F ′(I) = f ′(I)
∫ ∞

0

ψ(x)ef(I)xdx+ f(I)f ′(I)
∫ ∞

0

xψ(x)ef(I)xdx.

f S



f R+
F (I)− I R+

0 +∞ F (∞)

f Imin f (0, Y )
Y

Imin [O, Y ] F (I)− I 0 Imin

[0, Imin]
f Imax

Y ≤ Imax S ′(I) ≥ 0 [Imax,+∞[
F [Imin, Imax]

I ]Imax,+∞[⊂]Y,+∞[
Imax > F (0)

ymax

F

f f(0) = μu

gμc

S(0)r−μcs
S(0)

≤ 0 f

Y f f
f

(ymax,+∞)

S(I) R
+

(T (t))t≥0

C0{
T (t+ s) = T (t)T (s) for all t, s ≥ 0

T (0) = I

ξx : t → ξx(t) := T (t)x

R
+ X x ∈ X



t → T (t)

R
+ X

A : D(A) ⊂ X → X
(T (t))t≥0 X

Ax := ξ̇x(0) = limh→0
T (h)x− x

h
,

x

D(A) := {x ∈ X : ξx is differentiable}.
A : D(A) ⊆ X → X

Pσ(A) = {λ ∈ C : λ− A

λ ∈ Pσ(A) A x �= 0 ∈ D(A)
(λ− A)x = 0 A λ

A

Aσ(A) = {λ ∈ C : λ− A rg(λ− A) }
λ ∈ Aσ(A) A

A

Rσ(A) = {λ ∈ C : rg(λ− A) }

A : D(A) ⊂ X → X λ ∈ C

λ ∈ Aσ(A) (xn)n∈N ⊂ D(A)
||xn|| = 1 limn→∞||Axn − λxn|| = 0

(A,D(A)) (T (t))t≥0

Pσ(T (t))\{0} = etPσ(A)

Rσ(T (t))\{0} = etRσ(A)

t ≥ 0



A : D(A) ⊂ X → X

s(A) = sup{�(λ) : λ ∈ σ(A)}
A

ω0 = inf{ω ∈ R| Mω ≥ 1 : ||T (t)|| ≤ Mωe
ωt t ≥ 0}

A

A
(T (t))t≥0

−∞ ≤ s(A) ≤ ω0 = inft>0
1

t
log||T (t)|| = limt→∞

1

t
log||T (t)||

=
1

t0
logr(T (t0)) < ∞

t0 > 0 T (t)

r(T (t)) = eω0t,

t ≥ 0.

(T (t))t≥0 ω ∈ R M ≥ 1

||T (t)|| ≤ Meωt

t ≥ 0

(c̄, ū, z̄) (c(t), u(t, x), z(t))
(δc, δu, δz) = (c− c̄, u− ū, z − z̄)⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

dδc
dt

= (r − 2rc̄
K

− μcz̄)δc− μcc̄δz − μcδcδz,
∂δu
∂t

(t, x) + g ∂δu
∂x

(t, x) = h(x)δu(t, x)− μuz̄δu(t, x)− μuū(x)δz(t)− μuδuδz,

gδu(t, 0) = aδc(t),
dz
dt

= −S(Ī)δz − z̄S ′(Ī)δI,

(−S(Ī + δI) + S(Ī) + S ′(Ī)δI)z̄ + (−S(Ī + δI) + S(Ī))δz.



L

Ẏ = LY + ω(t),

Y (t) =

⎛
⎝ c(t)
u(t, .)
z(t)

⎞
⎠ ,

ω(t, x) =

⎛
⎝ −μcδc(t)δz(t),

−μuδu(t, x)δz(t),
(−S(Ī + δI(t)) + S(Ī) + S ′(Ī)δI(t))z̄ + (−S(Ī + δI(t)) + S(Ī))δz(t)

⎞
⎠ .

(c̄+ δc(0), ū+ δu(0, .), z̄ + δz(0)) ≥ 0

I
Ī + δI

Ī + δI(t) ≤ B,

K

|(S(Ī+δI(t))−S(Ī)−S ′(Ī)δI(t))z̄−(S(Ī+δI(t))−S(Ī))δz(t)| ≤ K(|δI|2+|δz|2).

K

‖ω(t)‖X ≤ K‖(δc, δu, δz)‖2X .
TL

(
δc, δu, δz

)
(t) = TL(t)

(
δc, δu, δz

)
(0) +

∫ t

0

TL(t− s)ω(s)ds.

∥∥(δc, δu, δz) (t)∥∥ ≤ ‖TL(t)‖
∥∥(δc, δu, δz) (0)∥∥+K

∫ t

0

‖TL(t− s)‖ ∥∥(δc, δu, δz) (s)∥∥2
ds.

M, λ0 ‖TL(t)‖ ≤ Me−λ0t y =∥∥(δc, δu, δz) (t)∥∥
y(t) ≤ Me−λ0ty0 +KM

∫ t

0

e−λ0(t−s)y2(s)ds,



y(t)eλ0t ≤ My0 +KM

∫ t

0

e−λ0s(y(s)eλ0s)2ds,

y0 ≤ λ0

4M2K

y(t)eλ0t ≤ 1

2

(
λ0

MK
+

√
(
λ0

MK
)2 − 4

λ0y0
K

)
.

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

dc
dt

= (r − 2rc̄
K

− μcz̄)c− μcc̄z,
∂u
∂t
(t, x) + g ∂u

∂x
(t, x) = h(x)u(t, x)− μuūz − μuuz̄,

u(t, 0) = ac(t)
g

,
dz
dt

= −S(Ī)z − z̄S ′(Ī)I,

I =
∫ +∞
0

w(x)u(t, x)dt

T (t) X = R× L1(R+)× R{
T (t) : X → X

(c0, u0(x), z0) �→ (c(t), u(t, x), z(t)),

(L)
A R×W 1,1(R+)×R

⎛
⎝ dc

dt
∂u
∂t
dz
dt

⎞
⎠

⎛
⎝c
u
z

⎞
⎠

(c̄, ū, z̄) λ
�(λ) > −μuz̄

Eλ(x) =
a

g
e

1
g
(
∫ x
0 h(s)ds−μuz̄x)e−

λx
g

M(λ)

M(λ) =

[
λ+ 2 rc̄

K
− r + μcz̄ μcc̄

S ′(Ī)z̄
∫∞
0

w(x)Eλ(x)dx λ+ S(Ī)− z̄μuS
′(Ī)

∫∞
0

w(x)ū(x)
∫ x

0
e
−λ(x−y)

g

g
dydx

]

M λ



det(M) �= 0 (A− λ) λ

λ A detM = 0

λ
(C,U, Z)⎧⎪⎪⎪⎨

⎪⎪⎪⎩
(λ+ 2 rc̄

K
− r + μcz̄)C + μcc̄Z = c1,

λU(x) + g dU(x)
dx

− h(x)U(x) + μuz̄U + μuūZ = u1(x),

gU(0) = aC,

λZ + S(Ī)Z + z̄S ′(Ī)
∫∞
0

w(x)U(x)dx = z1.

U(x) = CEλ(x)− μuZ

g

∫ x

0

Eλ(x)

Eλ(y)
ū(y)dy +

∫ x

0

Eλ(x)

Eλ(y)
u1(y)dy,

∫ +∞

0

w(x)U(x)dx =

C

∫ +∞

0

w(x)Eλ(x)dx−μuZ

g

∫ +∞

0

w(x)

∫ x

0

Eλ(x)

Eλ(y)
ū(y)dydx+

∫ +∞

0

w(x)

∫ x

0

Eλ(x)

Eλ(y)
u1(y)dydx.

JC(λ) =
∫ +∞
0

w(x)Eλ(x)dx,

JZ(λ) = 1
g

∫ +∞
0

w(x)
∫ x

0
Eλ(x)
Eλ(y)

ū(y)dydx,

J1(λ) =
∫ +∞
0

w(x)
∫ x

0
Eλ(x)
Eλ(y)

u1(y)dydx.

∫ +∞

0

w(x)U(x)dx = CJC(λ)− μuZJ
Z(λ) + J1(λ).

�(λ) > −μuz̄ u1 ∈ L1
∫ x

y
h

y < x Eλ(x)/Eλ(y) Ke−(	(λ)+μuz̄)(x−y) = Ke−ε(x−y)

ε > 0

‖Eλ‖1 ≤ K

ε
,

∥∥∥∥
∫ x

0

Eλ(x)

Eλ(y)
ū(y)dy

∥∥∥∥
1

≤ K

ε
‖ū‖1,

∥∥∥∥
∫ x

0

Eλ(x)

Eλ(y)
u1(y)dy

∥∥∥∥
1

≤ K

ε
‖u1‖1.



C,Z⎧⎪⎨
⎪⎩
(λ+ 2 rc̄

K
− r + μc)C + μcc̄Z = c1,

z̄S ′(Ī)JC(λ)C + (λ+ S(Ī)− μuz̄S
′(Ī)JZ(λ))Z

= z1 − z̄S ′(Ī)J1(λ).

Eλ(x)

Eλ(y)
ū(y) = ū(x)e−λ(x−y),

M(λ)

(
C
Z

)
=

(
c1

z1 − z̄S ′(Ī)J1(λ)

)
.

0

(A − λ)

ω0 ≤ max(−μuz̄, s(A))

s(A) = supλ∈σ(A) �(λ) s(A) < 0

σ(T (t))

μ T (t) xn
0

limn→+∞||T (t)x0
n − μxn

0 || = 0,

x0 μ eλt

c0ne
λt, u0

n(x)e
λt, z0ne

λt.
TL(t) eλt �(λ) > −μuz̄



x0
n ‖TL(t)x

0
n − eλtxn

0‖ → 0 c0n, u
0
n, z

0
n

x0
n cn(s), un(s), zn(s)
c0n, u

0
n, z

0
n

sup
[0,t]

|cn(s)|+
∫ ∞

0

|un(s, x)|dx+ |zn(s)| ≤ M max(1, eω0t).

c, z

sup
[0,t]

|cn(s)− c∞(s)|+ |zn(s)− z∞(s)| → 0.

un

un(t, x) =

{
u0
n(x− gt) E0(x)

E0(x−gt)
− μuū(x)

∫ t

0
zn(s)ds, x− gt > 0,

cn(t−x/g)
g

E0(x)− μuū(x)
∫ x/g

0
zn(t− x/g + s)ds, x− gt < 0

u0
n [0, gt]

u0
n(x) → e−λt

⎛
⎝c∞

(
t− x

g

)
g

E0(x)− μuū(x)

∫ t

t−x/g

z∞ (s) ds

⎞
⎠

=
e−λ(t−x/g)c∞

(
t− x

g

)
g

Eλ(x)− e−λtμuū(x)

∫ t

t−x/g

z∞ (s) ds.

E0(x)

E0(x− gt)
e−λt =

Eλ(x)

Eλ(x− gt)
,

E0(x+ gt)

E0(x)
ū(x) = ū(x+ gt),

c∞(t) = c∞(0)eλt s �→ c∞(s)e−λs

c∞p (.) R z∞p (.)

u∞(x) =
c∞p

(
t− x

g

)
g

Eλ(x)− μuū(x)

∫ t

t−x/g

eλ(s−t)z∞p (s) ds.

T (t)
eλt

λ ≤ s(A)
0 un

0 → u∞

L1



∞ c, z un
0

R > 0

‖T (t)xn‖ =

∫ ∞

R

|un(t, x)|dx+ o(1) ≤ ‖un
0‖ sup

R,∞

E0(x+ gt)

E0(x)
+ o(1).

eλt ≤ lim sup
x→+∞

E0(x+ gt)

E0(x)
= lim sup

x→+∞
e
∫ x+gt
x

h−μuz̄
g ≤ e−μuz̄t.

eλt ≤ e−μuz̄t λ ≤ −μuz̄

ω0 ≤ max(−μuz̄, r − μcs/S(0),−S(0))
r − μcs/S(0) > 0 r − μcs/S(0) < 0

c̄ = 0, ū = 0, z̄ = s/S(0) M(λ)
det(M(λ)) = (λ − r + μcs/S(0))(λ + S(0)) max(−μuz̄, r −

μcs/S(0),−S(0)) > 0 s(A) ≥ ω0 s(A) = ω0

S

(c, u,−z)
z

detM(λ)

2 rc̄
K
+μcz̄− r = rc̄

K

detM(λ) =
(
λ+

rc̄

K

)(
λ+ S(Ī)− z̄μuS

′(Ī)
∫ ∞

0

w(x)ū(x)

∫ x/g

0

e−λydydx

)

− μcc̄S
′(Ī)z̄

∫ ∞

0

w(x)Eλ(x)dx.

�(λ) > −min( rc̄
K
, μuz̄) S ′(Ī) > 0

�(Eλ(x)) ≤ |Eλ(x)| ≤ E	(λ)(x),

∣∣∣∣ 1

(λ+ a)

∣∣∣∣ ≤ 1

�(λ) + a
,�(λ) + a > 0.



∣∣∣∣ detM(λ)

(λ+ rc̄
K
)(λ+ S(Ī))

∣∣∣∣ ≥1− z̄μuS
′(Ī)

∫ ∞

0

w(x)ū(x)

∫ x/g

0

e−	(λ)y

�(λ) + S(Ī)
dydx

− μcc̄S
′(Ī)z̄

∫ ∞

0

w(x)
E	(λ)(x)

(�(λ) + rc̄
K
)(�(λ) + S(Ī))

dx

=
detM(�(λ))

(�(λ) + rc̄
K
)(�(λ) + S(Ī))

.

λ det(M(λ)) = 0
det(M(�(λ)) < 0

λ �→ detM(λ)

(λ+ rc̄
K
)(λ+ S(Ī))

R ]−min( rc̄
K
, μuz̄, S(Ī)),+∞[

det(M)
λ �(λ) ≥ −min( rc̄

K
, μuz̄, S(Ī)) ω0 < 0

det(M) > 0 ω0

det(M(0)) > 0 ω0 < 0
2 2

I

det(M(0))

det(M(0)) =1− z̄μuS
′(Ī)

∫ ∞

0

w(x)ū(x)
x

gS(Ī)
dydx

− μcc̄S
′(Ī)z̄

∫ ∞

0

w(x)
E0(x)
rc̄
K
S(Ī)

dx

=1− F ′(Ī).

ω0 F ′(Ī) − 1
F F

F ′(Ī) > 1 F ′(Ī) < 1
ω0 F



ymax

1−F ′(Ī) F ′(Ī) < 1
Ī

c̄, Ī , z̄

p̄(x) =
w(x)ū(x)∫∞

0
w(y)ū(y)dy

=
w(x)ū(x)

Ī
,

λ > −min(
rc̄

K
, μuz̄, S(Ī)).

S ′(I) < 0

λ > −min(
rc̄

K
, μuz̄, S(Ī)) −→ det(M(λ))

(λ+ rc̄
K
)(λ+ S(Ī))

> 0

�(λ) > −min(
rc̄

K
, μuz̄, S(Ī))



P (λ) +Q(λ)

∫ ∞

0

w(x)ū(x)

Ī
e−λx

g dx = 0,

P,Q

P (λ) = λ3 + (R + S)λ2 + (RS +D)λ+DR,

Q(λ) =

(
μc

μu

− 1

)
Dλ−DR,

R =
rc̄

K
, S = S(Ī), D = −μus

S ′(Ī)Ī
S(Ī)

.

0
λ det(M) λ �= 0

λ

∫ x/g

0

e−λydy = (1− e−λx/g).

λdet(M(λ)) = λ(λ+R)(λ+ S)− z̄μuS
′(Ī)Ī(λ+R)+

z̄μuS
′(Ī)(λ+R)(

∫ ∞

0

w(x) ¯u(x)e−λx/gdx)− λμuc̄S
′(Ī)c̄

∫ ∞

0

1

c̄
w(x) ¯u(x)e−λx/gdx.

D = −μus
S′(Ī)
S(Ī)

Ī

p̄

c̄, Ī , z̄
p̄ S ′(Ī)

p̄ = γ0e
−γ0x

−μuz̄

λ(λ+R)(λ+ S) +D(λ+R) +D

((
μc

μu

− 1

)
λ−R

)
γ0

γ0 +
λ
g

= 0.



0

(λ+ γ0g)(λ+R)(λ+ S) +D(λ+R +
gμc

μu

) = 0.

�(λ) ≤ −min(R, S, γ0g) < 0.

μc ≤ μu χ

μc ≤ μu

χ(−R− S − γ0g) < 0.

χ(−R) > 0 λ1 χ −R−S−γ0g <
λ1 < −R

z, z̄
z, z̄ χ

2�(z) + λ1 = −R− S − γ0g.

�(z) < 0

τ

μc = μu g = 1

μc = μu

λ(λ2 + (R + S)λ+RS +D) +DR

∫ +∞

0

(1− e−λx
g )
w(x)ū(x)

Ī
dx = 0.

R2 λ̄ = λ
R

S̄ = S
R

D̄ = D
R2 .

λ̄(λ̄2 + (1 + S̄)λ̄+ S̄ + D̄) + D̄

∫ +∞

0

(1− e−y λ̄
g )
w( y

R
) ¯u( y

R
)

Ī
d(

y

R
) = 0.

X p̄(x)dx Y = RX
p̄( y

R
)dy
R

τ Rτ Y
1, S̄, D̄

X R, S,D



λ((λ+ 1)(λ+ S) +D) +DE[1− e−λY ] = 0,

δτ
iω ω > 0

−iω3 − ω2(1 + S) + iω(S +D) +D = De−iωτ .

(ω3 − (S +D)ω)2 + (ω2(1 + S)−D)2 = D2.

y = ω2

y2 + y(S2 + 1− 2D) + S2 +D2 − 2D = 0,

0 y
D

D2 − 2D(y + 1) + y2 + y(1 + S2) + S2 = 0.

D ω2

ω2 D

D(ω) ω > 0

(1− S2)(ω2 + 1) ≥ 0

D± = ω2 + 1±
√
(1− S2)(ω2 + 1).

S D

S ≤ 1,

D ≥ 1−
√
1− S2.



D

Pω2(D) = D2 − 2D(ω2 + 1) + (ω4 + S2 + ω2(1 + S2)).

R− Pω2(0) > 0

Δ = 4(ω2 + 1)2 − 4(ω4 + S2 + ω2(1 + S2)) = 4(1− S2)(ω2 + 1),

D−

ω2
+ =

1

2

(
2D − 1− S2 + (1− S2)

√
1 +

4D

1− S2

)
.

D ≥ (
1 +

√
1− S2

)
ω2
− =

1

2

(
2D − 1− S2 − (1− S2)

√
1 +

4D

1− S2

)
.

⎧⎪⎨
⎪⎩
∀D ≥ (

1 +
√
1− S2

)
, D−(ω+(D)) = D,

∀D ≥ (
1 +

√
1− S2

)
D+(ω−(D)) = D,

∀ω > 0, ω = ω+(D−(ω)) = ω−(D+(ω)).

iω ω2

{
0 < ω2 ≤ ω+(D), if D <

(
1 +

√
1− S2

)
,

ω2
−(D) ≤ ω2 ≤ ω2

+(D), if D ≥ (
1 +

√
1− S2

)
.

D <
(
1 +

√
1− S2

)
ω2

τ(D) = τ(ω+(D)) =
1

ω+(D)
(
3π

2
+ arctan(

D − ω2
+(D)

ω+(D)S
)− arctan(ω+(D))).



S ≥ 1
D ≥ 1−√

1− S2 ω+

D ≥ 1 +
√
1− S2 ω−

{
−ω3 + ω(S +D) = D sin(−ωτ)

−ω2(1 + S) +D = D cos(−ωτ)

P2(iω)

D
= E[eωY ]

δτ P2(λ) = −λ3 + (1 + S)λ2 − (S +D)λ+D P2(iω)
D

1(
cos(ωτ)
sin(ωτ)

)
=

(
−ω2(1+S)+D

D
ω3−(S+D)ω

D

)
.

√
ω2 + 1

(
sin(arctan (ω)) cos(arctan (ω)

)
=
(
ω 1

)
,

D
√
ω2 + 1 sin (ωτ + arctan (ω)) = −ωS(ω2 + 1) < 0

D
√
ω2 + 1 cos (ωτ + arctan (ω)) = (1 + ω2)(D − ω2).

ωτ + arctan(ω) ∈ [π, 2π]



−π

2
< ωτ + arctan(ω)− 3π

2
<

π

2

tan(ωτ + arctan(ω)− 3π

2
) =

cos(ωτ + arctan(ω))

− sin(ωτ + arctan(ω))
=

(1 + ω2)(D − ω2)

ωS(ω2 + 1)
.

τ =
1

ω
(
3π

2
+ arctan(

D − ω2

ωS
)− arctan(ω)).

τ ω ω+ ω−

τ

μu = μc

P (λ)

D
= E(e−λX)

E p̄(x)
P (λ) = λ+ a



X̄
δX̄

X̄ < τ+

S D

E(x) =

∫ +∞

0

xp̄(x)dx < τ+(S,D)

τ+

S S∗ S ∈ (0, S∗)
D E(X) < τ(S,D)

iω

τ̄(ω) = inf{τp̄ =
∫ +∞

0

xp̄(x)dx,

∫ +∞

0

e−iωxp̄(x)dx =
P (iω)

D
},

P (iω)
D

B = rBe
iθB

A(1, 0) B : (rBe
iθB)

T : e−iθ′

T = (cos θ′,− sin θ′)



θT = 2π − θ′

−γ = arg(
z0 − zA
zB − zA

)

z0, zA, zB A,B,O e−iγ

z0−zA
zB−zA

.

z0−zA
zB−zA

= −1
rBeiθB−1

= (1−rB cos θB)+irB sin θB
(1−rB cos θB)2+(rB sin θB)2{
cos(−γ) = 1−rB cos θB

(1−rB cos θB)2+(rB sin θB)2

sin(−γ) = rB sin θB
(1−rB cos θB)2+(rB sin θB)2

γ ∈ (−π
2
, π
2
)

tan(−γ) =
rB sin θB

1− rB cos θB
.

−γ = arctan(
rB sin θB

1− rB cos θB
).

θT = π + γ′

γ′ γ γ′ = 2(−γ).

θT = π + 2arctan(
rBsinθB

1− rB cos θB
).

θ′ = 2π − θT

θ′ = π − 2 arctan(
rB sin θB

1− rB cos θB
)

B AT B
A T



rBe
iθB = qT + (1− q)A.

q =
rB sin θB
sin θT

.

P (iω)
D

= rBe
iθB = (1− q)1 + qe−iθ′ p̄

p̄(x) = qδθ′/ω + (1− q)δ0.

{
x(ω) = 1− ω2(S+1)

D

y(ω) = ω3−ω(S+D)
D

(x, y)

x+ iy =
√
x2 + y2eiβ(ω)

β ∈ [0, 2π[

ω ∈ (ω−, ω+)

θ′(ω) = π − 2 arctan(
y

1− x
),

q(ω) =
y2 + (1− x)2

2(1− x)
∈ [0, 1]

p̄ω = q(ω)δ θ′
ω
+ (1− q(ω))δ0.

ω ∈]ω−, ω+[ ]0, ω+[ ω−

P (iω)

D
=

∫ ∞

0

e−iωxp̄ω(dx).

λ = iω p̄ω

ω ∈ (ω−, ω+) x2 + y2 ≤ 1{
cos(θ′) = y2−(1−x)2

y2+(1−x)2

sin(θ′) = 2y(1−x)
y2+(1−x)2



Ep̄ω p̄ω{
Ep̄ω(cos(ωX)) = x(ω)

Ep̄ω(sin(ωX)) = y(ω)

λ = iω ω �=
0

q(ω+) = 1, θ′(ω+) = β(ω+)
q(ω+)θ′(ω+)

ω+
= τ(ω+)

τp̄(ω) =
∫∞
0

xp̄ω(dx) S∗

S ∈ (0, S∗)

dτp̄(ω)

dω
|ω=ω+> 0.

Ep̄ω(X) < τ+ ω < ω+ ω+

τp̄(ω)

d

dω
τp̄(ω) = θ′

d

dω

q

ω
+

q

ω

dθ′

dω
(ω).

θ′(ω) = π − 2 arctan

(
y

1− x

)
= π − 2 arctan

(
ω2 − (S +D)

ω(S + 1)

)
.

dθ′

dω
(ω) = −2

1

1 + (ω2−(S+D))2

ω2(S+1)2

(
1

S + 1
+

S +D

ω2(S + 1)

)

= −2
(S + 1)(ω2 + S +D)

ω2(S + 1)2 + (ω2 − (S +D))2
.

q

ω
=

(ω3 − ω(S +D))2 + ω4(S + 1)2

2ω2(S + 1)Dω
=

(ω2 − (S +D))2 + ω2(S + 1)2

2(S + 1)Dω
.

d

dω

q

ω
=

1

2D(S + 1)ω2

(
2ω2

(
2(ω2 − (S +D)) + (S + 1)2

))− ((ω2 − (S +D))2 + ω2(S + 1)2)

=
1

2D(S + 1)ω2

(
3ω4 + ω2((S + 1)2 − 2S − 2D)− (S +D)2

)
.



d

dω
τp̄(ω) |ω+=θ′

(
1

2D(S + 1)ω2

(
3ω4 + ω2((S + 1)2 − 2S − 2D)− (S +D)2

))

− q

ω
2

(S + 1)(ω2 + S +D)

ω2(S + 1)2 + (ω2 − (S +D))2
.

ω = ω+ q(ω+) = 1

d

dω
τp̄(ω) |ω+=θ′

(
1

2D(S + 1)ω2

(
3ω4 + ω2((S + 1)2 − 2S − 2D)− (S +D)2

))

− 2

ω

(S + 1)(ω2 + S +D)

ω2(S + 1)2 + (ω2 − (S +D))2
.

ω+ D = S(1+S)
1−S

ω2
+ = S + D y(ω+) = 0 β(ω+) = θ′(ω+) = π

d

dω
τp̄(ω) |ω+=π

(
1

2D(S + 1)(S +D)

(
3(S +D)2 + (S +D)((S + 1)2 − 2S − 2D)− (S +D)2

))

− 2√
(S +D)

(S + 1)((S +D) + S +D)

(S +D)(S + 1)2

= π
(S + 1)

2D
− 4

(S + 1)
√
S +D

.

π − 8D

(S + 1)2
√
S +D

= π − 4
√
2S√

1− S(S + 1)
.

4
√
2S√

1−S(S+1)
< π,

32 S
1−S

< π2(S2 + 2S + 1), (S2 + 2S + 1)(1− S) > 32
π2S

g(S) = π2

32
(−S3 − S2 + S + 1) (0, 1)

S∗ (0, S∗) g S∗

ω
p̄(x)



τ(ω+)

dτp̄(ω)

dω
> 0



μc = μu = μ, a = a1, g = 1, h(x) = −d2.

S

S(y) = d
(y − ymin)(y − ymax)

y2 + yminymax

,

41.667
d2

a1

μ ymin ymax

ȳ2 < ymin ȳ2 > ymax

Ī = ȳ2 g = 1 μu = μc



τ

τ+(R, S,D) =
1

R
τ+

(
1,

S

R
,
D

R2

)
.

R2 ≥ S2,

D ≥ R2(1−
√

1− S2

R2
).

Ī R2

S2

α1 kinh
S,D τ

τ = +∞
a1 τ

+∞

+∞



h h

P (λ) +Q(λ)

∫ +∞

0

p̄(x)e−λxdx = 0

P Q
p̄

p̄ = δτ
S > 1 D

S = S(Ī) D
S(Ī) S Ī

Ī
S τ D S ′(Ī)

J S J ⊂ (0, 1)
D

S D

S D
n ∈ N n



τ τ
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x ∈ R
+

x > 0 x = 0



⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dψ∗
dt

= −β(ψ∗)ψ∗ − μ∗
ndψ

∗ +
∫∞
0

φ(t, x)α(x)dx,
dψ
dt

= γβ(ψ∗)ψ∗ − μndψ − ζ0ψ,
∂φ
∂t
(t, x) + g ∂

∂x
φ(t, x) = −μ(x)φ(t, x)− α(x)φ(t, x),

gφ(t, 0) = ζ0ψ(t),

ψ(0) = ψ0 ≥ 0, φ(0, x) = φ0(x) ≥ 0, ψ∗(0) = ψ∗
0 ≥ 0.

φ(t, x) x t

ψ∗(t)

ψ(t) t

α(x) x
μ(x) x

μnd μ∗
nd

g
β(ψ∗)

β
β{

β′ < 0 R
+,

x �→ xβ(x) .

xβ(x)
γ

ζ0



α(x), ζ0 μnd, μ
∗
nd

α(x) + μ(x) ∈ L∞(R+) β ∈ C1(R+)
φ0 ∈ L∞(R+) ∩ L1(R+) (ψ0, ψ

∗
0) ∈ R

2
+

(ψ∗(t), ψ(t), φ(t, x)) C(R+)×C(R+)×C(R+, L1(R+))

T > 0

X = C([0, T ], L1(R+)),

||f ||X = sup[0,T ]||f ||L1

Φ : X → X,

φ1 ∈ X⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dψ∗
dt

= −β(ψ∗)ψ∗ − μ∗
ndψ

∗ +
∫∞
0

φ1(t, x)α(x)dx,
dψ
dt

= γβ(ψ∗)ψ∗ − μndψ − ζ0ψ,
∂φ
∂t
(t, x) + g ∂

∂x
φ(t, x) = −μ(x)φ(t, x)− α(x)φ(t, x),

gφ(t, 0) = ζ0ψ(t).



q ∈ N Φ q
Φ X
[0, T ]

t < T ψ∗
dψ∗
dt

= −β(ψ∗)ψ∗ − μ∗
ndψ

∗ +
∫∞
0

φ1(t, x)α(x)dx ≤ −μ∗
ndψ

∗ + ||α||L∞ ||φ1(t)||L1 .

Mφ1 = ||α||L∞ ||φ1||X .

ψ∗(t) ≤ ψ∗(0) +
Mφ1

μ∗
nd

.

d(ψ1−ψ2)
dt

= γβ(ψ∗
1)ψ

∗
1 − γβ(ψ∗

2)ψ
∗
2 − μnd(ψ1 − ψ2)− ζ0(ψ1 − ψ2)

= −(μnd + ζ0)(ψ1 − ψ2) + γβ(ψ∗
1)(ψ

∗
1 − ψ∗

2) + γ(β(ψ∗
1)− β(ψ∗

2))ψ
∗
2

d|ψ1 − ψ2|
dt

≤ −(μnd + ζ0)|ψ1 − ψ2|+ γβT |ψ∗
1 − ψ∗

2|+ γ||β′||L∞(
Mφ2

μ∗
nd

+ ψ∗
2(0))|ψ∗

1 − ψ∗
2|.

||ψ1 − ψ2||L∞ ≤ K(T )||ψ∗
1 − ψ∗

2||L∞ ,

K(T ) = T (γβT + γ||β′||∞(
Mφ2

μ∗
nd

+ ψ∗
2(0)))

||ψ∗
1 − ψ∗

2||L∞ ≤ ||α||∞
μ∗
nd

||φ1 − φ2||X .

||φ̄1 − φ̄2||X ≤ Tgζ0||ψ1 − ψ2||∞.

||φ̄1 − φ̄2||X + ||ψ∗
1 − ψ∗

2||L∞ + ||ψ1 − ψ2||L∞ ≤ ||α||∞
μ∗
nd

(1 +K(T )(Tgζ0 + 1))||φ1 − φ2||X ,

||Φ(φ1)− Φ(φ2)|| ≤ BT ||(φ1)− (φ2)||
BT = ||α||∞(1 +K(T )(Tgζ0 + 1))

||Φq(φ1)− Φq(φ2)|| ≤ Bq
T

q!
||(φ1)− (φ2)||X .

Bq
T

q!
0 q∗

1
Φq∗ Φ

[0, T ]
Bq

T

q!
T > 0

T t ∈ R
+



(0, 0, 0)

(ψ̄∗, ψ̄, φ̄(x))

I =

∫ ∞

0

α(x)

g
e−

∫ x
0

μ(s)+α(s)
g

dsdx,

I >
ζ0 + μnd

ζ0γ
,

(ψ̄∗, ψ̄, ¯φ(x)){
ψ̄ = γβ(ψ̄∗)ψ̄∗

ζ0+μnd
,

φ̄(x) = ζ0ψ̄
g
e−

∫ x
0

μ(x1)+α(x1)
g

dx1 ,

ψ∗

ψ∗β(ψ∗) =
μ∗
ndψ

∗
ζ0γ

ζ0+μnd
I − 1

,

0 (0, 0, 0)

β(0) ≤ μ∗
nd

ζ0γ
ζ0+μnd

I − 1
,

β (ψ̄∗, ψ̄, ¯φ(x))

⎧⎪⎨
⎪⎩
0 = −μ∗

ndψ̄
∗ − β(ψ̄∗)ψ̄∗ +

∫∞
0

α(x)φ̄(x)dx,

0 = −μndψ̄ + γβ(ψ̄∗)ψ̄∗ − ζ0ψ̄,
dgφ̄(x)
dx

= −μ(x)φ̄(x)− α(x)φ̄(x).

⎧⎪⎪⎨
⎪⎪⎩
ψ̄ = γβ(ψ̄∗)ψ̄∗

ζ0+μnd
,

φ̄(x) = ζ0ψ̄
g
e−

∫ x
0

μ(x1)+α(x1)
g

dx1 ,

ψ̄∗ =
∫∞
0 α(x)φ̄(x)dx

μ∗
nd+β(ψ̄∗) .



ψ̄∗ =
1

μ∗
nd + β(ψ̄∗)

ζ0ψ̄I.

ψ̄∗ = ζ0
1

μ∗
nd + β(ψ̄∗)

γβ(ψ̄∗)
ζ0 + μnd

ψ̄∗I.

G(ψ̄∗) = ψ̄∗
(
μ∗
nd + β(ψ̄∗)(1− ζ0γ

ζ0 + μnd

I)

)
.

G(ψ̄∗) = 0.

ψ̄∗ = 0 (0, 0, 0) ψ̄∗ �= 0

β(ψ̄∗) =
μ∗
nd

ζ0γ
ζ0+μnd

I − 1
.

||β||∞ ≤ μ∗
nd

ζ0γ
ζ0+μnd

I − 1
,

β

β(0) ≤ μ∗
nd

ζ0γ
ζ0+μnd

I−1

β h

h(ψ∗) = ψ∗β(ψ∗).

β
h

β

ψ∗β(ψ∗) = Vmax
ψ∗

v + ψ∗ .

Vmax, v
ψ∗β(ψ∗)

h h′ > 0 λ0 < 0∫ ∞

0

α(x)

g
e−

∫ x
0

μ(s)+a(s)+λ0
g

dsdx < +∞.

β

β(0) >
μ∗
nd

ζ0γ
ζ0+μnd

I − 1
.



(0, 0, 0)

(ψ̄∗, ψ̄, φ̄)⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dψ∗
dt

= −h′(ψ̄∗)ψ∗ − μ∗
ndψ

∗ +
∫∞
0

φ(t, x)α(x)dx,
dψ
dt

= γh′(ψ̄∗)ψ∗ − μndψ − ζ0ψ,
∂φ
∂t
(t, x) + g ∂

∂x
φ(t, x) = −μ(x)φ(t, x)− α(x)φ(t, x),

gφ(t, 0) = ζ0ψ(t).

a, b ∈ R
+ 0 ≤ f ∈ L1(R+) λ0 > 0∫ ∞

0

eλ0xf(x)dx < ∞.

[−λ0,+∞[ F

F (λ) = (λ+ a)(λ+ b)−
∫ ∞

0

f(x)e−λxdx.

λ ∈ C

�(λ) > −min(a, b, λ0) F (λ) = 0,

F λ∗ λ∗ > −min(a, b, λ0)

F (λ) = 0 ⇒ �(λ) ≤ λ∗.

λ∗ −F (0)

F (λ) = 0



m = min{λ0, a, b}
Re(λ) > −m λ∗

Q(λ) =

∫∞
0

f(x)e−λxdx

(λ+ a)(λ+ b)
.

λ �(λ) > −m λ

Q(λ) = 1.

|Q(λ)| ≤ Q(�(λ)).
λ ∈ R

1 < Q(�(λ)).
Q (−m,+∞)
Q λ∗ ∈ R

Q(λ∗) = 1.

1 = |Q(λ)| ≤ Q(�(λ)).

Q(λ∗) ≤ Q(�(λ)).
Q (−m,+∞) �(λ) ≤ λ∗

�(λ) ∈ (−∞,−m]
(λ +

a)(λ+ b)
∫∞
0

f(x)e−λxdx
F (0) > 0 λ∗ < 0

F (0) < 0 λ∗ > 0

(0, 0, 0)

(Ψ∗eλt,Ψeλt,Φ(x)eλt).

Ψ∗,Ψ,Φ λ



⎧⎪⎪⎪⎨
⎪⎪⎪⎩
λΨ∗ = −h′(ψ̄∗)Ψ∗ − μ∗

ndΨ
∗ +

∫∞
0

Φ(x)α(x)dx,

λΨ = γh′(ψ̄∗)Ψ∗ − μndΨ− ζ0Ψ,

λΦ(x) + g ∂Φ(x)
∂x

= −μ(x)Φ(x)− a(x)Φ(x),

gΦ(0) = ζ0Ψ.
λ

λ

(λ+ h′(ψ̄∗) + μ∗
nd)(λ+ μnd + ζ0) =

∫ ∞

0

ζ0γh
′(ψ̄∗)
g

α(x)e−
∫ x
0

μ(s)+a(s)
g

dse−λ
∫ x
0

1
g
dsdx.

I(λ) =

∫ ∞

0

α(x)

g
e−

∫ x
0

μ(s)+a(s)
g

dse−λ
∫ x
0

1
g
dsdx.

(λ+ h′(ψ̄∗) + μ∗
nd)(λ+ μnd + ζ0) = ζ0γh

′(ψ̄∗)I(λ).

F (λ) = (λ− a)(λ− b)− ζ0γh
′(ψ̄∗)I(λ),

a = h′(ψ̄∗) + μ∗
nd,

b = μnd + ζ0.

F = Fψ̄∗

1

μnd + ζ0
Fψ̄∗(0) = G′(ψ̄∗).

Fψ∗(0) > 0 Fψ∗(0) < 0

G′(x) = μ∗
nd + (xβ(x))′(1− ζ0γ

ζ0 + μnd

I).

(0, 0, 0) G′(0) = μ∗
nd+β(0)(1− ζ0γ

ζ0+μnd
I)

ψ̄∗ �= 0 G

μ∗
nd + β(ψ̄∗

nd)(1−
ζ0γ

ζ0 + μnd

I) = 0.

G′(ψ̄∗) = ψ̄∗β′(ψ∗)(1− ζ0γ

ζ0 + μnd

I) > 0,



⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dψ∗
s

dt
= −β(ψ∗

s + ψ∗
r)ψ

∗
s − μ∗

ndψ
∗
s +

∫∞
0

φs(t, x)αs(x)dx,
dψ∗

r

dt
= −β(ψ∗

s + ψ∗
r)ψ

∗
r − μ∗

ndψ
∗
r +

∫∞
0

φr(t, x)αr(x)dx,
dψs

dt
= γβ(ψ∗

s + ψ∗
r)ψ

∗
r − μndψs − ζs0ψs,

dψr

dt
= γβ(ψ∗

s + ψ∗
r)ψ

∗
r − μndψr − ζr0ψr,

∂φs

∂t
(t, x) + ∂

∂x
φs(t, x) = −μ(x)φs(t, x)− αs(x)φs(t, x),

∂φr

∂t
(t, x) + ∂

∂x
φr(t, x) = −μ(x)φr(t, x)− αr(x)φr(t, x),

φs(t, 0) = ζs0ψs(t),

φr(t, 0) = ζr0ψr(t),

ψs(0) = ψ0
s ≥ 0, φs(0, x) = φ0

s(x) ≥ 0, ψ∗
s(0) = ψ∗,0

s ≥ 0,

ψr(0) = ψ0
r ≥ 0, φr(0, x) = φ0

r(x) ≥ 0, ψ∗
r(0) = ψ∗,0

r ≥ 0.

β
β

ψ∗
s + ψ∗

r



αr(x) + μ(x) ∈ L+∞(R+) αs(x) + μ(x) ∈ L+∞(R+) β ∈
L+∞(R+) ∩ C1(R+)

φ0
r, φ

0
s ∈ L∞(R+)∩L1(R+) (ψ0

s , ψ
0
r , ψ

∗,0
s , ψ∗,0

r ) ∈ R
4
+

(ψ∗
s(t), ψs(t), φs(t, x), ψ

∗
r(t), ψr(t), φr(t, x))

C(R+)× C(R+)× C(R+, L1(R+))× C(R+)× C(R+)× C(R+, L1(R+))

(0, 0, 0, 0, 0, 0)

(ψ̄∗
s , ψ̄s, φs(x), 0, 0, 0) (0, 0, 0, ψ̄∗

r , ψ̄r, φr(x))

(ψ̄∗
s , ψ̄s, φs(x), ψ̄

∗
r , ψ̄r, φr(x))

{
Ir(λ) =

∫∞
0

αr(x)e
− ∫ x

0 λ+αr(s)+μ(s)ds,

Is(λ) =
∫∞
0

αs(x)e
− ∫ x

0 λ+αs(s)+μ(s)ds
.

Is(0) >
ζs0 + μnd

ζs0γ
,

Ir(0) >
ζr0 + μnd

ζr0γ
,

β {
β : ,

x �→ xβ(x) .

xβ(x)

(0, 0, 0, 0, 0, 0)



β(0) >
μ∗
nd

γζr0
μnd+ζr0

Ir(0)− 1
,

Er = (0, 0, 0, ψ̄∗
r , ψ̄r, φ̄r(x)){

ψ̄r =
γβ(ψ̄∗

r )ψ̄
∗
r

μnd+ζr0
,

φ̄r(x) = ζr0 ψ̄re
− ∫ x

0 μ(s)+αr(s)ds.

ψ̄∗
r

β(ψ̄∗
r) =

μ∗
nd

γζr0
μnd+ζr0

Ir(0)− 1
.

β(0) >
μ∗
nd

γζs0
μnd+ζs0

Is(0)− 1
,

Es = (ψ̄∗
s , ψ̄s, φ̄s(x), 0, 0, 0){

ψ̄s =
γβ(ψ̄∗

s )ψ̄
∗
s

μnd+ζs0
,

φ̄s(x) = ζs0ψ̄se
− ∫ x

0 μ(s)+αs(s)ds,

ψ̄∗
s

β(ψ̄∗
s) =

μ∗
nd

γζs0
μnd+ζs0

Is(0)− 1
.

Er, Es
β(ψ̄∗

s) = β(ψ̄∗
r),

p ∈ (0, 1)

pEs + (1− p)Er.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ̄∗
s
p
= pb,

ψ̄∗
r
p
= (1− p)b,

ψ̄p
s = p γβ(b)b

μnd+ζs0
,

ψ̄p
r = (1− p) γβ(b)b

μnd+ζr0
,

φ̄p
s(x) = pζs0

γβ(b)b
μnd+ζs0

e−
∫ x
0 μ(s)+αs(s)ds,

φ̄p
r(x) = (1− p)ζr0

γβ(b)b
μnd+ζr0

e−
∫ x
0 μ(s)+αr(s)ds.



⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

β(ψ̄∗
s + ψ̄∗

r)ψ̄
∗
s + μ∗

ndψ̄
∗
s =

∫∞
0

φ̄s(x)αs(x)dx,

β(ψ̄∗
s + ψ̄∗

r)ψ̄
∗
r + μ∗

ndψ̄
∗
r =

∫∞
0

φ̄r(x)αr(x)dx,

γβ(ψ̄∗
s + ψ̄∗

r)ψ̄
∗
s = μndψ̄s + ζs0ψ̄s,

γβ(ψ̄∗
s + ψ̄∗

r)ψ̄
∗
r = μndψ̄r + ζr0 ψ̄r,

dφ̄s

dx
= −μ(x)φ̄s(x)− αs(x)φ̄s(x),

φ̄s(0) = ζs0ψ̄s,
dφ̄r

dx
= −μ(x)φ̄r(x)− αr(x)φ̄r(x),

φ̄r(0) = ζr0 ψ̄r.

(0, 0, 0, 0, 0, 0)

φ̄s(x) = ζs0ψ̄se
− ∫ x

0 μ(s)+αs(s)ds,

φ̄r(x) = ζr0 ψ̄re
− ∫ x

0 μ(s)+αr(s)ds.

⎧⎨
⎩Gs(x) = μ∗

nd + β(x)
(
1− ζs0γ

μnd+ζs0
Is(0)

)
,

Gr(x) = μ∗
nd + β(x)

(
1− ζr0γ

μnd+ζr0
Ir(0)

)
.

ψ̄∗
sGs(ψ̄

∗
s + ψ̄∗

r) = 0,

ψ̄∗
rGr(ψ̄

∗
s + ψ̄∗

r) = 0.

ψ̄∗
s = 0 ψ̄∗

r �= 0

ψ̄s = 0 φ̄s(x) = 0

Gr(ψ̄
∗
r) = 0.

ψ̄∗
r = 0 ψ̄∗

s �= 0

Gs(ψ̄
∗
s) = 0.

ψ̄∗
s �= 0 ψ̄∗

r �= 0 p

⎧⎪⎨
⎪⎩
β(ψ̄∗

s
p
+ ψ̄∗

r
p
) =

μ∗
nd

γζs0
μnd+ζs0

Is(0)−1
,

β(ψ̄∗
s
p
+ ψ̄∗

r
p
) =

μ∗
nd

γζr0
μnd+ζr0

Ir(0)−1
.



γζs0
μnd + ζs0

Is(0) =
γζr0

μnd + ζr0
Ir(0).

β(ψ̄∗
s) = β(ψ̄∗

r) = β(ψ̄∗
s
p
+ ψ̄∗

r
p
),

β

ψ̄∗
s = ψ̄∗

r .

β ψ̄∗
s
p
+ ψ̄∗

r
p

b = ψ̄∗
s = ψ̄∗

r ψ̄∗
s
p

ψ̄∗
r
p

ψ̄∗
s
p
+ ψ̄∗

r
p
= b ψ̄∗

s
p

ψ̄∗
r
p{
ψ̄p
s = γβ(b)ψ̄∗

s
p

μnd+ζs0
,

ψ̄p
r = γβ(b)ψ̄∗

r
p

μnd+ζr0
,

φ̄p
s φ̄p

r

ψ̄∗
s
p
+ ψ̄∗

r
p
= b,

p ∈ (0, 1)

ψ̄∗
s
p
= pb ψ̄∗

r
p
= (1− p)b

pEs + (1− p)Er, p ∈ (0, 1).

ζs0
μnd + ζs0

∫ ∞

0

αs(x)e
− ∫ x

0 μ(s)+αs(s)dx =
ζr0

μnd + ζr0

∫ ∞

0

αr(x)e
− ∫ x

0 μ(s)+αr(s)dx.



((ψ̄∗
s , ψ̄s, φ̄s(x), ψ̄∗

r , ψ̄r, φ̄r(x))),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dψ∗
s

dt
= (−β(ψ̄∗

r + ψ̄∗
s)− β′(ψ̄∗

r + ψ̄∗
s)ψ̄

∗
s − μ∗

nd)ψ
∗
s − β′(ψ̄∗

r + ψ̄∗
s ψ̄

∗
s)ψ

∗
r +

∫∞
0

φs(t, x)αs(x)dx,
dψ∗

r

dt
= (−β(ψ̄∗

r + ψ̄∗
s)− β′(ψ̄∗

r + ψ̄∗
s)ψ̄

∗
r − μ∗

nd)ψ
∗
r − β′(ψ̄∗

r + ψ̄∗
s ψ̄

∗
r)ψ

∗
s +

∫∞
0

φr(t, x)αr(x)dx,
dψs

dt
= (γβ(ψ̄∗

r + ψ̄∗
s) + γβ′(ψ̄∗

r + ψ̄∗
s)ψ̄

∗
s)ψ

∗
s + γβ′(ψ̄∗

r + ψ̄∗
s)ψ̄

∗
sψ

∗
r − μndψs − ζs0ψs,

dψr

dt
= (γβ(ψ̄∗

r + ψ̄∗
s) + γβ′(ψ̄∗

r + ψ̄∗
s)ψ̄

∗
r)ψ

∗
r + γβ′(ψ̄∗

r + ψ̄∗
s)ψ̄

∗
rψ

∗
s − μndψr − ζr0ψr,

∂φs

∂t
(t, x) + ∂φs

∂x
(t, x) = −μ(x)φs(t, x)− αs(x)φs(t, x),

∂φr

∂t
(t, x) + ∂φr

∂x
(t, x) = −μ(x)φr(t, x)− αr(x)φr(t, x),

φs(t, 0) = ζs0ψs,

φr(t, 0) = ζr0ψr.

Es = (ψ̄∗
s , ψ̄s, φ̄s(x), 0, 0, 0) Er = (0, 0, 0, ψ̄∗

r , ψ̄r, φ̄r(x))

β(ψ̄∗
s) < β(ψ̄∗

r) Es Er
β(ψ̄∗

r) < β(ψ̄∗
s) Er Es

β(ψ̄∗
r) = β(ψ̄∗

s)

pEs + (1− p)Er, p ∈ (0, 1)

ψ∗
se

λt, ψ∗
re

λt, ψse
λt, ψre

λt, φs(x)e
λt, φr(x)e

λt.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

λψ∗
s = (−β(ψ̄∗

r + ψ̄∗
s)− β′(ψ̄∗

r + ψ̄∗
s)ψ̄

∗
s − μ∗

nd)ψ
∗
s + (−β′(ψ̄∗

r + ψ̄∗
s)ψ̄

∗
s)ψ

∗
r +

∫∞
0

φs(x)αs(x)dx,

λψ∗
r = (−β(ψ̄∗

r + ψ̄∗
s)− β′(ψ̄∗

r + ψ̄∗
s)ψ̄

∗
r − μ∗

nd)ψ
∗
r + (−β′(ψ̄∗

r + ψ̄∗
s)ψ̄

∗
r)ψ

∗
s +

∫∞
0

φr(x)αr(x)dx,

λψs = (γβ(ψ̄∗
r + ψ̄∗

s) + γβ′(ψ̄∗
r + ψ̄∗

s)ψ̄
∗
s)ψ

∗
s + γβ′(ψ̄∗

r + ψ̄∗
s)ψ̄

∗
sψ

∗
r − μndψs − ζs0ψs,

λψr = (γβ(ψ̄∗
r + ψ̄∗

s) + γβ′(ψ̄∗
r + ψ̄∗

s)ψ̄
∗
r)ψ

∗
r + γβ′(ψ̄∗

r + ψ̄∗
s)ψ̄

∗
rψ

∗
s − μndψr − ζr0ψr,

φs(x) = ζs0ψse
− ∫ x

0 (μ(s)+αs(s)+λ)ds,

φr(x) = ζr0ψre
− ∫ x

0 (μ(s)+αr(s)+λ)ds.



Is(λ) Ir(λ)

Aλ,ψ̄∗
s ,ψ̄

∗
r

(
ψ∗
s

ψ∗
r

)
=

(
0
0

)
,

Aλ,ψ̄∗
s ,ψ̄

∗
r

2× 2

Aλ,ψ̄∗
s ,ψ̄

∗
r
(1, 1) = λ+β(ψ̄∗

r+ψ̄∗
s)+β′(ψ̄∗

r+ψ̄∗
s)ψ̄

∗
s+μ∗

nd−ζs0Is(λ)(
γβ(ψ̄∗

r+ψ̄∗
s )+γβ′(ψ̄∗

r+ψ̄∗
s )ψ̄

∗
s

λ+μnd+ζs0
)

Aλ,ψ̄∗
s ,ψ̄

∗
r
(1, 2) = β′(ψ̄∗

r + ψ̄∗
s)ψ̄

∗
s − ζs0Is(λ)(

γβ′(ψ̄∗
r+ψ̄∗

s )ψ̄
∗
s

λ+μnd+ζs0
)

Aλ,ψ̄∗
s ,ψ̄

∗
r
(2, 1) = β′(ψ̄∗

r + ψ̄∗
s)ψ̄

∗
r − ζr0Ir(λ)(

γβ′(ψ̄∗
r+ψ̄∗

s )ψ̄
∗
r

λ+μnd+ζr0
)

Aλ,ψ̄∗
s ,ψ̄

∗
r
(2, 2) = λ+β(ψ̄∗

r+ψ̄∗
s)+β′(ψ̄∗

r+ψ̄∗
s)ψ̄

∗
r+μ∗

nd−ζr0Ir(λ)(
γβ(ψ̄∗

r+ψ̄∗
s )+γβ′(ψ̄∗

r+ψ̄∗
s )ψ̄

∗
r

λ+μnd+ζr0
)

Aλ,ψ̄∗
s ,ψ̄

∗
r(

λ+ μ∗
nd + β(ψ̄∗

r + ψ̄∗
s)(1− ζs0Is(λ)

γ
λ+μnd+ζs0

) 0

0 λ+ μ∗
nd + β(ψ̄∗

r + ψ̄∗
r)(1− ζr0Ir(λ)

γ
λ+μnd+ζr0

)

)
+

β′(ψ̄∗
r + ψ̄∗

s)

(
ψ̄∗
s(1− γζs0Is(λ)

λ+μnd+ζs0
) ψ̄∗

s(1− γζs0Is(λ)

λ+μnd+ζs0
)

ψ̄∗
r(1− γζr0Ir(λ)

λ+μnd+ζr0
) ψ̄∗

r(1− γζr0Ir(λ)

λ+μnd+ζr0
)

)
.

ψ̄∗
r = 0

ψ̄∗
s = 0

det(Aλ,ψ̄∗
s ,ψ̄

∗
r
) = 0.

λ

(0, 0, 0, 0, 0, 0)



det(Aλ,ψ̄∗
s ,ψ̄

∗
r
) = Aλ,ψ̄∗

s ,ψ̄
∗
r
(1, 1)Aλ,ψ̄∗

s ,ψ̄
∗
r
(2, 2),

⎧⎪⎨
⎪⎩
λ+ β(0) + μ∗

nd − ζs0
γβ(0)

λ+μnd+ζs0
Is(λ) = 0,

λ+ β(0) + μ∗
nd − ζr0

γβ(0)
λ+μnd+ζr0

Ir(λ) = 0.

β(0) ≤ μ∗
nd

ζr0
γIr(0)
μnd+ζr0

− 1
and β(0) ≤ μ∗

nd

ζs0
γIs(0)
μnd+ζs0

− 1
.

{
(μ∗

nd + β(0))(μnd + ζr0) ≥ ζr0γIr(0)β(0),

(μ∗
nd + β(0))(μnd + ζs0) ≥ ζs0γIs(0)β(0),

(0, 0, 0, 0, 0, 0)

�(λ) > 0

β(0) >
μ∗
nd

ζr0
γIr(0)
μnd+ζr0

− 1
and β(0) ≤ μ∗

nd

ζs0
γIs(0)
μnd+ζs0

− 1
.

{
(μ∗

nd + β(0))(μnd + ζr0) < ζr0γIr(0)β(0),

(μ∗
nd + β(0))(μnd + ζs0) ≥ ζs0γIs(0)β(0).

ψ∗
r �= 0 λ > 0 λ

ψ∗
s = 0

Es
det(Aλ,ψ̄∗

s ,ψ̄
∗
r
) = Aλ,ψ̄∗

s ,ψ̄
∗
r
(1, 1)Aλ,ψ̄∗

s ,ψ̄
∗
r
(2, 2).

Aλ,ψ̄∗
s ,ψ̄

∗
r
(1, 1) = 0,

Aλ,ψ̄∗
s ,ψ̄

∗
r
(2, 2) = 0.

(λ+ β(ψ̄∗
s) + β′(ψ̄∗

s)ψ̄
∗
s + μ∗

nd)(λ+ μnd + ζs0) = Is(λ)(γβ(ψ̄∗
s) + γβ′(ψ̄∗

s)ψ̄
∗
s).



(λ+ β(ψ̄∗
s) + μ∗

nd)(λ+ μnd + ζr0) = γζr0β(ψ̄
∗
s)Ir(λ).

λ �(λ) > 0

(β(ψ̄∗
s) + μ∗

nd)(μnd + ζr0) > γζr0β(ψ̄
∗
s)Ir(0),

1 +
μ∗
nd

β(ψ̄∗
s)

>
γζr0Ir(0)

μnd + ζr0
.

(0, 0, 0, ψ̄∗
r , ψ̄r, φ̄r(x))

1 +
μ∗
nd

β(ψ̄∗
s)

> 1 +
μ∗
nd

β(ψ̄∗
r)
.

β(ψ̄∗
r) > β(ψ̄∗

s).

Er
det(Aλ,ψ̄∗

s ,ψ̄
∗
r
) = Aλ,ψ̄∗

s ,ψ̄
∗
r
(1, 1)Aλ,ψ̄∗

s ,ψ̄
∗
r
(2, 2),

(0, 0, 0, ψ̄∗
r , ψ̄r, φ̄r(x))

(λ+ β(ψ̄∗
r) + μ∗

nd)(λ+ μnd + ζs0) = γζs0β(ψ̄
∗
r)Is(λ).

(ψ̄∗
s , ψ̄s, φ̄s(x), 0, 0, 0)

(0, 0, 0, ψ̄∗
r , ψ̄r, φ̄r(x)) β(ψ̄∗

r) < β(ψ̄∗
s)

ψ̄∗
r �= 0 ψ̄∗

s �= 0 Aλ,ψ̄∗
s ,ψ̄

∗
r

λ = 0

v =

(
1
−1

)
. λ = 0

Aλ,ψ̄∗
s ,ψ̄

∗
r

(
ψ̄∗
s(1− γζs0Is(λ)

λ+μnd+ζs0
) ψ̄∗

s(1− γζs0Is(λ)

λ+μnd+ζs0
)

ψ̄∗
r(1− γζr0Ir(λ)

λ+μnd+ζr0
) ψ̄∗

r(1− γζr0Ir(λ)

λ+μnd+ζr0
)

)(
1
−1

)
=

(
0
0

)
.



λ = 0
Ep p ∈ (0, 1)

Ep = pEs + (1− p)Er.

p = p∗ Ep∗
ε > 0 Ep∗+ε

Ep∗ +∞

β
β

(0, 0, 0, ψ̄∗
r , ψ̄r, φ̄r(x))



O O
Ng

β 2

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dψ∗
dt

= (Ng −O(t))
∫∞
0

φ(t, x)α(x)dx− μ∗
ndψ

∗ − aψ∗(Ng −O(t)),
dO
dt

= −βO + a(Ng −O(t))ψ∗,
∂φ
∂t
(t, x) + ∂

∂x
φ(t, x) = −μ(x)φ(t, x)− α(x)φ(t, x),

φ(t, 0) = 2βO(t).

a
α(x) μ(x), μ∗

nd

O

O(t) < Ng, ∀t ∈ R
+,

O(0) = O0 ≥ 0, φ(0, x) = φ0(x) ≥ 0, ψ∗(0) = ψ∗
0 ≥ 0.

α(x) ∈ L+∞(R+) φ0 ∈ L+∞(R+)∩
L1(R+) (O0, ψ

∗
0) ∈ R

2
+ (ψ∗(t), O(t), φ(t, x))

C(R+)× C(R+)× C(R+, L1(R+))



(0, 0, 0)

(ψ̄∗, Ō, φ̄(x))

I =

∫ ∞

0

α(x)e−
∫ x
0 μ(s)+α(s)dsdx.

I >
aNg + μ∗

nd

2aN2
g

,

(ψ̄∗, Ō, φ̄(x))⎧⎪⎪⎨
⎪⎪⎩
Ō = Ng − a+

√
a2+8μ∗

ndaI

4aI
,

ψ̄∗ = βŌ
a(Ng−Ō)

,

φ̄(x) = 2βŌe−
∫ x
0 μ(s)+α(s)ds.

⎧⎪⎨
⎪⎩
(Ng − Ō)

∫∞
0

¯φ(x)α(x)dx = aψ̄∗(Ng − Ō) + μ∗
ndψ̄

∗,

βŌ = aψ̄∗(Ng − Ō),
dφ̄(x)
dx

= −μ(x)φ̄(x)− α(x)φ̄(x).

aψ̄∗ =
βŌ

Ng − Ō
, φ̄(x) = 2βŌe−

∫ x
0 μ(s)+α(s)ds.

βŌ
(
2aI(Ng − Ō)2 − a(Ng − Ō)− μ∗

nd

)
= 0.

Ō = 0

2aI(Ng − Ō)2 − a(Ng − Ō)− μ∗
nd = 0.

P (x) = 2aIx2− ax−μ∗
nd

P (0) = −μ∗
nd < 0 P x−, x+

0 ≤ Ng − Ō ≤ Ng,



Ng − Ō x+ < Ng

P (Ng) > 0,

2aIN2
g − aNg − μ∗

nd > 0,

Ng − Ō

Ng − Ō =
a+

√
a2 + 8μ∗

ndaI

4aI
,

(ψ̄∗, Ō, φ̄(x))

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dψ∗
dt

= (Ng − Ō)
∫∞
0

φ(t, x)α(x)dx− (a(Ng − Ō) + μ∗
nd)ψ

∗ + (aψ̄∗ − ∫∞
0

φ̄(x)α(x)dx)O,
dO
dt

= −(β + aψ̄∗)O + a(Ng − Ō)ψ∗,
∂φ(t,x)

∂t
+ ∂φ(t,x)

∂x
= −μ(x)φ(t, x)− α(x)φ(t, x),

φ(t, 0) = 2βO,

O(0) = O0 ≥ 0, φ(0, x) = φ0(x) ≥ 0, ψ∗(0) = ψ∗
0 ≥ 0

I(λ) =

∫ ∞

0

α(x)e−
∫ x
0 (μ(s)+α(s)+λ)dsdx,

I(0) = I

(ψ̄∗, Ō, φ̄)

ψ∗eλt, Oeλt, φ(x)eλt,



⎧⎪⎪⎪⎨
⎪⎪⎪⎩
λψ∗ = (Ng − Ō)

∫∞
0

φ(x)α(x)dx− (a(Ng − Ō) + μ∗
nd)ψ

∗ + (aψ̄∗ − ∫∞
0

φ̄(x)α(x)dx)O,

λO = −(β + aψ̄∗)O + a(Ng − Ō)ψ∗,

φ(x) = φ(0)e−
∫ x
0 (μ(s)+α(s)+λ)ds,

φ(0) = 2βO.

λ ≥ λ0 I(λ)[
λ+ a(Ng − Ō) + μ∗

nd −2β(Ng − Ō)I(λ) + 2βŌI(0)− aψ̄∗

−a(Ng − Ō) λ+ β + aψ̄∗

](
ψ∗

O

)
=

(
0
0

)
.

(0, 0, 0)

(λ+ aNg + μ∗
nd)(λ+ β) = 2aβN2

g I(λ).

�(λ) ∈ (−min{aNg + μ∗
nd, β, λ0},+∞)

a = −(aNg + μ∗), b = −β F (λ) = (λ − a)(λ − b) − 2aβN2
g I(λ)

F (0) > 0,

(aNg + μ∗
nd)β > 2aβN2

g I,

(λ+a(Ng−Ō)+μ∗
nd)(λ+β+aψ̄∗) = 2βa(Ng−Ō)2I(λ)+a(Ng−Ō)(aψ̄∗−

∫ +∞

0

φ̄(x)α(x)dx).

(λ+ a(Ng − Ō) + μ∗
nd)(λ+ β + aψ̄∗) = 2βa(Ng − Ō)2I(λ)− aμ∗

ndψ̄
∗.

2a(Ng − Ō)2 =
a(Ng − Ō) + μ∗

nd

I(0)
,

(λ+ a(Ng − Ō) + μ∗
nd)(λ+ β + aψ̄∗) = β(a(Ng − Ō) + μ∗

nd)
I(λ)

I(0)
− aμ∗

ndψ̄
∗.



n = a(Ng − Ō) γ = aψ̄∗ I(λ)
I(0)

= E(e−λX)

E I(0)
e−λx

1 I(λ)
I(0)

F (λ) = 0,

F (λ) = (λ+ μ∗
nd + n)(λ+ β + γ) + μ∗

ndγ − β(n+ μ∗
nd)E(e−λX).

(λ+ μ∗
nd + n)(λ+ β + γ) = −μ∗

ndγ + β(n+ μ∗
nd)E(e−λX).

|(λ+ μ∗
nd + n)(λ+ β + γ)|2 > (β + γ)2(μ∗

nd + n)2

> (β(μ∗
nd + n))2 ≥ |β(n+ μ∗

nd)E(e−λX)|2.

|(λ+ μ∗
nd + n)(λ+ β + γ)| > |β(n+ μ∗

nd)E(e−λX)|.
λ ∈ C F (λ) = 0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dψ∗
s

dt
= (Ng −Os(t)−Or(t))(

∫∞
0

φs(t, x)αs(x)dx− asψ
∗
s)− μ∗ψ∗

s ,
dψ∗

r

dt
= (Ng −Os(t)−Or(t))(

∫∞
0

φr(t, x)αr(x)dx− arψ
∗
r)− μ∗ψ∗

r ,
dOs

dt
= −βOs + as(Ng −Os(t)−Or(t))ψ

∗
s ,

dOr

dt
= −βOr + ar(Ng −Os(t)−Or(t))ψ

∗
r ,

∂φs

∂t
(t, x) + ∂

∂x
φs(t, x) = −μ(x)φs(t, x)− αs(x)φs(t, x),

φs(t, 0) = 2βOs(t),
∂φr

∂t
(t, x) + ∂

∂x
φr(t, x) = −μ(x)φr(t, x)− αr(x)φr(t, x),

φr(t, 0) = 2βOr(t),



Os(0) = O0
s ≥ 0, φs(0, x) = φ0

s(x) ≥ 0, ψ∗
s(0) = ψ∗,0

s ≥ 0,

Or(0) = O0
r ≥ 0, φr(0, x) = φ0

r(x) ≥ 0, ψ∗
r(0) = ψ∗,0

r ≥ 0.

O0
s +O0

r < Ng,

supt∈R+{Os(t) +Or(t)} < Ng.

as > ar.

αr(x) + μ(x) ∈ L+∞(R+) αs(x) + μ(x) ∈ L+∞(R+)
φ0
r, φ

0
s ∈ L∞(R+) ∩ L1(R+) (O0

s , O
0
r , ψ

∗,0
s , ψ∗,0

r ) ∈ R
4
+

(ψ∗
s(t), Os(t), φs(t, x), ψ

∗
r(t), Or(t), φr(t, x))

C(R+)× C(R+)× C(R+, L1(R+))× C(R+)× C(R+)× C(R+, L1(R+))

Is =

∫ ∞

0

αs(x)e
− ∫ x

0 μ(y)+αs(y)dydx,

Ir =

∫ ∞

0

αr(x)e
− ∫ x

0 μ(y)+αr(y)dydx.

(0, 0, 0, 0, 0, 0)

Is >
asNg + μ∗

nd

2asN2
g

,

Es = (ψ̄∗
s , Ōs, φ̄s(x), 0, 0, 0)⎧⎪⎪⎨

⎪⎪⎩
Ōs = Ng − as+

√
a2s+8asμ∗

ndIs

4asIs
,

ψ̄∗
s = βŌs

as(Ng−Ōs)
,

φ̄s(x) = 2βŌse
− ∫ x

0 μ(s)+αs(s)ds.



Ir >
arNg + μ∗

nd

2arN2
g

,

Er = (0, 0, 0, ψ̄∗
r , Ōr, φ̄r(x))⎧⎪⎪⎨

⎪⎪⎩
Ōr = Ng − ar+

√
a2r+8arμ∗

ndIr

4arIr
,

ψ̄∗
r = βŌr

ar(Ng−Ōr)
,

φ̄r(x) = 2βŌre
− ∫ x

0 μ(s)+αr(s)ds.

Es Er
Ōs = Ōr = Ō,

θEs + (1− θ)Er, θ ∈ (0, 1)

(ψ̄∗
s
θ
, Ōθ

s , φ̄
θ
s(x), ψ̄

∗
r
θ
, Ōθ

r , φ̄
θ
r(x)),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ōθ
s = θŌ,

Ōθ
r = (1− θ)Ō,

φ̄θ
s(x) = 2βθŌe−

∫ x
0 μ(y)+αs(y)dy,

φ̄θ
r(x) = 2β(1− θ)Ōe−

∫ x
0 μ(y)+αr(y)dy,

ψ̄∗θ
s =

βθŌ
as(Ng−Ō)

,

ψ̄∗θ
r =

β(1−θ)Ō

ar(Ng−Ō)
.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 = (Ng − Ōs − Ōr)(
∫∞
0

φ̄s(x)αs(x)dx− asψ̄∗
s)− μ∗ψ̄∗

s ,

0 = (Ng − Ōs − Ōs)(
∫∞
0

φ̄r(x)αr(x)dx− arψ̄∗
r)− μ∗ψ̄∗

r ,

0 = −βŌs + as(Ng − Ōs − Ōr)ψ̄∗
s ,

0 = −βŌr + ar(Ng − Ōs − Ōr)ψ̄∗
r ,

φ̄s(x) = 2βŌse
− ∫ x

0 μ(y)+αs(y)dy,

φ̄r(x) = 2βŌre
− ∫ x

0 μ(y)+αr(y)dy.

Ng − Ōs − Ōr �= 0 0
Ōs = 0 Ōr = 0 Ng − Ōs − Ōr = Ng

ψ̄∗
s =

βŌs

as(Ng − Ōs − Ōr)
,



ψ̄∗
r =

βŌr

ar(Ng − Ōs − Ōr)
,

{
0 = βŌs

(
2as(Ng − Ōs − Ōr)

2Is − as(Ng − Ōs − Ōr)− μ∗
nd

)
,

0 = βŌr

(
2ar(Ng − Ōs − Ōr)

2Ir − ar(Ng − Ōs − Ōr)− μ∗
nd

)
.

Es
2asIs(Ng − Ōs)

2 − as(Ng − Ōs)− μ∗
nd = 0.

Ng − Ōs

Ōs = Ng −
as +

√
a2s + 8asμ∗

ndIs

4asIs
,

Is >
asNg + μ∗

nd

2asN2
g

.

Er

2arIr(Ng − Ōr)
2 − ar(Ng − Ōr)− μ∗

nd = 0,

Ōr = Ng −
ar +

√
a2r + 8arμ∗

ndIr

4arIr
,

Ir >
arNg + μ∗

nd

2arN2
g

.

Ōr �= 0 Ōs �= 0

{
0 = 2as(Ng − Ōθ

s − Ōθ
r)

2Is − as(Ng − Ōθ
s − Ō0

r)− μ∗
nd,

0 = 2ar(Ng − Ōθ
s − Ōθ

r)
2Ir − ar(Ng − Ōθ

s − Ōθ
r)− μ∗

nd.

Ng− Ōθ
s − Ōθ

r

as +
√
a2s + 8asμ∗

ndIs

4asIs
=

ar +
√
a2r + 8arμ∗

ndIr

4arIr
.

Ōs Ōr Es, Er
Ng − Ōr = Ng − Ōs.



⎧⎪⎪⎨
⎪⎪⎩
Ōθ

s + Ōθ
r = Ng − as+

√
a2s+8asμ∗

ndIs

4asIs
,

Ōθ
s ≥ 0,

Ōθ
r ≥ 0,

θ ∈ (0, 1)

Ō = Ng − as+
√

a2s+8asμ∗
ndIs

4asIs
Ō = Ōr = Ōs Ōθ

s + Ōθ
r = Ō

θ ∈ (0, 1) {
Ōθ

s = θŌ,

Ōθ
r = (1− θ)Ō.

Ōθ
s Ōθ

r

as +
√
a2s + 8asμ∗

ndIs

4asIs
=

ar +
√
a2r + 8arμ∗

ndIr

4arIr
.

(ψ̄s
∗
, Ōs, φ̄s, ψ̄r

∗
, Ōr, φ̄r).

N = Ng − Ōs − Ōr.



⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dψ∗
s

dt
= N

∫∞
0

φs(t, x)αs(x)dx+ (asψ̄∗
s − 2βŌsIs)Os + (asψ̄∗

s − 2βŌsIs)Or − (asN + μ∗
nd)ψ

∗
s ,

dψ∗
r

dt
= N

∫∞
0

φr(t, x)αr(x)dx+ (arψ̄∗
r − 2βŌrIr)Os + (arψ̄∗

r − 2βŌrIr)Or − (arN + μ∗
nd)ψ

∗
r ,

dOs

dt
= −(β + asψ̄∗

s)Os +Nasψ
∗
s − asψ̄∗

sOr,
dOr

dt
= −(β + arψ̄∗

r)Or +Narψ
∗
r − arψ̄∗

rOs,
∂φs

∂t
(t, x) + ∂

∂x
φs(t, x) = −μ(x)φs(t, x)− αs(x)φs(t, x),

φs(t, 0) = 2βOs(t),
∂φr

∂t
(t, x) + ∂

∂x
φr(t, x) = −μ(x)φr(t, x)− αr(x)φr(t, x),

φr(t, 0) = 2βOr(t),

Is(λ) =

∫ ∞

0

αs(x)e
− ∫ x

0 μ(y)+αs(y)+λdydx,

Ir(λ) =

∫ ∞

0

αr(x)e
− ∫ x

0 μ(y)+αr(y)+λdydx.

Er = (0, 0, 0, ψ̄∗
r , Ōr, φ̄r(x)) Es = (ψ̄∗

s , Ōs, φ̄s(x), 0, 0, 0)

Ōr > Ōs,

Er Es
Ōs > Ōr,

Es Er
Ōs = Ōr,

θEs + (1− θ)Er θ ∈ (0, 1),

ψ∗
se

λt, ψ∗
re

λt, Ose
λt, Ore

λt, φs(x)e
λt, φr(x)e

λt,



{
λφs(x) +

∂φs(x)
∂x

= −μ(x)φs(x)− αs(x)φs(x),

λφr(x) +
∂φr(x)
∂x

= −μ(x)φr(x)− αr(x)φr(x).

Is(λ), Ir(λ)

asψ̄
∗
s =

βŌs

N
,

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
ψ∗
s(λ+ asN + μ∗

nd) = 2NβOsIs(λ) + (βŌs

N
− 2βŌsIs)Os + (βŌs

N
− 2βŌsIs)Or,

ψ∗
r(λ+ arN + μ∗

nd) = 2NβOrIr(λ) + (βŌr

N
− 2βŌrIr)Os + (βŌr

N
− 2βŌrIr)Or,

(λ+ β + βŌs

N
)Os = asNψ∗

s − βŌs

N
Or,

(λ+ β + βŌr

N
)Or = arNψ∗

r − βŌr

N
Os.

Aλ,Ōs,Ōr

(
Os

Or

)
=

(
0
0

)
,

Aλ,Ōs,Ōr
2× 2

Aλ,Ōs,Ōr
(1, 1) = 2NβIs(λ) + (βŌs

N
− 2βŌsIs)− (λ+Nas+μ∗

nd)(λ+β+βŌs
N

)

asN

Aλ,Ōs,Ōr
(1, 2) = βŌs(

1
N
− 2Is −

1
N
(λ+Nas+μ∗

nd)

asN
)

Aλ,Ōs,Ōr
(2, 1) = βŌr(

1
N
− 2Ir −

1
N
(λ+Nar+μ∗

nd)

arN
)

Aλ,Ōs,Ōr
(2, 2) = 2NβIr(λ) + (βŌr

N
− 2βŌrIr)− (λ+Nar+μ∗

nd)(λ+β+βŌr
N

)

arN

Ōr = 0
Ōs = 0

detAλ,Ōr,Ōs
= 0.



(0, 0, 0, 0, 0, 0)

detAλ,Ōr,Ōs
= Aλ,Ōr,Ōs

(1, 1)Aλ,Ōr,Ōs
(2, 2),

⎧⎪⎨
⎪⎩
(λ+ asNg + μ∗

nd)(λ+ β) = 2βNgasNgIs(λ),

or

(λ+ arNg + μ∗
nd)(λ+ β) = 2βNgarNgIr(λ).

(0, 0, 0, 0, 0, 0)
ψ∗
s ψ∗

r

ψ∗
s �= 0

(λ+ asNg + μ∗
nd)(λ+ β) = 2βN2

g asIs(λ),

β(asNg + μ∗
nd) > 2βN2

g asIs.

λ > 0

Er
detAλ,Ōr,Ōs

= Aλ,Ōr,Ōs
(1, 1)Aλ,Ōr,Ōs

(2, 2).

Aλ,Ōr,Ōs
(1, 1) = 0 Aλ,Ōr,Ōs

(2, 2) = 0

(λ+ arN + μ∗
nd)(λ+ β +

βŌr

N
) = arN(2NβIr(λ) +

βŌr

N
− 2βŌrIr).

N = Ng − Ōr βŌr = arψ̄
∗
r(Ng − Ōr)

(λ+ar(Ng−Ōr)+μ∗
nd)(λ+β+

βŌr

Ng − Ōr

) = β(ar(Ng−Ōr)+μ∗
nd)

Ir(λ)

Ir(0)
−arμ

∗
ndψ̄

∗
r .

(λ+ as(Ng − Ōr) + μ∗
nd)(λ+ β) = 2asβ(Ng − Ōr)

2Is(λ).



as(Ng − Ōr) + μ∗
nd > 2as(Ng − Ōr)

2Is.

(ψ̄∗
s , Ōs, φ̄s(x), 0, 0, 0) Is

2as(Ng − Ōs)
2(as(Ng − Ōr) + μ∗

nd) > 2as(Ng − Ōr)
2(as(Ng − Ōs) + μ∗

nd),

as(Ng − Ōs)(Ng − Ōr)(Ōr − Ōs) > μ∗
nd((Ng − Ōr)

2 − (Ng − Ōs)
2),

as
(Ng − Ōr)(Ng − Ōs)

Ng − Ōs +Ng − Ōr

(Ōr − Ōs) > μ∗
nd(Ōs − Ōr),

(
as
(Ng − Ōr)(Ng − Ōs)

Ng − Ōs +Ng − Ōr

+ μ∗
nd

)
(Ōr − Ōs) > 0.

Ōr > Ōs.

Es
as ar (ψ̄∗

s , Ōs, φ̄s(x), 0, 0, 0)

ar(Ng − Ōs) + μ∗
nd > 2ar(Ng − Ōs)

2Ir,

Ōs > Ōr.

Ōr = Ōs λ = 0

v =

(
1
−1

)
Aλ,Ōs,Ōr

λ = 0

{
2β(Ng − Ōs − Ōr)Is − β − μ∗

nd

as(Ng−Ōs−Ōr)
= 0,

2β(Ng − Ōs − Ōr)Ir − β − μ∗
nd

ar(Ng−Ōs−Ōr)
= 0.

(
− μ∗

nd

as(Ng−Ōs−Ōr)
βŌs

Ng−Ōs−Ōr
− 2βŌsIs − μ∗

nd

as(Ng−Ōs−Ōr)
βŌs

Ng−Ōs−Ōr
− 2βŌsIs

− μ∗
nd

ar(Ng−Ōs−Ōr)
βŌr

Ng−Ōs−Ōr
− 2βŌrIr − μ∗

nd

ar(Ng−Ōs−Ōr)
βŌr

Ng−Ōs−Ōr
− 2βŌrIr

)



λ = 0 v

θEs + (1− θ)Er, θ ∈ (0, 1).

θ∗ E∗ = θ∗Es+(1− θ∗)Er
ε > 0 (θ∗ + ε)Es + (1− (θ∗ +

ε))Er E∗

Er
Es Er

Os Or

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

dψ∗
s

dt
=
∑

n asnφsn − β(ψ∗
s + ψ∗

r)ψ
∗
s − μ∗

ndψ
∗
s ,

dψ∗
r

dt
=
∑

n arnφrn − β(ψ∗
s + ψ∗

r)ψ
∗
r − μ∗

ndψ
∗
r ,

dψs

dt
= β(ψ∗

s + ψ∗
r)ψ

∗
s − ζs0ψs − μndψs,

dψr

dt
= β(ψ∗

s + ψ∗
r)ψ

∗
r − ζr0ψr − μndψr,

dφsn

dt
= ζsnψs + ysn−1φsn−1 − ysnφn − asnφsn − μnφsn ,

dφrn

dt
= ζrnψr + yrn−1φrn−1 − yrnφn − arnφrn − μnφrn ,



ψ∗
s , ψ

∗
r ψs, ψr

φsn , φrn

n ∈ [0, N ]
asn , arn

n ζsn, ζ
r
n

ζsn = 0, ζrn = 0 n ≥ 1 ysn, y
r
n

n+ 1 y−1 = 0

φb =
∑
n

(φsn + φrn),

n

d(
∑

n φsn)

dt
= ζs0ψs −

∑
n

asnφsn −
∑
n

μnφsn ,

d(
∑

n φrn)

dt
= ζr0ψr −

∑
n

arnφrn −
∑
n

μnφrn .

β



n + 1

U0(t) Un(t)

U ′
0(t) = rU0(t)

(
1− U0(t)

K(Un(t))

)
− δU0(t),



r δ
K

τi
i ∈ In := {1, . . . , n} ui(t, a) 0 < a < τi
i τn = +∞

ui i ∈ In

∂ui

∂t
(t, a) +

∂ui

∂a
(t, a) = −μiui(t, a), t ≥ 0, a ∈ (0, τi) ,

μi

Ui(t) =

∫ τi

0

ui(t, a) da

i ∈ In

u1(t, 0) = H(Un(t))U0(t), ui(t, 0) = hi−1ui−1(t, τi−1), i = 2, . . . , n.

H

lim
Un→∞

H(Un) = 0 H(0) ≤ δ < 1.

(δ − H(Un(t)))U0(t) (1 − hi−1)ui−1(t, τi−1)

i = 2, . . . , n − 1

ui(t, τi) = e−μiτiui(t− τi, 0), t > τi.

ui(t, τi) = hi−1e
−μiτiui−1(t− τi, τi−1).

i = n

U ′
n(t) = −μnUn(t) + hn−1un−1(t, τn−1).

U ′
n(t) = −μnUn(t) +

n−1∏
i=1

hie
−μiτiH(Un(t− τ))U0(t− τ), t > τ :=

n−1∑
i=1

τi.



μ1 = · · · = μn−1 = μ h := h1h2...hn−1

t > τ⎧⎨
⎩ U ′

0(t) = rU0(t)

(
1− U0(t)

K(Un(t))

)
− δU0(t),

U ′
n(t) = −μnUn(t) + he−μτH(Un(t− τ))U0(t− τ).

(U0, Un)

t ∈ [0, τ ] (U0(t), Un(t)) =
(φ(t), ψ(t)) t − τ t > 0

[−τ, 0]
t > 0

(U0(t), Un(t)) = (φ(t), ψ(t)), t ∈ [−τ, 0], (φ, ψ) ∈ C([−τ, 0],R2).

τ (φ, ψ) ∈ C([−τ, 0],R2)
(U0(t), Un(t)) t ∈ [−τ, 0] H

limu→+∞H(u) = 0
supx≥0(H(x)) ≤ δ < 1.

K limu→+∞K(u) = 0
(U0, Un) ∈ L∞(R+) ∩

C([0,∞),R+)× C([0,∞),R+)

(Ū0, Ūn) = (0, 0)

Ū0, Ūn 0

K H R
+

H K

(0, 0)
(Ū0, Ūn)

r > δ.



(Ū0, Ūn)

μnŪn = he−μτ

(
1− δ

r

)
H(Ūn)K(Ūn) Ū0 =

(
1− δ

r

)
K(Ūn).

(Ū0, Ūn)
τ > 0

{
rŪ0

(
1− Ū0

K(Ūn)

)
− δŪ0 = 0,

−μnŪn + he−μτH(Ūn)Ū0 = 0.

(Ū0, Ūn) = (0, 0) Ū0 �= 0
E

E(Un) = he−μτ

(
1− δ

r

)
H(Un)K(Un)− μnUn,

E(0) > 0 E(+∞) = −∞ Ūn

E Ū0

μ τ
Ūn Ū0

τ̄ := μτ.

Ū0(τ̄) Ūn(τ̄) τ̄ = μτ

{
Ū0(τ̄) ≤

(
1− δ

r

)
K(0),

Ūn(τ̄)) ≤ h
μn
e−τ̄H(0)K(0).

τ̄ τ̄ �→ Ūn(τ̄)
τ̄ �→ Ū0(τ̄)

μn
∂Ūn

∂τ̄
= he−τ̄

(
1− δ

r

)[
−(HK)(Ūn(τ̄)) + (HK)′(Ūn(τ̄))

∂Ūn

∂τ̄

]
.

∂Ūn

∂τ̄
= − he−τ̄ (1− δ

r
)(HK)(Ūn(τ̄))

μn − he−τ̄ (1− δ
r
)(HK)′(Ūn(τ̄))

.

K H τ̄ �→ Ūn(τ̄)
τ̄ = μτ limτ̄→∞ Ūn(τ̄) = 0 Ū0 := Ū0(τ̄)

∂Ū0

∂τ̄
=

(
1− δ

r

)
K ′(Ūn(τ̄))

∂Ūn

∂τ̄
.



τ̄ �→ Ū0(τ̄) τ̄ limτ̄→∞ Ū0(τ̄) =
(
1− δ

r

)
K(0)

τ̄ = μτ ≥ 0

0 < Ū0(τ̄) <

(
1− δ

r

)
K0 0 < Ūn(τ̄) < Λ :=

h

μn

(
1− δ

r

)
H0K0,

K0 := K(0) H0 := H(0)

Ūn(τ̄) ≤ he−τ̄

μn

(
1− δ

r

)
H0K0,

0 <

(
1− δ

r

)
K

(
he−τ̄

μn

(
1− δ

r

)
H0K0

)
≤ Ū0(τ̄) <

(
1− δ

r

)
K0.

(Ū0, Ūn) = (Ū0(τ̄), Ūn(τ̄))⎧⎪⎨
⎪⎩

x′
0(t) =

[
r − δ − 2r

Ū0

K(Ūn)

]
x0(t) + rŪ2

0

K ′(Ūn)

K2(Ūn)
xn(t),

x′
n(t) = −μnxn(t) + he−τ̄H(Ūn)x0(t− τ) + he−μτ Ū0H

′(Ūn)xn(t− τ).

X ′(t) = Aτ̄X(t) +Bτ̄X(t− τ),

Aτ̄ :=

⎛
⎝ r − δ − 2r

Ū0

K(Ūn)
rŪ2

0

K ′(Ūn)

K2(Ūn)
0 −μn

⎞
⎠

Bτ̄ := he−τ̄

(
0 0

H(Ūn) Ū0H
′(Ūn)

)
.

μ τ



δ > r
δ < r

δ ≥ r

0 t → +∞

Δτ (λ) := det(λI − Aτ̄ − e−τλBτ̄ ) = 0.

(Ū0, Ūn) = (0, 0)

Aτ̄ :=

(
r − δ 0
0 −μn

)
Bτ̄ := he−τ̄

(
0 0
H0 0

)
.

λ = −(δ − r) λ = −μn < 0 δ > r
δ < r

δ > r
(U0, Un)

U0(t) ≤ U0(0)e
−(δ−r)t → 0,

Un(t) ≤ e−μntUn(0) + he−(μ+r−δ)τH0U0(0)
e−μnt − e−(δ−r)t

δ − r − μn

→ 0.

δ > r

δ = r U0 ≥ 0 U ′
0(t) ≤ −rU0(t)2

K0

r = 0 limt→+∞ U0 Un

limt→+∞ Un = 0 r > 0 r − δ > 0
U0(0) > 0

lim sup
t→+∞

U0(t) ≤ K0

(
1− δ

r

)
.

U0

dU0

dt
≤ r

(
1− δ

r
− U0

K0

)
U0.

U0 ≥ K0(1− δ
r
) U0

lim sup
t→+∞

Un(t) ≤ R :=
h

μn

H0K0

(
1− δ

r

)
e−τ̄ ,



lim inf
t→+∞

U0(t) ≥ K

(
lim sup
t→+∞

Un(t)

)(
1− δ

r

)
≥ K(R)

(
1− δ

r

)
> 0,

lim inf
t→+∞

Un(t) ≥ h

μn

H(R)K(R)

(
1− δ

r

)
e−τ̄ > 0.

r > δ

(Ū0, Ūn) r > δ
Aτ̄

Aτ̄ :=

( −(r − δ) r (1− δ/r)2 K ′(Ūn)
0 −μn

)
,

τ̄ = μτ

Δτ (λ) :=

∣∣∣∣ λ+ r − δ −r(1− δ/r)2K ′(Ūn)
−he−τ̄H(Ūn)e

−λτ λ+ μn − he−τ̄ Ū0(τ)H
′(Ūn)e

−λτ

∣∣∣∣ = 0.

(Ū0, Ūn)
Δτ (λ) = 0

τ̄ := μτ

(λ+ r − δ)(λ+ μn + qτ̄e
−λτ ) + Cτ̄e

−λτ = 0.

qτ̄ = −he−τ̄ Ū0(τ̄)H
′(Ūn(τ̄)) = −μn

Ūn(τ̄)H
′(Ūn(τ̄))

H(Ūn(τ̄))
≥ 0

Cτ̄ = −he−τ̄r
(
1− r

δ

)2

H(Ūn(τ̄))K
′(Ūn(τ̄)) = −(r− δ)μn

Ūn(τ̄)K
′(Ūn(τ̄))

K(Ūn(τ̄))
≥ 0.

qτ̄ ≥ 0 Cτ̄ ≥ 0 μn > 0 r − δ > 0 λ = 0
H K H ′(Un) = K ′(Un) = 0

δ − r −μn

qτ̄ ≥ 0 Cτ̄ ≥ 0 Ūn τ̄ �→ Ūn(τ̄)

q := qτ̄ = q(Ūn) C := Cτ̄ := C(Ūn) Ūn

μ τ τ
μτ Ūn



μ Ūn (μ, τ) ( 1
Ūn

, τ)

(Ūn, τ) ( 1
Ūn

, τ)

Ūn μ 1
Ūn

K Un C = 0

λ+ μn + q(Ūn)e
−λτ = 0.

K Ūn K ′ < 0

P (λ) +Q(λ)e−λτ = 0.

P Q
Ūn τ̄ = μτ

τ̄ := μτ τ

τ
r δ μn h τ̄ Ūn

K

K(Ūn) = K0

(Ū0, Ūn)

μnŪn = K0he
−μτ

(
1− δ

r

)
H(Ūn) Ū0 =

(
1− δ

r

)
K0.

C = 0

Δτ (λ) := (λ+ r − δ)(λ+ μn + q(Ūn)e
−λτ ) = 0.

λ = −(r − δ) < 0

λ+ μn + q(Ūn)e
−λτ = 0.

r > δ

lim
t→+∞

U0(t) = Ū0 :=

(
1− δ

r

)
K0.



Un Ūn

μn > 0 q(Ūn) = −μn
ŪnH

′(Ūn)

H(Ūn)
≥ 0,

H r > δ
τ̄ ≥ 0 μ τμ = τ̄

μτ = τ̄ Ūn = Ūn(τ̄)

λ+ μn + q(Ūn)e
−λτ = 0.

Ūn τ = 0 λ = −(μn+q(Ūn))
τ̄

Ūn

2.5

ŪnH
′(Ūn)

H(Ūn)
≥ −1

μn ≥ q(Ūn)

ŪnH
′(Ūn)

H(Ūn)
< −1, τ < τ ∗(Ūn) =

arccos
(

H(Ūn)

ŪnH′(Ūn)

)
√
μ2
n

((
ŪnH′(Ūn)

H(Ūn)

)2

− 1

) ,

μn < q(Ūn) τ > τ ∗(Ūn)

μτ = τ̄

μ, τ μτ = τ̄ τ̄
μ τ μn ≥ q(Ūn(τ̄)) μn < q(Ūn(τ̄))

τ < τ ∗(Ūn(τ̄)) μn < q(Ūn(τ̄)) τ > τ ∗(Ūn(τ̄))

q μn

τ̄ �→ q(τ̄) H C1 [0,+∞)
lim∞ q = 0 Ūn(τ̄) → 0 τ̄ → +∞

[τ̄ ∗,+∞[ q(τ̄) ≤ μn τ ≥ τ̄ ∗/μ
τ̄ ∗ = 0 τ̄ ∗ > 0

μ

H 0
Ūn

xH ′(x)/H(x) → 0 0



H(x) 1 + xH′(x)
H(x)

e−λx 1− λx x ≥ 1/λ
θn

θn+xn

θn+(1−n)xn

θn+xn n = 1 x ≥ θ(n− 1)−
1
n

(x−1)(x−3)
1+2(x−1)2

x ∈]1, 3[

H ′(x)
H(x)

= − x

1 + 2(x− 1)2
.

1 +
xH ′(x)
H(x)

=
1 + 2(x− 1)2 − x2

1 + 2(x− 1)2
=

(x− 1)(x− 3)

1 + 2(x− 1)2
.

H(x) = C0
e
− arctan(

√
2(x−1))√
2

(1 + 2(x− 1)2)1/4

C0 1 H(1) = 1

Ūn

Ūn

Ūn

h, μn, r, δ
τ, μ

1 + xH′(x)
H(x)

< 0

I

Ūn �→ (μ∗(Ūn), τ
∗(Ūn)) I

μ

μ∗(U) =
1

τ ∗(U)
log

(
h(1− δ

r
)

μn

KH(U)

U

)
.



( 1
Ūn

, τ)

(μ, τ)



Ūn Ūn μ
H μ

K

K H

0 = λ2 + (r − δ + μn)λ+ (r − δ)μn

+μnŪne
−λτ

(
λ

(
−H ′(Ūn)

H(Ūn)

)
+ (r − δ)

(
−H ′(Ūn)

H(Ūn)
− K ′(Ūn)

K(Ūn)

))
.

(h′, k′) =
(
− ŪnH

′(Ūn)

H(Ūn)
, − ŪnK

′(Ūn)

K(Ūn)

)
,

r̃ = r − δ
k′ = 0 −r̃

h′ k′

Ūn τ K ′ = 0

λ2 + (r̃ + μn)λ+ r̃μn + μne
−λτ (λh′ + r̃(h′ + k′)) = 0.

iω
λ = iω

(r̃μn − ω2)2 + ω2(r̃ + μn)
2 − μ2

n(ω
2h′2 + r̃2(h′ + k′)2) = 0.

R ω2

R(X) = X2 − (
2r̃μn − (r̃ + μn)

2 + μ2
nh

′2)X + μ2
nr̃

2(1− (h′ + k′)2),

= X2 − (
(μ2

n(h
′2 − 1)− r̃2

)
X + μ2

nr̃
2(1− (h′ + k′)2).

R

h′, k′ ≥ 0 R

(h′ + k′) > 1 x1 = ω2
1

ω1 =

√
1

2

[
μ2
n(h

′2 − 1)− r̃2 +
√
(μ2

n(h
′2 − 1)− r̃2)2 + 4μ2

nr̃
2((k′ + h′)2)− 1)

]
.



R

h′+ k′ ≤ 1 τ

h′ + k′ > 1
τ > τ ∗

τ ∗ =
arccos

(
μnr̃k′(ω2

1−μnr̃)−μ2
nh

′(ω2
1+r̃2)

μ2
nr̃

2(k′+h′)2+μ2
nh

′2ω2
1

)
ω1

,

ω1

R
h′ + k′ > 1 R(0)

R ω2

R(X) = 0
X1 ω2

1 = X1

R(ω2) = 0

ω4 − (μ2
n(h

′2 − 1)− r̃2)ω2 + μ2
nr̃

2(1− (k′ + h′)2) = 0.

ω2
1 =

1

2

(
μ2
n(h

′2 − 1)− r̃2 +
√
(μ2

n(h
′2 − 1)− r̃2)2 + 4μ2

nr̃
2((k′ + h′)2)− 1)

)
,

h′+ k′ ≤ 1 iω
R

R(X) = (X + r̃2)(X + μ2
n)− μ2

n(Xh′2 + r̃2(h′ + k′)2)

= (X + r̃2)(X + μ2
n(1− (h′ + k′)2)) + μ2

n((h
′ + k′)2 − h′2)X,

h′ + k′ ≤ 1 R
R+

τ ∗

τ ∗

λ = iω ω = ω1(Ūn)

{
μnr̃(k

′ + h′) cos(ωτ) + μnh
′ω sin(τω) = ω2 − μnr̃,

−μnh
′ω cos(ωτ) + μnr̃(k

′ + h′) sin(τω) = (μn + r̃)ω.



{
sin(ωτ) = 1

(μ2
nr̃

2(k′+h′)2+(μnh′)2ω2 (μnr̃(k
′ + h′)(μn + r̃)ω + μnh

′ω(ω2 − μnr̃)) = h1(ω),

cos(ωτ) = 1
(μ2

nr̃
2(k′+h′)2+(μnh′)2ω2 (μnr̃(k

′ + h′)(ω2 − μnr̃)− (μn + r̃)μnh
′ω2) = h2(ω).

ω = ω1(Ūn) ≥ 0

h1 =
ωμn

(μ2
nr̃

2(k′ + h′)2 + (μnh′)2ω2

(
r̃k′(μn + r̃) + h′(ω2 + r̃2)

) ≥ 0.

sin(ωτ) > 0 ωτ ∈ (0, π) + 2πN
h2

h2 =
1

(μ2
nr̃

2(k′ + h′)2 + (μnh′)2ω2

(
μnr̃k

′(ω2 − μnr̃)− h′μ2
n(ω

2 + r̃2)
)
,

k′ = 0 h2 = − 1
h′

ω1τk = arccos(h2(ω1)) + 2kπ, k ∈ N,

τ ∗ k = 0
ω1

d�(λ)
dτ

|τk
τk, k ∈ N

τ = 0

P (λ) +Q(λ)e−λτ = 0,

P 2 Q ≤ 1 < deg(P )
τ = τk

]τk, τk+1[ Re(λ′)

τ �→ λ(τ)
τ = τk k λ(τk) = iω1

τk

P (λ(τ)) +Q(λ(τ))e−λ(τ)τ = 0,

λ′(τ)
(
P ′(λ) +Q′(λ)e−λτ −Q(λ)τe−λτ

)− λQ(λ)e−λτ = 0.



τ = τk λQ(λ) = iω1Q(iω1) �= 0 λ′(τk) �= 0
Q̄(iω1)e

+iω1τk = −P̄ (iω1)

λ′(τk)(−P ′(iω1)P̄ (iω1) +Q′(iω1)Q̄(iω1)− τk|Q(iω1)|2) = iω1|Q(iω1)|2.

d

dω
|P (iω)|2 = d

dω
P (iω)P (−iω)

= i(P ′(iω)P (−iω)− P (iω)P ′(−iω))

= −2Im(P ′(iω)P (−iω))

= −2Im(P ′(iω) ¯P (iω))

Im
(−P ′(iω1)P̄ (iω1) +Q′(iω1)Q̄(iω1)

)
=

1

2

d

dω
(|P (iω)|2 − |Q(iω)|2).

|P (iω)|2 − |Q(iω)|2 = R(ω2)

d

dω
(|P (iω)|2 − |Q(iω)|2) = 2ωR′(ω2).

h′ + k′ > 1 ω1

R R′(ω2
1) > 0 D(iω1) =

(−P ′(iω1)P̄ (iω1) +Q′(iω1)Q̄(iω1)− τk|Q(iω1)|2) �= 0

λ′(τk) = i
ω1|Q(iω1)|2
|D(iω1)|2 D̄(iω1).

Re(λ′(τk)) +Im(D(iω1)

Im(D(iω1) = Im(−P ′(iω1)P̄ (iω1) +Q′(iω1)Q̄(iω1)− τk|Q(iω1)|2)
= Im(−P ′(iω1)P̄ (iω1) +Q′(iω1)Q̄(iω1))

=
1

2

d

dω
(|P (iω)|2 − |Q(iω)|2)| |ω1> 0,

∀k ∈ N, λ′(τk) > 0.

H K K ′ �= 0 H K

HK = F.

H(x) = F α(x) K(x) = F 1−α(x) α ∈ [0, 1]

f ′ = −Ūn
F ′(Ūn)

F (Ūn) {
h′ = αf ′,

k′ = (1− α)f ′.



F (x) = e−λx

F (x) = θn

θn+xn ,

F (x) = C0
e
− 1√

2
arctan(

√
2(x−1))

(1+2(x−1)2)1/4
C0 = 1 F (1) = 1

α = 1

α = 0.5

H(x) K(x) 1− h′ − k′

e−λ/2x e−λ/2x 1− λx x ≥ 1/λ√
θn

θn+xn

√
θn

θn+xn

θn+(1−n)xn

θn+xn n = 1 x ≥ θ(n− 1)−
1
n

(x−1)(x−3)
1+2(x−1)2

x ∈ (1, 3)

H(x) = K(x) =
e
− 1

2
√
2
arctan(

√
2(x−1))

(1 + 2(x− 1)2)1/8
.

α = 0 H

K(x) 1 + xK′(x)
K(x)

e−λx 1− λx x ≥ 1/λ
θn

θn+xn

θn+(1−n)xn

θn+xn n = 1 x ≥ θ(n− 1)−
1
n

(x−1)(x−3)
1+2(x−1)2

x ∈]1, 3[

Ūn F α
τ ∗(Ūn) α

1− h′ − k′ < 0 I

Ūn �→ (μ∗(Ūn), τ
∗(Ūn)) I

μ

μ∗(U) =
1

τ ∗(U)
log

(
h(1− δ

r
)

μn

K(U)H(U)

U

)
.



Ūn ∈ I τ ∗(Ūn)
(μ, τ) (μ(s), τ(s)) μ(s)τ(s) = constant =

μ∗(Ūn)τ
∗(Ūn)

s ∈ R
+ �→

(
μ∗(Ūn)τ

∗(Ūn)

s
, s

)
.

λ
s = τ ∗(Ūn) 6.1

α = 0, 0.2, 0.5, 1
( 1
Ūn

, τ(Ūn))

(μ(Ūn), τ(Ūn))

F (x) = e−x

α (μ(Ūn), τ(Ūn))
( 1
Ūn

, τ(Ūn))

F (x) = 1
1+x2



α (μ(Ūn), τ(Ūn))
( 1
Ūn

, τ(Ūn))

H(x) K(x)

α (μ(Ūn), τ(Ūn))
( 1
Ūn

, τ(Ūn))

α = 0, α = 0.5, α = 1
α α = 0.2



τi i
τ =

∑n
i=1 τi

τ

K,H

HK = F.

F

H = F α K = F 1−α α
τ ∗(α) α

α





2

P (λ) +Q(λ)

∫ +∞

0

e−λx/gp̄(x)dx = 0,

P 3 Q
μc = μu p̄

p̄



P Q

100

S
F

τ ∗ p̄∫ +∞
0

xp̄(x)dx < τ ∗

τ ∗ < τ(ω+)

4



i τi
τi τ =

∑
i τi

U0, Un

t > τ⎧⎨
⎩ U ′

0(t) = rU0(t)

(
1− U0(t)

K(Un(t))

)
− δU0(t),

U ′
n(t) = −μnUn(t) + he−μτH(Un(t− τ))U0(t− τ).

(U0(t), Un(t)) = (φ(t), ψ(t)), t ∈ [−τ, 0], (φ, ψ) ∈ C([−τ, 0],R2).

r δ

H K
(0, 0)

r > δ

μnŪn = he−μτ

(
1− δ

r

)
H(Ūn)K(Ūn) Ū0 =

(
1− δ

r

)
K(Ūn).

δ ≥ r
0 t → +∞

δ < r



(0, 0) δ > r

(λ+ r − δ)(λ+ μn + qμτe
−λτ ) + Cμτe

−λτ = 0.

μτ μτ
τ

K ′ = 0 Cμτ = 0
K ′ �= 0

Ūn τ μτ
μτ

τ̄ = μτ

μ, τ τ̄
τ = τ̄

μ

K ′ = 0 qτ̄

τ ∗

μ, τ μτ = τ̄ τ ∗

τ < τ ∗

H

K ′ �= 0 qτ̄
λ = iω

ω

τ



HK = F F

HK = F,

H = F a K = F 1−a

a a = 0, 0.2, 0.5, 1 a = 0
K a = 1 H

K ′ = 0

τ H K

H K
τ ∗ a

dτ∗
da

τ ∗ a

max{τ ∗|a ∈ [0, 1]}.
τ ∗

a = 0
h′ k′

K ′ �= 0 h′ k′

f ′ = −Ūn
F ′(Ūn)

F (Ūn)
h′ = af ′ k′ = (1− a)f ′

λ = iω

(iω + r̄)(iω + μn) + μne
−iωτ (iωaf ′ + r̄f ′) = 0.

a

iω′(a)(iω + μn) + iω′(a)(iω + r̄) + μne
−iωτ iω(a)f ′ + iμne

−iωτω′(a)af ′

−μnie
−iωτ (ω′(a)τ + ω(a)τ ′(a))(iωaf ′ + r̄f ′) = 0.

(iω + r̄)(iω + μn)

ω′(a)[
i

iω + r̄
+

i

iω + μn

+ iτ − i
a

iωa+ r̄
] + iω(a)τ ′(a)− i

iω(a)

iω(a)a+ r̄
= 0.

ω2(a) =
1

2
[(μnaf

′)2 − μ2
n − f ′2 +

√
(μnaf ′)2 − μ2

n − r̄2 + 4μ2
nr̄

2(f ′2 − 1)].

a

2ω(a)ω′(a) =
1

2
[2a(μnf

′)2 +
μ2
naf

′2√
(μnaf ′)2 − μ2

n − r̄2 + 4μ2
nr̄

2(f ′2 − 1)
].



a = 0 ω(a)|a=0 �= 0

ω′(a)|a=0 = 0,

iω(a)τ ′(a)− i
ω(a)

r̄
= 0,

τ ′(a)|a=0 =
1

r
> 0.

a = 0
τ ∗







α
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