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Asymptotic conditions for elasto-acoustic coupling

@ Motivations : High Performance Computing for Geophysics Applications
@ Numerical Models :

o To reproduce earthquakes
e To take into account the propagation of acoustic and seismic waves

the Earth's interior

@ Contributions : Thin layer models for the propagation of seismic waves
and acoustic waves
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Configuration and Approach

@ Configuration : The medium of interest is a Land Area surrounded by a
Fluid Zone

Fluid Zone

Land Area

The thickness of the Fluid Zone is negligible w.r. to the wavelength

o Difficulty : To apply a FEM on a mesh with thin cells in the Fluid Zone
and much larger outside

@ Approach : An Asymptotic Method. To derive an Equivalent Boundary
Condition to "replace” the thin layer

Land Area
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Corner asymptotics for the magnetic potential

Statement of the problem

The magnetic potential A solves the 2D eddy-current problem (73)

—AA" +ikpeoc AT =0 in Q_
—AAY =pod in Qy
AT =0 on I

with continuous Dirichlet and Neumann traces across 2_.

Q_ : a conducting body (o > 0)

4 : adielectric medium

w € (0,27) : the angle of the corner ¢

J : a smooth data, vanishing near the corner c.
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Corner Asymptotics

Remark

There exists a unique solution .4 in H}(2) to problem (7). Moreover, A
5 I
belongs to Hz"¢(2) for any € > 0. In particular, .A belongs to C'(2).

In general A does not belong to C2(2) but A possesses a corner asymptotic
expansion near c involving

@ The singular functions :
belong to the kernel of the considered operator in R?
@ The singular coefficients :
the calculation requires the knowledge of dual singular functions.

Contributions : To make explicit the Corner Asymptotics of A near c.
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Motivation : The eddy-current phenomenon

@ Limit problem (730) in large frequency/high conductivity :

Q,

{—AAS_ = /.LoJ in Q+
c

Af =0 on 004
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Motivation : The eddy-current phenomenon

@ Limit problem (730) in large frequency/high conductivity :

Q,

{—AAS_ = /.LoJ in Q+
c

Af =0 on 004

e Ifw € (0, ), Problem (P,) has non C' singularities.
Strongest singularity : 5o = r®sin (0 — %) with o =

2m—w’
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Motivation : The eddy-current phenomenon

@ Limit problem (730) in large frequency/high conductivity :

Q,

{—AAS_ = /.LoJ in Q+
c

Af =0 on 004

e Ifw € (0, ), Problem (P,) has non C' singularities.
Strongest singularity : 5o = r®sin (0 — %) with o =

2m—w’

@ Problem (P) has only C' singularities!
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Motivation : Multi-scale analysis for eddy-currents

s BURET et al (IEEE Trans. on Mag. 48, 2 (2012))
Eddy currents and corner singularities

Perspectives
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Motivation : Multi-scale analysis for eddy-currents

s BURET et al (IEEE Trans. on Mag. 48, 2 (2012))
Eddy currents and corner singularities

@ Whend = /2/(kpo0) < 1, there holds

A(f ~ A07reg + ¢35(lKa(./5) + Rb' .

Here K, is a profile defined in R? such that

Perspectives

~AKy + 2Ky 1o =0 neare, and K, ~ S, as|X| = co.
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Motivation : Multi-scale analysis for eddy-currents

s BURET et al (IEEE Trans. on Mag. 48, 2 (2012))
Eddy currents and corner singularities

@ Whend = /2/(kpo0) < 1, there holds
As =~ Agreg + 10 ad“Ko(./0) + Rs .

Here K, is a profile defined in R? such that
—AK, +2iK,1qg =0 nearc,

and K, ~ 5, as|X| — o0.

— The knowledge of the singularities of — A + ik oo o _ is “crucial”.
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Application : A modified impedance boundary condition
Radial behavior of the surface impedance

As
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B s = 0k (/)
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A Model Problem

Problem (P ) set in a smooth domain Q¢ = Qs U T U QF:

VQ(U)‘szpu:f in QS

Ap—f—(g)zpzo in QF

Onp = piw®u-n on T r
a(u)n= —pn on I
p=0 on [*€

Issue : Equivalent Boundary Conditions for uz as € — 0?



Hooke's law : g(u) = C ¢(u)

(I) g(X) = (C,'jk/(X)) is symmetric N C,'jk/ = C/','k/ = Ck/,'j
(ii) Cjia(x) are real valued smooth functions, up to I’
(iii) The tensor C(x) is positive




Introduction Equivalent Conditions Corner Asymptotics
00@000000000000000 0000000000000000000

Framework

Hooke's law : g(u) = C €(u)

Assumption

(i) g(X) = (C,‘jk/(X)) is symmetric : C,‘jk/ = Cj,'k/ = Ck//j
(i) Cja(x) are real valued smooth functions, up to I
(iii) The tensor C(x) is positive

Perspectives

Assumption
The angular frequency w is not an eigenfrequency of the problem

V.g(u)+w?pu=0 in €
a(uyn=0 on T
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Methodology

@ To derive an Asymptotic Expansion for (ue, pe) when e — 0

us(x) = up(x) + euy(x) + 2uz(x) + - - -

Pe(x) = Pol¥as =) + P1(var =) + Epalra, 2) + -

[UN7

@ Equivalent Conditions of order k + 1 € N : To identify a simpler problem
satisfied by

Uke 1= Up + Uy + €°Up + - - + euy upto O(e"t)

© To prove stability and convergence results for Equivalent models
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Step 1 : Multiscale Expansion - First terms

()
Po=0

(2]

V-og(u) +w?pug =1 in Q

T(up) =0 on I
o

pi(-,8) = (S—1)pwPuy-n, Se(0,1)

o

V-o(u)+w?pu; =0 in Q

T(ui) = prw?up - nn on I
o

p2(.,8) = —(8° — 1)Hpw?up - n + (S —1)pwuy - n
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Step 2 : Equivalent Conditions on [

We identify a family of simpler problems

) V.- o(uf) + w?pul =1 in Qs
T(u¥) + Bxe(us -n)n=0 on T

@ Orderi:
T(up) =0

Perspectives
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Step 2 : Equivalent Conditions on [

We identify a family of simpler problems

@ 1V - o(uf) +wipul =t in Q
€ T(u¥) + Bxe(us -n)n=0 on T
@ Order1:
T(up) =0
@ Order2:

T(ul) — ew’pul -nn=0

Perspectives
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Step 2 : Equivalent Conditions on [

We identify a family of simpler problems

") V.- o(uf) + w?pul =1 in Qs
€ T(u¥) + Bxe(us -n)n=0 on T
@ Order1:
T(up) =0
@ Order2:
T(ul) — ew’pul -nn=0
© Order3:

T(uZ) — ew’pr(1 —eH)u’ -nn=0

Perspectives
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Step 2 : Equivalent Conditions on [

We identify a family of simpler problems

") V.- o(uf) + w?pul =1 in Qs
€ T(u¥) + Bxe(us -n)n=0 on T
@ Order1:
T(up) =0
©Q Order2:
T(ul) — ew’pul -nn=0
© Order3:
T(uZ) — ew’pr(1 —eH)u’ -nn=0
©Q Order4:

2
T(ud)—ew?p (1 —eH + % [Ar + K1+ 4H — K]) uznn=0
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Step 3 : Stability and Convergence results

Theorem
There exists € > 0 s.t. foralle € (0, €,), Problem (PX) with data
f € L2(€s) has a unique solution uk € V, and
@ Stability
lugll1.0. < Clitllo.e,
@ Convergence
lue — uglli.g, < ce*"

Perspectives

Vi =H'(£s) whenk = 0,1,2
Vi={ue H(Q)| u-njr € H'(I')} whenk =3
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Validation of the Asymptotic Expansion

Aim : proving Estimates for Remainders

N
N .__ n . Q d
Fe ‘= Ug — €U, In s, an

n=0

Evaluation of the right hand sides in

Arl + g2l

V- a(rl) + wPprl
Onrl — pr®rl - n
T(rg) + rfn

N
r€

The RHS are explicit : £. = (’)(EN_%) in QF,

Optimal Estimates :  ||rY]

I’N

=p

fe

Corner Asymptotics Perspectives
0000000000000000000

N

n : €

s—E ep, in .
n=0

in QF
in Qg
on I

on [
on [€.

ge =0O(M) on T.

1.0 T Velrllliae < cne!
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Numerical Simulations

Framework

We use a Discontinuous Galerkin Method (IPDGM).
@ Computational domain : 25 = D(0; 0.01)
e w=1.5x10°
Source on I (f = 0) : p;(x) = exp(iwx - d) withd = (1,0)

P;-finite elements (Lagrange) in the Library Hou10ni

), : Isotropic elastic material with Lamé coefficients :

p=126.32x10° and A\ =51.08 x 10°.

c=1500m.s~", p; =1000kg.m™2, p = 2700 kg.m>.



Numerical Simulations
Qualitative Comparisons

€ = 0.001;

[Fue | | R

uc: analytical solution ui (model of order 3) : IPDGM



Numerical Simulations
Qualitative Comparisons

€ = 0.0001;

[Fue | | R

uc: analytical solution ui (model of order 3) : IPDGM
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Convergence of the models

Perspectives

For k € {0, 1,2}, we plot the L2-error [Juc — u¥||o o, wrt. &
u.: analytical solution
u’;: analytical solution or numerical solution (IPDGM)
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Outline

0 Equivalent Conditions for Elasto-Acoustics and for Electromagnetism

@ Impedance Transmission Conditions for Maxwell Equations
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Harmonic Maxwell Equations

Corner Asymptotics

Perspectives
0000000000000000000

Take a thin smooth closed sheet 25, with high conductivity 0§ = €25, and
surrounded by conductor bodies Q° and Q.

Maxwell equations : /% 4 \\\

‘ T
curl ES — inEHE =0 ‘

L /
curl H® + (iwe® — o) ES = j \ — //
H_, inQ €, inQ°, o_, in Q|
WE = o, inQE, € =16, inQ, o°=q05=e2%, inQ

0

Py, inQF, €1, inQS, O+, in €25 .
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Second Order Impedance Transmission Conditions

[E;‘ X "]r . ( L1 L3 > {n X (H1E X “)}r
= jwe (1a)
{EL X n}p Ls Lo [n x (HE x n)]p
L, are differential operators given by

L; = A curlr curlr =BT, i=1,2,3,
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Second Order Impedance Transmission Conditions

[E;‘ X "]r . ( L1 L3 > {n X (H1E X “)}r
= jwe (1a)
{EL X n}p Ls Lo [n x (HE x n)]p
L, are differential operators given by

L; = A curlr curlr =BT, i=1,2,3,

in which A;, B; are constants defined by

_ O\ _ Y
A = —w 2{(64—/;) 1}r, B = 2%tanh(5)—{u}r,
A
Ay = = B, = &coth(l)—ﬂ, 2)
4 2y 2 4
1 o 1
Ay = —— *2[ '—*1},82—7 :
i (R I . 8
and



Introduction Equivalent Conditions Corner Asymptotics Perspectives
00000000000000000e 0000000000000000000

Impedance transmission conditions
Robustness versus the conductivity parameter
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Problem (P) with Angular Conductor

Main difficulty

—AA” +ikpeoA” =0 in Q_
—AA+ = HOJ in Q+
AT =0 on I
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Problem (P) with Angular Conductor

Main difficulty

—AA” +ikpeoA” =0 in Q_
—AA+ = ,LL()J in Q+
AT =0 on I

The considered operator is

A+ ikpeo in_,

—A+4i§219:{ A .
- ..

The singularities are generated by the term ir o0 1o .
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Problem (P) with Angular Conductor

Main difficulty

—AA” +ikpeoA” =0 in Q_
—AA+ = ,LL()J in Q+
AT =0 on I

The considered operator is

A+ ikpeo in_,

—A+4iPlg = A .
- ..

The singularities are generated by the term ir o0 1o .
—> the derivation of the Corner Asymptotics is not obvious.
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Our Reference

@ M. DAUGE et al (Mathematical Methods in the Applied Sciences. 2014, 37
(13), pp.1924-1955)
Corner asymptotics of the magnetic potential in the eddy-current model

o A possesses a corner asymptotic expansion

A(r,8) ~ AOE(r0)+ ) Y NPSH(r0),

k21 pe{o,1}

(r,0) : polar coordinates centered at ¢
GKP : primal singular functions
NP singular coefficients

@ We provide a constructive procedure to determine the primal and the dual
singularities

@ We generalize the method of moments and we introduce the method of
quasi-dual functions to determine NP
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Laplace Operator

@ In the case when ( = 0, we consider the solution A to

A=0onT

@ A admits the Taylor expansion at ¢ :

A(r, 8) ~, A + Z Z NP K cos(kf—pr /2)
—_—

k=1 pefo,1} —a0(r,0)

5P 1 harmonic polynomials

Perspectives
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The Dual Function Method

Corner Asymptotics
©00@0000000000000000

@ V.G. MAZ’YA, B.A. PLAMENEVSKII (Amer. Math. Soc. Trans. (2) /84)
On the coefficients (...) in domains with conical points
We use dual harmonic functions :

1
—— logr, if k=0, p=0,
Ek,p(,,’ 9) — 127'('
Py r~*cos(kf—pm/2), if k=1, p=0,1.

Proposition

Let A be the solution to the Laplace equation. Then

Ta(B°, A) = A°° and Jp(¥P, A) = AP, k=1, p=0,1.

Perspectives

Here, for R > 0, Jgr(K,A) = / (KO,A— 0,K A) Rd6.

r=R
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The singularities
The singularities {l of £ = —A + 4i(* 1s_ :

—AU+4iC?U =0 inS_,
—Ail =0 in S+,

with continuous Dirichlet and Neumann traces across G.
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Description of the singularities

[3 V.A. KONDRATEV (Trudy Moskov. Mat. Ob&¢. /67)
Boundary value problems for elliptic equations in domains with conical or
angular points
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Description of the singularities

[3 V.A. KONDRATEV (Trudy Moskov. Mat. Ob&¢. /67)
Boundary value problems for elliptic equations in domains with conical or
angular points

U= Ug + Z(ICZ )j u o,
v i>1 N
leading part 1Z shadow
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Description of the singularities

[3 V.A. KONDRATEV (Trudy Moskov. Mat. Ob&¢. /67)
Boundary value problems for elliptic equations in domains with conical or

angular points
°
U= Ug + Z(ICZ)I u o,
v i>1 ™
leading part 1* shadow
@ We solve
Aug =0, Auyy=4duls , ..., Ay =4u_,1s ,

1, € $* = span {r/\ log?r ®(0), g€ N, & C'(T), o+ ¢ COO(Ti)}

Here, \ € Z,T=R/(2rZ) and T_ = (—w/2, w/2)
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Existence of the shadows

Lemma
Let \ € 7Z and§ € T 2. Then, there exists u € S* such that Au = .
Moreover

(i) If\ € Z\ {0}, degu < degf + 1,

(i) If\ =0,degu < degf+ 2.

Here,
A = Span {r)‘ log?rW(0), g€N, Ve l*T), vE ¢ COO(Ti)} .

The degree of g is its degree as polynomial of log r.
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Proof of Lemma

Q M. Dauge Elliptic Boundary Value Problems in Corner Domains —
Smoothness and Asymptotics of Solutions, Lecture Notes in Mathematics,
Vol. 1341, Berlin 1988

We introduce the Mellin symbol .# associated with A

M(p) = (u*+55), 0 € T.

Setting
deg f
f= Z 2 1og?r v, e A2,
q=0
and
deg f g v
_ o —1 * g A

we check that Au = f.
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Primal and Dual Singularities

@ Primal singular functions © belong to H'in any bounded neighborhood
Bofe.

@ Dual singular functions & do not belong to H'insucha neighborhood 5.

The functions £ are needed for the determination of the coefficients /\ involved
in the asymptotics.
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A basis for Primal Singularities
For (k, p) = (0,0) and for (k, p) € N* x {0, 1},

Shr — gkoP + Z 1C2)/ 7p

; i>1
leading part iz shadow

Lemma

Foranyj > 1, there exists 5,’-("J € S with deg 5]'-("’ < j, satisfying

AsP

J —45 ]lS

Application : A(r, 6) ~ /\Ofoeovo(rag)_FZ Z NP2 (r, )

k=1 pe{o0,1}



For (k, p) = (0,0) and for (k, p) € N* x {0,1},

ko __ K, 2 )
RP = gk +Zlg)f e

- >
leading part ~ J>1 shadow

Forany j > 1, there exists ﬁj'-(’p € S with deg Ej'-(’p < j+ 1, satisfying

AP =2t 1s_
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The Quasi-Dual Function Method

o @ M. COSTABEL et al (SIAM J. Math. Anal. 35-5, 1177-1202, 2004)
A quasidual function method for extracting edge stress intensity
functions
[3 S. SHANNON et al (Int. J. Fract. 181: 25-50, 2013)
Extracting generalized edge flux intensity functions by the quasidual
function method along circular 3-D edges

. . K,
@ We use quasi-dual functions P

m
ﬁfn,p — ghP 4 Z(iCZ)i g]’fvp
= ~—~
shadow
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The Quasi-Dual Function Method

Extraction of coefficients

Perspectives

Theorem

Let A be the solution to problem (P). Letk € N andp € {0,1} (p =0 if
k = 0). Then for all m such that2m + 2 > k,

[k/2]
Ta(85P, A) = N2+ > gheikbepk2tie 4 O(RTFRI™ 2 10g R),
=1

where| Ry = CR(1+ /| log R|) |
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The Quasi-Dual Function Method

Examples
e Fork=0
0,0 __ 0,0 242
A o Jr(R,), A) + O(R; ™" log R)
e Fork =1

N = Tal(Si0A) + O(RRE™?)

® Fork =2, weneed m > 1

/\2,0 Hio jﬁ(ﬁ$,07 .A) - jZ,O;0,0/\0,0 + O(R*ZHS log R)
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Framework

o (2 : disk of radius 50 mm

Conducting sector : w = /4
¢=1/(5v/2) mm™!

Source : AT = g on 002

—

Corner Asymptotics
000000000000000e000

Perspectives
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Finite Element Solution

We plot the real part and the imaginary part of the FE solution.

az (011) az (1)

00111 0244 0s 0.0813 -0.0301 0.00107
[RRRRRARAN [NRRRRAAE [RERRRRREN (RRRRNAN
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Accuracy for the computation of /\° as a function of R

@ There holds
0,0 __ 0,0 2-+2m
A R:o jﬁ(ﬁm ,A) + O(RO Iog R) .

o We plot | 7r(£5;°, A) — Alc|/|Ale| as a function of R (m = 0, 1).

—_ —_ —
1072 - a
1074 a
1078 - .
—— m=20
1078 --- R3log(R) ||
—x— m=1
-~ R3log(R)
—10 [ 0 -
10 Lol | Lo il 1 L L iiiil
104 1073 1072

Radius R .
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Accuracy for the computation of /\'" as a function of R

@ Recall that

N = Tl A)+ O(RTRE™).

o We plot | Ta(8n’, A) = Ta. (877, A) /| Tm (877, A)L.

100 meame

10—‘% ’

10_2% |

10*3; =

1074 5

—~—m=0 |

107°F - RTR |
—<—m=1

10_6j ”*Hqﬂgé

e

Radius R
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Perspectives

Electromagnetism

@ To justify and to extend the multi-scale expansion for the corner problem

As = Aoreg + 0 ad"Ko(./0) + Rs .

@ To tackle the problem in the (linear) ferromagnetic case :
fr = fi— ] pg > 1

@ To apply the method of matched asymptotic expansions for 3D scattering
problems by small obstacles (PhD thesis of J. Labat)
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Perspectives
Elasto-acoustic coupling

@ To couple the layer of water with the atmosphere

Atmosphere

_— Fluid Zone

/ / Land Area \ \

@ To derive Equivalent Conditions when a high-order ABC is imposed on
top of the water

@ To extend Equivalent Conditions to transient problems



Thank you for your attention
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