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Abstract

Molecular Dynamics (MD) is often used to simulate large and complex systems. Although,
simulating such complex systems for the experimental time scales are still computationally
challenging. In fact, the most computationally extensive step in MD is the computation of
forces between particles. Adaptively Restrained Molecular Dynamics (ARMD) is a recently
introduced particles simulation method that switches positional degrees of freedom on and off
during simulation. Since force computations mainly depend upon the inter-atomic distances,
the force computation between particles with positional degrees of freedom off (restrained
particles) can be avoided. Forces involving active particles (particles with positional degrees
of freedom on) are computed. In order to take advantage of adaptability of ARMD, we
designed novel algorithms to compute and update forces efficiently. We designed algorithms
not only to construct neighbor lists, but also to update them incrementally. Additionally,
we designed single-pass incremental force update algorithm that is almost two times faster
than previously designed two-pass incremental algorithm. These proposed algorithms are
implemented and validated in the LAMMPS MD simulator, however, these algorithms can
be applied to other MD simulators. We assessed our algorithms on different and diverse
benchmarks in both microcanonical ensemble (NVE) and canonical (NVT) ensembles. In the
NVE ensemble, ARMD allows users to trade between precision and speed while, in the NVT
ensemble, it makes it possible to compute statistical averages faster. In Last, we introduce
parallel algorithms for single-pass incremental force computations to take advantage of
adaptive restraints using the Message Passage Interface (MPI) standard.





Abstract

Les méthodes de dynamique moléculaire (MD pour Molecular Dynamics en anglais) sont
utilisées pour simuler des systèmes volumineux et complexes. Cependant, la simulation de
ce type de systèmes sur de longues échelles temporelles demeure un problème coûteux en
temps de calcul. L’étape la plus coûteuse des méthodes de MD étant la mise à jour des forces
entre les particules. La simulation de particules restreintes de façon adaptative (ARMD pour
Adaptively Restrained Molecular Dynamics en anglais) est une nouvelle approche permettant
d’accélérer le processus de simulation en réduisant le nombre de calculs de forces effectués à
chaque pas de temps. La méthode ARMD fait varier l’état des degrés de liberté en position
en les activants ou en les désactivants de façon adaptative au cours de la simulation. Du fait,
que le calcul des forces dépend majoritairement de la distance entre les atomes, ce calcul
peut être évité entre deux particules dont les degrés de liberté en position sont désactivés.
En revanche, le calcul des forces pour les particules actives (i.e. celles dont les degrés
de liberté en position sont actifs) est effectué. Afin d’exploiter au mieux l’adaptabilité de
la méthode ARMD, nous avons conçu de nouveaux algorithmes permettant de calculer et
de mettre à jour les forces de façon plus efficace. Nous avons développé des algorithmes
permettant de construire et de mettre à jour des listes de voisinage de manière incrémentale.
En particulier, nous avons travaillé sur un algorithme de mise à jour incrémentale des forces
en un seul passage deux fois plus rapide que l’ancien algorithme également incrémental mais
qui nécessitait deux passages. Les méthodes proposées ont été implémentées et validées
dans le simulateur de MD appelé LAMMPS, mais elles peuvent s’appliquer à n’importe quel
autre simulateur de MD. Nous avons validé nos algorithmes pour différents exemples sur les
ensembles NVE et NVT. Dans l’ensemble NVE, la méthode ARMD permet à l’utilisateur de
jouer sur le précision pour accélérer la vitesse de la simulation. Dans l’ensemble NVT, elle
permet de mesurer des grandeurs statistiques plus rapidement. Finalement, nous présentons
des algorithmes parallèles pour la mise à jour incrémentale en un seul passage permettant
d’utiliser la méthode ARMD avec le standard Message Passage Interface (MPI).
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Chapter 1

Introduction

Scientific studies are conducted with the aim of obtaining a deeper insight into the naturally
occurring phenomena, using knowledge from different fields like physics, chemistry, math-
ematics, biology among others. To understand the different phenomena, experiments are
conducted in a controlled environment (in vivo or in vitro) at laboratories, where detailed
studies are carried out. The ultimate goal of these experiments is to deduct a mathematical
description of the observed phenomenon in order to predict and analyze different properties
of a system under various environmental conditions.

In some cases, the experimental conditions may not be conducive for studying certain
physical properties in detail (for instance, study of material at very high pressure, or effect of
a cavity in material), either due to the complexity of a system or limitations posed by the
experimental technique itself. Computer simulations can aid in overcoming the aforemen-
tioned limitations by solving a representative mathematical model (a set of equations). For
example, Navier-Stokes equations are frequently used in fluid mechanics; however, analytical
solutions of these equations are difficult to obtain. The Navier-Stokes equation is solved by
discretization and the discretized solution of Navier-Stokes equations is then used to simulate
fluid systems using computers.

Systems in other domains such as astronomy, biology, and material science, often use
computers to solve representative equations and to study the dynamical behaviour of a
system [4–7]. In these domains, a system can be represented with a set of particles or points
and forces on these particles are exerted by other particles based on certain rules. This
representation of a system is referred as the particle model. For example, in astronomy,
planets are represented as points, and interactions between these planets are governed by
gravitational laws. These points are also called interacting bodies, and dynamics of a
system can be solved analytically for few (2-3) interacting bodies; however, in nature, there
are millions of interacting bodies, and obtaining a solution for such large systems is very



2 Introduction

complicated. The presence of astronomical number of particles and complex experimental
set up are among the main reasons that have accounted for the rise of computer simulations
in science.

In biology, computer simulations may serve as a computational microscope, due to the
ability to investigate the biomolecules with atomistic details [8, 9]. By providing the positions
of particles as a function of time, in particular, computer simulations help to rationalize
the behaviour of biological molecules, to gain insight into the folding mechanism of small
proteins, structural-functional relationship of biomolecules, the selectivity of ion-channels
etc. [10–22]. Apart from the structural properties of biomolecules, computer simulations
are used to decipher the dynamical properties of biomolecules and to gain atomistic level
details of the malfunctioning of proteins that might lead to a disease (in Alzheimer’s disease,
specific proteins change their conformations from alpha-helices to beta-sheets) [3, 23–26].
Moreover, computer simulations are often used to characterized the rate of ligand association
and dissociation mechanism [27–29]. These simulations are used to assist experimentalists in
designing new drugs, chemical-compounds and biosensors etc.. In nanotechnology, scientists
often conduct experiments and simulations to study the influence of a biomolecule (DNA
or protein) on the properties of graphene, and these informations are useful to design new
biosensors that can detect a disease [30–33]. Computer simulations are also used to compute
properties of solids and liquids such as melting, boiling temperature point and effect of
impurities on the melting temperature. Thus, Computer simulations act as a bridge between
theoretician and experimentalist.

1.0.1 Representative Particle Models

Most often, in the simulation, a system is represented by a computer model and the dynamics
of this model is evolved by solving an appropriate equation. These representative models can
vary in the levels of detail (fig. 1.1). Based on the level of detail, computer simulations can
be categorised as:

1. Quantum mechanics (QM)

In the QM simulation, a system is represented at the quantum mechanics level. The
QM simulation is used to study processes that require information about electrons
[34]. The QM simulations are performed by solving the Schrödinger wave equation.
Moreover, the Born–Oppenheimer (BO) approximation can be used to decouple the
electronic and the nuclear degrees of freedom.
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Solving Schrödinger wave equations (time-dependent and time-independent) are com-
putationally expensive, therefore, the QM method can be used to simulate a very small
system that involves up to hundreds of atoms. The number of atoms, however, can
be increased by using various level of approximations such as Hartree–Fock, density
functional theory (DFT) or Car–Parrinello molecular dynamics [35–37]. QM simula-
tions are generally used, but not limited to, in simulating bond breaking and formation,
reactions involving charge transfer and structures of small molecules etc. QM has been
used to simulate plethora of small molecules e.g. H+

2 ,HD+,H3+, and to compute
properties like proton–proton coupling constants of organic molecules such as methy-
lene [38, 39]. These types of simulations are useful in obtaining precise information
of a system such as structure of methylene, water (bond length and angle), proton
transfers in photo-receptor proteins [40]. However, owing to the huge computational
need, this method is limited to small systems.

2. Classical Mechanics simulation

This simulation method is used to study processes that do not require any quantum level
details (e.g. transfer of proton or electron or bond breaking and formation). Methods
based on this mechanics ignore the electronic degrees of freedom and particles are
represented as the positions of atomic nuclei. Moreover, a system containing these
particles follows the classical mechanics theory (Newton’s law of motions). The
system can be simulated using either MC or MD. One of the main objective of these
methods is to sample configurations over the phase space so that correct averages
and thermodynamic properties can be obtained. MC is a probabilistic method, in this
configurations are randomly generated, and then based on certain criteria (depend
upon a given temperature) a generated configuration is either accepted or rejected.
These criteria ensure to generate low energy configurations with high probability as
compared to configurations correspond to higher energy values. On the other hand,
MD is a deterministic simulation method that generate configurations as a function of
time. These simulation methods along with physical parameters (temperature, force
fields and either equation of motions or metropolis) generate configurations such that
physiochemical properties of a system can be obtained. In particular, MD is used to
decipher the structural-functional relationship of biomolecules and provide atomistic
level details about conformational changes associated with biomolecules. Moreover,
MD is also used in conjugation with experimental techniques (such as X-ray and NMR)
to determine and to refine structures of biomolecules.
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Fig. 1.1 This figure shows simulation methods at different length and time scales. High
accuracy quantum simulations can be used to simulate a small system up to ps time scale.
Whereas, simulations with low level of accuracy (coarse grain) can be used to simulate
systems with µm and up to ms time scale. Picture taken from Ref [1].

Fig. 1.2 This figure illustrate the energy surface of all-atom and coarse-grained simulations
along order parameters. All-atom simulation has a very rugged energy surface; hence,
simulation can be performed by using a short time step (1− 2 f s). On the contrary, the
energy surface associated with a coarse-grained simulation is smooth, thus a larger time step
size can be used to simulate a system. Picture taken from Ref [2].
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Fig. 1.3 a) This Figure represents the one-
dimensional energy landscape of a protein
and the energy barriers. Simulations at a
time scale of ps− ns are useful to study
local flexibilities of biomolecule (bond vi-
bration, methyl rotation and loop motions).
Owing to the rugged energy landscape of
a biomolecule, most often, simulations ex-
plore regions which are separated by lower
free energy barriers (up to few kbT ). In or-
der to sample regions that are separated by
high energy barriers, one need to perform
longer simulations (µs−ms). b) Time scale
of protein dynamics. Most biological rele-
vant events like collective motions, protein
folding, ligand association and dissociation
occur at µs to s time scale. Picture taken
from Ref [3].

Molecular simulations have been used to simulate small and simple systems such
as water and butane to complex and large biological systems e.g. cell-membrane,
ion-channel and ribosome. In simulations of biological molecules, because of the fast
H-bond vibrations, all-atom simulations are perform by using a time step of 1 f s or
2 f s by using a constrained algorithm (SHAKE or RATTLE) [41, 42]. The time-step
can be further increased up to 4−5 f s by either using virtual interaction sites, which
removes fast H-bond vibrations or highest frequency vibrations present in the system,
or Hydrogen-Mass-Repartition [43, 44]. Due to the short time step size, all-atom
simulations are currently limited to microsecond time scales (fig. 2). In fact, for
complex systems such as cell membrane proteins or crowding, owing to the number of
force computations at each step and short time step, molecular dynamics may suffer in
the performance and may not be able to sample high-energy conformations associated
with a biomolecule. In order to increase the time step size and study biomolecules
beyond the microsecond time-scale, coarse-grained simulations can be performed.

3. Coarse-grained (CG) simulation

The CG representation involves reducing the levels of detail of atoms by grouping them
into coarse-grained groups (also called CG-beads), and hence reducing the number of
atoms present in the system. For example, one water molecule can be represented by a
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one CG-bead. Moreover, CG simulations also smooth the free energy surface from
a rugged free-energy landscapes, as a result, a larger time-step (10−100 f s) can be
used in performing a CG simulation of a system (fig. 1.2). CG simulations are often
used in simulation of complex systems involving proteins, biological lipid-membrane
and crowding. Although a CG representation significantly increases the speed of a
simulation, it reduces the level of accuracy.

4. Supra-coarse-grained simulation

This representation reduces the levels of detail further by representing multiple CG
beads into one supra bead, for example, one supra-coarse-grained bead of water might
contain 4-5 water molecules. This representation significantly reduces the number of
atoms present in a system, and thus simulations can be perform faster [45].

1.0.2 Hybrid representations

Apart from these categories, a hybrid representation of a system is also use in computer
simulations. This representation incorporates different levels of detail. Precisely, a specific
part of the system is simulated at a different scale, whereas other scale has been used for the
rest of the system. These hybrid simulations are:

1. QM/MM simulations

This simulation combines quantum mechanics simulations with molecular mechanics.
In QM/MM method, a small and interesting part of a system is treated at an appropriate
level of quantum chemistry theory, while the rest of the system is treated with the fast
molecular mechanics method. The QM/MM simulation method may be used to study
systems such as interactions of a drug with proteins, protein-ligand complexes and
photoreceptor proteins [46, 47].

2. MM/CG simulations

In this hybrid approach, a specific part of the system is represented with all-atoms and
the rest of the system is treated with CG beads. This representation is frequently use
in simulation of a proteins in a lipid membrane, where the protein is represented with
all-atom and lipid molecules are treated with the CG beads. This simulation is used to
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study the structural and dynamical properties of G-protein coupled receptors, ABC
receptors and insertion of a protein into a membrane [48–50].

3. QM/MM/CG simulations

This hybrid simulation method involves all levels of detail, a specific portion of the
system is treated with quantum details. Surrounding of the quantum representation is
treated with the all-atom representation and the rest of the system is treated with the
CG representation. [51].

4. Adaptive resolution simulation

This hybrid simulation method allows to change the levels of detail of a molecule.
Based on the predefined simulation region or based on some factor, a particle can adapt
its representation from CG to AA to quantum mechanics or vice-versa [52–54].

1.1 Molecular Simulation

Since quantum mechanics methods involve electronic degrees of freedom, most of the
problems are too large to be studied. Methods that ignore electrons and represent atoms
as a nuclei, AA and CG, are often used to simulate complex and large systems. Molecular
simulation of a system can be perform by using either MC or MD. In particular, MD is a
method that involves integrating the Newton’s equation of motions. In fact, the time evolution
of a set of N particles can be derived from the Hamiltonian function:

H(q,p) =
1
2

pT M−1p+V (q) (1.1)

p,q are the momenta and the position vectors. The first term in the Hamiltonian is the
total kinetic energy and second term represents the potential energy of a system (which
depends upon positions of particles). M−1 is an inverse mass matrix. The equation of
motions associated with the Hamiltonian is given by:

q̇(t) = ∇PH(q,p) = M−1p

ṗ(t) =−∇qH(q,p) =−∇V (q),
(1.2)
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q̇(t) represents the velocity vector and ṗ(t) is an acting force on particles. Forces in the
system arise due to the inter-particle interactions and most often these forces are derived
from a potential equation (or force fields). In subsequent sections, we briefly discuss about
formulation of a force field and algorithms to compute forces in a system.

1.1.1 Force Fields

A force field is a set of equations and associated parameters. These equations, based on
atomic coordinates (positions of atoms), compute the potential energy of a system. In AA
and CG representations, particles interact with each other using an empirical force field. The
general functional form of a force field is given by equation 1.3.

UFF =Ubonded +Unon−bonded

UBonded =Ubond +Uangle +Udihedral

Unon−bonded =Ushortrange +Ulongrange

(1.3)

Different force fields might have the same functional form and have different values for
the associated parameters. Moreover, different force fields with the same functional form
and different values of constant parameters, and force fields with different functional form,
may produce comparable trajectories.

In a force field, interactions in a system are divided into bonded and non-bonded interac-
tions.

Bonded interactions

Bonded interactions include interactions due to bonds, angles and dihedral angles. Bond
and angle terms are computed using the Hooke’s law or the harmonic potential. This is
characterized by a force constant and an equilibrium value, Whereas a dihedral potential is
evaluated using a cosine series (equation 1.4).

Ubonded = Kb(r− r0)
2

Uangle = Kθ (θ −θ0)
2

Udihedral = Kψ((1+ cos(nψ−δ ))

(1.4)

Kb,Kθ ,Kψ are force constants and r0,θ0 are equilibrium values of angles and dihedral
angles. These constants are derived from either experiments or quantum simulations.
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Some biological force fields also include a improper dihedral term in the bonded term
that include having a out-of-plane atom.

Non-bonded interactions

Non-bonded interactions in a biomolecular system are characterized by the interactions
between particles that are not connected by a bond or an angle (sometime dihedral). In a
biomolecular system non-bonded interactions are categorized as:

1. Lennard-Jones interactions

2. Electrostatic interactions.

Van der Waals interactions

In a force field, Lennard-Jones (LJ) interactions are frequently computed using the Lennard-
Jones potential.

ULJ = 4ε

[(
σ

r

)12
−
(

σ

r

)6
]

(1.5)

ULJ is the Lennard-Jones potential, also referred as the 12,6 or the LJ potential. In the
LJ potential, ε is the depth of potential well, and σ is the inter-particle distance at which
the potential is zero. For a pair i− j, the parameters ε and σ in the ULJ are combined with
mixing rules, which are as follows:

Geometric mean for εi j =
√

εiε j and arithmetic mean for σ = (σi +σ j)/2.

Electrostatic interactions

Charged particles in a system interact with each other through electrostatic interactions.
Moreover, a molecule can interact with other molecules through electrostatic interactions if
charges on molecules are distributed unevenly. For example two water molecules interact via
electrostatic interactions because of electro-negativity difference of the H atom and the O
atom or uneven charge distribution on the H-O-H molecule. The electrostatic interaction for
an ionic pair i, j is computed using the Coulomb potential:

Ucoul = Kcoul
qiq j

ri j
(1.6)
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In equation 1.6, parameter Kcoul is a constant, qi,q j are charges on particles i and j respec-
tively and ri j is the distance between particles. Unlike the van der Waals potential, the
Coulomb potential decays slowly with the distance that makes computationally expensive to
evaluate.

1.1.2 Force fields for materials

The force field in the equation 1.3 (contain pair potentials) is generally used in performing
simulation of materials. Over the past decade, several studies have reported the failure of pair
potential to reproduce properties for materials like melting temperature and others [55, 56].
Therefore, material scientists have added an extra multi-body potential term in the force field
formulation. The functional form of a force field for materials is given by the equation 1.7.

Utotal =UAB(rAB)+UBC(rBC)+UAC(rAC)+UABC(rAB,rBC,rAC) (1.7)

The three-body term in equation 1.7 UABC(rAB,rBC,rAC) can be positive or negative, de-
pending upon the type of interaction. The Stillinger-Weber and the Tersoff potentials are
examples of the three-body potential that are widely used in designing and simulation of
semiconductors [56, 57]. The potential form of three particles A,B and C interacting with
the Stillinger-Weber potential is given by:

USW =
1
2 ∑

i j
φ(ri j)+∑

i jk
g(ri j)g(rik)

(
cosθ jik +

1
3

)2

(1.8)

where φ(ri j),g(ri j),g(rik) are two-body terms and θ jik is a three-body angle term. Most
of these force fields (pair potentials and three-body potential) depend mainly upon the
inter-particle distances.

1.1.3 Reactive Force Field

A reactive force field is a bond order based force field that allows to stimulate the formation
and breaking of bonds [58]. The bond order is computed from interatomic distances. The
force field is mainly used in simulation of materials and hydrocarbons. ReaxFF is a reactive
force field and the potential energy function of ReaxFF is given as:

Usystem =Ubond +Uover +Uangle +Utors +UvdWaals +UCoulomb +USpeci f ic (1.9)
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The Ubond term in eq 1.9 represents the potential energy associated with both a bond and
formation of a bond between two atoms. Potential energies for a angle and a torsional angle
are given by Uangle and Utors. Uover is the energy penalty for an inappropriate bond (for
example, there will a penalty, if the number of bonds form by an atom exceeds by the number
of valance electrons). UCoulomb and UvdWaals terms are non-bonded interactions (similar to
equations 1.5 and 1.6). USpeci f ic is a system specific term that involves in capturing a specific
conformation of a chemical compound.

1.2 Algorithms for force computation

In computer simulations of a system with all-atom (AA) or CG representation, force compu-
tation is the most time-consuming step. In fact, bonded terms are computed efficiently and
the time-complexity of these terms is proportional to the number of particles present in the
system. On the contrary, computation of non-bonded terms for a system containing N number
of particles has the time-complexity of order N2, if computed between every pair of particles.
However, advanced algorithms are frequently used to reduce the time-complexity of non-
bonded terms. In this section, we briefly discuss about algorithms to compute non-bonded
forces efficiently.

Non-bonded interactions can be divided into two classes; short- and long- range interac-
tions.

1.2.1 Short-range interactions

Short-range interactions are typically truncated (i.e. made to vanish after a specific cutoff
distance rc), and computed thanks to neighbor lists, i.e. lists of neighboring particles. These
neighbor lists are often built through a combination of cell lists and Verlet lists[59]. In the
cell lists method, all particles are binned into smaller 3D cells of side length l ≥ rc according
to their coordinates. This binning ensures that, for each particle, all interacting particles are
either in the primary box or in the neighboring 26 cells (instead of the whole simulation box).
Under the assumption that particles are distributed uniformly and the force calculation on a
particle is proportional to the volume of neighbor region then the cell list method, for each
particle, reduces the search volume from L3 to 27r3

c (L is the simulation box length).
In the Verlet lists method, each particle is associated to a list of neighboring particles

within a distance rs = rc+δ , where δ is a buffering distance. This method further reduces the
search volume from 27r3

c to 4π(rc+δ )3/3. However, a combination of cell and Verlet lists is
often use in construction of neighbor lists. The combined method constructs neighbor list for
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all particles by searching in 27r3
c volume; however, neighbor lists contain all pairs that have a

smaller distance than (rc +δ ). This combined approach allows to use same neighbor lists for
few time steps and these lists are updated either every N time steps, or based upon how far
the particles have moved [60, 61]. Algorithm 1 shows the steps to construct a neighbor list
of a particle i, and Cells(i) contains all indices of parrticles belonging to neighboring cells.

Algorithm 1: NL(i)

1 for j ∈Cells(i) do
2 r2 = ||r(i)− r( j)||2

3 if r2 ≤ (rc +δ )2 then
4 NL(i)← NL(i)∪ j
5 end
6 end

1.2.2 Long-range interactions

Long-range interactions are infinite ranged and calculations of these forces are computation-
ally expensive. Unlike short-ranged interactions, long-rang interactions involve computation
in a simulation box and all of its periodic images. In order to compute forces over all the
periodic images, the Coulombic interaction for a set of point charges is given by:

Ucoul =
1

4πε0
∑
n

N

∑
i=1

N

∑
j=1
i ̸= j

(
qiq j

||ri j +n||
) (1.10)

where n are the lattice vectors n = (nxLx,nyLy,nzLz).
Methods to compute electrostatic interactions are broadly categorized into two categories:

• Ewald summation based methods: Particle Mesh Ewald , PPPM

• Non-Ewald summation based methods: Reaction field, Wolf method and Cut-off
distance based methods.

Ewald Sum

Long-range interactions are often computed by using the Ewald summation method [62].
In the beginning, the Ewald summation method is used in computing electrostatic energies
of ionic crystals, and later this method is used in molecular simulation to compute the
long-range interactions (electrostatic forces). In Ewald summation approach, each point
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charge in a system is surround by a counter-charge distribution i.e. a charge distribution of
equal magnitude but opposite sign (a Gaussian distribution is commonly used). This method
involves representing r−1 into the summation of two absolute and rapidly convergent series
(eq. 1.11).

1
r
= Φreal(r)+Φrecip(r)

Φrecip(r) =
er f (r)

r

Φreal(r) =
1
r
− er f (r)

r
=

er f c(br)
r

(1.11)

This splitting involves a short-range Φreal(r) and a long-range term Φrecip(r). The short-
range part is evaluated in real space by using the neighbor list algorithm (algo. 1) , whereas
the long-range part Φrecip(r) is computed using Fourier series in reciprocal space. er f
and er f c = 1− er f in equation 1.11 are the error and the complementary error functions,
respectively.

The Ewald summation scales as O(N
3
2 ) (assuming a homogeneous charge distribution in

the simulation box), and it can be computationally expensive for a very large system. Thus
several alternative methods have been proposed to reduce the computational complexity of
the reciprocal part of the equation 1.11. One alternative is the Particle-Particle-Particle-Mesh
method (PPPM), which scales as O(N lnN). In the PPPM method, charges are interpolated
onto a mesh, and a gridded charge density is generated. The FFT algorithm is used on the
gridded charge density to compute the reciprocal part of a electrostatic potential [63].

Another alternative method is the Fast Multipole Methods (FMM) [64]. In the FMM
algorithm, a system is divided into cells, and based on a multipole expansion, charges are
distributed in each cell. Finally, the potential is evaluated by computing interactions among
these cells. The FMM algorithm scales as O(N).

1.3 Parallel algorithms for Molecular Dynamics

Molecular dynamics is frequently used to simulate large-scale problems. Serial execution of
MD codes take a huge amount of time. On the contrary, parallel execution of these codes
reduces the significant amount of computational time. All modern and popular MD simulators
use parallization to take advantage of modern computer architecture and clusters. Besides the
parallel MD codes, special-purpose super computers, Anton [65] and MD-grape [66], have
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been designed to explore the hardware level performance of frequently used mathematical
operations in molecular dynamics (specially square root operation) [67]. However, building
a special-purpose super computer requires a lot of investment and dedicated software that is
not frequently portable on other architectures [68]. The advent of modern architectures such
as GPUs and Xenon-phi have pushed the parallelization capabilities and simulation length
for molecular dynamics. These architectures provide enough computational resources to
simulate complex and large-scale systems. However, new algorithms and data structures are
require that can efficiently utilize these hardware resources.

In MD, computation of the total force acting on a particle is independent of forces on
other particles. Due to this, MD has no data-dependency in the force computation routine
and forces on all particles can be computed in parallel. In particular, parallelization of
non-bonded interactions alone can significantly speed-up the simulation, as these interactions
are computationally expensive and highly parallelizable. Most often, non-bonded interactions
are computed using neighbor lists and these non-bonded interactions can be parallelized by
providing almost equal number of neighbor lists to each thread. This approach is often used
to simulate systems on a shared memory architecture using openMP and CUDA; however,
on a distributed memory, computation of force acting on a particle requires position of all
neighboring particles on the same processor. Parallelization on a shared memory architecture
mainly involve distribution of force computations on different threads, other routines like
position and momenta updates are also parallelized but overall computation time is dominated
by force calculations. Depending on the hardware architecture, Newton’s third law can be
applied to further optimization of force calculations. On the GPU, Newton’s third law
requires random memory accesses for performing a read and a write operations, that poses
a substantial performance penalty. The general steps to parallelize a MD code on a shared
memory architecture are as follows:

1. Barrier

2. Compute forces on all particles over N threads

3. Barrier

4. Parallel update of momenta and positions

The first barrier ensures that force computations perform after all of the positions are
updated and the second barrier enforces to compute forces on all the particles before position
and momenta update. Since, momenta and position of a particle depend upon the force
acting on it, both steps can be performed simultaneously and these steps do not require any
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barrier. MD simulators, for the GPU, generally utilize the capabilities of both a CPU and a
GPU. In fact, computation of less time consuming part such as momenta, position updates
and bonded-force computations are performed on a CPU whereas non-bonded forces on all
particles are computed on a GPU. This method is used in most software packages; however,
this method requires transfer of positions of particles from a CPU to a GPU and transfer of
computed forces from a GPU to a CPU. The transfer of data from a CPU (host) to a GPU
(device) or vice-versa slows down the performance. Most often, these transfer routines are
pipeline with CPU routines. Other methods involve performing a complete simulation on
either GPUs or CPUs.

In MD, a system containing N particles can be divided on P processes based on any of
these three algorithms.

1. Atom-Decomposition Algorithm: In this method, N particles are divided over P
processors into a set of N/P particles. Each processor is responsible for computing
the forces on, and updates the positions and momenta of, its N/P particles. The
major drawback of this method is that this method requires two global communication
operations at each integration step. The first communication assigns the updated
positions of all particles on all the processors, and second communication ensures
that every processor receives the force on its particles computed by other processors.
Biological MD simulators (CHARMM [69] and GROMOS [70]) use this algorithm
for distributing particles over the processors.

2. Force-decomposition Algorithm: This method distributes a subset of the force matrix
over the processors. This method is not used in any popular MD simulators.

3. Spatial-Decomposition Algorithm: In a spatial decomposition algorithm, a simulation
box is subdivided P smaller sub-boxes or domains such that all processes have one box.
A processor is responsible for computing forces and updating positions and momenta
of its own particles. Additionally, each processor is also responsible for sending and
receiving particles from its neighboring processors. During the simulation, particles
can migrate from one sub-domain to another sub-domain. Due to these migrations,
particles need to be redistributed after certain time steps over all processors.

Algorithms have been designed to take advantage of Newton’s third law by sending
positions of particles in the forward directions and receiving forces in backward
directions. This technique is most effective if the distribution of particles in the system
is uniform. This method is commonly used in modern simulator and biological MD
programs such as AMBER [71], GROMACS [72] and NAMD [73] and LAMMPS
[74].



16 Introduction

The spatial decomposition algorithm is best suited for simple and homogeneous systems.
This algorithm might suffer from a load imbalance and gave a poor scaling for complex and
non-uniform systems such as biological systems.

1.4 Simulating a system

Integrating the equation of motion yields a trajectory that contains position and velocities
of each particle present in the system. This trajectory is then used to compute statistical
properties of the system which are functions of positions or velocities or functions of both
positions and velocities. Properties that depend upon position are referred as structural
properties of the system like, a radial distribution function, radius of gyration, root mean
square deviation and solvent accessible surface area etc. Averages or properties based upon
velocities or momenta (or both) are called dynamical properties of the system. Velocity-auto-
correlations and computing diffusion constants are some examples of dynamical properties.

Generally, in MD, the next state of the system yt+1 is derived from the current state yt .
At each step, forces on each particles are computed, and then these forces are used with
current positions and momenta to generate the positions and momenta of the next state. This
process is repeated for a desired number of steps. A MD simulation generates a trajectory
that contain information about positions and momenta as a function of time.

Solving the Hamiltonian equation of a system allows one to explore the constant energy
surface of the system. However, some experiments obtained the statistical properties by fixing
either temperature or pressure or both constant. In statistical mechanics, the experimental
average of an observable is defined with the ensemble averages. The ensemble averages are
averages obtained with a large number of replicas of the same system at a same time. A
system is simulated using one of these ensembles:

Microcanonical ensemble (NVE) : This ensemble is a constant-energy ensemble that
keeps number of particles N, volume of the system V, and total energy of the system E,
constant. A simulation in this ensemble does not use any temperature or pressure control.

Canonical Ensemble (NVT): In this ensemble, a system evolves with a constant number
of particles N, a constant volume V, and a constant temperature T. This ensemble is frequently
used to simulate biological problems such as protein folding.

Isobaric-Isothermal Ensemble (NPT): This ensemble keeps a constant number of particles
N, a constant pressure P, and a constant temperature T. This ensemble allows the simulation
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volume to expand.

Grand canonical Ensemble (µVT): This ensemble is keeps a fixed chemical potential µ ,
a fixed volume V, and a fixed temperature T.

These ensembles are used for simulating a system, and then obtaining the statistical
average of an observable. In general, the value of an observable depends upon the positions
and the momenta of particles present in the system, thus, an observable A can be represents
as A(p,q). The experimental value of the observable corresponds to the average of the
observable over time. One way to obtain these averages is to simulate the dynamical
behaviour of the system. At the end, averages of a desired property can be obtained by:

< A >=
1

Ncon f ig

Ncon f ig

∑
i=1

A(rN) (1.12)

These obtained statistical averages are subject to two types of errors: systematic bias
and statistical errors. Systematic bias is mainly ue to the use of a discrete time step (and
other optimization techinques), and statistical errors occur due to the quality of sampling.
The statistical error in averages may be estimated by computing the variance (σ2) of an
observable (given by eq. 1.13). The variance can be measured either by correlation time
analysis or by a block-averaging scheme [75–78].

σ
2
A =< (A−< A >)2 > (1.13)

The standard deviation, square root of the variance, can be computed by using the equation
1.14. The standard deviation of an estimated average is inversely proportional to the number
of generated configurations. Hence, a longer simulation will reduce the error in averages and
a more precise value of averages can be computed.

σ<A> =
σA

Ncon f ig
(1.14)

1.5 Adaptively Restrained Molecular Dynamics

In MD, particles update their positions at each time-step. These updates of positions lead
to changes in the inter-particle distances, hence, forces need to be updated. In Adaptively
restrained molecular dynamics (ARMD), particles update their positions based on their
kinetic energy. Particles with kinetic energy smaller than a threshold are considered as
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restrained or frozen at a given time-step. Particles with kinetic energy greater than the
threshold are either in transition region or in normal dynamics region and these particles are
active particles. Since inter-particle distances between frozen particles do not change, forces
between them also do not change. The forces between frozen particles do not need to be
computed at each time step and forces involving active particles need to be computed at each
time-step.

In MD, The time evolution of the system containing N particles may be derived from the
Hamiltonian function 1.15

H(q,p) =
1
2

pT M−1p+V (q) (1.15)

where q is a 3N-dimensional vector of coordinates, p is a 3N-dimensional vector of momenta,
M is a 3N×3N mass matrix, and V (q) is the potential energy.

In ARMD, the 3N× 3N inverse mass matrix M−1 is replaced by a 3N× 3N inverse
inertia matrix Φ(q, p) which adaptively enforces restraints during simulation [79]:

HAR(q,p) =
1
2

pT
Φ(q,p)p+V (q). (1.16)

One possible choice for the inverse inertia matrix Φ(q,p) is a block-diagonal matrix
diag [Φ1(q1,p1), . . . ,ΦN(qN ,pN)] with

Φi(qi,pi) = m−1
i [1−ρi(pi)]I3×3 (1.17)

where I3×3 is the 3×3 identity matrix, mi, qi and pi are respectively the mass, position and
momentum of particle i, and ρi is its restraining function:

ρi(pi) =


1, if 0≤ Ki(pi)≤ εr

i

0, if Ki(pi)≥ ε
f

i

s(Ki(pi)) ∈ [0,1] elsewhere

(1.18)

In this definition, Ki(pi) =
1
2m−1

i pT
i pi is the kinetic energy of particle i, εr

i is its restrained-
dynamics threshold, ε

f
i is its full-dynamics threshold, and s is a C 2 function that smoothly

interpolates between 0 and 1.
When ρi = 0, Φi = m−1

i and particle i is active (the particle mass is unchanged). When
ρi = 1, Φi = 0 and particle i is restrained, i.e. will not move whichever force is applied
to it (the particle mass is infinite). When ρi ∈ (0,1), particle i is in a transition state. The
restraining function ρi above depends upon the kinetic energy of the particle. Precisely,
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particle i is restrained when its kinetic energy is smaller than the restrained-dynamics
threshold (εr

i ), and a particle will have normal dynamics if its kinetic energy is larger than its
full-dynamics threshold ε

f
i . Particles with kinetic energies between εr

i and ε
f

i are considered
as transition particles.

To integrate the equations of motion of a system in the NVE ensemble using the AR
Hamiltonian, we may use a modified Velocity Verlet algorithm which takes into account the
non-constant mass matrix:

1. pi(t + 1
2∆t) = pi(t)+ 1

2 fi(t)∆t

2. qi(t +∆t) = qi(t)+∇piHAR(t + 1
2∆t)∆t

3. fi(t +∆t) =−∇qiV (q(t +∆t))

4. pi(t +∆t) = pi(t + 1
2∆t)+ 1

2 fi(t +∆t)∆t

To perform simulation in the canonical ensemble (NVT), we use AR Langevin dynamics
[79, 80]:

dq = ∇pHAR(q,p)dt

dp =−∇qHAR(q,p)dt− γ∇pHAR(q,p)dt +

√
2γ

β
dW

(1.19)

where dWt is a 3N-dimensional Brownian motion and γ > 0 is the frictional constant. Dis-
cretization of the modified Langevin is done using second-order Trotter splitting [80]. The
temperature of the AR system is given by:

T =
1

DKB

〈
N

∑
i=1

(
pi ·

∂HAR

∂pi

)〉
(1.20)

where D is the number of degrees of freedom in the system and the dot represents the dot
product. In the version described above, the AR Hamiltonian is separable and the temperature
is unchanged [79].

During the simulation particles might change their state, and the Adaptively Restrained
Hamiltonian ensures that stable simulations can be performed. Equilibrium statistics can be
recovered by performing the NVT simulation using the AR Langevin dynamics.

ARMD accelerates the simulation speed by reducing the number of force computations
associated with restrained-restrained particles at each integral time-step. In order to speed
up the simulation using ARMD, new algorithms in conjugation with classical neighbor list
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algorithms are require. The new algorithms should not only use neighbor lists and Newton’s
third law but also neglect the computation of restrained-restrained forces.

1.6 Contributions

The main goal of this thesis was to develop new algorithms for adaptively restrained molecular
dynamics. Precisely, we developed algorithms for neighbor list and force computations. The
main advantage of these algorithms over MD simulations is the reduction in the number
of force computations at each time step, which is the most time-consuming part in MD
simulations. We designed the active neighbor list (ANL) algorithm, that stores all the pairs
that involve at least one active particle. These ANLs are updated incrementally for the
particles that switch from active to restrained state or vice-versa.

The developed algorithms were implemented for constructing ANLs in the LAMMPS
MD simulator, which has been published in the Modelling and Simulation in Materials
Science and Engineering journal [81]. However, these algorithms can be applied to other
MD packages like GROMACS, CHARMM and NAMD. We have also proposed a method to
implement new methodology in LAMMPS, without the need to modify the LAMMPS source
code. These proposed algorithms and methods, along with their validation on different toy
model systems are described in Chapter 2.

The force computation algorithm in Chapter 2 uses a two-pass incremental force update
that involves force increments to be calculated twice, which limits the speed up of ARMD.
Chapter 3 presents a single-pass incremental force update algorithm, which overcomes the
aforementioned limitation and improves the speed and performance of ARMD. The new
proposed algorithm has been validated on diverse force fields and multiple systems. We
demonstrated that these algorithms, in conjugation with the Wolf method, can also be used for
the computation of electrostatic forces. Our results show, up to one order of magnitude speed
up using ARMD as compared to MD. In addition, for a polymer in solvent in the canonical
ensemble, we have shown that ARMD not only reproduces the statistical averages obtained
by conventional MD, but also speeds up the convergence of an observable in wall-clock time.
This work has been published in the Journal of Computational Chemistry.

Chapter 4 introduces parallel algorithms for single-pass incremental force computations
using active neighbor lists, to take advantage of adaptive restraints using the Message
Passage Interface (MPI) standard. This work has been accepted for publication in the 2017
International Conference on High Performance Computing and Simulation (HPCS 2017).



Chapter 2

Adaptively Restrained Molecular
Dynamics in LAMMPS





Abstract

Adaptively restrained molecular dynamics (ARMD) is a recently introduced particles simu-
lation method that switches positional degrees of freedom on and off during simulation in
order to speed up calculations. In the NVE ensemble, ARMD allows users to trade between
precision and speed while, in the NVT ensemble, it makes it possible to compute statistical
averages faster. Despite the conceptual simplicity of the approach, however, integrating
it in existing molecular dynamics packages is non-trivial, in particular since implemented
potentials should a priori be rewritten to take advantage of frozen particles and achieve a
speed-up. In this chapter, we present novel algorithms for integrating ARMD in LAMMPS,
a popular multi-purpose molecular simulation package. In particular, we demonstrate how to
enable ARMD in LAMMPS without having to re-implement all available force fields. The
proposed algorithms are assessed on four different benchmarks, and show how they allow us
to speed up simulations up to one order of magnitude.
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2.1 Introduction

Adaptively Restrained Molecular Dynamics (ARMD) is a recent approach that attempts to
tackle the timescale issue by reducing the number of computations per time step [79]. In
ARMD, particles adaptively switch their positional degrees of freedom on and off during
the simulation, based on their instantaneous kinetic energy. Precisely, particles whose
kinetic energy is sufficiently large are considered active, and have normal dynamics, while
particles whose kinetic energy is below some threshold are restrained, and stop moving
completely. The status of particles evolve during simulation, and the Adaptively Restrained
Hamiltonian ensures that stable simulations can be performed, and that statistics can be
recovered [79]. Since inter-atomic forces typically depend upon relative particle positions,
only forces involving active particles need to be updated at each time step [82]. This may
result in significant speed-ups, depending on the chosen simplification thresholds.

In this chapter, we introduce a novel method to compute neighbor lists and short-range
forces when performing adaptively restrained molecular dynamics simulations. This method
is independent of the underlying potential or force field, and may be used with any pair
potential. We demonstrate our approach through an implementation in LAMMPS, a popular
MD package [74], and validate it by simulating several systems in the NVE and NVT
ensembles. We show that our algorithms, combined with the AR molecular dynamics
methodology, makes it possible to finely trade between precision and computational cost
(in the NVE ensemble), and speed up the calculation of statistical properties (in the NVT
ensemble).

2.2 Methods

2.2.1 Molecular dynamics in LAMMPS

After setting up initial conditions, LAMMPS repeats the following steps:
Algorithm 2: LAMMPS integration step

1 if (U pdateNeeded) then
2 Build neighbor lists
3 end
4 Calculate forces
5 Update momenta
6 Update positions
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where lines 1−2 ensure that neighbor lists are rebuilt periodically (e.g. every 20 time
steps), and line 4 is the main step: calculating forces.

To calculate forces, LAMMPS provides force fields implementations with a list L of
particles for which forces should be computed, as well as the neighbor list NL(i) of each
particle i in L. LAMMPS may provide either full neighbor lists (FNLs) or half neighbor lists
(HNLs). In the FNL case, all neighbors of particle i are stored in NL(i). In the HNL case,
the neighbor pair (i, j) is stored in either NL(i) or NL( j). The HNL case is used when the
force calculation step may use Newton’s third law (fi j =−f ji) in order to reduce the number
of force calculations by half and speed up the simulation.

After initializing forces as zero, the force calculation algorithm is then:

Algorithm 3: ComputeForces(L,NL)

1 for (i ∈ L) do
2 for ( j ∈ NL(i)) do
3 fi j←ComputeForce(i, j)
4 fi← fi + fi j

5 if (NewtonOn) then
6 f j← f j− fi j

7 end
8 end
9 end

where fi j is the force applied to i by j, fi is the total force applied to i, and NewtonOn is
true when HNLs and Newton’s third law are used.

2.2.2 Adaptively Restrained Molecular Dynamics in LAMMPS

In AR molecular dynamics, a system of N particles can be represented as a combination of
NR restrained particles and NA = N−NR active or transitioning particles. At any time-step,
interactions between particles (i.e. inter-particle energies and forces) may thus be categorized
into two types:

1. Restrained interactions: interactions between restrained particles only.

2. Active interactions: interactions involving at least one active particle.

In most force fields, interactions only depend on relative particle positions. As a result, at
any time step, restrained interactions do not have to be updated, and only active interactions
must be recalculated (since active particles may have moved since the previous time step).
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An ARMD integration step may thus rely on the same general steps as in Algorithm 2, but
efficient ARMD simulations require incremental force calculation algorithms, i.e. force
calculation algorithms that only update active interactions.

In order to enable AR molecular dynamics in LAMMPS without modifying the source
code of all force fields, our strategy is a) to pass modified information to force fields
implementations, unbeknownst to them, so that they only compute active interactions, and b)
to use these active interactions to incrementally update the total forces applied to particles
(which are required to update positions and momenta). We note that modifying LAMMPS in
such a way allows us to enable ARMD for force fields that are not yet implemented, which is
a significant advantage of the approach proposed in this chapter.

2.2.3 Active neighbor lists

Let C denote the complete list of particles, A denote the list of active (or transitioning)
particles, and R denote the list of restrained particles, so that C = A⊎R.

Since we want force fields implementations to compute active interactions only, we are
going to pass them the list A of active particles instead of the complete list C. Assuming we
may use Newton’s third law, the list A is sufficient, since any force fi j we need to compute
involves at least one active particle. However, we cannot just pass to force fields the HNLs of
active particles, since there would be a risk that these HNLs do not contain all the neighbors
for which we need to compute interactions1. Conversely, we should not pass the FNLs of
active particles if we want to take advantage of Newton’s third law. As a result, we introduce
active neighbor lists (ANLs), i.e. neighbors lists that are built in such a way that, when i
is an active particle, ANL(i) contains j if a) j is restrained or b) if j is active and ANL( j)
does not contain i. If i is restrained, ANL(i) is empty. The ANLs can thus be seen as HNLs
for active-active neighbors (if both i and j are active, either ANL(i) contains j or ANL( j)

1Consider e.g. the case of four particles 1, . . . ,4 that are all neighbors to each other, where HNL(1) =
{2,3,4}, HNL(2) = {3,4}, HNL(3) = {4} and HNL(4) = /0, and assume that particles 1 and 4 are active.
If a force field implementation only receives HNL(1) and HNL(4), it will only compute active interactions
f12 =−f21, f13 =−f31, and f14 =−f41 (thanks to HNL(1)), and will compute neither f42 =−f24 nor f43 =−f34,
since neither HNL(1) nor HNL(4) signal that particles 2 and 3 are neighbors of particle 4.
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contains i), and FNLs for active-restrained neighbors (if i is active, ANL(i) contains all the
restrained neighbors of i). We may thus use the following algorithm to build the ANLs:

Algorithm 4: BuildANL(i)

1 for ( j ∈ FNL(i)) do
2 if ( j ∈ R) or (i /∈ ANL( j)) then
3 ANL(i)← ANL(i)∪ j
4 end
5 end

When we initialize the simulation (before the first time step), we first build the ANLs
from the FNLs thanks to Algorithm 4. During the main loop, however, we incrementally
update the ANLs based on the list SA of particles switching to an active (or transitioning)
state, and the list SR of particles switching to a restrained state. Precisely, if A and R represent
the state distribution of the simulation at time step n, then SA and SR, (S = SA

⋃
SR), are the

lists of particles switching between time steps n and n+1. We update the ANLs in two steps:

Step 1: clearing ANLs of particles that become restrained

When a particle i switches from active to restrained, we need to empty ANL(i). However, we
need to retain interactions with any neighboring particle j that remains active, i.e. insert i in
ANL( j). In the first step of the ANL lists update, we thus go through each particle i in SR

and clear ANL(i) using Algorithm 5.

Algorithm 5: ClearANL(i)

1 for ( j ∈ ANL(i)) do
2 if ( j ∈ A) and ( j /∈ S) then
3 ANL( j)← ANL( j)∪ i
4 end
5 end
6 ANL(i)← /0

Step 2: building ANLs of particles that become active

When a particle i switches from restrained to active, we need to build ANL(i). In the second
step of the ANL lists update, we thus go through each particle i in SA and build ANL(i) using
Algorithm 4.
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2.2.4 Incremental force updates

As noted before, in order to achieve a speed-up through AR molecular dynamics, we need to
be able to incrementally update the total forces applied on particles, i.e. avoid recomputing
all total forces.

Let I denote the list of involved particles, i.e. the list of particles involved in active
interactions (either because they are active particles, or because they are neighbors of active
particles): I = A∪ (∪i∈AANL(i)). The list I may be incrementally updated at each time step
while updating the ANLs.

We may use A and the ANLs to incrementally update the total forces of particles in I:

1. Compute forces f+old between particles in I using current positions.

2. Subtract f+old from the total forces f.

3. Update the positions of active particles.

4. Compute forces f+new between particles in I using the new positions.

5. Add f+new to the total forces f.

Algorithm 6 shows the pseudo-code of the initialization step (before the first time step),
and Algorithm 7 gives the pseudo-code for performing an AR molecular dynamics step in
LAMMPS. This algorithm is illustrated in figure 2.1.

Algorithm 6: AR-LAMMPS initialization step

1 for (i ∈ L) do
2 fi← 0
3 f+i ← 0
4 ANL(i)← /0

5 end
6 Construct all FNLs
7 f←ComputeForces(C,FNL)
8 Build A, R, I
9 for (i ∈ A) do

10 BuildANL(i)

11 end
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Fig. 2.1 A System of four particles, where all particles are neighbors to each other. Particles
in green color represent active and in blue represent restrained particles (particle 1 and 2
are active while 3 and 4 are restrained). b) ANL of particle 1 and particle 2. Subtraction
step: When compute function is called at first time step, forces are computed on all particles
and stored in the force array. In order to remove the forces involving active particles, force
increments using ANL are computed. These increments are then subtracted from the the
force array. Subtraction steps followed by the update position step. In this step positions of
the active particles are updated. After updating the positions, force increments based on new
position are computed. In order to achieve total force on all the particles, force increments
are added in the force array.
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Algorithm 7: AR-LAMMPS integration step

1 Update momenta
2 Update A, R
3 if (U pdateNeeded) then
4 Construct all FNLs and empty all ANLs
5 for (i ∈ A) do
6 BuildANL(i)
7 end
8 end
9 else

10 Build SA and SR

11 for (i ∈ SR) do
12 ClearANL(i)
13 end
14 for (i ∈ SA) do
15 BuildANL(i)
16 end
17 end
18 Update I
19 f+←ComputeForces(A,ANL)
20 for i ∈ I do
21 fi← fi− f+i
22 f+i ← 0

23 end
24 Update positions
25 f+←ComputeForces(A,ANL)
26 for i ∈ I do
27 fi← fi + f+i
28 f+i ← 0

29 end

2.3 Results and discussion

In order to validate our algorithms, we performed ARMD simulations on a set of toy models
that were general enough to model typical simulations, while simple enough to allow for
detailed analysis.
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2.3.1 Systems of Lennard-Jones particles

We simulated three systems with different numbers (500, 4,000 and 108,000) of Lennard-
Jones particles using an AR integrator in the NVE ensemble. All simulations were performed
in reduced, Lennard-Jones units using our version of LAMMPS. Particles were generated
along a fcc lattice of density 0.8442, and initial velocities were assigned according to the
Boltzmann distribution with temperature as 1.2. For all simulations, we used a time-step of
0.005. Interactions beyond distance 2.5σ were ignored. Periodic boundary conditions were
applied in all three directions. We chose values of εr and ε f in order to achieve specific ratios
of restrained particles.

We ran one reference simulation and one ARMD simulation for all three systems. Ref-
erence simulations were performed with the original LAMMPS neighbor list and force
update algorithms, whereas ARMD used ANLs and incremental force update algorithms. To
determine the resulting speed-ups, we compared the average times spent in each integration
steps. Figure 2.2 shows the achieved speed-ups with respect to the percentage of restrained
particles in the system. Figure 2.2 shows that, in order to have a speed-up for systems
containing 500 and 4000 particles, at least 60% of the particles should be restrained. A 1.6X
to 2.8X speed-up was observed when 80% to 90% particles were restrained. For the system
containing 108,000 particles, we observed a speed-up when at least 50% of the particles were
restrained, and a 2.5X to 4.2X speed-up was observed when 80% to 90% of the particles
were restrained. One reason for achieving higher speed-ups in larger systems is the number
of force calculations performed per time step. Smaller systems contain relatively fewer force
calculations per time-step, and reducing them does not have much influence on the overall
speed-up. For larger systems, force calculations constitute the major part of the time-step
cost, and reducing them can significantly speed-up the simulation. Figure 2.3 shows that,
even for AR simulations, the total adaptive energy of the system is constant2.

In order to study the structural properties of the system, we also performed NVT simula-
tions of all three systems using two different sets of AR parameters. We computed the radial
distribution function (RDF) of the systems using classical MD and ARMD. Figure 2.4 shows
that the RDFs obtained by both methods coincide.

2.3.2 Collision cascade

We performed this benchmark to show that AR molecular dynamics simulations in the
NVE ensemble allow us to finely trade between precision and speed. In this benchmark, a

2Note that different AR parameters generate different Hamiltonians, so that identical initial conditions result
in different total adaptive energies.
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Fig. 2.2 Speed-up achieved with ARMD as a function of the percentage of restrained particles.

Fig. 2.3 ARMD simulation of 108,000 LJ particles with different AR parameters. The total
energy remain constant irrespective of the AR parameters.
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Fig. 2.4 AR molecular dynamics preserves the radial distribution function in the NVT
ensemble (108,000 LJ particles).

high-velocity particle collides with an initially static 2D system containing 7290 particles.
Interactions among particles are computed using a Lennard-Jones potential. We simulated
this system for different values of AR parameters εr and ε f , and various ratios ε f

εr
. All

simulations were performed for 7000 steps with a time step size equal to 0.0003 (LJ units).
We also performed a reference MD simulation of the same system using a Verlet integrator.
To measure the deviation between ARMD simulations and the reference simulation, we
extracted the last configuration of each ARMD simulation and computed the Root Mean
Square Deviation (RMSD) with the last configuration of the reference simulation. In order to
measure the speed-up achieved by AR simulations relatively to the classical simulation, we
ran all simulations ten times and calculated the average computational cost of each time step.

Figure 2.5 illustrates the obtained speed-up as a function of AR parameters. We observed
the highest speed-up (8.0 times) with ε f = 3∗ εr. As the ratio of ε f /εr increases, speed-up
does not vary that much. For most values of AR parameters, we achieved 7 to 8 times
speed-up. One reason for the smaller speed-up when the ratio between ε f and εr increases is
the larger number of particles belonging to the transition region, since updating positions of
transitioning particles is more computationally involved than for particles belonging to other
regions.
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Fig. 2.5 Collision cascade: speed-up with respect to the εr values.

Figure 2.6 shows how ARMD deviates from standard MD when the AR parameters
vary. From figure 2.6, we can infer that different AR parameters might result in the same
RMSD, and that the relationship between the RMSD and the AR parameters may sometimes
be non-trivial (such as the RMSD behavior when ε f = 3 ∗ εr). Figure 2.7 represents the
speed-up as a function of the average percentage of restrained particles. The speed-up is
highly correlated with the average number of restrained particles, and thus to values of εr. In
this benchmark, we obtained an eight times speed-up when more than 98% of the particles
were restrained, while still obtaining a RMSD from the reference simulation of 0.07 σ .

From this benchmark, it is evident that the achievable speed-up is related to the average
number of restrained particles, which in turn is a function of εr. Higher εr and ε f values lead
to higher speed-ups and, in general, higher RMSD values.

2.3.3 Toy model of an ion passing through a membrane channel

In order to mimic the biological process of an ion passing through a membrane channel,
we created a 2D toy model. In biology, channels are usually proteins that are immersed
in biological membranes. These proteins either have a channel or pore, or act as a gate
controlling the passage of small molecules across the membrane. The movement of the
small molecules is often driven by an electrochemical gradient across the membrane. In this
toy model, the membrane and ions were represented with Lennard-Jones particles, and we
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Fig. 2.6 Collision Cascade: deviation from standard molecular dynamics with respect to the
εr values. Different colors indicate the relationship between εr and ε f values.

Fig. 2.7 Collision Cascade: number of restrained particles as a function of εr values.
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Fig. 2.8 Collision Cascade: ARMD simulations collision cascade of the same system with
different AR parameters. Particles are colored according to the displacement from their initial
positions. AR simulations in the NVE ensemble make it possible to finely trade between
speed-up and precision.

applied an external force in the Y direction to model an electrochemical gradient across the
membrane. Figure 2.9 represents the toy model. We divided the system into three types of
particles:

1. Type 1: particles that represents an ion. The initial velocity of these particles is set in
the Y direction only (red color particles in Figure 2.9).

2. Type 2: channel particles, i.e. particles in close proximity to the passing ion (green
particles in Figure 2.9).

3. Type 3: membrane particles (violet particles in Figure 2.9).

In this system, containing 12,141 particles, Type 1 particles enter into the pore formed by
Type 2 particles, and Type 2 particles either accelerate or decelerate Type 1 particles. Since
we were interested in the motion of Type 1 particles (e.g. the speed at which they traverse
the channel), we did not apply any restraint on these particles (εr = ε f = 0). For Type 2
particles, we set ε f to two, four, six, eight and ten times of εr values. For Type 3 particles,
AR parameters were five times larger than Type 2 particles. Each simulation was performed
for 150,000 steps, with a time step equal to 0.0001. Simulations were performed in the LJ
units.

In order to verify the properties of the system, we also ran a reference MD simulation
using with a Verlet integrator. For speed-up measurement, we ran each simulation 10 times
and computed the average time spent in each integration step. We measured the speed-up with
respect to the reference simulation. We computed the probability density of type 1 particle
along the Y direction (the channel axis) [83]. Figure 2.10 shows the obtained speed-up with
respect to the εr values of Type 2 particles. We achieved a 10X speed-up with ε f = 2∗εr, and
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Fig. 2.9 Toy model of an ion passing through a channel (12,141 particles). This system
contains 3 types of particles. The red particle is always active, green particles are less
restrained compared to violet particles.

a 6-7X speed-up with other ratios of AR parameters. Higher speed-ups were observed with
lower ratios of ε f /εr, which we also observed in the collision cascade example. Figure 2.11
shows the probability density of an ion inside the toy system. From Figure 2.11, we can infer
that, except for the largest ratio in AR parameters (ε f /εr = 10), all other simulations retain
the same distribution as the reference simulation, hence the same ion circulation dynamics,
while still allowing for large speed-ups.

2.3.4 Toy model of a solvated polymer

In order to demonstrate how ARMD may be used to estimate the statistical properties of a
system in the NVT ensemble, we performed a simulation of a polymer in a cubical solvent
box. The toy polymer contains a chain of 8 identical particles with mass 10 grams/mole. The
solvent box (length 50 ) contains 4,000 Lennard-Jones particles with mass 2.9 grams/mole.
A harmonic potential was used for bonded interactions (bond, angle and dihedral terms), and
a Lennard-Jones potential (cut-off 12.5 ) was used for non-bonded interactions. The system
was initially minimized and then simulated in the NVT ensemble using a 1 f s time step. Initial
velocities were generated using the Maxwell-Boltzmann distribution at a given temperature.
Periodic boundary conditions were employed in all three directions. Since we wanted to
compute statistic averages of the polymer, we did not apply any restraint on it (εr = εr = 0),
while solvent particles were restrained with εr = 0.25Kcal/mol and ε f = 2.50Kcal/mol.

We simulated this system for different temperatures (300K, 400K, 500K, 600K and 700K).
Figure 2.12 shows that the system takes few time steps to reach the desired temperature. For
each temperature and combination of AR parameters, we observed an equilibrium in the
number of active particles. The AR parameters also influence the time needed to reach this
equilibrium and the desired temperature (Figures 2.13, 2.14, 2.15 and 2.16).
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Fig. 2.10 Toy model of an ion passing through a channel (12,141 particles). Speed-up as a
function of the restrained parameter εr for Type 2 particles.
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Fig. 2.11 Toy model of an ion passing through a channel (12,141 particles). Differences in
the ion probability density along the channel axis from the reference MD. Different plots
represent different ratios of AR parameters.
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In order to verify statistical averages, we compared the radial distribution function (RDF)
obtained by 10 ns of ARMD simulation with the one obtained by molecular dynamics, in
the NVT ensemble at 300 K temperature, with the aforesaid parameters. On average, 36%
of the particles were active during the ARMD simulation. Figure 2.17 shows that the RDF
obtained by ARMD matches the one obtained with MD, indicating that statistical averages
of position-dependent quantities are not modified [79].

In order to understand the effect of the number of active particles on temperature in
ARMD, we performed three simulations with varying εr and ε f values at 300K. Figure 2.18
shows that different εr and ε f values lead to different numbers of active particles for the
desired temperature. Figure 2.18 and table 2.1 illustrate how fluctuations in temperature
are also related to the number of active particles, and fluctuations of the number of active
particles: higher percentages of restrained particles lead to higher temperature fluctuations.

In the NVT ensemble, the overall achievable speed-up when computing a statistical
average depends both on the instantaneous computational speed-up that can be achieved at
each time step, and the modification of the variance caused by the AR Hamiltonian [84]. We
refer the reader to Artemova and Redon [79] for an example analysis of the speed-up that
can be achieved in the NVT ensemble.

εr(Kcal/mole) ε f (Kcal/mole) % < Nres > avg. Temp. (K) St.dev.
0.25 2.50 63.5 301.94 12.302217
1.3 4.5 90.0 299.501 22.913903
3.5 4.69 98.8 302.456 78.788141

Table 2.1 Table represents the average and standard deviation in temperature obtained by 3
different ARMD simulations with different AR parameters.

2.4 Conclusion

We have presented novel algorithms enabling the use of AR molecular dynamics simulations
with the LAMMPS software package, and we have demonstrated how ARMD makes it
possible to speed up simulations.
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Fig. 2.12 Variation of temperature with respect to the number of active particles.

Fig. 2.13 Equilibrium period for the number of active particles.
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Fig. 2.14 Equilibrium period for the instantaneous temperature.

Fig. 2.15 Time evolution of the number of active particles.
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Fig. 2.16 Instantaneous temperature of the system with different AR parameters.

Fig. 2.17 Radial distribution functions of polymer obtained with ARMD and with MD
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Fig. 2.18 Temperature profile of the system with respect to the number of active particles
with variation in εr and ε f values.



Chapter 3

Single-pass Incremental Force Algorithm
for ARMD





Abstract

Adaptively Restrained Molecular Dynamics (ARMD) simulations reduces the number of
force computations by adaptively switching on and off positional degrees of freedom of
particles, and hence, more number of integration steps can be performed in wall clock time.
In order to gain speed, ARMD uses active neighbor list (ANL) and incremental force update
algorithm, that speed-up the simulations. However, these algorithms enforce the limitation
of having at-lease 60% of the particles with positional degrees of freedom off. This chapter
presents new algorithm Single-pass incremental force update algorithm that will overcome
the aforementioned limitation. Moreover, the proposed algorithm is assessed and validated
on four different benchmarks using different potentials in both NVE and NVT ensembles.
Our results in NVE and NVT ensembles show that ARMD can be used to measure statistical
properties faster, and in canonical ensemble, ARMD not only reproduces the statistical
averages obtained by conventional MD but also speed up the convergence of an observable
in Wall clock time.
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3.1 Introduction

In previous chapter, we introduced the ANL and incremental force update algorithms. The
incremental force update algorithm required two passes: one to subtract interactions involving
from the previous time step and second to add updated interactions for the current time step.
Each pass involves computation of force increments and hence, such incremental algorithms
require force increments to be calculated twice in a single integration step, which acts as a
bottleneck in ARMD simulations. In this chapter, we present a single-pass incremental force
update algorithm for ARMD that will overcome the aforementioned limitation. Furthermore,
we will use the ANL, incremental force update algorithms and the Wolf method for computing
electrostatic interactions [85–90].

3.2 Algorithms for AR Molecular Dynamics

Let C denote the complete list of particles, A denote the list of active particles, and R denote
the list of restrained particles. Let SA (resp. SR) denote the list of particles that switched to
being active (resp. restrained) between the previous and current time step.

In ARMD, a system of N particles can be referred to as a combination of NA active and
NR (= N−NA) restrained particles. Thus, at any time-step, interactions between particles
can be categorized as active interactions (interactions involving at least one active particle)
and restrained interactions (interactions between restrained particles only). Precisely, active
interactions involve forces between either two active particles (FAA) or one active particle
and one restrained particle (FAR), while restrained interactions involve forces between two
restrained particles (FRR). Figure 3.1 shows the three types of interactions on an example.

Most often, forces acting on particles only depend upon their relative positions. At a given
time step, relative positions between restrained particles do not change; hence, restrained
interactions and associated forces remain unchanged. This eliminates the need to compute
FRR force components involving restrained interactions, and the FRR force components from
the previous time step can be cached and reused. However, active particles update their
positions, and the associated force components (FAA and FAR) need to be updated at each
time step.

3.2.1 Active Neighbor List

In order to compute forces due to active interactions, we previously introduced Active
Neighbor Lists (ANLs) i.e. lists of active neighbor particles at a given time-step [81]. The
ANLs are constructed from Full Neighbor Lists (FNLs), and the ANL of an active particle
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i can be described as ANL(i) = {∀ j ∈ FNL(i) : j ∈ R∪ ( j ∈ A∩ ( j < i))}. In other words,
ANL(i) contains all the restrained neighbors of i, and the active neighbors of i with smaller
indices (due to the condition j < i).

3.2.2 Two-pass incremental force update algorithm

In MD, the forces acting on all particles are typically computed once, after updating particles
positions. In contrast, in ARMD, only the positions of active particles are updated, and forces
are updated based on the new positions of active particles, thereby eliminating the need to
compute all forces. In our previous approach, active interactions were incrementally updated
using an algorithm that involved two force update steps[82, 79, 81]:

1. First pass or subtraction step: This pass removes the force increments involving active
particles based on the old positions, by computing the force increments due to active
particles and subtracting them from the total force.

2. Position update step: This involves updating the positions of active particles only,
instead of updating the positions of all particles.

3. Second pass or addition step: This step involves computing force increments based on
the updated positions of active particles, which are then added to the forces obtained
from the subtraction step.

This incremental force update algorithm requires force increments to be calculated twice
in a single integration step, limiting the usefulness of ARMD to cases where at least 50% of
particles are restrained [81]. Furthermore, if all particles are active, the proposed incremental
force algorithm would be twice times slower than the normal MD algorithm.

3.2.3 Single-pass incremental force updates

In order to overcome the aforementioned limitation, we have designed a single-pass incre-
mental force computation algorithm.

In ARMD, the force Fi acting on a particle i can be written as Fi = FiAA +FiAR +FiRR

(figure 3.1), where FiAA refers to forces between two active particles, FiAR refers to forces
between an active and a restrained particle and FiRR refers to the force between two restrained
particles.

Assume there are no switching particles between the n-th and (n+1)-th time step. Using
the two-pass incremental force computation algorithm, the position of an active particle i is
updated, and the total force Fi = FiAA +FiAR applied to it is updated during the addition step.
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Fig. 3.1 Different types of force components present in the system. Green particles are active
and blue particles are restrained. The force components FAA , FAR and FRR represent forces
acting between active particles, forces between active and restrained particles, and forces
between restrained particles.

Since the new position is not updated after the addition step, though, the next substraction step
substracts the same force increments, yielding Fi = 0 after the subtraction step. Therefore,
in case of an active particle, the subtraction step can be replaced by assigning zero to the
associated force.

In case of a restrained particle i, the total force applied to it is Fi = FiAR +FiRR . As noted
above, FiRR can be cached and reused, so that we only have to compute FiAR . In single-
pass algorithm, force on the particle i is assigned as Fi = FiRR before computing the force
component, unlike the previous algorithm that adds and removes FiAR force component (as
the FiRR force component remains unchanged and could be retained from the previous time
step). Also, this algorithm eliminates the need to carry out subtraction step and subtraction
step can be removed with algorithm 8. However, the time evolution of the system switches
the state of the particles, force components associated with these switched particles need to
be computed, before applying algorithm 8. Particles can switch their states in two ways:

1. Switching to active state

2. Switching to restrained state

It is likely that the switching in the state of particles may cause the change in the type of
interaction (to an active or restrained interaction) and hence the associated force components.

An active interaction associated with pair i− j can switch to a restrained interaction in
the following two ways:

• Assuming at time step n both particles i and j are active and they switch to a restrained
state at n+1 time step, the FAA force component associated with the pair i− j would
now switch to the FRR force component. As ANLs avoid computation of FRR force
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component, this switched force component needs to be computed and stored for next
time steps.

• On the other hand, if we assume particles i and j to be active and restrained respectively
at a time step n (associated force component has type FAR), and at n+1 time step the
particle i changes to a restrained state, this switching updates the interaction type from
active to restrained and associated force component from FAR to FRR. As mentioned
previously, the updated FRR force component needs to be computed and stored for the
next time-steps.

Similarly, a restrained interaction belonging to a pair i− j can switch to an active
interaction in the following ways:

• In case, particle i or j switches their state from restrained to an active state, force
component FRR associated with this pair switches to FAR. This updated FAR force
component needs to be computed and subtracted from the forces of restrained neighbors
of the this switched particle i.

• Another possibility wherein both particles i and j switch from restrained to an active
state, the associated FRR force component switches to the FAA force components. This
type of switching does not require any force computation as zero can be assigned for
the forces associated with i and j.

In order to compute the switched force components (FRR or FAR), we used a modified
active neighbor list ANL′. The ANL′ of a switched particle i is an extracted ANL that contains
only restrained neighbors. Algorithm 9 gives a description of extracting the ANL′ from the
ANL. Algorithm 10 shows the pseudo-code to compute switched force components. Line 3
of algorithm 10 computes FRR force components and stores them in F+ and line 9 computes
FAR force components and stores then in F− for the switched particles.

Algorithm 8 gives the pseudo-code to perform the ARMD integration step using the
ANLs and incremental force update algorithm. In this algorithm, before computing forces
based on the new positions, zeros (line 3) and the force components FRR (line 6) are assigned
to the forces corresponding to active and restrained particles respectively.

3.3 Analysis

In this section, we assess different algorithms for constructing ANLs and incrementally
update forces. We compare these algorithms with brute-force MD algorithms which have
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Algorithm 8: SinglePassIncrementalForceComputation()

1 for i ∈C do
2 if i ∈ A then
3 F+

i ← 0
4 end
5 else
6 F+

i ← F+
i −F−i

7 end
8 F−i ← 0
9 end

10 F ← F++ComputeForces(A,ANL)

Algorithm 9: ExtractANL′(i)

1 ANL′(i)← /0
2 for j ∈ ANL(i) do
3 if (i ∈ R and j ∈ R) or(i ∈ A and ( j ∈ R and j /∈ S)) then
4 ANL′(i)← ANL′(i)∪ j
5 end
6 end

Algorithm 10: SwitchedForces()

1 for i ∈ SR do
2 ExtractANL′(i)
3 F+← F++ComputeForces(i,ANL′(i))
4 ClearANL(i)
5 end
6 for i ∈ SA do
7 BuildANL(i)
8 ExtractANL′(i)
9 F−← F−+ComputeForces(i,ANL′(i))

10 end
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Algorithm 11: ARMD integration step
1 Update momenta
2 Update A,R,SA,SR
3 if (U pdateNeeded) then
4 for i ∈C do
5 if i ∈ A then
6 Build FNL(i) and ANL(i) simultaneously
7 end
8 else
9 BuildFNL(i)

10 end
11 end
12 end
13 else
14 SwitchedForces()
15 end
16 Update Positions
17 SinglePassIncrementalForceComputation()

a running time equal to τMD = N ∗ τFNL +N ∗ τF , where N is the total number of particles,
τFNL is the time needed to build the FNL of one particle, and τF is the time required to
compute the total force acting on one particle due to its neighbors. To simplify the analysis,
we consider the timing required to construct the FNL rather than the HNL.

3.3.1 Time complexity

In this algorithm, the FNLs of all particles and the ANLs of active particles were constructed
at the same time. The ANLs of particles that become active were constructed using the FNL
of the corresponding particle, as building the ANLs from scratch is relatively more time
consuming. The force components FAR or FRR for switched particles were then computed in
two steps (Algorithm 10). The first step involves extracting ANL′ from ANL, and the second
step involves computing specific force components with ANL′.

The computation time for algorithm 11 is given by:

τARMD1 = N ∗τFNL+NA ∗τF +NSA ∗τFANL+NSA ∗τSF +NSR ∗(τSF +τCL)+NS ∗τEx (3.1)

τEx : Time to build the ANL′ for one particle.
τFANL : Time to construct the ANL from the FNL.
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τSF : Time to compute specific force components (FAR or FRR).
τCL : Time to clear an ANL.
NSA : Number of particles switching to an active state.
NSR : Number of particles switching to a restrained state.
NS : Total number of switched particles (NSA +NSR).
Note that Equation (3.1) does not include τANL, the time to compute an ANL, since, when
neighbor lists are update from scratch (lines 3-12), Algorithm 11 computes FNLs and ANLs
simultaneously.

Algorithm 11 is more efficient than classical MD when τARMD1 < τMD, i.e.:

NA ∗ τF +NSA ∗ τFANL +NSA ∗ τSF +NSR ∗ (τSF + τCL)+NS ∗ τEx < N ∗ τF . (3.2)

To simplify the analysis, we assume the following worst cases:
Assumption 1: All switching particles switch to an active state, making it necessary to

construct ANLs for all switched particles: NSR = 0 and NS = NSA.
Assumption 2: Computing a force component FAR or FRR for a particle takes as much

time as computing the total force on this particle: τSF = τF .
Assumption 3: Even though a) computing the ANL of a particle from its FNL and b)

extracting the ANL′ of a particle from its ANL are both much more efficient than computing
the FNL of a particle, we assume that the sum of τFANL and τEx is equal to τFNL: τFNL =

τFANL + τEx.
Considering these three assumptions, inequality 3.2 holds when:

NA ∗ τF +NS ∗ τFNL +NS ∗ τF < N ∗ τF , (3.3)

i.e. when:
NA

N
+

NS

N
(1+

τFNL

τF
)< 1. (3.4)

3.3.2 Optimization

Although Algorithm 11 computes the ANLs and ANL′s required to perform the single-pass
force update algorithm, it computes the FNLs of all particles when neighbor lists are updated
from scratch. Since the FNL of a restrained particle is only useful when it switches to an
active state, however, Algorithm 11 may be optimized by maintaining hasFNL, a list of
particles for which the FNL has been computed, and using this list to determine when to
update the various neighbor lists.



3.3 Analysis 55

Algorithm 12 describes the optimized version. When a particle switches to a restrained
state, the ANL of this particle is cleared, while retaining its FNL. When a particle switches
to an active state and it does not have a FNL, its ANL and FNL are constructed on-the-fly
(i.e. outside the neighbor list construction step). When a particle switches to an active state
and already has an FNL (such as when a particle switches states multiple times between two
neighbor list construction steps), the ANL of this particle is constructed from the existing
FNL. Algorithm 13 shows how Algorithm 10 is modified in the optimized case, when
hasFNL is available.

Algorithm 12: ARMD integration step
1 Update momenta
2 Update A,R,SA,SR
3 if (U pdateNeeded) then
4 hasFNL← /0
5 for i ∈ A do
6 Build FNL(i) and ANL(i) simultaneously
7 hasFNL← hasFNL∪{i}
8 end
9 end

10 else
11 SwitchedForces′()
12 end
13 Update Positions
14 SinglePassIncrementalForceComputation()

The computation time for Algorithm 12 is given by:

τARMD2 =NA∗τFNL+NA∗τF +N′SA∗τFNL+(NSA−N′SA)∗τFANL+NSA∗τF +NSR∗(τSF +τCL)+NS∗τEx,

(3.5)
where N′SA is the number of particles without a FNL that have switched to an active state.

In order to compare the time complexity of Algorithm 12 with the MD algorithm, we
considered the same assumptions as in the Algorithm 11) (NSR = 0, τFANL + τEx = τFNL and
τF = τSF ), and added another worst-case scenario assumption, where all switching particles
switch to an active state and do not have an FNL: NS = NSA = N′SA.
After substitution, Equation 3.5 changes to:

τARMD2 = NA ∗ τFNL +NA ∗ τF +NS ∗ τFNL +NS ∗ τF +NS ∗ τEx. (3.6)
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Algorithm 13: SwitchedForces′()

1 for i ∈ SR do
2 ExtractANL′(i))
3 F+← F++ComputeForces(i,ANL′(i))
4 ClearANL(i)
5 end
6 for i ∈ SA do
7 if i ∈ hasFNL then
8 BuildANL(i)
9 end

10 else
11 Build FNL(i) and ANL(i) simultaneously
12 hasFNL← hasFNL∪{i}
13 end
14 ExtractANL′(i)
15 F−← F−+ComputeForces(i,ANL′(i))
16 end

Since both NS and τEx are small, we may neglect their product. As a result, Algorithm 12
is more efficient than classical MD when NA +NS ≤ N, which is generally true for ARMD.
The difference in the computation times of Algorithms 11 and 12 is:

τARMD1− τARMD2 = (N−NA−NSA)∗ τFNL. (3.7)

If the sum of the number of active particles and the number of particles that switch to
an active state is smaller than the total number of particles (which is true most of the time
since the number of switching particles is small), then Algorithm 12 performs better than
Algorithm 11.

3.4 Results and Discussions

The suggested algorithms were validated on the following benchmarks:

1. Systems of Lennard-Jones particles.

2. Simulation of Crystal NaCl.

3. High-velocity impact of nanodroplet.

4. Simulation of a polymer in the solvent.
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3.4.1 Systems of Lennard-Jones particles

We performed simulations of different numbers (500, 4000 and 108000) of Lennard-Jones
particles using the AR integrator in the NVE ensemble. All simulations were carried out in
reduced units (lj units) using the LAMMPS MD package. Particles were generated on a fcc
lattice with density 0.8442 and initial velocities were assigned according to the Boltzmann
distribution at temperature kBT = 1.44. For all simulations, we used a time-step of 0.005
and interactions beyond a distance of 2.5σ were ignored. Periodic boundary conditions were
employed in all three directions.

We performed two series of benchmarks. In the first series, the percentage of restrained
particles was constrained by assigning very high AR parameters to a specific number of
particles (and zero AR values to the others), to ensure they would not switch their state and
remain restrained. In the second series, we let particles switch their state and assigned all
particles the same (lower) AR parameters.

We compared the run time of our algorithms with that of LAMMPS algorithms. The
reference simulations were performed using LAMMPS neighbor lists and force algorithms,
whereas ARMD simulations were performed using the ANLs and single-pass incremental
force algorithms. The neighbor list was updated at every 20 time-steps. For speedup
measurements, we computed the average time spent at each integration step and the time
spent in the construction of the ANL as well. These values were then compared to the
average time spent per integration step and per construction of neighbor list in the reference
simulations.

Series 1 (constrained number of restrained particles): Figure 3.2 shows the achieved
speedup in constructing the ANL vs. the percentage of restrained particles. The construction
of both the ANL and the FNL required a 27r3

c volume to be searched, in contrast to the HNL,
which required half of that volume. As a result, the construction time for building the ANL or
the FNL was twice that of the HNL. However, in order to have a speedup when constructing
the ANL, at least 50% of the particles are required to be restrained. Also, we found that the
obtained speedup in constructing the ANL was the same regardless of the number of particles
present in the systems. In conclusion, we observed a 2X (resp. 4X) speedup in constructing
the ANL while restraining 80% (resp. 90%) of the particles.

Figure 3.3 shows the achieved speedup per integration step with respect to the percentage
of restrained particles in the system. Thanks to the new single-pass force update algorithm,
there is no constraint on the minimum number of restrained particles. In fact, even with
only 40% of particles restrained, we achieved a 1.5X speedup. With 60% of the particles



58 Single-pass Incremental Force Algorithm for ARMD

0 10 20 30 40 50 60 70 80 90
% of restrained particles

0

1

2

3

4

5

S
p
ee

d
-u

p

500 particles

4000 particles

32000 particles

108000 particles

Fig. 3.2 Obtained speed-up in construction the ANL (compare to the HNL) as a function of
percentage of restrained particles.

restrained, our algorithm performed twice as fast as the LAMMPS algorithm. Furthermore,
3X to 5X speedups were observed when 80−90% particles were restrained.

Finally, we measured the overall speedup which encompasses the time to built the
NLs and the time to perform integration steps. Figure 3.4 shows the overall speedup vs.
the percentage of restrained particles. For less than 50% of restrained particles, the new
single-pass incremental algorithm is twice faster than the two-pass incremental algorithm. As
expected, the single-pass incremental algorithm is always faster than the two-pass incremental
algorithm due to the reduced number of force computations. When comparing with traditional
MD and the number of restrained particles was less than 20%, however, no speedup was
achieved. This is explained by the cost of constructing the ANL, which is approximately twice
the cost of constructing the HNL. Overall, A similar trend to the speedup in Figure 3.3 was
observed with the overall speedup: a 2X speedup was observed with 60% particles restrained
and up to 5X speedup with 90% particles restrained (Figure fig:case1overallspeedup).



3.4 Results and Discussions 59

0 10 20 30 40 50 60 70 80 90
% of restrained particles

0

1

2

3

4

5

S
p
ee

d
-u

p

500 particles

4000  particles

32000 particles

108000 particles

Fig. 3.3 case 1: Obtained speed up in performing integrations step.



60 Single-pass Incremental Force Algorithm for ARMD

0 20 40 60 80
% of restrained particles

0

1

2

3

4

5

S
p
ee

d
-u

p

500 partices using single-pass 

4000 particles using single-pass

32000 particles using single-pass

108000 particles using single-pass

500 particles using two-pass

4000 particles using two-pass

32000 particles using two-pass

108000 particles using two-pass

Fig. 3.4 Series 1: Overall speedup obtained as a function of the percentage of restrained
particles using the single-pass and two-pass incremental algorithms. The new single-pass
algorithm always performs better than the two-pass algorithm.
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εr ε f
500 4000 32000 108000

% < NR > % < NS > % < NR > % < NS > % < NR > % < NS > % < NR > % < NS >
0.5 1 8.21 0.015 36.34 0.0075 28.12 0.0011 26.97 0.0054
1 2 26.47 0.024 56.94 0.0095 36.53 0.0091 45.73 0.0041

1.5 2 57.48 0.034 82.015 0.0042 46.96 0.0084 67.99 0.0073
2 4 60.54 0.029 84.27 0.0024 57.24 0.0021 70.99 0.0011

2.5 4 68.04 0.025 87.23 0.0092 71.32 0.0062 77.81 0.0063
3 5 81.25 0.021 91.08 0.0055 79.14 0.0055 87.16 0.0077

3.5 5 86.81 0.018 96.23 0.0032 85.75 0.0031 93.36 0.0021
4 5 92.42 0.014 96.23 0.0085 98.34 0.0022 97.15 0.0015

Table 3.1 AR parameters for Lennard-Jones systems. The average percentage of particles that
switch states at each time step is very small, and does not significantly affect performance.

Series 2 (identical AR parameters for all particles): In this series of benchmarks, par-
ticles were allowed to switch states during simulation. Table 3.1 shows that the average
number of switched particles at each time step was much smaller than the number of particles
in the system. Thanks to this, switched particles did not have much influence on the obtained
speedup, which reproduced the patterns observed in Series 1, and the single-pass force update
algorithm always performed better than the two-pass incremental algorithm.

For the system containing 500 particles, with the single-pass incremental algorithm, a
2.1X to 3.5X speedup was observed with 81% to 86% particles restrained, and a maximum
speedup of 4.5X was achieved when 92% of the particles were restrained. The AR parameters,
the average number of switched particles and the average number of restrained particles can
be found in Table 3.1.

For the system containing 4000 particles, a 3.8X speedup was attained when 91% of
the particles were restrained, whereas in Series 1 the corresponding speedup was 4.5X
with the same number of restrained particles. When 96% and 98.5% of the particles were
restrained, we achieved a 6X and 8.9X speedup respectively. A 1.2X speedup was observed
with the 57% of the particles as restrained particles. In another system containing 32000
particles, a 2X speedup was achieved with 46% of restrained particles. A 4X to 6X speedup
was observed with 85% to 98% of particles restrained. For the system containing 108000
particles, a maximum speedup of 7.5X was observed with 97% of restrained particles. The
reduction in overall speedups in Series 2 as compared to Series 1 is due to switched particles
(building ANL and computing force components), and the fact that the observed percentages
of restrained particles are averages.
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Fig. 3.5 Series 2: Speedup achieved with the single-pass and two-pass incremental algorithms
over MD as a function of the percentage of restrained particles.

3.4.2 Simulation of Nacl

In order to validate our algorithm on a computationally expensive potential, we simulated
a system containing 8000 (4000 Na+ and 4000 Cl−) NaCl. In this NaCl system, charged
particles Na+ and Cl− interact via electrostatic interactions. In MD, during force calculations,
most of the computational time is used in calculating electrostatic forces. In the NaCl system,
around 90% of the total time is spent in the computation of electrostatic interactions.

The NaCl system was simulated using the Tosi-Fumi (TF) potential augmented with a
coulombic potential. The TF potential is given by equation 3.8, and this potential is broadly
used in simulation of alkali halides.

U(r) = A exp
(

σ − r
ρ

)
− C

r6 +
D
r8 r < Rc (3.8)
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The first term in equation 3.8 is the Born-Mayer exponential repulsive term and the
second term involves 8, 6 Van der Waals attractive interaction. Parameters for TF potential
are taken from reference [91]. Instead of calculating electrostatic forces based on Ewald
summation method, we used Wolf summation. The Wolf method is can approximation to
compute electrostatic interactions efficient (O(N)) as compared to the Ewald-based methods.
Furthermore, the Wolf method can use neighbor lists for computing electrostatic forces:

EWol f =
1
2

N

∑
i=1

∑
j ̸=i

ri j<Rc

[(
qiq j erfc(αri j)

ri j
−

qiq j erfc(αRc)

Rc

)]
−
(

erfc(αRc)

2Rc
+

α√
π

) N

∑
i=1

q2
i

4πε0

(3.9)
In equation 3.9, erfc is the complementary error function, qi and q j represent the point

charges on particles i and j, α is the damping parameter and Rc is the cut-off radius. Details
regarding the Wolf method can be found from references [85–90]. For the Wolf method, we
used the same parameters as those mentioned in the literature [92].

Cut-off distances of 7.5Å and 15Å were used for the TF potential and Wolf summation
respectively. Initial velocities were assigned at 270K temperature. The system was simulated
for 100000 time-steps using an integration time-step of 2 f s in the NVE ensemble. In order to
measure the speedup, we performed reference MD simulations as well as ARMD simulations
with different AR parameters. For timing measurements, we ran 50 independent simulations
(MD and different ARMD simulations) for each combination of parameters and timings were
averaged over these 50 simulations.
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Fig. 3.6 Speedup achieved with ARMD for ANL construction (as compare to the HNL) and
per time step in the NaCl benchmark.

εr ε f % < NR > % < NS >

0.1 1 18.78 0.0032
0.5 1 38.056 0.010
1 2 53.95175 0.0087

1.5 2 66.272125 0.0063
2 5 72.53125 0.0025

2.5 5 75.0875 0.0082
3 5 81.966625 0.0042

3.5 5 87.5818625 0.0072
4 5 92.67155 0.0065

4.5 5 96.6208125 0.0054
Table 3.2 shows the AR parameters used to simulate NaCl.
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Different AR parameters (Table 3.2) give rise to different average numbers of active and
switched particles. Figure 3.6 shows the speedup obtained with ARMD compared to MD.
We achieved a 2X speedup with 65% of restrained particles, and a 4X to 10X speedup was
achieved with 82% to 96% of restrained particles. This benchmark shows that combining the
Wolf method with ARMD significantly reduces the number of calculations, which may result
in a significant speedup.

3.4.3 High-velocity impact of nanodroplet

The high-velocity impact of a nanodroplet on a crystal surface changes the state of the crystal
to an amorphous phase, and this process is known as amorphization [93, 94]. We performed
this benchmark to show that ARMD simulations may offer important speedups on such
processes. Our model system contains three types of particles, namely 1) nanodroplet, 2)
target slab and 3) boundary particles. The nanodroplet consists of 2891 identical particles that
are spherically distributed in a hexagonal close-packed arrangement (blue particles shown in
Figure 3.7); the target slab consist of 344,988 identical atoms on the fcc lattice (grey and red
particles shown in Figure 3.7); the boundary of the slab remains fixed and has no velocity
(green particles shown in Figure 3.7). Interactions among particles were computed using
the Lennard-jones potential. All simulations were performed using a 1 f s integration time
step and ran for 75 ps. The initial velocity of the nanodroplet was set to 4 km/s (in negative
z direction). Due to the high velocity of the nanodroplet, the neighbor list was constructed
every fifth time step.

In order to measure the amorphization process, we observed the radial distribution
function (RDF) of the impact volume of the target slab (red particles in Figure 3.7) for
different sets of AR parameters, and compared the obtained RDFs with the one obtained with
a reference MD simulation. In this benchmark, most slab particles were initially restrained,
and gradually started to switch to an active state after impact.
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Fig. 3.7 Cross-section view of the nanodroplet impact at 0, 15, 30, 45, 60 and 75 ps. Red
particles belong to the impact area. Green particles represent the fixed boundary of the impact
slab.
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Fig. 3.8 Comparison of the RDFs of the impact area obtained with MD and ARMD. The
RDFs obtained by ARMD with different AR parameters at different time-steps mostly
coincide with the RDFs obtained by MD.

As shown in Figure 3.7, the crystalline structure at the impact area completely changes to
a non-crystalline structure (amorphous state). This figure also shows that ARMD simulations
allow us to trade between speed and accuracy. Lower values of AR parameters produce a
trajectory similar to the MD trajectory, but higher values of AR parameters produce higher
speedups. Figure 3.8 shows the obtained RDFs of the impact area (particles denoted as red in
figure 3.7) at different time-steps. At the beginning of the simulation (at t = 0ps), the impact
area had a crystalline structure. As the simulation proceeds, this crystalline structure started
to deform and changed to an amorphous state (RDFs at t = 15,30,45,60 and 75ps). During
the amorphization process, the RDFs obtained from ARMD simulations mostly coincide
with the RDF obtained using MD (Figure 3.8). The RDFs of the impact area at 75ps obtained
using both ARMD and MD had their first peak at 2.35Å and second peak at 4.5Å. In order
to measure the speed obtained by ARMD, we ran each simulation 50 times and computed the
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εr(eV ) ε f (eV ) % < NR > Speed up
1 2 56.4 2.3
1 5 60.79 2.9
2 5 61.87 3.1
5 6 66.49 4.25

10 12 72.49 4.7
12 14 75.53 5.1
14 16 79.34 5.9
16 18 84.21 6.82

Table 3.3 Table shows the AR parameters used for performing ARMD simulation of the
hyper velocity impact.

average time spent. We measured the speedup with respect to the reference MD simulation.
ARMD achieved 2.3-7X speedup with 56−85% restrained particles as compared to MD.
Table 3.3 shows the speedup obtained with different AR parameters. This benchmark shows
that ARMD saves wall-clock time while obtaining the structural properties of a specific part
of the system much faster than classical MD, thanks to the automatic particle state switching
resulting from the AR Hamiltonian [79].

3.4.4 A single polymer chain in solution

The system was initially minimized and then equilibrated for 10000 steps. After the equilibra-
tion period, the system was simulated for 109 steps in the NVT ensemble. Initial velocities
were assigned using Maxwell-Boltzmann distribution at temperature kBT = 1.2.

One of the main goal of MD is to compute the statistical properties of the system by
calculating averages. Averages obtained by MD are time averages and, if simulation is
long enough to be converged, these time averages are equal to ensemble averages (ergodic
hypothesis). However, averages over a trajectory are subject to two types of errors: systematic
bias and statistical errors. Systematic bias is due to the use of a discrete time step, and
statistical errors occur due to the quality of sampling (and may be large if averages are
obtained from an undersampled or a short-trajectory).

Statistical errors in time averages may be estimated by measuring the variance of an
observable l. The variance can be measured either by correlation time analysis or by a block-
averaging scheme [75–78]. In previous studies of ARMD, time correlation analysis was used
to measure errors and variance [80], and we use the same approach for error estimations of
ARMD trajectories in the present paper. The correlation time τl of an observable l is the
simulation time required for a trajectory to de-correlate its value from an initial value l0.
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Therefore, the correlation time for an observable provides an estimation of Nind
l , the number

of statistically independent values of the observable present in the trajectory: if tsim denotes
the simulation length of a trajectory, then Nind

l ∼ tsim/τl . Larger values of Nind
l suggests good

sampling for the given observable. The time τl depends upon the nature of observable[95].
In ARMD, restraining positions of particles introduces additional correlation in the

system, thus yielding a larger correlation time for a given observable, as compared to MD
(τARMD

l ≥ τMD
l ). If ARMD simulations have the same length as MD simulations, then

statistical errors are larger:

τ
ARMD
l ≥ τ

MD
l and tARMD

sim = tMD
sim =⇒ Nind

lARMD
≤ Nind

lMD

Fortunately, statistical errors of averages obtained by ARMD may be reduced, and more
statistically independent values may be obtained, by performing simulations with longer
lengths (more time steps), since each time step costs less in wall-clock time. Therefore, the
overall speedup in the NVT ensemble is a function of the speedup obtained in wall-clock
time at each time step, and the time required to attain a given precision in the estimation of a
given observable [80]. This speedup can be expressed as:

S = Salgo
σ2

MD

σ2
ARMD

(3.10)

where Salgo represents the computational speedup at each time step adaptive algorithms
(ANLs and single-pass incremental force update algorithms), σ2

MD is the variance of a given
observable when using MD, and σ2

ARMD is the variance of the same observable when using
ARMD. In this benchmark of a polymer in solvent, we chose the end-to-end distance of the
polymer as an observable, and computed the correlation times with different AR parameters.
Figure 3.11 shows the time correlation functions computed for end-to-end distances. As
expected, the correlation function in the MD case is reduced in fewer time steps compared to
the correlation functions in ARMD simulations. In wall-clock time, however, some ARMD
trajectories decorrelate the end-to-end distance faster than MD, due to the reduction in the
average cost of a time step.

Table 3.4 shows the averaged values of end-to-end distances and radius of gyration of the
polymer chain. The averages obtained with MD and ARMD are approximately the same.
This experimentally shows how, when the observable is converged, averages obtained with
ARMD are the same as the ones obtained with MD (see [79] for a mathematical proof).
Figure 3.10 shows the 2D projection of all trajectories as a function of end-to-end distance
and radius of gyration of the polymer. Here as well we obtain unbiased position-dependent
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Fig. 3.9 Instantaneous temperature of the system with different AR parameters.

MD
εr/ε f

.5/1 .75/1.0 1.0/1.2 1.2/1.5 2.5/2.75 3.0/3.75 3.1/3.75 3.5/4.0
% < NR > 0 18 31 43 51 77.8 83 86 90

R =< R2 >
1
2 8.4404 8.481 8.634 8.3013 8.368 8.394 8.569 8.3919 8.556

RG =< R2
G >

1
2 3.523 3.547 3.585 3.520 3.55 3.535 3.546 3.534 3.569

Table 3.4 Summary of statistical properties obtained by MD and ARMD for the polymer
benchmark. R is the end-to-end distance of the chain and RG is the radius of gyration.
Statistical averages obtained from ARMD and MD are similar.
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Fig. 3.10 Projection of trajectories on the end-to-end distance (R) and radius of gyration
(Rg) of the polymer (colors represent the number of conformations in each bin). This figure
illustrates that ARMD simulations produce unbiased positional statistics.
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Fig. 3.11 Time correlation function of the end-to-end distance of the polymer. The left part
shows that MD takes fewer iterations to decorrelate the end-to-end distance when compared
to ARMD. The right part shows that, in wall-clock time, however, some ARMD simulations
converge up to twice faster than a MD simulation.

averages. This illustrates that ARMD samples the same conformational space as the MD in
the NVT ensemble[79].

3.5 Conclusions

We have presented a novel single-pass force update algorithm to speed up ARMD simulations.
Unlike our previous two-pass algorithms, the new algorithm may result in a speedup even
when a small percentage of particles is restrained. We have validated the approach on several
benchmarks, and have shown that the single-pass algorithm may be applied to computing
electrostatic interactions with the Wolf method. We showed how ARMD may be used to
converge a given observable faster than with MD.



Chapter 4

Parallel Algorithms for Adaptively
Restrained Molecular Dynamics





Abstract

Force computations are one of the most time consuming part in performing Molecular
Dynamics (MD) simulations. Adaptively Restrained Molecular Dynamics (ARMD) makes it
possible to perform fewer force calculations by adaptively restraining particles positions. This
chapter introduces parallel algorithms for single-pass incremental force computations to take
advantage of adaptive restraints using the Message Passage Interface (MPI) standard. The
proposed algorithms are implemented and validated in LAMMPS, however, these algorithms
can be applied to other MD simulators. We compared our algorithms with LAMMPS for
performance and scalability measurements.

4.1 Introduction

Molecular Dynamics (MD) used to investigate the statistical and dynamic characteristic of
complex systems. These complex systems are generally contain many atoms, simulating such
complex systems to obtain experimental statistics needs hugs amount of computational time.
The computational time associated with the complex system can be reduced by utilizing
parallel abilities of MD cods. In general, MD codes are not memory intensive and paralleling
the MD cods are not tedious. As mentioned in previous chapters, MD codes contain repetition
of these steps:

1. Update Momenta

2. Update position

3. force calculation.

All three steps are parallelizable on parallel architectures. Parallel architectures are gener-
ally categories into two categories: Shared memory architecture and Distribiuted memory
architecture

In this chapter, we will mainly focus on the algorithms for ARMD on distributed memory
architectures. As shared memory architecture does not require any additional algorithm for
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ARMD and work (updating positions momenta and computing forces) can be distributed
on different threads and barrier can be applied before and after the force calculations.
However, on distributed memories, new algorithms are needed to reduced the interprocessor
communications and distribute the work among the processors. Communications among
distributed memory is obtained by Message Passing Interface (MPI). MPI creates and
distributes processes on different processor (from now on, we will use MPI terminology and
refer processors as process).

In MD, a system containing N particles can be divided on P processes based on any of
these three algorithm.

1. Atom-Decomposition Algorithm: all particles are distributed to MPI processes

2. Force decomposition Algorithm: Force matrix is distributed over the MPI processes.

3. Spatial-Decomposition Algorithm: mostly used in modern simulator and this algorithm
is described below.

Spatial-Decomposition (SD) Algorithm

In spatial decomposition algorithm, a simulation box is subdivided P smaller sub-boxes such
that all processes have one box. Particles on one process can interact with the particles on
neighbor processors , these particles are categorised as border particles. In order to compute
forces, particles needs to know the positions of its particles and neighboring processes
particles. This communication is further improved by dividing sub-boxes into bins (based
on cut-off) and particles belonging to the neighoring bins needs to exchange the particles
position informations. The particles on one process that has to be communicated are refereed
as border particles. Border particles on a processor are generally less in number as compared
to the number of particles belong to the same processors. Communications with adjacent
processes are obtained with east/west, north/south and up/down scheme. The modified
version of SD algorithm that LAMMPS uses, involve forward communication of border
particles position and reverse communication of forces on border particles. Figure 4.1 depicts
a schematic diagram of this algorithm. The modified SD algorithm utilizes newton’s third
and communication among the processes are local in nature.
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Fig. 4.1 Forward and backward communications in the LAMMPS.

A process contains two types of particles 1) local 2) ghost particles. Local particles belong
to the current processor and ghost particles are on this processor due to communication
routines. A processor is responsible for updating positions and momenta of local particles and
computing forces of local as well as ghost particles. Performing simulations of N particles
over P MPI processes contain repetition of steps mentioned in algorithm 14 (assuming that
particles are distributed among processes using SD algorithm).

Algorithm 14: LAMMPS integration step
1 Update Momenta
2 Update Position
3 if (U pdateNeeded) then
4 Build Neighbour List for local particles
5 end
6 Forward Communications of border particles
7 Force Computations
8 Reverse Communications of forces

Communications between MPI processes take place in two steps: 1) Before forces
computations on particles, positions of the border particles are communicated in the east,
north and up directions. This communication in LAMMPS is called forward communication
of the positions. 2) On the contrary to the forward communications, reverse communication
send forces of the ghost particles in west, south and down directions. Due to the forward and
reverse communications of positions and forces, force computations can be performed using
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newton’s third law. To compute forces correctly, updated positions and forces corresponding
to the ghost particles need to be communicated in forward and reverse communications.

4.1.1 LAMMPS

LAMMPS stands for Large-scale Atomic/Molecular Massively Parallel Simulator and is
a highly parallel and modular MD package. Parallel implementation of LAMMPS with
MPI uses a Spatial-Decomposition (SD) techniques to partition the simulation domain into
sub-domains and assigning each of them to one MPI process.

Force acting on a particle depends upon its neighboring particles, which may include
particles belonging to neighboring sub-domains, therefore inter-processor communications
are required for force computations. We will refer to particles whose positions needs
to be communicated between MPI processes as border particles. In order to optimize
border particles communication, each sub-domain is further partitioned into bins (based
on cut-off radius), and then border particles are defined as particles belonging to the bins
neighboring other sub-domains. Therefore, an MPI process contains two kind of particles:
local particles (belonging to this sub-domain) and ghost particles (border particles from
heighboring sub-domains). An MPI process is responsible for updating momenta and
positions of its local particles, and computation of interactions between local particles (local
interactions) and interactions of local particles with ghost particles (ghost interactions).
LAMMPS performs two-way communication: positions are communicated in forward
directions (in the east, north and up directions) and computed forces are communicated back
in reverse directions (west, south and down). Due to this, LAMMPS can fully utilize the
Newton’s third law. After setting up the simulation, LAMMPS repeats the steps listed in
Alg. 14.

In MD, forces are computed on all particles. In ARMD, in contrast, involves force
computations based on only active interactions. In previous chapters, we proposed the ANL
and incremental force update algorithms to simulate a system using ARMD. In fact, we
proposed efficiently construction of the ANLs and single pass algorithm for incremental
force update. These algorithms are efficient to simulate a system on single processor (or even
shared memory architectures), on distributed system, these algorithms do not have any notion
of ghost or local particles. Previous proposed algorithm for ARMD can also be used with
MPI by introducing the notion of local and ghost particle. The following steps will perform
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ARMD simulation of a system by using algorithms mentioned in the previous chapter:

Algorithm 15: Performing ARMD with MPI

1 Update momenta
2 Forward communications of border switched particles.
3 Incremental force calculations of switched particles.
4 Reverse communication of the forces due to the switched particles.
5 Update positions of local active particles.
6 Forward communications of positions of the boarder active particles.
7 Compute force
8 Reverse communications of ghost forces.

In order to perform ARMD using MPI requires two extra communication and barrier rou-
tines. First forward communication sends the position of switched particles to neighbouring
processors, and force components due to switched particles are communicated using reverse
communication. These extra barrier and communication routines reduce the number of
force computations, however, limit the speed-up of a ARMD simulation. As communication
and barrier routines act as a speed-breaker in achieving speed-up. In this chapter, we will
propose new parallel algorithms to lower the communications and to reduce number of force
computations.

4.2 Parallel ARMD Algorithms

In our work, we are taking advantage of the modular structure of LAMMPS: we implement
ARMD as a separate module that allows usage of most implemented force-fields without any
modifications. As mentioned above, in LAMMPS, each MPI process manages both local and
ghost particles. In ARMD, local particles are further subdivided into active and restrained
particles based on their instantaneous kinetic energy. Therefore, local interactions can be
categorized as

• active interactions: interactions involving at least one active particle;

• restrained interactions: interactions involving restrained particles only.

Ghost interactions might also be subdivided into active and restrained interactions. However,
this would require two extra communication and barrier routines for forward and reverse
communications. While such a subdivision may reduce the number of force computations,
additional communications may limit the speed-up achievable by ARMD simulations. Hence,
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we propose a parallel algorithm in which only local interactions are subdivided into active
and restrained interactions.

Proc 1 Proc 2border

Forward communication 
of atom positions

Reverse communication
of forces

nlocal = 4
nghost = 2

nlocal  = 6
nghost =0

Fig. 4.2 A system containing 10 particles is divided between two processes (Proc 1 and
Proc 2). Proc 1 sends positions of its two border particles (separated by a dashed line) by
doing a forward communication. After forward communication is complete, Proc 2 has four
local and two ghost particles, and Proc 1 has six local particles. Green (resp. blue) particles
represent active (resp. restrained) particles. Each process computes forces acting on its local
and ghost particles (forces are shown by arrows), while avoiding computations between
restrained-restrained particles. After computing forces, forces acting on ghost particles (red
arrows) are communicated back through reverse communication.
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ARMD speeds up simulations due to its ability to incrementally update forces, instead of
re-computing all of them. This is achieved through the use of single-pass incremental force
update algorithm and Active Neighbor Lists (ANLs).

Algorithm 16: ARMD integration step

1 Update Momenta
2 Update A,R,SA,SR

3 if (U pdateNeeded) then
4 Build ANLs of local particles
5 end
6 SwitchedForces()
7 Update Positions
8 Forward communications of border particles
9 IncrementalForceComputation()

10 Reverse communications of forces

In order to efficiently parallelize ARMD in LAMMPS we introduce three main modifica-
tions (Alg. 16) to the LAMMPS integration step (Alg. 14):

1. Lists of active (A), restrained (R), switched to active (SA) and switched to restrained (SR)
particles are updated at each timestep (line 2 in Alg. 16). ANLs are constructed when
necessary (line 4 in Alg. 16) instead of the LAMMPS neighbor lists.

2. Particles that switched their state (from active to restrained or vice-versa) are taken
care of (line 6 in Alg. 16).

3. Finally, force increments are computed (line 9 in Alg. 16) instead of recomputing all
forces.

In the next sections, we present these algorithms for parallel ARMD.

4.2.1 MPI-enabled Active Neighbor List

This section introduces an algorithm to construct a MPI-enabled ANL that allows us to
avoid calculating forces due to restrained interactions, and exploits Newton’s third law. The
MPI-enabled ANL provides an efficient way to compute forces involving active and ghost
interactions. In order to use MPI functionality of LAMMPS (spatial decomposition and
communication algorithms), we construct ANLs using cell and Verlet neighbor list algorithms
(which are also used to build LAMMPS neighbor lists) [59, 60]. The ANL construction
algorithm is shown in Alg. 17, where G is the list of ghost particles for the MPI process
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managing particle i, and NeighboringCells[i] is the list of boxes neighboring or containing
particle i (27 boxes in 3D). The ANL of an active particle contains both active and ghost
interactions, whereas the ANL of a restrained particle only contains ghost interactions. To
allow the usage of Newton’s third law, the ANL of particle i does not contain particle j if the
ANL of particle j already contains particle i. Therefore, the ANL of i stores pair i– j in two
cases (Alg. 17): 1) if particle i is active and particle j is either restrained or a ghost particle;
2) if particle i is restrained and particle j is a ghost particle.

Algorithm 17: BuildANL(i)

1 ANL(i)← /0
2 for j ∈ NeighboringCells[i] do
3 if (i ∈ A and ( j ∈ R or i /∈ ANL( j)) or j ∈ G then
4 ANL(i)← j∪ANL(i)
5 end
6 end

4.2.2 MPI-enabled Single-Pass Incremental Force Update Algorithm

In parallel ARMD, an MPI process contains four force components based on local and ghost
interactions: FAA,FAR and FRR due to active-active, active-restrained and restrained-restrained
pairs, respectively, and Fghost due to ghost interactions. The force acting on an active particle
i can be expressed as Fi = FAA +FAR +Fghost , and the force acting on a restrained particle
i is Fi = FAR +FRR +Fghost . The FAA and FAR force components are associated with active
interactions, thus they need to be computed at each timestep. Forces due to ghost particles are
computed irrespective of their state also at each timestep (Fig. 4.2). Although it is possible
to further reduce force computations by using the state of ghost particles, it requires at
least two more communications among MPI processes. Since distances between restrained
particles remain unchanged, the force component based on these distances (FRR) on each
MPI process need to be computed only once (at the beginning of the simulation and when
a particle switches from active to restrained) and can be retained as long as the involved
particles are restrained. Therefore, at each timestep, an MPI process is responsible for locally
computing FAA,FAR and Fghost force components, and then for communicating the Fghost

force components to neighboring MPI processes (and use Newton’s third law). The algorithm
that incrementally updates forces is shown in Alg. 18, where C is a list of all particles on
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an MPI process, and f+i and f−i store FRR and FAR force components, respectively. The total
force acting on particle i is stored in f.

Algorithm 18: IncrementalForceComputation()

1 for i ∈C do
2 if i ∈ A or i ∈ G then
3 f+i ← 0
4 end
5 else
6 f+i ← f+i − f−i
7 end
8 f−i ← 0

9 end
10 f← f++ComputeForces(A,ANL)

4.2.3 Switching states

In ARMD, at each time step, particles can switch states. Precisely, a particle can either gain
enough momenta to become active (to have full dynamics or transition dynamics), or lose
enough momenta to become restrained. We refer to these particles as switched particles.

When a particle switches from a restrained state to an active state, we update its ANL
using algorithm 17. If a particle switches to a restrained state, we remove active interactions
from its ANL.

Since we do not subdivide ghost particles into active and restrained particles, whenever a
local particle switches its force components should be computed based on local interactions
only, without any communications between MPI processes. To achieve this, for each switched
particle we extract from the ANL a reduced ANL (ANL′) which contains local interactions
only, i.e. local restrained particles (see Alg. 19). Forces acting on switched particles are
computed according to the direction of switching (see Alg. 20). If i ∈ SR, then the force
component FRR for this particle is computed (force component FAA and FAR switches to FAR

and FRR, respectively) and the FRR force components for local restrained neighbors of this
particle are updated. If i∈ SA, then the force component FRR is set to zero for this particle and
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the FRR force components of its local restrained neighbors are updated accordingly. These
operations are done on each MPI process separately and do not require any communications.

Algorithm 19: ExtractANL′(i)

1 ANL′(i)← /0
2 for j ∈ ANL(i) do
3 if j ∈ R and (i ∈ R or (i ∈ A and j /∈ SA∪SR)) then
4 ANL′(i)← ANL′(i)∪ j
5 end
6 end

Algorithm 20: SwitchedForces()

1 for i ∈ SR do
2 ExtractANL′(i)
3 fi

+← fi
++ComputeForces(i,ANL′(i))

4 end
5 for i ∈ SA do
6 BuildANL(i)
7 ExtractANL′(i)
8 fi

−← fi
−+ComputeForces(i,ANL′(i))

9 end

The algorithm 16 performs ARMD simulations using multiprocessor; however, obtained
speed-up will depend upon not only reduction in force calculation but also other factors as
well. These factors are

• Distribution of work among MPI processes

• Work imbalance

• Communication among MPI processes

The performance of a simulation depends upon the distribution of particles on processors.
The main reason for that is the work imbalance i.e. certain processes (more dense part of
the system) will perform more work as compared to the other processes. In MD, a barrier in
work is necessary after force computation. LAMMPS uses spatial domain decomposition
algorithm to partition a simulation box containing N particles into P domains. Each domain
then assigned to a MPI process. LAMMPS provides shift or RCB methods to perform load
balancing.
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Load balancing

MD codes perform re-balancing or repartitioning of a simulation box either at a regular
frequency (generally after 1000 time-step) or whenever the imbalance exceed a certain
threshold.

The work (W) associated to a domain can be a cost function based on that balancing
needs to be performed. Most commonly used cost function is number of atoms on a domain.
This cost function is optimum for a system containing only one type of particle and might
lead to imbalance when two or more than two types of particles present in the system. For
example, a simulation box containing two type of particles 1) nano-particles 2) solvent
particles. Solvent particles generally interact with less expensive potential; however, nano
particles interact with other nano particles via a complex and relatively expensive potentials.
For these type of systems, cost function as number of particles might not be appropriate.
Another choice of cost function can be number of average neighbors, that can be analytically
determine by using density and volume of the simulation box. Complex potential can also be
considered by multiplying with some weight for interacting particles. These cost function
is already implemented in the new LAMMPS version. These broad and diverse choice
of cost function is efficient as particles do not change their type; however, in ARMD a
particle is either active or restrained and the state of this particle might change based on its
instantaneous kinetic energy. Because of the adaptive nature of particles, ARMD can lead
to a huge imbalance even for a homogeneous system containing one type of particles. One
solution can be considering cost function as a number of active particles, but this might again
lead to imbalance as particles start to switch their state. In ARMD, amount of work (the
load) is not only proportional to the active particles but also related to the restrained particles.
Figure 4.3 demonstrates the imbalance in the load for a system containing 9 particles. These
9 particles are distributed by considering that amount of work is only proportional to the
number of active particles. We introduced a AR load balancing scheme that takes account of
loads associated with active and restrained particles. Instead of distributing equal number of
particles on each processor, AR load-balancer distribute equal weights on each processors.
Weights are calculated by either adding or multiplying load associated with particle.

WeightP = ∑
i=nlocal
i=0 loadi

To optimize the load balancing approach used in LAMMPS for ARMD, we introduce
an AR load balancing scheme that uses RCB weights of particles and takes both these
interactions into account. Instead of assigning equal numbers of particles to each process,
the AR load balancer distributes equal weights to each process as in RCB. To address this,
we introduce two load factors α and β : α is a weight associated with active particles; β is
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NA=2, NR=5, NC=5

Proc0

NA=2, NR=0, NC=1

Proc1

NA=1, NR=3, NC=3

Proc0

NA=2, NR =2, NC=3

Proc1

(a)

(b)

Fig. 4.3 A system containing 9 particles are partitioned into two domain by distributing
the equal number of active particles. Despite having equal number of active particles (i.e.
2) on both domaim, this decomposition leads to load imbalance. Work in domain 1 is
somehow related to the number of active interaction pairs present in the system (i.e. number
of computation NC). By using load as number of active particles, processor 0 perform 5
computations whereas processor 1 needs to perform only one computation. In AR load
balancer

a weight associated with restrained particles. The weight for a process i can be expressed
as αNi

A +βNi
R, where Ni

A and Ni
R are number of active and restrained particles, respectively,

assigned to i-th process. If values α and β are the same, then equal numbers of particles are
distributed over processes.

The choice of parameters α and β is problem dependent and can be done in two ways:
1) user defined and constant; 2) adaptively updated starting from a user defined or default
values. Since it is the ratio between α and β which guides the load balancing, parameter α

can be set constant and equal to 1, while parameter β can be adaptively updated as

β =
∑

p
i=0 t i

R

∑
p
i=0 t i

A
,
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where the sum is done over all processes (p is the number of processes), t i
A and t i

R are time
spent on routines associated with active and restrained particles, respectively, on i-th process.
In our benchmarks, we use constant parameters α = 1 and β = 0.5.

4.3 Results and Discussion

To show the performance and scalability of our MPI-enabled implementation of ARMD we
present results for a standard Lennard–Jones (LJ) liquid benchmark [74].

The Lennard-Jones potential is often used to model and benchmark van der Waals forces
in MD simulations. The potential is also referred to as 12-6 potential and is expressed as:

U = 4ε

[(
σ

r

)12
−
(

σ

r

)6
]

where ε is a well depth, σ and r are minimum-energy and instantaneous inter-particle
distances, respectively. The Lennard-Jones potential is truncated at a cut-off distance rc =

2.5σ ; beyond this distance, the truncated potential is set to zero. Atoms are placed in a 3D
cubic domain according to the fcc lattice, with a lattice constant equal to 0.8442; periodic
boundary conditions are used; the initial temperature of the system is set to T ∗ = 1.44;
timestep ∆t = 0.001; the neighbor list is updated every 20 timesteps. All parameters are
given in standard dimensionless LJ units. Simulations are done in the NVE ensemble for 5000
timesteps. The data on performance and the percentage of restrained particles are averaged
over timesteps. All benchmarks are performed using a cluster with 8 nodes equipped with
8/16 CPUs Intel Xeon E5540 and a Gigabit Ethernet network. We run the benchmark both
for ARMD and for LAMMPS on one node with different number of processes and on four
nodes with four processes per each node (16 processes on total). The results obtained for
ARMD are compared with LAMMPS performance results for the same systems computed
on the same equipment. To compare performance, we use a standard performance metric of
millions of atom-timesteps per second provided by LAMMPS.

The amount of interaction computations in ARMD depends on the percentage of re-
strained particles, and, therefore, the performance of ARMD will change based on this
percentage. To test the performance of our MPI-enabled implementation of ARMD depend-
ing on the percentage of restrained particles, we simulate a system of 864 000 particles
using different ARMD parameters εr,ε f to get different percentages of restrained particles.
The comparison of results obtained with LAMMPS is shown in Fig. 4.4, with the averaged
percentage of restrained particles on x axis. For low percentages of restrained particles,
ARMD shows less performance in comparison with LAMMPS due to additional opera-
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tions introduced in ARMD; ARMD starts to overperform LAMMPS when the percentage
of restrained particles in the system reaches some threshold (break-even point). With an
increasing number of MPI processes this break-even point shifts to a larger percentage of
restrained particles. In this benchmark, ARMD outperforms LAMMPS if more than 60% of
restrained particles is present in the system. This threshold depends on a number of factors:
the cluster architecture; the simulated problem; the εr and ε f parameters; the distribution of
active particles over simulated domain, e.g. if all active particles are placed in one region of
the domain then there will be fewer number of active–restrained interactions as compared
to the case of even distribution of active particles over domain. In order to assess the worst
case scenario — active particles are homogeneously distributed over the domain — we apply
the same parameters εr,ε f for all particles in the simulated system. For non-homogeneous
systems, ARMD will give better performance.
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Fig. 4.4 Performance depending on the percentage of restrained particles for different number
of nodes (n) and processes (p) per each node. Performance of non-modified LAMMPS is
shown as a reference (dotted lines) — it does not depend on the percentage of restrained
particles.
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Fig. 4.5 Breakdown of wall-clock time for 1 and 4 nodes with 4 processes per each node
normalized by LAMMPS timing (L) for different percentage of restrained particles (20%,
50%, 70%, 80%, 90%). Other – Load balancing, ARMD routines for switched particles
(ANL and force computations of switched particles), position & momenta update; comm –
communications; neig – neighbor list construction; force – force computation.



90 Parallel Algorithms for Adaptively Restrained Molecular Dynamics

Figure 4.5 shows a breakdown of wall-clock time normalized by LAMMPS time for
different number of processes. With the increasing percentage of restrained particles, ARMD
total time decreases due to a decrease in time spent on force computations. This decrease
in time occurs after the aforementioned break-even point. If the percentage of restrained
particles is smaller than this threshold, ARMD may even provide worse performance than
LAMMPS (see Fig. 4.5b, 4.5c, 4.5d) because of additional computations due to switched
particles (force computations, updating the ANL). An increase in the number of processes
leads to an increase in time spent on ARMD routines due to load-balancing, updating the
ANL of particles switched from restrained to active. Since it is necessary to take into account
ghost particles while updating the ANL, the more processes are used the more ghost particles
are present and should be included in the ANL.
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Fig. 4.6 Performance of ARMD and LAMMPS depending on the number of particles in the
system for different number of nodes (n) and processes (p) per each node.
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Fig. 4.7 Speed up of ARMD and LAMMPS for different number of nodes (n) and pro-
cesses (p) per each node compared to their serial versions
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Fig. 4.8 Speed up of ARMD in comparison with LAMMPS for the same number of number
of nodes (n) and processes (p) depending on the number of particles in the system
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To show the scalability of our parallel implementation of ARMD depending on the
number of particles in the simulated system, we fix parameters εr,ε f so there will be on
average 80% of restrained particles at each timestep (since ARMD is most useful to apply
when the percentage of restrained particles in the system is relatively high). ARMD and
LAMMPS show good scaling of the performance with the number of particles (Fig. 4.6). As
can be seen from Fig. 4.5, ARMD total time decreases due to a decrease in time spent on
force computations, while time spent on the neighbor list construction and communications
stays the same as compared to LAMMPS for the same configuration of nodes and processes.
Since in the case of ARMD the force computation part — usually the most parallelizable
part — takes less time, the speed up of ARMD compared to ARMD on one core is less
than speed up of LAMMPS compared to serial LAMMPS (Fig. 4.7) due to the Amdahl’s
law. Speed up of ARMD in comparison with LAMMPS for the same configuration of
nodes and processes also decreases with the number of used processes (Fig. 4.8) due to the
same reason: the amount of interactions computations per process decreases, while time
consumed by other operations common with LAMMPS, i.e. neighbor list construction and
communications, stays the same. The fact that the performance of ARMD on 4 nodes is
smaller than on 1 node (with 4 processes per node) (Fig. 4.6) is due to the significant amount
of communications between nodes and a high-latency network.

4.4 Conclusion

ARMD allows us to accelerate MD computations by decreasing the number of interaction
computations and provides better performance than classical MD for systems with a suffi-
ciently large percentage of restrained particles (e.g. more than 60% for the benchmark used
in the chapter). This threshold depends on the simulated problem and the architecture of a
computational system. When the percentage of restrained particles in the simulated system
becomes smaller than this threshold, computations may be switched from ARMD to classical
MD, and returned to the usage of ARMD once this percentage reaches the threshold. The
suggested paralellization of ARMD using MPI allows us to gain an additional speed up by
the usage of multi-core CPUs and distributed systems. The ARMD shows good scalability
with the number of particles in the simulated system. However, since ARMD accelerates
only the interaction computation part of MD, the speed up of ARMD compared to LAMMPS
for the same combination of nodes and processes decreases with the number of processes
due to Amdahl’s law. To overcome this limitation on distributed systems, we will investigate
the possibility of developing a new approach that decreases the amount of data necessary to
communicate by taking into account the state (active or restrained) of ghost particles. Also,
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we now want to develop parallel ARMD algorithms for central or graphics processing units
in combination with parallelization over a distributed system, in order to fully utilize modern
clusters.





Chapter 5

Conclusion and future perspective

To conclude this dissertation, we now briefly describe the main contributions and provide
potential directions for future research. We designed algorithms to simulate a system using
adaptively restrained molecular dynamics in both the NVE and the NVT ensembles. In
particular, we presented, for the first time, the active neighbor list algorithm, the single-pass
incremental force computation algorithm and on-the-fly update of forces and neighbor lists
of switching particles. These algorithms alleviate the need for all force computations, hence
simulations can be performed faster. Unlike previously proposed two-pass algorithms for
adaptive simulations, the new single-pass incremental force update algorithm reduces the
number of computations by taking advantage of force decompositions, ANLs and switching
particles. For a given wall-clock time, the single-pass algorithms perform more integration
steps than two-pass algorithms.

These proposed algorithms have been integrated in the LAMMPS MD simulator and
validated on diverse benchmarks in the NVE as well as in the NVT ensembles. In the
NVE ensemble, AR parameters allow to tune between precision and speed up, and in the
NVT ensemble, allow to obtain positional unbiased equllibrium statistical averages, and
equilibrium structural properties of simulated systems. Statistical errors in estimated averages
may be reduced by performing a longer ARMD simulation and by assigning appropriate AR
parameters.

In the future, we would like to use our adaptive algorithms to explore ARMD in the
following directions:

Initially, we would like to validate these algorithms on well-known biological bench-
marks. It would be interesting to adaptively restrain the low-amplitude and high-frequency
fluctuations present in a system, this might compel a biomolecule to attain the high-amplitude
and low-frequency motions.
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Next, we would like to use a combined approach by integrating ARMD with enhanced
sampling methods like meta-dynamics, umbrella sampling and steered molecular dynamics in
order to accelerate the phase space sampling. This integration might be useful in simulation of
complex biological phenomena and in generating a free energy profile of a simulated system.
This combined approach would also be interesting to understand the impact of solvent
flexibility on a biomolecule. Precisely, adaptively restrained simulations of membrane
proteins, while applying AR parameters on membranes alone, might give an insight into
the effect of membrane fluidity on trans-membrane or peripheral proteins. Furthermore,
ARMD simulations of ion-channels by adaptively restraining the membrane might be useful
to understand the role of membrane flexibility on ion-channels.

Subsequently, in order to perform simulations of materials and electrolytes using ARMD,
we would like to develop new adaptive algorithms for multi-body potentials and for long-
range interactions. Our proposed algorithms can be used to compute forces based on a
three-body potential; however, new algorithms are needed for potentials that involve many-
body terms.

Thereafter, we are interested in exploring the possibility of using a larger time step in
ARMD simulations. We believe that adaptively restraining the fast degrees of freedom in a
system might allow us to use a bigger integration step during a simulation. We would like
to use ARMD in conjunction with constraint algorithms like SHAKE or other methods like
Hydrogen-Mass repartitions that might allow us to use a larger time step.

Following, we would like to reduce the number of computations further by performing
an ARMD simulation with the multiple time-stepping algorithm.

Finally, we would like to investigate the affect of AR parameters on the convergence of
an observable and the sampling of phase space.
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