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ABSTRACT

OBSERVER DESIGN AND OUTPUT FEEDBACK
STABILIZATION OF TIME VARYING SYSTEMS

Saeed Ahmed
Ph.D. in Electrical and Electronics Engineering
Advisor: Hitay ()zbay
Co-Advisor: Frédéric Mazenc
July 2018

We study observer design and output feedback stabilization of switched and non-
linear time varying systems. For stabilization of delayed switched systems via an
observer, we develop a new extension of a recently proposed trajectory based ap-
proach which is fundamentally different from classical Lyapunov function based
methods. This new extension of trajectory based approach can be applied to a
wide range of systems with time varying delays and it tackles the issue of find-
ing appropriate Lypunov functions to establish the stability of delayed switched
systems. Our stabilization methodology does not require stabilizability and de-
tectability of all of the subsystems of the switched system and we do not impose
any constraint on the derivative of the time varying delay. For nonlinear time
varying systems, we build a new type of finite-time smooth observer in the case
where a state dependent disturbance affects the linear approximation. We com-
bine this finite time observer design and a switched systems approach to develop
stabilizing feedbacks for nonlinear time varying systems whose outputs are only
available on some finite time intervals. Again, we use an extension of the trajec-
tory based approach to establish the stability of the closed-loop system. Moti-
vated by the fact that the measured components of the state do not need to be
estimated, we also construct reduced order finite time observers for a broad class
of nonlinear time-varying systems. We show how these reduced order finite time
observers can be used to solve dynamic output feedback stabilization problem for
MIMO nonlinear time varying systems. Finally, we design a finite time observer
to estimate the exact state of a continuous-time linear time varying system from

sampled output in the presence of a piecewise continuous disturbance.

Keywords: Observer, Output feedback, Stabilization, Switched system, Nonlinear
system, Delay, Time varying.
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OZET
TURKCE BASLIK

Saeed Ahmed
Elektrik ve Elektronik Miihendisligi, Doktora
Tez Damsmant: Hitay Ozbay
Ikinci Tez Damsmani: Frédéric Mazenc
Temmuz 2018

Bu tezde anahtarli, dogrusal olmayan ve zamanla degisen sistemlerin gozlemleyici
tasarimi ve gikt1 geribeslemesinin kararlilagtirilmasi iizerine galigilmigtir. Gecik-
meli ve anahtarl sistemlerin gozlemleyici ile kararlilagtirilmasi i¢in son zaman-
larda bulunan ve klasik Lyapunov fonksiyonu tabanli yontemlerden temelde
farkli olan gezinge tabanli yaklagimin yeni bir uzantisi geligtirilmistir. Bu
yeni gezinge tabanli uzant1 pek ¢ok,gecikmesi zamanla degigsen sisteme uygulan-
abilmektedir ve gecikmeli, anahtarh sistemlerin kararliligini saglayan uygun Lya-
punov fonksiyonu bulma probleminin tistesinden gelmektedir. Kararhilagtirma
yontemimiz, anahtarli bir sistemin tiim alt sistemlerinin kararlilagtirilabilirlik
ve tespit edilebilirligine gereksinim duymamaktadir ve zamanla degigen gecik-
menin tiireviyle ilgili hicbir sart koymamaktadir. Dogrusal olmayan ve zamanla
degisen sistemler icin, duruma bagh bozucu etkinin dogrusal yakinsamaya tesir
ettigi kogullar altinda yeni bir sonlu zamanh diizgiin gozlemleyici geligtirilmigtir.
Ciktilar1 sadece bazi sonlu zaman araliklarinda erigilebilen, dogrusal olmayan
ve zamanla degisen sistemlerin kararlilagtirici geri beslemesini gelistirmek
icin bu sonlu zamanh gozlemleyici tasarimini ve anahtarh sistem yaklagimini
birlestiriyoruz. ~ Durumun olciilen bilegenlerinin kestirilmesinin gerekmedigi
diistincesinden yola cikarak, genis bir dogrusal olmayan ve zamanla degisen sis-
tem sinifi i¢in azaltilmig dereceli ve sonlu zamanh gozlemleyiciler geligtirilmistir.
Bu azaltilmig dereceli sonlu zamanlhi gozlemleyicilerin ¢ok girdili ¢ok ¢iktili,
dogrusal olmayan ve zamanla degigen sistemlerin dinamik ¢ikt1 geribesleme
kararhilagtirilmas1 probleminin ¢oziimii i¢in nasil kullanilacagini gosteriyoruz.
Son olarak, parcali siirekli bozucu etki altinda siirekli, dogrusal ve zamanla
degisen sistemin 6rneklenmis ¢iktilariyla tam durum kestirimi i¢in sonlu zamanlh

gozlemleyiciler tasarliyoruz.

Anahtar sézciikler: Gozlemleyici, Cikt1 geribeslemesi, Kararlhilastirma, Anahtarh
sistem, Dogrusal olmayan sistem, Gecikme, Zaman degisiyor.
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Chapter 1

Introduction

The problem of estimating the value of solutions of a system when some vari-
ables cannot be measured is of great relevance, both from a theoretical and an
applied point of view. Moreover, when the state of the system is not available
for measurement, one aims to design output feedback controls that are computed
from output observations. This motivates the problem of designing observers and
stabilizing dynamic output feedbacks for switched and nonlinear systems because
these systems are ubiquitous in communication networks and congestion control,
automotive control, power converters, aircraft and air traffic control, process con-
trol, mechanical systems, and many other engineering domains; see, e.g., [1], [2],
(3], [4], [5], and [6] for the applications of switched systems, and see [7], [8], [9],
[10], [11], and [12] for the applications of nonlinear systems.

We present four new observer designs in this thesis. First, we propose an
observer for switched systems with delay in the output. Second, motivated by
the fact that finite time convergence of estimation error is often desirable in
applications like fault detection and feedback control, we design a finite time
converging observer for a class of nonlinear time varying systems. Moreover,
since the measured components of the state do not need to be estimated, we will
also focus on reduced order finite time observer design for a family of nonlinear

time varying systems. Finally, we will present a finite-time converging observer



design for linear time varying systems where the measurements are only available

at discrete instants.

The stabilization problems we study in this thesis are motivated by the fact
that the state of the system is not available for measurement in many engineering
applications. Instead, one aims to design output feedback controls that are com-
puted from output observations. We provide solutions to three dynamic output
feedback stabilization problems for time varying systems in this thesis. To the
best of our knowledge, the stabilization problems that we study in this work have
remained unsolved. First, we study output feedback stabilization of switched
systems with a delay in the output via an observer. Second, motivated by the
fact that the observer values may also be intermittent, meaning there may be
intervals during which there are no output measurements, we study the problem
of stabilization for a broad class of nonlinear time varying systems with intermit-
tent output measurements via finite time observer, which can be difficult when
the dropout periods (when there are no output observations) are long. Finally,
we provide a solution for an output feedback stabilization problem for a family of

MIMO nonlinear time varying systems using reduced order finite time observer.

1.1 Classical Results on Switched Systems

A switched system is a class of hybrid dynamical system consisting of a family of
continuous-time subsystems (also called modes) and a rule that governs switching

between them [13]. Mathematically, a switched system can be written as

&= f,(x) (1.1)

where {f, : 0 € Z} is a family of sufficiently regular (at least locally Lipschitz)
functions from R"™ to R™ that is parametrized on some index set =. Typically, =
is a compact (often finite) subset of a finite-dimensional linear vector space. In

the particular case, when all the individual subsystems are linear i.e.,

folr) = Asx, Ay eRYV" 0€Z



and the index set = is finite i.e., = = {1,...,n}, we obtain a switched linear

system.

To define a switched system generated by the above family, we need the notion
of a switching signal. Given an initial time ¢y, an initial state x(tg) = xo € R",
and a switching sequence m = {(ig,t0),..., (ix,tk),-..,|ix € Z, k € Z>o}, the
function o : [0,00) — == {1,...,n} such that o(t) = iy when t € [ty tx+1) is
called a switching signal. The function o is a piecewise constant function and
it has a finite number of discontinuities (switching instants) on every bounded
interval of time and it takes a constant value on every interval between two
consecutive switching instants. The role of o is to specify the index o(t) € = of
the active subsystem at each instant of time ¢. We assume that o is continuous
from the right everywhere i.e. o(t) = limy_4+ o () for each § > 0. We also assume
that the state of 1.1 does not jump at the switching instants i.e., the solution xz(-)

is everywhere continuous. Thus a switched linear system can be described by

(1) = Ay (a(1)) (1.2)

1.1.1 Notions of Stability

Stability of switched systems is a significant and challenging problem because
switched systems may manifest a complicated dynamical behavior due to their

hybrid nature which is highlighted by the following fact.

Fact 1.1 (/13], [14]). Even if all of the subsystems of the switched system are
stable, an unconstrained switching may destabilize it. Conversely, it may be pos-
sible to stabilize a switched system through a suitable constrained switching even

iof all of its subsystems are unstable.



1.1.1.1 Stability for Arbitrary Switching

If all of the subsystems of a switched system are asymptotically stable, then the
existence of a common Lyapunov function implies asymptotically stability of the
switched system, uniform over the set of all switching signals. The existence
of a common Lyapunov function is a necessary and sufficient condition for the
switched system to be asymptotically stable under any arbitrary switching signal.
This notion of stability is of great relevance for the case when a system is being
controlled by means of switching among a set of stabilizing controllers; see [15]

for more discussion on this topic.

1.1.1.2 Stability for Slow Switching

By restricting the class of admissible switching signals, asymptotic stability of the
switched system can be achieved provided that all of its subsystems are asymp-
totically stable. One way to restrict the class of switching signals is to make sure
that the intervals between consecutive switching times are large enough. Such
slow switching assumption is called dwell time approach and it greatly simplifies
stability analysis. It is a well known fact that when all of the subsystems of the
switched linear system are asymptotically stable, then it is globally asymptoti-
cally stable (GAS) if the dwell time is large enough. The required lower bound
on dwell time can be obtained from the parameters of individual subsystems; see
[16, Lemma 2] for details. Multiple Lyapunov function tools play a vital role in
stability analysis of slowly switched systems. The dwell time approach is ubiqui-
tous in switching control literature; see for instance [17], [18], and the references

therein.

1.1.1.3 Stabilizing Switching Signals

It is possible to find a switching signal that renders the switched system asymp-

totically stable. Such a signal may even exist in extreme situations when all the



individual subsystems are unstable. For instance, assume that the system (1.2)
has two modes. If the matrix pencil of the these modes contains a stable matrix
then there exists a piecewise constant switching signal which makes the switched
system quadratically stable, see [15, Theorem 11], [19], and [20] for more insight

on this notion of stability.

1.1.2 Controllability, Reachability and Observability

Consider a switched linear system described by

{a'c(t) = Ayma(t) + Boul(t) (1.3)

y(t) = Copa(t)

with the state z valued in R% the control input v valued in R% the output y
valued in R% . and piecewise switching signal o taking value from the finite index
set = = {1,...,n}. Let ¢(t;ty,z0,u,0) denote the state trajectory at time t of
switched system (1.3) starting from x(ty) = x¢ with input v and switching signal

g.

1.1.2.1 Controllability and Reachability

The controllability of switched linear systems is defined as

Definition 1.1 (/21]). State x € R% is controllable at time to, if there exist a
time instant t; > to, a switching signal o : [to,tf) — =, and input u : [to,tf) —
R such that ¢(ts;to,x,u,0) = 0. The controllable set of system (1.8) at ty is
the set of states which are controllable at ty. The system is said to be (completely)

controllable at time ty, if its controllable set at to is R%.

Let ¥ (A;, B;)= denotes the minimum subspace of R, which is invariant under
all A;, ¢ € Z and which contains all image spaces of B;, i € Z and let Y (A;, B;)=

denotes the switched linear system (1.3) without output.
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Theorem 1.1 (/21]). For switched linear system > (A;, Bi)z, the controllable
set and reachable set are always identical, and they are precisely the subspace
YV (A;, Bi)=.

Corollary 1.1.1 (/21]). For switched linear system »_(A;, B;)=, the following

statements are equivalent:

(i) the system is completely controllable;

(ii) the system is completely reachable; and

1.1.2.2 Observability
The observability of switched linear systems is defined as

Definition 1.2 (/22]). State x is said to be unobservable at ty, if for any switch-
ing signal o, there is an input u, such that Cyo(t;ty, x,u,0) = Cyd(t;to,0,u,0)
for allt > to. The unobservable set of system (1.3) at to is the set of states which
are unobservable. The system is said to be (completely) observable at to, if its

unobservable set at ty is null.

Let Y (Cy, A;)= denotes the switched linear system (1.3) without input, and let
0(Cy, Ay)=z be the minimal subspace which is invariant under 4;”,4 € Z and which
contains image spaces of C;T i€ Z. Let

= {y € Rdm : <.T,y> = 07 Vi € ﬁ(CwAz)E} .

where (-, -) denotes the standard inner product in R™.

Theorem 1.2 (/21]). For switched linear system (1.3), the unobservable set is
subspace U (C;, A;)=.



Corollary 1.2.1 (/22]). For switched linear system (1.3), the following state-

ments are equivalent:

(i) the system is completely observable;
(ii) the system > (A", Ci")= is completely controllable and/or reachable; and

1.1.3 Feedback Stabilization

It is a well known fact that complete controllability implies state feedback sta-
bilizabilty for a linear time invariant system. This problem has not been fully
resolved in literature for general switched systems but some results have been

achieved for a special class of switched systems as stated below:

Theorem 1.3 (/23]). If the summation of the controllable set of all the individual
subsystems is the total state space, then the switched system is linear state feedback

stabilizable.

Similarly, an interesting result is provided in ([24]) for the dynamic output feed-
back stabilization of a class of switched linear systems for the case where all of

the subsystems are controllable and observable. This result is stated below:

Theorem 1.4 ([2/]) For continuous-time switched linear system (1.3), suppose
that each subsystem is controllable and observable. then, for any given scalar
T > 0, there is a dynamic output feedback law such that the closed-loop system is

stable under every switching signal with dwell time T.

In contrast to [24], the dynamic feedback stabilization methodology we state and
prove in this dissertation does not require all of the modes of the switched linear

system to be stabilizable and detectable. Therefore, our results can be applied

7



to a broad class of switched linear systems wider than those invoked in [24] and

this is one of our significant contributions.

1.2 Classical Results on Nonlinear Systems

The basic families of nonlinear systems are nonautonomous systems, autonomous
systems, and systems with inputs. An nth order nonautonomous nonlinear sys-

tem can be described by n first-order one-dimensional differential equations as

jjl = fl(tyxlax%"')xn)

Ty = folt,m1,m9,...,2,)
| : (1.4)

L -Tn = fn(ta L1y, L2y e vy xn)
where x1,2,,...,x, are the state variables, ¢ is the time, and all functions
fi, fo, ..., fn are nonlinear in all of their arguments. More compactly, the system

(1.11) can be written as

i = f(t,2) (L5)
where the state vector x = (z1, %3, ..., %,) is valued in a given open set X C R".

Given a constant tg > 0, zy € X, if x(¢,tp,x0) can be uniquely defined for all
t > to for all initial conditions x(to, to, xg) = xo, then the system (1.11) is called
forward complete. An equilibrium point x* = (x1*, x2*, ..., x,*) of (1.5) is defined
to be a vector in R"™ for which f(¢,2*) = 0 for all £ > 0. Since f depends on
time, the systems defined by (1.5) are also called time-varying systems. If there
is a constant 7" > 0 such that f satisfies f(t + T, xz) = f(t,x) for all (¢,2) in its

domain, then the time-varing system (1.5) is called periodic with a period T

If the right hand side of (1.11) or (1.5) is independent of time variable ¢, the
the systems are called autonomous or time-invariant systems. Compactly, the

autonomous systems can be written as

i= f(x) (1.6)



The general nonlinear time-varying systems with inputs can be described as

jﬁ'l = fl(t,.flfl,l'g,...,.Tn,ul,’LLg,...,’LLp)
Ty = folt, 21,22, .., Ty, UL, Uz, ..., Up)

\ . (1.7)
T = falt,T1, %0, ..., Ty, ur, U, . ., Up)

\

or, more compactly as

i= f(t,,u) (1.8)
where the variables wup,us,...,u, are inputs and the input vector u =
(u1,ug, ..., up,) is valued in a given set & € RP. The input u may represent a

control or disturbance. If the system (1.7) can be written as
(t) = F(t,z) + G(t, z)u (1.9)

for some vector fields F and G, then the system (1.7) is called affine in control

or control affine.

1.2.1 Notions of Stability

Before describing various stability notions for nonlinear systems, we first recall
the following classes of comparison functions. We say that a continuous function
v :[0,00) — [0, 00) belongs to class K and write v € K provided it is increasing
and v(0) = 0. We say that it belongs to class K, if, in addition, v(r) — oo as
r — oo. We say that a continuous function § : [0,00) x [0,00) — [0,00) is of
class KL provided for each fixed s > 0, the function 5(-, s) belongs to class K,
and for each fixed r > 0, the function S(r,-) is non-increasing and 3(r,s) — 0
as s — o0o. For any constants p > 0, » € N, and ¢ € R", we use the notation
pB,.(q) = {x € R" : |x — q| < p}, which is denoted by pB, when ¢ = 0. Let M(U)
denote the set of all measurable essentially bounded functions u : [0.00) — Uj; i.e.
inputs that are bounded in | - |, where | - |, denote the sup norm of any matrix

valued function over its entire domain.

Now we define various notions of stability for nonlinear systems.

9



Definition 1.3 (/25]). Assume that the system (1.5) admits the origin 0 as an
equilibrium point. The equilibrium 0 is stable provided for each constant € > 0,
there exists a constant 0(e) > 0 such that for each initial state xo € XN (€)B,, and
each initial time ty > 0, the unique solution x(t,to, xo) satisfies |x(t,ty,z0)| < €

for allt > tq. Otherwise we call the equilibrium unstable.

Definition 1.4 (/25]). Assume that the system (1.5) admits the origin 0 as
an equilibrium point. The equilibrium 0 is globally uniformly asymptotic sta-
ble (GUAS) if there exists a function 5 € KL such that for each initial state
ro € X and each initial time to > 0, the solution x(t,to,zo) for (1.5) satisfies
|z (t, to, x0)| < B (|xo|, t —to)) for allt >ty > 0. When the system is autonomous,
this property is called global asymptotic stability (GAS). The equilibrium 0 is
uniformly asymptotically stable if there exists a function 5 € KL and a constant
¢ > 0 independent of ty such that |x(t,to, o) < 5 (|xo|,t —to)) for allt >ty >0
holds for all initial conditions xo € cB, N X. When the system is time-invariant,

the preceding property is called (local) asymptotic stability (LAS).

Definition 1.5 (/25]). The basin of attraction of a LAS equilibrium point of a
system 1s the set of all initial states that generate solutions of the system that

converge to the equilibrium point.

Definition 1.6 (/25]). Assume that the system (1.5) admits the origin 0 as
an equilibrium point. The equilibrium 0 is uniformly exponentially stable if there
exist positive constants K1, Ky, and r such that for each initial state o € XNrB,
and each ty > 0, the corresponding solution x(t,to, xo) satisfies |x(t,to, xo)| <
Kie K2t=10) for qllt > t,. When the system is autonomous, this property is called
local exponential stability (LES) or, it is called global exponential stability (GES)
if v can be taken to be +00. The special case of uniform exponential stability where

we can take r = 400 is called global uniform exponential stability (GUES).

Definition 1.7 ([25]). If there exist functions B € KL and v € K such that
for each u € M(U) and each initial condition x(ty) = xo € X, the solution

10



x(t, to, xo,u) of the system (1.8) with input vector u satisfies |x(t,to, xo, u)| <
B (o, t —to) + Y(|ulpo,q) for all t > ty then the system (1.8) is input-to-state
(1SS) stable.

1.2.2 Stabilization

Stabilization is the problem of constructing a control law wu,(t, ) such that the
origin of (1.8) is asymptotically stable. If local stabilization is required then
techniques based on linear approximation of (1.8) can be used. However, if GUAS
is required then nonlinear design techniques like backstepping and forwarding can
be applied. These techniques apply to nonlinear systems with special structure.
Backstepping applies to lower triangular systems (feedback systems) of the form

p

Ltl — fl(taxlwrQ)
Ty = falt, 1, T2, T3) (1.10)
Tn = falt,z1,29,...,20,1u) .

\

Forwarding applies to upper triangular systems (feedforward systems) of the form

(
'C.El = fl(tax17“‘7xnau)

iy = folt,To,. .. Tn,u) (1.11)

in = fn(t,ﬂfn,U).

Recently, it has been shown that Lyapunov based techniques can be used to

handle stabilization problem for nonlinear systems; see [25] for details.

1.3 Classical Results on Time Delay Systems

Let C;, = C([—7,0],R™) be the set of continuous functions mapping [—7,0] to

R™ where 7 is the mazimum time delay of a system, then a time delay system
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can be described by the retarded functional differential equation (RFDF) of the

form
@(t) = f(t, ) (1.12)

where z(t) € R" and f : R x C, — R". The equation (1.12) specifies that the
derivative of state variable x at time ¢ depends on ¢t and x(§) for t — 7 < & < t.
For future evolution of state, the initial state variable in a time interval of length
T, say, from ty — 7 to o is specified as xy, = ¢ or x(tog+6) = @(6),—7 <0 <0

where ¢ € Cy, is given.

1.3.1 Notions of Stability

In this section, we introduce various notions of stability for time delay systems.
Let the usual Euclidean norm of vectors, and the induced norm of matrices are

denoted by | -|. For a function ¢ € C(]a,b],R"™), define the continuous norm | - |.
by |l = max [$(0)].

a<0<b

Definition 1.8 [26]. For the system described by (1.12), the trivial solution
x(t) = 0 is said to be stable if for any to € R and any € > 0, there ezists a
d = 6(tg,€) > 0 such that |zy|. < 6 implies |x(t)| < € fort > ty. It is said to be
asymptotically stable if it is stable, and for any ty € R and any € > 0, there exists
a 6q = 0q(to,€) > 0 such that |xy|. < 0, itmplies tlgg x(t) = 0. It is said to be
uniformly stable if it is stable and d(tg, €) can be chosen independently of to. It is
uniformly asymptotically stable if it is uniformly stable and there exists a o, > 0
such that for any n > 0, there ezists a T = T(04,7), such that |xy|. < 6 implies
lz(t)| < n fort >ty +T and ty € R. It is globally (uniformly) asymptotically
stable if it is (uniformly) asymptotically stable and o, can be an arbitrarily large,

finite number.
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1.3.2 Classical Stability Theorems

In this section, we introduce some classical stability theorems for time delay

systems.

Theorem 1.5 (/26]) (Lyapunov-Krasovskii Stability Theorem). Suppose f : R x
Cin — R™ in (1.12) maps Rx (bounded sets in Cy,) into bounded sets of R",
and that u, v, w : Ry — R, are continuous nondecreasing functions, where
additionally u(s) and v(s) are positive for s > 0, and u(0) = v(0) = 0. If there

exists a continuous differentiable functional V : R x Cj, — R such that

u(le(0)]) < V(¢ ¢) < v(|9lc) (1.13)

and

V(t,9) < —w(|¢(0)]), (1.14)
then the trivial solution of (1.12) is uniformly stable. If w(s) > 0 for s > 0 then
it is uniformly asymptotically stable. If, in addition, lims . u(s) = oo, then it is

globally uniformly asymptotically stable.

Theorem 1.6 (/20]) (Lyapunov-Razumikhin Stability Theorem). Suppose f :
R x Cj, — R takes Rx (bounded sets of Cyy,) into bounded sets of R™, and that
u, v, w: Ry — Ry are continuous nondecreasing functions, u(s) and v(s) are
positive for s > 0, and u(0) = v(0) = 0, v is strictly increasing. If there exists a

continuously differentiable functtion V : R x R™ — R such that
u(lz]) < V(t,x) <wv(lz|), forteR andx e R" (1.15)

and the derivative of V' along the solution x(t) of (1.12) satisfies

Vit z(t) < —w(a(t)]) if V(E+0,2(t+0) < V(t z(t)) (1.16)

for 6 € [—7,0], then the system (1.12) is uniformly stable.

If, in addition, w(s) > 0 for s > 0, and there exists a continuous nondecreasing

function p(s) > s for s > 0 such that the condition (1.16) is strengthened to

V(t,z(t) < —w(|z(t)]) if V(t+0,2(t+0)) <p(V(t,x(t))) (1.17)
13



for 6 € [—1,0], then the system (1.12) is uniformly asymptotically stable.

If in addition limg_, o u(s) = oo, then the system (1.12) is globally uniformly
asymptotically stable.

Lemma 1.1 (/27]) (Halanay’s inequality). If there exists a nonnegative contin-
uous function f(t) on [tg — T,to] such that

f(t) < —af(t)+5 sup f(s) (1.18)

sEt—T,t]

fort >ty and if « > B > 0, then there exists a > 0 and k > 0 such that
f(t) < ket (1.19)

fort > t,.

1.4 Summary of Contributions

This section provides a cursory glance at the contributions and constitution of

the entire dissertation.
Chapter 2

We propose a new technique to design observers and stabilizing dynamic output
feedbacks for switched linear systems with a time-varying pointwise delay in the
output. First, we develop an extension of the trajectory based stability result
recently proposed in [28] to establish the stability of the closed-loop switched
system. We wish to emphasize that the new extension of the trajectory based
approach we state and prove in this chapter is of interest by itself: it can be
applied to a wide range of systems, notably to families of systems with time-
varying delays wider than those invoked in [28] and [29], and therefore it is one
of the important contributions of this chapter. In its simplest version, this new
technique entails to verifying that there exist constants ¢ € (0,1) and 7" > 0 such

that each trajectory z of a system satisfies an inequality of the form |z(t)| <
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esupyey_1,q [2(€)| for all ¢ > T. Second, the stabilization result we develop in

Chapter 2 is, to the best of our knowledge, new.
Chapter 3

We have two main objectives this chapter. Our first aim is to construct finite
time smooth observers for nonlinear systems. To the best of our knowledge, very
few works design finite time smooth observers for nonlinear systems; see, e.g.,
[30] for a finite time smooth observer for nonlinear systems. The preceding finite
time observer design approach was carried out without considering disturbances
in the measurements or dynamics. Such disturbances are usually present in prac-
tical applications and they affect measurements, and can be state dependent.
Motivated by this fact, we provide a finite time state estimation algorithm for
nonlinear systems with state dependent disturbances. Nonlinear systems with
state dependent disturbances that we consider in this chapter arise in many en-
gineering contexts, e.g., in the modeling of vibrations of elastic membranes; see
[31]. Our observer design approach has two main advantages. First, our finite
time observers are smooth and they have better robust performance as compared
to nonsmooth observers. Second, the convergence time in our method is indepen-
dent of the initial state and it can be rendered as small as desired by the selection
of a parameter (called the artificial delay). Our second result is dynamic output
feedback design for a class of nonlinear systems with temporary loss of output
measurements. It is motivated by the fact that in many engineering applications,
the state is not available for measurement, and the output measurements are
only available intermittently, meaning there may be intervals during which there
is no output measurement, e.g., due to communication failures in GPS-denied
environments. Our strategy has the following steps. We combine our finite time
observer design and classical results for switched systems to construct a dynamic
output feedback using a continuous-discrete observer. To establish the stability
of the closed-loop system, we use an extension of the trajectory based approach
proposed in [28]. To the best of our knowledge, the stabilization problem we
describe with temporary loss of output measurements has remained unsolved in
the literature, even in the case of linear systems, so our proposed tools are of

considerable independent interest.
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Chapter /

Since systems are frequently time-varying and tracking problems can be recasted
into stabilization problems of equilibria of time-varying systems, and since the
measured components of the state do not need to be estimated, this chapter is
devoted to the construction of finite-time reduced order observers for a family
of nonlinear time-varying systems. The observer we will build gives estimates
only of the unmeasured variables, as does the asymptotic observer proposed for
instance in [32, Chapt. 4, Sec. 4.4.3]. This feature presents the following technical
advantages. The design is simpler and in some cases, due to the need to determine
fundamental solutions of time-varying systems, considering systems with a smaller
dimension than the studied one makes it possible to solve the problem, which
would be impossible if we were attempting to construct a full-order observer,
due to the difficulty of determining explicit formulas for fundamental solutions
of systems of dimension larger than 1. In addition, the reduced order observer
we propose yield better performances than full order observers, in some cases.
To the best of our knowledge, finite-time reduced order observers are proposed
for the first time in the present paper. Additionally, we give a second new result
where we show how the finite-time observer we propose can be used to solve a

dynamic output feedback stabilization problem for a MIMO nonlinear system.
Chapter 5

This chapter has two goals. First, we construct a finite time observer for a linear
continuous-time system with sampled output in the presence of a disturbance in
the dynamics of the system. The observer is expressed in terms of the funda-
mental solution of suitable time-varying system. Second, we obtain more explicit
formulas for finite time observers that do not contain the fundamental matrix
and therefore may be better suited to implementations where the fundamental

matrix is not available in explicit closed form.

Chapter 6
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We summarize the value added by our paper and suggest future research direc-

tions in this chapter.

1.5 Notation

Throughout the sequel, the notation will be simplified whenever no confusion can

arise from the context.

e The dimensions of our Euclidean spaces are arbitrary unless otherwise

noted.

e The usual Euclidean norm of vectors, and the induced norm of matrices,

are denoted by | - |.
e [ denotes the identity matrix of any dimension.
e 27 or AT denotes the transpose of a vector z or a matrix A.

e For any constant 7 > 0, any continuous function ¢ : [—7,+00) — R" and
all t > 0, we define ¢; by ¢(m) = ¢(t +m) for all m € [—7,0].

e We let C;, denote the set C'([—T,0]) of all continuous functions ¢ : [—7, 0] —
R™.

e A vector or a matrix is nonnegative (resp. positive) if all of its entries are

nonnegative (resp. positive).

e We write M > 0 (resp. M = 0) to indicate that M is a symmetric positive

definite (resp. negative semi-definite) matrix.

e For two vectors V = (v1..v,)" and U = (uy...u,) ", we write V < U to

indicate that for all i € {1,...,n}, v; < w;.
e A matrix is called Schur stable provided its spectral radius o satisfies o < 1.

e Let ||« denote the sup norm of any matrix valued function over its entire

domain.
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e Let exp(f) denotes the real valued function e/ for any real valued function

f.
e For any continuous function €2 : [—7,4+00) — R™*", we let ®q denote the
function such that 00
— (t:t) = —®at, 1))

and ®q(tg,tg) = I for all t € R and ¢, € R. Then M(t,s) = ®5'(t,s) is
the fundamental solution associated to € for the system & = Q(t)x; see [33,
Lemma C.4.1].

e 7 (t7) denotes time right after (right before) ¢.
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Chapter 2

Observer based Stabilization of

Switched Systems with Delay

The content of this chapter is based on the publications [34] and [35] which were
published by the author and his advisors while the study of this dissertation was
in progress. Many questions related to switched systems such as stability ([36];
[13]; [15]; [37]), controllability ([38]; [21]), observability and reachability ([21];
[39]; [40]; [41]), and synthesis ([42]; [22]) have been extensively studied in various
contributions. Stability and stabilization are amongst the most challenging prob-
lems pertaining to switched systems due to their hybrid nature [43], and they are

the main topic of the present chapter.

Before describing the results we will propose, let us review two basic approaches
classically utilized in the literature for establishing the stability of switched sys-

tems and some issues related to these techniques:

(i) It is shown in [15] that existence of a common strict Lyapunov function (a
Lyapunov function whose derivative along the trajectory of all of the subsys-
tems of the switched system is definite negative) is a necessary and sufficient
condition for the switched system to be stable under arbitrary switching.

On the other hand, when such a Lyapunov function exists, finding it may
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be a difficult task because it is an NP-hard problem; see [44].

(i) It is also shown in [15] that even if a switched system does not possess a
common strict Lyapunov function, it may be stable, under requirements
such as for instance a condition on the size of the difference between two
consecutive switching instants. This fundamental result is termed as dwell-
time approach in the literature. When this size is sufficiently large, then
a so-called dwell-time result can be established. Typically, the proof uses
multiple strict Lyapunov functions. It is worth mentioning that multiple
Lyapunov functions may lead to an undesirable attenuation property which

can only be mitigated by imposing some strong assumptions; see [45].

Both of the above mentioned approaches are mainly developed for non-delayed
systems. But measurement delays are present in many practical applications, such
as chemical processes, aerodynamics and communication networks, and they are
time-varying (see for instance [46] and [47]). Therefore, the problem of stabilizing
switched systems when a time-varying delay is present in the output is strongly
motivated. On the other hand, it is a difficult problem because it does not
seem possible to directly extend the classical Lyapunov function based approaches
mentioned above to the output feedback case considered in this chapter. This
comment is not in contradiction with the fact that some control problems for
switched systems with delay in the input have been solved. Let us recall some of

them, which complement our contribution.

2.1 Literature Review

Feedback stabilization of delayed switched linear systems is proposed in [48] us-
ing a combination of the multiple Lyapunov functions approach and the merging
switching signal technique. An online and offline feedback controller design for de-
layed switched linear systems in the detection of the switching signal are discussed
in [49]. Moreover, [50] and [51] present feedback controller designs for delayed

switched systems using a dwell-time based stability analysis approach. Note that
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[48], [49], [50], and [51] assume that all of the subsystems of the switched system
are controllable. A stabilization problem for a class of delayed switched systems
is studied in [52] and [53] under the assumption that the subsystems satisfy a
certain Hurwitz convex combination condition. A common Lyapunov function
approach is used in [52] and [53] to carry out stability analysis. It is assumed in
[52] that the delay is constant and [53] requires the derivative of the delay to be
bounded. Also note that [48], [49], [50], [51], [52], and [53] present state feedback
designs only and it seems to us that there is no direct way to extend them to
the output feedback case considered in this chapter. Moreover, most of these
contributions use classical Lyapunov function based approaches to establish sta-
bility of the closed-loop switched systems. However, it becomes difficult to search
appropriate Lyapunov functions for the case when there is a time varying delay

in the output of the switched systems.

2.2 Contributions of this chapter

We think that our main result can be regarded as an extension of [48], [49], [50],
[51], [52], [53], and [54], offering new advantages that are listed below:

(i) Our main result does not require all of the subsystems to be stabilizable

and detectable.

(ii) Our feedback stabilization approach does not assume that all the states are

available for feedback.

(iii) We use a new extension of trajectory based approach for stability analysis
which circumvents the serious obstacle presented by the search for appro-

priate Lyapunov functions.

(iv) We allow the delay to be time-varying and piecewise continuous function of
time, and we do not impose any constraint on the upper bound of the delay
derivative.

(v) We do not assume that the systems have synchronous switching sequences.
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vi) The application of our results is not restricted to the class of delayed
Y
switched systems where all the convex combinations of the subsystems in

the absence of control must be Hurwitz.

The rest of this chapter is organized as follows. An extension of the trajectory
based approach is given in Section 2.3. Section 2.4 is devoted to the main result
of the chapter. Section 2.5 discusses computational issues related to the delay

bound. The results are illustrated by a numerical example in Section 2.6.

2.3 'Trajectory based approach and its extension

For stabilization of time varying systems with time varying delays, Lyapunov-
Krasovskii functionals or Razhumukin functions [55] are used in much of the lit-
erature. However, finding strict Lyapunov functions can be difficult. Instead, it is
easier to verify that there exist constants € € (0,1) and 7' > 0 such that each tra-
jectory  of a system satisfies an inequality of the form |x(t)| < esupyey_rq [2(0)]
for all ¢t > T'. This provides motivation for trajectory based approach proposed
in [28]. It relies on ISS stability notion and it yields ISS stability with respect
to uncertainty. The two main advantages of trajectory based approach are 1) it
can be applied to a broad class of time varying systems with time varying delays
and 2) it is easier to apply as compared to Lyapunov or small-gain methods. We
now provide the following key lemma which forms the basis of trajectory based

approach.

Lemma 2.1 /28] (Trajectory based approach). Let T* > 0 be a constant. Let a
piecewise continuous function w : [—=T%, +00) — [0, +00) admits a sequence of real
numbers v; and positive constants v, and U, such that vg = 0, vy 1 — v; € [Ua, Up]
for alli >0, w is continuous on each interval [v;,vi41) for all i >0, and w(v;~)
exists and is finite for each i € N. Let d : [0,400) — [0,400) be any piecewise

continuous function, and assume that there is a constant p € (0,1) such that

w(t) < plwlp—r+ g + d(t) (2.1)
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holds for allt > 0. Then

in(p) 1
w(t) < [w]p e T +

WWHM] (2.2)

holds for all t > 0.

We now provide with an extension of the trajectory based approach given in
[28].

Lemma 2.2 Let us consider a constant T > 0 and | functions z, : [=T, +00) —
[0,400), g = 1,...,1. Let Z(t) = (z1(t) ... z(t))" and, for any § > 0 and t > 0,
T

define Uy(t) = | sup z(s) ... sup z(s)| . Let T € R be a nonnegative
se[t—0,1] se[t—0,1]

Schur stable matriz. If for allt > 0, the inequalities
Z(t) < TUr(t)
are satisfied, then

lim z,(t) =0

t—+o00

forallg=1,...,1.

Proof. Since T is Schur stable, there is an integer ¢ > 1 such that
TV <1, (2.3)
From Lemma A.1 of the Appendix A, we deduce that
Z(t) < YI,r(t) (2.4)
for all t > ¢T'. Consequently,
1Z@)] < |T[Dgr(t)]-

Using

l

Br(t)] = sup  z(s)”
! lz:; s€[t—qT,t] (25)

< VI suwp |Z(s)],

s€t—qT\t]
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we obtain

1Z(@)| < |TIVI sup  |Z(s)]. (2.6)

s€[t—qT\t]
This inequality, in combination with the inequality (2.3) and Lemma 2.1 allows

us to conclude the result. O

2.4 Observer and control design

We introduce a range dwell-time condition, i.e. a sequence of real numbers t;
such that there are two positive constants § and ¢ such that ¢, = 0 and for all
k € Z>,

tir — b, € [8,0] . (2.7)

Definition 2.1 Let m = {(ig,t0),- .., (ix,tk),- .-, |ix € 2, k € Z>o} be a switch-
ing sequence. The function o : [0,00) — = = {1,...,n} such that o(t) = i), when

t € [ty tks1) is called an associated switching signal.

We consider the continuous-time switched linear system with output delay:

{ab(t) = Asa(t) + Bopult) (2.8)

y(t) = Comz(t—7(t))

with 2 € R%, y € R%, y € R%, for all t > 0, 7(t) € [0,7] with 7 > 0 and an
initial condition in Cy,. The delay 7(t) is supposed to be a piecewise continuous
function. For any ¢ € =, A;, B;, and C; are real and constant matrices of compat-
ible dimensions and o is a switching signal. We introduce an assumption which
pertains to the stabilizability and the detectability of the system (2.8), but does
not imply that all the pairs (A;, B;) are stabilizable and all the pairs (A;, C;) are
detectable.
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Assumption 2.1 There are matrices K; and L; for all i € = and constants
T>7,a€0,1),b>0,ce[0,1) and d > 0 such that the solutions of the system

at) = Myolt) +((t) (2.9)
with M; = A; + B; K; and ¢ being a piecewise continuous function, satisfy

()] < alat =T)|+b sup [¢(0)] (2.10)

Let—T.,t]

for allt > T. Similarly, the solutions of the system

B(t) = NoB(t) + (1) (2.11)

with N; = A; + L;C; and n being a piecewise continuous function, satisfy the

following inequality for allt > T

B < Bt =T)[+d sup [n(f)]. (2.12)

Let—T.,t]

Theorem 2.1 Let the system (2.8) satisfy Assumption 2.1 and, si, sy and sz be
defined by

sy = sup |B; K|, se = sup |L;Cy| , s3 =sup |M;]| . (2.13)
i€E i€E €=
If
Tt) ST <7, (2.14)

for allt > 0, where

_ (I—-a)(1-2¢)

u = 5 2.1

K d8182((1 - (l) + 683) ( 5)
then the origin of the following feedback system is globally uniformly exponentially
stable (GUES):

{;fc(t) = Aywa(t) + Bon Ko (1) (2.16)

2(t) = A1) + Bow Koy E(t) + Loty [Cow2(t) — y(t)]

Proof. Let us introduce Z(t) = #(t) — x(t). Then
j(t) - Aa’(t)j(t) + LU(t) [Cg(t)i‘<t) - C’o'(t)x(ﬁ - T<t))] :
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As an immediate consequence, using the definitions of the matrices M; and N;,

we obtain

{fb(t) = Myx(t) + Boty Koy T(t)
2(t) = Nowa(t) + Lo Cola(t) — x(t = 7(1))] .

From Assumption 2.1 and the equality z(¢) — z(¢{ — 7(¢)) = ff_T(e) [My(myx(m) +
Bom) Komy@(m)]dm, it follows that, for all ¢ > T' 4 7,

()] < ala(t =T)[+b sup [ByoKowi(l) , (2.17)
Let—T,t]

|#(t)] < clF(t—T)|+d_sup
Let—T,t]

4 ~
X Jo—r (o Momyz(m) + Bogm) Ka(m)x(m)]dm’ '

Loty Coe) 2.18)

Using the constants defined in (2.13), we deduce from (2.17) and (2.18) that
(x(t), z(t)) satisfies:
[z(t)] < ale(t =T)[+bsy  sup [|Z(0)],
(eft—T—74]
|Z(t)] < dsassT  sup |z(f)|+ (c+dsys2T)  sup  |z({)] .

- Ceft-T-71] Le[t—T—7t]

Lemma 2.2 ensures that the origin of (2.16) is GUES if

a bsy
dseS3T ds189T + ¢

is Schur stable, which is equivalent to

. N _
7a+6+g‘51827 + \/(7a+c+gsls”) —ac—dsisy(a—bs3)T <1,

from which we derive the simpler condition (2.14). 0

2.5 Parameters of the delay bound

In this section, we illustrate a method to determine the constants a, b, ¢, and d

appearing in Assumption 2.1.
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Consider a continuous-time switched linear system

E(t) = Qoé(t) +0(t) (2.19)

where ¢ € R%, the switching signal ¢ is associated to a sequence t; of the type

of those introduced in Section 2.4 and ¥ is a piecewise continuous function.

Lemma 2.3 Let the system (2.19) be such that there are real numbers d; > 0,

do >0, p>1, v >0 and symmetric positive definite matrices QQ;, | € =, such
that the LMIs

dil =2 Q; < dsl (2.20)
Qi = pQ; (2.21)
Q Qi + Qi = —Q; (2.22)

are satisfied for all i, j € Z. Moreover, the constant pus = pe™ 2 is such that
pa < 1. (2.23)

Then, along the trajectory of (2.19), the inequality

\/ uu 2e°IE(t—T)| + M—T sup
7%,thTﬂ

holds for allt > T where T' > 0 and p is a positive integer depending on the choice
of T such that for all t € [tk,tkH) we have t — T € [ty_,—1,tp—p). Moreover, we

have ,/d ppn e’ < 1 when p > - ( ™ [ln( ) 75]

Proof. Let us define Lyapunov functions:
Vi(€) =€TQi, Vie E.

We deduce from (2.22) that when o(t) = i, then the derivative of V; along the

trajectories of (2.19) satisfies

—2V(E(1)) + 2£(1)TQuH)
—WLEW) + Lo TQu()
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where the last inequality is deduced from the Young’s inequality. Now, let us
integrate (2.24) between two instants s and t, t > s, belonging to the same

sampling interval where o(¢) = [. Then

FVIED) < V() + L / ()T Qud (m)dm.

It follows that

Vi(E(t) < @CTIME(s)) + 2 / tevm—“ﬁ(m)TQlﬂ(m)dm 295

t
< e + % [ O o(m) P,

where the last inequality is a consequence of (2.20). Now, let us consider T > 0,
t > T such that ¢t € [tg,tgy1) for some k € Z>p and let p € N be such that
t =T € [th—p-1,tk—p). From (2.25), we deduce that

t
Ve €0) < Vo (6(00) + % [ im) Pam
123

¢ (2.26)
< e Yy €0) + 2% [ 19 P
tr
where the last inequality is a consequence of (2.21). For similar reasons,
123
Vet €)= naVa o€t [ 10(m) P
lk—1
(2.27)
o [ 2
Vot ) (E(tr—pt1)) < paVott o) (§(th—p)) + 2 / [9(m)|"dm
tk—p
and
Vot p ) (E(ti=p)) < @UTT0Vpq (E(E—T))
4 te—p ) (2.28)
—l——2/ |9 (m)|*dm .
T ST
We deduce from (2.27) that
173
Vot €0) < Vo€t )+ % [ mPam. (2.2
tk—p
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Combining (2.26), (2.28) and (2.29), we obtain

Vo) (§(1)) < ue‘”(t‘t’“){MZVa(tk_p_l)(ﬁ(tk—p))+% / k Iﬂ(m)|2dm}

tk—p
t

[9(m)[*dm
12

IA

Me—v(t—tk)MPAev(t—T—tk—p)Vg(tk_p_l)(g(t _ T))

thp
et & [ o)
t=T

g
+ue‘7<t—tk)”fy—2/ [9(m)|*dm +—/ [9(m)|*dm.
12

—p

Then using the definition of range dwell-time condition from (2.7), we get
Vit €0) < 1Ry (€t =T 4 [ (om)Paim.
From (2.20), we deduce that
HEOP < e le— T+ [ oom i

Using the inequality \/p1 + p2 < /p1 + /P2 for all p; > 0, p, > 0, we obtain

|<\/—MMA6”‘5IU— )+ u—T sup
vd; Left— Tt]

Since (2.23) holds and T is arbitrarily large, one can choose T such that the

corresponding p is so that ,/Z—f,uuie”g < 1. This concludes the proof. U
Remark 2.1
1. Note that (2.23) holds if and only if & > i) , which defines a minimum dwell-

time condition.

2. Conditions of Lemma 2.3 are always satisfied when the matrices €);, V i € =,
are Hurwitz; i.e., one can always find symmetric positive definite matrices Q;,
i € Z, and real numbers d; >0, dy > 0, p > 1, v > 0 satisfying the LMIs (2.20),
(2.21), and (2.22). In the next section we illustrate an alternative approach for

the case where some of §;’s are not Hurwitz.
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2.6 Illustrative Example

Consider the continuous-time switched linear system (2.8) with z € R?, 7 € [0,7),

1 ifdls <t < (4+3)k
o(t) = (2.30)
2 i (404 3)k <t < 40+ ) |

where xk > 0 is to be determined, ¢ =0,1,2,..., and

[0 —1/2] [0 0] 1 0]
Alz / 3 BIZ 3 C’1: 5

2/5 0 | 0 0 0 1

[0 —2/5] 1 0] 0 0]
A2: / ) B2: ) 02:

/2 0 | 0 1] 0 0]

Let us observe that the subsystem (A;, By, C) is not stabilizable but it is de-
tectable whereas the subsystem (A, B, Cy) is stabilizable but not detectable.
Moreover, in the absence of control, no convex combination of the A; and A, is
Hurwitz. Furthermore, the subsystems cannot be stabilized by a static output
feedback v = K;y. In this example, we have § = x and 0 = 3 and the switchings
are periodic with a period of 4x. We will determine a set of parameters for the

delay bound depending on k.

2.6.1 Preliminary result

First, we provide a preliminary result which shows how Assumption 2.1 can be
satisfied in this particular example where some of the subsystems of the switched

systems are not stabilizable and not detectable.

Lemma 2.4 Consider the switched linear system
i) = Toz(t) + olt) (2.31)

with o defined by (2.30), and let Ty € R**2, Ty € R**? and r > 0 be such that

— erne?)Fln

the matriz S, : 18 Schur stable. Let ®, be the state transition matrix
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of the system (2.81) with o = 0:

0D,
ot

forallt € R and s € R. Then, for all s >0,t> s

(t,5) = Lo ®u(t, ) , Puls,s) =1,

|, (t,5)| < pre 7 (2.32)

with p; = edvmax{lilNalte e2de gpnd py = d../4k, where ¢, > 1 and d,; > 0 are such

that for all m € N,

|S™| < cpe ™ (2.33)
Moreover, for all T > 0,
1—e—P2T
2] < pe Tzt =) + 2w o). (230
Let—T,t]

Proof. Let us introduce a sequence: g, = 4¢x. Then for all integer n > 0,

2(ge) = Siz(ge—n) - (2.35)

Thus
(I)*(gg,gg_n) = S: . (236)

Let t € R and s € R be such that t > s > ¢t — 4k. Then
B, (t,5)] < etrmaxtilil[Tal} (2.37)

Now, let £ € R and s € R be such that ¢t + 4k > s. Then there is ¢ such that
t € [9¢,9041) and r € N, r > 0 such that s € [gy_,_1,g¢—r). Then

|@.(t,5)] < B mnTB o, (g5, g, )] (2.38)

It follows that
|D,(t,5)| < Bl gr)

Since S, is Schur stable, there are ¢, > 1 and d,. > 0 such that for all m € N,
|S™| < cem ™ (2.39)

Thus
|®,(t,5)| < Sremaxdilil[Taly o=der (2.40)
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Now, notice that r > =2 — 2. Consequently,

D, (t, 5)| < eBmaxdiTibTal} o2de o—de5 (2.41)
From (2.37) and (2.41), we deduce that for all £ > s,
D, (t, 5)| < eSemaxdiTibTalyy o2deo—de 52 (2.42)

This allows us to conclude that (2.32) is satisfied.

Now, by integrating (2.31), we obtain that for all ¢ > T

2(t)] = |t t —T)z(t —T) + [ ®u(t,0)o(£)dl
< pe Tzt =) + [ ppe™0=0de sup |o(0)]
Let—T,t]
where the last inequality is a consequence of (2.32). O

Remark 2.2 Since ps > 0, then pie 2T < 1 when T > hl}()_};l)’ which determines

a lower bound for T.

2.6.2 Output feedback stabilization

Let us choose the gain matrices as

[—1/2 0 ]
K2 — P L].
0 —4/7

—-3/5 0
0 —4/5|

Setting I'y = My = A; and I'ys = My = Ay + By K5, one can easily corroborate
that (2.33) is satisfied with the choice of k = 0.1, ¢ = 1.01, and dj = 0.001 for
all m € N. Setting z = o, Q; = T'; = M, for i € {1,2}, and ¢ = (, it can be easily
verified that (2.32) is satisfied by (2.9) with p; = eSrmaxdiulilalle o2de = 17142
and py = d./4k = 1.0025. Using Lemma 2.4 with 7" = 6, one can observe
that the solutions of system (2.9) satisfy (2.10) with a = p;e T = 0.0042,
b= (p1/p2) (1 —e?T) =1.7057. A similar analysis shows that the solutions of
system (2.11) satisfy (2.12) with ¢ = 0.0052, d = 2.1156 and 7' = 6. Therefore,
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we conclude that the switched delay system satisfies Assumption 2.1. Finally,
application of Theorem 2.1 with s; = 0.5714, so = 0.8, s3 = 0.7611, and with
the preceding choices of the parameters yields 7, = 0.4465. Fig. 2.1 shows the
simulation of system (2.16) for this particular example for a piecewise continuous
sawtooth function 7(t) of a fundamental frequency of 1 Hz described by 7(t) =
0.2(t — |t]) where the switching signal o(t) is given by (2.30) with x = 0.1. The
initial conditions are chosen to be z1(0) = 7, z2(0) = —5, #;(0) = —4, and

25(0) = 3, and the sample rate is 1 kH z.

10 T T T T T
il (t)
21 (t)
5 L X9 (t) -
Fa(t)
0
-5 1 1 1 1 1
0 10 20 30 40 50 60

t (seconds)

Figure 2.1: Simulation of the system (2.16): Component z and its estimate &
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Chapter 3

Finite Time Observer Design and
Stabilization of Nonlinear
Systems with Intermittent

Output Measurements

The content of this chapter is based on the publication of the author [56]. State
estimation of nonlinear systems from output measurements is a basic concern in
robotics [57], chemical and biochemical processes [58], biomedical systems [59],
communication systems [60], automotive systems [61], networked control systems
[62], and many other fields. Due to this strong motivation, various techniques to
achieve state observation of nonlinear systems have been discussed in the liter-
ature. These techniques have included canonical form observers [63], high-gain
observers (as in [64], [65], and [66]), Lyapunov based observers (as in [67] and
[68]), and extended Kalman and Luenberger observers (as in [69] and [70]).

The above mentioned observer design techniques have the common disadvan-
tage that they only ensure asymptotic convergence of the estimation error to zero,

whereas finite time convergence of estimation errors to zero is often desirable for
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control and supervision purposes; see [71], [72] and [73], and see [74] for more mo-
tivation for finite time control. One can distinguish between two broad families
of finite time converging observers, namely, the families composed of nonsmooth
observers without delay and the family of the smooth observers with delays. Non-
smooth finite time converging observers have been proposed for instance in [60],
[71], [75], [76], and [77]. The main drawback of nonsmooth finite time observers
is that their lack of smoothness may generate poor robustness performance, but
they have no delay, which is an advantage because the presence of a delay may
complicate the implementation of an observer. Another possible drawback is due
to the fact that the time of convergence of each trajectory depends on its initial
condition. This is not the case for the observers that use artificial delays, for
which their instant of convergence of the solutions is independent of the initial
conditions and can be rendered as small as desired by the selection of a parameter
(called the artificial delay).

3.1 Literature Review

Finite time smooth observer designs have been introduced more recently. They
were first presented in [78], which was only applicable to linear time invariant
(LTT) systems; see also [79] for finite time observers for LTI systems. An extension
of the design presented in [78] was carried out in [72] and [73] for linear time
varying (LTV) systems and nonlinear systems in observer canonical (normal)
form, respectively. A generalized finite time converging observer design technique
for nonlinear systems was proposed in [30] and was applicable to noncanonical
form nonlinear systems as well. This approach was developed through a Lyapunov

based observer from [68].

The preceding finite time observer design approaches were carried out without
considering disturbances in the measurements or dynamics. Such disturbances
are usually present in practical applications and they affect measurements and
can be state dependent. Motivated by this fact, a finite time state estimation

algorithm for nonlinear systems with bounded and time-varying disturbances
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in the dynamics and measurements was recently proposed in [80]. The design
approach used in [80] is similar to that of [30]. Other issues pertaining to finite
time converging observer design for nonlinear systems have been discussed in [76],
[81], and [82].

3.2 Contributions of this chapter

The present chapter has two main objectives. Our first aim is to complement
[30] and [80], by proposing a finite time converging observer design for Lipschitz

nonlinear systems of the form

{ i(t) = [A+ et ot)]a(t) + £(t,y(0), u(t)) 51)
yt) = Cux(t)

where A € R™™ and C' € R?*™ are constant matrices, the state z is valued in R,
the input u is valued in R?, the output y is valued in R?, f is a nonlinear function
which is assumed to be locally Lipschitz with respect to y and piecewise continu-
ous in its other arguments, the locally Lipschitz function € : [0, +00) x R™ — R"*"
can represent a disturbance, and the dimensions are arbitrary. Systems of the
form (3.1) arise in many engineering contexts, e.g., in the modeling of vibrations

of elastic membranes; see examples section below.

The key difference between the nonlinear systems in [30] and [80] and (3.1)
is the presence of the function e. This disturbance significantly increases the
difficulty of constructing a finite time observer, since it makes it impossible to
apply [30] or [80] to (3.1) and it seems that there is no direct way to extend them
to (3.1). The nonlinear term e is worth considering because (i) disturbances of
this type often affect systems, and (ii) this term will enable us to use a finite
time observer to construct dynamic output feedback for a broad family of non-
linear time-varying systems with temporary loss of output measurements. Very
few works design finite time observers for Lipschitz nonlinear systems; see, e.g.,
[77] for a finite time observer for Lipschitz nonlinear systems under homogeneity

conditions that are not required here. An advantage of the observer approach
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adopted here is that the finite convergence time in our method for (3.1) is inde-
pendent of the initial state. Second, we provide dynamic output feedback design
for a class of nonlinear systems with temporary loss of output measurements. We
use an assumption that is inspired by [51] and [83] and our finite time observer
design to construct a dynamic output feedback through a continuous-discrete ob-
server; see, e.g., [84] for continuous-discrete observers when the output values are
available at all times instead of being intermittent. The dynamic output feedback
designed here globally exponentially stabilizes the origin of the nonlinear systems

with a temporary loss of measurements.

The rest of the chapter is organized as follows. In Section 3.3, we present
two lemmas that will be used to prove our main result on finite time observers in
Section 3.4. We use observers from Section 3.4 to prove a stabilization result under
intermittent observations in Section 3.5. The example in Section 3.6 demonstrates

the application of our results to controlled Mathieu equation.

3.3 Two Lemmas
The following lemmas will be used to prove the main results of this chapter.

Lemma 3.1 Let A € R™™ be a constant matriz. Consider the system

() = [A+E@IC(®) (3.2)

where ¢ is valued in R™ and € : [0,400) — R™™ is a bounded locally Lipschitz
function. Let ¢ denote the fundamental solution of the system (3.2). Then for
all ty € R and ty € R such that t; > to, the inequality

[6(t1, 12) — A0 < [E](ty — o)A~ (3.3)

is satisfied.

Proof. Consider any constants Ty > 0 and 7" > Ty. We first prove that for all
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a € [Ty, T] and b € [Tp, a, the inequality
|¢(a, b) — eA(a—b)| < |Eoo(a — b)€(|A|+\€|oo)(a—b) (3.4)

holds. Recalling that £ is locally Lipschitz, let K¢ > 0 be a Lipschitz constant
for £(t) on [Ty, T). Let r > T — T} be a positive integer to be selected later. We
define an increasing sequence of real numbers t; by to = Ty and t;,1 — t; = ps
where p, = (T — Ty)/r. Let o, be a switching sequence defined by o,.(t) = t;
when t € [t;,t;41) for all integers ¢ > 0. Then

1E(u) — (0, ()] < Ke Ju— 0,(w)] < Kep. = Keo—

(3.5)

for all u € [T}, 1.

Consider any constant § > 0. Let ¢, denote the fundamental solution of the
time-varying linear system &(t) = [A+ E(o,(t)]£(t). By letting r — +oo in
(3.5) and using Lemma A.5 from Appendix A (with the choices N(t) = A+ E(t)
and €(t) = E(o,(t)) — £(t)), we deduce that there is an integer r. > 0 such that
when r € N is such that » > r., then

|¢((l1, aQ) - ¢7‘(a/17 a2)| S o (36)

for all a; € [Ty, T] and as € [Ty, a1]. Fix two constants t € (T, T] and s € [Ty, ).
From (3.6), it follows that

|6(t,5) — A0 < [8(t,5) — di(t, 5)| + |on(t, 5) — AT

5+ A (t,5)| (3.7)

<
<

with A,.(t,8) = ¢, (t,s) — eAl=9),

Since t € (Ty,T) and s € [Ty, t), there exists [ € N such that t € [t;,¢,41) and
there exists p € N such that s € [t,, t,41) with p <. If p = [, then

|A7«(t, S)| _ |¢r(t’ S) . 6A(t—s)| _ |e(t—s)(A+€(tl)) . e.A(t—s)l ] (38)
Using Lemma A.3 from Appendix A, it follows that
A (t,5)] < (1 — e—(t—s)\gloo) (=) (| Al+[E]c) (3.9)
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On the other hand, if p < [, then we obtain

At s) = oot t)dr(ts, timr)eedr(tpin, s) — A9
AW e (AFE(1) e (A+Ep 1)) gty —3)(A+EE)

A=) (3.10)

t—t,

_ TP AKE) o (A1) pe (AE(tpi1)) o TP (ATE())

_eA(t—s) ]

Since (t — t;)/ps«, (tp+1 — s)/p«, and p, are all contained in [0, 1], it follows from
Lemma A.4 (Appendix A) with the choices m = ¢ —p+ 1, G = p,A and v; =
p«E(t;) that

[Ar(t, 5)]

IA

e(EPHDP(AIHE) (1 — o= (=P H1)p el

2P+ ([A|+[E]o0) o (t=5) (|A[+|E] o) (3.11)

IA

x (1 — e 2 (AIHEl) (=€l

where we used the fact that (¢ —p — 1)p. <t —s. This inequality and (3.7) give

|(t, 5) — A9 < § 4 2o (AIFHE0) olt=5) (A€ o0)

3.12
x (1 — e 2 (AHEl) e~ (-9)l€l) (312)

Since § > 0 is arbitrary, and since we can make r as large as we wish (and
therefore p, as small a positive value as we wish), we deduce that from (3.12)
that

|Gt 5) — eAC9| < elm)AHEl) (1 — e~ (t-9)lel) (3.13)

for all t € (1, 7] and s € [Tp,t). Since the constants 1" and T are arbitrary, we

can conclude because 1 —e™* < s for all s > 0. O

e

be a positive Schur stable matriz. Then for each constant N > 0, we can find

Lemma 3.2 Let

constants ¢; > 0 fori =1 and 2 and k € N such that for all piecewise continuous
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functions z; : [0,4+00) — [0,400) fori=1,2 that satisfy

2(t) < «a sup zi(s)+ [ sup z(s)
sE€[t—N ] sE[t—N ]

2(t) < v sup z(s)+w sup  z(s)
sE[t—N ] s€[t—Nt]

(3.14)

for all t > N and that have finite left limits z;(t™) at each pointt > 0 fori =1
and 2, we have |z(t)| < cre™" sup |z(s)| for all t > kN

s€[0,kN]

Proof. Set z = (z1,22)". Let V be a positive eigenvector associated with
an eigenvalue A € [0,1) of M" (which exist by the Perron-Frobenius The-
orem, since MT is a positive Schur stable matrix). Choose an integer
k> 1 such that \* < 1/2, and set R = M* p = N and Ui(t) =
(SUDge -y 21(8)s SUDgep—pv g 22(5)) T for all £ > kN Then (3.14) can be rewrit-
ten as z(t) < MW, (t) (where inequalities of matrices are taken entry-wise), and
we can prove (by induction on k) that z(t) < RW(t) for all ¢ > kN. We also
have Wy (t) < 2sup,e; s q(21(5), z2(s)) T for all ¢ > kN, which follows because
(21(81), 22(82)) < (21(81), 22(51)) + (21(82), 22(s2)) for all s; and sy in [t — kN, ]
and all ¢ > kN. Since VTR = pV", we conclude that

Viz(t) <pV'W(t) <2p sup V7z(s) (3.15)
SE[t—kN i

for all ¢ > kN. Since 2p € [0,1), we can apply [28, Lemma 1] (with the choice
w(l) = VT2({+kN)) to find a constant ¢, > 0 (that only depends on k, A/, and
p) such that VT z(t) < sup{V " 2(£) : 0 < £ < kNYe 2t ) for all t > kA The

lemma now follows because all components of V' are positive. U

3.4 Finite Time Observer

3.4.1 Statement of Result

In this section, we complement the papers [30] and [80], where a finite time

observer is provided, by allowing the more general class of systems (3.1) for
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general choices of the state dependent uncertainties e. We make the following

assumptions.

Assumption 3.1 The function f in (3.1) is locally Lipschitz with respect to y
and u and piecewise continuous with respect to t. The pair (A,C) is observable
and (3.1) is forward complete. The function € is bounded and locally Lipschitz.

Finally, u s piecewise continuous and locally bounded. U

When Assumption 3.1 is satisfied, we can use [80, Lemma 1] to show that the
observability of (A,C) implies that we can select a matrix L € R"*? with the
following property: For each constant 7 > 0, there is a constant 7 € (0,7) such
that with the choice F' = A + LC, the matrix

E(r)=e " — eI (3.16)

is invertible. This follows from an analytic continuity argument by first using [80,
Lemma 1] to find a constant 7, > 0 and a matrix L such that (3.16) is invertible
with the choices F' = A+ LC and 7 = 7,, and then noting that if there were
aT € (0,7,) such that det(E(r)) = 0 for all » € (0,7), then real analyticity of
det(E(r)) as a function of r would also give the contradiction det(E(7,)) = 0.

Assumption 3.2 There exist a positive constant T and a constant matriz L such
that (i) the matriz E(7) defined in (3.16) with the choice F = A+ LC' is invertible
and (i) the bound

oo [6(\A|+\e|oo)7 1 e(lF\+|e\oo)T] |E~Y(r)] <1 (3.17)

is satisfied. O
We are ready to state and prove the following result:

Theorem 3.1 Let the system (3.1) satisfy Assumptions 3.1-3.2. Let

i(t) = E~Y(7) /t t [(e@77=04 — =08 £(0,y(£),u(C)) + 7= Ly(¢)] de
N (3.18)
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forallt > 1, where E, F' and T are from Assumption 3.2. Then, in terms of the

constants
o(1) = e|oo (AT UFIHel)™y T () 4 (Je|oo T () + |[ETH(T)|) 7] (3.19)

and
T [e(\AIHGIoo)T + €(|F\+|6\oo)7'} |E_1(7')|2

T 1 — [eloor [eMAHI=)T 4 (FHId=)] [E-1(7)]

J(7) (3.20)

we have .

|2(t) — 2(t)] < C(T)/ (£ (€. y(0), u(O)] + Ly (0)])de (3.21)

t—1

for allt > 7 along all mazximal solutions of the system (3.1).

Remark 3.1 In general, 7 [/ + elfI"] |[E=1(7)| does not converge to zero when
T converges to zero, so Assumption 3.2 is a constraint on |€|s. Since the inequality
(3.21) holds for allt > T, the function (3.18) is a finite time observer which gives
an approximate value of the solution in finite time, and which agrees with the true
state variable for allt > 7 when ¢ = 0. To simplify, and in contrast with [80], we
do not assume that there are disturbances in f and y. However, an extension to

this case can be proved by combining the proof of Theorem 3.1 with the key ideas
of [80].

3.4.2 Proof of Theorem 3.1

Since the system (3.1) is forward complete, it follows that for any initial condition,
both z(t) and z(t) are defined over [r,+00). Fix any maximal solution z(t) of
(3.1). The proof has two parts. In the first part, we consider the case where ¢
does not depend on z. In the second part, we use the result of the first part to
show how the case where ¢ depends on x can also be handled. To simplify the
notation, throughout the proof, we write f (¢, y(t),u(t)) and g(t,y(t), u(t)) as f(¢)
and g(t) respectively, where g(t,y(t),u(t)) = f(t,y(t),u(t)) — Ly(t) and L is from
Assumption 3.2.

Let ¢1(t,s) and ¢o(t, s) denote the fundamental solutions of the systems

G(1) = [A+et)&a(t) and &(t) = [F +e(t))&(t)
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respectively. Let ¥1(t,s) = ¢1(t,s)™" and (¢, s) = ¢o(t, s)~1. It is well known

that
I

o L (t,0) = —[A + )] ¥u(t,0)" (3.22)
and 5
gt? (t,0) = —[F + e(t)] "o (t,0) " (3.23)

hold for all ¢ > 0; see [33, Appendix C.4]. Let z;(t) = ¢;(t,0)z(t) for i = 1,2.
Then

a(t) = i, 0)[A+e@)]a(t) +va(t, 00 (1) + (8, 0)z(t) = vi(t,0)f(?)
(3.24)
for all t > 0. By integrating this equality, we obtain

21(t) = z(t—r1) —l—ft Y1 (£,0)f(€)del . (3.25)

Here and in the sequel, all inequality and equalities are for all ¢ > 7 unless
otherwise noted. Then the semigroup property of the flow map ¢, gives ¢ (t,t —
T) - ¢1(t7 0)¢l_1<t -7, 0) and ¢1(t7 0)9251_1(& 0) - ¢1<t7€) for all ¢ S [t - T, t]a and

therefore also

z(t) = (t,0)" (¢t — 7,0)z(t — 7) —l—ft 1 (t,0)" My (£,0) f(£)de

(3.26)
= ¢t t—1)a(t—1) +j; &1 (L, 0) f(0)de .
Observing that
i(t) = [F +e)]x(t) + g(t, y(t), u(?)) (3.27)
and using variation of parameters gives
2(8) = bo(t,t — F)a(t — 7) + /t tT bt O)g(0)dl (3.28)

Left multiplying the second line of (3.26) and (3.28) by v, (t,t—7) and 1(t,t —7)

respectively and computing the difference of the results gives

[t t—7) = ot t =) a(t) = [ et t —7)bu(t, 0) f(0)dl
ft Uo(t, t — T)pa(t, £)g(€)dl
= ft (0t —T7)f(0)dl
— ft_T oyt —T)g(0)dl
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where the second equality used the semigroup property of the ¢;’s. Therefore,

[E(r)+Z®)]x(t) = [ (bt —T7)f(0)dl— [| _bo(t,t —T)g(£)dl (3.30)
holds with Z(t) = ¢y (t,t —7) —9(t,t —7) — E(7) and E defined in (3.16). From
(3.22)-(3.23), and by Lemma 3.1 with the choice £ = ¢, we deduce that

|¢1 (bt —71)— G_A(é_t+7)| < €l —t + 1)ellAlFa=tET)

_ (3.31)
a0yt = 7) — e P el — t + 7)e(Fl+O(E=t+7)

IN

for all £ € [t — 7,t], where we set € = || for brevity. It follows by setting ¢ =t
n (3.31) that

1Z(t)] < er [l 4 e(FFaT] (3.32)
for all t > 7. From this inequality and Lemma A.2 from Appendix A (applied
with M = E(r) and N = Z(t)) we deduce that (3.17) from Assumption 3.2
ensures that for all ¢ > 7, the matrix E(7)+ Z(t) is invertible. Also, Lemma A.2
from Appendix A implies that |(E(7) + Z(t))™' — E~Y(7)| < &J(r) for all t > T,
where J is the constant defined in (3.20).

Then, omitting the argument 7 of E to keep our notation simple, (3.30) gives

a(t) = [E+ 2] [1_[eT04f(0) — et=T-0F g(0)] de
+[E+ Z(t)]_l [5 (bt — 1) — et=T=04) F(0)de (3.33)

F[E+ 2] [ (eCTOF —ahy(£,t — 7)) g(£)de.

We deduce that z(t) = &(t) — x(t) satisfies

E@)] < BT [E+ZO) | S, |eTOAf(0) = et 0F g(0)] de
+E+Z(®) |ft W1 (€t —7) — DA | F(0)|de
HIE+ZW] ] [ [0 — o (0,t — 1)| [g(£)]de
< el f . \e@—f—f AF(0) — =0 g(0)| ar

HET+ B [ [t — 1) — et=m=04] | £(£)|de
FET+ B [ |0 — (0t — 1) |g(0)]de
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where we omitted the dependency of J on 7 for brevity. Using (3.31), and setting
& = €(eJ + |E~1]), we obtain
B(t)] < & [l |etTOAF(0) — eTOF g(£)| de

+@ [1 (0 —t+7)el AUt £(4)|de
et 1 (0t + 7)elFHIE=tD) | g(4)|de
e i, e (O] + eI f(0) — Ly(0)]] de
w7 1 elAaT| F(0)]de (3.34)
vetr [ elFIHaT| f(0) — Ly(£)|de
el [ [(eT e N [F(0)] + eIy (0)]] de
w7 1 (elAFOT 4 Py | £(4)|de

et 17| Ly (0)|de .

IA

IN

This concludes the first part of the proof, by our choice (3.19) of the constant

(7).

We now use the preceding result to cover the case where € depends on both ¢
and x to complete the proof of the theorem. Fix any specific solution of (3.1),

which we denote by x;(t). Then we consider the system

{ X(t) = [A+elt,m(0)]X () + f(t,Y (1), u(t)) (3.35)

Y(t) = CX(t).

For the system (3.35), €(t, z,(t)) depends only on t and not on X. Moreover, it
is bounded by €. Thus, from our previous proof, we deduce that for all solutions
X of (3.35) and for all ¢ > 7, we have

A~

t
[X(t) = X ()] < C(T)/ (IF (.Y (0), u(0)] + [LI[Y (0)])de (3.36)
t—1
with ¢(7) as defined in the first part of the proof and with

X(t) = E~Y(7) /t t [(e@=7=04 — =08 £,V (0),u(0)) + " OFLY (0)] de .
N (3.37)
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Since xy(t) is a solution of (3.1), it follows that (3.35) holds with X = z;. From
(3.36), it follows that

|2(t) — z4(8)] < c(7) /t_ [1f (€, Cxy(€), u(0))| + [L]|Cay (£)]] dl (3.38)
with

B(t) = EU(r) [l (eWT0A — e@mTOF) £(0, Cay(€), u())dl

3.39
+E71(7) ftt_T et=T=OF Lz (0)de . (3.59)

Since xy was an arbitrary solution of (3.1), this concludes the proof of Theorem
3.1.

3.5 Stabilization of Systems with Temporary

Loss of Measurements

3.5.1 Assumptions and Statement of Result

Theorem 3.1 relies on the assumption that the output is available for all £ > 0 and
the fact that the matrix A in (3.1) does not depend on ¢. In this section, we relax
these assumptions. We assume that the output is only available on some specific
intervals of time, and we will consider systems whose linear approximation at the
origin is time-varying even when no disturbance is acting and y and u are set
to zero. Under these assumptions, complemented by a stabilizability assumption
of ISS type and a mild restriction on f, we construct a globally exponentially

stabilizing dynamic output feedback with an observer for the system
w(t) = [M(t) +n(t z())]x(t) + B(t)u(t) (3.40)

with x valued in R" for any n € N and u valued in R? for any p € N. The function
u represents a control. We assume that there are constants P > 0 and 6 € (0, P)
such that the R? valued output

y(t) = Cx(t) (3.41)
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is only available when ¢ is in the set

Spo = | JliP,iP + 0). (3.42)
€N

Assumption 3.3 The functions n, M, and B are locally Lipschitz and bounded,

and M 1is not the zero function. O

For any locally Lipschitz bounded function Z : [0, 00) — R"*?, we can therefore
fix a constant k& > 0 and choose s matrices A; € R™" for j = 1,2,...,s such

that the function
D(t,j,x) = M(t)— Z(t)C — A;j +n(t,x), (3.43)

possesses the following property: For each i € N, there is a j € {1,...,s} (de-
pending on 7) such that for all ¢ € [iP,iP + 0] and all z € R", the inequality

D(t,j,2)] < k (3.44)
is satisfied. In terms of the matrix C from (3.41), we also assume that the A4;’s
from Assumption 3.3 satisfy:

Assumption 3.4 For alli € {1,..., s} the pair (A;,C) is observable. O
Assumption 3.4 ensures that there are matrices £; and values 7; € (0,60) for i =1
to s such that each of the matrices

Ei(ri) = e~ AT — e where F; = A; + L,C (3.45)

is invertible for ¢ = 1, ..., s. This follows from the analytic continuity argument

from Section 3.4.1.

For later use, we introduce the matrices

Hi =& (1) (3.46)

)
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and upper bounds for the matrices A;, F;, £; and H; of the form
Al<A , JFISF , LI<L , and [H|<H (3.47)

for all i € {1, ..., s}.

Assumption 3.5 There are a locally Lipschitz function us and a constant p > 0
such that
|us(t, 2)| < pl] (3.48)

forallt > 0 and x € R", and constants x € (0,1) and v > 0, such that for any

piecewise continuous function 9, all solutions of the system

() = [M(t) +n(t, z(t))]x(t) + B(t)us(t, x(t) + 6(t)) (3.49)

satisfy
(6] < Ale(e)] +7 sup [3(u) (3:50)
forallt>0andselt—P—0,t— Pl O

Assumption 3.5 can be viewed as a generalized Hurwitzness type condition, be-
cause in the specific case where ug(t,z) = Kz for some matrix K such that
M(t)+n(t, z(t))+B(t) K is constant and Hurwitz, condition (3.50) can be checked

using variation of parameters. In terms of the constants
G=k (ea@ + 7R ) [+ (kI + H)7] (3.51)

and

7—_[6(Z+E)f+ (F+k)7 }ﬁ
J= = —— ———— and 7 =max{7:1<i<s}, 3.52
1— k7 [e(A+k) + e ﬂ?—[ { ! (3.52)

our final assumption is:

Assumption 3.6 The inequality

Er [e@mw F+07| 77 < 1 (3.53)
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is satisfied. Moreover, with the choices

P1=g|Bloopr and Py = g(|Bloopt + (£ + | Z|s)[C]) , (3.54)
the matrix
_ GreMlPz 5 elMlscPrz o |l oPMoo el 1
e Ml (3.55)
Y K
1s Schur stable. 0

Defining the switching signal o : [0,4+00) — {1,...,s} by o(t) = j for all
t € [iP, (i + 1)P) and integers ¢ > 0, where j € {1, ..., s} is any integer such that
|D(t,j,7)| <k for all t € [iP,iP + 6] and all x € R, it follows from our choices
of k and the A;’s that for all t € Spy and z € R", we have |D(t,0(t),z)| < k.
Notice that the system (3.40) can be rewritten as

() = [Aory + D(t, o (t), z(t))]z(t) + Z(1)Ca(t) + Bt)u(t) . (3.56)

Thus, the following theorem can be interpreted as a result for switched systems:

Theorem 3.2 Let the system (3.40) satisfy Assumptions 3.3 to 3.6 and consider

the continuous-discrete system

()= <)£<)+B(> (6, 2(1), € [titin)
B(ti) = How,) (1) [, E(ti—mi—L,0(t;)) (Z(0)y(€) + B(L)u (£, £(0)))dl  (3.57)
+H0(ti ™ ﬁi—ﬂ' ti—n—f)fg(mEa(ti)y(g)dg

where E(m, k) = e™ A —emFre H
forintegers i € N. Then the system (3.40) in closed loop with the dynamic output
feedback

t,) 15 the matriz defined in (3.46) and t; = iP+0

i

us(t, 2(1)) (3.58)

is such that the dynamics for (z, %) are globally exponentially stable to 0, where

() = z(t) — & (t).

Remark 3.2 Since we chose values 7; € (0,0), (3.57) only requires y(t) values
at times t € Spg. Theorem 3.2 implies that the dynamic output feedback (3.58)
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asymptotically stabilizes the closed loop system to 0. Assumption 3.3 is inspired
by the technique of [51] and [83], which makes it possible to stabilize time-varying
systems with auxiliary switched systems whose subsystems are time-invariant sys-
tems that are affected by disturbances. Notice that if |n|e = 0, and if M and Z
are continuous and periodic, then one can have an arbitrarily small constant k by
choosing a sufficiently large number of matrices A;, which can facilitate satisfying

Assumption 3.6.

Remark 3.3 Assumption 3.5 is a stabilizability assumption. Constructing a
feedback wug such that (3.50) is satisfied can be challenging. Nevertheless, see
[25] and [85] for techniques for constructing feedback controls for nonlinear time-
varying systems. The main difference between (3.40) and the system studied in
[84] is that M depends on t, but [84] does not provide exponentially stabilizing
feedbacks and so does not apply to the problems we study here.

Remark 3.4 If|n]o = 0 and k can be chosen arbitrarily small, then by choosing
both 7 and k sufficiently small, the matriz S is Schur stable since k € (0,1). In

this case, there exists a7 > 0 such that the corresponding matriz S is Schur stable

if N]oo < 7.

Remark 3.5 The size of the constant k depends on 0, and our condition (3.53)
is more easily satisfied when k is sufficiently small. Thus, since an arbitrarily
small constant 6 can be selected, it may be useful to choose a 6 value resulting in

a small constant k > 0.

Remark 3.6 Theorem 3.2 can be extended to the case where C in the output
depends on t. For the sake of simplicity, we do not investigate this case. Notice
that Z(t) can always be chosen identically equal to zero. However, to decrease the
conservatism of the approach, it is worth introducing the function Z that can be

freely chosen.
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3.5.2 Proof of Theorem 3.2

Let ¢ > 0 be an integer. Bearing in mind (3.56), we deduce that the system (3.40)

in closed loop with u,(t,Z(t)) can be rewritten as
#(t) = [Aow,) + DL, o(t), () ]x(t) + Z(8)Cx(t) + B(t)us(t, &(t))  (3.59)

for all t € [iP, (i 4+ 1)P) and i > 0, and our linear growth condition (3.48) on u,
ensures that the closed loop system is forward complete. Assumptions 3.3 to 3.6

imply that for each choice of i, Assumptions 3.1-3.2 are satisfied by

{ B(t) = [Asw) + Dt 0(t:), 2(t))]2(t) + 2(t)y(t) + B(t)u(t)
y(t) = Cu(t),

where u(t) = uy(t,#(t)), and where D’ is any locally Lipschitz function that
equals D on [iP,iP + 6] x {o(t;)} x R™ and that is bounded by k. (We introduce

the function D because k is not necessarily a global bound on D but provides

(3.60)

the required bound for ¢ € [iP,iP + #].) Therefore, since the Z; formula from
(3.57) agrees with the 2(t) formula from (3.18) for suitable choices of f and other

functions from (3.18), we deduce from Theorem 3.1 that

()] < g / IBOuL0)] + (12l + 1Loen ) (O[] de (3.61)

with g defined in (3.51) and £ = & — z. As an immediate consequence of the
bounds (3.47), we obtain

()] < g J . [IBlaonl@(O)] + (£ + |Z])lC]|2(6)]] de
< [ [BE0)] + Pala(0)]] de
with p; and py defined in (3.54).

(3.62)

On the other hand, (3.40) and (3.57) imply that, for all ¢t € [t;,t;41) and

integers ¢ > 0, we have
2(t) = M()a(t) — n(t, =(t))z(t) (3.63)

when we use the control (3.58). This gives |Z(t)| < | M |so|@(t)|+ |7]os|2(t)], which

we can integrate to obtain
w0 < (18] + J} lola(@1de) + [ IMIl2(Olde. (3.64
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Hence, Gronwall’s inequality gives

20 < (B + [ Inlele(D]de) M=)
eMlect=ta) | 3(1,)| + |7]|00ftti ()| Ml (=0 e MIse(t=t) gy
E(t:)| + Infoce” M= [1 ]z (0)|eMI==0ap.
We can combine the last inequality in (3.65) with (3.62) to obtain

7)< Mt fB [ |E(0)] + pala(€)]) de
e M [ M E=0](0)|de

IA A

ol Moo (t—t)

for all t € [t;,t;41), and so also

Z(t)] < preM=0=7F sup |3 (w)
wE[ti—?,ti]

_ ey el MlooP_
+ [P =007 1 [yl e PMI~ =L supa(w)]

where we used the fact that

ftie‘M‘m(t_e)|x(€)|d€ < o (eMl=lt=t) — 1) sup |z(w)]

Moo welts t]
< o (P 1) supa(w)
e welt;—7,t]

for all ¢ € [tl, ti—l—l)-

We deduce that for all t > P + T,
Z(t)] < pre™M=PF sup  |E(w))
wEet—P—7,t

+ [P MIFF 4 ploceP M S sup a(w))
we[t—P—7,t]

The system (3.40) in closed loop with (3.58) admits the representation
a(t) = [M(t) + n(t, x(2))]x(t) + B(t)us(x(t) + Z(t)) -
From Assumption 3.5 and the fact that 7 < 6, it follows that
[z(@)] < kla(t =P —=7)[+y  sup  [|Z(w)|
wEet—P—7,t
for all t > P + 7. By grouping (3.66) and (3.68), we obtain
Z(t)] < pre™Mi=P7 sup  |F(w)]
wE[t—P—T,t]

_ _ I MlooP_
+ [p eMleP7 |77|<>o€P|/Vl|°°Wm1 sup |z (w)]
we[t—P—7,t]

[z(®)] < & sup  fr(w)[+y  sup [F(w)|

wE[t—P—7,t] wet—P—7,1]
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for all ¢ > P + 7. The system (3.69) is of the form (3.14) from Lemma 3.2 (with
(21,20) = (Jz(®)|,]Z@#)]), N = P+ 7, and M = §), save for the fact that the
matrix S from (3.55) is Schur stable but is not necessarily a positive Schur stable
matrix (since some of the entries of S can be zero). However, we can majorize
all of the entries of S by positive values, in such a way that the new positive
matrix that we obtain is a positive Schur stable matrix. This follows from the
continuity of the eigenvalues of a matrix as functions of the entries of the matrix,
by increasing the entries of S by adding small enough positive constants to the
entries. Then it follows from Lemma 3.2 that (x(¢), Z(¢)) converges exponentially

to the origin, which proves the theorem.

3.6 Illustrations

The class of systems represented by (3.1) and (3.40) covers broad applications
that are beyond the scope of existing finite time observer approaches. In this

section, we illustrate above theorems using the controlled Mathieu equation
G(t) + (R1 + Ry cos(t))q(t) + u(t) =0 (3.70)

for positive constants R, and Rs, which arises in the study of vibrations of an
elliptic membrane [86]. The Mathieu equation has also been studied in [87] to
illustrate parameter identification for a certain family of nonlinear and time vary-
ing systems using data over a limited time interval. See also [31] for the study
of the uncontrolled Mathieu equation corresponding to cases where u = 0. The
work [31] studied domains of stability and instability including Hopf bifurcations

along the boundaries of the domains of stability.

3.6.1 Illustration of Theorem 3.1

The controlled Mathieu equation (3.70) can be written as

{ B(t) = [A+et,a(t)]at) + f(ty(t),ult))

y(t) = Cz(?) 3
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with

0 1 0 0

z= |1, A= L C=el, t)= . (3.72)
g —~R, 0O —Rycos(t) 0

and f(t,y,u) = —equ where ¢; is the ith standard basis vector for i = 1 and 2.

We consider the case where only an upper bound on Ry is known.

Choosing
0

2R,

L= (3.73)

we can satisfy Assumptions 3.1-3.2 for many choices of the parameters Ry, Rs,
and 7. For instance, if we choose Ry = 1, any Ry € (0,0.024], and 7 = 1, then
the matrix E(7) = e 47 — e~ f'" with the choice F = A 4+ LC has determinant
det(E(7)) = 0.33254 and so is invertible, and

€| oo [Tl F )] | p=1(7)| = 0.998418 < 1, (3.74)

which ensures that Assumptions 3.1-3.2 are satisfied for any piecewise continuous
locally bounded choice of u. Then the finite time observer is provided by (3.18)

from Theorem 3.1.

To illustrate our result, Figure 3.1 shows a MATLAB simulation of our finite
time observer (3.18), using an integration algorithm of the model (3.71) with a
semi-implicit integration step of 0.001, and with the initial conditions z1(0) =
29(0) = 2 and 1 (0) = 29(0) = —2, where u(t) = sin(2t), and using the preceding
choices of A, f, and L. Since our simulation shows good tracking performance of
the estimator % for the state component xs of (3.71), it helps to illustrate our

general theory in the special case of the system (3.71).

3.6.2 Illustration of Theorem 3.2

We rewrite the controlled Mathieu equation (3.70) as

{ a(t) = [M(t)+n(t z(t)]=(t) + B(t)u(t) (3.75)

y(t) = Cz(?)
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— Ry — Rycos(t) 0

0 1
] , C=ef, n(t,x)=0, (3.76)

and B(t) = —es. We choose P = 27. We consider the case where Ry = 1 and
Ry = 0.024, and we apply Theorem 3.2 with s = 1, and we use 7 to denote the
constant 7 from Theorem 3.2. The preceding choices of 7, M, and B ensure that

Assumption 3.3 is satisfied. Let

0 1
—Ri—Ry 0

A= and Z(t) =

0
. 3.77
Ry(1 — cos(t)) ] (3.77)

Then Assumption 3.4 is satisfied, and our choice of Z gives D(t, j,x) = M(t) —
Z(t)C — A; +n(t,x) = 0. Consequently, our requirements on the functions D are
satisfied with k& = 0.

We choose
0 0 1
/:,1 = and fl = Al + /JlC = (378)
2R1 Rl - R? 0
Then the matrix & (7) = e — =17 ig
£4(7) cos (wqT) _w% sin (wy7) cosh (woT) —w% sinh (wyT)
) = _
' wy sin (w1T)  cos (wyT) —wg sinh (wyT)  cosh (wyT)
(3.79)

where w; = Ry + Ry and wy = /Ry — Ry. This can be checked by noting

that the terms in the difference in (3.79) are the fundamental matrix solutions of
M = —A;M and M = —F,; M, respectively. Thus

cos (w1T) — cosh (wyT) _w% sin (w1 7) + w% sinh (wyT)

wy sin (wy7T) 4+ wg sinh (weT)  cos (wyT) — cosh (waT)

Ei(r) = [ ] . (3.80)

Then

det€1(7)22{1—cos (w1 7) cosh (wor) — —= sin (w;7) smh(w)]

W12

One can easily check that det & (0) = 0 and

L et y(r) = 2R, (ﬁ sin(v/Ry + Ryr) cosh(v/Rr — Ry7)
~ s cos(VRL F Ry) sinh(VEy = Tor)) > 0
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for all

e (0, ﬁ) . (3.82)

This follows by noting that (3.81) is equivalent to positivity of
S(r) = w% tan(wy7) — w% tanh(wyT)

when (3.82) holds, which follows because S(0) = 0 and S” > 0 on this interval.
It follows that & (7) is invertible when 7 € (0,7/4]. To check Assumption 3.5,
we select the feedback us(t, ) = [1 — Ry — Rpcos(t)]zy + 2x2. Then the system
which corresponds to (3.49) is @(t) = Ga(t) — e2d4(t), with

0 1
-1 =2

G:

] and 0,(t) = (1 — Ry — Ry cos(t))o1(t) + 252(1) . (3.83)

One can check that for all £ > 0, we have

1+¢ ¢
e =t * : (3.84)
— 1-Y
and therefore also
e, — ¢ ¢
e | =e " |T + <e H(1+420). (3.85)
— —L
Our choice P = 27 gives (3.50) with the choice
1+4nm
— - _ =P —

K= fel[gf}?}ie} e (14+20) =e " (1+2P) = e (3.86)

In terms of the notation from Assumptions 3.3-3.6, one has and one can choose
k=0, u=2024, A=|M|y =1.024, |Bloo = |C| =1, L =2, and F = 1, which
give

Er [6@@7 + e@ﬂ H=0<1 (3.87)

for any choices of 7 € (0,6). One can also compute § = p; = pp = 0. We deduce

that the matrix
_ 0 O
S = [ dr ] (3.88)

’y e2m
is Schur stable, so Assumptions 3.3-3.6 are satisfied for any 7 € (0,7/4]. Thus,
we can apply Theorem 3.2.

26



To illustrate our result, Figure 3.2 shows a MATLAB simulation of the closed
loop system with the controller (3.58) and the continuous-discrete observer (3.57)
using an integration algorithm of the model (3.75) with a semi-implicit integration
of step 0.001 with initial conditions z1(0) = 4, z5(0) = —1, #,(0) = —3, and
29(0) = —2, with § = 7/4 and 7 = 0.5. We again show the estimate &, tracking
the state component x5, and the closed loop system performance and the control
values. Since our simulation shows good stabilization and tracking performance,

it helps to illustrate our general theory in the special case of the system (3.75).
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Figure 3.1: Simulations of finite-time observer (3.18) for (3.71): Component xs
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Figure 3.2: Simulation using controller (3.58) and continuous-discrete observer
(3.57) for (3.75)
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Chapter 4

Reduced Order Finite Time
Observer Design and
Stabilization of Nonlinear

Systems

The content of this chapter is based on the publication of the author [88]. In
order to obtain an extact estimate of the solutions of a system in an arbitrary
short amount of time, finite time observers have been proposed. Some of them
use nonsmooth functions; see for instance [60] and [89]. Their designs are based
on homogeneous properties which preclude the possibility of deriving smooth
observers from this technique. Another type of finite time observers has been
developed. They are smooth and use past values of the output or dynamic ex-
tensions. They have been proposed a few decades ago for linear systems; see in
particular [78] and [90]. More recently, finite time observers were designed for
classes of nonlinear systems; see [30], [73], and [80]. They apply to systems whose
vector field is time-invariant when the output is set to zero and provide estimates
of all the state variables. Since systems are frequently time-varying and since
the measured components of the state do not need to be estimated, this chapter

adapts the main results of [30] and [80] to construct finite-time reduced order
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observers for a family of nonlinear time-varying systems.

4.1 Contributions of this chapter

The observer we will build gives estimates only of the unmeasured variables, as
does the asymptotic observer proposed for instance in [32, Chapt. 4, Sec. 4.4.3].
This feature presents the following technical advantages. The design is simpler
and in some cases, due to the need to determine fundamental solutions of time-
varying systems, considering systems with a smaller dimension than the studied
one makes it possible to solve the problem, which would be impossible if we were
attempting to construct a full-order observer, due to the difficulty of determining
explicit formulas for fundamental solutions of systems of dimension larger than
one. In addition, the reduced order observer we propose yield better performances
than full order observers, in some cases. The family of the time-varying systems
is of great insterest, because tracking problems can be recasted into stabilization

problems of equilibria of time-varying systems.

In a second part, we give another new result where we show how the reduced
order finite time observer we propose can be used to solve a dynamic output

feedback stabilization problem for a MIMO nonlinear system.

The chapter is organized as follows. An introductory result is developed in
Section 4.2. Section 4.3 is devoted to design reduced order finite-time observers
for time-varying systems. In Section 4.4, the reduced order observer is used to
stabilize a nonlinear system. In Section 4.5, we illustrate our results in an example

derived from a tracking problem for nonholonomic systems in chained form.
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4.2 An introductory result

In this section, we introduce some ideas to show how to construct reduced order

finite-time observers for a simple family of systems. We consider the system
x(t) = Az(t) + (¢) (4.1)

with = valued in R” and where ¢ : [0,400) — R” is a piecewise-continuous

function.

We assume that the output is
y(t) = Cz(t) e R? (4.2)

with p < n and C is of full rank. Also, we assume that the pair (A,C) is

observable. Since C' is of full rank, there is a linear change of coordinates

x4 = Crx = [ Y ] (4.3)

T,

and matrices A; and A, and functions 9;, ¢ = 1,2 that are piecewise-continuous

with respect to their first argument and linear with respect to y such that

{ i0) = Aw(t) + 2ty (t) "

Tp(t) = Agw.(t) + da(t, y(t)) -

Since the pair (A, C') is observable, it follows that the pair (As, A;) is observable
[32, Chapt. 4, Sec. 4.4.3]. This can be proved as follows. Since (A,C) is

observable,
* Al

(CrAC;', CCrt) = (
* AQ

8 0]) (4.5)

is observable. Now, let us proceed by contradiction. Assume that (Ag, A;) is
not observable. Then the Popov-Belevitch-Hautus Test for observability of a pair
ensures that there is v # 0 and A € C such that Asv = Av and A;v = 0. Then

0
X = ( ) is such that [/ 0]X = 0 and
v

A
x= [ ) o) 2ax.
Asv v
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Since X # 0, the Popov-Belevitch-Hautus Test implies that (C7AC;!, CCLY) is

not observable. This yields a contradiction.

Since (As, A1) is observable, one can prove (see [80, Lemma 1]) that there are

a matrix L € R"P*P gand a constant 7 > 0 such that the matrix

MT — e—AQ’T . e—HT

with
H=A,+LA;
is invertible.
Let us introduce the variable:
rs =z, + Ly .

Then simple calculations give
ts(t) = (As+ LAz, (t) + da(t,y(t)) + Loy (t,y(t)) .
From the definition of H, it follows that
iy(t) = Hay(t) + Ky(t) + d5(t, y(t))

with

and
03 = 0y + L0 .

By integrating the second equation in (4.4) and (4.10), we obtain

t
Tt —7) = e M, (t) — / e2=m=1) 5, (m, y(m))dm
t—1

and

vt —7)=e HTa,(t) - /t_ == Ky(m) + 83(m, y(m))]dm

for all ¢ > 7. From the definition of x, in (4.8), we deduce that

z.(t—71) = e M. (t)+e " Ly(t) — Ly(t — 1)
—L eIy (m) + 83(m, y(m)))dm .
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Subtracting (4.15) from (4.13) and then using the definition of M, in (4.6), we
deduce that
Mz, (t) = — [, =m0 [Ky(m) + 55(m, y(m))]dm
—i—j;_T eA2E=m=1) 5, (m, y(m))dm (4.16)
+e BT Ly(t) — Ly(t — 7) .
Since M., is invertible, for all ¢ > T,
2, (t) = 2,(t) (4.17)
with
Bo(t) = =Mt [ M [Ky(m)
+02(m, y(m)) + Loy (m, y(m))]dm
+M- 1ft eA2t=m=1)5, (m, y(m))dm
+M [eT T Ly(t) — Ly(t —7)]
Thus, when 6, and dy are known, the forumla (4.18) provides the exact value of
z.(t) for all t > 7.

(4.18)

4.3 Time-varying systems

In this section, we show how the finite-time observer design of the previous section

adapts to time-varying nonlinear systems of the type

{ ;(t) = Atz (1) + 61 (8, (1)) (419)
T.(t) = As(t)x.(t) + da(t, 2(1))
where z is valued in RP, z, is valued in R"7P, the output is

y(t) = 2(t) + €(t) (4.20)

where €(t) is a piecewise continuous function that is bounded by a constant € > 0,
the functions A; for i = 1, 2 are piecewise continuous and bounded, and ¢; and 0,
are functions that are piecewise continuous with respect to ¢t and locally Lipschitz
with respect to z and such that there is a nonnegative valued continuous function
0 such that

|01(t, 2)| + [82(t, 2)| < O(]]) (4.21)
for all ¢ > 0 and 2z € RP.
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Remark 4.1 The special structure of the system (4.19) does not limit the fam-
ily of linear systems to which our approach applies because, as explained in the

previous section, any system of the type
X =A{t)X + F(t,Y)

with an output Y = C'X with C' of full rank can be transformed through a linear

time-invariant change of coordinates into a system of the form (4.19).

Remark 4.2 The term €(t) in (4.20) represents a measurement noise, which is

of great practical interest.

Assumption 4.1 There are a constant T > 0 and a bounded function L of class
C! with a bounded first derivative such that for all t € R, the matrix

A(t) = Bay(t,t —7) — Dyt t — 7) (4.22)

with H(t) = As(t) + L(t) AL (t) is invertible.

Let us define
03(t, 2) = L(t)01(t, z) + 02(t, 2) and d4(t,2) = —[D(t)z + 43(t, 2)]  (4.23)

with
D(t) = L(t) — H(t)L(t) . (4.24)
Let
I(t) = i [y (m, t = 7)da(m, y(m) — e(m))
+ @H(m t —7)ds(m,y(m) — e(m))] dm
+A@) T [Pt t = T)L()(y(t) — €(t))
— Lt =7yt —7) —e(t—7))] .

(4.25)

Theorem 4.1 Let the system (4.19) satisfy Assumption 4.1. Then
xp(t) = 2, (t) (4.26)

forallt > 7.



Remark 4.3 In general, one can check easily that Assumption 4.1 is satisfied
t
when n — p = 1 because then @4, and Py are: Dy, (t ty) = ¢ Jug Azlm)dm 0
t
(I)H(t, to) — e Ji, H(m)dm

difficult. When a full order finite time observer is constructed in this context,

. Whenn—p > 1, checking this assumption may be more

then fundamental solutions of matrices of dimension n X n have to be considered,
whereas we only have to consider fundamental solutions of matrices (n—p) x (n—
p). This can be a crucial advantage of the reduced-order approach over the full

order one.

Remark 4.4 Ifthereis L, 7 > 0 andw € (0,1) such that |®a,(t,t—7) '@y (t, t—
7)| < @ forallt > 0, then Assumption 4.1 is satisfied and A" is bounded. Indeed,
in this case I — ® o, (t,t — 1)@y (t,t — 7) is invertible and

[I—®a,(t,t —7) " Pyt t —7)] Z@AQ ) Oyt t— 1) (4.27)

for all t > 0 which implies that
1

’ [[—Du(tt—7) " Ou(tt—1)] | < (4.28)
l—w
for allt > 0. We deduce that A(t)~" is well-defined for all t > 0 and
MG = (= @a(tt = 1) gt = 7)) (bt = 1)
|®a, (t,t—7) 71| (4.29)
S = 17—w

which is bounded by a constant because ® 4, (t,t — 7)~" is bounded.

Notice also that the function A~! is bounded if the system is periodic because

then A~! is continuous and periodic.

Remark 4.5 When € is unknown, the exact estimate (4.26) cannot be used. For-

tunately, we can deduce from equation (4.26) an approximate observer:

Ti(t) = ft [® 4, (m,t — T)oa(m,y(m)) + Py (m,t — 7)ds(m,y(m))] dm

+A( ) [@u(tt = 7)L(t)y(t) — Lt — T)y(t — 7)] -
(4.30)
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Since the functions A and H are bounded, sup |[Py(m,t — 7)| and
met—r,t]
sup | Pa,(m,t — 7)| are bounded. We deduce that when 61 and 0y are glob-
me(t—r,t]
ally Lipschitz with respect to their second argument and A(t)™' is bounded, there

18 a constant l, > 0 such that
|27(t) — 2 ()] < lal€foo (4.31)

forallt > 7.

Proof. Let us introduce
Ty(t) = P a, (£,0)z,(t) . (4.32)

An immediate calculation gives

Ty(t) = —DPa,(t,0)Asx,(t) + Pa,(t,0)[Az(t)x,(t) + da(t, 2(t))] (4.33)
= D4, (t,0)09(t, 2(t)) .
By integrating (4.33) between ¢t — 7 and t, we obtain
t
Ty(t) = x,(t — 7) + / D4, (m,0)d2(m, z(m))dm (4.34)
t—1
for all t > 7. From the definition of x,, it straightforwardly follows that
Dy, (t—7,0)7 D4 (t,0), (1) =
A2( T, ) AQ( ) ).I‘ () (435)

2ot —7) 4+ [ @yt —7,0)7 Dy, (m, 0)55(m, 2(m))dm .

For any continuous function €2 : R — R™*"_ the function ¥ defined as Wq(t,tg) =
Pq(t,t9) " satisfies
0Vq

o (t10) = =) Ta(t. fo) (4.36)

It follows from the semigroup property of flow maps that Wq(t,0) = Wq(t,t —
T)Wq(t — 7,0). Consequently Wq(t,0)7 = Uq(t — 7,0) " Wq(t,t — 7)7. Also,
we have Wq(m,0) = Uo(m,t — 7)Uq(t — 7,0), which implies that Ug(m,0)" =
Vot —7,0) " Wo(m,t —7)" for all m >t — 7. It follows that

Do (t,0) = Po(t — 7,0) 00, t — 7) (4.37)
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and
Do (m,0) = Po(t —7,0)Po(m,t —7) . (4.38)

From this identity and (4.35), we deduce that
Dy, (t,t —T)a.(t) = z.(t —7 +ft D4, (m,t — 7)09(m, z(m))dm . (4.39)
Now, let
zs(t) = @ (t) + L(t)=2(1) . (4.40)
Simple calculations give

() = As(t)r,(t) +02(t, 2(t)) + L(1)2(1)
HLO[AL ()2 (1) + 01(F, 2(1))]
)

o (4.41)
= H(t)z,(t) + L(t)=(t) + 3(t, 2(t))
= H(t)a,(t) + [L(t) = H)L(1)]2(t) + d5(t, 2(t)) -
Arguing as we did to prove (4.39), we obtain
Oy (t,t — 7)xgs(t) (4.42)

=a,(t —7) + [ ®p(m,t — 7)[D(m)z(m) + d5(m, 2(m))]dm
where D is the function defined in (4.24) for all ¢ > 7. From the definition of xy,
we deduce that

Oy (t,t —7)[wn(t) + L(t)2(t)]
=x.(t—7)+ Lt —7)2(t —7) (4.43)
—i—ft Oy (m,t —7)[D(m)z(m) + d3(m, z(m))]dm .
Consequently,
Oyt t — 1)z, (1)
=x.(t—7)— Py(t,t — 7)L(t)z(t) + L(t — 7)z(t — 7) (4.44)
+ [ ®u(m,t —7)[D(m)z(m) + 63(m, z(m))]dm .
By substracting (4.44) from (4.39), we obtain
A(t)z,(t) j; _ D, (m,t —7)b2(m, 2(m))dm
ft Oy (m,t — 7)[D(m)z(m) + d3(m, z(m))]dm (4.45)
+®y(t,t —7)L(t)2(t) — Lt = 7)2(t — 7)

for all t > 7. Assumption 4.1 ensures that for all ¢ € R, A(¢) is invertible, which
implies that (4.26) is satisfied. O
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4.4 Output feedback stabilization

In this section, we show how the finite-time reduced order observer (4.25) can
be used to asymptotically stabilize the origin of nonlinear systems. Consider the

nonlinear system

{ 2t) = Atz (t) + Bit)u(t) + <t y(t) + et x(1) + fi(t)

. (4.46)
i.(t) = Ay(t)x.(t) + Ba(t)u(t) + e (t, y(t)) + walt, X (1)) + fa(t)

where the input w is valued in R? is the input, z is valued in RP, z, is valued in
R™? x = (z,,2) € R", the output is

y(t) = z(t) + €(t) (4.47)

where €, f; and fy are piecewise continuous functions, € is bounded in norm by
a constant €, the functions A; and B; are piecewise continuous and bounded and
the functions ¢; and ¢; are piecewise continuous with respect to ¢ and locally
Lipschitz with respect respectively to x and y and such that there is a function
A of class K such that

< (t y)| + |2 (t, )| + o1t x)| =+ le2(t, x)] < A(lx| + lyl) (4.48)

forall t > 0, y € R® and y € RP.

We introduce several assumptions.

Assumption 4.2 The functions Ay and Ay of system (4.46) are such that As-
sumption 4.1 is satisfied. There is a constant Ay > 0 is such that

A7 < Ay (4.49)

for allt € R. There are a function ug(t,x) that is piecewise continuous with
respect to t and Lipschitz continuous with respect to x, a constant a. > 0, a
function V' of class C*, functions ~y; of class K and functions k; of class Ko such
that

ri(lx) < V(X)) < rallxl) 5 Jus(t )] < ss(lx)) (4.50)
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hold for allt > 0, x € R™ and such that the derivative of V' along all trajectories

of
2t) = A(t)z,(t) + But)us(t, x(t) + p(t) + <t z(2)
+e(t) + (L, x (1)) + b1 (2)
ip(t) = Ag(t)we(t) + Bat)us(t, x(t) + p(t)) + (t, 2(t)
+e(t)) + wa(t, x (1)) + b2(2)
satisfies

V(t) < —acV(t,x(t) + n(ln)]) +12(1(01(t), ba2(t), €(t)]) -

Moreover, the system (4.46) is forward complete.

Assumption 4.3 There is a constant ¢ > 0 such that
der <

and for all t > 27 and ¢ € Cyy,

0

n(@lelt, B)]) < ¢ / V(m + t, (m))dm

-7

where

o(t,d) = A [ [Paz(m,t —7) = Dy (m.t —7)]ipa(m, $(m))dm
—A(t)™! j;t_T Oy (m,t — 7)L(m)pi(m, d(m))dm .

Assumption 4.4 There are two constants p,, for i = 1,2 such that

loi(t,yr,2) — @it y2, )| < G;lyr — ol

forallt >0, x e R"P, y; € R and y, € RP.

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

Theorem 4.2 Assume that the system (4.46) satisfies Assumptions 4.2 to 4.4.
Then the system (4.46) in closed-loop with the control law us(t, Z,(t),y(t)) from

70



Assumption 4.2 with

z.(t) = 0 when te€[-7,7)
Ft) = AL [@ay(myt —T) — Pp(m,t —7)]
X [Bay(m)us(m, Z,(m), y(m)) 4 c2(m, y(m))]dm
—A(t)~ ft Oy (m,t —7)L(m)
x[Bi(m)us(m, &,(m),y(m)) + 1 (m, y(m))]dm
+A() [@r(t,t —7)L(t)y(t) — Lt —7)y(t — 7)]
ft Sy (m,t — 7)D(m)y(m)dm
when t>T

(4.57)

is 1SS with respect to € and (f1, f2).

Remark 4.6 Comparison functions for the ISS inequality can be deduced from

the proof below.

Remark 4.7 The function z,(t) defined in (4.57) does not depend on the func-

tions p1 and py. Thus Theorem 4.2 applies in the absence of an exact knowledge

of w1 and ;.

Remark 4.8 The function z,.(t) is given as the solution of an integral equation.
Since only past values of T, are involved in the right hand side of (4.57), this is

not an obstacle to the practical use of .

Proof. The system (4.46) in closed-loop with us(t, Z,.(t), y(t)) is

At) = Ab)z,(t) + Bi(t)us(t, 2:(2), y(t)) + < (t, y(1))
| +e1(t, x(t) + f1(E) (4.58)
xr(t) = Q(t)xr(t) + B2(t)us(ta jr(t)a y(t)) + §2(ta y(t))

(t,

+pa(t, x (1)) + fo(t) -

One can prove that the solutions of this system are well-defined by considering
first the interval [0, 7], where the closed-loop system behaves as an ordinary dif-

ferential equation and next the interval [, +00) where the closed-loop system
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presents a classical term with a distributed delay. According to Assumption 4.2,

we can apply Theorem 4.1 to (4.58) with

01(t,2) = Bi(D)us(t, 2:(1),y(t)) +a(t,y(t) + @i (L, 2, 2,(1) + f2(D)

. (4.59)
da(t,z) = Bao(t)us(t,z,(t),y(t)) + w2(t,y(t)) + @2(t, z, 2.(t)) + fa(t) .
We obtain
z(t) = A7 [ @a,(m,t — 7)62(m, y(m) — e(m))dm
+A@®) T [ @ (m,t — 7)[=D(m)y(m) + D(m)e(m)]dm
A L Bt = D)L () =)
+52(m y(m) — e(m))]dm
+A() T [@p(tt — T)L()(y(t) — €(t))
— Lt —7)(y(t —7) —e(t —7))]
for all t > 7. By grouping terms, we obtain
z(t) = )7L [@ay(mt —7) — B (m,t — 7))
><52( y(m) — e(m))dm
—A(t)~ j; Oy (m,t — 7)L(m)o1(m,y(m) — e(m))dm (4.61)
+A() T [@p(tt — T)L(O)y(t) — Lt — T)y(t — 7)]
(t) (

—A®) L ®y(m,t —T)D(m)y(m)dm

+71(t, €)
where
Ti(tie) = AW [ ®u(m,t —7)D(m)e(m)dm
—At) ' Py (t,t — 7)L(¢)e(t) (4.62)
+A®)TIL(t — T)e(t — 7).
Then

'Tr(t) = 'f:r(t) + Q(t7 Xt) + Tl(ta et) + TQ(t) + Tc}(ta Yt xr,t) (463)
with &, defined in (4.57), o defined in (4.55) and

Tolt) = AW [ [®ay(m,t —7) — P (m,t — 1) fo(m)dm
—A(t)~ ft Oy (m,t —7)L(m) fr(m)dm
Yoty wre) = AD[T [@ay(m,t — 1) — Py(m,t —7)]
[p2(m, y(m) — e(m), z.(m)) — @2(m, y(m), z,(m))]dm
A(t)~ ft Oy (m,t —7)L(m)

x[p1(m, y(m), z.(m)) — @1 (m, y(m) — e(m), . (m))]dm
(4.64)

X

+
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for all t > 7.

By replacing 2, (t) in (4.58) by z,(t) — o(t, x¢) — Ya(t, €, Ys, xry) with

T4(t, €ty Yt, xr,t) = Tl(t, Et) + Tg(t) + Tg(t, Y, xr,t) (465)
we obtain
2(t) = Ai(t)z(t) + Bu(t)us(t, 2 (t) — o(t, x¢) — Talt, €0, 31, rp), 2(2) + €(t))
a1 (t, y(t)) + et x(t)) + fi(t)
Tr(t) = As(t)z(t) + Ba(t)us(t, z(t) — o(t, xe) — Talt, €6, 41, Trp), 2(2) + €(2))
+62(t, y(t) + pa(t, x(1)) + f2(t) -

(4.66)

From Assumption 4.2, we deduce that the time derivative of the function V' along

the trajectories of (4.66) satisfies

V() < —aV(t,x(1) + 7 (yV]elt xo) + Talt, e, ye, 202 + [e()]?)
+22(|(f1(8), f2(), €(8)])
< —alV(tx(0) +mllolt xo)l + [Ta(t, e, ye, 2r) | + [e(F)])
(1))
(

(4.67)
+72([(f1(8), f2(t), €(t))])
< —aV(E x(8) + 7(2lot, xe)l) + (2 Talt, €, ye, 2]
+2[e(t)]) + 22(](f1(t), f2(8), €())]) -
According to Assumption 4.3, it follows that
V() < —aVi(t, o f V(m, x(m))dm + 2|e(t)]) (468)

+%(2|T4(f7 Etvytaxht)l +72(|(f1(t),f2( ),e(®))])
for all t > 27.

Now, observe that, using Assumption 4.4 and the boundedness of A, J and

A=Y, one can determine a constant £ > 0 such that

Talts ey, 2r0)] < [Talts )| + [To(O)] + [Ts(t, v, 200)|

- 4.69
< & s (0wl + L)+ (m) (4.69)
m|t—T,t
Thus, there is a function 3 of class K such that
V(t) < —aV(tx(t)+c [ V(m x(m))dmn
(4.70)
+73 [Sup ](IE(m)I + [ fi(m)| + | f2(m)])
mit—T,t
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for all ¢ > 27. Set

Ut,p) = V(t,$(0)) +2¢ [° [} V(m+t,¢(m))dmdl .

Then along the trajectories of (4.66),

Ult,xe) = V(¢ x(t) +2cft fe ))dmd¢

and
Ut) < —(ae—2e7)V(t,x(t) — ¢ [ _V(m,x(m))dm
+73 (m?tggt]ﬂe(mﬂ + [fi(m)| + Ifz(m>|>>

for all ¢ > 27. From (4.53), it follows that

U<t) < —%OéCV(t, X(t)) —¢ J;t_q— V(m, X(m))dm

+’Ys< sup (IE(m)I+|f1(m)|+|f2(m)|)> :

mlt—,t]

We deduce that there is . > 0 such that

U(t) < _ﬁcU(t’Xt)+73< sup (le(m)] + [fi(m)] + [f2(m)])

mlt—,t]

Noticing that (4.50) in Assumption 4.2 implies that

k1(10(0)]) < U(t,0) < ka(|6(0)]) +2¢7* sup £z (|é(m)])

mée[—,0]

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)

for all ¢ € C;, and t € R, we conclude that U is an ISS Lyapunov-Krasovskii func-

tional. Then by considersing the intervals [0, 27] and [27,+00), we can complete

the proof.
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4.5 Illustration

4.5.1 The studied problem

To illustrate Theorem 4.2, let us consider the system (see [25, p. 137]):

54 = &3y

= L (4.77)
52 = U2

51 = U

with (&1,&,&3,&64) € R* and the input (vi,ve) € R% The system (4.77) is a

nonholonomic system in chained form.

We assume that the variables &4, &3 and & are measured but not &3 and that
e =0, s0y =z Let us design a dynamic output feedback making the system
(4.77) track the trajectory

(glr(t)v 527" (t), £3r(t)7 64,«(75)) = (t + % Sin(t)v 07 07 0) : (478)

4.5.2 Control design

The time-varying change of variables

1 =& —&,(t) (4.79)

and the feedback
oty ) = 21 + 1+ 3 cos(t) (4.80)
result in .
&4 = & [—xl +1+ %cos(t)}
& = &1+ 1+ Leos(t)]
52 = U2

il = —XI .

(4.81)
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This prompts us to consider the problem of stabilizing three dimensional system

o= & [1+ 1 cos(t)]
& = &1+ Lcos(t)] (4.82)

§ = vy.

We adopt a backsteping strategy: in a first step, we consider the system

{ io= x, [1+ Lcos(t)]

i = w1+ Leos(t)] + d) (4.83)

where u is the input, and then in a second step, we complete the stabilization

design of (4.82) by applying the backstepping approach.

Then, with the notation of the previous section, we have

(t) = Ai(t)x.(t
T, (t) = Ax(t)z,(t) + Ba(t)u(t) + fa(t)
with
1
and the output z(t) = x1(¢).
Let us select the function L(t) = —3 for all ¢ € R. Then H(t) = As(t) +
L(t)Ai(t) = —3 (1 + jcos(t)) for all t € R. Let 7 be a positive real number.

Then

1

Dy, (ttg) =1, Pyt ty) = 63(t—to)+%(sin(t)—sin(t0))’ Alt)=1— 6%—l—%[sin(t)—sin(t—q—)]

where A us defined in (4.22). Since $7+ ¢[sin(t) —sin(t—7)] > £ > 0 for all ¢ € R,
it follows that the matrix A(t) is invertible for each ¢t € R. Hence, Assumption
4.1 is satisfied by A; and Ay defined in (4.85).

Let us check that Assumption 4.2 is satisfied. Since A(t)™' =
1 1

%+%[Sin(t)—sin(t—7)]7 5 1 Let us choose:

this function is bounded by

l—e

us(t, x) = —2(x, + 2) . (4.86)
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With this choice, the system which corresponds to (4.51) is

{ ) = [1+Leos(t)] z, + ha(t) (487)
ip(t) = [1+1cos(t)] [=2(z, + 2) + pu(t)] + ha(t) .
Consider the positive definite quadratic function
V(x) = 2* + %xf + zx, . (4.88)
Then
V() = —2[1+Lcos(t)] V(x) (4.89)
+ {22+ 2,)01() + (2 + 2) [p(t) (1 + §cos(t)) +ba(t)]} -
Consequently,
V(t) < —V(0)+ (22 +a)hi(t) (4.90)

+(zy 4 2) [p(t) (1 + 5 cos(t)) + ha(t)] -

Using the quadratic inequality zx, > —%xf — %22 to get the lower bound V' (x) >
éxf + izz, and then applying Young’s inequality three times to upper bound the
terms in curly braces in (4.89), we deduce easily that there is a constant X > 0

such that
V(t) < —3V(x)+ Ry (t)? + R[u(t)[* + R[ba(2)]* . (4.91)

It follows that Assumption 4.2 is satisfied. Since the functions ¢, and ¢y are not
present, Assumptions 4.3 and 4.4 are satisfied. We conclude that Theorem 4.2
applies to the system (4.84).

Then, with
us(t, T, 2) = =2(2, + 2) (4.92)
and By = 0 and D(t) = L(t) — H(t)L(t) = —% (1+ 3 cos(t)) the estimator which
corresponds to (4.57) is
z.(t) = 0 when te€[-71,7)

.ffr(t) = C(t ft— |:1 _ 6% m— t+7')+%(sm(m) sin(t—q—))i|
x (1+ 1 cos(m)) (&,(m) + z(m))dm
+3C1(t) |: 657"' 1 (sin(t)— sin(t—T))Z(t) + Z(t _ T)i| (493)

+% L eg(m—t—i—ﬂ-) %(sm(m)—sin(t—T))
x (1+ 1 cos(m)) z(m)dm
when t>71

7



with C( ) —1— €3+6[sm(t) sin(t—T)].

Returning to (4.82), we let

w=8+2(&+ &) (4.94)
with
éj(t) _ __2 j;t . |:1 _ eé(m—t-i-f)—f—%(sin(m)—sin(t—T))}
( —COS( ))( s(m) + &a(m))dm
oy [es RO (1) + gyt - 7)] (4.95)
_{_%f 63(m t+7)+ = (sm(m) sin(t—7))
x (1 + 5 cos(m)) &(m)dm
We obtain

54(1&) = (1 + %COS(t)) &3

&(t) = (1+ 4 cos(t)) ( — 28, + w) (4.96)
v2+2(ss<t>+é<>( =) .

By Theorem 4.2, the (&4, &3)-subsystem of (4.95) is ISS with respect to w. Thus,
with

E.
—~
o~
~

w=—ult) =2 (&0 + &) (1+ <52 )) (1.97)
we obtain
( 54(t) = (1+ COSt fg
&) = (14 Lcos(t)) ( 53—2§4+w>
w(t) = —w
) s(t) = ft [1_e§m t+7)+ (sin(m) —sin(t— ﬂ)] (98)
1 () () + ()
ey [ O 1) 41— )]
+% ftt_ % m—t+T)+%(sm(m)—sm(t—T))
\ X (1+ 1cos(m)) &a(m)dm

which uniformly globally asymptotically stable to 0.

We performed simulations, which show the efficiency of our approach. Fig.
4.1 shows the time responses of the closed loop time varying system (4.98). This

example shows good stabilization and tracking, and it helps illustrate our general

78



theory, in the special case of the system (4.77). We choose 7 = 2 which implies
asymptotic convergence to zero for t > 2w. This is evident from the simulation

as well.

1.5 | | | |

—&3(t)
—&u(?)

05F -

_1 [ [ [ [

0 5 10 15 20 25
t (seconds)

Figure 4.1: Simulation of the closed loop time varying system (4.98)
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Chapter 5

Finite Time Observer Design for

Continuous-Discrete Systems

The content of this chapter is based on the publication of the author [91]. Most
of the finite time observers discussed in the literature require continuous mea-
surements. However, in many engineering applications, the measurements are
collected at discrete time instants. These systems are called continuous-discrete
systems where the system dynamics are continuous while the measurements are
only available at discrete instants; see [92] and [93] for the notion of a continuous-
discrete system. Various techniques in the literature design sampled data ob-
servers for continuous-discrete systems; see, e.g., [94]. Output feedback control
using these sampled data observers is achieved via a discrete controller, and a gen-
eralized sampled-data hold function (GSHF) is used to reconstruct continuous-
time control input based on sampled measurements which is then given to the ac-
tuator [95]. However, dynamic output feedback stabilization using the observers
proposed in this chapter can be achieved with a continuous controller without

requiring GSHF which is one of the significant contributions of this chapter.
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5.1 Literature Review

There are several works on finite time observer design for cases where the mea-
surements are continuous instead of being discrete; see, e.g., [78]; [79]; [80]; [90];
[96]; [56]. However, to the best of our knowledge, the finite time estimation we
study in this work via sampled measurements has remained unsolved, even in the
case of linear systems, due to the challenges of quantifying the effects of piecewise
continuous disturbances on the observer performance. By contrast, for simpler
cases where there are no such disturbances in the system, notable works on finite
time observers include [97], which uses periodic sampling times in the outputs

and an observability assumption that is similar to the one we use in this work.

5.2 Contributions of this chapter

We construct an observer to estimate the exact state of a linear continuous-time
system from synchronously sampled outputs. We consider a sequence of real
numbers {¢;} and a constant v > 0 such that ty = 0 and ;1 —¢; = v for all integers
1 > 0. Then the t;’s will serve as the measurement instants for the output and the
sampling period v will be a tuning parameter that will govern the estimation error.
We will show that the smaller the tuning parameter v, the better the estimation.
We also provide an approximate estimate of the system’s state that overcomes the
problem of determining explicit formulas for fundamental solutions. Our strategy
has several steps. We use a classical prediction result, the finite time observer
design technique of [80] and [56], and finally a novel construction of continuous-
discrete observers to complete the observer design; see, e.g., [84] for the notion of
continuous-discrete observer. We establish robust stability of the observer with
respect to disturbances in the system dynamics. Since the disturbance is a general
piecewise continuous function, this allows systems with a discontinuous right side

which were beyond the scope of [97] and other works.

Our paper shares fundamental features with the significant work of [98]. The
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idea of repeatedly reconstructing the state values in a short amount of time is
already present in [98], where a semi-globally stabilizing sampled output feedback
for a nonlinear system is proposed. However, there are three key differences
between the results of this chapter and [98]. First, in [98], the output is assumed
to be known at any instant. Second, high gain observers are used in [98] to
obtain approximate values of the state variable, while here we adopt a finite time
reconstruction strategy. Third, although [98] covers nonlinear systems and the
present paper is confined to linear systems, [98] imposes a limitation on the size
of the sampling period of the feedback, while none of our results here rely on a
restriction of this type. In particular, the piecewise continuous disturbances in
our systems can capture the effects of sampled feedbacks with arbitrarily large

sampling periods.

The rest of this chapter is organized as follows. In Section 5.3 we describe our
objectives in detail and present a lemma that we will use to prove our main result
in Section 5.4. Our illustration in Section 5.5 includes numerical simulations and

demonstrates the utility of our theory.

5.3 Problem Statement and Preliminaries

Our objective in this section is to construct an observer for a linear continuous-
time system with a sampled output such that the observer converges in predeter-
mined finite time in the presence of a disturbance in the dynamics of the system.
The observer is expressed in terms of the fundamental solution of suitable time-
varying system. Then in the next section, we use ideas from this section to obtain
more explicit formulas for finite time observers that do not contain the funda-
mental matrix and therefore may be better suited to implementations where the

fundamental matrix is not available in explicit closed form.
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Our systems have the form

B(t) = Az(t)+6(t) -
y(t) = Cl‘(tz) for all t € [tz‘,ti+1) and i € N

with z valued in R” for any n € N, y valued in R? for any ¢ € N, ¢;’s will serve as
the measurement times for the output in our systems, and § : [0, +00) — R" being
a known bounded and piecewise continuous disturbance. We assume that A and
C are known matrices of appropriate dimensions and the following assumption

throughout this chapter:

Assumption 5.1 There is a constant v > 0 such that t;; 1 —t; = v for all 1 > 0.
Also, the pair (A, C) is observable. O

When Assumption 5.1 is satisfied, we can use [80, Lemma 1] to find a constant

T > 0 and a constant matrix L such that with the choice F' = A+ LC', the matrix
Mp = e AT — e FT (5.2)
is invertible and such that 7'/v is an integer.

The following lemma will be useful later in this chapter.

Lemma 5.1 Let A € R™™ be a constant matriz. Consider the system

C(t) = [A+E[®)]C(1) (5-3)

where ¢ is valued in R™ and £ : [0, 400) — R™™ is a bounded piecewise continuous
unction. Le enote the fundamental solution of the system (5.3). en for
ti Let ¢ denote th d tal soluti th t 5.3). Th
all t; € R and ty € R such that to > t1, the inequality
_ _ 2l Al —t1) _ 2l Al(ta—t1) _
Bt 1) — 104 < || el IA AL oy (] 240w

is satisfied. O
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Proof. Let ¢ be the fundamental solution of the system

9¢

G (b to) = [A+ p(®)]o(t,to)

(5.4)

Here and in the sequel, t¢ > 0 and t > ty are arbitrary. Let (¢, ty) =

e~ Alt=t0)¢(t,t9). Then
o

BN - (t,t0) = w(t, to)Y(t to)

holds with
w(t, tg) = e~ AT g (1) eAlt—t0),

For any vector V' € R", we have

at ((
Consequently,

ALV < e, it )V

Through a simple integration, we obtain

W(t, 1)V | < elio lmtoldm )
One can check readily that
w(t, to)] < |€]see?MAIET0)

Consequently,

2l Al(t—t0) _q

L |Cd m, t0)|dm < |€| ft 2| Al (m— tO |€|OO 2[A]

Combining (5.9) and (5.11), we obtain

y g CHID 1y
t,t < o .
otttV < exp (Il g ) IV

Since this inequality is valid for all V' € R"™, we have

- e e2lAlt—to) _ 1
W(tato)l > exXp <| |OOT) .

Again using (5.5), we deduce that

/t0 aa—f(s,tg)ds = /to w(s, to) (s, to)ds .
84

P(t, t)V) " h(t, t)V) = VTb(t, to) Tw(t, to)ib(t, to)V .

(5.5)

(5.6)

(5.12)

(5.13)

(5.14)



It follows from the Fundamental Theorem of Calculus that
t
W(t,to) — 1 = / w(s, to)(s, to)ds . (5.15)
to

We deduce that

[0t t0) =1 < [y lw(s.to)l[¢(s.to)|ds

_ [Al(s—tg) _
S 1|2 A1) exep (ISIM%

IA

> ds (5.16)

where the last inequality is a consequence of (5.10) and (5.13). We deduce that

¢ . 2IAl(t—to) _
[t to) =1 < [E] [y, e ds exp <|5|<>0 2T 1>

5.17)
2l Al(t—tg) _1 e2lAl(t—tg) _1 (
A e ([ )

We also have

< eIt ) — I
The inequality in conjunction with (5.17) gives
_ _ 21 Al(—t0) _ C2lAl(t—tg) _
[6(t,to) — eC0A| < [€]elt—tAILA D ooy (|g|wT01)
which is the desired conclusion. ]

5.4 Finite Time Observer Design

Throughout this section, we consider the system (5.1) and assume that Assump-

tion 5.1 is satisfied.

5.4.1 Exact Estimate

We provide an exact estimate of the system’s state that converges in a pre-

determined finite time, using the piecewise constant function ¢(t) = ¢; when
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t € [t;,t;v1) and @ > 0. Here and in what follows, all equalities and inequalities

are for all t > 0, unless otherwise indicated. We have
(t) = Fx(t) + 6(t) — Ly(t) + LC[x(p(t)) — x(t)] .
We also have
2(p(t)) = MO0z (1) 4 [ ACO-§(m)dm .
As an immediate consequence,
#(t) = [F 4 p(t)] a(t) + 6(t) — Ly(t) + LC [FY eAeO-mg(m)dm  (5.19)

where p(t) = LC (e*#O=D — J).
Let £(t) = ®py,(t,0)z(t). Then

() = =Py (t, 0)[F + p()]x(t) + ®ryu(t, 0)E(t). (5.20)
Using (5.19) and (5.20), we obtain
§() = riu(t, 0) [3(1) = Ly(t) + LC [70 eACO-ms(m)dm]| . (5.21)
For any 7' > 0 and ¢ > T, we can integrate (5.21) over [t — T, t] to obtain

§t) = ¢t=T1)
+ ftt—T Ppyp(m, 0) [5(m) — Ly(m) + LC fw(m Alp(m)=9) (s )ds] dm .

From the definition of &, and from the semigroup property of flow maps applied
to the flow map \I/Fw of the system ¢ = (F + u(t))q, we deduce that

)1t — T, 0)alt — T)
) ®py,(m,0) <6(m) — Ly(m) + LC f::(m) eA(“’(m)_s)(;(s)ds) dm
= @pl, (tt = T)a(t = T)
+ft_T F+#(t m) (6(m) — Ly(m)+ LC fw(m Ale(m)=5)§ (s )ds) dm .

(5.22)
Notice that (5.22) gives the exact value of the solution of the system (5.1) in a
predetermined finite time 7". In other words, the right hand side of (5.22) provides
a finite time observer. However, finding an explicit expression for ®r,, may be

difficult, which motivates our work in the next section.
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5.4.2 Approximate Estimate

It is often difficult to determine explicit expressions for fundamental solutions in
order to estimate the system’s state using (5.22). Our next objective is to provide
an approximate estimate of the system’s state that overcomes the problem of
determining explicit formulas for the fundamental solutions, under Assumption

5.1. In terms of the functions
S(T,v) = G(T, |LC|(e"* - 1)),
2FIT _q 21F|IT _q
Gg(T,s) = seT‘F|€7exp (367) ,

2| F| 2| F| 5
5 _ e TTPE(T ) :
GO = ey
_ _ Mz PG(T, )
B )
B(T,v) =|e | a(T,v) + [[M;'] + a(T,v)] G(T,v), (5.24)
and
(T, v) = [|M:' |+ (T, v)] [|[e "] + G(T,v)], (5.25)

we prove the following result:

Theorem 5.1 Let the system (5.1) satisfy Assumption 5.1, where A, B, and C
are known constant matrices. Let F' and T be such that Mr as defined in (5.2) is

invertible and such that T /v is an integer, where the constant v > 0 is such that
max {|e”"T|S(T,v), M7 G(T,v)} < 1. (5.26)
Let
B(t;) = Mg [ eAmm D5 (m)dm — My'e PTT (1,6, y) (5.27)
where
T(t:,6,y) = [} e tmm (5(m) — Ly(m) + LC [7™ eAw(m)—s)a(s)ds) dm .
Then
at) = #(t)] < a(Tv) [}y A5 (m)dm + BT, )T (8, 8,y)
+ (T, v)S(T,v)Ta(ts, 6, y)
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holds with the choice

Ta(ti, 0,y) = ft T’ — Ly(m +LCf“’ Aletm)=s)5(s)ds|dm ~ (5.28)

for all integers v € N such that t; > T'. U

Proof. Set k = T'/v, which is a positive integer, by our assumptions. By inte-

grating (5.1), we obtain
e Ma(t;) = x(tizg) + /tiTeA(ti_m_T)é(m)dm : (5.29)
t
Using (5.22) and Lemma 5.1 (applied with A = F and £ = p), we obtain
x(t;) = (" + k(1)) a(tizp) + T (i, 6, y) (5.30)
with
T (t:,0,y) ft PRyt m) ((5(m) — Ly(m) + LC fnf(m) eA(‘P(m)_s)é(s)ds) dm

and
k()] < G(T, | uloo)- (5.31)
Here and in the sequel, all equalities and inequalities should be understood to

hold for all ¢ > ¢; and all ¢ such that ¢; > T.

The definition p(t) = LC (e~ — T) gives

.  Ar(o(t) — t)*
il = |LC (MO0 — )| <jro| ST
k=1 o
— [Ae(t) — 1
< Loy o .
k=1
Since |t — ¢(t)|oo < v, we deduce that
plse < |LO| (e = 1) . (5.32)
Using (5.31) and (5.32), we have
k()| < G (T,|LO| (e — 1)) = (T, v) (5.33)
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for all t > 0. Since the condition (5.26) on v gives |e~/FIT|S(T, v) < 1, we can use
the inequality (5.33) and Lemma A.2 from Appendix A (applied with M = 7
and N = k(t)) to deduce that " + k(t) is invertible for all ¢. Then (5.30) gives

(P + (1)) w(ts) = w(tioy) + (77 + (1)) T(t:.6,y) . (5.34)

Combining (5.29) and (5.34), we obtain

[e‘AT — (efT + /{(t))_l} x(t;)
= [ e D (m)dm — (eFT + k() T(t:,6,y) .
Using the definition of My, we have

[Mr + G(t,T)] z(t;)

5.35
— ftii_T eAt=m=T)§(m)dm — (eFT + H(t)) - T (ti,0,y) ( )

where G(t,T) = e T — (T + m(t))_l. Lemma A.2 from Appendix A (applied
with M = eT and N = k(t)) also ensures that

G(t,T)| < G(T, v) (5.36)

where G is from (5.23). Since My is invertible, it follows from our condition
(5.26) and the inequality (5.36) and Lemma A.2 from Appendix A (applied with

M = My, N = G(t,T), and n = G(T,v)) that My + G(t,T) is invertible and
from (5.35), we have

z(t;) = [Mp+Gt,T)]" ftt;_T eAt=m=T)§(m)dm (5.37)
= My + G (4 5(1) 7 T(t:,69) |
From (5.27) and (5.37), we deduce that
lo(t:) = @(t)] < B T)IT(t:,6,y)]
+a(t, T tiZ_T eA(t_m_T)(S(m)dm’ (5.38)

+y(t, T)|T (4, 0,y) — T (4, 0,y)|
where a(t, T) = |[Mr + G(t,T))~* — M;'|,
B(LT) = [Mze T — M+ G, T (T 4+ (1) 7|
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and
W T) = |[Mr+ G T (T 4+ 5(0) 7|

Lemma A.2 from Appendix A (applied with M = My and N = G(t,7T))
ensures that
a(t,T) < a(T,v) (5.39)

where & was defined in (5.23). We have
B, T) = [(Mz' =My +G(t,T) ") e "7
+[Mr +G(t,T)] (e—FT (T W))_l) ‘
< |M7' = [Mr+G@ET) 7 et
+|[Mr + G, 7)) ‘e—FT _(eFT R(t))—l‘

< B(T,v)

with 3 also as defined in (5.23). We also have

Wt T) = ‘[MT G T (T + k(1) ]
< |[Mr+ G, T ‘ (eFT + k(1)) ™" ]
< 3(T,v)

where 7 is also from (5.23). Observe that Lemma 5.1 gives

S jZi—T ‘q);’}l—p(t“ m) — eftmm| ’5(m) — Ly(m) + LC fnf(m) eAlPm=9)§5(s)ds| dm
< S(T,v)[Talti, 6,y)]

with 7a as defined in (5.28). It follows from (5.38)-(5.39) that

|z(t:) — 2(t:)] < 5(T,V)|’~f(ti,5,y)|+04(T,V)/ti A6 (m)dm
t; =T

(T v)X(T, v)Ta(ti; 6, y),

(5.40)

which is our desired estimate. This concludes the proof. O
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5.5 Illustrative Example

We illustrate Theorem 5.1 with the system

[0 015 d(t)
x(t)—[_o'w ; ] (t)+[ . ] (5.41)

where = (1, 7) is valued in R?, d is scalar valued and represents a perturbation,
and the measurement is

y(t) = [ 0.3 0 } z (&) (5.42)

where t; = iv for all « € N. One can easily check that Assumption 5.1 is satisfied
with C'=1[0.3 0], "= 6, and that with the choice (5.41), we have

0.15¢ in(0.15¢
At _ cos( ) sin( ) (5.43)
—sin(0.15¢) cos(0.15%)
where
0 0.15
A= . (5.44)
—-0.15 0
Hence, choosing
0 0 0.15
L= and F'=A+ LC = ,
0.1 —-0.12 0
we obtain
V35 V5 i V35
er_ | cos (4BT) —Fsin () 515
sin —‘/%T coS (—‘/%T) 7 '

e.g., by checking that (5.45) has derivative —Fe 7 with respect to 7. Choosing

T = 6, we have

Myp = e AT — ¢ FT —

—0.0715  0.0226
0.1386 —0.0715

which has a nonzero determinant equal to 0.0020. Then M7 is invertible and

(5.46)

1 —36.0244 —11.3718
My = .
—69.8228 —36.0244
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Now choosing the sampling rate to be v = 0.05, one can corroborate that (5.26)
is satisfied with |e”*7| = 1.0838, X(T,v) = 0.0094, |[Mz | = 86.9858, and
G(T,v) = 0.0111. Therefore, we can use (5.46) in the formula (5.27) for the
continuous-discrete observer from Theorem 5.1 for the system (5.41) with ¢; =

0.057 for all 7 € N.

To illustrate our result, Fig. 5.1 shows MATLAB simulation of our observer
(5.27) for the system (5.41) under a piecewise continuous perturbation d(t) =
0.5u(t) with initial conditions z1(0) = —2, 1(0) = 22(0) = 0, and x5(0) = 2.
We have also include a zoomed plot in Fig. 5.1 to depict that we have used a
zero-order hold with v = 0.05 to construct the piecewise continuous estimate -
from its discrete samples. The fundamental sampling rate of our simulation is
0.1 kHz. The simulation results corroborate convergence of our estimate after
T = 6 seconds. Since our simulations show good tracking performance, they help
illustrate our general theory in the special case of the system (5.41) with the

measurement (5.42).
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t (seconds)
Figure 5.1: Simulations of continuous-discrete observer (5.27) for (5.41): Com-

ponent x5 and its estimate 25
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Chapter 6

Conclusion and Future

Perspectives

In Chapter 2, we presented dynamic output feedback stabilization results for
systems with switches in the difficult case where a time-varying pointwise delay
in the output is present. The technique of proof we proposed is based on the recent
trajectory based approach. To solve the conservatism problem we encountered in
[34], we developed an extension of the main result of [28], which is of interest for
its own sake. Many extensions of the results of the present paper are possible,
pertaining for instance to design of K; and L; for maximization of the delay
bound, robustness issues with respect to disturbances, the presence of a delay
in the input, the design of reduced order observers and extensions to families of

nonlinear systems.

In Chapter 3, we provided new constructions of observers and output feedback
controls for time-varying nonlinear systems with intermittent output observations
and disturbances. Our feedback control result proved exponentially stable con-
vergence of the closed loop system to the desired equilibrium. This is valuable,
because it is common in engineering to encounter systems for which there are peri-
ods during which no output measurements are available for use in the control. The

presence of the disturbances and nonlinearities makes the observer design much
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more challenging than standard observer design problems. The main strategy to
overcome these challenges combined finite time observers and a switched systems
approach. Applications of the main results to the Mathieu equation exhibited
the good performance of our methods in simulations. Many extensions can be
expected for systems with delay, and for local stability of broader classes of sys-
tems. An accompanying MATLAB based software titled Finite-time Estimation
Meysam Mazenc Et Saeed (FEMMES) to simulate the observer we constructed

in Chapter 3 is available at: https://gitlab.inria.fr/fmazenc/our-software-femmes

In Chapter 4, we proposed a new type of reduced order finite time observers
and used them to solve a stabilization problem. The results apply to time-varying
systems. We conjecture that the proposed observer design can be used to solve
a problem of constructing interval observers that is similar to those in [80]. We
also plan to combine the observer design discussed in this chapter with the result
of [56] to solve a stabilization problem for the case where there are a delay and a
disturbance in the input, and where the outputs are only available on some finite

time intervals.

In Chapter 5, we proposed an observer of a new type for linear continuous-
time systems with a piecewise constant output, estimating the system state in
a predetermined finite time in the presence of a disturbance in the dynamics
of the system. It provides an exact estimate which in general is not given by
an explicit formula. This led us to propose an approximate formula, which is
given by an explicit formula and whose accuracy is proportional to the size of
the sampling interval. We also provided an approximate estimate to overcome
the problem of computing the explicit expressions of the fundamental solutions.
Many extensions of this observer design are possible, pertaining for instance to the
design of reduced order observers and extensions to families of globally Lipschitz

nonlinear time-varying systems and asynchronous sampling.
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Appendix A

Technical Lemmas

Lemma A.1 Let R € R™ ™ be a nonnegative matriz. Let us consider functions
wj : [0,4+00) = [0,+00), j = 1,...,m, and a constant h > 0 such that for all

t>h, w=(w; .. wy,)" satisfies

w(t) < RC(1) (A1)
T
with ((t) = sup wi(€) ... sup wm(€)> . Then, for all integer k larger
Le(t—h,t] Le[t—h,t]

than 1, and all t > kh, we have
w(t) < RMUL(t)
with

Le[t—kh,t] Le[t—kh,t]

\I/k(t):< sup wi(f) ... sup wm(€)> :

Proof. We prove the lemma by induction:

Induction Assumption: There is [ € N, [ > 0 such that the result of Lemma A.1
holds for all k € {1, ...,1}.

Step 1: The assumption is satisfied at the step 1.

Step [: Let us assume that it is satisfied at the step [ > 1. Then the inequalities

w(t) < R (1) (A.2)
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hold for all ¢ > [h. From (A.1), we deduce that for all ¢ > (I+1)h and ¢ € [t—Ih, 1],

the inequalities

sup wi(s
wi(0) o wnls)
< R : < Ry (1)
Wi (0) sup  wp($)
s€[l—h,)

hold. It follows that
Uy(t) < RO (t) - (A.3)

By combining (A.2) and(A.3), we deduce that
w(t) < R (1)

for all t > (I + 1)h. Thus the induction assumption is satisfied at the step I + 1.
This concludes the proof. U

Lemma A.2 Let M € R™"™ be an invertible matriz. Let N € R™"™ be a matriz.

Let n and m be two constants such that | M~ < m and |[N| < n. Assume that
mn < 1. (A.4)

Then the matrix M + N 1is tnvertible and

m2n

M+N)'—- M1 <
(M + N) ~1—mn

(A.5)

is satisfied.

Proof. To prove that the matrix M + N is invertible, let us proceed by contradic-
tion. We suppose that it is not invertible. Then there is a nonzero vector V' € R”
such that V(M + N) = 0, so invertibility of M gives V' = —VTNM~! and
so also |V| < |V|man. Since V' # 0, we conclude that 1 < mn, which contradicts
(A.4). We deduce that M + N is invertible. To prove the inequality (A.5), we
first set R = (M + N)~' — M~'. By multiplying R by M + N and M, we obtain
(M + N)RM =M — (M + N) = =N, and so also MRM = —N — NRM. We
deduce that R = —M'NM~! — M~'NR. As an immediate consequence, we

obtain |R| < m?n + mn|R|, which allows us to conclude. O
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Lemma A.3 The inequality
|€M+N o €M| < (1 _ e—\N|) 6\M|—HN| (A6)

is satisfied for any matrices M € R™™ and N € R"*".

Proof. Let Uy = M and U; = N. Then for each pair of integers (i, j) with i > 0
and j > 1, there is a function \;; : {1,...,7} — {1,2} such that \;;(k) =1 for
all k € {1,...,j} and such that

2]

(M +N) = Z Ux;.1)--Ux, i (A.7)
which gives
(M+ N)y — M’ = ZUAN(I U0 - (A.8)
It follows that
27
(M + NY = M| <> Uy, - Us, ) = (IM] + [N = [MP . (A9)
=2

Observing that

M+N _ | ZOO |(M+N — M|

z S (A.10)

le

we deduce that

MY M| < Z UMLENYZIMY 1N — o] (A.11)
=

This allows us to conclude.

Lemma A.4 Let m > 1 be an integer. Let G € R™" and v; € R™"™ for all
i € {1,...,m} be matrices such that |G| < § and max; |v;| < U, where g > 0 and
v > 0 are two constants. Let o; € [0,1] be a constant for each i € {1,...,m}.
Then

‘eam(G'f‘I/m)'eam—l(G'f'l/m—l)“"eal(G'H/l) _ eaAG‘ < em(g—f—ﬁ) (1 — e—mﬁ) (A12)

is satisfied with the choice apn = a4+ ...+ Q.
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Proof. We start the proof with some definitions. Set S(i) = (a; + ...+ ;)G for
all 2 > 1, and set

Qo =1 and Q; = e paina(@hvicy) | pon(GH) for 4 > 1 (A.13)

and set & = 0 and & = Q; — €@ for all i € {1,...,m}. Then the left side of
(A.12) is |&,|. Consider any i € {1,...,m}. Elementary calculations give

é‘i — eai(G-H/i)Qi_l _ eS(i) — [eai(G-H/i) _ eaiG] Qi—l + eaiGgi—l (A14)
and therefore also

|§z| < |€ai(G+ui) o eaiG

|Qi_1 | + €ai§

Eica] < (1 —e™")ed™|Q ] + €e9]& ]
(A.15)
where the last inequality is a consequence of Lemma A.3 and the fact that «; €

[0,1] for all i. Since for all i € {0, ..., m}, we have |Q;] < @) we obtain

[eml < (1—e)e™ +e7|&m]
ol < (1 —eV)em DB 4 edlg,
il < (1—e) 6l )
&l < 1-e)e’
with 8 =g+ 7. A simple induction argument then gives
~ m—1 -~ m—1 -~
Em] < (1 —e77) Y efem=hB = (1 —e ) emb 3 e~ (A.17)
k=0 k=0
In fact, if we have
gz
&) < (1—e7) Y efeli=hp (A.18)
k=0
for some j € {1,2,...,m — 1}, then (A.16) gives
_ it S o
€1 < 11— )% IR 4 (1 — ¢~1)li DS
k=0
J ) o
= (1—e7)Y ekelU=FD8 4 (1 — e77)eli+1f (A.19)
k=1
k=0

which proves the inductive step. Then the geometric sum formula implies that
the inequality (A.12) holds.
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Lemma A.5 Consider the system
X(t) = N(t)X (t) (A.20)

with X wvalued in R™ and where N : [0,400) — R™™ is a continuous function.
Let € : R — R™™ be a piecewise continuous function that is bounded everywhere

by some constant € > 0. Consider
Yo(t) = [N(t) + ()] Ye(t) - (A.21)

Let @ and ®. denote the fundamental solutions of the systems (A.20) and (A.21),
respectively. Let Ty and T > Ty be two real numbers. Let § > 0 be a real number.
There exists a constant € > 0 such that if € < €, then for all t € [Ty, T] and
s € [Ty, t], the inequality

|D(t,s) — P(t,8)] <6 (A.22)

holds.

Proof. Observe for later use that the continuity of ® and ®~! implies that there
is a constant ® > 0 such that for all a € [Ty, T] and b € [Ty, a], we have

max{|® ' (a,b)], |P(a,b)|} < . (A.23)

Set Ac(a,b) = &~ *(a,b)®.(a,b) — I. Through simple calculations, we obtain

Pefa,b) = %—=(a,b)®(a,b)
+‘I’ H(a,b)[N(a) + €(a)]®c(a, b)
= e @ V(@ (a1 o
+®71(a,0)[N(a) + €(a)]Pc(a, b)
= ®7Y(a,b)e(a)®c(a,b)
= & (a,b)e(a)®P(a,b)[N(a,b) + I,

where we also used [33, Lemma C.4.1]. Let v(a,b) = £|\(a,b)V|?, where V € R"
is any vector satisfying |V'| = 1. Then the chain rule and (A.24) give

(a,b) = VTA(a,b)T® (a,b)e(a)®(a,b)[Ac(a,b) + IV . (A.25)
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Using (A.23) and the upper bound of €, we deduce that for all t € [Ty, T| and
s € [Ty, t], we have

Dt s) < BEN(, )V ]2+ D et 5)V]| (A.26)
262&)(15, s)+/2 e v(t, s) . '

Using Young’s inequality ab < a® + % with b = /2 and a = \/v(t, 5), we obtain

ot s) < 3Bt s) + 1P . (A.27)

By integrating the last inequality between s and ¢ and bearing in mind that
v(s, s) =0, we deduce that
o(t,s) < 1 [6352€<t—8> - 1} . (A.28)
Since (A.28) holds for any vector V' such that |V| = 1, we deduce that
3

(s < 1[6352€<t—s>—1]. (A.29)

Also, |®(t,5) — Pc(t, s)] < |®(t,8)| [T — ®(t,s) ' ®(t,s)|. From the definition of
Ae and (A.23), we have

D(t,s) — D(t,5)| < B s)|[A(t,8)] < T es®el 1 (A.30)
V3
We conclude that if
E<e= 351% In (1 + %2) (A.31)

then (A.22) is satisfied.
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