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Chapitre I

Introduction générale

La recherche de caractéristiques pertinentes associées a des jeux de données suscite un
intérét croissant du fait de leur acquisition massive. Ces caractéristiques ont pour but de
résumer des données non structurées, souvent représentées par des nuages de points en
grande dimension, en les réduisant & des descripteurs simples a analyser. Pour appréhender
des données vivant en grande dimension, un cadre statistique raisonnable consiste & supposer
qu’elles se concentrent sur un ensemble de dimension intrinseque d, petite par rapport a
la dimension D de ’espace des mesures. Ce postulat est fondé sur 'idée que les données
contiennent une forme de redondance ou de corrélation, et qu’elles ne comportent pas
véritablement D degrés de liberté.

Les techniques linéaires de réduction de dimension ont fait ’'objet de nombreux travaux.
En particulier, les méthodes parcimonieuses du type LASSO, qui visent & annuler des
coefficients d’un parameétre a estimer, ont connu un essor considérable [HTF09]. Au dela
des techniques mises en oceuvre, notons que l’'idée d’annuler des coefficients repose de
maniére implicite sur la confiance en une paramétrisation particuliere du phénomene. En
effet, le caractére creux d’un vecteur n’est pas stable par déformation, méme rigide, de
I’espace ambiant. Lorsqu’un systéme de coordonnées n’est pas fiable, interprétable, ou
pas méme disponible — par exemple pour des données prenant la forme d’une matrice
de distances [GG12] —, de telles méthodes ne peuvent pas s’appliquer directement. De
maniere encore plus critique, un modele de régression peut ne s’appliquer dans aucun
systeme de coordonnées. En effet, les graphes de fonctions modélisent mal des jeux de
données repliés sur eux-mémes, présentant une topologie non triviale autre que celle d’'un
convexe. C’est par exemple le cas pour les configurations admissibles de cetains systémes
thermodynamiques, les conformations de biomolécules, ou bien la répartition filamentaire
des galaxies en cosmologie [LV07]. Les données présentent alors une géométrie dont les
caractéristiques peuvent étre informatives, donc intéressantes a étudier.

Dans un contexte tout autre, la géométrie algorithmique s’intéresse au traitement
des problémes de nature géométrique sur ordinateur [BY98]. Par exemple, si I'on dispose
d’une numérisation discrete d’un objet continu, on peut chercher a le reconstruire avec
des triangulations. Dans ce domaine, les guaranties théoriques obtenues reposent sur des
conditions déterministes d’échantillonnage, souvent basées sur la densité et la généricité
d’un nuage de points vis-a-vis de la forme sous-jacente. En dimension 2 et 3, 'estimation
de descripteurs géométriques a déja été tres étudiée. Les nombreuses techniques existantes,
asorties d’heuristiques ainsi que de structures de données efficaces fournissent un contexte
satisfaisant pour leur utilisation [BT07]. En dimension supérieure, on trouve une littérature
assez riche pour l'inférence de caractéristiques topologiques, mais bien moins d’occurrences
pour des quantités géométriques.
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Géométrie des données

L’analyse topologique de données est un domaine visant a extraire une information de nature
géométrique ou topologique a partir de données [Car(09]. Les mesures sont considérées
comme étant générées sur «une forme M», ce qui ouvre de nombreuses questions sur
leur géométrie. On s’intéresse alors a des notions qui sont invariantes par changement
de coordonnées. De fait, cela ameéne aussi a considérer des invariants topologiques et
des quantités intrinseques issues de la géométrie différentielle comme pouvant résumer
les données. On peut ensuite tirer profit de ces signatures géométriques en utilisant des
méthodes classiques d’apprentissage, par exemple via des techniques de segmentation ou
de classification [HTF09]. L’analyse topologique de données se place donc a l'interface
entre géométrie algorithmique et statistiques. Elle souléve notamment le probléeme de la
grande dimension en géométrie algorithmique et réciproquement, elle ameéne de nouveaux
descripteurs en statistiques.

Décrivons maintenant quelques objets géométriques et topologiques d’intérét, ainsi que
I'interprétation que I'on peut en avoir vis-a-vis des données étudiées. On adopte le cadre,
qui nous intéressera tout au long de cette these, dans lequel les données proviennent d’une
sous-variété source M C RP de classe au moins C2.

D’abord, la sous-variété M elle-méme renseigne sur la localisation des données. On
parle alors d’estimation de support, ou d’ensemble [Cue09]. La qualité de 'approximation
de M par un estimateur M peut étre évaluée par différentes pertes selon les propriétés
de V’estimation recherchée. Parmi les plus classiques, citons la mesure de la différence
symétrique pu(M AN ), qui peut garantir la détection fine de valeurs aberrantes dans la
surveillance d’'un systéme [BCPO8]. D’autre part, la distance de Hausdorff dg (M, M)
fournit une mesure assez rigide pour garantir des propriétés de stabilité géométrique dans
les cas réguliers [CCSLO06]. La dimension intrinseque d = dim(M/) informe sur le nombre de
degrés de liberté du systéme sous-jacent [LVO07]. Inversement, la codimension D — d précise
le nombre de corrélations locales entre les variables étudiées. En homologie, le nombre
de Betti Sy(M) correspond au nombre de composantes connexes de M. Sa détermination
préalable peut étre nécessaire dans certains algorithmes de clustering [SJ03]. L’espace
tangent T, M est la meilleure approximation linéaire de M en x € M. Par conséquent, il
fournit les directions de grande variabilité locale du systéme étudié [ACLZ17]. C’est aussi
un bon candidat pour un domaine de paramétrisation locale de dimension d. Concernant
les quantités différentielles d’ordre deux, la seconde forme fondamentale ITM précise & quel
point M s’éloigne localement du cadre linéaire T, M, ainsi que les directions dans lesquelles
cela a lieu. Elle encode complétement la courbure et informe sur une échelle locale a laquelle
regarder les données [CP05]. On peut aussi citer d’autres objets globaux et plus élaborés
tels que le reach [DS06], le volume [BH98], les nombres de Betti d’ordres supérieurs [y (M)
[BRS™12], la persistance topologique [Oud15], les graphes de Reeb [GSBW11], le bord
[CRCO04], la distance géodésique [MS05] ou la distance & la mesure [CCSM11]. La liste
est bien loin d’étre exhaustive [Was]. Chacun de ces objets peut constituer un parameétre
d’intérét attaché aux données que I'on peut chercher a estimer.

Cette these s’intéresse a 'estimation optimale, a partir de nuages de points X,, =
{X1,..., X}, de quantités géométriques associées a des sous-variétés M de D'espace
euclidien R?, dans un cadre statistique non-asymptotique. Nous examinons les vitesses
optimales d’estimation de ces objets pour différentes classes de régularité de la sous-variété
source inconnue M.

10
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Optimalité et vitesse de convergence

Jusqu’a récemment, les questions d’optimalité ont été peu traitées en inférence géométrique.
En géométrie algorithmique, 'optimalité fait souvent référence a la complexité algorithmique
lorsque le probléme est de nature combinatoire [AL13]. Quand ce n’est pas le cas, la notion
d’optimalité repose sur des constructions de nuages de points ad hoc et non génériques
[Cla06]. A Dinverse, les notions d’optimalité abondent en statistiques & la fois paramétrique
[LCI8] et non-paramétrique [Tsy09]. Dans cette thése, nous utiliserons le risque minimax,
un critére d’optimalité tres répandu en statistique non-paramétrique. Décrivons maintenant
sa construction dans un cadre général.

On consideére le probléme de l'estimation d’'un parametre d’intérét 6(P) dépendant
de la loi commune P € P d’un n-échantillon X,, = {Xi,...,X,} ayant pour support
M = Supp(P). Pour §(P), on peut penser par exemple aux quantités géométriques et
topologiques décrites auparavant, ou bien de maniere plus classique & une fonction de
régression ou une densité. On cherche a répondre & la question «peut-on estimer 6(P) étant
donné un n-échantillon X,, = {X1,...,X,} de loi P ?». Par estimer, on veut dire trouver
0 = 0(X,) qui rende petite, en moyenne, une mesure de qualité d(6(P), f) préalablement
fixée. A P fixée, le théoréme fondamental de la statistique affirme que la mesure empirique
P,, converge presque slirement vers P quand n tend vers l'infini. Pourvu que la fonctionnelle
d’intérét P +— 6(P) soit stable par rapport & P, on peut espérer estimer §(P) au moins
asymptotiquement. Cependant, il est impossible d’obtenir une vitesse de convergence quand
n tend vers 'infini si P est autorisée a se rapprocher de cas pathologiques. Par exemple, si
aucune hypothése de régularité n’est faite sur une fonction de régression, il est sans espoir
de discerner le signal du bruit.

Pour obtenir une réponse a la question, plus précise, «a quelle vitesse peut-on estimer
O(P) ?», il faut donc restreindre le domaine d’étude — un modele P réputé contenir P —
et en étudier les limitations intrinseques. Le risque minimax R, (P) sur le modeéle P pour
Pestimation du parametre §(P) sur un échantillon de taille n est le meilleur risque moyen
atteignable uniformément sur P par un estimateur. C’est-a-dire,

R, (P) = inf sup Epnd(6(P), ),
0 PcP

ou l'infimum est pris sur I’ensemble des estimateurs 6 = é(X 1,...,Xp). Le risque minimax
correspond a la meilleure performance qu’il est possible d’obtenir a partir de n points.
Lorsque n devient grand, R, (P) informe sur la vitesse optimale d’approximation de la
quantité d’intérét 6(P) sur P. Par conséquent, un estimateur 0 est dit optimal au sens
minimax lorsque, pour n assez grand,

R.(P) < sup Epnd(0(P),0) < CpR,(P), (I.1)

pour C'p > 1. Pour étudier le comportement d’un risque minimax et obtenir un résultat du
type (I.1), on procede généralement en deux étapes tout a fait indépendantes.

(i) Borner supérieurement le risque minimax revient a exhiber un estimateur 6 et
a en étudier la performance uniformément sur P. Cela se résume en une borne

suppep Epnd(8(P),0) < v,. Cette borne est spécifique a chaque probleme et repose
sur les propriétés non-asymptotiques de I'estimateur 6 considéré.

(ii) Pour démontrer qu’on ne peut pas faire mieux, une borne inférieure R, (P) > v}, est
obtenue avec des arguments Bayésiens [Yu97]. L’argument sous-jacent correspond
a une étude en pire cas. En effet, si (au moins) deux distributions Py, P, € P sont

11
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telles que leurs n-échantillons respectifs ont des lois proches mais que les parametres
O(P1) et O(P2) sont éloignés, aucun estimateur ne peut a la fois étre proche de 6(P;)
et 0(P,) simultanément et commettra une erreur de ordre de d(0(P;),0(FP)) avec
grande probabilité.

Si v, < Cpv},, on obtient alors (I.1) et I'on dit que v, ou de maniére équivalente v/, est la
vitesse optimale d’estimation de #(P) sur P.

Ici, le fait de considérer un risque moyen sur des n-échantillons permet de formaliser la
notion de généricité d’un nuage de points. Ainsi, une procédure renvoyant une quantité
(21, ...,x,) contruite sur n points {x1,...,2,} (vus comme déterministes) pourra étre
considérée comme génériquement optimale si elle atteint la vitesse minimax lorsqu’elle est
évaluée sur un n-échantillon X,,. L’aléa donne un cadre ou la notion d’optimalité est bien

posée.

Notions quantitatives de régularité géométrique

Comme décrit précédemment, une étude minimax nécessite la spécification préalable d’un
modele P. Celui-ci définit la classe de régularité des objets étudiés. Ici, la notion de
régularité est a prendre au sens large et peut recouvrir la dimension, la massivité d’espace,
I’approximabilité des objets, ou le caractere lisse au sens différentiel classique. Plus cette
classe est grande, plus le probleme est général et difficile. Plus cette classe est restreinte, plus
le probléeme est spécifique et donc accessible. Définir un modele revient donc a caractériser
quantitativement la difficulté d’estimation d’un objet.

Par régularité quantitative, on exprime la nécessité de borner les objets étudiés. En
analogie avec la regression, les classes C¥ de fonctions k fois contintiment différentiables ne
présentent pas une information suffisante pour exploiter de fagon uniforme leur régularité.
La densité de C* dans 'ensemble des fonctions continues atteste du fait qu’il est possible
de s’approcher de cas pathologiques non-lisses. A I'inverse, les classes de Holder CH(L)
— composées des fonctions k — 1 fois différentiables dont la dérivée (k — 1)-iéme est L-
Lipschitzienne — évitent ce phénomeéne. De la méme maniere, pour des modeles de
sous-variétés de RP| la régularité doit étre quantifiée. L’absence de systéme de coordonnées
canonique et de paramétrisation naturelle rend le sujet plus complexe que pour les fonctions.

Une premiére caractéristique de régularité est la dimension intriseque d = dim(M).
Elle régit en premier lieu la massivité métrique d’une sous-variété M, de la méme maniére
que dans le cas euclidien. Par la suite, on supposera toujours la dimension d connue. Nous
verrons que d influe fortement sur les vitesses d’estimation des objets étudiés. Par ailleurs,
nous préterons une attention particuliere a développer une analyse insensible & la dimension
ambiante D qui, extrinseque, est potentiellement tres grande devant d.

Ensuite, a dimension d fixée, un parametre de régularité particulierement populaire en
inférence géométrique est le reach!. Introduit pour la premiere fois par Herbert Federer
dans le cadre de la théorie géométrique de la mesure [Fed59], le reach 73y de M C RY est
le plus grand rayon r > 0 tel que tout point ambiant a distance au plus r de M possede
un unique plus proche voisin sur M. Le reach est un parametre de convexité généralisé, au
sens ou M est convexe si et seulement si 7j; = co. C’est une notion purement métrique
qui permet de quantifier la régularité d’un ensemble sans faire appel a un systéeme de
coordonnées particulier. Le fait qu’un ensemble M ait un reach minoré par une constante
fixe Tapr > Tmin > 0 nous informe a la fois sur ses propriétés locales et globales. En effet, M
ne peut alors pas étre trop courbée, car 7,,;, prescrit un rayon de courbure minimal pour
M. De maniére équivalente, on voit que M posseéde une courbure controllée par 1/7,n,

1On pourrait traduire reach par la portée. L’usage a cependant consacré emploi de ’anglais.
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FIGURE I.1 — Le reach 737 d’une courbe fermée plane M.

ce que I'on peut assimiler & la classe de Holder C2(1/7i,) en termes de paramétrisations
locales. De plus, Ty > 0 empéche M de présenter des régions ou elle est proche de
s’auto-intersecter (voir Figure 1.1), c’est-a-dire des zones d’étranglement arbitrairement
petites.

Pour des notions de régularité impliquant des ordres de différentiabilité supérieurs k > 3
qui s’apparenteraient aux classes C*(L), on trouve quelques tentatives de définitions dans
la littérature [CP05], mais pas d’étude minimax sur de tels modeles. Pourtant, il semble
naturel de pouvoir gagner en vitesse d’estimation lorsque I'objet sous-jacent est plus lisse.

Contributions de cette thése

Ce manuscrit réunit des résultats d’inférence géométrique issus de trois articles distincts.
Les chapitres IV et VI sont le fruit d’une collaboration avec Clément Levrard. Le chapitre V
rapporte des travaux effectués avec Jisu Kim, en collaboration avec Frédéric Chazal,
Bertrand Michel, Alessandro Rinaldo et Larry Wasserman.

Dans chaque cas, on échantillonne de maniére indépendante et identiquement distribuée
selon une mesure P ayant pour support M. L’ensemble sous-jacent M est une sous-variété
de RP au moins de classe C2. Nous étudions alors, en fonction de la régularité de M, les
vitesses minimax d’estimation de fonctionnelles de M. Les fonctionnelles en question sont
M elle-méme, le reach 77, 'espace tangent T'x M et la seconde forme fondamentale 17 % ,
pour X € M a la fois déterministe et aléatoire. La these est présentée par ordre croissant
de régularité des sous-variétés M étudiées.

Chaque chapitre peut étre lu de maniere indépendante, ce qui induit quelques redon-
dances, notamment pour ce qui est de la définition des objets. Ainsi, chaque chapitre
possede une introduction propre décrivant 1’état de l’art pour chaque question traitée.
Pour faciliter la présentation des résultats, les preuves et lemmes techniques ont été placés
en appendice. Nous détaillons maintenant ’organisation du manuscrit et les principaux
résultats obtenus.

Résultats préliminaires

Nous commengons par une partie préliminaire qui introduit des notions courament uti-
lisées en inférence géométrique. Nous établissons quelques résultats techniques a la fois
géométriques et probabilistes qui seront utiles par la suite.

Stabilité et optimalité minimax des complexes de Delaunay tangentiels
pour la reconstruction de variétés

L’estimation de support, aussi appelée reconstruction de variété en géométrie algorithmique,
consiste en I'estimation de M & partir d’'un nuage de point X,, tiré sur ou pres de M. Sous
une hypothese de reach analogue & C?(1/Tmin), il a été prouvé que le complexe de Delaunay
tangentiel [BG14] était consistant en I’absence de bruit et lorsque les espaces tangents sont
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connus. Plus précisément, si X, est assez densément réparti a 1’échelle € < cympy sur M,
alors le complexe de Delaunay tangentiel est une triangulation ayant pour sommets X,, qui
possede la méme topologie que M et qui en est proche & €2 pour la distance de Hausdorff
dgr. Celui-ci est fournit avec un algorithme polynomial en n permettant de le calculer.
Indépendamment, sous la méme hypothese de régularité, les auteurs de [GPPVW12a] ont
donné, dans un cadre aléatoire, les vitesses de convergence minimax d’estimation de M
pour la distance de Hausdorff. Les auteurs montrent que la vitesse minimax est de ’ordre
de (logn/n)%%. Bien qu’optimal, Pestimateur proposé n’est pas calculable.

Dans ce chapitre, nous démontrons que le complexe de Delaunay tangentiel de [BG14],
ajouté a une procédure d’estimation d’espaces tangents basée sur des Analyses en Com-
posantes Principales (ACP) locales, fournit la vitesse optimale (logn/n)%¢ d’estimation
pour la distance de Hausdorff donnée dans [GPPVW12a|. Ce résultat reste valide dans un
modele avec bruit additif de petite amplitude.

Inversement, nos résultats montrent que les vitesses optimales [GPPVW12a] sont
atteignables avec des triangulations. Ces triangulations sont par ailleurs calculables en
temps polynomial.

De plus, en présence de données aberrantes, nous proposons une méthode itérative de
débruitage basée sur ces mémes ACP locales. Le débruitage conduit a la vitesse optimale
d’approximation (log n/(ﬁn))2/d, ou 0 < 8 <1 correspond a la proportion moyenne de
points tirés sur M, et 1 — 3 celle de données aberrantes. Ici, I’estimation des espaces
tangents est utilisée dans la procédure de débruitage et, réciproquement, le nuage de points
ainsi débruité permet une estimation plus fine des espaces tangents.

Au cours de l'analyse, on montre que le complexe de Delaunay tangentiel est stable
lorsque ses parameétres d’entrée — points et espaces tangents — sont perturbés. L’argument
est global, constructif, et peut étre appliqué a d’autres méthodes de reconstruction prenant
les espaces tangents en parameétre.

Approximation et géométrie du reach

La régularité et les parametres d’échelle jouent un role crucial en analyse de données, en
particulier quand il s’agit d’implémentation effective. Comme illustré dans le chapitre IV,
le reach 73 est un parametre d’échelle et de régularité qui intervient de fagon centrale en
géométrie algorithmique. Il dicte notamment une échelle minimale pour les caractéristiques
géométriques de M.

Nous étudions dans ce chapitre la question de I’estimation du reach a partir de nuages
de points X. Avant d’aborder son estimation a proprement parler, on décrit précisément ce
a quoi le reach est lié pour les sous-variétés. En particulier, nous démontrons rigoureusement
que le reach provient d’une zone de forte courbure (cas local), ou d’une zone d’étranglement
(cas global) comme illustré Figure I.1.

Un estimateur plug-in 7 de 7)s est proposé lorsque les espaces tangents sont connus et
lorsqu’ils sont inconnus. L’analyse des performances de 7 est tout d’abord effectuée dans un
cadre déterministe, ou ’on décrit les propriétés du nuage de points X qui rendent efficace
Iestimation de 7)s par 7(X). Cette analyse est effectuée de maniere différente selon que M
est dans le cas local ou le cas global, mais ’estimateur 7 ne nécessite pas cette information.

Nous examinons 'optimalité de l’estimateur 7 via les performances de 7(X,,) lorsque
Xn = {X1,..., X,,} est un n-échantillon. Lorsque M est dans un modele C3, on montre que
7(X,,) estime 737 & la vitesse (1/n)%/34=1) dans le cas local, et (1/n)Y/? dans le cas global.
De plus, une borne inférieure sur le risque minimax de ordre de (1/n)Y/% est obtenue,
montrant que 7(X,,) est optimal dans le cas global.

Dans ce chapitre, le modele C3 de régularité est formulé en termes des trajectoires
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géodésiques. On suppose que toute géodésique (t) de M vérifie |7 (t)|| < L. Ici encore,
cette notion de régularité ne fait pas appel a un systeme de coordonnées ambiant.

Vitesses non-asymptotiques d’estimation de variétés, d’espaces tangents
et de courbure

Dans ce chapitre, nous étudions les vitesses optimales d’estimation de quantités différentielles
associées a des sous-variété jusqu’a l'ordre deux : (0) la sous-variété M elle-méme, (1)
lespace tangent T'x M et (2) la seconde forme fondamentale 171 é‘(/[ , pour X € M a la fois
déterministe et aléatoire.

On introduit une collection de modeles pour les sous-variétés C* (k > 3), qui généralisent
de maniére naturelle le modele utilisé au chapitre IV pour k = 2. La régularité est exprimée
en termes du reach et de 'existence de paramétrisations unitaires bornées dans C*(L).
On insiste sur la nécessité d’imposer des contraintes a la fois locales et globales pour
Iestimation de la courbure et des espaces tangents. En effet, on montre qu’il est impossible
d’estimer Tx M et I1 ;‘(4 si le reach 7 est autorisé a étre arbitrairement petit, malgré des
bornes fixes sur la régularité des paramétrisations locales de M.

Les estimateurs proposés sont tous basés sur une unique approche par polyndmes
locaux, qui généralise ’ACP locale du chapitre IV. On traite ainsi les trois problemes
d’estimation de maniére unifiée. A des facteurs logn prés, on montre que les vitesses
minimax sont (0) (logn/n)%¢ pour Pestimation de M avec la perte donnée par la distance
de Hausdorff, (1) (logn/n)* =D/ pour les espaces tangents et (2) (logn/n)*=2/4 pour la
seconde forme fondamentale. Autrement dit, la vitesse obtenue pour ’estimation d’une
quantité différentielle d’ordre i = 0, 1,2 est (logn/n)F~9/4, Les vitesses obtenues montrent
en particulier que I'estimation d’espaces tangents par ACP locale du chapitre IV est
optimale pour le cas k = 2.

Les bornes inférieures minimax sont obtenues via des techniques Bayésiennes déja
connues, bien qu’une nouvelle version conditionnelle du lemme d’Assouad est utilisée pour
les espaces tangents et la courbure lorsque le point de base X est aléatoire. En effet, dans
ces cas, le parametre d’intérét est Tx, M ou [I)J‘(”1 avec X, = {X1,...,X,}, et I'on est
amené & considérer le risque minimax

inf sup Epnd(0x, (P), 0) = inf sup Epn—1
0 PeP 0 PeP

d(02,(P),0)

LI(P(d.Il))

Cette écriture montre que la perte considérée est de type L', mais la mesure d’intégration P
de cette norme L' est la loi sous-jacente de I’échantillon, rendant inopérantes les techniques
déja existantes.

15






Chapter 11

General Introduction

As a result of massive data acquisition, the search for relevant features associated to data
raises an increasing interest. These features aim at summarize unstructured data, often
represented as point clouds in high dimension, by reducing them to descriptors that are
simple to analyze. To understand data living in high dimension, a reasonable statistical
framework consists in assuming it concentrates on a set of intrinsic dimension d, small
compared to the dimension D of the space of measures. This assumption is based on the
idea that data are subject to redundancy or correlation, and do not actually include D
degrees of freedom.

Linear dimension reduction techniques have been studied extensively. In particular,
interests in sparse LASSO-type methods, which aim at setting coefficients of an estimated
parameter to zero, have grown considerably [HTF09]. Beyond the developed tools, let us
note that the idea of setting coefficients to zero is implicitly based on the reliance on a
particular parametrization of the problem. Indeed, the sparsity property of a vector is
not stable under deformations, even rigid ones, of the ambient space. When a coordinate
system is not reliable, interpretable, or even not available — for instance, distance matrix
data [GG12] —, such methods do not apply immediately. In an even more critical
situation a regression model may apply in no coordinate system. Indeed, folded up datasets
exhibiting nontrivial topology — different from that of a convex — are poorly modeled by
graphs of functions. This is the case, for instance, for admissible configurations of some
thermodynamic systems, biomolecule conformations, or filamentary distribution of galaxies
[LV07]. Then, data present some geometry of which features may be informative, and
hence interesting to study.

In a very different context, computational geometry is devoted to study algorithmic
problems related to geometry [BY98]. For instance, given a discrete scan of a continuous
object, we can try to reconstruct it with triangulations. In this field, theoretical guarantees
rely on deterministic sampling conditions, often based on the density and the genericity
of a point cloud with respect to the underlying shape. In dimension 2 and 3, geometric
feature estimation has been examined widely. The many existing techniques combined with
heuristics and efficient data structures provide a satisfactory context for their use [BT07].
In higher dimensions, the literature is quite abundant for topological feature inference, but
much less for geometric quantities.

Geometry of Data

Topological data analysis aims at extracting information of geometric or topological nature
from data [Car09]. Measures are considered as being generated on “a shape M”, which opens
many questions on their geometry. This field gets interested in notions that are invariant
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under coordinate transformations. De facto, it leads to consider topological invariants and
intrinsic quantities coming from differential geometry as providing summaries of data. We
can then take advantage of these geometric signatures by using classical learning techniques,
such as segmentation or classification [HTF09]. Topological data analysis is at the interface
between computational geometry and statistics. It raises the issue of high dimension in
computational geometry and, reciprocally, it brings up new descriptors in statistics.

Let us now describe few geometric and topological objects of interest, together with
the interpretation on data we can have of it. We take the case considered throughout this
thesis, where data come from a source submanifold M C R of class at least C2.

First, the submanifold M itself informs us about location of data. Its estimation
is referred to as support, or set estimation [Cue09]. The approximation quality of M
by an estimator M can be appraised with different losses, depending on the sought
properties of approximation. Among the most common ones, let us mention the measure
of the symmetric difference p(M AM ), that can guarantee fine outlier detection in system
monitoring [BCP08]. On the other hand, the Hausdorff distance dg (M, M) provides a
measure which is rigid enough to guarantee geometric stability properties in regular cases
[CCSLO06]. Furthermore, the intrinsic dimension d = dim(M) informs on the degrees of
freedom of the underlying system [LV07]. Conversely, the codimension D — d specifies
the number of local correlations between variables. In homology, the Betti number Sy(M)
corresponds to the number of connected components of M. Its preliminary estimation can
be necessary in some clustering algorithms [SJ03]. The tangent space T, M is the best
linear approximation of M at x € M. As a consequence, it provides local directions of high
variability [ACLZ17]. It is also a good candidate for a domain of local parametrization of
dimension d nearby x. As to differential quantities of order two, the second fundamental
form ITM describes how much M deviates from the linear framework 7, M, as well as
the directions where it comes about. It fully encodes curvature, and informs on a local
scale at which to look at data [CP05]. Let us also mention more elaborated and global
objects such as reach [DS06], volume [BH98]|, higher order Betti numbers (M) [BRST12],
topological persistence [Oud15], Reeb graphs [GSBW11], boundary [CRC04], geodesic
distance [MS05] or distance to a measure [CCSM11]. This list is far from exhaustive [Was].
Each of these objects can be a parameter of interest, attached to data, that may be a
target for estimation.

This thesis focuses on optimal estimation, from point clouds X,, = {X1,..., X}, of
geometric quantities associated to submanifolds M of the Euclidean space R” in a non-
asymptotic statistical framework. We investigate optimal rates for estimation of these
quantities with different regularity classes for the unknown source submanifold M.

Optimality and Convergence Rates

Up to recently, optimality questions has garnered few attention in geometric inference. In
computational geometry, optimality often refers to algorithmic complexity when the problem
is of combinatorial nature [AL13]. When it is not the case, the notion of optimality relies
on ad hoc constructions of point clouds that are not generic [Cla06]. On the contrary, there
are plenty of notions of optimality in statistics, both parametric [LC98] and nonparametric
[Tsy09]. In this thesis, we will use the minimax risk, a broadly used optimality criterion in
nonparametric statistics. Let us describe its construction in a general framework.

Let us consider the estimation of a parameter of interest 6(P) depending on the common
distribution P € P of an n-sample X,, = {X3,..., X,,} with support M = Supp(P). For
6(P), one can think of the geometric and topological quantities described previously, or
more classically, of a regression or density function. We aim at answering the question
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“can we estimate 6(P) from an n-sample X, = {X1,..., X} with distribution P?”. By
estimating, we mean to find § = A(X,) making a measure of quality d(6(P),0), fixed
beforehand, small on average. With P fixed, the Glivenko—Cantelli theorem states that the
empirical distribution P, converges almost surely to P when n goes to infinity. Provided
that the functional of interest P +— 6(P) is stable with respect to P, one can hope to
estimate 6(P), at least asymptotically. However, it is impossible to derive a rate of
convergence as n goes to infinity if P is allowed to get close to pathological cases. For
instance, with no regularity assumption on a regression function, distinguishing the signal
from the noise is hopeless.

To get an answer to the — more precise — question “How fast can we estimate (P)?7,
it is hence necessary to restrict the field of study — a model P known to contain P —
and to examine its intrinsic limitations. The minimax risk R, (P) on the model P for the
estimation of the parameter §(P) with a sample of size n is the best integrated risk that is
achievable uniformly on P by an estimator. Namely,

R, (P) = inf sup Epnd(6(P), 0),
6 PcP

where the infimum ranges among the set of estimators § = (X1, .., X,,). The minimax
risk corresponds to the best attainable performance with n sample points. When n becomes
large, R, (P) informs on the optimal rate of approximation of the quantity of interest 6(P)
on P. Hence, an estimator 0 is said to be minimax optimal if, for n large enough,

Ro(P) < sup Epnd(8(P),0) < CpRa(P), (IL1)
PeP
for Cp > 1. For studying the behavior of a minimax risk and deriving a result like (II.1),
we usually proceed in two very independent steps.

(i) Bounding from above the minimax risk boils down to exhibit an estimator 0 and
to study its performance uniformly on P. It can be summarized by a bound

suppep Epnd(6(P),0) < v,. This bound is problem-specific and relies on nonasymp-
totic properties of the considered estimator 6.

(ii) To show that one cannot achieve better, a lower bound R, (P) > v/, is derived with
Bayesian arguments [Yu97]. It corresponds to a worst-case study. Indeed, if (at
least) two distributions P;, P» € P are such that their respective n-samples have
distributions that are close, but with parameters 6(P;) and 6(FP) far away from
each other, then no estimator can be both close to §(P;) and 6(FP,) simultaneously.
Hence, no estimator can be accurate at a scale smaller than d(6(P), 6(P2)) with high
probability.

If v, < Cpvl,, we get (IL.1) and we say that v, or equivalently v/, is the optimal rate
of estimation of 6(P) on P.

Here, considering a mean risk on n-samples allows to formalize the notion of genericity
of a point cloud. Therefore, a procedure that outputs a quantity 9(2( ) built on top of n
point X = {x1,...,z,} (seen as deterministic) may be considered as generically optimal if
it reaches the minimax rate when evaluated on a n-sample X,,. Randomness provides a
framework where the notion of optimality is well-posed.

Quantitative Notions of Geometric Regularity

As described previously, a minimax study requires to specify a model P beforehand. It
defines the regularity class of the objects in question. Here, regularity is to be understood
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in the broad sense, and may include dimension, space massiveness, approximability of
objects, or smoothness in the classical differential sense. The broader this class is, the
more general and difficult the problem becomes. The smaller it is, the more specific and
accessible the estimation is. Defining a model boils down to characterize quantitatively the
difficulty of estimation of an object.

By quantitative regularity, we express the need for bounding the studied objects. In
analogy with regression, classes C* of functions k times continuously differentiable do not
furnish a sufficient information to exploit uniformly their smoothness. Density of C* in the
set of continuous maps shows that it is possible to get close to non-smooth pathological
cases. On the contrary, Holder classes C*(L) — composed of k — 1 times differentiable
functions with L-Lipschitz (k — 1)th derivative — avoid this phenomenon. Similarly, for
models of submanifolds M C R, smoothness must be quantified. Yet, the absence of a
canonical coordinate system makes the subject more intricate than for functions.

For a submanifold M, a first regularity characteristic is its intrinsic dimension d =
dim(M). It drives its metric massiveness in the first place as in the Euclidean case.
Thereafter, we will always assume the dimension d to be known. We will see that d impacts
considerably the rates of estimation of the objects studied. Besides, we will carefully
develop an analysis that is unaffected by the ambient dimension D which, extrinsic, may
be very large compared to d.

Then, for fixed dimension d, a very popular regularity parameter in geometric inference
is the reach. First introduced by Herbert Federer for geometric measure theory [Fed59], the
reach 737 of M C RP is the largest radius 7 > 0 such that any ambient point at distance at
most r from M has a unique nearest neighbor on M. The reach is a generalized convexity

Figure II.1 — The reach 7 of a closed curve M in the plane.

parameter, in the sense that M is convex if and only if 73y = oco. It is a purely metric
notion that allows to quantify the regularity of a set without regard of any particular
coordinate system. For a set M, having its reach bounded from below by a fixed constant
TM 2 Tmin > 0 informs us both on its local and global properties. Indeed, M cannot
be too curved, since 7,,;, prescribes a minimal radius of curvature for M. Equivalently,
we see that M has curvature controlled by 1/7,,in, which we can think of as a Holder
class C2(1/Tynin) in terms of local parametrizations. Furthermore, T, > 0 prevents M to
contain regions where it is close to self-intersect. That is, arbitrarily narrow bottleneck
structures (see Figure II.1).

For regularity notions involving higher orders of differentiability k& > 3, which would be
similar to C¥(L) classes, one can find some attempts of definitions in the litterature [CP05],
but no minimax study on such models. Though, it seems natural to get faster estimation
rates when the underlying object is smoother.

Contribution of this Thesis

This thesis manuscript gathers results on geometric inference coming from three distinct
articles. Chapters IV and VI are the results of a collaboration with Clément Levrard.
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Chapter V relates works carried out with Jisu Kim, in collaboration with Frédéric Chazal,
Bertrand Michel, Alessandro Rinaldo and Larry Wasserman.

In each case, we sample independently a distribution P having support M. The
underlying set M is a submanifold of R of class at least C2. We study, depending on
the regularity of M, the minmax rates of estimation of functionals of M. The studied
functionals are M itself, the reach 737, the tangent space Tx M and the second fundamental
form 11 ;‘(4 , for X € M deterministic and random. The thesis is exposed in ascending order
of regularity of the submanifolds M.

Each chapter can be read independently, which gives rise to few redundancies, especially
for definitions of objects. Thus, each chapter has its own introduction describing the state
of the art for each question we deal with. For ease of exposition, the proofs and technical
lemmas are placed in appendices. Let us now detail the overall organization of the thesis,
together with the main results we obtained.

Preliminary Results

We get started with a preliminary chapter in which we introduce notions that are commonly
used in geometric inference. We derive both geometric and probabilistic technical results
that will be useful later on.

Stability and Minimax Optimality of Tangential Delaunay Complexes for
Manifold Reconstruction

Support estimation, also referred to as manifold reconstruction in computational geometry,
consists in the estimation of M from point cloud — say X,, — drawn on or nearby M.
Under a reach regularity condition similar to C?(1/7n), the tangential Delaunay complex
[BG14] was shown to be consistent if no noise is present and tangent spaces are known.
More precisely, if X, is distributed densely enough at scale ¢ < cgeg on M, then the
tangential Delaunay complex is a triangulation with vertices X,, that has the same topology
as M, and is £2-close to it for the Hausdorff distance. It is computable with an algorithm
which is polynomial in n. Independently, under the same regularity assumptions, the
authors of [GPPVW12a| derived, in a random framework, minimax rates of estimation
of M for the Hausdorff distance. The authors showed that the minimax rate is of order
(logn/n)?¢. Though optimal, the estimator of [GPPVW12a] is not constructive.
In this chapter, we show that the tangential Delaunay complex of [BG14], together with
a tangent space estimation procedure based on local Principal Component Analysis (PCA),
yields the optimal estimation rate (logn/n)%/¢ for the Hausdorff distance that was given
in [GPPVW12a]. This result still holds in a model with additive noise of small amplitude.
Conversely, our results show that the optimal rates [GPPVW12a] are achievable with
triangulations. In addition, these triangulations are computable in polynomial time.
Furthermore, in the presence of outliers, we propose an iterative denoising method
based on the same local PCA’s. Denoising leads up to the optimal approximation rate
(logn/(Bn))?/4, where 0 < 3 < 1 is the average proportion of points drawn on M, and 1 —f3
that of outliers. Here, tangent space estimation is used in the denoising procedure and,
conversely, the denoised point cloud allows for a more accurate tangent space estimation.
In the analysis, we show that the tangential Delaunay complex is stable when its
input parameters — points and tangent spaces — are perturbed. The argument is global,
constructive, and may be applied to other reconstruction methods taking tangent spaces
as input.
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Approximation and Geometry of the Reach

Regularity and scale parameters play a crucial role in data analysis, in particular for
effective implementation. As illustrated in Chapter IV, the reach 75, is one that appears
in a central way in computational geometry. In particular, it gives a minimal scale of
geometric features of M.

In this chapter, we study the problem of estimation of the reach from a point cloud
X. Before tackling estimation itself, we describe precisely what reach is linked to for
submanifolds. In particular, we show in a rigorous way that the reach either comes from a
highly curved zone (local case), or from a bottleneck structure (global case) as illustrated
Figure II.1.

A plugin estimator 7(X) of 7j; is proposed when tangent spaces are both known
and unknown. The analysis of performances of 7 are first carried out in a deterministic
framework, by describing the properties of X making efficient the estimation of 75, by
7(X'). This analysis is different depending on whether M is in the local or the global case,
but the estimator 7 does need this information.

We advocate the optimality of 7 with the performances of 7(X,,), when X,, is an
n-sample. When M belongs to a C® model, we show that 7(X,,) approximates 7y; at rate
(1/n)%/B4=1) in the local case, and (1/n)Y/? in the global case. Moreover, a minimax lower
bound of order (1/n)'/? is derived, showing that #(X,,) is optimal in the global case.

In this chapter, the C2 model of regularity is expressed in terms of geodesic trajectories.
We assume that any geodesic (t) of M satisfies ||7"(t)|| < L. Here, again, this regularity
notion does not rely on an ambient coordinate system.

Non-Asymptotic Rates for Manifold, Tangent Space and Curvature Esti-
mation

In this chapter, we study the optimal rates of estimation for differential quantities associated
to submanifolds up to order two: (0) the submanifold M itself, (1) the tangent space Tx M
and (2) the second fundamental form IT¥ for X € M both deterministic and random.

We introduce a collection of models for C¥-submanifolds (k > 3), that generalize
naturally the model used in Chapter IV for k = 2. Regularity is expressed in terms of the
reach and of the existence of unit parametrizations that are bounded in C¥(L). We insist
on the need to impose both local and global constraints for estimation of curvature and
tangent spaces. Indeed, we show that it is impossible to estimate T'x M and I1 ;‘(4 if the
reach 7 is allowed to be arbitrarily small, despite fixed bounds on the regularity of local
parametrizations of M.

The proposed estimators are all based on a single approach of local polynomial fitting.
It generalizes local PCA of Chapter IV. Thus, we deal with the three estimation problems
in a unified way. Up to logn terms, we show that the minimax rates are (0) (logn/n)*/4
for the estimation of M with the loss given by the Hausdorff distance, (1) (logn/n)®*—1/d
for tangent spaces, and (2) (logn/n)*=2/4 for the second fundamental form. In other
words, the rate for a differential quantity of order i is (logn/n)*~9/¢, In particular, the
derived rates show that the tangent space procedure of Chapter IV, based on local PCA,
is optimal for k£ = 2.

Minimax lower bounds are derived with existing Bayesian techniques, although a new
conditional version of Assouad’s lemma is used for tangent spaces and curvature when the
base point X is random. Indeed, in this case, the parameter of interest is Tx, M or 11 )J‘(/[l,
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with X,, = {X3,..., X}, which leads to consider the minimax risk

inf sup Epnd(0x, (P),0) = inf sup Epn-1 ||d(0,,(P),0)

6 PeP 0 PeP

LY(P(dz1)) |

This formulation shows that the loss involved is of type L'. However, the integration
measure P of this L'-norm is the underlying distribution of the sample, which makes the
existing techniques unsuccessful.
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Chapter 111

Preliminary Results

Abstract

We introduce notions that are commonly used in geometric inference, such as the Hausdorff
distance and the reach. We derive both geometric and probabilistic technical results that
will be useful later on.
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I1I.1 Hausdorff Distance and Measurability

In Chapters IV and VI, we tackle reconstruction problems. Given random variables
X1,...,X,, we build — with various methods depending on the context — estimators
M =M (X1,...,X,) aiming at approximate a target compact subset M C RP. Hence,
we have to make clear what “approximate” means for compact sets. For this, we use the
Hausdorff distance dg. Consequently, we have to clarify what to be a compact sets-valued
“estimator” means, or equivalently, describe measurability properties in the space of compact
subsets endowed with the Hausdorff distance. To ensure not to focus on technical details
about measurability later on, we choose to address this in this section.

Roughly speaking, the take-away message is that the class of compact subsets of a
metric space behaves as well as the metric space itself. Hence, random variables with
values in it do so. For (much) more details about measurability in classes of subspaces, we
refer to [Mat75], and to [Bee93| for the functional approach we adopt.
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IT1.1.1 Hausdorff Distance

Let (D,d) be a metric space. This thesis only tackles the case (D, d) = (RP, ||-||). However,
we state Hausdorff distance properties in full generality to emphasize the key points that
have our case work. We let KC(D) denote the set of nonempty compact subsets of (D, d).
For x € D and K C D, the distance from z to K is

d(z,K) =inf {d(z,y),y € K}. (ITL.1)
One easily checks that d(., K) is a 1-Lipschitz map. Let us define the Hausdorff distance.

Definition II1.2. For two compact subsets A, B C RP, the Hausdorff distance between A
and B is defined by

di (A, B) = max{supd(a, B), supd(b A)}.
acA

dp is a distance on the space K(D) of nonempty compact subsets of (D, d).

An equivalent formulation of diy can be written in terms of offsets. The r-offset of K is
K' ={ze€D,d(z,K)<r}, (IT1.3)
the set of ambient points that are at distance less than or equal to r from K.

Proposition II1.4. For all A, B € K(D),
di(A,B) =inf{r >0,A" D B and B" D A}.

The Hausdorff distance is a rigid distance, in the sense a single point added to a set —
say, an outlier — can have the Hausdorff distance blow up, since dg(A, AU z) = d(x, A).
It plays the role of a L™ dissimilarity in the space of compact sets. One can make this
idea precise by identifying a compact subset A C D to its distance function d(-, A), which
is locally bounded.

Proposition II1.5. The map

(K(DP),dr) — (C(D;R4), [I-ll)
Avr—d(-,A)

is an isometry. In other words, for all A, B € K(D),

z€D

Moreover, if (D,d) is complete, (K(D),dn) is closed in (C(D,Ry), ||-||)-

Actually, we prove the slightly stronger identity

dp (A, B) = sup |d(xz, A) — d(z, B)|,
rzeK

for all AU B C K C D, meaning that one can restrict the distance function to the domain
AU B to compare A and B. When measuring the dissimilarity between compact subsets,
we can somehow restrict to the geometry of (AU B, d).
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By identifying a compact subset with its associated distance function, one can see
(K(D),dr) as a closed subset of (C(D,R;), |||, ). Consequently, it inherits its usual
topological and metric properties. Conversely, one has the isometric closed inclusion

(D,d) — (K(D),dn)
zr— {x},

that allows to identify a point z to the singleton {x}. Hence, roughly speaking, (K(D), dg)
cannot have better metric properties than (D, d). We recall that a metric space is said
to be boundedly compact if all its closed bounded subsets are compact. In particular, a
boundedly compact metric space is complete.

Proposition II1.6. Let (D, d) be a metric space.
(i) (D,d) is separable if and only if (K(D),dg) is separable,

(ii) (D,d) is compact if and only if (KK(D),dy) is compact,

(
(
(iii) (D, d) is boundedly compact if and only if (K(D),dy) is boundedly compact,
(iv) (D,d) is complete if and only if (KK(D),dg) is complete,

(

(v) (D,d) is Polish if and only if (KX(D),dg) is Polish.

To avoid measure-theoretic difficulties, the mildest framework commonly adopted to
develop probability theory is random variables with values in Polish spaces [Par05]. Hence,
working in (C(D),dy) when (D,d) is Polish will have all the usual probability theory
tools operate in a non-pathological way. In particular, manipulating random variables in
(KK(RP), dg) will not raise any specific issue.

II1.1.2 Compact Set-Valued Random Variables

Now that we made sure handling compact sets-valued random variables is not problematic,
let us describe some of them in the case (D,d) = (R, ||-||). We give a few examples of
measurable maps in K(R”) endowed with the Borel o-field associated to the Hausdorff
metric dgr. We let C(RP,R”) denote the set of continuous map from R? to itself, that we
endow with the topology of the uniform convergence on compact sets, and its Borel o-field.

Proposition IT1.7. Equip K(RP) with the Borel o-field associated to the Hausdorff metric
dgr. Then the following maps are measurable:

(i) RP 5 x+— {x}, for all x € RP,

(ii) C(RP RP) x K(RP) 3 (f, A) — f(A) = {f(x),r € A},
(iii) K(RP) x K(RP) > (A, B) — AU B,
(iv) K(RP) > A conv(A).

By composition, Proposition II1.7 actually allows to describe a wide variety of measur-
able maps. For instance, a simplicial complex is a finite union of simplicies, and simplicies
are convex hulls of finite sets. As a consequence, (i),(ii) and (iv) show that simplicial
complexes M built on top of a random point cloud X,, for which the presence of each
simplex is determined by a measurable event, yield estimators. As a consequence, the
simplicial complexes Mrpe, Mrpes and MTDc+ of Chapter V are measurable. Similarly, the
union of local polynomial patches Mpgry of Chapter VI are measurable from (i) and (iii).
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I1I.2 Measure, Diameter, and Sampling

In this section, we consider a general metric-measure space (D, d, i) ', and we investigate
the links between the local behavior of p and metric properties of D.

For sake of simplicity, (D, d) will be assumed to be separable. All the metric quantities
considered here refer to d: balls B(x,r), diameter diam(-), Hausdorff distance dg(-,-), and
so on. The support Supp(p) C D of p is the smallest closed set C' C D of mass one.

Definition ITI.8 (Standard Measure). The distribution u is called (a,b)-standard at scale
ro if for all x € Supp(p) and all r < ro,

w(B(x,r)) > ar®.

Roughly speaking, a measure that is (a,b)-standard at scale ry behaves like the b-
dimensional Lebesgue measure, though b need not be an integer. This assumption is pretty
popular in the literature on set estimation, and its properties will be used extensively in
the results of this thesis. Up to now, it was considered with b = D in RP [Cue09], except
in [CCSLO06] in a theoretical framework. As we will see shortly, such an assumption gives
bounds on massiveness of the support Supp(p) C D.

To measure massiveness of subsets K C D, we will use packing and covering numbers.
That is, numbers of balls optimally displayed at some scale r in K. A r-covering of K
is a subset x = {z1,...,2;} C K such that for all z € K, d(z,x) < r. A r-packing of
K is a subset y = {y1,...,yx} C K such that for all y,v' €y, B(y,r) N B(y',r) =0 (or
equivalently d(y,y") > 2r).

Definition II1.9. For K C D and r > 0, the covering number cv(K,r) is the minimum
number of balls of radius r that are necessary to cover K,

cv(K,r) =min{k > 0, there exists a r-covering of cardinality k} .

The packing number pk(K,r) is the mazimum number of disjoint balls of radius r that can
be packed in K,

pk(K,r) = max {k > 0, there exists a r-packing of cardinality k} .

Usually, for a given space K, covering and packing numbers have the same order of
magnitude. Namely, they are linked by the relations

pk(K,2r) < cv(K,2r) < pk(K,r). (II1.10)

Indeed, for the left-hand side inequality, notice that if K is covered by a family of balls
of radius 2r, each of these balls contain at most one point of a maximal packing y at
scale 2r. Conversely, the right-hand side inequality follows from the fact that a maximal
r-packing y is always a 2r-covering. If it was not the case, one could add a point x( such
that d(xo,y) > 2r, which is impossible by maximality of y.

It is interesting to note that any (a,b)-standard measure p has support massiveness
controlled, in the following sense.

Proposition II1.11. Let u be a (a,b)-standard probability distribution at scale ro > 0.
Then for r < rg,

1
< —.
pk (Supp(p),r) < —3

IThat is, a metric space (D, d) with a probability distribution u on D equipped with its Borel o-algebra.
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For r < 2rg,

26
cv (Su, ,r) < —.
(Supp(p),r) < —
As a consequence, one can derive an upper bound on the diameter of such a support, if
it is assumed to be path-connected. This is based on the following bound.

Lemma II1.12. Let K C RP be a bounded subset. If K is path-connected, then for all
e >0, diam(K) < 2ecv(K,¢).

Thereby, Proposition I11.13 follows from Lemma I11.12 applied with r = 2rq , together
with Proposition TII1.11.

Proposition I11.13. If u is (a,b)-standard at scale rog and has a path-connected support
Supp(p), then

diam (Supp(p)) < 4r{7°/a.

Note that connectedness is crucial here. Consider for instance K, = B(—=z,1)UB(z,1) C
RP for ||z|| arbitrarily large. Then diam(K,) = 2|/z|| + 1 — oo although the distribution
on K is (a, D)-standard at scale 1 with fixed a > 0. Proposition III1.13, yields that for all
x € Supp(p) (path-connected) and r > 0, we have

-ifr <wro, p(B(z,r)) > C”"b’
- if 7 > diam(Supp(p)), p (B(z, 7)) = 1,

- if ro <7 < diam(Supp(u)),

In turn, if Supp(u) is path-connected, u(B(z,7)) > a’'r® A1 for all » > 0, where a/ =
a(arl/ 4)b. This property was used in [CCSLO06] and called “(a,b)-standardness” (with no
scale). Conversely, if y (B(z,7)) > a'r® A 1 for all 7 > 0, then u(B(z,a’™/?)) = 1 for all
x € Supp(p), so that diam(Supp(p)) < a’'/°.

Further investigating the properties of (a, b)-standard measures at scale ro > 0, let us
now give the convergence rate of a sample point cloud X,, = {X1,..., X, } towards its
underlying support Supp(u).

Proposition II1.14. If i is (a,b)-standard at scale rg > 0, and X, = {X1,...,Xpn} is an
i.4.d. n-sample with common distribution u, then for all r < 2rq,
4b 5
P (dp (Supp(p),Xy,) > r) < 5 OXP (—nar ) )

1/b
In particular, for any o > 0, for n large enough so that (Ca,b,aloin) / < %0, with
probability at least 1 — (l)a,

n

lo 1/b
dH (SUPP(N)7 Xn) < (Ca,b,agn> )

(1+a)v4b

where Cyp o = .
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In other words, with n points, the typical density of sampling of a (a,b)-standard
measure is of order (log n/n)l/ b, Roughly speaking, it relies on the fact that standard
measures have uniformly spread mass on their support. Hence, an n-sample would visit
all the areas of its support with high probability. This comes from the fact that the
massiveness of Supp(p) (in terms of covering number) is controlled.

II1.3 Reach and Submanifolds of R?

We now introduce the reach and describe links between curvature, reach, diameter, and
volume in the case of submanifolds.

I11.3.1 Reach of Closed Subsets

Let us first describe the reach in full generality, as first introduced by Federer [Fed59]. Given
a closed subset A C R, the medial axis Med(A) of A is the subset of R” consisting of points
that have at least two nearest neighbors on A. Namely, denoting by d(z, A) = inf,ca ||p — 2||
the distance function to A,

Med(A) = {2 € RP|3p# g € A,|lp— 2| = g — 2|l = d(z, 4)}.

The reach of A is then defined as the minimal distance from A to Med(A).

Definition II1.15. The reach of a closed subset A C RP is defined as

TA = ;ggd(p, Med(A)) = zeAIJIgl(A) d(z,A). (II1.16)

Some authors refer to 7' as the condition number [NSWO08, SW12]. Indeed, the
value of the reach quantifies the degree of regularity of a set, with larger values associated
to more regular sets. From the definition of the medial axis, the projection ma(z) =
argminye 4 ||p — z|| onto A is well defined outside Med(A). The reach is the largest
distance p > 0 such that 74 is well defined on the p-offset A? = {z € RP|d(x, A) < p}.
Hence, the condition 74 > 7, can be seen as a generalization of convexity, since a set
A C RP is convex if and only if 74 = oo.

Positive reach is the minimal regularity assumption in geometric measure theory and
integral geometry [Fed69]. Sets with positive reach exhibit a structure that is close to be
differential, with the so-called tangent and normal cones [Fed59]. It is a C? notion, in the
sense that it is stable under C? ambient deformations. Let us state a stability result for
the reach with respect to C? diffeomorphisms.

Lemma II1.17 (Theorem 4.19 in [Fed59]). Let A C RP be a closed subset with T4 >
Timin > 0 and ® : RP — RP is a C*-diffeomorphism such that ®,® 1, and d® are Lipschitz
with Lipschitz constants K,N and R respectively, then

1
(K75, + R)N?

min

To(A) =

We do not detail further properties of sets with positive reach with no extra regularity
assumption. The interested reader may refer to the original article [Fed59], and to [Tha0§]
for a more recent review.
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C

lg—pl® i .
gty =Pl

T,M

Figure II1.1 — Geometric interpretation of quantities involved in (V.5).

Med(M)

~ M

Figure II1.2 — Small reach 73y may witness high curvature.

I11.3.2 Geometry of Submanifolds with Reach Bounded Away from Zero

In the case of submanifolds, one can reformulate the definition of the reach in the following
manner. Here, for all p € M, T,,M stands for the tangent space of M at p [dC92, Chapter
0].

Theorem I11.18 (Theorem 4.18 in [Fed59]). For any submanifold M C RP,

: g —pl)?
g = inf — 2P0 111.19
M= hpeM 2d(q — p, T, M) ( )

Another way to state (II1.19) is that 7a7 > Tynin > 0 if and only if for all p,q € M,

2
g — pl

d(q —p, T,M) <
(g —p,T,M) Cr—

In other words, one gets a quantitative bound on how fast the submanifold M deviates from
its tangent spaces. By definition of tangent spaces, this happens at most with a quadratic
growth O(|lg — p||*), but the reach allows for an explicit constant and no restriction of
llg — p|| small. Furthermore, the ratio appearing in (II1.19) can be interpreted geometrically,
as suggested in Figure III.1. It is the radius of an ambient ball, tangent to M at p and
passing through ¢. Hence, at a differential level, the reach gives an upper bound on the
radii of curvature of M. Equivalently, T]\_/[l is a bound on the curvature of M, as illustrated
Figure II1.2.

Proposition IT1.20 (Proposition 6.1 in [NSWO08)]). Let M C R be a compact submanifold
with reach Tagr > Tin > 0, and v an arc-length parametrized geodesic of M. Then for all t,

”7//(t)’| < 1/Tmin.

31



CHAPTER III. PRELIMINARY RESULTS

Figure II1.3 — Small reach 73y may witness a narrow bottleneck structure.

Furthermore, as illustrated in Figure II1.3, the condition 7p; > 7y, > 0 also prevents
bottleneck structures where M is nearly self-intersecting.

As a consequence, at a scale of order 77, one can link the (extrinsic) Euclidean distance
to the (intrinsic) geodesic distance dy; of M. The precise bound is the following.

Lemma II1.21 (Proposition 6.3 in [NSWO08]). If Tar > Tynin, then for all p,q € M such
that ||p — qll < Timin/2,

2|lp—gq
g = pll < dar(p,q) < Tomin (1 . ””) |

Tmin

Let us move to other bounds on differential geometric quantities. For this, we need
notation from differential geometry. First, Bys denote closed balls for the geodesic distance
dyr, and l’;’,l’;M are open balls. We let III],V[ :ToM x T,M — Tle denote the second
fundamental form of M at p [dC92, p. 125]. [ II],V[ characterizes the curvature of M at p.
For all p € M and all unit v € T, M, we denote by v, , the unique arc-length parametrized
geodesic of M such that 7, ,(0) = p and v, ,(0) = v. The exponential map is then defined

as exp,(v) = vp(1). Finally, H? stands for the d-dimensional Hausdorff measure on R”
[Fed69, p. 171].

Proposition II1.22. Let M C RL be a d-dimensional submanifold with reach Ty >
Trmin > 0.

(i) For allp € M and all unit v € T,M,

(v, 0)]| < 1/7min-

(i1) The injectivity radius of M is at least TTmin. That is, for all p € M, the map
expy, : Br,ar (0, TTimin) — Bar (Ps TTimin) s a diffeomorphism

<k <
- T Tmin

(iii) The sectional curvatures k of M satisfy _722

2
(1— 2] )| I <
6Tmin

JJol®
w| < (1+ Juw
Tm'ln
(v) Forallpe M, r < Tmmn

2\/%", and a Borel set A C Br,n(0,7) C Ty M,

i) For all ||v|| < Tz and w € T,M,
2v2

2

I d
(1 6 i;m) HA(4) < H(expy(4)) < (1 + §m> H(A).
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Proposition I11.22 collects results that were already known and scattered in the literature.
(i) is stated in Proposition 2.1 in [NSWO08], yielding (ii) from Corollary 1.4 in [AB06a]. (iii)
follows using (i) again and the Gauss equation [dC92, p. 130]. (iv) is derived from (iii)
by a direct application of Lemma 8 in [DVW15]. (v) follows from (iv) and Lemma 6 in
[ACLZ17].

From the above results, we see that submanifolds with reach bounded away from zero
by a fixed constant behave well — quantitatively — with respect to standard differential
geometry quantities. It will then provide good statistical models.

I11.3.3 Sampling on Submanifolds with Reach Bounded Away from Zero

Let us come back to consider M as generating data. Here, if 73y > Tinin > 0 and that
we sample roughly uniformly on M, Proposition II1.22 yields that, at scale 7,4,, the
distribution of points roughly behaves like the d-dimensional Lebesgue measure.

Lemma II1.23. Let M C RP be a compact d-dimensional submanifold with reach Ta; >
Tmin > 0. Let P be a probability distribution that has a density fmin < [ < finaz with
respect to the volume measure on M. Then for all v < Tyin/4 and x in M,

Cdfminrd < P(B((L‘, 7’)) < Cdfmaa:rda

for some cq,Cq > 0. As a consequence, if X,, = {X1,...,Xpn} is an i.i.d. n-sample of P,
then for for r < Tpmin/2,

4d

P(dy(M,X,) >r) < = exp (—ncdfmmrd) )

Cdfminr
Cak toxn ) o h, the following holds. Fi
J— ) with C; large enough, the following holds. For n

l)k/d

In particular, letting h = (

n

large enough so that h < Ty /2, with probability at least 1 — (

di (M, X,,) < h.

The proof of Lemma II1.23 is a straightforward combination of Lemma II1.21 and
Proposition I11.22 (v), yielding standardness of the distribution P at scale T, /4 (Definition
B.3). Conclude with Proposition III.14 for the Hausdorff distance bounds. It is worth noting
that here, the assumption f < fi,4. iS not necessary to derive deviations on dg(M,X,,).

Lemma II1.23 is a key result for all the inference geometry results we will derive in this
thesis. Indeed, if one wants to estimate geometric or topological quantities associated to
M from point a cloud X, then the least we can ask is that X,, covers M densely enough.
If not, there is not hope to recover any geometric information from zones that X,, does not
span in M.

I11.3.4 Implicit Constraints under Reach Regularity Condition

The models considered in this thesis all satisfy the assumptions of Proposition I1I1.23 (with
fmaz = 0o for Chapter V). By now, it is worth noting that although the assumptions may
seem weak, they actually provide extra information about the geometry of the studied
submanifolds.

First, from Proposition I11.23 and Proposition I11.13 we see that the diameter of
submanifolds cannot be arbitrarily large.
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Lemma II1.24. Let M C RP be a compact connected d-dimensional submanifold. Let P
be a probability distribution having support M with a density f > fimin with respect to the
Hausdorff measure on M. Then,

Cq

diam(M) < ———,
7]0\l4 1fmin

for some constant Cyq > 0 depending only on d.

In particular, if 77 > Tin > 0, then diam(M) < Cy/ (Tg,;,r% fmin). Hence, if 7in
and fi, are fixed, one gets a bound on diam(M), although not required explicitly.
Furthermore, considering the uniform probability distribution on M — corresponding to
f=HYM)"' =Vol(M)~' — notice that we obtain the bound

Vol(M
diam(M) < Cdid(—l >7
T™m
which is interesting for itself.

Let us carry on with a bound relating directly reach and diameter. One can see the

following Proposition II1.25 as a complementary constraint to Lemma I11.24, as it states

that the reach is a lower bound on the diameter, up to universal constants.

Proposition II1.25. If K C RP is not homotopy equivalent to a point,

mdiam([().

The proof of Proposition I11.25 is a straightforward combination of Lemma A.1 and
Lemma A.2, that we defer to the appendix. Notice that the assumption that K is not
homotopy equivalent to a point cannot be released. Indeed, if one takes K to be a spherical
cap of radius 1 and height 0 < h < 1, then 75 = 1 although diam(K) goes to 0 as h goes
to 0.

Finally, notice that if M is a submanifold of dimension d, then Theorem 3.26 in [Hat02]
asserts that it has a non trivial homology group of dimension d over Z/27Z, so that it cannot
be homotopy equivalent to a point. Therefore, combining Lemma II1.24 and Proposition
I11.25 yields the following.

Proposition II1.26. Let M C RP be a compact connected d-dimensional submanifold.
Let P be a probability distribution having support M with a density f > fmin with respect
to the Hausdorff measure on M. Then,

Cq
fmin 7

for some constant Cyq > 0 depending only on d.

T]C\l/[S

As a consequence, if one considers a statistical model composed of distributions P with
support being submanifolds M with reach 7a; > 7, > 0, and with densities f > fiin > 0,
then both diameter diam(M) and reach 7); are bounded away from 0 and oco by constants
depending only on d, Tynin and fiuin.
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I11.4 Angles Between Vector Subspaces

In this thesis, we consider the question of estimating tangent spaces of a submanifold. For
that, we need a notion of angle between vector subspaces of dimension greater than one.
In addition, angles between subspaces will be a useful technical tool in several derivations.
As it is not standard in the literature, let us define the notion of angles we use.

For two vector subspaces U,V of R”, we will measure the angle between them by

U, V) = |lmv —moull,y, - (II1.27)

In other words, we identify a subspace to its orthogonal projector, yielding a metric induced
by matrix norms. Any other norm on the space of matrix would give a good notion of
angle. However, some of these may depend cruedly on the ambient dimension D, which is
not the case for the operator norm, since

mv(z) — 7y (x
Iy —apll,, = sup |7y () ()]
weU+V |||

)

where dim(U+V') < dim(U)+dim(V'). Note that the Frobenius norm ||A|| - = y/trace(A'A)
yields a notion of angle equivalent to Z(U, V') up to constants independent of D, since

lmv = 7ully, < 7y — vl F < y/rank(my — 7v) |7y — 7ol
<\ dim(U + V) [lry = 7o, -

Another popular definition of angle is the principal angle [BGO09]. The principal
angles between U and V is

sinf(U, V) = max min /1— < u,v >2 (II1.28)
uclU wveV

l[ul|=1 f|vf|=1

Note that #(U, V') has no reason to be equal to (V,U) in general. For instance, if U C V
and dim(U) < dim(V'), we have 6(U,V) = 0 while §(V,U) = 7 /2. These two notions of
angle are closely related, as stated in the following proposition, which proof follows from
Theorem 2.6.1 in [GVLI6] and Theorem 3.6 in [KA02].

Proposition I11.29. For all vector subspaces U,V of RP, sin@(U,V) = ||mL o U || o -
The principal angle satisfies (UL, VL) = 0(V,U), and if diim(U) = dim(V), then (U, V) =
O(V,U). Moreover, in his case,

Z(U,V) =sin (U, V).

Furthermore, there exists a rotation Ry_yv of RP such that Ry_y : U — V is bijective,
and HRU—>V — IDHop < 2sin (Q(U, V)/Q)

To sum up, 0 < Z(U,V) < 1, and if U and V have the same dimension, their angle
Z(U,V) coincides with the sine sin§(U, V') of the principal angle. It is zero if and only
if U = V, and one if and only if U NV # {0}. Finally, let us mention that the angle
Z(U, V) =sin0(U, V) when dim(U) = dim(V) = d can be computed in O(Dd?) using a
singular value decomposition [GVL96, §12.4.3].

Let us illustrate these notions of angles with the variations of tangent spaces of a
submanifold with reach bounded away from zero. We saw in Section II1.3.2 that 7'];[1 yields
a bound on the curvature of M. Such a bound casts in terms of tangent space variations
as follows.
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Proposition I11.30. Let M C RP be a submanifold with Tas > Timin > 0. Then, for all
p,g €M,

g — pl|
2Tmin

sinf (TpM,<q—p>) <

)

where < u > denotes the span of u € RP. Furthermore, for ||q — p|| < Tmin/2,

2
L(T,M, T,M) < pla=rl [ (”‘JPH> .

Tmin Tmin

The first statement is (I11.19) rephrased in terms of angle, and the second statement
can be found in Lemma 3.4 in [BSW09].
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Proofs for Chapter III
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A.1 Hausdorff Distance

Proof for Definition II1.2. 1t is clear from the definition that dg(-,-) is finite on compact
sets, and symmetric. Moreover, if di (A, B) = 0, then for all a € A, d(a, B) = 0. Since B
is a closed subset, we get A C B. Symmetrically, we get B C A, which shows that dy is
separated. Let now A, B,C € K(D). Since d(-, B) is 1-Lipschitz, for all a € A and c € C,
d(a,B) < d(c, B) + d(a,c). By definition, d(c, B) < dy(C, B). Hence,

d(a,B) <dy(C,B) + im(fj d(a,c)
ce

= dy(C, B) +d(a, C)
< ClH(C, B) + dH(Avc)v

so that sup,c4 d(a, B) < dy(C,B) + du(A,C). Symmetrically, we get sup,cp d(b, A) <
di(C,A)+dg(B,C), which gives the triangle inequality di (A, B) < dg(A,C)+dg(C, B).

O

Proof of Proposition I11.4. By definition, for all a € A, d(a, B) < dg(A, B), which yields
Biu(AB) 5 A Symmetrically, A% (4:B) 5 B and hence

dp(A,B) > inf{r >0,A" D Band B" D A}.

Conversely, without loss of generality, there exists a point ag € A such that d(ag, B) =
dr(A, B). Hence, for all 7 < dy(A, B), agp ¢ B" and in particular B" 2 A. Hence the
result. O

Proof of Proposition II11.5. For all z € A, d(x, A) = 0, so that

supd(a, B) = supd(z, B) — d(z,A) < supd(z, B) — d(z, A).
acA €A z€D
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We now prove the reverse inequality. For x € D, write m4(x) for any element of A such
that d(x, A) = d(z,7a(z)). Then, since d(-, B) is 1-Lipschitz,

d(z,B) —d(z,A) = d(z,B) — d(z,mA(z))
< d(ma(z), B)

< supd(a, B),
acA

which yields the desired reverse bound, and hence

supd(a, B) = sup d(x, B) — d(z, A).
acA z€D

By symmetry,

supd(b, A) = supd(z, A) — d(z, B).
beB zeD

Conclude writing

sup |d(z, A) — d(z, B)| = max {sup d(z,B) —d(xz,A),supd(x, A) — d(z, B)}
z€D €D z€D

= max {sup d(a, B),sup d(b, A)}
acA beB

= dy(A,B).

Finally, if (D, d) is complete, the closedness of (D) in the space of continuous functions is
proved in Lemma 3.1.1 of [Bee93]. O

Proof of Proposition II1.6. (i) For the direct sense, notice that a dense sequence {z;};
of D provides the countable family {Ujer {i}}gnite 7oy Which is dense in (D).
Conversely, if IC(D) is separable, so is D, as a closed subset of the metric space (D).

(i) If (D, d) is compact, then K(D) ~ {d(-, A)} scxc(p) is an equicontinuous and relatively
compact family of C(D,Ry), with D compact. Hence, it is compact. Conversely, if
K (D) is compact, so is D, as a closed subset of (D).

(iii) Follows from the same argument as (ii) by localizing.

(iv) From Proposition II1.5, (D) is a closed subset of the complete space space C(D,R..),
so it is complete. Conversely, if (D) is complete, so is D, as a closed subset of (D).

(v) Is a rephrasing of (i) with (iv).
O

Proof of 111.77. We actually prove continuity of the considered map, which is stronger than
measurability.

(i) It is an isometry.

(ii) To prove that the map (f, A) — f(A) is jointly measurable, it is sufficient to prove
continuous in each variable separately, from Lemma 4.51 in [ABO6b]. Fix A € K(RP).
Then for all f, g continous, di(f(A),g9(A)) < supecq |f(x)—g(x)|, which goes to zero
when g converges to f on the compact A. Let now f be fixed. Then for all A € IC(RP),
consider K = A' the offset of radius 1 of A. Then f is uniformly continuous on the
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compact set K. Hence, for all € > 0, there exists n > 0 such that for all z,y € K
such that ||y —z| < n, ||f(y) — f(z)|| < e. Hence, for dg(A,B) < nA1l, we get
di(f(A), f(B)) < e, which proves continuity of B — f(B) at A, and concludes the
proof.

(iii) Writting r = max{dH(Al, Ag),dy (B, BQ)}, we have (A;UB))" = AJUB] D A2UBs.
Symmetrically, (As U B)" D A1 U Aa, so that

dH(Al U Bl,AQ @] BQ) < max{dH(Al,Ag),dH(Bl,Bg)}.

(iv) For any convex combination a = }; A\ja; € conv(A) of elements of A, considering
convex combinations b = ), \;b; for b; € B clearly yields

d(a, conv(B)) <> Nd(ai, B) <> Nidp (A, B) = du(A, B).

Symmetrically, we obtain d(b, conv(A)) for all b € conv(B). Hence,
dp(conv(A), conv(B)) < du(A, B).

A.2 Standard Measures

Proof of Proposition III.11. The proof follows that of Lemma 10 in [CGLM15]. Let y =
{y1,...,yk} (k= pk(Supp(n),r))be a maximal r-packing of Supp(n). We have

1= pu(Supp(p)) = 1 (Viz1 B(yi, )

k
> n(B(yi,r))
i=1

v

kar® = pk (Supp(u),r) ar®,

hence the first result. The bound on cv (Supp(p), ) then follows from (III.10). O

Vv

Proof of Lemma II1.12. Let p,q € K and v : [0,1] — K be a continuous path joining
7(0) = p and (1) = q. Writing N = cv(K,¢), let z1,...,2x € RP be the centers of a
covering of K by open balls of radii e. We let U; denote {t, ||y(t) — ;|| < e} C [0,1]. By
construction of the covering, there exists x(;) € {z1,...,xn} such that Hp —x| <e.
Then Uy > 7(0) = p is a non-empty open subset of [0, 1], so that #(;) = sup U(y) is positive.
If t(1y = 1, then Hq — x(l)H < ¢, and in particular ||g — p|| < 2e. If t(1) < 1, since U(y) is
an open subset of [0, 1], we see that y(¢(1)) ¢ U(;). But UN ,U; is an open cover of [0, 1],
which yields the existence Uy such that y(t(;)) € U(g), and for all t < t(y, v(t) & U
Then consider t() = sup U(y), and so on. Doing so, we build by induction a sequence
of numbers 0 < ;) < ... < ty) < 1 and distinct centers z(y),...,z4) € {z1,...,2Nn}

(k < N) such that Hp—x(l)H<e, <eforl<i<k

q— x(k)H < g, with H’y(t(z)) —Z()
and Hy(t(i)) — :c(iH)H <eforl <i<k—1. In particular,
1 <i<k—1. To conclude, write

TGy — I(H-l)H < 2 for all

Ilp =4l < lp =z + o = 20 | + [la = 200 |

k—1
<e+ Z Hx(i) — x(i+1)“ +¢€
=1

< 2ke < 2ecv(K,e).
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Since this bound holds for all p, ¢ € K, we get the announced bound on the diameter of
K. O

Proof of Proposition I11.14. Since X,, C Supp(p) with probability one, the Hausdorff
distance between X,, and Supp(p) writes

dp (Supp(p),X,) = sup  min d(z, Xj).
z€Supp(p) LSIST

For some § > 0 to be chosen later, consider a minimal d-covering x = {z1,...,z} of
Supp(p) (k = cv(Supp(p),d)). For all x € Supp(u), there exists some x; € x such that
d(z,z;) <. Hence,

min d(z, X;) <0+ max min d(z;, X;).
1<j<n (@, Xj) < 1<i<k 1<j<n (@i, X5)

As a consequence,

P (dp (Supp(p),X,) >r) <P (fglagxk T d(zi, Xj) >r — 6)

k
< ZIP’ ( min d(z;, X;) >r 6)

1<j<n

But whenever r — § < rg, for all 1 <i <k,

P (lrsnjignd(xi,Xj) >r— 5> = H P (d(x;, X;) > 1 —0)

= (1 = p(B(xi,r—9))"
< (1 —a(r — 5)b>n < exp (—na(r - 5)b> .
Therefore, Proposition I1I.11 yields for all § < 2rg such that r — § < rg,

P (dp (Supp(p), Xn) > 1) < cv(Supp(p),6) exp (—na(r - 4)")
b
b ex

p (—na(r - 5)b) .

< —
)

Setting 0 = r/2 yields the announced result. O

A.3 Constraints Given by the Reach

This section includes two intermediate results yielding Proposition II1.25. We let conv(-)
denote the closed convex hull of a set.

Lemma A.1. For all K C RP, dy (K, conv(K)) < %diam([().

Proof of Lemma A.1. 1t is a straightforward corollary of Jung’s Theorem 2.10.41 in [Fed69],
which states that K is contained in a (unique) closed ball with (minimal) radius at most

\/ ﬁdlam(f{) D

Lemma A.2. If K C R is not homotopy equivalent to a point, T < dp (K, conv(K)).

40



APPENDIX A. PROOFS FOR CHAPTER III

Proof of Lemma A.2. Let us prove the contrapositive. Assume that 75 > dy (K, conv(K)).
Then,

conv(K) C U B (z,dy (K, conv(K))) C U é(l‘,TK) C Med(K)°.
zeK reK

Therefore, the map 7x : conv(K) — K is well defined and continuous, so that K is a
retract of conv(K) (see Chapter 0 in [Hat02]). Therefore, K is homotopy equivalent to a
point, since the convex set conv(K) is. O
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Chapter IV

Stability and Minimax Optimality
of Tangential Delaunay Complexes
for Manifold Reconstruction

Abstract

We consider the problem of optimality in manifold reconstruction. A random sample
Xn = {X1,...,X,} C RP composed of points close to a d-dimensional submanifold M,
with or without outliers drawn in the ambient space, is observed. Based on the Tangential
Delaunay Complex [BG14], we construct an estimator M that is ambient isotopic and
Hausdorff-close to M with high probability. The estimator M is built from existing
algorithms. In a model with additive noise of small amplitude, we show that this estimator
is asymptotically minimax optimal for the Hausdorff distance over a class of submanifolds
satisfying a reach constraint. Therefore, even with no a priori information on the tangent
spaces of M, our estimator based on Tangential Delaunay Complexes is optimal. This
shows that the optimal rate of convergence can be achieved through existing algorithms. A
similar result is also derived in a model with outliers. A geometric interpolation result is
derived, showing that the Tangential Delaunay Complex is stable with respect to noise and
perturbations of the tangent spaces. In the process, a decluttering procedure and a tangent
space estimator both based on local principal component analysis (PCA) are studied.
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IV.1 Introduction

Throughout many fields of applied science, data in R” can naturally be modeled as lying
on a d-dimensional submanifold M. As M may carry a lot of information about the
studied phenomenon, it is then natural to consider the problem of either approximating M
geometrically, recovering it topologically, or both from a point sample X, = {X1,..., X, }.
It is of particular interest in high codimension (d < D) where it can be used as a
preliminary processing of the data for reducing its dimension, and then avoiding the curse
of dimensionality. This problem is usually referred to as manifold reconstruction in the
computational geometry community, and rather called set/support estimation or manifold
learning in the statistics literature.

The computational geometry community has now been active on manifold reconstruction
for many years, mainly in deterministic frameworks. In dimension 3, [Dey07] provides a
survey of the state of the art. In higher dimension, the employed methods rely on variants
of the ambient Delaunay triangulation [CDRO05, BG14]. The geometric and topological
guarantees are derived under the assumption that the point cloud — fixed and nonrandom

— densely samples M at scale ¢, with € small enough or going to 0.

In the statistics literature, most of the attention has been paid to approximation
guarantees, rather than topological ones. The approximation bounds are given in terms of
the sample size n, that is assumed to be large enough or going to infinity. To derive these
bounds, a broad variety of assumptions on M have been considered. For instance, if M
is a bounded convex set and X,, does not contain outliers, a natural idea is to consider
the convex hull M = conv(X,,) to be the estimator. conv(X,) provides optimal rates
of approximation for several loss functions [MT95, DW96]|. These rates depend crudely
on the regularity of the boundary of the convex set M. In addition, conv(X,,) is clearly
ambient isotopic to M so that it has both good geometric and topological properties.
Generalisations of the notion of convexity based on rolling ball-type assumptions such as
r-convexity and reach bounds [CRC04, GPPVW12a] yield rich classes of sets with good
geometric properties. In particular, the reach, as introduced by Federer [Fed59], appears
to be a key regularity and scale parameter [CCSL06, GPPVW12a, MMS16].

This chapter mainly follows up the two articles [BG14, GPPVW12a], both dealing with
the case of a d-dimensional submanifold M C R” with a reach regularity condition and
where the dimension d is known.

On one hand, [BG14] focuses on a deterministic analysis and proposes a provably
faithful reconstruction. The authors introduce a weighted Delaunay triangulation restricted
to tangent spaces, the so-called Tangential Delaunay Complex. This chapter gives a
reconstruction up to ambient isotopy with approximation bounds for the Hausdorff distance
along with computational complexity bounds. This work provides a simplicial complex
based on the input point cloud and tangent spaces. However, it lacks stability up to now,
in the sense that the assumptions used in the proofs of [BG14] do not resist ambient
perturbations. Indeed, it heavily relies on the knowledge of the tangent spaces at each
point and on the absence of noise.

On the other hand, [GPPVW12a| takes a statistical approach in a model possibly
corrupted by additive noise, or containing outlier points. The authors derive an estimator
that is proved to be minimax optimal for the Hausdorff distance di. Roughly speaking,
minimax optimality of the proposed estimator means that it performs best in the worst
possible case up to numerical constants, when the sample size n is large enough. Although
theoretically optimal, the proposed estimator appears to be intractable in practice. At last,
[MMS16] proposes a manifold estimator based on local linear patches that is tractable but
fails to achieve the optimal rates.
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Contribution

Our main contributions (Theorems IV.7, IV.8 and IV.9) make a two-way link between the
approaches of [BG14] and [GPPVW12a].

From a geometric perspective, Theorem IV.7 shows that the Tangential Delaunay
Complex of [BG14] can be combined with local PCA to provide a manifold estimator that
is optimal in the sense of [GPPVW12a]. This remains possible even if data is corrupted
with additive noise of small amplitude. Also, Theorems IV.8 and IV.9 show that, if outlier
points are present (clutter noise), the Tangential Delaunay Complex of [BG14] still yields
the optimal rates of [GPPVW12a], at the price of an additional decluttering procedure.

From a statistical point of view, our results show that the optimal rates described in
[GPPVW12a] can be achieved by a tractable estimator M that (1) is a simplicial complex
of which vertices are the data points, and (2) such that M is ambient isotopic to M with
high probability.

In the process, a stability result for the Tangential Delaunay Complex (Theorem IV.14)
is proved. Let us point out that this stability is derived using an interpolation result
(Theorem IV.11) which is interesting in its own right. Theorem IV.11 states that if a point
cloud X lies close to a submanifold M, and that estimated tangent spaces at each sample
point are given, then there is a submanifold M’ (ambient isotopic, and close to M for the
Hausdorff distance) that interpolates X, with 7,,M’ agreeing with the estimated tangent
spaces at each point p € X. Moreover, the construction can be done so that the reach
of M’ is bounded in terms of the reach of M, provided that X is sparse, points of X lie
close to M, and error on the estimated tangent spaces is small. Hence, Theorem IV.11
essentially allows to consider a noisy sample with estimated tangent spaces as an exact
sample with exact tangent spaces on a proxy submanifold. This approach can provide
stability for any algorithm that takes point cloud and tangent spaces as input, such as the
so-called cocone complex [CDRO5].

Outline

This chapter deals with the case where a sample X,, = {X1,...,X,} C RP of size n is
randomly drawn on/around M. First, the statistical framework is described (Section
IV.2.1) together with minimax optimality (Section IV.2.2). Then, the main results are
stated (Section IV.2.3).

Two models are studied, one where X,, is corrupted with additive noise, and one where
X, contains outliers. We build a simplicial complex MTDC(X,L) ambient isotopic to M and
we derive the rate of approximation for the Hausdorff distance dp (M, MTDC), with bounds
holding uniformly over a class of submanifolds satisfying a reach regularity condition. The
derived rate of convergence is minimax optimal if the amplitude ¢ of the additive noise
is small. With outliers, similar estimators MTch and MTDc+ are built. MTDC, ]\mecg and
NMrpcy are based on the Tangential Delaunay Complex (Section IV.3), that is first proved
to be stable (Section IV.4) via an interpolation result. A method to estimate tangent spaces
and to remove outliers based on local Principal Component Analysis (PCA) is proposed
(Section IV.5). We conclude with general remarks and possible extensions (Section IV.6).
For ease of exposition, all the proofs are placed in the appendix.

Notation

In what follows, we consider a compact d-dimensional submanifold without boundary
M C RP to be reconstructed. For all p € M, T,M designates the tangent space of M at
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p. Tangent spaces will either be considered vectorial or affine depending on the context.
The standard inner product in R” is denoted by (-, -) and the Euclidean distance ||-||. We
let B(p,r) denote the closed Euclidean ball of radius > 0 centered at p. We let A and
V denote respectively the minimum and the maximum of real numbers. As introduced
in [Fed59], the reach of M, denoted by 7), is the maximal offset radius for which the
projection my; onto M is well defined. Denoting by d(-, M) the distance to M, the medial
axis of M med(M) = {z € RP|3a # b € M,||x —a|| = ||z —b|| = d(z, M)} is the set of
points which have at least two nearest neighbors on M. Then, 7yy = piélz\f;[ d(p,med(M)). We

simply write 7 for w5, when there is no possibility of confusion. For any smooth function

® : RP — RP we let d,® and d?® denote the first and second order differentials of ®

at a € RP. For a linear map A, A? designates its transpose. Let [All,p = sup, ””A;I”'” and

|A|| = y/trace (A'A) denote respectively the operator norm induced by the Euclidean
norm and the Frobenius norm. The distance between two linear subspaces U,V C RP of
the same dimension is measured by the sine

Z(U,V) = max max 7@’ v) = |lru — mv||
’ wel veve ||ull |[v']| op
of their largest principal angle, as defined Section I11.4. The Hausdorff distance between
two compact subsets K, K’ of R is denoted by dy (K, K') = sup,epp |d(z, K) — d(x, K')|.
Finally, we let 2 denote the ambient isotopy relation in RP.
Throughout, C,, will denote a generic constant depending on the parameter «. For clarity’s
sake, ¢, and K, may also be used when several constants are involved.

IV.2 Minimax Risk and Main Results

IV.2.1 Statistical Model

Let us describe the general statistical setting we will use to define optimality for manifold
reconstruction. A statistical model D is a set of probability distributions on R?. In any
statistical experiment, D is fixed and known. We observe an independent and identically
distributed sample of size n (or i.i.d. n-sample) X,, = {X1,..., X,,} drawn according to
some unknown distribution P € D. If no noise is allowed, the problem is to recover the
support of P, that is, the smallest closed set C' C R” such that P(C) = 1. Let us give two
examples of such models D by describing those of interest in this paper.

Let szm be the set of all compact d-dimensional connected submanifolds M c R
without boundary satisfying 7a; > Tynin. The reach assumption is crucial to avoid arbitrarily
curved and pinched shapes [CRC04]. From a reconstruction point of view, 7., gives a
minimal feature size on M, and then a minimal scale for geometric information. Every
M e C?mm inherits a measure induced by the d-dimensional Hausdorff measure on R” > M.
We denote this induced measure by vys. Beyond the geometric restrictions induced by
the lower bound 7, on the reach, it also requires the natural measure vy; to behave
like a d-dimensional measure, up to uniform constants. Namely, vy satisfies the (a, d)-
standard property of Chapter III, at scale smaller than 7,,;,, and with a = a4. Denote
by Uni (frnin, fmae) the set of probability distributions @ having a density f with respect
to vps such that 0 < foin < f(2) < finae < o0 for all z € M. In particular, notice
that such distributions @ € Uns(fmin, fmaez) all have support M. Roughly speaking,
when Q € Uni(fimin, fmaz), points are drawn almost uniformly on M. This is to ensure
that the sample visits all the areas of M with high probability. The noise-free model
mem (fmin, fmaz) consists of the set of all these almost uniform measures on submanifolds
of dimension d having reach greater than a fixed value 7,3, > 0.
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Definition IV.1 (Noise-free model). In what follows, we write

P»,Q-mm(fminafmax) = U uM(fmin,fmaz)~
Meczmin
We do not explicitly impose a bound on the diameter of M. Actually, a bound is
implicitly present in the model according to Lemma I11.24. Let us state the bound here for
sake of completeness.

Lemma IV.2. There exists Cq > 0 such that for all Q € P2 . (fmin, fmaz) with associated

Tmin
M,
C
dlam(M) S d_lid = Kd,fminmiin'
Tmin fmm

Random variables with distribution belonging to the noise-free model mem (fmins fmaz)
lie exactly on the submanifold of interest M. A more realistic model should allow some
measurement error, as illustrated by Figure IV.1a. We formalize this idea with the following
additive noise model.

Definition IV.3 (Additive noise model). For o < Tpin, we let mem’g (fmins fmaz) denote
the set of distributions of random variables X =Y 4+ Z, where Y has distribution QQ €
2 (fmins fmaz), and || Z|| < o almost surely.

Tmin

Let us emphasize that we do not require Y and Z to be independent, nor Z to be
orthogonal to Ty M, as done for the “perpendicular” noise model of [NSW08, GPPVW12a].
This model is also slightly more general than the one considered in [MMS16]. Notice that
the noise-free model can be thought of as a particular instance of the additive noise model,
since ,szm (fminy fmax) = ,Pq%mm,U:O (fmi?’w fma;r)-

Eventually, we may include distributions contaminated with outliers uniformly drawn
in a ball By containing M, as illustrated in Figure IV.1b. Up to translation, we can
always assume that M > 0. To avoid boundary effects, By will be taken to contain
M amply, so that the outlier distribution surrounds M everywhere. Since M has at
most diameter Kgy, . - from Lemma IV.2 we arbitrarily fix By = B(0, Ko), where
Ko = Kqg .0 min T Tmin- Notice that the larger the radius of By, the easier to label the
outlier points since they should be very far away from each other.

Definition IV.4 (Model with outliers/Clutter noise model). For 0 < foin < fimaz < 00,
0 < B8 <1, and Tyin > 0, we define ’memﬁ (fmins fmaz) to be the set of mixture distributions

P=p3Q+ (1-p)Ug,,
where Q € P2

=i (fmin, fmaz) has support M such that 0 € M, and Up, is the uniform
distribution on By = B(0, Ky).

Alternatively, a random variable X with distribution P € memﬁ (fmin, fmaz) can
be represented as X = VX' + (1 — V)X” | where V € {0,1} is a Bernoulli random
variable with parameter 5, X’ has distribution in 7372.mm (fmin, fmaz) and X” has a uniform

distribution over By, and such that V, X', X" are independent. In particular for 8 = 1,

Pgmm,ﬁzl (fmzm fmam) = ,szm (fmm, fmax)-
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(a) Circle with noise:d =1, D =2, ¢ > 0. (b) Torus with outliers: d =2, D =3, 8 < 1.

Figure IV.1 — Point clouds X,, drawn from distributions in P2 (fmins fmaz) (left) and

Tmin,0
,szm,/g’ (fminv fmax) (I'ight),

IV.2.2 Minimax Risk

For a probability measure P € D, denote by Epn — or simply E — the expectation with
respect to the product measure P". The quantity we will be interested in is the minimax
risk associated to the model D. For n > 0,
R, (D) = inf sup Epn {dH (M, M)} ,

M PeD
where the infimum is taken over all the estimators M = M (X1,...,X,) computed over an n-
sample. R, (D) is the best risk that an estimator based on an n-sample can achieve uniformly
over the class D. It is clear from the definition that if D’ C D then R, (D’) < R, (D). It
follows the intuition that the broader the class of considered manifolds, the more difficult
it is to estimate them uniformly well. Studying R, (D) for a fixed n is a difficult task that
can rarely be carried out. We will focus on the semi-asymptotic behavior of this risk. As
R,,(D) cannot be surpassed, its rate of convergence to 0 as n — 0o may be seen as the best
rate of approximation that an estimator can achieve. We will say that two sequences (ay, ),
and (by,), are asymptotically comparable, denoted by a,, < by, if there exist ¢, C > 0 such
that for n large enough, c¢b, < a, < Cb,.

Definition IV.5. An estimator M is said to be (asymptotically) minimaz optimal over D
if

sup Epn |dpr (M, M )| = R(D).

PeD

In other words, M is (asymptotically) minimax optimal if it achieves, up to constants,
the best possible rate of convergence in the worst case.

Studying a minimax rate of convergence is twofold. On one hand, deriving an upper
bound on R, boils down to provide an estimator and to study its quality uniformly on D.
On the other hand, bounding R,, from below amounts to study the worst possible case
in D. This part is usually achieved with standard Bayesian techniques [LCT73]. For the
models considered in the present paper, the rates were given in [GPPVW12a, KZ15].

Theorem IV.6 (Theorem 3 of [KZ15]). We have,

(Noise-free)

logn>2/d
n )

Rn (P‘?'mm (fmin: fmaw)) = <
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and for 0 < 8 <1 fized,

logn)Q/d

Bn
Since the additive noise model P72'min70' (fmins fmaz) has not yet been considered in
the literature, the behavior of the associated minimax risk is not known. Beyond this
theoretical result, an interesting question is to know whether these minimax rates can be
achieved by a tractable algorithm. Indeed, that proposed in [GPPVW12a] especially rely
on a minimization problem over the class of submanifolds szm, which is computationally
costly. In addition, the proposed estimators are themselves submanifolds, which raises
storage problems. Moreover, no guarantee is given on the topology of the estimators.

Throughout the present paper, we will build estimators that address these issues.

(Clutter noise)

Ry (7)72'””‘7“,8 (fmm: fmam)) = <

IV.2.3 Main Results

Let us start with the additive noise model P2

Tmin,0

(fmins fmaz), that includes in particular
the noise-free case o = 0. The estimator Mrpc is based on the Tangential Delaunay Complex

(Section IV.3), with a tangent space estimation using a local PCA (Section IV.5).
Theorem IV.7. Mpe = MTDC(Xn) is a simplicial complex with vertices included in X,

. . . | 1/d
such that the following holds. There exists Ay f,... fmee > 0 such that if o < X (%)
With X < Ad frin, fnaz s tREN

. ~ logn 2/d 9 ~
hm ]P) d[—[(]\47 MTDC) S Cdf insf T V )\ and M = MTDC =1.
n—o0 sJmansJmaxs!min n

Moreover, for n large enough,

R 1 2/d
sup EQndH(lH, IMTDC) S Cél in s fraz s Tmi { ( Ogn) vV AQ .
sfmin, f yTmin
erqz—min,o-(fminyfmaz) n

It is interesting to note that the constants appearing in Theorem IV.7 do not depend
on the ambient dimension D. Since R, (’memg (fmin, fmax)) >R, (szm (fmin, fma;,;)),

we obtain immediately from Theorem IV.7 that MTDC achieves the minimax optimal rate
(log n/n)g/d over P? (fmins fmaz) Wwhen o < cqy, . ¢ (log n/n)2/d. Note that the esti-

Tmin O
mator of [MMS16] achieves the rate (log n/n)2/(d+2) when o < cq ¢, fnae (108 n/n)2/(d+2),
so does the estimator of [GPPVW12b] for o < Ty, if the noise is centered and perpendicu-
lar to the submanifold. As a consequence, Mrpe outperforms these two existing procedures
whenever o < (logn/ n)2/ (4+2) \ith the additional feature of exact topology recovery. Still,
for o > (log n/n)l/d, Mrpe may perform poorly compared to [GPPVW12b]. This might
be due to the fact that the vertices of MTDC are sample points themselves, while for higher
noise levels, a pre-process of the data based on local averaging could be more relevant.

In the model with outliers meim 3 (fmins fmaz), with the same procedure used to derive
Theorem IV.7 and an additional iterative preprocessing of the data based on local PCA to
remove outliers (Section IV.5), we design an estimator of M that achieves a rate as close
as wanted to the noise-free rate. Namely, for any positive § < 1/(d(d + 1)), we build Marpes
that satisfies the following similar statement.
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Theorem IV.8. NMpes = MTDC(S(Xn) is a simplicial complex with vertices included in X,
such that

logn
Bn

R 2/d—26 R
nli}rlgop <dH(M’ MTDC5) S Cd7fminafmawv7'min ( ) and M = MTDC5> =1

Moreover, for n large enough,

log n) 2/d—26

Sllp EPndH(M’ MTDC&) S Cé?fmin7fma177min ( ﬁn

Pepfmmﬁ(fmm,fmaz)
Mapes converges at the rate at least (logn/ n)2/ 4=20 which is not the minimax optimal rate
according to Theorem IV.6, but that can be set as close as desired to it. To our knowledge,
Mrpgs is the first explicit estimator to provably achieve such a rate in the presence of
outliers. Again, it is worth noting that the constants involved in Theorem IV.8 do not
depend on the ambient dimension . The construction and computation of Mrpgs is the
same as MTDC, with an extra pre-processing of the point cloud allowing to remove outliers.
This decluttering procedure leads to compute, at each sample point, at most log(1/d) local
PCA'’s, instead of a single one for Mrpe.
From a theoretical point of view, there exists a (random) number of iterations of this
decluttering process, from which an estimator MTD0+ can be built to satisfy the following.

Theorem IV.9. MTD(;+ = MTD(;+(X”) s a stmplicial complex of vertices contained in X,
such that

logn
Bn

. 2/d .
’I’L11—>HOIO]P (dH(M7 MTDC+) S Cd,fmin:fmaz;Tmin ( ) and M = MTDC“F) = 1

Moreover, for n large enough,

logn>2/d

Sup ]EP%dH(M, MTDC+) S Cfllvfminufmaxﬁmin < Bn

Pepzmin B (fminufmax)

MTD(;+ may be thought of as a limit of Mypes when & goes to 0. As it will be proved
in Section IV.5, this limit will be reached for § close enough to 0. Unfortunately this
convergence threshold is also random, hence unknown.

The statistical analysis of the reconstruction problem is postponed to Section IV.5.
Beforehand, let us describe the Tangential Delaunay Complex in a deterministic and
idealized framework where the tangent spaces are known and no outliers are present.

IV.3 Tangential Delaunay Complex

Let X be a finite subset of RP. In this section, we denote the point cloud X to emphasize
the fact that it is considered nonrandom. For ¢, > 0, X is said to be e-dense in M if
sup,ep d(z, X) < e, and d-sparse if d(p, X \ {p}) > d for all p € X. A (0,¢)-net (of M) is
a d-sparse and e-dense point cloud.
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IV.3.1 Restricted Weighted Delaunay Triangulations

We now assume that X C M. A weight assignment to X is a function w : X — [0, 00).
The weighted Voronoi diagram is defined to be the Voronoi diagram associated to the
weighted distance d(z, p*)? = ||z — p||* — w(p)?. Every p € X is associated to its weighted
Voronoi cell Vor®(p). For 7 C X, let

Vor¥ (1) = ﬂ Vor¥(p)

pPET

be the common face of the weighted Voronoi cells of the points of 7. The weighted Delaunay
triangulation Del®(X) is the dual triangulation to the decomposition given by the weighted
Voronoi diagram. In other words, for 7 C X, the simplex with vertices 7, also denoted by
T, satisfies

7 € Del”(X) & Vor¥(7) # 0.

Note that for a constant weight assignment w(p) = wp, Del”(X) is the usual Delaunay
triangulation of X. Under genericity assumptions on X and bounds on w, Del*(X) is an
embedded triangulation with vertex set X [BG14]. The reconstruction method proposed
in this paper is based on Del”(X) for some weights w to be chosen later. As it is a
triangulation of the whole convex hull of X and fails to recover the geometric structure of
M, we take restrictions of it in the following manner.

Given a family R = {Rp} . of subsets R, C RP indexed by &, the weighted Delaunay
complex restricted to R is the sub-complex of Del”(X) defined by

7 € Del*(X, R) & Vor(1) N (U Rp) £ 0.

pET

In particular, we define the Tangential Delaunay Complex Del” (X, T) by taking R =T =
{TpM} ¢ the family of tangent spaces taken at the points of X C M [BG14]. Del*(X,T)
is a pruned version of Del”(X’) where only the simplices with directions close to the tangent
spaces are kept. Indeed, T,,M being the best linear approximation of M at p, it is very
unlikely for a reconstruction of M to have components in directions normal to T,M (see
Figure IV.2). As pointed out in [BG14], computing Del” (X, T') only requires to compute
Delaunay triangulations in the tangent spaces that have dimension d. This reduces the
computational complexity dependency on the ambient dimension D > d. The weight
assignment w gives degrees of freedom for the reconstruction. The extra degree of freedom
w permits to stabilize the triangulation and to remove the so-called inconsistencies, the
points remaining fixed. For further details, see [BGO09, BG14].

IV.3.2 Guarantees

The following result sums up the reconstruction properties of the Tangential Delaunay
Complex that we will use. For more details about it, the reader is referred to [BG14].

Theorem IV.10 (Theorem 5.3 in [BG14]). There exists eq > 0 such that for all e < eqTmin
and all M € Cgmm, if X C M is an (e, 2¢)-net, there exists a weight assignment w, = wyx T
depending on X and T = {T,M} ., such that

- dpr (M, Del“* (X, T)) < Cae? /Tomin,

- M and Del“*(X,T) are ambient isotopic.
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Figure IV.2 — Construction of Del” (X, T) at p for w = 0: p has three incident edges in the
ambient Delaunay triangulation, but only two (bold) have dual Voronoi face
intersecting T, M .

Computing Del** (X, T') requires to determine the weight function w, = w,x 7. In
[BG14], a greedy algorithm is designed for this purpose and has a time complexity
O (Dn2 + D2O(d2)n).

Given an (g,2¢)-net X for ¢ small enough, Del“* (X, T) recovers M up to ambient
isotopy and approximates it at the scale €2. The order of magnitude £? with an input X
of scale ¢ is remarkable. Another instance of this phenomenon is present in [Cla06] in
codimension 1. We will show that this €2 provides the minimax rate of approximation
when dealing with random samples. Therefore, it can be thought of as optimal.

Theorem IV.10 suffers two major imperfections. First, it requires the knowledge of
the tangent spaces at each sample point — since wy = w,x 7 — and it is no longer usable
if tangent spaces are only known up to some error. Second, the points are assumed to
lie exactly on the submanifold M, and no noise is allowed. The analysis of Del** (X, T)
is sophisticated [BG14]. Rather than redo the whole study with milder assumptions, we
tackle this question with an approximation theory approach (Theorem IV.11). Instead of
studying if Del“* (X', T") is stable when X” lies close to M and T” close to T', we examine
what Del“* (X', T") actually reconstructs, as detailed in Section IV.4.

IV.3.3 On the Sparsity Assumption

In Theorem IV.10, X is assumed to be dense enough so that it covers all the areas
of M. It is also supposed to be sparse at the same scale as the density parameter .
Indeed, arbitrarily accumulated points would generate non-uniformity and instability for
Del**(X,T) [BGO09, BG14]. At this stage, we emphasize that the construction of a
(€,2¢e)-net can be carried out given an e-dense sample. Given an e-dense sample X', the
farthest point sampling algorithm prunes X and outputs an (g,2¢)-net ) C X of M as
follows. Initialize at Y = {p1} C &, and while I}lfleaﬁé( d(p,Y) > ¢, add to Y the farthest

point to Y in X, that is, J «+ YU {argmax d(p,Y)}. The output ) is e-sparse and satisfies
peEX
dp(X,Y) <e,soitis a (g,2¢)-net of M. Therefore, up to the multiplicative constant 2,

sparsifying X at scale € will not deteriorate its density property. Then, we can run the
farthest point sampling algorithm to preprocess the data, so that the obtained point cloud
is a net.
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IV.4 Stability Result

IV.4.1 Interpolation Theorem

As mentioned above, if the data do not lie exactly on M and if we do not have the exact
knowledge of the tangent spaces, Theorem IV.10 does not apply. To bypass this issue, we
interpolate the data with another submanifold M’ satisfying good properties, as stated in
the following result.

Theorem IV.11 (Interpolation). Let M € C2 . Let X = {p1,...,pq} C RP be a finite

point cloud and T = {Tl, e ,Tq} be a family of d-dimensional linear subspaces of RP. For
0 < 7/64 and 181N < § < Tinin, assume that

- X is d-sparse: min ||p; — p;| > 9,
i#]
- the p;’s are n-close to M : max d(p;, M) <n,
1<j<q

- max Z(Try )M, Tj) < sinf.

Then, there exist a universal constant co < 285 and a smooth submanifold M' C RP such
that

1. X C M, 4. du(M, M') <60 +n,

2. Tvr > (]- —Co (g + 9) Tnfgm) Tmin

3 Tp,M' = Tj for all1 < j <gq, 5. M and M’ are ambient isotopic.
Tpvi Af’
Dj
M/
Tr(py M ™(©;)

Figure IV.3 — An instance of the interpolating submanifold M’. Dashed lines correspond
to the image of vertical lines by the ambient diffeomorphism & defining
M' = ®(M).

Theorem IV.11 fits a submanifold M’ to noisy points and perturbed tangent spaces
with no change of topology and a controlled reach loss. We will use M’ as a proxy for M.
Indeed, if T1, ... ,Tq are estimated tangent spaces at the noisy base points pi, ..., pg, M’
has the virtue of being reconstructed by Del“s (X, T) from Theorem IV.10. Since M’ is
topologically and geometrically close to M, we conclude that M is reconstructed as well
by transitivity. In other words, Theorem IV.11 allows to consider a noisy sample with
estimated tangent spaces as an exact sample with exact tangent spaces. M’ is built pushing
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and rotating M towards the p;’s locally along the vector (p; — 7(p;)), as illustrated in
Figure IV.3. Since the construction is quite general and may be applied in various settings,
let us provide an outline of the construction.

Let ¢(z) = exp(ﬁ%)ﬂux”zd. ¢ is smooth and satisfies ¢(0) = 1, ||¢[|, < 1 and
dop = 0.

For j = 1,...,q, Proposition II1.29 asserts that there exists a rotation R; of RP
mapping Ty, ;)M onto T; that satisfies ||R; — Ipll,, < 2sin(f/2) < 6. For £ >0 to be
chosen later, and all @ € RP, let us define ® : R — RP by

o) =a+3 6 (T (B — 1o)a = x(0y)) + (5 — 7l
= 0@

® is designed to map w(p;) onto p; with dr(p;)® = R;. Roughly speaking, in balls of
radii £ around each 7(p;), ® shifts the points in the direction p; — 7(p;) and rotates it
around 7(p;). Off these balls, ® is the identity map. To guarantee smoothness, the shifting
and the rotation are modulated by the kernel ¢, as |la — 7(p;)|| increases. Notice that
daj = (Rj — Ip) and |[¢;(a)|| < €0 + 1 whenever ¢ (%f’)j)) # 0. Defining M’ = ®(M),
the facts that M’ fits to X and T and is Hausdorff-close to M follow by construction.
Moreover, Theorem 4.19 of [Fed59] (reproduced as Lemma B.1 in this paper) states that

the reach is stable with respect to C2-diffeomorphisms of the ambient space. The estimate
on 7y relies on the following lemma stating differentials estimates on ®.

Lemma IV.12. There exist universal constants C1 < 7/2 and Cy < 28 such that if
6n<€<03/3 and O <7/64, ®: RP — RP is a global C*®-diffeomorphism. In addition,
for all a in RP,

ol <. (4+7).

The ambient isotopy follows easily by considering the weighted version ®(a) =
a+t(®(a) —a) for 0 < ¢t < 1 and the same differential estimates. We then take the
maximum possible value £ = ¢/3 and M’ = ®(M).

n -1 1
d,®| <1 240), |d,® . —
” ”OP— +Cl<€+ ) ‘ op 1—01(%‘1‘0) ’

Remark IV.13. Changing slightly the construction of M', one can also build it such that
the curvature tensor at each p; corresponds to that of M at w(p;). For this purpose it
suffices to take a localizing function ¢ identically equal to 1 in a neighborhood of 0. This
additional condition would impact the universal constant co appearing in Theorem IV.11.

IV.4.2 Stability of the Tangential Delaunay Complex

Theorem IV.11 shows that even in the presence of noisy sample points at distance 7 from
M, and with the knowledge of the tangent spaces up to some angle 4, it is still possible to
apply Theorem IV.10 to some virtual submanifold M’. Denoting M = Del“* (X, T), since
di (M, M) < dg (M, M') +dg(M’', M) and since the ambient isotopy relation is transitive,
M = M' = M. We get the following result as a straightforward combination of Theorem
1V.10 and Theorem IV.11.

Theorem IV.14 (Stability of the Tangential Delaunay Complex). There exists €4 > 0
such that for all ¢ < eqTmin and all M € szm, the following holds. Let X C RP finite

point cloud and T = {Tp} cx be a family of d-dimensional linear subspaces of RP such
P
that
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- max d(p, M) <, - X is e-sparse,
peX
- max Z (T () M, Tp) < sin 0, - max d(z, X) < 2.

If 0 < ¢/(11407in) and n < €2/(114071), then,
- dpg (M, Del* (X, 7)) < C4e?/Timin,
- M and Del** (X, T) are ambient isotopic.

Indeed, applying the reconstruction algorithm of Theorem IV.10 even in the presence
of noise and uncertainty on the tangent spaces actually recovers the submanifold M’ built
in Theorem IV.11. M’ is isotopic to M and the quality of the approximation of M is at
most impacted by the term dgy (M, M') < €6 + 7. The lower bound on 7 is crucial, as
constants appearing in Theorem IV.10 are not bounded for arbitrarily small reach.

It is worth noting that no extra analysis of the Tangential Delaunay Complex was
needed to derive its stability. The argument is global, constructive, and may be applied
to other reconstruction methods taking tangent spaces as input. For instance, a stability
result similar to Theorem IV.14 could be derived readily for the so-called cocone complex
[CDRO5] using the interpolating submanifold of Theorem IV.11.

IV.5 Tangent Space Estimation and Decluttering Procedure

IV.5.1 Additive Noise Case

We now focus on the estimation of tangent spaces in the model with additive noise
P2 o (fmins fmaz). The proposed method is similar to that of [ACLZ17, MMS16]. A
point p € M being fixed, T,,M is the best local d-dimensional linear approximation of M
at p. Performing a Local Principal Component Analysis (PCA) in a neighborhood of p
is likely to recover the main directions spanned by M at p, and therefore yield a good
approximation of T, M. For j = 1,...,n and h > 0 to be chosen later, define the local
covariance matrix at X; by

$3(h) = - i : ; (Xi — )_(j) (Xi - Xj)t 1p(x;,n) (Xi),
i#j

where X'j = N% Doitj Xilp(x; n) (X;) is the barycenter of sample points contained in the
ball B(X;,h), and N; = |B(X;,h) NX,|. Let us emphasize the fact that the normalization
1/(n — 1) in the definition of 3; stands for technical convenience. In fact, any other
normalization would yield the same guarantees on tangent spaces since only the principal
directions of f]j play a role. Set ’f}(h) to be the linear space spanned by the d eigenvectors
associated with the d largest eigenvalues of 33;(h). Computing a basis of Tj(h) can be
performed naively using a singular value decomposition of the full matrix flj(h), although
fast PCA algorithms [SP07] may lessen the computational dependence on the ambient
dimension. We also denote by TSE(., h) the function that maps any vector of points to the
vector of their estimated tangent spaces, with

Tj(h) = TSE(Xp, h);.
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1/d
Proposition IV.15. Set h = (Cd,fmm,fmax fﬁrf) / Jor ca fin fmae large enough. Assume
that o/h < 1/4. Then for n large enough, for all Q € P? (fmins fmaz)s

Tmin,0

lrgjaﬁxné (TWM(XJ')M’ Tj(h)) S Cafoninsfma <7'min " h> 7

2

with probability larger than 1 — 4 (%) B

An important feature given by Proposition IV.15 is that the statistical error of our
tangent space estimation procedure does not depend on the ambient dimension D. The
intuition behind Proposition IV.15 is the following: if we assume that the true tangent
space T'x; M is spanned by the first d vectors of the canonical basis, we can decompose f]j

5(h) = (Ajéh) 8 ) + R,

where R comes from the curvature of the submanifold along with the additive noise,
and is of order N;(h)(h3/(Timin(n — 1)) + ho) < h¥*2(h/Tpmin + o /h), provided that h is
roughly smaller than (log(n)/(n — 1))/, On the other hand, for a bandwidth A of order
(log(n)/(n — 1))/4, A;(h) can be proved (Lemma B.14) to be close to its deterministic
counterpart

Aj(h) =E ((WTXjM(X) - ET(—TXjM<X)) (TrTXjM(X) - EWTXjM(X))t ﬂB(xj7h)(X)> :

where TTx, M denotes orthogonal projection onto T’ XJ.M and expectation is taken condition-

ally on X;. The bandwidth (log(n)/(n—1))/? may be thought of as the smallest radius that
allows enough sample points in balls to provide an accurate estimation of the covariance
matrices. Then, since f,;, > 0, Lemma B.13 shows that the minimum eigenvalue of A(h)
is of order h%*2. At last, an eigenvalue perturbation result (Proposition B.16) shows that
T;(h) must be close to Tx,M up to (h%3 /7, + h¥10) /(h9+2) ~ h/Tyin + o/h. The
complete derivation is provided in Section B.5.1.

Then, it is shown in Lemma B.11, based on the results of [CGLM15], that letting
€ = Cd,frinsfmas (WY Tmino /h) for cqy . ¢ large enough, entails X,, is e-dense in M

2/d
with probability larger than 1 — (%) / . Since X,, may not be sparse at the scale ¢, and

for the stability reasons described in Section IV.3, we sparsify it with the farthest point
sampling algorithm (Section IV.3.3) with scale parameter . Let Y,, denote the output of
the algorithm. If o < h/4, and cq ¢,,.. fa. 1S large enough, we have the following.

Corollary IV.16. With the above notation, for n large enough, with probability at least
2/d
1
1-5(3)7",

2

] )?%’fn d(X;, M) < 1148%} - Y, is e-sparse,
- LTy (x/ M, T5(h)) < goge— )
ggggil (T (x,)M, Tj(h)) < 22807min ’ max d(z,Y,) < 2e.

In other words, the previous result shows that Y,, satisfies the assumptions of Theorem
IV.14 with high probability. We may then define Mrpe to be the Tangential Delaunay
Complex computed on Y,, and the collection of estimated tangent spaces TSE(X,, h)y,,,
that is elements of TSE(X,,, h) corresponding to elements of Y,,, where A is the bandwidth
defined in Proposition IV.15.
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Definition IV.17. With the above notation, define NMrpe = Del“ (Y,, TSE(X,,, h)y,, ).

Combining Theorem IV.14 and Corollary IV.16, it is clear that MTDC satisfies Theorem
IvV.7.

IV.5.2 Clutter Noise Case

Let us now focus on the model with outliers szim 3 (fmins fmaz)- We address problem of
decluttering the sample X, that is, to remove outliers. We follow ideas from [GPPVW12a].
To distinguish whether X is an outlier or belongs to M, we notice again that points
drawn from M approximately lie on a low dimensional structure. On the other hand, the
neighborhood points of an outlier drawn far away from M should typically be distributed
in an isotropic way. Let ki, ko, h > 0, z € RP and T C RP a d-dimensional linear subspace.
The slab at x in the direction 7 is the set S(z, T, h) = {x}BBr (0, k1h)SBpL (0, kah?) C RP,
where @ denotes the Minkovski sum, and By, By. are the Euclidean balls in 7 and T+
respectively.

Figure IV.4 — Local PCA at an outlier point X; € X,,.

Following notation of Section IV.2.1, for P € Pg‘mm,ﬂ (fmins fmaz), let us write P =
BQ + (1 — B)Up,. For h small enough, by definition of the slabs, Ug, <S(:c, Tr@yM, h)) =
(k1h)%(keh?)P=4 < p2P=4_ Furthermore, Figure IV.5 indicates that for k1 and ko small
enough, Q (S(m,Tﬂ(x)M, h)) = Vol (S(a:,Tw(x)M, h) mM) = hd if d(z, M) < h%, and
Q (S(x,Tﬂ(x)M, h)) = 0 if d(z, M) > h2. Coming back to P = BQ + (1 — 8)Ug,, we
roughly get

P (S(x,TrM,h)) =< Bh* +(1—p)R*P~4 =< ht if d(x, M) < h?
P(S(@,TrpyM,h)) =< 0 +(1—=p)R*P~4 < p?P=d if d(z, M) > h?

as h goes to 0, for k1 and ko small enough. Since h?P~? < h?, the measure P (S(z, T, h))
of the slabs clearly is discriminatory for decluttering, provided that tangent spaces are
known.

Based on this intuition, we define the elementary step of our decluttering procedure as
the map SD;(., ., k), that sends a vector P = (p1,...,p,) C RP and a corresponding vector
of (estimated) tangent spaces Ty = (11, ...,T;) onto a subvector of X according to the
rule

pj € SD(X, Tw,h) & [S(p;,Tj, h) N X| > t(n—1)h?,
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where t is a threshold to be fixed. This procedure relies on counting how many sample
points lie in the slabs of direction the estimated tangent spaces (see Figure IV.5).

Figure IV.5 — The slab S (X 1 TJ7 h) is centered at X; and has size kih in the d directions
spanned by T], and size koh? in the D d directions normal to T

Since tangent spaces are unknown, the following result gives some insight on the relation
between the accuracy of the tangent space estimation and the decluttering performance
that can be reached.

Lemma IV.18. Let K > 0 be fized. There exist constants ki(K) and ko(Tmin, K) such
that for every h <1 and x in RY, S(x, T, h) C B(x,h/2). Moreover, for every h < hy A1
we have

h/V2 > d(z, M) > h%/Tmin

£ (Tapy M. T) < Kh /i @M, h),

TM\T

}:>S(:1:Th)CS'(:L‘T

m(z

where S"(x, Ty ( yM, h) is a larger slab with parameters ky(Tiin, K) and ky(Timin, K), and
satisfies S'(x, @M, h) N M = (0. In addition, there exists k3(Tmin, K) such that for all
T and y are in M

L(TyM,T) < Kh/Tmin

= € S(z, T, h).
o — gl < ksh } yeS@T.h)

Possible values for ki1 and ko are, respectively, o L and k3 can be

KV1
T, ko
taken as k1 N\ f”J:;K

The proof of Lemma IV.18, mentioned in [GPPVW12a], follows from elementary
geometry, combined with the definition of the reach and Proposition B.3.

Roughly, Lemma IV.18 states that the decluttering performance is of order the square
of the tangent space precision, hence will be closely related to the performance of the
tangent space estimation procedure TSE. Unfortunately, a direct application of TSE to the
corrupted sample X,, leads to slightly worse precision bounds, in terms of angle deviation.
Typically, the angle deviation would be of order n=1/(@*1) However, this precision is
enough to remove outliers points which are at distance at least n=2/(@+1) from M. Then
running our TSE on this refined sample SD;(X,,, TSE(X,,),n~ /(1)) leads to better angle
deviation rates, hence better decluttering performance, and so on.

Let us introduce an iterative decluttering procedure in a more formal way. We choose

the initial bandwidth ho = (Ca fyi foe e 57 )+ With 70 = 1/(d + 1), and define

1
) and 16(Tmin VEVI)

58



CHAPTER IV. SIMPLICIAL MANIFOLD RECONSTRUCTION

the first set X(-1) = X,, as the whole sample. We then proceed recursively, setting
gl

1 = (Cd,fmm,fmawmm Bl(onigﬁﬁ ", with 1 satisfying yee1 = (2% +1)/(d + 2). This

recursion formula is driven by the optimization of a trade-off between imprecision terms in

tangent space estimation, as may be seen from (B.19). An elementary calculation shows
that

el ce))
TRTd T dd+ 1y \d+2)
With this updated bandwidth we define
XD — s, (XH®) TSE(X®), Ay iq), hietr)-

In other words, at step & + 1 we use a smaller bandwidth h;y; in the tangent space
estimation procedure TSE. Then we use this better estimation of tangent spaces to run the
elementary decluttering step SD. The performance of this procedure is guaranteed by the
following proposition. With a slight abuse of notation, if X; is in X*) TSE(X(’I‘C)7 h); will
denote the corresponding tangent space of TSE(X(*¥) p).

Proposition IV.19. In the clutter noise model, fort, cq f, ... froemm 00d 1 large enough,

2/d
k1 and ko small enough, the following properties hold with probability larger than 1—7 (%) /
for all k > 0.

Initialization:
- For all X; € XUV such that d(X;, M) < ho/V/2,
Z(TSE(X(fl), ho)j, Tﬂ.(Xj)M) < Cd,fmin,fmazhO/Tmin'

- For every X; € MnXED, X; € X,
- For every X; € XUV if d(Xj, M) > b2 /Tmin, then X; ¢ X(O),

Iterations:
- For all X; € X®) such that d(X;, M) < h11/V/2,

- For every X; € M N X®), X; € XK+
- For every X; € X®, if d(X;, M) > hi/Tmin, then X; ¢ XU+,

This result is threefold. Not only can we distinguish data and outliers within a
decreasing sequence of offsets of radii h% /Tmin around M, but we can also ensure that no
point of M is removed during the process with high probability. Moreover, it also provides
a convergence rate for the estimated tangent spaces TSE(Xg, hgr1)-

Now fix a precision level 0. If k is larger than (log(1/§)—log(d(d+1))/(log(d+2)—log(2)),
then 1/d > v, > 1/d — 0. Let us define ks as the smallest integer satisfying v, > 1/d — 4,
and denote by Yg the output of the farthest point sampling algorithm applied to X*6) with
parameter € = g f,... fmas ks> fOT Ca 5,0 7, large enough. Define also 77 as the restriction
of TSE(X(s)_ hy,) to the elements of Y2 .

According to Proposition IV.19, the decluttering procedure removes no data point on
M with high probability. In other words, Xk N M = X, N M, and as a consequence,

1/d
max d(z,Xks))y < ¢cqy (%) / < hy,; with high probability (see Lemma B.11). As a
TEe

consequence, we obtain the following.

Corollary 1V.20. With the above notation, for n large enough, with probability larger
2/d
than1—8(%) / ,
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2

_y¢

- Xmg{(& d(X;, M) < 1565, 9 1s e-sparse,
- max /(T, M, T < somi— - 0) <
P (Tepr () ) < Bomn max d(z,Y;) < 2e.

We are now able to define the estimator Mrpgs.

Definition IV.21. With the above notation, define MTD05 = Del“* (YfL,T‘S) .

Combining Theorem IV.14 and Corollary 1V.20, it is clear that MTDC5 satisfies Theorem
IV.8.

. 1/d
Finally, we turn to the estimator Mrpcs. Set hoo = (cd, Fonim frmas %) , and let

Tmin ﬂ(n 1

k denote the smallest integer such that min{d(X;, M)|d(X;, M) > h% /Tmin} > b2 ~/ Tmin-

Since X,, is a (random) finite set, we can always find such a random integer k that prov1des
a sufficient number of iterations to obtain the asymptotic decluttering rate. For this
random iteration k, we can state the following result.

Proposition IV.22. Under the assumptions of Corollary 1V.20, for every X; € X(’%H),
we have

4(TSE(X(];+1) ’ hOO)]7 TW(X])M) S Cdvfmzn:fmaz hoo/Tmln

As before, taking Y, as the result of the farthest point sampling algorithm based on

XE+HD) | and T+ the vector of tangent spaces TSE(X X (k+1) ,hoo); such that X(kH) € Y, we
can construct our last estimator.

Definition IV.23. With the above notation, define Mpcy = Del®s (Y, T).

In turn, Proposition IV.22 implies that MTDc+ satisfies Theorem 1V.9.

IV.6 Conclusion

In this work, we gave results on expllclt manifold reconstruction with simplicial complexes.
We built estimators MTDC, MTDC5 and MTDC+ in two statistical models. We proved minimax
rates of convergence for the Hausdorff distance and consistency results for ambient isotopic
reconstruction. Since MTDC is minimax optimal in the additive noise model for o small,
and uses the Tangential Delaunay Complex of [BG14], the latter is proved to be optimal.
Moreover, rates of [GPPVW12a] are proved to be achievable with simplicial complexes
that are computable using existing algorithms. To prove the stability of the Tangential
Delaunay Complex, a generic interpolation result was derived. In the process, a tangent
space estimation procedure and a decluttering method both based on local PCA were
studied.

In the model with outliers, the proposed reconstruction method achieves a rate of
convergence that can be as close as desired to the minimax rate of convergence, depending
on the number of iterations of the decluttering procedure. Though this procedure seems to
be well adapted to our reconstuction scheme — which is based on tangent spaces estimation
— we believe that it could be of interest in the context of other applications. Also, further
investigation may be carried out to compare this decluttering procedure to existing ones
[BDWW15, Don95].

As briefly mentioned below Theorem IV.7, our approach is likely to be suboptimal
in cases where noise level ¢ is large. In such cases, with additional structure on the
noise such as centered and independent from the source, other statistical procedures such
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as deconvolution [GPPVW12a] could be adapted to provide vertices to the Tangential
Delaunay Complex. Tangential properties of deconvolution are still to be studied.

The effective construction of Mppes can be performed using existing algorithms.
Namely, Tangential Delaunay Complex, farthest point sampling, local PCA and point-to-
linear subspace distance computation for slab counting. A crude upper bound on the time
complexity of a naive step-by-step implementation is

O (nD [2°€") +10g(1/85)D(D +n)] ),

since the precision d requires no more than log (1/9) iterations of the decluttering procedure.
It is likely that better complexity bounds may be obtained using more refined algorithms,
such as fast PCA [SP07], that lessens the dependence on the ambient dimension D. An
interesting development would be to investigate a possible precision/complexity tradeoff,
as done in [ACV14] for community detection in graphs for instance.

Even though Theorem IV.11 is applied to submanifold estimation, we believe it may be
applied in various settings. Beyond its statement, the way that it is used is quite general.
When intermediate objects (here, tangent spaces) are used in a procedure, this kind of
proxy method can provide extensions of existing results to the case where these objects are
only approximated.

As local PCA is performed throughout the paper, the knowledge of the bandwidth h is
needed for actual implementation. In practice its choice is a difficult question and adaptive
selection of h remains to be considered.

In the process, we derived rates of convergence for tangent space estimation. The
optimality of the method will be the object of Chapter VI.
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B.1 Interpolation Theorem

This section is devoted to prove the interpolation results of Section IV.4.1. For sake of
completeness, let us state again Lemma II1.17, a stability result for the reach with respect
to C%-diffeomorphisms.

Lemma B.1 (Theorem 4.19 in [Fed59]). Let A C RP with 74 > Tyin > 0 and ® : RP —
RP is a C'-diffeomorphism such that ®,®~1, and d® are Lipschitz with Lipschitz constants
K,N and R respectively, then

1
Kr.i, + R)N?

min

Writing ¢(-) = ¢(-/¢), we recall that 1;(a) = (R; — Ip)(a — 7(p;)) + (pj — 7(p;)) and

To(A) = (

®(a) =a+)_ ¢¢(a—m(p)))via). (B.2)

=1
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Let us denote by = sup, ||d,®||, b2 = sup, ||d> ¢|l,p: and write Cy =1+ by, Ca = by + 2b1.
Straightforward computation yields C; < 7/2 and Cy < 28.

Proof of Lemma IV.12. First notice that the sum appearing in (B.2) consists of at most
one term. Indeed, since ¢ = 0 outside B(0, 1), if ¢ (a — 7(p;)) # 0 for some j € {1,...,q},
then |la — 7(p;)|| < ¢£. Consequently, for all i # j,

la —m(pi)ll = [lp; — pill = llpj — 7(py)ll = 7w (p;) — all = [ (pi) — pi
>6-—n—L—n
> 35— 20> 4,

where we used that 6n < ¢ < §/3. Therefore, ¢; (a — 7(p;)) = 0 for all i # j. In other
words, if a p; actually appears in ®(a) then the others do not.

Global diffeomorphism: As the sum in (B.2) is at most composed of one term, chain
rule yields

lda® — Ipllo, = max [lda [¢ (@ — 7(p;)) ¥5(a)]lp

1<j<
db¢
= max
1<j<q

_ariey) + ¢¢(a—7(p;)) (Rj — Ip)

op
S(M+U9+hg<L

where the last line follows from by <5/2,6n < {and 0 < 7/64. Therefore, d,® is invertible
for all a € RP, and (d,®) ' = 3.2, (Ip — d,®)". ® is a local diffeomorphism according to
the local inverse function theorem. Moreover, ||®(a)|| — oo as |ja]| = oo, so that ® is a
global C*°-diffeomorphism by Hadamard-Cacciopoli theorem [DMGZ94].

Differentials estimates: (i) First order: From the estimates above,

<1+an+)9+mﬁ

Hdaq)Hop — ||ID||op + ||d ¢ — ID”op — E

(ii) Inverse: Write for all a € RP,

[dae™ = |(da2)

fih) d,®)'
=0

1 1
< <
- 1- HID —da@Hop - 1- (b1 —i—l)@—bl%

op

where the first inequality holds since ||d,® — Ip||,, < 1, and [|-[|,, is sub-multiplicative.
(iii) Second order: Again, since the sum (B.2) includes at most one term,

= max ||d? — H
op 1<j§q‘ a[¢£ (a 7ij

2¢)0 ¢O
< s {15 ”Nwmn ””Nm—mn}

0
(b2 + 201) 7

<b2£2

Proof of Theorem IV.11. Set £ =§/3 and M' = ®(M).
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- Interpolation: For all j, p; = ®(m(p;)) € M’ by construction since ¢(0) = 1.

- Tangent spaces: Since dyéy|,_o =0, for all j € {1,...,q}, da®|,_ = R;. Thus,
Ty, M’ = To(n(p;) (M)
= da®l o) (Trir )
( woy M) =T

by definition of R;.

- Prozimity to M: The bound on dy(M,M') = dg(M,®(M)) follows from the
correspondence

[ (a) —all < ail%%ggj&gq@ (@ =7 (p) [¥s(a)l

<l0+n<60+1.

- Isotopy: Consider the continuous family of maps

q
Ppy(a) =a+t (Z ¢ (a — m(p;)) ﬂ’j(a)) 7

i=1

for 0 <t < 1. Since @y — Ip = t(® — Ip), the arguments above show that ® ) is
a global diffeomorphism of R? for all ¢ € [0,1]. Moreover @) = Ip, and ¢y = .
Thus, M = ®y(M) and M’ = ®;)(M) are ambient isotopic.

- Reach lower bound: The differentials estimates of order 1 and 2 of ® translate into
estimates on Lipschitz constants of ® ®~! and d®. Applying Lemma B.1 leads to

2 2

L eagee? (-G
T 1+C (140 e 1 noy 0y,
Jf;(ﬁ)+02<zg+g> 14+ Cr (3+6) +Ca (& +9) i

Now, replace £ by its value §/3, and write ¢; = 3C; < 21/2 < 11 and ¢z = 3205 < 252.
We derive

0
™™ > <1 —2c1 (Z + 0)) <1 —C <Z + 9) — C2 ((;72 + 5) Tmin) Tmin
n n 0
> (1 —3c1 (5 + 0) —C2 (52 + 5) Tmin) Tmin
0
> <1 — (361 + 02) <(;]2 + 5) Tmin> Tmin,

where for the last line we used that /7, < 1. The desired lower bound follows
taking cp = 3¢y + co < 285.

O
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B.2 Some Geometric Properties under Reach Regularity
Condition

B.2.1 Reach and Projection on the Submanifold

In this section we state intermediate results that connect the reach condition to orthogonal
projections onto the tangent spaces. Let us start by restating (I11.19) the precise way we
will us it.

Proposition B.3 (Theorem 4.18 in [Fed59]). For all x and y in M,

ly — =

—x) | <
Iy =) <

)

where (y — x)| denotes the projection of y — x onto T, M~*.

From Proposition B.3 we may deduce the following property about trace of Euclidean
balls on M.

Proposition B.4. Let x € RP be such that d(x, M) = A < h < Tmin and let y denote
7(x). Then,

B(y,r,;)ﬁMCB(x,h)ﬁMCB(y,r}T)ﬁM,

where T121 + A2 = h2; (,,4}7)2 — (1 __A )7“}217 and (’I“;L‘_)2 = (1 + A) ’/“}Ql.

Tmin Tmin

Proof of Proposition B.4. Let z be in M N B(x,h), and denote by ¢ the quantity ||z — y||.
We may write

lz—al? = 8+ A2+ 2(2 — g,y —a), (B5)

hence 62 < h? — A% — 2(z —y,y — ). Denote, for v in RP, by u, its projection onto
T,M*. Since (z —y,y — ) = {(2 — y) L,y — x), Proposition B.3 ensures that

A
62 <1 a Tmin) = T}QL'

Since A < h < Tpin/8, it comes 62 < (1 + 2772”)1",21. On the other hand, (B.5) and
Proposition B.3 also yield

|z — z||* < 62 (1+ A >+A2.

Tmin

Hence, if 62 < (1 - A ) T%L, we have

Tmin
|z — z||* <73 4+ A% = K2,
O]

Also, the following consequence of Proposition B.3 will be of particular use in the
decluttering procedure.

Proposition B.6. Let h and hi be bandwidths satisfying hz/Tmm < h < hy. Let x be
such that d(z, M) < h/v/2 and mp(z) = 0, and let z be such that ||z — z|| < h and
d(z, M) < h2 [Tmin. Then
6h2
2ol < —F,

min

where z| denotes the projection of z onto ToM* .
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Proof of Proposition B.6. Let y denote mps(z). A triangle inequality yields |y|| < [y —
z|| 4+ |z — 2| + |z < h2/Timin + (1 4+ 1/+/2)h < 3hy. Proposition B.3 ensures that [jy || <
1912/ (2imin) < (9h2)/(2rinin). Since |21 | < il + b3 /Tin, we have |21 ]| < 62 /7ymin
. O

At last, let us prove Lemma IV.18, that gives properties of intersections of ambient
slabs with M.

Proof. (Proof of Lemma IV.18) Set k; = m, ko = m, and k3 = k1 A
Tlmﬁi;fg A1l. For all h > 0, and z € S(x,T,h), triangle inequality yields ||z — z| <
lmr(z — z)|| + ||[7pL(z — 2)|| < (k1 + k2h)h. Since h < 1 and ki + ko < 1/2, we get
z € B(xz,h/2).

Now, suppose that h/v/2 > d(z, M) > h? /Ty and £ (Tﬂ(x)M, T) < Kh/Tmin. For
short we write Ty = T.(,) M. Let z € S(z,T,h), since h <1, it comes

71, (2 — 2)|| < |z — x| < (k1 + k2)h = kqh,
with k] = k1 + kz. On the other hand
lmg (2 = )|l < llmg7r(z = 2) || + |7gempe (2 = 2) | < (Kh/Timin) (kih) + koh?® = Kyh2,

with k5 = k1 K/Tpmin + ko2. Hence S(z,T,h) C S’(x,To,h), for the constants k] and kf
defined above. It remains to prove that S’(z, Ty, h)NM = ). To see this, let z € S’(x, Tp, h),
and y = m(z). Since k] + kb < 1/4, we have |ly — 2| < |ly — || + ||z — z|| < h(1/V2+1/4).
For the normal part, we may write

17z (2 = )l > gt (y = )| = Il (@ = 2)I| = A1/ Toim — k).

Since k% < 1/(8Tpmin), we have H?TTOL (z = )|l > llv — 2/?>/(27snin), hence Proposition B.3
ensures that z ¢ M.

At last, suppose that * € M and y € B(z,ksh) N M. Since k3 < ki, we have
lmr(y — x)|| < k1h. Next, we may write

77y — @)l < lwpemr, (y — @)l + l7pemgs (y — ).

Since y € M, Proposition B.3 entails [|771 (y — 2)| < lly — 2|12/ (27min) < k32 (2Tmin). Tt
comes

2 k?
(k:gK + 5’) < koh?.

Hence y € S(z, T, h). O

[ (y — )|l <

mwn

B.2.2 Reach and Exponential Map

In this section we state results that connect Euclidean and geodesic quantities under reach
regularity condition. See also Chapter III for further details. We start with a result linking
reach and principal curvatures.

Proposition B.7 (Proposition 6.1 in [NSWO08]). For all x € M, writing 11, for the second
fundamental form of M at x, for all unitary w € Ty M, we have ||II;(w,w)| < 1/Tmin.

For all x € M and v € T, M, let us denote by exp,(v) the exponential map at x of
direction v. According to the following proposition, this exponential map turns out to be a
diffeomorphism on balls of radius at most 7w7,,:,.
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Proposition B.8 (Corollary 1.4 in [AB06a]). The injectivity radius of M is at least TTpyin -

Denoting by das(-, ) the geodesic distance on M, we are in position to connect geodesic

and Euclidean distance. In what follows, we fix the constant a =1 + 4—\1/5.

Proposition B.9. For all x,y € M such that |z — y|| < Tmin/4,
o —yll <du(z,y) < afle -yl
Moreover, writing y = exp,(rv) for v € TyM with ||v|]| =1 and r < Tpin /4,
y=x+710+ R(r,v)

with |R(r,v)| < 52

2Tmin

Proof of Proposition B.9. The first statement is a direct consequence of Proposition 6.3 in
[NSWO08]. Let us define u(t) = exp,(tv) —exp,(0) —tv and w(t) = exp,(tv) forall 0 < ¢ < r.
It is clear that «(0) = 0 and u/(0) = 0. Moreover, ||u” (t)|| = HIIw(t) (w’(t),w’(t))H < 1/Tmin.-
Therefore, a Taylor expansion at order two gives | R(r,v)| = u(r) < 7?/(27min). Applying
the first statement of the proposition gives r < a||z — y||. O

The next proposition gives bounds on the volume form expressed in polar coordinates
in a neighborhood of points of M.

Proposition B.10. Let x € M be fized. Denote by J(r,v) the Jacobian of the volume

form expressed in polar coordinates around x, for r < ™in and v a unit vector in T, M. In

other words, if y = exp,(rv), d,V = J(r,v)drdv. Then

cdrd_l < J(r,v) < Cdrd_l,

where cq = 274 and Cy = 2%. As a consequence, if By (x,7) denotes the geodesic ball of
radius r centered at x, then, if r < Tmin,

célrd < Vol(Bu(z,7)) < Célrd,

with ¢; = ¢4Vy and Cl) = CqVy, where Vy denotes the volume of the unit d-dimensional
FEuclidean ball.
Proof of Proposition B.10. Denoting A, , = d, exp,, the Area Formula [Fed69, Section

3.2.5] asserts that J(r,v) = r471,/det (A’;WA,«,U). Note that from Proposition 6.1 in

[NSWO08] together with the Gauss equation [dC92, p. 130], the sectional curvatures in M
are bounded by |k| < 2/72. . Therefore, the Rauch theorem [DVW15, Lemma 5] states
that

in*

702 7“2
1= oo |l < [Arpw] < {14 —5— ] ],
Tmin Tmin

for all w € T, M. As a consequence,

2 \¢ 9 \d
24 < (1 — 3:2 > < 4/det (Afn’vAm) < <1 + 7'72,> <94

min man

Since Vol(Bu(z,7)) = [i_o Jyes, , J(s,v)dsdv, where S;_1 denotes the unit (d — 1)-
dimensional sphere, the bounds on the volume easily follows. ]
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B.3 Some Technical Properties of the Statistical Model

B.3.1 Covering and Mass

Lemma B.11. Let Qo € Uni(fmins fmaz)- Then for allp € M and r < Tpin /4,
Qo(B(p.1)) > aufmint”.

where ag > 0. As a consequence, for n large enough and for all QQ € P, Tmm o (fmins fmaz),

2/d
with probability larger that 1 — (ﬁ> ,

1 1/d
dH(M, Xn) < Cd,fmin ( Oin> + 0.

Similarly, for n large enough and for all P € 732mm 3 (fmins fmaz), with probability larger

that 1 — (E)Q/d,

logn 1/d
W)
Proof of Lemma B.11. The first statement is a direct corollary of Lemma II[.23. Let us
now prove the second statement. By definition, sample X; € X,,, that has distribution
QeP Tmm,g (fmins fmaz) can be written as X; = Y; + Z;, with Y; having distribution Qg €
P2 (fmins fmaz), and || Z;|| < o. From Lemma I11.23 again, writing Y,, = {Y1,...,Y,},

Tmin

for r < Tynin /8 we obtain

dH(M,Xn N M) < Cdyfmin (

44 a
PQq (d (M, Yn) > 1) < —Zexp (—nerd> '

1/d
The statement then follows using that dg(X,,Y,) < o, and setting r = Cy ¢, .. (bﬂ) /

n
with Cf =iy > 1+ 2/d.
To prove the last point, notice that for all £ = 0,...,n, conditionally on the event
{|X,, N M| =k}, X, N M has the distribution of a k-sample of Qy. Therefore,

Pp(dg(M, X, N M) >r| |X,NM|=k)=Pg, (da(M, X N M) > 1)

44 a 4
S W exp (—deT ) .
Hence,

n

Pp (dg(M,X, N M) > r) Z (dg(M,X,, N M) > 7| |X, N M| =k)Pp(|X,, N M| = k)

n

44
<Y e (gyr) (Z) g1 - Bt
k=0

- so-on ()]
< ;:iexp [—nﬂ (1 — exp (—;W))]

44 a g4
< o &XP [—nﬂder

)

Bn
yields the result. O

1/d
whenever 7 < Ty /8 and ar? < 24, Taking r = Cofoin (log") / with C’gf 2d+1 > 142/d
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Now we allow for some outliers. We consider a random variable X with distribution P,
that can be written as X = V(Y + Z) + (1 — V) X", with || Z|| < sh, s < 1/4, such that
P(V =1) = 8 and V is independent from (Y, Z,X"), Y has law Q in P2 (fimin, fmaz),
and X" has uniform distribution on B(0, Ky) (recall that Ky is defined below Lemma IV.2).
Note that s = 0 corresponds to the clutter noise case, whereas 8 = 1 corresponds to the
additive noise case.

For a fixed point z, let p (x, h) denote P (B (x,h)). We have P (VY € B (z,(1 —s)h)) <
P(VX € B(xz,h)) <P(VY € B(z,2h)). Hence we may write

Bq (x,3/4h) + (1 = B) ¢ (x,h) <p(x,h) < Bq(z,2h) + (1 = B) ¢ (x,h),

where ¢ (z,h) = Q (B (x,h)), and ¢ (z,h) = (h/Ko)”. Bounds on the quantities above are
to be found in the following lemma.

Lemma B.12. There exists hi (Tmin, B, fmins fmaz, @) < Tmin/V12d such that, if h < hy,
for every x such that d (x, M) < h, we have

- B(z,2h) "M C B(mp (z),4h) N M,

- q(,2h) < Cqfmazh®.
Moreover, if d(x, M) < h/\/2, we have

- B(mpr (z),h/8) N M C B(x,3h/4),

- Cdfminhd <q (l’, 3h/4);
Proof of Lemma B.12. Set hi (Tmin) = Tmin/ (16c¢), and let = be such that d (z, M) < h,
and h < hy. According to Proposition B.4, B (z,2h)NM C B (ﬂ'M (x) ,r;h) NM, with r;, =
V(14 2A /Tiin)ron < 2r9p < 4h. According to Proposition B.9, if y € B (mps (z),4h) N M,
then dys (7 (2),y) < 4ah < Tyin/4. Proposition B.10 then yields ¢ (z,2h) < Cyfmach®.

Now if d (z, M) < h/\/2, B (7TM () ,r?’_h/4) NM C B(x,3h/4)N M according to Propo-
sition B.4, with ry, , = V(1 = A/Tmin)r3n/a = 13p/4/2 > h/8. Since By (mar () ,h/8) C
B (mar (z), h/8)NM, a direct application of Proposition B.10 entails ¢gfninh® < q (x,3h/4).

Applying Proposition B.10 again, there exists ha (fmin, d, D, B, Tmin) such that if h <
hi A ha, then for any x such that d (x, M) < h/v/2 we have (1 — )¢ (z,h) < ﬂcd,fmmhd,

along with ¢ (v,2h) > q(z,3h/4) > cay,. h% We deduce that p(z,h) < 28q(z,2h).
Taking hy = h1 A hg A Tiin/ V' 12d leads to the result. O

B.3.2 Local Covariance Matrices

In this section we describe the shape of the local covariance matrices involved in tangent
space estimation. Without loss of generality, the analysis will be conducted for 21 (at sample
point X1), abbreviated as 3. We further assume that d(X1, M) < h/v/2, 73 (X1) = 0, and
that TyM is spanned by the d first vectors of the canonical basis of RP.

The two models (additive noise and clutter noise) will be treated jointly, by considering
a random variable X of the form

X=V¥ +2)+(1-V)X"

where P(V = 1) = § and V is independent from (Y,Z, X"”), Y has distribution in
P2 (fmins fmaz)s ||Z]] < o, and X” has uniform law on B(0, Ky) (recall that Ky

Tmin,0
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is defined above Definition IV.4). For short we denote by s the quantity o/h, and recall
that we take s < 1/4, along with h < h; (defined in Lemma B.12).

Let U(X;, h), i =2,...,n,denote 1z(x, »)(X;), let Y; € M and Z; such that X; = Y;+7;,
with || Z;]| < sh, and let V5, ...V, denote random variables such that V; = 1 if X is drawn
from the signal distribution (see page 47). It is immediate that the (U(Xj, h),V;)’s are
independent and identically distributed, with distribution (U(X,h), V).

With a slight abuse of notation, we will denote by P and E conditional probability and
expectation with respect to X;. The following expectations will be of particular interest.

m(h) = E(XU(X,hV)/E(VU(X,h)),
S(h) = EX —m(h))7T(X —m(h)7U(X,h)V,
where for any z in RP 21 and x| denote respectively the projection of z onto TyM and
ToM~*.
The following lemma gives useful results on both m(h) and ¥(h), provided that X is
close enough to M.

Lemma B.13. Ifd(X;,M) < h/\/§, for h < hy, then

£(h) = (Agh) ’ ) ,

with
/"Lmln(A(h)) 2 Bcd7fminyfmazh’d+2'
Furthermore,
[mr(h)|| < 2h,
2h?
[m ()] < + sh.
Tmin

Proof of Lemma B.13. Let © = y + z be in B(X1,h), with y € M and ||z|| < sh. Since
s < 1/4, |ly|| < 2h. According to Proposition B.4 combined with Proposition B.9, we may
write, for h < hy and y in B(X1,2h) N M,

y=rv+ R(r,v),
in local polar coordinates. Moreover, if y € B(X1, (1 — s)h), then z € B(X;,h). Then,
according to Proposition B.4, we have B(my(X1), r?)_h/4) NM C B(Xy,(1—s)h)N M.

Let u be a unit vector in ToM. Then (u, 2 — mT(h))* = (u,rv + R(r,v) + z — mr(h))* >
(u, v —mT(h))? /2= 3(R(r,v)+2)2 > (u,rv — m7(h))? /2—6r* (472, ) — 652h? according
to Proposition B.9. Hence we may write

(Au,u) = ﬁ/ (u,m7v 4+ R(r,v) — m-r(h)>2 J(r,v) f(r,v)drdv
B(X1,h)NM

> B fminca / o /S o [, rv = mr(R))? /2 = 3/ (272,,) — 65%h?| drdv,

according to Proposition B.10 (bound on J(r,v)) and Proposition B.4 (the geodesic ball
B (ma (X7), T;h/4) is included in the Euclidean ball B(WM(Xl),TS_hM) C B(X1,(1—s)h)N
M). Then

2

/3h/4/ (u, 70 — drdv > / 3h/4/ (u rv) L CLCO RN
T Sd 1 2 T Sd 1

— d+2
Od—1 [T3n/a O-d—l(rish 4)
rAtL g — /

24 J—o 2d(d +2)
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where 041 denotes the surface of the d — 1-dimensional unit sphere. On the other hand,

_ — 2
h drdv = oq_ +2 .
/T:O /34_1 972 + 6s°h°r rdv =oq 1(T3h/4) T + 7

min

Since rgh/4 < h < hy < Tiin/V12d, we conclude that

<Auau> > ﬁcdfmin('r';h/4)d+2 > 5Cdfminhd+2a

since, for d(X1, M) < h/v/2 and h < hy, T3h/a 2 73p/4/2 > h/8, according to Proposition
B.4.

Now, since for any * = y + z € B(Xi,h), y € M N B(0,2h) and ||z| < sh, we
have |ly1|| < 2h2/Tmin, according to Proposition B.3. Jensen’s inequality yields that
Im(h) L || < 2h2/Tmin + sh and |m(h)7|| < ||m(R)|| < 2h. 0

The following Lemma B.14 is devoted to quantify the deviations of empirical quantities
such as local covariance matrices, means and number of points within balls from their
deterministic counterparts. To this aim we define Ny(h) and Ni(h) as the number of points
drawn from respectively noise and signal in B(X1, k) N M, namely

No(h) =Y U(X;, h)(1 - V),
1>2

Ni(h) =Y _U(X;, h)V;.
i>2

)1/(d+1)

Lemma B.14. Recall that ho = ( pan (as defined page 58), and hoo = hi' ™/,

FB(n=1)
for k to be fixed later.
If ho < hy and d(X1, M) < hy /\/2, then, with probability larger than 1 — 4 (l

)2/d+1
the following inequalities hold, for all h < hyg.

)

No(h) < 2(1 _ B)q/(h) + 10(2+2/d)10gn7

; 2Bq(2h) + 10(2+2/4d) logn'

n—1

Moreover, for all (heo V /2d(X1, M)) < h < hg, and n large enough,

1 fmax
— g;(Xi —m(h))T(X; — m(h)5U (X, h)V; — £(h) ) < Cap ™= Ba(2)h?,
1 fmax
— ; (Xi —m(h)TU (X, h)V; ) < Cag 2 a(2)h

Proof of Lemma B.1j. The first two inequalities are straightforward applications of Theo-
rem 5.1 in [BBLO5]. The proofs of the two last results are detailed below. They are based
on Talagrand-Bousquet’s inequality (see, e.g., Theorem 2.3 in [Bou02]) combined with the
so-called peeling device.

Define h_ = (hoo V v/2d(X1, M)), where we recall that in this analysis X7 is fixed, and
let frj denote the function

Jra(@,0) = (T, (@ = m(W)7 (@ — m(h) Uz, ko),
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for h. < h < ho, T a d x d matrix such that |T||z = 1, z in R”, v in {0,1}, and
(T, B) = trace(T"A), for any square matrices T and A. Now we define the weighted
empirical process

Jrn(Xi, Vi) = Efra(X, V)
Z =su : : ,
w2 ()

with r(h) = Bq(2h)h?, along with the constrained empirical processes
Z(u) = sup Y fru(Xi, Vi) = Efrp(X, V),

h<u 59

for ho < wu < hg. Since || frnlloo < supzenllz — m(h)||*U(x, h) < 4h?, and

Var(frp(X, V) <E (X —m(R)|PU(X,h)V) < 168h*P(VX € B(Xy, h)
< 166R'P(VY € B(X1,2h),

for s < 1/4, a direct application of Theorem 2.3 in [Bou02] yields, with probability larger
than 1 —e™7,
328q(2u)utz  20u’x

Z(u) < 3EZ(u) +

n—1 3(n—1)
To get a bound on EZ(u), we introduce some independent Rademacher random variables
02,...,0n, ie. Plo;j = 1) = P(o; = —1) = 1/2. With a slight abuse of notation,

expectations with respect to the (X;, V;)’s and o;’s, i = 2,...,n, will be denoted by Exy,)
and E, in what follows. According to the symmetrization principle (see, e.g., Lemma 11.4
in [BLM13]), we have

(n — 1)EZ(u) < 2E(x 1)Eo, hsupTZ <T, o ViU (X ) (Xi — m(h)T(X; — m(h))tT)>
<uT 59

< QE(XJ/)EU hS<UupTZ 0 <‘/1U(Xz> h)Xztha T>
<u,Ti>3

+ 2B (x 1) B sup > o3 (ViU (Xi, ) Xim(h)!, T)
h<u,T i>2

+2Ex \Es sup > o <ViU(XZ-,h)m(h)Xf,T>

+ 2By By sup 3oy (ViU (X, hym(Rym(R)', T)
Suli>9

= 2E(X,V) (El + Ey + E3 + E4)

For a fixed sequence (X;,V;), i = 2,...,n, we may write
Ey <EBosup | Y oViU(Xs, W)X X[|| —Eo |Y_0iViU(Xs, h) XX}
h<u \ |13>2 F i>2 F
+ sup E,, Z o ViU (X, h)Xin
h<u i>2
= F

Jensen’s inequality ensures that

2

Eqip <sup  |E,

> oiViU (X4, h) X X!
h<u

i>2

F
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hence
Ex,v)Ei2 < 4u?\/B(n — 1)q(2u).

For the term Ejq, note that, when (X, V;)i=2, ., is fixed,

sup ( )
h<u
- F

is in fact a supremum of at most Nj(u) processes. According to the bounded difference
inequality (see, e.g., Theorem 6.2 of [BLM13]), each of these processes is subGaussian
with variance bounded by 16h*Nj(u) (see Theorem 2.1 of [BLM13]). Hence a maximal
inequality for subGaussian random variables (see Section 2.5, p.31, of [BLM13]) ensures
that

> oiViU(Xi, h) XX}
i>2

—E,
].'

> oiViU(Xi, h) XX}
i>2

By < 4h%/2N: (u) log(Ni (u)) < 4h%\/2N1 (u) log(n — 1).

Hence E(x vy E11 < 4h%\/23(n — 1)q(2u) log(n — 1). Eo may also be decomposed as

FEy = E, sup
h<u

(Z o ViU (X5, h)XZ-> m(h)"
i>2

f

< 2ulE, sup
h<u

> oiViU(X4,h) X,
1>2

< 2ux E;sup
h<u

= 2u(E9; + Eg).

> oiViU(Xi, h)Xi|| — Eo > 0iViU (X4, h)

Y

i>2 i>2
+ supEq || > 0iV;U(X;, h) X, }
hsuli>2

Jensen’s inequality yields that FEgs < 2uy/Nj(u), and the same argument as for Ej;
(expectation of a supremum of n — 1 subGaussian processes with variance bounded by
4u® Ny (u)) gives Eao < 2u\/2N7p(u)log(n — 1). Hence

Eqxv) B2 < 4u?y/B(n — 1)q(2u) <\/2 log(n — 1) + 1) :

Similarly, we may write

E(x.v)Bs < 4u?y/B(n — 1glu <\/210gn—1)—|—1>.

At last, we may decompose E, as

Ey < Eodu®sup | > V;U (X, h)
hsuli>2
< 4u® |Egsup | Y V;U(Xi, h)| — Eo > ViU(Xi,h)| | +supEo | > V;U(Xy, h)
h<u \ ;>2 i>2 h<u i>2

< 4u2\/N1(u) (\/2log(n -1)+ 1) ,
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using the same argument. Combining all these terms leads to

EZ(u) < 32\/7 'f(i(zlu) ( 2log(n — 1) —|—1>,

hence we get

P (Z(u) 192v/2u?/Bq(2u) log(n — 1) (1 N 1 x ) N 20u2a:) <e®

vn—1 48\/ log(n — 1) n—1

To derive a bound on the weighted process Z, we make use of the so-called peeling device
(see, e.g., Section 13.7, p.387, of [BLM13]). Set p = [log(ho/hso)] < 1+1og(ho/hso), so that
e Phy < h_. According to Lemma B.12, if I; denotes the slice [e =7 hg, e~V ho] N [h_, hol,
then, for every h in I, we have

T(h) > T’(hJ 1) cq
where ¢y depends only on the dimension, provided that hg < hy. Now we may write

. (Z - 192 frn00V/2 (1 1 Ja+ log(p)) 4 20 mas( +log(p)) )
n—1) )

~ fmincay/Ba(2h-)( 8y n-1 (n = 1)Bcd fming(2h-

Yo frn(Xi, Vi) = Efrp(X, V)
éZPQ%L a0

192 frnaz V2 1+ 1 jz+ log(p) n 20 frnaz(z + log(p))
o fmmcd\/BQ(2h—)(n - 1) 48 n—1 (n - 1)fmincd5Q(2h—)

: 1%Jﬂ]) 1 [o+log(p) | 20r(hy 1)z + log(»))
g ( ! <1+48 )+ ! )

him1) 2 = B ) D n—1 (n —1)Bq(2h-)

Since ¢(2hj—1) > q(2h_), we deduce that

~ fminca/Ba(2h-)( 48 n—1 (n — 1)cqfminBq(2h—

< pe—(a+log(p)) _ o2

p (Z - 192fmax\/§n — (1 N 1 Jz+ log(p)) N 20 finaz (z + log(p)) ))

Now, according to Lemma B.12, 5q(2h_) > c4xlogn/(n — 1). On the other hand, p <
1 4 log(ho/heo) < log(B(n —1)/k)/d < logn/d, for k > 1. For n large enough, taking
x = (14 2/d)logn in the previous inequality, we get

Plzzate )< ()7

The last concentration inequality of Lemma B.14 may be derived the same way, considering
the functions

grp(,v) = ((z —m(h))U(z, h)v,T),
where T is an element of R? satisfying ||7]| < 1. O
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B.3.3 Decluttering Rate

In this section we prove that, if the angle between tangent spaces is of order h, then we
can distinguish between outliers and signal at order h?. We recall that the slab S(z, T h)
is the set of points y such that ||77(y — )| < ki1h and ||7pL (y — 2)|| < koh?, k1 and ko
defined in Lemma IV.18, and where 7y denotes the orthogonal projection onto T

)1/(d+1)

Lemma B.15. Recall that hy = (/iﬂl(?ﬁ"l) , and heo = h(()dﬂ)/d. Let K be fized, and

k1, ko defined accordingly from Lemma IV.18. If hy < hy, for k large enough (depending
on d, Tmin and fmin) and n large enough, there exists a threshold t such that, for all

2/d+1
hoo < h < hg, we have, with probability larger than 1 — 3 (%) ,
XieM
(T, Tx,M) < Kh/Tmin
d(X1, M) > h?/Tmin
/ (T, Ty XI)M) < Kh/Tmin
d(X1,M) > h/\?2 = |S(X1,T,h)N{Xa,..., X, }| < t(n—1)r%

} = |S(X17Tah)m{X237XTL}| Zt(n_l)hda

} = |S(X1,T,h)ﬂ{X2,...,Xn}|<t(n71)hd,

Proof of Lemma B.15. Suppose that d(Xi, M) > h/v/2. Then, according to Lemma
IV.18, S(X1,T,h) C B(X1,h/2), with B(X1,h/2) " M = (), hence P,(S(X1,T,h)) <
P,(B(X1,h/2)). Theorem 5.1 in [BBLO5] yields that, for all hoo < h < hg, with probability

2/d+1
larger than 1 — (%) / ,
2/d + 1) log(8n)

Pa(B(X1,h/2)) < 2P(B(X1, hy2)) + L + ) o),

Since log(n)/(n — 1) < h?/k, we may write

4(2/d+1)log(8n)

P,(S(X1,T,h)) <2Q'(B(X1,h/2)) +

n—1
WP 4(2/d+ 1)log(8n)
< —
<2(1 B)(QKO)D+ —
4(2/d+1)log(8n
S (]- - ﬂ)Cd,D,Tminvfminhd-i_l + ( / n _)1 g( )
C

for n large enough so that h < 1.

If h/vV2 > d(Xy1,M) > h?/7Tmn and Z(Tﬂ(XI)M,T> < Kh/Tmin, then Lemma
IV.18 provides a big slab S'(z, Ty )M, h) so that S(x,T,h) C S'(x, Ty M,h) and
S'(x, Tr@yM,h) "M = (. Thus, P,(S(x,T,h)) < P(S" (2, TrzyM,h)). An other ap-
plication of Theorem 5.1 in [BBLO05] yields that, for all hs, < h < hg, with probability

2/d+1
larger than 1 — (%) /

I

2/d + 1)log(8n)

4
Pn(S’(x,Tw(x)M, h)) < 2P(S’(x,Tw(z)M, h)) + ( —

)
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hence, denoting by w, the volume of the r-dimensional unit ball, we get
4(2/d+1)log(8n)
n—1

(ki (rg2)P = 2L

Po(S(X1,T,h)) <2Q'(B(X1,h/2)) +

< 2(1 — B)wiwp—d

2/d + 1) log(8n)

- K(?w[) n—1
4(2/d+1)log(8n
S (1 - ﬁ)cd,Dyfmianminhd—’_l + ( / n —)1 g( )
C
< he ((1 — B)Cd,D,Tmin7fminh + ,:B) ’

when n is large enough.

Now, if X1 € M and £ (Ty(x,) M, T) < Kh/Tipin, Lemma IV.18 entails that B(X1, ksh)N
M C S(X1,T,h), hence P,(S(X1,T,h)) > P,(B(X1,ksh) N M). A last application of The-
orem 5.1 in [BBLO5] yields that, for all hoe < h < hg, with probability larger than

L (%)Q/d-i-l,

P (B(X1,ksh)n M) > 2/d + 1) log(8n)

P(B(X1, ksh)) — 2 .

n—1

N

Thus we deduce that

2(2/d+ 1)log(8n)
n—1

hd
alksh) — Car-

P, (S(X41,T,h)) >

N | @

Q(B(X1, k’3h)) -
> hd (ﬁcd,fmmﬂ'mm o Cdi) ’

according to Lemma B.12 (since k3 < 1). Choosing x large enough (depending on d, T
and fi,in) and then n large enough leads to the result. O

B.4 Matrix Decomposition and Principal Angles

In this section we expose a standard matrix perturbation result, adapted to our framework.
For real symmetric matrices, we let u;(-) denote their i-th largest eigenvalue and fiyn (-)
the smallest one.

Theorem B.16 (Sin 6 theorem [DKT70], this version from Lemma 19 in [ACLZ17]). Let
O e RP*P B e R4 pe positive semi-definite symmetric matrices such that

o= (4}5) e

Let Ty (resp. T) be the vector space spanned by the first d vectors of the canonical basis
(resp. by the first d eigenvectors of O). Then

V2 Ellop

“ (T()’T) S Mmzn(B)

B.5 Local PCA for Tangent Space Estimation and Declut-

tering

This section is dedicated to the proofs of Section IV.5. We begin with the case of additive
noise (and no outliers), that is Proposition IV.15.
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B.5.1 Proof of Proposition IV.15

Without loss of generality, the local PCA analysis will be conducted at base point X7, the
results on the whole sample then follow from a standard union bound. For convenience, we
assume that 7y7(X1) = 0 and that ToM is spanned by the d first vectors of the canonical
basis of RP. We recall that X; = Y; + Z;, with Y; € M and ||Z;|| < sh, for s < 1/4. In
particular, || X1|| < || Z1|| < sh < h/4.

We adopt the following notation for the local covariance matrix based on the whole
sample X,.

?(h> = ﬁ ijz(Xj - X(h))(Xj - X(h))tU(Xi; h);
X(h) = ﬁ >oisa XiU (X4, h),
N(h) = 2122 U(Xi7 h)-

Note that the tangent space estimator TSE(X,,, h); is the space spanned by the first d

eigenvectors of fl(h) From now on we suppose that all the inequalities of Lemma B.14 are
2/d+1
satisfied, defining then a global event of probability larger than 1 — 4 (% / .

We consider h = hg < hy, so that Lemma B.12 and B.13 hold. We may then decompose
the local covariance matrix as follows.

. 1 N(h)

B(h) = —— >_(Xs =m(h))(X; = m(h)U(Xs, h) = ———=(X (h) = m(R))(X (h) — m(h))"
i>2

The first term may be written as

£1= - L -3 (X = m(h)(X; = m(k) U (X;, )
i>2
= LS K= ) (X mO)EU () +
i>2

= Z(h) + Rl + R2>

_ (A(h) 0O
= (40 9).
According to Lemma B.13 (with 8 = 1), fimin(A(h)) > cifminh® 2. On the other hand,
using Proposition B.3 and Lemma B.13 we may write

where

(n=D[R1lz/N(h) <2 sup  |[[(y+2z—m(h)7|l[(y + 2z —m(h))L]
y+zeB(X1,h)

+  sup [y +z—m(h) Ll
y+z€B(X1,h)

<2 sup |[[(y+z—m)| Iy —mh)L|+ sh)
y+zeB(X1,h)

+  sup (v —m(h) L]l + sh)?
yE€B(0,2h)NM

4h? 4h? ?
§8h< h —|—25h> + ( h +2sh>
Tmin Tmin

34h3

Tmin

< + 2Osh2,
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since h < hy and s < 1/4. In addition, we can write

(Ry 0

with ||Ra||r < C'd%q(%)h2 according to Lemma B.14 (with g = 1).

In turn, the term 3o may be decomposed as

& (R4 O
ZQ—(O O)—I—Rg,

with

2CdQ(2h> h2 fmaz
< ;

according to Lemma B.14. A similar bound on R3 may be derived,

18517 < D (h) — () (X (R) — ()
4h

<
—n—1

> (Yi+ Zi —m(h)) LU(X;, h)
i>2
_ 8hN(h) (2h*/Timin + sh)
- n—1
N(h)h? [ 16h
< ﬁ ( + 88) N

Tmin

logn
n—1

1/d
according to Proposition B.3 and Lemma B.13. If we choose h = (/ﬁ‘/ ) / , for k large

enough (depending on d, fiin and fiuae), we have

| R2 + Ryl 7
:“min(A(h))

Now, provided that x > 1, according to Lemma B.14, we may write

<1/4.

B + Rsll 7
S K mazx, minyd (h/Tmzn + S) )
Hmin(A(R)) = et

which, for n large enough, leads to
L(ToM, Tx, M) < V2K 1, frinsd (W Tonin + 5,

according to Proposition B.16.
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B.5.2 Proof of Proposition IV.19

The proof of Proposition IV.19 follows the same path as the derivation of Proposition IV.15,
with some technical difficulties due to the outliers (5 < 1). We emphasize that in this
framework, there is no additive noise (o = 0). As in the previous section, the analysis will
be conducted for X; € X*) | for some fixed k > —1, k = —1 referring to the initialization
step. Results on the whole sample then follow from a standard union bound. As before, we
assume that 7y, (X7) = 0 and that ToM is spanned by the d first vectors of the canonical
basis of R”. In what follows, denote by ¢ the map from R” to {0, 1} such that #(X;) = 1
if and only if X; is in X%,

We adopt the following notation for the local covariance matrix based on X*) (after
k + 1 iterations of the outlier filtering procedure).

Z::(k)(h) = ﬁ ZjZQ(Xj - X(h)(k))(Xj - X(h)(k))tU(Xiv h)f(Xz‘)a
X(k)(h) = m Zi22 XiU(Xi7 h)f(Xi)v
N®(h) = Siso U(Xs, hE(X).

Also recall that we define Ny(h) and Nj(h) as the number of points drawn from respectively
clutter and signal in B(X1,h) N M (based on the whole sample X,,). At last, we suppose
that all the inequalities of Lemma B.14 and Lemma B.15 are satisfied, defining then a

N N\ 2/d+1
global event of probability larger than 1 — 7 (ﬁ) .

We recall that we consider hoo < h < hg, k > —1 (with h_; = hy), and X in X*) such
that d(X1, M) < h/+/2. We may then decompose the local covariance matrix as

£0(h) = ! 1 ;(Xi — m(h))(X; — m(h))'U(X;, B)E(X;)
_ J\:k_)(f) (X®)(h) — m(R))(X (h)® — m(h))!
—- ! 1 ;(XZ —m(R)(Xi — m(R)U (X, )E(X)Vi(X:)
- S0 = m() X, = m () DX )L VDR
7 - ]\:k_)(?) (X()® —m(h))(X (h)® —m(h))",
IS S > (B.18)

The proof of Proposition IV.19 will follow by induction.
Initialization step (k = —1):
In this case X¥) = X,,, h = hg, d(X1, M) < ho/V/2, and f is always equal to 1. Then
the first term f]gk) of (B.18) may be written as
1
n—1

D (Xi — m(h)(X; — m(h)'U (X, h)Vi
1>2
= LS ) (X — m() UK Y+ Ry

n—li22

- Z(h) + Rl + R27

where
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According to Lemma B.13, imin(A(h)) > cafminBh?2, and ||R1|| 7 < 34% according
to Proposition B.3. Moreover, we can write

(Ry 0
R2_<0 0)’

with ||Rz|r < Cdffm‘”” Bq(2h)h? according to Lemma B.14.
Term Eg ) in inequality (B.18) may be bounded by

16R%No(h)

&(k
1£57 ) < ===

(k)

In turn, term X5~ may be decomposed as

MO % (1) ® — () (X (W)  m(B)" <R6 0) t R,

n—1 0 0
with
N(RE) _
| Boll 7 < <_)1 IS — m(m) <K 0 — m(w)]
(IZ W) TU (X, hVill + (1D (X (h))TU(Xiah)(l_Vi)H>
i>2 1>2
- 4Cd5q(2h)h2 fmaz  16h%2Ng(h)
o fmzn\/E * n—1 ’
according to Lemma B.14. We may also write
N(R)® _
| Rs|lF < (_) (X (W)™ —m(n) LI(X ()™® —m(h)]

(| > (X h) LU (Xa, B)Vill + | D> (X — m(h)) LU (X, h)(1 — mn)

i>2 i>2

- 16N1(h)h3 16 No(h)h?

(n — 1) Tmin (n—1)

according to Proposition B.3 and Lemma B.13. As in the additive noise case (see proof of

Proposition IV.15), provided that « is large enough (depending on d, fin, and fimes), we
have

| R2 + Re|l 7
timin(A(R))

Since (n — 1)hd = ”?ﬁ", if we ask Kk > Tynin, then for n large enough we eventually get

<1/4.

1557 + Ry + Rsllr _ < K, ho
Mmzn(A(h)) sfmin, fmaz,B Tmln

according to Lemma B.14. Then, Proposition B.16 can be applied to obtain

Z(TSE( ( 1) ho)l, (Xl)M) < \de 5h0/7'min-

fmlnvfmaz

According to Lemma B.15, we may choose k large enough (with respect to K = V2K ©),
d, fmin and Tpin) and then a threshold ¢ so that, if X1 € M, then X; € X and if
d(X1, M) > h2/Tmin, then X; ¢ X(©)
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TIteration step Now we assume that k > 0, and that d(X;, M) > h2 /Tns, implies £(X;) = 0,

with hy, = (/@%)%, vk being between 1/(d+1) and 1/d. Let hoo < h < hy, and suppose

that d(X1, M) < hy/v/2. As in the initialization step, f]gk) may be written as

A(h) O
< E)) 0>+R1+R2,

mmummmmwnmmmm”|mﬂf<%iﬂi—ewumﬂf<@#“xmmm

Tmzn(

We can decompose 3y as

1
n—1

> (X = m(h))(Xi — m(h)'U(X;, h)(1 = V;)i(X;)
1>2
- > (X = m(h))7(Xi — m(h))7U (X, h)(1 = V)i (X;) + Rs

n—1:5

(R4 0O
_<0 0>+R37

with || Ryl 7 < M and ||Rs|| < % according to Proposition B.6, for n large

enough so that ho /Tmin < hoo. Term Eg ) may also be written as

7ﬁf%ﬁmw—mmmeW—mmwz<% $+R&
with
WM#SN@TWﬁMW—MMHWXWW—mWM
(II ; h)TU (X, Vil + | 2;2 m(h))TU(Xi, h)(1 - vz-)ﬁX»!)

soopaim
according to Lemma B.14. We may also write
wmusN@Tmme—mmmmeW—mww

< @g; )L VI + |0~ <mnuu¢mu—wmxm)

16N1(h)h3  32No(h)hh3

(n — 1)Tmm Tmm(n — 1) ’

according to Proposition B.3, Proposition B.6 and Lemma B.13. As done before, we may
choose k large enough (depending on d, finin and fjee, but not on k) such that

|[R2 + Ry + Rl 7
tmin(A(h))

<1/4.
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29, +1)/(d+2
Now choose h = hpy1 = ('iﬁl(%gﬁ))( Yi+1)/(d+2)
residual terms of the form /7min+hi No(h)/h coming from || Ry 4+ R3 + Rs|| 7/ tmin (A(hk41))-

Then we get, according to Lemma B.14,

, with £ > 1. This choice is made to optimize

- azh ' 1 Ye+1+276— (276 +1)+1
|R1 + R3 + Rs|| < C’df Bl Ca <,€ ogn ) (B.19)
Hmzn(A(hk+1)) Tminfmin IBTmlnfmzn /8(77! - 1)
h
S Kdvfmin7fmazyﬁ Tk+1’

where again, Ky, . r. .5 does not depend on k. At last, we may apply Proposition B.16
to get

Z(TSE(X(k‘), hk+1)17 TW(Xl)M) S \/§Kd7fmi'mfmaz76hk+1/7—min
0
S \/§ (Kdyfminafmaamﬁ \/ Kl§7}min7fmax16) hk+1/7—min
= Cdvﬁyfmazyfminh‘k'f‘l/’rmi”'

Then, according to Lemma B.15, we may choose « large enough (not depending on k)
and t (not depending on k either) so that if X; € M, then X; € X*+D and if d(X, M) >
h% /Tmin, then X; ¢ X(k+1), Proposition IV.19 then follows from a straightforward union
bound on the sample {X1,..., X, }.

B.5.3 Proof of Proposition IV.22

In this case, we have d(X;, M) < h% /Tmin, for every X, in X*), The proof of Proposition
1V.22 follows from the same calculation as in the proof of Proposition IV.19, replacing
hi/Tmm by its upper bound h2, /Tiin and taking hyy1 = heo in the iteration step.

B.6 Proof of the Main Reconstruction Results

We now prove main results Theorem IV.7 (additive noise model), and Theorems IV.8 and
IV.9 (clutter noise model).

B.6.1 Additive Noise Model

Proof of Corollary IV.16. Let Q € PTZW_WU (fmin, fmaz)- Writee = cq ¢, fon (A Tiino /R)

for g, f,.in, fmaee 12rge enough, an consider the event A defined by

A = { max A(TWM(Xy)M’ T](h)) S Odafminvfmaz (Th + Z)} n {Sup d(l’,Xn) S U}

X;€X, min zeM
1 1/d
N { sup d(X;, M) < Cay,,. ( 0g"> .
XjEXn n
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2/d
Then from Proposition IV.15 and Lemma B.11, Pg(A4) > 1 -5 (%) / , and from the

definition of € and the construction of Y,,, for n large enough,

X €
AcC {Xr?gs)g(n LTy (x,)M, Tj(h)) < 22807_mm} N {fél]\% d(z, Xp) < 5}

52
N dX;, M) < ———
{Xi‘é%’gn X5 M) < 1307

. €
C {Xr?g((n L(Trpy(x)M, Tj(h)) < 22807'mm} N {521\1)4 d(z,Yy) < 25}

2
€
N{Y, is e-sparse} N sup d(X;, M) < ——— |
{ n } {XjEYn ( J ) 1140Tm2n}

which yields the result.
O

Proof of Theorem IV.7. Following the above notation, we observe that on the event A,
Theorem IV.14 holds for € = ¢4 f,... fmas (B V Tmino /h), 6 = €/(11407,3,) (where we used
that 6 < 2sinf) and n = £2/(11407,,;,) with high probability, so that the first part of
Theorem 1V.7 is proved. Furthermore, for n large enough,

Eqn [dH (M, MTDC)} = Eq [dH (M, MTDC) 1 A} +Eg [dH (M, Mmc) 1 Ac}
2

£
< Cy

Tmin

+ (1 —=Pg(A)) (diam(M) + o)

! 2
S Cdvfmin JJmaz 7Tmin€ ?

where for the last line we used the diameter bound of Lemma IV.2. O

B.6.2 Clutter Noise Model

Proof of Corollary IV.20. Let P € P?mmﬁ (fmins fmaz)- For m large enough, write ¢ =
Cd, frnin frmas ks fOT Ca g0 r large enough, and consider the event

. hi, h2
A% = max Z(T, ) M,Tfs <Cyr . S AN sup d x,X(ké) < B
{XjEX<k5) ( WM(X]) i ) = d:fmznvfmaz Tmin} {xe]l& ( ) = Tomin

1 1/d
N sup d(Xj,M) < Od7fmin < Ogn) .
X;ex(ks) n

2/d
From Proposition TV.19 and Lemma B.11, Pp(4°) > 1 -8 (%) / and from the definition

of € and the construction of Y, for n large enough,
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A LT M T < — 4 d(z, Xks)) <
{xfﬁifiw Trss ) M T5) < g [ 7 S0 Al KT < €

£2
N sup d(X;,M) < ——
{XjGXIZk(;) (X5, M) 11407

6 € s
- {gg@é Z(TWM(Xj)M71}) < 22807_mm} n {5;1]\12[ d(z,Yy) < 25}

2

€
N{Y, is e-sparse} N < s d(X;, M) < ——— 5,
{Y,, is e-sparse} {ngg (X )—11407mm}

which yields the result.
O

Proof of Theorem IV.8. Following the above notation, we observe that on the event A%,
Theorem IV.14 holds for € = ¢4 f,... frunPks, 0 = €/(114071,) and n = £2/(11407,i1,), 50
that the first part of Theorem IV.8 is proved. As a consequence, for n large enough,

Epn [dH (M, MTDC&)} =Ep [dH (M, Mmca) ]1,46} +Ep [dH (M, MTDCJ) l(As)c

2

13
< Cy

Tmin

+ (1 - PP(A5)> % 2K,
S C(/i,fminyfma.rmiin82’

where for the second line we used the fact that M U Mpes C By, a ball of radius Ky =
KO(d7 fmianmin)‘ O

Finally, Theorem IV.9 is obtained similarly using Proposition IV.22.
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Chapter V

Approximation and Geometry of
the Reach

Abstract

As illustrated in Chapter IV, various problems in manifold estimation make use of the
reach, denoted by 7,7, which is a measure of the regularity of the submanifold. This chapter
is the first investigation into the problem of how to estimate the reach. First, we study the
geometry of the reach through an approximation perspective. We derive new geometric
results on the reach for submanifolds without boundary. An estimator 7 of 75; is proposed
in a framework where tangent spaces are known, and bounds assessing its efficiency are
derived. In the case of i.i.d. random point cloud X,,, 7(X,,) is showed to achieve uniform
expected loss bounds over a C3-like model. Finally, we obtain upper and lower bounds on
the minimax rate for estimating the reach.
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V.1 Introduction

Manifold estimation has become an increasingly important problem in statistics and
machine learning. There is now a large literature on methods and theory for estimating
manifolds. See, for example, [KZ15, GPPVW12a, FMN16, BG14, NSW08, BNS06, GKO06].
Estimating a manifold, or functionals of a manifold, requires regularity conditions. In
nonparametric function estimation, regularity conditions often take the form of smoothness
constraints. In manifold estimation problems, as illustrated in Chapter IV, a common
assumption is that the reach s of the manifold M is bounded away from zero.

First introduced by Federer [Fed59], the reach 7y of a set M C RP is the largest
number such that any point at distance less than 757 from M has a unique nearest point on
M. If a set has its reach greater than 7,,;, > 0, then one can roll freely a ball of radius 7,
around it [CFPL12|. The reach is affected by two factors: the curvature of the manifold
and the width of the narrowest bottleneck-like structure of M, which quantifies how close
M is from being self-intersecting.

Positive reach is the minimal regularity assumption on sets in geometric measure theory
and integral geometry [Fed69, Tha08]. Sets with positive reach exhibit a structure that
is close to being differential — the so-called tangent and normal cones. The value of the
reach itself quantifies the degree of regularity of a set, with larger values associated to
more regular sets. The positive reach assumption is routinely imposed in the statistical
analysis of geometric structures in order to ensure good statistical properties [CFPL12] and
to derive theoretical guarantees. For example, in manifold reconstruction, the reach helps
formalize minimax rates [GPPVW12a, KZ15]. The optimal manifold estimators of Chapter
IV implicitly use reach as a scale parameter in their construction. In homology inference
[NSWO08, BRSW13], the reach drives the minimal sample size required to consistently
estimate topological invariants. The reach is used in [CFRCO07] as a regularity parameter in
the estimation of the Minkowski boundary lengths and surface areas. The reach has been
explicitly used as a regularity parameter in geometric inference, such as in volume estimation
[APR16] and manifold clustering [ACLZ17]. The reach is also used as a scale parameter
in dimension reduction techniques such as vector diffusions maps [SW12]. Problems in
computational geometry such as manifold reconstruction also rely on assumptions on the
reach [BG14].

In this chapter we study the problem of estimating reach. To do so, we first provide
new geometric results on the reach. We also give the first bounds on the minimax rate for
estimating reach.

There are very few papers on this problem. When the embedding dimension is 3, the
estimation of the local feature size (a localized version of the reach) was tackled in a
deterministic way in [DS06]. To some extent, the estimation of the medial axis (the set
of points that have strictly more than one nearest point on M) and its generalizations
[CLPL14, ABE09] can be viewed as an indirect way to estimate the reach. A test procedure
designed to validate whether data actually comes from a smooth manifold satisfying a
condition on the reach was developed in [FMN16]. The authors derived a consistent test
procedure, but the results do not permit any inference bound on the reach.

Outline

In Section V.2 we provide some differential geometric background and define the statistical
problem at hand. New geometric properties of the reach are derived in Section V.3, and
their consequences for its inference follow Section V.4 in a setting where tangent spaces are
known. We study minimax rates in Section V.5. An extension to a model where tangent
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spaces are unknown is discussed Section V.6, and we conclude with some open questions in
Section V.7.

V.2 Framework

V.2.1 Notation

In what follows, D > 2 and R is endowed with the Euclidean scalar product (-,-) and
the associated norm ||-||. The associated closed ball of radius r and center x is denoted by
B(z,r). We will consider compact connected submanifolds M of R” of fixed dimension
1 < d < D and without boundary [dC92]|. For every point p in M, the tangent space
of M at p is denoted by T),M. It is the d-dimensional vector subspace of RP composed
of the directions locally spanned by M at p. Besides the Euclidean structure given by
RP 5 M, a submanifold is endowed with an intrinsic metric structure induced by the
ambient Euclidean one, called the geodesic distance. Given a smooth path ¢ : [a,b] — M,
the length of ¢ is defined as Length(c) = ff I/ (¢)|l dt. One can show [dC92] that there
exists a path v of minimal length joining p and ¢. Such an arc is called geodesic, and the
geodesic distance between p and q is given by d(p, q) = info(g)=q,c1)=p Length(c). We let
B (p, s) denote the closed geodesic ball of center p € M and of radius s. A geodesic 7
such that ||/(¢)|| = 1 for all ¢ is called arc-length parametrized. Unless stated otherwise,
a geodesic will always be considered in its arc-length version. For all p € M and all unit
vectors v € T, M, we denote by 7, , the unique arc-length parametrized geodesic of M such
that 7,.,(0) = p and 7,,,(0) = v. The exponential map is defined as exp,(vt) = vy, (t).
Note that from the compactness of M, exp,, : T,M — M is defined globally on T,M. For
any two nonzero vectors u,v € R, we let Z(u,v) = dstl(ﬁ, ”Z—”) be the angle between
u and v.

V.2.2 Reach

First introduced by Federer [Fed59], the reach regularity parameter is defined as follows.
Given a closed subset A C R, the medial axis Med(A) of A is the subset of RP consisting
of the points that have at least two nearest neighbors on A. Namely, denoting by d(z, A) =
inf,c4 ||p — z|| the distance function to A,

Med(A) = {z € RP[Fp # g € A, |lp— 2| = llg - 2I| = d(z, 4)}. (V.1)

The reach of A is then defined as the minimal distance from A to Med(A).

Definition V.2. The reach of a closed subset A C RP is defined as

TA = ;gijd(p, Med(A)) = zej\l/.[gg(A) d(z,A). (V.3)

Some authors refer to 7! as the condition number [NSW08, SW12]. From the definition
of the medial axis in (V.1), the projection w4 (x) = arg min,e 4 ||p — z|| onto A is well defined
outside Med(A). The reach is the largest distance p > 0 such that 74 is well defined on the
p-offset {x € RP|d(x, A) < p}. Hence, the reach condition can be seen as a generalization
of convexity, since a set A C RP is convex if and only if 74 = oc.

In the case of submanifolds, one can reformulate the definition of the reach in the
following manner.
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Theorem V.4 (Theorem 4.18 in [Fed59]). For all submanifolds M C RP,

2
= inf lg — pll

—_— V.5
g#peM 2d(q — p, T,M) (V-5)

“i

lg—pl> |
- sa-pran . 19 Pl/

T,M

Figure V.1 — Geometric interpretation of quantities involved in (V.5).

This formulation has the advantage of involving only points on M and its tangents
spaces, while (V.3) uses the distance to the medial axis Med(M ), which is a global quantity.
The formula (V.5) will be the starting point of the estimator proposed in this chapter (see
Section V.4).

The ratio appearing in (V.5) can be interpreted geometrically, as suggested in Figure
V.1. This ratio is the radius of an ambient ball, tangent to M at p and passing through gq.
Hence, at a differential level, the reach gives a lower bound on the radii of curvature of
M. Equivalently, Tﬁl is an upper bound on the curvature of M. The following result was
already reproduce in Proposition I11.20, though we state it here for sake of completeness.

Proposition V.6 (Proposition 6.1 in [NSWO08]). Let M C RP be a submanifold, and ~,.,,
an arc-length parametrized geodesic of M. Then for all t,

In analogy with function spaces, the class {M c RP |T0r > Tonin > O} can be interpreted

VO ES VY

as the Holder space C?(1/Tmin). In addition, as illustrated in Figure V.2, the condition
TM > Tmin > 0 also prevents bottleneck structures where M is nearly self-intersecting.
This idea will be made rigorous in Section V.3.

V.2.3 Statistical Model and Loss

Let us now describe the regularity assumptions we will use throughout. To avoid arbitrarily
irregular shapes, we consider submanifolds M with their reach lower bounded by 7y > 0.
Since the parameter of interest 7, is a C%-like quantity, it is natural — and actually

Figure V.2 — A narrow bottleneck structure yields a small reach 7.
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necessary from Proposition V.13 — to require an extra degree of smoothness. For example,
by imposing an upper bound on the third order derivatives of geodesics.

Definition V.7. We let C( ) ... denote the set of compact connected d-dimensional sub-
manifolds M C RP without boundary such that Tpy > Timin, and for which every arc-length
parametrized geodesic 7y, is C> and satisfies

Note that since the third order condition ‘

7 0)] < L.

A )H < L needs to hold for all (p,v),

Yo )H < L for all t € R. To our knowledge, such a C?
quantitative assumption on the geodesics has not been considered in the computational
geometry literature. Here, we chose the notation with “(3)” in parentheses to emphasize
the fact that the C3 assumption we do deals with geodesic trajectories, and not with
parametrizations of the manifold. Additionally, we will consider another C? assumption in
Chapter VI with this notation.

Any submanifold M C RP of dimension d inherits a natural measure voly; from the
d-dimensional Hausdorff measure %% on RP [Fed69, p. 171]. We will consider distributions
P that have densities with respect to volps that are bounded away from zero.

we have in particular that ‘

Definition V.8. We let 73 . (fmin) denote the set of distributions P having support

M e C( ) . and with a Hausdorﬁ density f = dvolM satisfying infyepns f(x) > fmin > 0 on
M.

Notice that, with the notation of Chapter IV, we have

Pfg})in,L:oo(fmin) Tmm (fmlnv fmax = )

That is, setting L = oo boils down to consider a C? model.

In order to focus on the geometric aspects of the reach, we will first consider the
case where tangent spaces are observed at all the sample points. We let G denote the
Grassmanian of dimension d of R”, that is the set of all d-dimensional vector subspaces of
RD.

Definition V.9. For any distribution P € P(r?;)inyL(fmin) with support M we associate the

T,

distribution ]5 of the random variable (X, Tx M) on RP x G4P | where X has distribution
P. We let 73 (fmm) denote the set of all such distributions.

Formally, one can write P(dzdT) = 07, 3;(dT)P(dx), where 6. denotes the Dirac
measure. An ii.d. n-sample of P is of the form (X1,T1),...,(X,,Tn) € RP x G4,
where X1,..., X, is an i.i.d. n-sample of P and T; = Tx, M with M = Supp(P). For a
distribution P with support M and associated distribution P on RP x G4P | we will write
Tp = Tp = Tuz, With a slight abuse of notation.

Note that the model does not explicitly impose an upper bound on 73;. Such an upper
bound would be redundant, since the lower bound on f,,;, does impose such an upper
bound, as stated in Proposition II1.26, that we reproduce here for sake of completeness.

Proposition V.10 (Proposition 111.26). Let M C R” be a connected closed d-dimensional
manifold, and let P be a probability distribution with support M. Assume that P has a
density f with respect to the Hausdorff measure on M such that inf,ecps f(x) > fiin > 0.

Then,
C
T < ’? )
min

for some constant Cyq > 0 depending only on d.
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To simplify the statements and the proofs, we focus on a loss involving the condition
number. Namely, we measure the error with the loss

p

U, 7)) = , p>1 (V.11)

In other words, we will consider the estimation of the condition number 7']\_41 instead of
the reach 7).

Remark V.12. For a distribution P € Pii)in 1.(fmin), Proposition V.10 asserts that Tpin <

7P < Timaz = (Cd/fmm)l/d. Therefore, in an inference set-up, we can always restrict to
estimators T within the bounds Tmin < T < Tmaz. Consequently,

1

2p
Tmazx

1 1

T T

p 1
<

min

7P — 7P < 7P — 717,
so that the estimation of the reach Tp is equivalent to the estimation of the condition
number 7131, up to constants.

With the statistical framework developed above, we can now see explicitly why the third
order condition ||[7"|| < L < oo is necessary. Indeed, the next result demonstrates how
relaxing this constraint — i.e. setting L = oo — renders the problem of reach estimation
intractable. Below, og stands for the volume of the d-dimensional unit sphere S¢.

Proposition V.13. For all 7, > 0, provided that foin > ﬁ, forallm > 1,

= 2d+le ]
P
. 1 1 c
inf sup Es. ——| > >0
o o5 = Prirs 7 TP, ’
n PGP.,(.?’), L:oo(fmi") P n man
where the infimum is taken over the estimators 7p = T (X1, 11, ..., Xn, Ty).

Thus, one cannot expect to derive uniformly good approximation bounds solely under
the condition 737 > Timin. This result is natural, since the problem at stake is to estimate
a differential quantity of order two. Therefore, some notion of uniform C? regularity is
needed.

V.3 Geometry of the Reach

In this section, we give a precise geometric description of how the reach arises. In particular,
below we will show that the reach is determined either by a bottleneck structure or an
area of high curvature (Theorem V.17). These two cases are referred to as global reach
and local reach, respectively.

Consider the formulation (V.3) of the reach as the infimum of the distance between
M and its medial axis Med(M). By definition of the medial axis (V.1), if the infimum is
attained it corresponds to a point zp in Med(M) at distance 7as from M, which we call an
axis point. Since zg belongs to the medial axis of M, it has at least two nearest neighbors
q1,q2 on M, which we call a reach attaining pair (see Figure V.3(b)). By definition, ¢;
and g2 belong to B(zg, 7as) and cannot be farther than 27y, from each other. We say that
(q1,q2) is a bottleneck of M in the extremal case ||g2 — q1]| = 27as of antipodal points of
B(zo,Tar) (see Figure V.3(a)). Note that the ball B(zg, 7ps) meets M only on its boundary
oB (Zo, T, M)

Definition V.14. Let M C RP be a submanifold with reach Tp; > 0.
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- A pair of points (q1,q2) in M is called reach attaining if there exists zo € Med(M)
such that q1,q2 € B(z0, 7). We call 2y the azis point of (q1,q2), and |1 — q2|| €
(0, 27ap] its size.

- A reach attaining pair (q1,q2) € M? is said to be a bottleneck of M if its size is 27yp,
that is |1 — g2l = 27

As stated in the following Lemma V.15, if a reach attaining pair is not a bottleneck —
that is ||q1 — q2|| < 27ar —, then M contains an arc of a circle of radius 7p7. In this sense,
this “semi-local” case — when ||qg1 — g2|| can be arbitrarily small — is not generic. Though,
we do not exclude this case in the analysis.

Lemma V.15. Let M C RP be a compact submanifold with reach tpy > 0. Assume that
M has a reach attaining pair (q1,q2) € M? with size ||q1 — q2|| < 27pr. Let 29 € Med(M)
be their associated axis point, and write c,(q1,q2) for the arc of the circle with center zg
and endpoints as q1 and qs.

Then c;,(q1,q92) C M, and this arc (which has constant curvature 1/Tyr) is the geodesic
joining q1 and qs.

In particular, in this “semi-local” situation, since 7']\_41 is the norm of the second derivative
of a geodesic of M (the exhibited arc of the circle of radius 7;7), the reach can be viewed
as arising from directional curvature.

Now consider the case where the infimum (V.3) is not attained. In this case, the
following Lemma V.16 asserts that 7y is created by curvature.

Lemma V.16. Let M C RP be a compact submanifold with reach Ty; > 0. Assume that
for all z € Med(M), d(z, M) > 1ar. Then there exists qo € M and a geodesic vy such that

%0(0) = qo and |55 (0)]| = -

™ "

To summarize, there are three distinct geometric instances in which the reach may be
realized:

- M has a bottleneck: by definition, 73; originates from a structure having scale 27)s
(see Figure V.3(a)).

- M has a reach attaining pair but no bottleneck: then M contains an arc of a circle of
radius 77 (Lemma V.15), so that M actually contains a zone with radius of curvature
Ty (see Figure V.3(b)).

- M does not have a reach attaining pair: then 7 originates from curvature (Lemma
V.16), also yielding a point with radius of curvature 757. (see Figure V.3(c)).

From now on, we will treat the first case separately from the other two. We are now in
a position to state the main result of this section. It is a straightforward consequence of
Lemma V.15 and Lemma V.16.

Theorem V.17. Let M C RP be a compact submanifold with reach Tp; > 0. At least one
of the following two assertions holds.

- (Global case) M has a bottleneck (q1,q2) € M?, that is, there exists zo € Med(M)
such that q1,q2 € 0B(z0, Tar) and |1 — q2|| = 271

- (Local case) There exists qo € M and an arc-length parametrized geodesic vy such
that 7(0) = qo and [|4g(0)| = =

T
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(a) A bottleneck.

lar — @2l < 27am

(b) A reach attaining pair but no bottleneck. (c) No reach attaining pair.

Figure V.3 — The different ways for the reach to be attained.
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Theorem V.17 provides a description of the reach as arising from global and local
geometric structures that, to the best of our knowledge, is new. Such a distinction is
especially important in our problem. Indeed, the global and local cases may yield different
approximation properties and require different statistical analyses. However, since one does
not know a priori whether the reach arises from a global or a local structure, an estimator
of 737 should be able to handle both cases simultaneously.

V.4 Reach Estimator and its Analysis

In this section, we propose an estimator 7(-) for the reach and demonstrate its properties
and rate of consistency under the loss (V.11). We rely on the formulation of the reach
given in (V.5) (see also Figure V.1), and define 7 as a plugin estimator as follows. Given a
point cloud X = {z1,...,2,} C M, we let

. . ly — =||?
X)= inf . V.18
HX) = S — 2 Tl (V.18)

In particular, we have 7(M) = 7. Since the infimum (V.18) is taken over a set X’ smaller
than M, 7(X) always overestimates 7p;. In fact, 7(X) is decreasing in the number of
distinct points in X', a useful property that we formalize in the following result, whose
proof is immediate.

Corollary V.19. Let M be a submanifold with reach Ta; and Y C X C M be two nested
subsets. Then 7()) > 7(X) > Tar.

We now derive the rate of consistency of 7. We analyze the global case (Section
V.4.1) and the local case (Section V.4.2) separately. In both cases, we first determine the
performance of the estimator in a deterministic framework, and then derive an expected
loss bounds when 7 is applied to a random sample.

V.4.1 Global Case

Consider the global case, that is, M has a bottleneck structure (Theorem V.17). Then the
infimum (V.5) is achieved at a bottleneck pair (¢1,q2) € M?. When X contains points that
are close to g1 and g9, one may expect that the infimum over the sample points should
also be close to (V.5): that is, that 7(X) should be close to 7.

Proposition V.20. Let M C RP be a submanifold with reach Tps > 0 that has a bottleneck
(q1,q2) € M? (Definition V.14), and X C M. If there exist x,y € X with ||q1 — z|| < Tar
and ||q2 — y|| < Tar, then

1 1 1 1 9

o 70 < Pl T E P < 27, max {dn(q1, ), dn(q2,9)} -

The error made by 7(X') decreases linearly in the maximum of the distances to the
critical points ¢; and ¢o. In other words, the radius of the tangent sphere in Figure V.1
grows at most linearly in ¢ when we perturb by ¢ < 75/ its basis point p = ¢; and the point
q = q2 it passes through.

Based on the deterministic bound of Proposition V.20, we can now give an upper bound
on the expected loss under the model Pﬁi)in 1 (fmin). We recall that, here and in what
follows, X,, = {X1,..., X, } is an i.i.d. samplé with common distribution P.
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Proposition V.21. Let P € Pii)imL(fmin) and M = Supp(P). Assume that M has a
bottleneck (q1,q2) € M? (see Definition V.14). Then,

1 1

™ (%)

p
] < vadﬂ—]\/[afminn )

s

Epn

where Cp g 7 fin depends only on p,d,mar and fuin, and is a decreasing function of Tpr.

Let us emphasize the fact that although not explicit in the notation, 7(X,,) depends on
the tangent spaces of M at the points of X,,. Proposition V.21 follows straightforwardly
from Proposition V.20 combined with the fact that with high probability, the balls centered
at the bottleneck points ¢; and go with radii O(n~/%) both contain a sample point of X,.

V.4.2 Local Case

Consider now the local case, that is, there exists go € M and vy € T;,; M such that the
geodesic Yy = 7go,0, has second derivative ||v;(0)|| = 1/7as (Theorem V.17). Estimating

T boils down to estimating the curvature of M at qg in the direction vg.

lly—z]*
2d(y—x,Tx M)

estimator 7 (V.18). Indeed, since the latter quantity is the radius of a sphere tangent
at = and passing through y (Figure V.1), it approximates the radius of curvature in the
direction y — x when x and y are close. For =,y € M, we let v,_,, denote the arc-length
parametrized geodesic joining = and y, with the convention 7,_,(0) = .

We first relate directional curvature to the increment involved in the

Lemma V.22. Let M € C® . with reach Ty and X C M be a subset. Let x,y € X with

Tmin, L
dy(z,y) < mrar. Then,
1 1 1 1 1 2
0 —— —<—————— < — — |40 ~Ld .
S TR S A ea)) S MO+ gutey

Let us now state how directional curvatures are stable with respect to perturbations of
the base point and the direction. We let x, denote the maximal directional curvature of
M at p € M, that is,

(0|

Kp = sup ’
vEBT, M (0,1)

Lemma V.23. Let M € C(g) with reach Ty and qo,x,y € M be such that x,y €

Tmin, L

B (qo, T3L). Let o be a geodesic such that v(0) = qo and ||7g(0)|| = kq,. Write

2
Oy := 4(7(,)(0)771/10—>x(0))7 0?! = 4<76<0)’fy‘,10_>y(0))7

and suppose that |0, — 0,] > 5. Then,

sy 0

ZEQO_

1
V2 -1

In particular, geodesics in a neighborhood of gy with directions close to vy have curvature
close to % A point cloud X sampled densely enough in M would contain points in this
neighborhood. Hence combining Lemma V.22 and Lemma V.23 yields the following
deterministic bound in the local case.

(o = Figo + V2(3rg + 2) sin?(10 — Oy]) + V2Ldas (g0, 7))
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Proposition V.24. Let M € C‘f'?n)inyL be such that there exist qo € M and a geodesic

Yo such that v0(0) = qo and ||v5(0)]| = T—le Let X C M and z,y € X be such that
x,y € By (qo, T5). Let

O == Z(76(0), Y0-2(0)), 0y := Z(7(0), 745, (0)),
and suppose that |0, — 0,] > 5. Then,

1 1 < L 1
™ X)) T mm ({2}
< 4v/2 802 (|0, — 6,))

V2
-~ (V2-Dru V2-1

In other words, since the reach boils down to directional curvature in the local case, 7
performs well if it is given as input a pair of points z,y which are close to the point ¢g
realizing the reach, and almost aligned with the direction of interest vy.

Similarly to the analysis of the global case, the deterministic bound of Proposition V.24
yields a bound on the risk of 7(X,,) when X,, = {X1,..., X} is random.

+L <§dM($»y) + dM(‘JO’x)) '

Proposition V.25. Let P € P

Tmin

go € M and a geodesic vy with vo(0) = qo and || (0)|| = % Then,

T™

1 (fmin) and M = Supp(P). Suppose there exists

1 1 p __2p
EP”I ™ - %(Xn) S CTminydyL;fminypn 3d—1 ?
where Cr . 4L, fuin,p depends only on Tmin, d, L, fmin and p.

This statement follows from Proposition V.24 together with the estimate of the prob-
ability of two points being drawn in a neighborhood of ¢y and subject to an alignment
constraint.

Proposition V.21 and V.25 yield a convergence rate of 7(X,,) which is slower in the
local case than in the global case. Recall that from Theorem V.17, the reach pertains to
the size of a bottleneck structure in the global case, and to maximum directional curvature
in the local case. To estimate the size of a bottleneck, observing two points close to each
point in the bottleneck gives a good approximation. However, for approximating maximal
directional curvature, observing two points close to the curvature attaining point is not
enough, but they should also be aligned with the highly curved direction. Hence, estimating
the reach may be more difficult in the local case, and the difference in the convergence
rates of Proposition V.21 and V.25 matches this intuition.

V.5 DMinimax Estimates

In this section we derive bounds on the minimax risk R,, of the estimation of the reach
5(3) ) :
over the class P (fmin), that is

, 1 1)
R,, = inf sup Epn | —— | » (V.26)
™ Peﬁi‘jﬂ’im 7 (fmin) P Tn
where the infimum ranges over all estimators 7, ((X1,Tx,), ..., (Xn,Tx,)) based on an

i.i.d. sample of size n with the knowledge of the tangent spaces at sample points.
The rate of consistency of the plugin estimator 7(X,,) studied in the previous section
leads to an upper bound on R,, which we state here for completeness.
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Theorem V.27. For alln > 1,

__2p
R < CTmlnud vamin)pn st

for some constant C'

min,

d,L, feuin,p depending only on Tyin, d, L, fmin and p.

We now focus on deriving a lower bound on the minimax risk R,,. The method relies
on an application of Le Cam’s Lemma [Yu97]. In what follows, let

TV (Q.Q) = 5 [ 1@ - dq|

denote the total variation distance between @ and @', where dQ@, dQ’ denote the respective
densities of @, Q" with respect to any dominating measure. Since |z — z|P + |z — y|P >
21|z — y|P , the following version of Le Cam’s lemma results from Lemma 1 in [Yu97]

and (1—TV(Q", Q™)) > (1 - TV(Q. Q)"

Lemma V.28 (Le Cam’s Lemma). Let P, P’ € P(m)m 1.(fmin) with respective supports M
and M'. Then for alln > 1,

1
n_2p

1 1

™ TM!

R ’ (1-TV(P,P)".

Lemma V.28 implies that in order to derive a lower bound on R,, one needs to consider
distributions (hypotheses) in the model that are stochastically close to each other — i.e.
with small total variation distance — but for which the assomated reaches are as different
as possible. A lower bound on the minimax risk over 73( 1 (fmin) requires the hypotheses
to belong to the class. Lucklly7 in our problem it will be enough to construct hypotheses

from the simpler class 77 1 (fmin). Indeed, we have the following isometry result between
Tmm 1 (fmin) and PT(m)m ( fmin) for the total variation distance.

Lemma V.29. In accordance with the notation of Definition V.9, let P, P’ € Pii)imL(fmin)

be distributions on RY with associated distributions ]5, P e Pﬁim (fmin) on RP x G&D,
Then, o
TV (P, P’) =TV (P, P/) )

In order to construct hypotheses in 77( 1. (fmin) We take advantage of the fact that the

class C‘E'rn)iny 1, has good stability properties, whlch we now describe. Here, since submanifolds
do not have natural parametrizations, the notion of perturbation can be well formalized
using diffeomorphisms of the ambient space R” > M. Given a smooth map ® : R? — RP,
we denote by d:.® its differential of order i at . Given a tensor field A between Euclidean
spaces, let |A|,, = sup, [[Azll,,, where |[A;],, is the operator norm induced by the
Euclidean norm. The next result states, informally, that the reach and geodesics third
derivatives of a submanifold that is perturbed by a diffeomorphism that is C3-close to the
identity map do not change much.

Proposition V.30. Let M € C( ) 1 be fized, and let @ : RP — RP be a global C3-
diffeomorphism. If ||[Ip — d®|| Hd2<I>H and Hd3<I>Hop are small enough, then M' =
(M) € c3)

7—mzn 2L

op’

Now we construct the two hypotheses P, P’ as follows (see Figure V.4). Take M to be
a d-dimensional sphere and P to be the uniform distribution on it. Let M’ = ®(M), where
® is a bump-like diffeomorphism having the curvature of M’ to be different of that of M
in some small neighborhood. Finally, let P’ be the uniform distribution on M’.
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Figure V.4 — Hypotheses of Proposition V.31

Proposition V.31. Assume that L > ﬁ and fin > Wl;fmpd' Then for £ > 0 small

enough, there exist P, P’ € Pii)mL(fmm) with respective supports M and M’ such that

i

1 1

™ ™'

1 ¢ \?
'ch 5 and TV(P,P’)§12< ) X
Tmin

min

Hence, applying Lemma V.28 with the hypotheses P, P’ associated to P, P’ of Proposi-
tion V.31, and taking 12 (¢/27,min)* = 1/n, together with Lemma V.29, yields the following
lower bound.

Proposition V.32. Assume that L > 27—721nin and foin > Wl;fmpd' Then for n large
enough,
Ry > n

Tmin

where cqp depends only on d and p.

Here, the assumptions on the parameters L and f,,;, are necessary for the model to be
rich enough. Roughly speaking, they ensure at least that a sphere of radius 27,,;, belongs
to the model. From Proposition V.32, the plugin estimation 7(X,,) provably achieves the
optimal rate in the global case (Theorem V.21) up to numerical constants. In the local
case (Theorem V.25) the rate obtained presents a gap, yielding a gap in the overall rate.

V.6 Towards Unknown Tangent Spaces

So far, in our analysis we have used the key assumption that both the point cloud and
the tangent spaces were jointly observed. We now focus on the more realistic framework
where only points are observed. We once again rely on the formulation of the reach
given in Theorem V.5 and consider a new plug-in estimator in which the true tangent
spaces are replaced by estimated ones. Namely, given a point cloud X € R” and a family
T = {T,}zcx of linear subspaces of R” indexed by X, the estimator is defined as

2
.7y = inf Y77l

—_— V.33
rEYyeX 2d(y -, Tx) ( )

In particular, 7(X) = 7(X, Ty M), where Ty M = {T,M},cx. Adding uncertainty on
tangent spaces in (V.33) does not change drastically the estimator, as the formula is stable
with respect to T'. In what follows, the distance between two vector subspaces U,V € G%P
is measured with the sine of their principal angle ||7y — v ||,

Proposition V.34. Let X C RP and T = {Ti}uex, T' = {T.}rex be two families of
linear subspaces of R indexed by X. Assume X to be §-sparse, T and T' to be 6-close, in
the sense that

inf —zll > d T, — T < sin@.
x;lylexlly x| > an 2‘612”96 zllop < sin
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Then,
1 1 2sin 6

— <
(X, #X,T1T)~ ¢

In other words, the map T+ #(X, T)~! is smooth, provided that the basis point cloud
X contains no zone of accumulation at a too small scale § > 0. As a consequence, under
the assumptions of Proposition V.34, the bounds on |%(X)_1 — TM_1] of Proposition V.20
and Proposition V.24 still hold with an extra error term 2sinf/0 if we replace 7(&X') by
7(X,T).

For an i.i.d. point cloud X,, asymptotic rates of tangent space estimation derived in
C3-like models can be found in [CC16, SW12], yielding bounds on sin . In that case, the
typical scale of minimum interpoint distance is § =< n~2/¢, as stated in the asymptotic
result Theorem 2.1 in [KMT92] for the flat case of R%. However, the typical covering scale
of M used in the global case (Theorem V.21) is € =< (1/n)Y/?. It appears that we can
sparsify the point cloud X,, — that is, removing accumulation points — while preserving
the covering property at scale ¢ = 2§ =< (log n/n)l/ 4 This can be performed using the
farthest point sampling algorithm (see Section IV.3.3). Such a sparsification pre-processing
allows to lessen the possible instability of 7(X,,-)~!. Though, whether the alignment
property used in the local case (Theorem V.25) is preserved under sparsification remains
to be investigated.

V.7 Conclusion and Open Questions

In this chapter, we gave new insights on the geometry of the reach. Inference results were
derived in both deterministic and random frameworks. For i.i.d. samples, non-asymptotic
minimax upper and lower bounds were derived under assumptions on the third order
derivative of geodesic trajectories. Let us conclude with some open questions.

- The minimax upper and lower bounds given in Theorem V.27 and Theorem V.32 do
not match. They are yet to be sharpened.

- In practice, since large reach ensures regularity, one may be interested with having a
lower bound on the reach 757. Giving the limiting distribution of the statistic 7(X,,)
would allow to derive asymptotic confidence intervals for 7.

- Other regularity parameters such as local feature size [BG14] and A-reach [CLO5]
could be relevant to estimate, as they are used as tuning parameters in computational
geometry techniques.
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C.1 Some Technical Results on the Model

This section garners geometric lemmas on embedded manifolds in the Euclidean space that
are related to the reach, and that will be used several times in the proofs. For most of
them, the following results were already stated in Chapter III.

Proposition C.1. Let M C RP be a submanifold with reach Tp; > 0.

(i) For allp € M, we let IIM denote the second fundamental form of M at p. Then for
all unit v € T,M, (v,v H TM

(ii) The injectivity radius of M is at least wTps.

(iii) The sectional curvatures k of M satisfy — % <k < T.
v v

(iv) For all p € M, the map exp, : [;’Tp (0,77ar) — B (0,77ar) is a diffeomorphism.
Moreover, for all ||v]| < Z% and w € T,M,
(1 1ol
w + 5 | vl
iy

(1 '(’5” )||w|r<\
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(v) Forallpe M, r < g%, and a Borel set A C Br,m(0,7) C TyM,

2

5 \d d
(17”) HA(A) < H(exp,(A)) < <1+ )”Hd(A).

6TM M

(vi) Let ¢ € M, v be a geodesic at q, and denote by P; the parallel transport operator
along v. Then for allt < wrp and for all v € Ty M,

Z(Py(v),0) < .
T™M

Proof of Proposition C.1. For (i),(ii),(iii),(iv), and (v), see Proposition II1.22. All that
remain to be showed is (vi). For this, assume without loss of generality that ||v|| = 1. Let
g:[0,¢] — S%! be defined by g(s) = Ps(v). Let u € RP be a unit vector and denoting by
V the ambient derivative. We may write

<gl(3>7u> = <?7’(5)P8(w) > <II (s)( ( )7Ps(w))7u>‘

Hence ||g'(s)[| < 5. for all s € [0,¢]. Since g is a curve on S=1 this implies

Z(Py(v),v) = dga-1( /Hg Hd3<—

C.2 Geometry of the Reach

For M c RP, a € M, and v € RP a non-zero vector, we define the local directional reach
by

reach(M,a,v) = inf {d(x,M)]a: € Med(M) with x = a + tv for some ¢t > 0} )

with the convention reach(M,a,v) = oo if Med(M) N {a + tv|t > 0} = (.

Lemma C.2. (i) Forx ¢ Med(M)U M, writing a = mp(x), we have reach(M,a,x —
a) >0, and for allb e M,

2
la —bl|” [lz — all
2reach(M,a,z — a)

<1" —a,a-— b> > -
(7i) Let0 <r < q < oo be fived. Let x,y ¢ Med(M)UM be such that d(x, M),d(y, M) <r
and
reach (M, (), x — mpr(x)) > q , reach (M, ma(y),y — mar(y)) > q.

Then,

l7ar () = mar () < lz =yl

qg—r
Proof of Lemma C.2. (i) The proof follows that of Theorem 4.8 (7) in [Fed59]. Let
v = Hac a|| and S = {t|mpr (a + tv) = a}. As ||z — a|| > 0 belongs to S, sup S > 0 and

from [Fed59, Theorem 4.8 (6)] we get

sup S > reach(M,a,v).
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Moreover, for 0 <t € 5,
lla + tv — bl > d(a+tv, M) =t.
Developing and rearranging the square of previous inequality yields

la — b||> 4 2t (v,a — b) + 2 > t2,
2t (v,a—b) > — [la —b||,
_la—b]* ||z — a]
2t

(x —a,a—b) >

(ii) The proof follows that of Theorem 4.8 (8) in [Fed59]. Writing a = mp/(x) and
b = 7 (y), the previous point yields,

2 2
b by s Ja b

—a,a—b) >
@ —aa—b)> .

As a consequence,

[ =yl lla =0l > (z —y,a =)
=(z-a)+(@=b)+(b-y)a-"b)

zua—bﬁ(l—r),
q

hence the result.
O

Lemma C.3. Let M C RP be a submanifold with reach Tas > 0 having a reach attaining
pair (q1,q2) € M? such that ||q1 — q2|| < 27ar. Write zo € Med(M) for the associated axis
point. Then there exists a sequence of curves {yntnen of M joining q1 and go with

lim Length(ya) = T Z(q1 — 20, g2 — 20)-

Figure C.1 — Layout of Lemma C.3.

Proof of Lemma C.3. Without loss of generality, assume that zg coincides with the origin.
Let ¢, (q1,g2) be the circle arc of center zy with endpoints ¢; and g2, and let 7 : [—tg, to] —
€% (q1,q2) be its arc length parametrization with v(—ty) = ¢ and y(tp) = ¢a2. Let
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0 := Z(q1 — 20,92 — 20). Since ||g1 — 20| = ||g2 — 20|| = Tas, we have ty = %TMG. For all

2
t € [—to,to], let ry = \/7%4 — 7“‘]1_4(12” csc (%), and let 4 : [—to, o] — RP be A(t) = T”Ttlfy(t).

Let us show that for all » € (0,r¢] and ¢t € [—to, to], following holds:
o T o o o
B(=(0).r) < BGr) € Blan, ) UB 7). ()

The left-hand side inclusion of (C.4) being trivial, we turn to the second inclusion. First,
note that by definition,

() = (; - ;j:n((t{o))) Qo+ (; + ;::f&i%) 1)

™

for all t € [—to,to]. Hence,

~ ~ tan (%
3(0) — 3(0) = —— (g — 1), (€5)
2tan (TT(»){)
and from tan (%) = %, we get ||[¥(t) —(0)]| = 7o tan (%) Now suppose x €
B(3(t),r), then
lz =3I < 7. (C.6)

Then,
lz = 71 = llz = 7(0)|* = 2 (= = 7(0),3(t) = 3(0)) + [I7(t) = F(O)II*,

and r? = r¢ + r tan? (LM) =12+ ||5(t) — 5(0)||?, hence applying these and (C.5) to (C.6)

-
implies

tan (=
lz — 5(0)|* — t@M%@’?(O),qzqﬁ < g (C.7)

Now applying (—to) = ¢1 to (C.5) gives g1 — F(0) = —%(g2 — q1), so
lz — q]* = |lz = F(0)|I* + 2 (z — 5(0), 1 — 5(0)) + [lqr — F(0)|?
X i 1
= |lz = 5(0)|]* — (& — %(0),q2 — @1) + gl = @l
Similarly,
2 - 2 N 1 9
|z = qol|” = |z = F(O)[|” + (x = 5(0), g2 — q1) + 1 g1 — g2,

and hence
min {H:U T CI2H2}
=l =3O ~ Kz~ 5(0), @2 — a1} + § lar — a2l (€3)
Since ’tan (%)‘ < ‘tan (TLM)
min {Hm —aq|?, lz — QQ||2}

0 (74)

N - 1
< lz = 3(0)|)* - —4 (z = 5(0), 2 — q1) + 1 g1 — qa?
tan (—)

, applying (C.7) to (C.8) gives

to
™™

1
< 7“(2)+1 g — ao* = 734,
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which asserts the second inclusion in (C.4).
Now, by definition of the reach in (V.3), (B(ql, ) U B(go, TM)) NMed(M) = (), hence
(C.4) implies

3 (H(t), r) A Med(M) = 0.

™
For all n € N, let us now define hy,, vy, : [—to,to] = M by (See Figure C.1),
r
ha®) = 2y (1) and  ya(t) = mar (But)).
nTM

Then for any fixed n € N and ¢1,t2 € [—tp, to] such that |[t; —t2| < 7a7, from B (hn(ts), 22) N
Med(M) = (), we get

reach (M, yu(t:), hu(t:) — n(t:) > d (hn (i), M) + %0
> d(hp(t1), M) A d(h(ts), M) + %0
and since d(hy,(t;), M) < d(hn(t1), M)V d(hy(t2), M), Lemma C.2 (ii) yields
| )

[ (t1) = ()| = llmar (A (t1)) — 7oz (P (t2)) |

_ (@b, M) A d (a(t2), M) + 2) [ (1) —

T d(hn(ty), M) Nd(hp(t2), M) +

d (hn(t1), M) Ad (ha(t2), M) +
— |d(hn(t1), M) — d(hn(t2), M)

Noticing furthermore that

ha(t2)]]
= d(hn(tr), M)V d (hn(t2), M)

th(tl) - hn(tQ)” :

3 S

Ao (12), M) = d(ha(t2), M)| < [n(t) = ha(t2)]| < 22 11 = ],

and
ro
d(hn(ti), M) < d(20, M) + |[hn(t;) — 20|l < 7as + ot
we get
TM-I-QT—“ 70
Ynlt1) — Yn(t2)|| < 11— 12
o) =0t € e
TM+2
= D g,
t1 —tof

For any fixed k and 0 <Vj < Kk, set 1, ; = ]T_kto. The inequality above yields,

k T
™ + 272

Z [ (tg) = (i) || < ——2to,

j=1 ™ — 7%

S0
. b 27’0
Length(vy,) = hmksupz [vn (th,5) — W (tr -l < (1 o 2.
=1

Moreover, the 7,’s are curves joining ¢; to ga with images 7, ([~to, to]) C R” \Z%(zo, ™),
so that their lengths are at most that of the arc of great circle ¢, (q1, ¢2):

Length (vn) > Length (cz,(q1,q2)) = 2to.

Hence,
Jim Length(vyy,) = 2tg = Tar0.
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Lemma C.9. Let M be a compact manifold, and qi,q2 € M with q1 # q2. Let {vyn},cy be
a sequence of curves on M joining q1 and qa such that sup,, Length(vy,) < oo Then there
exists a curve v on M joining q1 and qo such that

lin}linf Length(~y,) < Length(~y) < limsup Length(~y).

Proof of Lemma C.9. Without loss of generality, take the v,,’s to be arc length parametrized.
For all n € N, we let gy, : [0,1] — M be the reparametrization g, (t) = v, (Length(y,)t) .
Notice that for all ¢ € [0, 1], the set {g,(t)},cy is contained in the compact set M, so that
it is bounded uniformly in ¢. Moreover, writing K = sup,, Length(~,) < co, we have that
for all ¢1,t2 € [0, 1],

lgn(t1) — gn(t2)|| = lI7n (Length(vn)t1) — yn (Length(y,)te) ||
< Length(yn)[t1 — t2]
< K‘tl — tg’.

Hence, the sequence { gy, } nen is pointwise bounded and equicontinuous. From Arzela-Ascoli
theorem [Mun75, Theorem 45.4], there exists a curve v : [0,1] — M and subsequence
{9n; };en converging uniformly to 7.

For any fixed k£ and 1 <Vj < k, set t},; = %to. The uniform convergence ensures that

k k
S v trg1) = Yt = Hm > lgn, (tejr1) — gn (el -

As a consequence,

k
Length(y) = lim 3 [[y(trj+1) = 7(te)ll
=0
k
= lim lim Y [y, (tr 1) = v () |

k—o00 1—00 £
Jj=0

= lim Length(yy,).
1—00

Hence the result. O

Proof of Lemma V.15. Combining Lemma C.3 and Lemma C.9 provides the existence
of a curve v C M joining ¢; and g2 such that Length(y) = Length(cs,(q1,q2)). But

M c RP\ é(Zo,TM), and since ||g1 — q2|] < 27a, €2,(q1,¢2) is the unique minimizing
geodesic of OB(zg, Tas) € RP \ B(z, Tar) joining ¢1 and go. Therefore, v = c.,(q1,q2) C M,
hence the result. ]

Lemma C.10. Let M € Cii)m,L be a submanifold with reach Tpr. For all p € M, let us
denote

L,:= _sup ‘ ’y(']’fv(O)“ .
qEBM(I%%)ﬂ’UGBTpM(O’l)
Then for all r < Tpr/2,
2d(q — p, T,M 1
sup ‘ ’yg,v(O)H —  sup (qp,g)’ <3 (2 + Lp> T.
VT, M, |[v]|=1 ¢eBprnM  lg—pl| T
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To prove Lemma C.10 we need the following straightforward result.
Lemma C.11. Let U be a vector space and v € U, n € U*. If v =u+n+e, then
|d(v,U) = [l —ul[| < [le].

Proof of Lemma C.10. First note that for all unit vector v € T, M, gy, = vp,»(r) belongs
to B(p,r) "M, and r < T3 with Proposition C.1 (ii) implies gy, # p. Therefore, it suffices
to show that for all ¢ € B(p,r) N M, there exists v = vy € T, M such that

T,M 1
H——q P, )‘§3<2+Lp>r
g — p|? Thr

Let g € B(p,r) N M be different from p. Denoting ¢ = dps(p,q) > 0, we call v = v,
the arc-length parametrized geodesic of minimal length such that v(0) = p and (t) = q. v
exists from Proposition C.1 (ii), since r < 5. A Taylor expansion at zero of v yields,

922 -0 - b0 < 1t
Since 7”(0) € T, M+, Lemma C.11 shows that
‘d(qtpTM) ‘ H‘<L

Therefore,

A2 100 (0 uy

22 (a2 152 o 5720~ o]

2
This yields,

%ﬁqf;?wth%mugzﬂq—nﬂanMéﬂy qum DI

Moreover, from ||q — p|| < dpr(p, q) and Lemma II1.21, we derive
lg — pll :
2llg—p
lq *P||2 <dum(p, q)2 < 7']%4 (1 — /1= )

™
(anpn )2
< 7'2 ™

> M(l_M>3/2

™

2
< Mg=pl”
1_3HQ—P||

T™
where the last two inequalities follow from elementary real analysis arguments. Therefore,
we get t < 2||q — p|| and
3
17 e llg =2l

1 _ 1
dM(p’ q)2
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Using moreover that 2d(q — p, T,M) < |lg — p||* /s we derive,

#
g — pH

q—p,T,M)

170 ||—_H2\g2d<q—p,TpM> Al

4
g — p||+ ~Lyllqg—pl

O

Proof of Lemma V.16. For r > 0, let A, := {(p,q) € M?|||p — ¢|| < r}, and A = Ny=0A,

denote the diagonal of M?. Consider the map ¢ : M2\ A — R defined by ¢(p,q) =
w(‘%@rim' From (V.5), if there exists p # g € M such that 73y = ¢(p, q), then there
exists z € Med(M) with d(z, M) = 7ps. Hence, for all p # q € T, M, ©(p,q) < Tam, and by
compactness of M?\A,, we have sup M2A, ¢ < 7']\_/[1. Since we have the decomposition

— = sup  ©(p,q)
™  (pg)eM2\A

= sup  ¢pP,q9V sup  @(pq),
(P,9)EMA\A, (p,9)€EANA

we get Supy \x ¢ = TM Moreover, Lemma C.10 implies that
1
S 3 5 + L T
™

Finally, the unit tangent bundle T<'M = {(p,v),p € M,v € Br,1(0,1)} being compact,
there exists (go,vo) such that Yo = 7y, satisfies |74 (0)| = 7,,, which concludes the
proof. O

sip @) = s epq)
pEM,vEBT, M (0,1) (P,9)€ANA

for » > 0 small enough. Letting r go to zero yields

sup
peEM, UGBTPJW 0 1)

C.3 Analysis of the Estimator

C.3.1 Global Case

To show Proposition V.20, we show a stronger result (Proposition C.12) that applies to
a reach attaining pair with any size 2\, meaning that it is not necessarily a bottleneck.
Proposition V.20 follows straightforwardly by setting A equal to 7.

Proposition C.12. Let M C RP be a submanifold, and 0 < X\ < 1p;. Assume that M
has a reach attaining pair (q1,q2) € M? (see Definition V.14) with ||q1 — ga|| > 2X. Let
X C M. If there exists x,y € X with ||q1 — x| < A and ||g2 — y|| < A, then

1 1 1 1
0<— =< —— amax {dy(q1, dr(q2,9)}
™ T(X) ™ ({x y}) TIW { ( ) ( )}
2 2
where C. — 2T HOTAAFA depends only on the parameters Tyr, A\, and is a decreasing

TM A 27’1%4)\2
function of Tpr and A when the other parameter is fized.
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Proof of Proposition C.12. The two left hand inequalities are a direct consequence of
Corollary V.19, let us then focus on the third one.

Without loss of generality, assume that ||g1 — 2| = 2X. We set ¢t := max {ds(q1,z), dr(q2,y) }
and z1 := z + (g2 — q1). We have ||z1 —z| = ||g2 — ¢1]| = 2A and ||y — g2, [|lqn — =] < ¢
Therefore, from the definition of 7 in (V.18) and the fact that the distance function to a
linear space is 1-Lipschitz, we get

1 S 2d(y — x, T, M)
{zy}) =y —af
_2d((y—a@) + (a1 —2) + (1 — 2), T M)

Iy = a2) + (21 = @) + (@1 — )|
d(zy —x, T, M) — 2t
= 2\ + 1)

Let now 6 := Z(q2 — q1, Ty M) = minyer, i £(q2 — q1,v). Since 29 € Med(M), with

@1, € B(z0,7m) and ||g1 — q2f| = 2, for any v’ such that v L 29 — ¢, we have
\/ﬁ

Z(g2 —qi,v") > 5 — Z(q2 — q1,20 — q1). Hence, sinf > —1 and cosf < XM~ Tet

v1 € Ty M be any point in T, M realizing this angle, in the sense that l(qQ —q1,v1) =
Z(q2 — q1,T4, M). Then we have

4(21 - 90,1}1) = 4(CJ2 - Q17U1) = 0.

Let v1 € T, M be the parallel transport of v; along the geodesic between ¢; and x. Since
M has reach 757, Proposition C.1 (vi) gives

d t
4(01751) < M < —

™ ™ .

Hence the angle /(21 — z, T, M) can be lower bounded as

Loy — 2, Ty M) > Z(21 — x,01)
2 Z(Zl - IE,U) - Z(1}7@1)
gL
TM

And 0 < At <6 - TL < Z(z —x, T, M) < %, so the inequality is preserved by the

] ™ | TM
sine function, i.e.

d(z1 —x, T, M) = ||z1 — x| sin(L(z1 — x, T, M))

> 2)sin (9 — t> =2\ (sin@cost — cos 6 sin t)

T™ T™ T™
2 20/T3 — A?
2\ t T .t
=  —COS— — —— 81N —.
T™ T™ T™ T™

Combining the previous bounds yields,

1 1 < 1 d(zy—z,T,M)—2t
™ Tz, y}) T t™m 2N +1t)?
1 ¢ A L ¢
<L_ECOST7M— TJ\]CIIA Slna—v'
T (1+4)°

109



APPENDIX C. PROOFS FOR CHAPTER V

Using again that ¢ < A < 7y, the latter right-hand side term is itself upper bounded by,

R N PR T A (1-2)
™ ™ 272, TN T A2 A
A A1 2
< — 4+ — ]t
-\ 273, + T + A2 + ATar

273 + 2ATa /TR — A2+ ATEA + A3
t

273,22
271%/[ + 6T\ + N2
- 272, A2

t:=Cr 0t

which is the announced result. O

As for Proposition V.20, we tackle the proof of Proposition V.21 by showing the
following stronger one, Proposition C.13. Proposition V.21 follows straightforwardly by
setting A equal to 7.

Proposition C.13. Let P € Pﬁi)im[/(fmin), M = Supp(P) and 0 < X\ < 1. Assume that
M has a reach attaining pair (q1,q2) € M? (see Definition V.14) with ||q1 — g2 > 2.
Then

1 1 P P
E n _——— < C . n d.
P |: ™ %(Xn) :| = YA fminsd,p
where Cryp N foindp depends only on Tar, A, fmin d, p, and is a decreasing function of Ty
and A when other parameters are fized.
.. 272,467 A+ A2
Proof of Proposition C.13. Let s < %M, Crur= %, and t = CTL,AS < 27p/9.

Let wg := H%(Bga(0,1)) be the volume of the d-dimensional unit ball. Then note that from
Proposition C.1 (v), for all g € M ,

P (BM(p,t)) Z fmand (BM(p7 t))

£ \2)*
> Wdfmin (1 - <67_]\/I> ) td

728\ ¢
> Wdfmin (729> td-

Moreover, Proposition V.20 asserts that % - ﬁ‘ > s implies that either Bys(q1,t) N

X, = 0 or Ba(ge,t) NX,, = 0. Hence,

#(

1 1

™ (%)

> S) SP(BM(ql,t)ﬂXn = @)JrIED(BM(qQ,t)ﬂXn = @)
728\ ,\"
<2 (1 _Wdfmin <729> t )

728\¢
< 2exp (—nwdfmm (729) C’Ti)\sd) .
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Letting I'(-) denote the Gamma function, the integration of the above bound gives
1

1 1 P v p
— ]:/11\7/1[?(1— 1 >s>ds
™ T(Xp) 0
o0 728\ ¢ d
< 2/0 exp <—nwdfmm (729) Cm‘j)\ p) ds

™ T(Xp)
729 P
2(728) CTM)\/OO Bl g,
0

Epn |:

- CT]\/IM\ fmin:d:pn .

where C7,, A fuin,dp depends only on 7a7, A, fmin, d, p, and is a decreasing function of 7/
and A when other parameters are fixed. ]

C.3.2 Local Case

Lemma C.14. Let M be a submanifold and p € M. Let vg,v1 € TpM be a unit tangent
vector, and let 0 = Z(vo,v1). Let v, be the arc length parametrized geodesic Starting

(5p = [0 (O)[) . (C.15)

from p with velocity v, and write v; = yp v, for i =0,1. Let k, = MAXyeBy 0 (0,1) ’
Then,

IO = e )] - 1 sin” 0 (5 + 16 (0)]]) —

V2 -1

and

IO = [l (0)]| = sin* 6 (s, + |46 (0)]])

|cos 6 sin 0| Kpy/KEp — HV(/)/(O)H 2Ky
V2 1) 0] <|7 HOll +1). (C.16)

Proof of Lemma C.14. Let w € T,M be a unit vector satisfying w L vg and v1 = cos fvg +
sinfw. For t € R, let v(t) := (cost)vg + (sint)w € T, M, so that v; = v(#). Then

Hdo exp,, (v(t) v(t))H = H(3082 td? exp,,(vo, vo) + 2 cost sin td? exp,(vo, w)
+ sin? td? exp,,(w, w) H
> |cost| Hcos tdg expy,(vo, vo) + 2 sin tdg exp,,(vo, w)H
—SiHQtHd(Q) expp(w,w)H . (C.17)

Now, note that when x € [-1,1], V1 +z > 1+ f(x), where f(x) = min{z, (v2 — 1)z}.
Hence for any v',v” € T,M,

/l
o+ = I+ o] ¢ 1A

lo'[1 + [0

2 (v, ")
VPP 1+ ——
] < I+ o]

2,0/,1]//
Z||U’||+f( v >2).
o/ ||7 + [[v"||
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Applying the latter inequality to (C.17) and using d3 exp,,(vo, vo) = 74 (0) and d3 exp,(w, w) <
Kp gives

| @3 exp, (v(t), v(2)|

> cos® t Hdo expp(vo,vo)H —sin?¢ Hdg expp(w,w)H

4costsint <do exp,,(vo, vo), do expy,(vo, w)>

+ | cost|f
\/cos2tHd0epr (vo, o H + 4 sin? tHdOexpp Vg, W H

> cos? t |7 (0)|| — kpsin®t

4costsint <76’(0), do exp,(vo, w )>

+ | cost|f

\/0052t 17¢(0)]|* 4 4sin? ¢ Hdo exp,,(vo, w H
Now, note that f(x) > —|z| for z € [-1, 1], so applying this with ¢ = 0 gives

1 )] = || 5 exp, (w1, v1)|
> cos® 0 |74 (0)|| — sin? Ok,
4 ‘cos2 0 sin 6 <fy(’]’(0), do exp,(vo, w)> ‘

(C.18)
\/COSQHH’}/ ) +4sm20HdOexpp(vg, w)

B

We now focus on the third term of the right-hand side. For this, note that either
tsin (3 (0), do exp, (vo, w)) > 0,
or
cos(—t) sin(—t){9 (0), do exp, (vo, w)) > 0,

so that

Kp > max{Hd% expp(v(—t),v(_t)) H}

4(v2 1) ‘cos tsint <’Yo (0), do expy,(vo, w)>’

> cos? t 176 (0)]| +

2
\/COS2 tINE(0)||* + 4sin? ¢ Hd% expy, (vo, w)H
— sin? thp.
As a consequence,

’cos2 tsint <7[’)’(O), do exp,(vo, w)>’

\/COSQt\'y (0)||* + 4sin? tHdOexpp(Uo, )H

< 4(\/511) ((1 + sin? t)kp — cos? t ||V6/(0)H)

2

FO)]]) + 25in? b, )

— 4(\[1_1) (coszt (kp — |10 (
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First, setting ¢t = 0, we derive

[y (0]

> cos? 0 |14 (0)] - (1 + ) s Oy — ﬂl_ 05?0 (y — |40)])
= gl - 2 (0~ IO

= sin 8 (s + 6O = <5

Ol

Furthermore, let tg be defined by sin®ty = 1 — + € for € > 0 small enough. Then

2
eos2 o IO + 45t [ expy v, )| < oy vielding

’< )> do expy,(vo, w )>‘
< VFp

4(\/2 — 1) cos? to| sin |

(cos2 to (kp — |74 (0)]]) + 2sin? tmq,)

3 ~4/(0) e
o 1_7”0% I 2y/1— 1Ol
4(vV2-1) L ||»yé;(0)” e g @ (0>H
P

Sending € — 0, we obtain

‘<’Y(/)/(0),do expp(vo,w)>‘ < ﬁp\/m <|| 2’%)” I 1> ‘

iVI-1) g0

Using the previous bound together with
2 2 "
cos” 0 ||y (0 H + 4sin? 0 Hdo exp,,(vo, w )H > |cos O] || (0)]],
we finally obtain

IO = 176 (0)]] = sin® ¢ (s + |76 (0)])

’COSHSinm Kpy/ Kp — ||’Y(/)/(O)|| 2Ky
B < i 1) '

(V2 =1) [ (0)] 17/ (0

O

Proof of Lemma V.22. Note first from Proposition C.1 (ii), das(z,y) < wTar ensures the
existence and uniqueness of the geodesic ;_,,. The two left hand inequalities are a direct
consequence of Corollary V.19. Let us then focus on the third one. Let ¢y := das(x,y), and
write ¥ = 5, for short. By definition of 7 in (V.18),

1 S 2d(y — x, T, M) S 2d(y—x,T$M)'

S = > C.19

#({z.9}) ly — 2 2 (C.19)

Let Hono) := {z +u € RP| <u, ’yg’g’%y(0)> = 0} denote the affine hyperplane passing though

z with the normal vector 4”(0). Since +(0) € T,M*, T,M C H.i(0). As a consequence,
_ [07(0),y — )|
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Using the Taylor expansion of v at order two, we get

y—a=2lt0) =20 =ty O + [ [ (st (C.21)

Since ~y is parametrized by arc length, (v/(¢),7/(t)) = 1. Differentiating this identity at 0

yields (v”(0),7/(0)) = 0. In addition, by definition of C( ) ... @ M (Definition V.7), the
geodesic v satisfies ||[v"(s) —~”(0)|| < L|s|. Therefore,

[(7"(0),7"(5))] = [(+"(0),7"(0)) = ("(0),7"(s) — 7" (0))]
> {1y (0)|* — L[|y (0)|]s].

Combining the above bound together with (C.19), (C.20) and (C.21), we derive

2
g 2 'Ol = 520

which is the announced inequality. O

Proof of Lemma V.23. For short, in what follows, we let t, := dar(qo, x), ty := dm(qo, y),
and 0 := Z(7;,,(0), 74— (tz)). From Lemma C.14,

V2
1
s )] 2 [t = 5= 5 (1 + st )
1
fiﬂ_l(ﬂmf’ ()] )
va v,
= to)| — + sin” 6 | kg C.22
o ] - (5 + Asint0) e (C22
We now focus on the term (tz)||- Applying again Lemma C.14 yields

(O)H > (1-— 2 sin? 02)Kqp

and since 7, _,, is L-Lipschitz,

(tz)

) - ) = Voo sa0)]
> (1 —2sin?0,)kg, — Lt,. (C.23)

Now we focus on bounding the terms sin?# and cos?6. Let S?  be a d-dimensional
sphere of radius 7ps. In what follows, for short, Zabc stands for Z(v;_,,(0),v;_.(0)).
First, let §o,Z,7 € SE be such that dsz (qo, Z) = dpy(qo, x), dng (Go,9) = dum(qo,y),
and ZZ§oy = Zxzqoy. Then from Toponogov s comparison Theorem [Mey89], we have
dng (Z,9) < dm(x,y). Moreover, the spherical law of cosines [Tod79] writes as

ds2 (Z,7) t t t t
cos <W> = cos <x> cos (y> + sin (x) sin <y> cos (ZZqo7) ,
™ ™ ™ ™ ™

and since t,t, < 5 and cos(-) is decreasing on [0, 7], we get

ty § dS?.M (j7g) S dM(xay)

114



APPENDIX C. PROOFS FOR CHAPTER V

NOW7 let (jO) 537 g € SZ]V[ be such that dSEM ((107 ‘f) = dM(QOa '1")7 ds%w (qoa g) = dM(qu y)7 and
dSEM (z,y) = dy(z,y). Applying Toponogov’s comparison Theorem [Mey89], we have
Zgoxy < Lgozy and Lxqoy < LZqoy, and from the spherical law of cosines [Tod79],

Ccos (%) — cos (t—“) cos (dM(x’y)

™ ™™
: te ] d (I,y)
sin (E) sin (MTT)
so that Zgoxy < Zqozy < 5. Also, Zxqoy > |0, — 0, > § yields § < Zzqoy < ZZqoy, and

0 = Z(Vp—y(0); Vop—sz(tz)) = ™ — Zgoxy. Hence applying the spherical law of sines and
cosines [Tod79] implies

cos (Lgoxy) = ) >0,

sin @ = sin(Zqozy) < sin(Zqozy)
sin (%) sin(Z£zqoy)

\/1 — (cos ( tx{) cos (%) + sin (f—&) sin (:—i{) cos(licjoy))Q

IN

92 (t
\/sm (%
< sin(Zzqoy) < sin(ZLzqoy) < sin(|6, — 0y)). (C.24)

And accordingly,

|cosf] = V1 —sin?6 > \/1 —sin?(|0; — 0,]) = | cos(|6 — )] (C.25)

Hence applying (C.23), (C.24), and (C.25) to (C.22) gives

7y (0)]
> V2o (0 0, (11~ 2600, — 1)
1 V2 o,
_ 4 0. — 6 )
(\/5—1 a1l y”)“
_ (V2hq, — Ka)
V2 -1
V2 _ '
_ ﬁ ((l‘fqo + Hx) Sln2(’0m — HyD + 2,€q0 Sln2 0, COSQ(‘QI _ ey’))
2
- \/lLtm cos2(91 + 6,)
1
2 gy — V21 (m — kg + V2(3kg, + k) sin®(|0, — 0]) + \/ith) )
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Figure C.2 — Layout of Proposition V.25.

Proof of Proposition V.25. In what follows, we let to < Hin,

B = equo({v € Ty M : ||v|| < to, Z(7((0),v) < fo })a

Bs = equo({v € Ty M : ||v|| < to, £(74(0),v) > 7 — fo }),

and By := B1UBs, as in Figure C.2. Let X C M, and x,y € X be such that x € By, y € Bs.
Writing 6, := Z£(74(0), Vg2 (0)) and 0, := Z(74(0), 74—, (0)), then 8, < ,/Trtn% < 7 and
0y >m— ,/Tfn% > %Tﬂ' Also, dpr(qo, x) < to and dps(z,y) < 2y, so that

o< L _ 1L
T TM™ %(X)
44/25in? (|0, — 6,) 2 V2
< V2 Drar Y+ L (SdM(:r,y) + Vo 1dM(<Jo,$)>

16v/2 (7V2 —4)L
= <<\/§— D | 3(v2 - 1) )to'

A symmetric argument also applies when © € Bs and y € B;. Now, for any s < ——

™
o 16v2 (7v2—4)L\ ! Tmin
let to(s) ((ﬁ—l)fmmm T vy ) § < o

< % — s, then for any z,y € X N By, one has either x,y € By or z,y € Bs. Hence

P@L_%&) >)

<y (”) P(X1,..., Xm € M\Bo, Xps1,- .., Xn € Bi)

The above argument implies that if

1
7(X)

m=0 m

+P(X1,..., Xm € M\Bo, Xpni1, ..., Xn € Bg))
Z) (1= P(Bo))"P(B1)"™™ + (1 = P(By))"P(B2)" ™)

1— P(By))" + (1 — P(By))™. (C.26)
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Now we consider lower bounds for P(B;) and P(Bs). Let S := exp;o1 (B1)NdBr, m(0,to),
and as in Figure C.2, exp_'(B1) C Br,,m(0, o) is a cone satisfying
He (exp%l(Bl)) B HI1 ()
Hd (BTqOM<07t0)> Hd_l (BBTqOM(OatO))
Let wy := H4(Bga(0,1)) and o4 := H¥(OBga+1(0,1)) be the volumes of the d-dimensional
unit ball and the unit sphere respectively. Then by homogeneity, H% (Bqu M (0, to)) = wgtd

and H-1 (aBTqOM(O,tO)) — gd_ltgfl, For lower bounding H%~! (S}), let v := ﬁﬂ%é?h €
O

S1, and consider exp,, : T,,,S1 — S1. Then 7g, = to and exp,} (S1) C Br, s, (0, it 0),

hence applying Proposition C.1 (v) yields

d-1 to \“' 4 ~3,3
H (51) 1_67'7' H BTUOS1 Oa mlntO

59 @ 3d—3
> (60) Wq— 17'n.lln t02 ,

and hence

He (Br,, i (0,10) ) HIH (S1)
Hd_l (88Tq 0 ) )

59\ 4— d;1 d

> | — ——T7 . %t

- (60) d Tmin 0

Furthermore, since exp'(B1) C Br,, v (g0, T ), Proposition C.1 (v) yields

599\ 35341\% 1 _ds1 ad

d d

By) > B :

Wb 2 (600) " (equo( 1>) (36000) g fo”

HI1 (exp(;)1 (Bl)) =

and hence,

35341\ % fiy —dcl 3d—1 3d-1
P(Bl)z (36000) fd 7—min2 t02 ZCTminadavamins 2,

d,  _d=1 _

36000) ~d 'min |\ (Va-1)72 " 3(va-1)
same bound holds for P(B3). Hence applying these to (C.26) gives

1 1 3d—1\ 7N
Pl—— —— <2(1-0C; . .
(TM 7A_<X> > 8) — ( Tm1n7d7L7fm1ns 2 )

3d—1
S 2eXp (_CTminvdevfminns 2 ) '

-1
where Cr 0 a1 foin = ) . By symmetry, the

As a consequence, by integration,

p = p
ey 21 ey -l >3
< 2/ exp ( Crin d,L, fmlnn83d2;1> ds
=2 (CTmin,d,L,fmmn)i?’j%l /OOO 23T ey
=t (3de 1) CTmf»pd Lo
= Croind, L fnin.p™ 3T
where I'(+) is the Gamma function. 0
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C.4 Minimax Lower Bounds

C.4.1 Stability of the Model With Respect to Diffeomorphisms

To prove Proposition V.30, we will use the following result (already reproduced in Lemma
I11.17), stating that the reach is a stable quantity with respect to C2-perturbations.

Lemma C.27 (Theorem 4.19 in [Fed59]). Let A C RP with 74 > 7ynin > 0 and @ : RP —
RP is a C'-diffeomorphism such that ®,®~, and d® are Lipschitz with Lipschitz constants
K,N and R respectively, then
. > Tmin
Y= (K + Rrin) N2

Proof of Proposition V.30. Let M’ = ® (M) be the image of M by the mapping ®. Since
® is a global diffeomorphism, M’ is a closed submanifold of dimension one. Moreover, ® is
1d®]l,, < (1 + [|d® — Ipl|,,)-Lipschitz, ®~ ' is |[d®~"(| < (1 — [[d® — Ipl|,,)~"-Lipschitz,
and d® is ||d2<1>||op—Lipschitz. From Lemma B.1,

Tm’m«(l - ||d(I) - IDHop)z
HdQQHOp Tmin + (1 + Hd(b - IDHop)

TM! 2 Z Tmin/2>

where we used that Hd2<I>HOp Tmin < 1/2 and ||d® — IDHop < 0.1. All that remains to be
proved now is the bound on the third order derivative of the geodesics of M’. We denote

by v and 4 the geodesics of M and M’ respectively.

Let p’ = ®(p) € M" and v/ = d,®.v € T,y M’ be fixed. Since M € CS;)M,L is a compact
C3-submanifold with geodesics ||[v"”(0)|| < L, M can be parametrized locally by a C3
bijective map ¥, : Bra(0,e) — M with ¥,(0) = p. For a smooth curve v on M nearby p,
we let ¢ = (c1,...,cq)" denote its lift in the coordinates x = \If;1, that is y(t) = ¥, o ¢(?).
Y = Ypw is the geodesic of M with initial conditions p and v if and only if ¢ satisfies
the geodesic equations (see [dC92] p.62). That is, the second order ordinary differential
equation

{cm +O<Ff (e(t) -¢(®, ) =0, (1<t<d) (C.28)

where I'! = (Ffﬂ-)1 <ij<d A€ the Christoffel’s symbols of the C? chart x, which depends only
on x and its differentials of order 1 and 2. By construction, M’ is parametrized locally by
W, = ® o, yielding local coordinates y = \I/’;l =0, o ®! nearby p' € M’. Writing It
for the Christoffel’s symbols of M, ¥ is a geodesic of M" at p’ if its lift ¢ = \I/;;l(ﬁ) satisfies
(C.28) with T'* replaced by 'Y, and initial conditions &(0) = ¢ and &(0) = dyy.v' = dyx.v.
From chain rule, the T'*’s depend on T', d®, and d?®.

Considering ¢”’(0) — &”(0) by differentiating (C.28), since ¢(0) = &(0) = 0 and ¢’ (0) =
¢"(0), we have that for [|[Ip — d®|,,, ||d2<I>HOp and Hd3<I>||0p small enough, this difference
can be made arbitrarily small. In particular, 5”(0) is arbitrarily close to 7"”/(0) so that
17 (0)|| < |I7"(0)|| + L < 2L, which concludes the proof. O

C.4.2 Some Lemmas on the Total Variation Distance

Prior to any actual construction, we show this straighforward lemma bounding the total
variation between uniform distribution on manifolds that are perturbations of each other.
For a d-submanifold M c RP, write A\ = H}i&)ﬂd for the uniform probability distribution
on M.
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Lemma C.29. Let M C RP be a d-dimensional submanifold and B C RP be a Borel
set. Let ® : RP — RP be a global diffeomorphism such that | ge is the identity map and

|d® — Ip|,, < 2Y/% = 1. Then H(@(M)) < 2HY(M) and TV (Aar, Ap(ar) < 120 (B).

Proof of Lemma C.29. Since ® is (1 + ||d® — Ip||,,)-Lipschitz, Lemma 4 of [ACLZ17]
asserts that

HY(®(M N B)) < (L+ ||d® — Ipll,,) "M (M N B) < 2H*(M N B).
Therefore,

HE(D(M)) — HUM) = H (B(M N B)) —HY (M N B)
<HYM N B) < HYM).

Now, writing A for the symmetric difference of sets, we have MA®(M) = (BN M)A(BN
O(M)) Cc (BNM)U(BN®P(M)). Therefore, Lemma 5 in [ACLZ17] yields,

HE(MAD(M))

HA(M U D(M))

HI (M N B)+H?(®(M) N B)

- HA(M)

H? (M N B) +H* (®(M N B))
HA(M)

HY(M N B)

- HA(M)

TV (Ar, Ao(ary) < 4

= 12\(B).

O

Let us now tackle the proof of Lemma V.29. For this, we will need the following
elementary differential geometry results Lemma C.30 and Corollary C.31.

Lemma C.30. Let g : R? — R be C' and x € R? be such that g(x) = 0 and dyg # 0.
Then there exists r > 0 such that H¢ (¢=(0) N B(z,7)) = 0.

Proof of Lemma C.30. Let us prove that for » > 0 small enough, the intersection g~*(0) N
B(z,7) is contained in a submanifold of codimension one of R%. Writing g = (g1, .-, k),
assume without loss of generality that d,,g1 # 0. Since g; : R? — R is nonsingular at z,
the implicit function theorem asserts that g, 1(O) is a submanifold of dimension d — 1 of
R? in a neighborhood of & € R?. Therefore, for » > 0 small enough, g;*(0) N B(z,r) has
d-Hausdorff measure zero. The result hence follows, noticing that g=1(0) C g;*(0). O

Corollary C.31. Let M,M' c RP be two compact d-dimensional submanifolds, and
xeMNM'. If T,M #+ T,M’, there exists r > 0 such that A= M N M' N B(x,r) satisfies
Av(A) = Ay (A) = 0.

Proof of Corollary C.31. Writing k = D — d, we see that up to ambient diffeomorphism
— which preserves the nullity of measure — we can assume that locally around x, M’
coincides with R% x {0}* and that M is the graph of a C* function g : Bga(0,7') — R¥
for v > 0 small enough. The assumption T, M # T,M’ translates to dpg # 0, and the
previous transformation maps smoothly M N M’ N B(x,r") to g~1(0) N B(0,r') for 7" > 0
small enough. We conclude by applying Lemma C.30. O

We are now in position to prove Lemma V.29.

119



APPENDIX C. PROOFS FOR CHAPTER V

Proof of Lemma V.29. Notice that P and P’ are dominated by the measure p = 1700 HY,
with dP(x) = f(x)du(x) and dP'(x) = f'(x)du(x), where f, f' : R? — R have support
M and M’ respectively. On the other hand, P and P’ are dominated by v(dzdT) =
S¢r, M,y (dT) pu (dz) with respective densities f(x,T) = Ip—p,p f(z) and f'(2z,T) =
Ly—g,a f'(z), where we set arbitrarily T, M = T for x ¢ M, and T,M' =Ty for = ¢ M'.
Recalling that f vanishes outside M, and f’ outside M’,

TV (P,P') = \f — f|dv

2 Jrpxgan

1

=3 /RD L v=ror | f(2) — F/(2)] + L arr e (f(2) + ' (2))H (d2).

From Corollary C.31 and a straightforward compactness argument, we derive that
HE(M N M N {z|T,M # T,M'}) = 0.
As a consequence, the above integral expression becomes
TV(P,P') = 2/\f fldHe =TV (P, P'),
which concludes the proof. O

C.4.3 Construction of the Hypotheses

This section is devoted to the construction of hypotheses that will be used in Le Cam’s
lemma (Lemma V.28), to derive Theorem V.13 and Theorem V.32.

Lemma C.32. Let R,¢,n > 0 be such that ¢ < E A (21/d — 1) and n < ﬁ Then there
®3)

exists a d-dimensional sphere of radius R that we call M, such that M € C . and a
R, 2

global C*®-diffeomorphism ® : RP — RP such that,

_ 5731

dd — I
a — Io| g

|2

< B Hd3
op 02 ’

Op — E
and so that writing M’ = ®(M), we have HI(M') < 2HY(M) = 204R?

1 1

™ TM!

U 2%
> 2 and TV (A, Ayr) < 12 (R) )

Proof of Lemma V.31. Let M C R! x {0}P~4=1 ¢ RP be the sphere of radius R with
center (0,—R,0,...,0). The reach of M is 7y = R, and its arc-length parametrized
geodesics are arcs of great circles, which have third derivatives of constant norm ||v"”(¢)|| =

. Hence we see that M € 0(3) Let ¢ be the map defined by ¢(z) = exp(m) L2t

R, oz B!
qﬁ is a symmetric C*° map with support equal to B(0, 1) and elementary real analysis yields
»(0) =1, ||d¢|]op <3, Hd2¢||op < 23 and Hd3¢||op < 573. Let @ : RP — RP be defined by

O(x)=x+no(x/l) v

where v = (0, 1,0, ...,0) is the unit vertical vector. ® is the identity map on B (0, £)°, and in
B (0,¢), ® translates points on the vertical axis with a magnitude modulated by the weight
function ¢(x/¢). From chain rule, |[d® — Ip||,, = n||d¢|,, /¢ < 3n/¢ < 1. Therefore, d, ®

is invertible for all 2 € RP| so that ® is a local C*°-diffeomorphism according to the local
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xo

.\.

Figure C.3 — The bumped sphere circle M’.

inverse function theorem. Moreover, ||®(z)| — oo as ||z|| — oo, so that ® is a global
C*°-diffeomorphism by Hadamard-Cacciopoli theorem [DMGZ94]. Similarly, from bounds
on differentials of ¢ we get

Hd2<I>

LS 235 and [d' LS 573 75-

Let us now write M’ = ® (M) for the image of M by the map ®. Denote by (Oy) the
vertical axis span(v), and notice that since ¢ is symmetric, M’ is symmetric with respect
to the vertical axis (Oy). We now bound from above the reach 73 of M’ by showing that
the point zo = (0,(R+n/2)/(1+ %),O, ...,0) belongs to its medial axis Med(M'). For
this, write

b=(0,1,0,...,0), ¥ =(0,-2R,0,...,0),
together with 6 = arccos(1 — ¢2/(2R?)), and
x = (Rsinf,Rcosf — R,0,...,0).

By construction, b, b’ and x belong to M’. One easily checks that |z — z|| < ||zo — b|| and
|lzo — z|| < ||zo — V||, so that neither b nor V' is the nearest neighbor of zo on M’. But
xo € (Oy) which is an axis of symmetry of M’ and (Oy) N M’ = {b,b'}. As a consequence,
T has strictly more than one nearest neighbor on M’. That is, xog belongs to the medial
axis Med(M') of M'. Therefore,

1 1 1
> >
M d (xo, M) lxo — ||
1
>
n
Rl_ﬁ_”ﬁ
1 1 1+ L 1
> > 1+ 2B ) > Z 4 T
R 1 3R R ¢
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which yields the bound % — 71\14/

Finally, since M' = ®(M) with [|d® — Ip],, < 21/4 _ 1 with ®|5(0,¢)c coinciding with
the identity map, Lemma C.29 yields H(M') < 2H*(M) = 204R? and

> 1.

TV (Aars Avr) < 1227 (B(0,4))

Hd (Bsd (0, 9 arcsin (%)))

=12 H(S7)

which concludes the proof. ]

Proof of Proposition V.31. Apply Lemma V.31 with R = 27,,;n,- Then the sphere M of

radius 27, belongs to Cé?’) for ¢g > 0

Tmin,l/(élenm)'
and ¢ > 0 small enough, Proposition V.30 (applied to the unit sphere, yielding ¢4, and
reasoning by homogeneity for the sphere of radius 27,,;,,) asserts that M’ = ®(M) belongs

to Cig)_ @2y C C7(—fn)inaL7 since L > 1/(272,,,). Moreover,

Furthermore, taking n = Cd€3/ Tﬁm

HIM) L HEM) T > (2 o7l ) > fonin

m

so that Ay, Ay € PifjimL(fmm), which gives the result. O

Let us now prove the minimax inconsistency of the reach estimation for L = oo, using
the same technique as above.

Proof of Proposition V.13. Let M and M’ be given by Lemma C.32 with £ < %/\ (21/4—-1),
n=¢*/(23R) and R = 27,5, We have ||d® — Ipll,, < 3n/¢ < 0.1 and Hd2¢>||op < 23n/0% <
1/(2Tmin)- Since Tpr > 27Tpmin, Lemma B.1 yields

TM(l - ||d(I) - ID||op)2

Ty > > Tmin-
M= a2a)|,, mv + (1 + [d® - Ip],,) = ™"

As a consequence, M and M’ belong to CSn)m L—oo- Furthermore, from fp;, > m >
HEM) L HE(M') ™! we see that the uniform distributions Apz, Ay belong to Piil)m,L=oo (frmin)-

Let now P, P’ denote the distributions of 7552” L—oo(fmin) associated to Aps, Ay (Defini-

tion V.9). Lemma V.29 asserts that TV (P, P') = TV (Apr, Aarr). Applying Lemma V.28 to
P, P’ we get that for all n > 1, for ¢ small enough,

p

, 11 1|1 1 .
inf sup Egn -——| Z2=|—- (1 =TV (A, Aar))
" ﬁEﬁj—friin«Lzoo(fmin) Tﬁ Tn 2r ™ T
1 P ¢ \Y\"
STE [N
2p €2 27—min
1 1 \? ¢ \N\"
) (el
20 \ 46T in, 2Tmin
Sending ¢ — 0 with n > 1 fixed yields the announced result. O
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C.5 Stability with Respect to Tangent Spaces

Proof of Proposition V.34. To get the bound on the suprema, we show the (stronger)
pointwise bound. For all z,y € X with = # y,

2d(y —2.T;)  2d(y—2.T})| _
ly—2P e’ |~ ly—al

2|, — 7TT£||0p 2sin 6
ly—=z = 0

sllmr(y — ) = mry (y — @)
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Chapter VI

Non-Asymptotic Rates for
Manifold, Tangent Space and
Curvature Estimation

Abstract

Given an n-sample drawn on a submanifold M C R”, we derive optimal rates for the
estimation of the submanifold M, the tangent space Tx M and the second fundamental
form 17 é\(/[ for X € M both deterministic and random. After motivating their study, we
introduce a quantitative class of C*-submanifolds in analogy with Holder classes. We
propose estimators based on local polynomials that allow to deal simultaneously with the
three problems at stake. Minimax lower bounds are derived using a conditional version of

Assouad’s lemma when the base point X is random.
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CHAPTER VI. MANIFOLD, TANGENT SPACE & CURVATURE ESTIMATION

VI.1 Introduction

In Chapter IV, we built manifold estimators achieving optimal rates of approximation over
a class of C? submanifolds. In the process, we studied tangent space estimators based on
local PCA. This raises several new questions among which the optimality of the tangent
space estimation procedure, as well as rates of convergence for smoother submanifolds. In
addition, we tackled in Chapter V the estimation of the reach in a C3 model, yielding an
estimation of maximum curvature in some cases. One can further ask about the estimation
of curvature at all sample points, together with possibly better rates when the submanifold
is smoother.

The present chapter focuses on optimal rates for estimation of quantities up to order
two: (0) the submanifold itself, (1) tangent spaces, and (2) second fundamental forms.

Among these three questions, a special attention has been paid to the estimation of the
submanifold. In particular, it is a central problem in manifold learning. Indeed, there exists
a wide bunch of algorithms intended to reconstruct submanifolds from point clouds (Isomap
[TdSL00], LLE [RS00], and restricted Delaunay Complexes [BG14, CDRO05] for instance),
but a few come with theoretical guarantees [GPPVW12a]. Up to our knowledge, a minimax
lower bound has proved optimality of a reconstruction scheme in only one case [GPPVW12a].
Some of these reconstruction procedures are based on tangent space estimation, such as in
Chapter IV and [BG14, CDRO05]. Tangent space estimation itself also yields interesting
applications in manifold clustering [GM11, ACLZ17]. Estimation of curvature-related
quantities naturally arises in shape reconstruction, since curvature can drive the size of a
meshing. As a consequence, most of the associated results deal with the case d = 2 and
D = 3, though some of them may be extended to higher dimensions [MOG11, GWMO01].
Several algorithms have been proposed in that case [Rus04, CP05, MOG11, GWMO01], but
with no analysis of their performances from a statistical point of view.

To assess the quality of such a geometric estimator, the class of submanifolds over
which the procedure is evaluated has to be specified. Up to now, the most commonly
used model for submanifolds relied on the reach 77, a generalized convexity parameter.
Assuming 7p; > Tmin > 0 involves both local regularity — a bound on curvature —
and global regularity — no arbitrarily pinched area. This C%-like assumption has been
extensively used in the computational geometry and geometric inference fields [NSWO0S,
FLR"14, APR16, GPPVW12a]. One attempt of a specific investigation for higher orders
of regularity k& > 3 has been proposed in [CP05].

However, many works suggest that the regularity of the submanifold has an important
impact on convergence rates. This is pretty clear for tangent space estimation, where
convergence rates of PCA-based estimators range from (1/n)'/¢ in the C? case (Chapter
IV) to (1/n)* with 1/d < a < 2/d in more regular settings [SW12, TVF13]. In addition,
it seems that PCA-based estimators are outperformed by estimators taking into account
higher orders of smoothness [CC16, CP05], for regularities at least C3. For instance fitting
quadratic terms lead to a convergence rate of order (1/n)%¢ in [CC16]. These remarks
naturally led us to investigate the properties of local polynomial approximation for regular
submanifolds, where “regular" has to be properly defined. Local polynomial fitting for
geometric inference was studied in several frameworks such as [CP05]. In some sense, a
part of our work extends these results, by investigating the dependency of convergence
rates on the sample size n, but also on the order of regularity ¥ and the ambient and
intrinsic dimensions d and D.
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Outline

In this chapter, we build a collection of models for C¥-submanifolds (k > 3) that naturally
generalize the commonly used one for & = 2 (Section VI.2). We emphasize the necessity
of both local and global constraints for estimation. On these models, we study the non-
asymptotic rates of estimation for tangent space, second fundamental form, and submanifold
estimation (Section VI.3). These results shed light on the influence of k, d, D and n on
these estimation problems, showing for instance that the ambient dimension D plays no
role. The estimators proposed all rely on the analysis of local polynomials, and allow
to deal with the three estimation problems in a unified way (Section VI.4.1). Minimax
lower bounds are derived using standard Bayesian techniques, although a new version of
Assouad’s Lemma is used for tangent spaces and second fundamental forms when the base
point is random (Section VI.4.2). For the sake of completeness, geometric background and
proofs of technical lemmas are given in the Appendix.

V1.2 (C* Models for Submanifolds

VI.2.1 Notation

Throughout this chapter, we consider d-dimensional compact submanifolds M C R
without boundary. The submanifolds will always be assumed to be at least C?. For
all p € M, T,M stands for the tangent space of M at p [dC92, Chapter 0]. We let
III])V[ : TyM x TyM — T,M~* denote the second fundamental form of M at p [dC92, p.
125]. I IZ])W characterizes the curvature of M at p. The standard inner product in R? is
denoted by (-,-) and the Euclidean distance by ||-|. Given a linear subspace T C R,
write T for its orthogonal space. We write B(p, ) for the closed Euclidean ball of radius
r > 0 centered at p € R”, and for short Br(p,r) = B(p,r) NT. For a smooth function
® : RP — RP and i > 1, we let d.® denote the ith order differential of ® at x € RP.
For a linear map A defined on T' C RP, ||A| op = supyeT% stands for the operator
norm. We adopt the same notation |||, for tensors, i.e. multilinear maps. Similarly,
if {Az},cp is a family of linear maps, for short, its L> operator norm is denoted by
|All,, = supger | Azll,,- When it is well defined, we will write mp(2) for the projection
of z € RP onto the closed subset B C R”, that is the nearest neighbor of z in B. The
distance between two linear subspaces U,V C RP of the same dimension is measured by
the principal angle Z(U,V) = ||my — v ||, . The Hausdorff distance [GPPVW12a] in RP
is denoted by dg. For a probability distribution P, Ep stands for the expectation with
respect to P. We write P®" for the n-times tensor product of P.

Throughout this chapter, C,, will denote a generic constant depending on the parameter
a. For clarity’s sake, C!, ¢4, or ¢/, may also be used when several constants are involved.

VI.2.2 Reach and Regularity of Submanifolds

As introduced in [Fed59], the reach 7); of a subset M C RP is the maximal neighborhood
radius for which the projection my; onto M is well defined. More precisely, denoting by
d(-, M) the distance to M, the medial axis of M is defined to be the set of points which
have at least two nearest neighbors on M, that is

Med(M) = {z € RP[3p # g € M, ||z — p|| = ||z — || = d(z, M) }.
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The reach is then defined by

v = inf d(p, Med(M)) = inf d(z,M).
M= e (p (M)) 2EMed(M) ( )

It gives a minimal scale of geometric and topological features of M. As a generalized con-

vexity parameter, 7ps is a key parameter in reconstruction [GPPVW12a] and in topological

inference [NSWO08]. Having 7ps > Ty > 0 prevents M from almost auto-intersecting,

<1y <7t for all p € M [NSWOS,

man

and bounds its curvature in the sense that HI IZ])V[ op
Proposition 6.1].

For 7pin > 0, we let C?min denote the set of d-dimensional compact connected submani-
folds M of RP such that Ta; > Tyin > 0. A key property of submanifolds M € szm is
the existence of a parametrization closely related to the projection onto tangent spaces.
We let exp, : T,M — M denote the geodesic map [dC92, Chapter 3], that is defined by
exp,(v) = (1), where v, , is the unique constant speed geodesic path of M with initial

value p and velocity v.

Lemma VI.1. If M € Cgmm, exp,, : Br,m (0, Tmin/4) — M is one-to-one. Moreover, it
can be written as

expy: By, (0, Tmin /4) — M
vi—r p+ v+ Ny(v)

with Ny, such that for all v € By, (0, Trmin/4),

Np(0) =0, doNp =0,  [[duNp|l,,, < L [|v]l,

where Ly = 5/(4Tmin). Furthermore, for all p,y € M,
y—p=mr,m(y—p)+ Rao(y —p),

2
< ly=pl”

- 2Tmin

where || Ra(y — p)|

In other words, elements of Cme have local parametrizations on top of their tangent
spaces that are defined on neighborhoods with a minimal radius, and these parametrizations
differ from the identity map by at most a quadratic term. In addition, the reach condition
provides an order 2 Taylor expansion of the submanifold on top of its tangent spaces. A
natural extension to C*-submanifolds should ensure that such an expansion exists at order
k and satisfies some regularity constraints. To this aim, we introduce the following class of
regularity C* L-

Tmin

Definition VI1.2. For k > 3, 7ypin >0, and L = (L, Ls, ..., L), we let Cﬁmva denote

the set of d-dimensional compact connected submanifolds M of RL with a7 > Tonin and
such that, for all p € M, there exists a local one-to-one parametrization ¥, of the form:

\I/p: BTPM (0,7’) — M
vi— p+v+Npy(v)

for some r > i, with N, € ck (BTPM (0,7) ,]RD> such that

N,(0) =0, doN, =0, |

|, <

for all |jv]| < ﬁ. Furthermore, we require that

d;NpHOp < L; forall3<i<k.
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Let us precise that the radius 1/(8L ) has been chosen for convenience. Other smaller
scales would do and we could even parametrize this constant, but without substantial
benefits in the results.

The ¥),’s can be seen as unit parametrizations of M. The conditions on N, (0), doNy,
and 2N, ensure that U1 is close to the projection mg,a7. The bounds on diN), (3 < i < k)

allow to control the coefficients of the polynomial expansion we seek. Indeed, whenever
Tmin/\Lll

M e CITCmm,L’ Lemma VI.14 shows that for every p in M, and y in B(p, =) N M,
k—1

y=p=m"(y—p)+ > T (=" (y—p)*) + By — p), (VL3)

where 7* denotes the orthogonal projection onto T}, M, the T} are i-linear maps from 7, M
to RY with || T}||op < L} and Ry, satisfies || R(y — p)|| < Clly — p|¥, where the constants C
and the L’s depend on the parameters T, d, k, L1, ..., Ly.

Such W,’s exist for any compact Ck-submanifold, if one allows 77;1-1”, L, Ls,....Lj to
be large enough. Note that for k& > 3 the exponential map can happen to be only C*~2
for a C*-submanifold [Har51]. Hence, it may not be a good choice of ¥,. However, for
k = 2, taking W), = exp,, is sufficient for our purpose. For ease of notation, we may write
szm,L although the specification of L is useless. In this case, we implicitly set by default
U, = exp, and L = 5/(47min)-

As will be shown in Theorem VI.6, the global assumption 737 > 7T > 0 cannot be
dropped, even when higher order regularity bounds L;’s are fixed.

Let us now describe the statistical model. Every d-dimensional submanifold M c RP
inherits a natural uniform volume measure by restriction of the ambient d-dimensional
Hausdorff measure H¢. In what follows, we will consider probability distributions that are
almost uniform on some M in Cfmm,L, as stated below.

Definition VI.4. For k > 2, 74 > 0, L = (L1, Ls,...,Lx) and fmin < fmaz, we let
Pk (fmins fmaz) denote the set of distributions P with support M € CfminaL that have

Trmin, L
a density f with respect to the volume measure on M, and such that for all x € M,

0 < fmin < f(2) < frmaz < 0.

For short, we write P* when there is no ambiguity. We denote by X,, an i.i.d. n-sample
{X1,...,X,}, that is, a sample with distribution P®" for some P € P*. In what follows,
though M is unknown, all the parameters of the model will be assumed to be known,
including the intrinsic dimension d and the order of regularity k. We will also denote by
Pfx) the subset of elements in P* whose support contains a prescribed = € RP.

In view of our minimax study on PF¥, it is important to ensure by now that P¥ is
stable with respect to deformations and dilations. Here, since we deal with submanifolds,
a natural way to model deformations is through ambient diffeomorphisms.

Proposition VI.5. Let ® : RP — RP be a global C*-diffeomorphism. If ||d® — IDHop
|| d2®|| ‘o
pushforward distribution P’ = ®,P belongs to Pvlfm,m/Z?L (fmin/2,2fmaz). Moreover, if
® = \p (A > 0) is an homogeneous dilation, then P’ € Pf\“TmmL(A)(fmm//\d, fmax/)\d),
where Lyy = (L1 /X, L3/2?, ... , Ly /A1,

are small enough, then for all P in PF 1, (fmins fmaz), the

op Tmin,

Op’ ceey

Proposition VL5 follows from a geometric reparametrization argument (Proposition
D.2) and a change of variable result for the Hausdorff measure (Lemma D.3).
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Figure VI.1 — Inconsistency of tangent space estimation for 7,,;, = 0.

VI.2.3 Necessity of a Global Assumption

In the previous Section VI.2.2, we generalized C?-like models — stated in terms of reach —
to C¥ for k > 3 by imposing higher order differentiability bounds on parametrizations U,’s.
Though, we did not drop the global assumption 737 > Tinin > 0. Indeed, it appears that
such an assumption is necessary for estimation purpose.

Theorem VI.6. Assume that Tmin = 0. If D > d + 3, then for all k > 3 and L, > 0,
provided that Ls3/L?,.. .,Lk/L]j__l,le_/fmm and fmax/le_ are large enough (depending
only on d and k), for alln > 1,

. 1
inf sup EpenZ(TM,T) > = >0,
T PePg, 2
where the infimum is taken over all the estimators T = T(Xl, cen Xn).

Moreover, for any D > d+1, provided that L3/L? , ... ,Lk/L’i_l, Lji_/fmm and fmagC/L”ll
are large enough (depending only on d and k), for alln > 1,

— L
inf sup Epen [IIM ompy — 11| > ZE >0,
11 pept, G
where the infimum is taken over all the estimators 11 = .ﬁ(Xl, co Xp).

In other words, if the class of submanifolds is allowed to have arbitrarily small reach,
no estimator can perform uniformly well to estimate neither 7, M nor ITM. And this,
even though each of the underlying submanifolds have arbitrarily smooth parametrizations.
Indeed, if two parts of M can nearly intersect around x at an arbitrarily small scale A — 0,
no estimator can decide whether the direction (resp. curvature) of M at z is that of the
first part or the second part (see Figures VI.1 and VI.2).

VI.3 Main Results

Let us now move to the description of the main results, that consist of minimax upper and
lower bounds for each object of interest. Given an i.i.d. n-sample X,, = {X,..., X, } with
unknown common distribution P € P* having support M, we detail non-asymptotic rates
for the estimation of tangent spaces T'x; M, second fundamental forms 11 % , and M itself.

For this, we need one more piece of notation. For 1 < j < n, PT(Lj ) denotes integration
with respect to 1/(n — 1) 3,4, d(x,—x,), and y®" denotes the D x i-dimensional vector
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Figure VI.2 — Inconsistency of curvature estimation for 7,,;, = 0.

(y,...,y). For a constant ¢ > 0 and a bandwidth h > 0 to be chosen later, we define the

local polynomial estimator (7, Tg}j, e aTk:—l,j) at X; to be any element of
‘ k—1 2
arg min PO |z — m(z) — Z Ty(w(2)®)|| Lpom ()], (VL7)
m,8uPa<;i<k || Tillop <t i=2

where 7 ranges among all the orthogonal projectors on d-dimensional subspaces, and T; :
7
(RD ) — RP among the symmetric tensors of order i such that ||T;|| op <t. For k=2, the

sum over the tensors T} is empty, and the integrated term reduces to ||z — 7 (z)]|? 1(0,n) ().
By compactness of the domain of minimization, such a minimizer exists almost surely. In
what follows, we will work with a maximum scale h < hg, with

—1
Tmin /\ LJ_

ho = 3

Note that the set of d-dimensional orthogonal projectors is not convex, leading to a
more involved optimization problem than usual least squares. In practice, this problem may
be solved using tools from optimization on Grassman manifolds [UM14], or adopting a two-
stage procedure such as in [CP05]: from local PCA, a first d-dimensional space is estimated
at each sample point, along with an orthonormal basis of it. Then, the optimization
problem (VI.7) is expressed as a minimization problem in terms of the coefficients of
(mj, T2, ..., T} ) in this basis under orthogonality constraints. It is worth mentioning
that a similar problem is explicitly solved in [CC16], leading to an optimal tangent space
estimation procedure in the case k = 3.

The constraint ||7;||o, < t involves a parameter ¢ to be calibrated. As will be shown in
the following section, it is enough to choose t roughly smaller than 1/h, but still larger
than the unknown norm of the optimal tensors ||7;||,,. Hence, for h — 0, the choice
t = h~! works to guarantee optimal convergence rates. Such a constraint on the higher
order tensors might have been stated under the form of a ||.||,p-penalized least squares
minimization — as in ridge regression — leading to the same results.

VI.3.1 Tangent Spaces

By definition, the tangent space Tx; M is the best linear approximation of M nearby Xj.
Therefore, it is natural to take the range of the first order term minimizing (VI.7) and
write T im7;. The T s approximate simultaneously the Ty, M’s with high probability,
as stated below.
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1/d

Theorem VI.8. Assume thatt > Cy q7,... L > SuPaci<k [|T; ||op. Seth = (C’d % ,

for Cq . large enough. If n is large enough so that h < hg, then with probability at least

O

121ja<><n4(TX M, Tj) < Caporyin L ,/é:“: RML(1 + th).

As a consequence, taking t = h™', for n large enough,

1 e
sup Epen max /(Tx, M, Tj) < C < Og(”)> ,
PePk 1sj< n—1

where C = CdvvaminyLafminafmax :

The same bound holds for the estimation of T, M at a prescribed x € M. For that,
simply take Pn =1/n3";0(x,—¢) as integration in (VL.7).

This result is in line Wlth those of [CP05] in terms of the sample size dependency
(1/n)*=1/d_ Besides, it shows that the convergence rate of our estimator does not depend
on the ambient dimension D, even in codimension greater than 2. When k = 2, we
recover the same rate as in Chapter IV, where we used local PCA for estimation, that is a
reformulation of (VI.7). When k > 3, this procedure outperforms PCA-based estimators
of [SW12] and [TVF13], where convergence rates of the form (1/n)® is obtained for
1/d < o < 2/d. This bound also recovers the result of [CC16] in the case k = 3, where
a similar procedure is used. Moreover, Theorem VI.8 nearly matches the following lower
bound.

Theorem VL.9. If rinLy, ..., 7, Lk,( mmfmm)* and Tmmfmam are large enough (de-
pending only on d and k), then
k—1
~ 1 d
inf sup Ep@né(TXlM, T) > Cd .k, Trmin <) s
T pepk n—1
where the infimum is taken over all the estimators T = T(X1,...,X,).

Hence, up to a logn factor, the rate n~(*=1)/d is optimal for tangent space estimation
on the model P*. The rate (logn/n)'/¢ obtained in Chapter IV for k = 2 is therefore
optimal, as well as the rate (logn/n)?/? given in [CC16] for k = 3. The rate n~(k=1)/d
naturally appears on the the model P¥, since it consists of C*-submanifolds, and tangent
spaces are differential objects of order 1, yielding the shift k — 1. Again, the same lower
bound holds for the estimation of T, M at a fixed point = in the model 73(];). Interestingly,
the tools used to derive the lower bound for T, M (z fixed) is much less involved than for
Tx, M (X; random and depending on the distribution P). In the latter case, a conditional
Assouad’s Lemma (Lemma VI.24) is used. We will detail these differences in Section VI.4.2.

VI1.3.2 Curvature

The second fundamental form 17 % T, M x T, M — Tx, M L cRPisa symmetric
bilinear map that encodes completely the curvature of M at X; [dC92, Chap. 6, Proposition
3.1]. Estimating it only from a point cloud X,, does not trivially make sense, since I'T %
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has domain T’x; M which is unknown. To bypass this issue we extend I % to RP. That is,
we consider the estimation of 11 % O Ty M which has full domain RP”. Following the same
ideas as in the previous Section VI.3.1, we use the second order tensor TQJ o 7tj obtained in
(VL7) to estimate II)]‘(/[]_ O My, M-

Theorem VI1.10. Let k > 3. Take h as in Theorem VI.8 and t = 1/h. If n is large enough
so that h < hg and h™1 > Ckénmn L = (supgcicp 1T lop) ~t, then with probability at least

k/d
1
=)
M - A fmam k— 2
max HII o —T‘OT(‘H < ——h
1<j<n XJ TX]-M 2,3 J op — d.k,Tmin,L fmzn

In particular, for n large enough,

k=2

<o <log(n)>d 7

n—1

sup Epen max HIIX O TTx, M — T2]o7rj
Pecpk 1<

where C = Cdvvaminyvaminafmaac .
Interestingly, Theorems VI.8 and VI.10 are enough to provide estimators of various

notions of curvature. For instance, consider the scalar curvature [dC92, Section 4.4] at a
point X, defined by

1
Sc)]\gj = A0 ; K[I%(er,er),ff)]‘é(es,es» - HII%(eT,eS)HQ} ,

where (e,)1<r<q is an orthonormal basis of TXjM . A plugin estimator of Sc% is

—~ 1 ~ o ~ A ~ .

Sej = dd=1) > [<T2,j(e7"aer)aTZ,j(es;es)> - ”T2,j(€raes)‘|2} ;
r#s

where (é,)1<r<q4 is an orthonormal basis of TXJ,M . Theorems VI.8 and VI.10 yield
k=2

log(n)> a

n—1

< M
EP@” 112.?2{“ ‘SC] - SCX]" S Cd,kmiin:vaminafmax (

The (near-)optimality of the bound stated in Theorem VI.10 is assessed by the following
lower bound.

Theorem VI.11. If 7pinly, ..., T Lk,( mmfmm)_ and Tmmfmax are large enough
(depending only on d and k), then
k—2
1 T
> Cdvk'v'rmin () ’
op n—1

inf sup Epen IIX1 O Ty,
IT pepk
where the infimum is taken over all the estimators 11 = ﬁ(Xl, vy Xn).

The same remarks as in Section VI.3.1 hold. If the estimation problem consists in
approximating ITM at a fixed point 2 known to belong to M beforehand, we obtain the
same rate. The ambient dimension D still plays no role. The shift £k — 2 in the rate of
convergence on a C¥-model can be interpreted as the order of derivation of the object of
interest, that is 2 for curvature.

Notice that the lower bound (Theorem VI.11) does not require k£ > 3. Hence, we get
that for k = 2, curvature cannot be estimated uniformly consistently on the C2-model
P2, This seems natural, since the estimation of a second order quantity should require an
additional degree of smoothness.
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Figure VI.3 — Mpory is a union of polynomial patches at sample points.

VI.3.3 Support Estimation

For each 1 < j < n, the minimization (VI.7) outputs a series of tensors (#;, Th, . . - ,Tk_Lj).
This collection of multidimensional monomials can be further exploited as follows. By
construction, they fit M at scale h around X;, so that

k—1
@j(’l)) = Xj +v+ Z Tm‘ (U®i)
=2

is a good candidate for an approximate parametrization in a neighborhood of X,;. We
do not know the domain T'x, M of the initial parametrization, though we have at hand

an approximation TJ = im 7; which was proved to be consistent in Section VI.3.1. As a
consequence, we let the support estimator based on local polynomials Mpgry be

MPULY = U \/I\I] (BT] (0, 7h/8)> .
J=1

The set Mpory has no reason to be globally smooth, since it consists of a union of polynomial
patches that are not linked together (Figure VI.3). However, Mpgry is provably close to M
for the Hausdorff distance.

Theorem VI1.12. With the same assumptions as Theorem VI.10, with probability at least

k

1-2 (%)E, we have

9 k
dH (M’ MPULY) S CdvkmiinyLafminafmazh .

In particular, for n large enough,

~ lo d
sup Ependy (M, Mpory) < C ( g(n)) )
Pepk n—1

where C = Cdvvaminyvaminafmax .

For k = 2, we recover the rate (logn/n)*? obtained in [GPPVW12a, KZ15] and
Chapter IV. However, our estimator MPDLY is an unstructured union of d-dimensional balls
in RP. Consequently, MPULY does not recover the topology of M as the estimators MTDC,
Mrpes and Mipe+ of TV do.

When k& > 3, MPOLY outperforms reconstruction procedures based on a somewhat
piecewise linear interpolation (for instance in [GPPVW12a] and Chapter IV), and achieves
the faster rate (logn/n)¥/¢ for the Hausdorff loss. This seems quite natural, since our
procedure fits higher order terms. This is done at the price of a probably worse dependency
on the dimension d than in [GPPVW12a] and Chapter IV. Theorem VI.12 is now proved

to be (almost) minimax optimal.

134



CHAPTER VI. MANIFOLD, TANGENT SPACE & CURVATURE ESTIMATION

Theorem VI1.13. If 1L, ... ,TJ%Z%L;C, (Tﬂnnfmm)_l and Tﬂnnfmax are large enough

(depending only on d and k), then for n large enough,
~ 1\4d
ll}f sup EP@ndH (M’ M) 2 Cd7k7T77Li7L () )
M pepk n
where the infimum is taken over all the estimators M = M(Xl, e Xn).

Theorem VI.13 is obtained from Le Cam’s Lemma (Theorem VI.22). Let us note that it
is likely for the extra logn term appearing in Theorem VI.12 to actually be present in the
minimax rate. Roughly, it is due to the fact that the Hausdorff distance d is similar to a
L™ loss. The logn term may be obtained in Theorem VI.13 with the same combinatorial
analysis as in [KZ15] for k = 2.

V1.4 Main Ideas of the Proofs

VI.4.1 Local Polynomials

We now turn to the proof of the upper bounds of Section VI.3. First, to relate the existence
of parametrizations ¥,’s to a local polynomial decomposition, the following lemma is
needed.

Lemma VI1.14. For any M € CfminyL and x € M, the following holds.
. 1
(i) For all vi,vy € Br,nmr (O, m),
3 5
7 vz = vl < [[¥a(v2) = Yool < 7 vz — vl
(ii) For all h < i A 27%1'",
h h
MﬂB(x, 35) C Yy (Bpa(x,h) Cc MNB (w,i) :
(iii) For all h < T,

Th
BTZM (0, 8> C T, M (B(:C, h) N M) .

(iv) Denoting by m* = 7wy, the orthogonal projection onto T, M, for all x € M, there
exist multilinear maps Ty, ..., T} from T, M to RP, and Ry such that for all

) -1
yGB(x,TmmﬁLL)ﬂM,

y—z=m(y—z)+T5 (@ (y— o)) +... + Ti_ (7" (y — z)®* )
with

1Ri(y —2)| < Clly =2 and ||T}|,, < L for2<i<k—1,

where L, depends on d, k, Tyin, L1, ..., Li, and C ond, k, Tyin, L1 ,..., L. Moreover,
fork >3, Ty = 11M.
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(v) For all x € M, ’I_Té‘/[‘ < 1/Tmin- In particular, the sectional curvatures of M
op
satisfy
-2 <, < 1
2 SR>3
Tmin Tmin

The proof of Lemma VI.14 can be found in Section D.1.2. We are now in position
to analyze local polynomial estimators. For clarity’s sake, the bounds are given for
j = 1, where we denote by #, T; (2 < i < k — 1) the fitted polynomials of (VI.7),
and P,_1 = P,El_)l. The results of Theorems VI.8, VI.10, and VI.12 then follow from a
straightforward union bound. We also set k& > 3, the case k = 2 proceeding from the same
derivation, omitting the higher order tensors. Without loss of generality, we can assume
that X1 = 0 and that Ty M is spanned by the first d vectors of the canonical basis, so that
™(x) = (z1,...,24,0,...,0) = (21.4,0,...,0).

Recall that hy = (Tymin A LII)/S. According to Lemma VI.14, if M € CfmimL, for any
x € M such that ||z|| < ho, we may write

x =1 (x) + Ty (7" (2)®?) + ...+ Tp (7" ()% ) + Ry (),

where ||Ri(x)| < C-.

min;

L||z||®. Every coordinate of (T; — T;*)(w*(z)) may be thought of as
a polynomial map in the variable x1.4. Thus, proximity between T; and T will be first
stated in terms of polynomial norm.

Let RF [1.4] denote the set of real-valued polynomial functions in d variables with degree
less than k. For Q € R¥[x1.4], we denote by ||Q||2 the Euclidean norm of its coefficients,
and by @, the polynomial defined by Qp(x1.q) = Q(hx1.q). The following result relates

the L?(P,_1) norm involved in (VL.7) to polynomial norms.

n—1
that, if K > (kkafies/fom) and n is large enough so that b < ho < Tmin/4, then with

1
Proposition VI.15. Set h = (Km) Y. There exist constants Kkds Ck,d and Cq such

41
probability at least 1 — (l) 47" we have

n

P [Q*(m* () gy (@)] > ckgh® fminl|Qnll3,
N(h) < Cdfmaz(n_l)hd,

for every Q € R¥[xy.q], where N(h) = Y5_5 L(on) (X))

The proof of Proposition VI.15 is deferred to Section D.2.2. From now on we assume that
the probability event defined in Proposition VI.15 occurs. For short, with a slight abuse of
notation, we denote by T.,(z) the sum T),(z®P)+. . .+T,(z®7), and by Rp,—1 (7, T2, . .., T—1)
the empirical criterion defined by (VI.7). Since for t > max;—2 1 |7} | op,

Rn—l(ﬁafla s 7Tk—1) < Rn—l(ﬂ-*JT2*7 s 7TI:71) < CT

min

Lh* N (h)/(n—1)
according to (VI.3), we may write

A

i Z Rn—l(ﬁ-7T27 LU 7Tk71)
= Put (|0 = 9)(@) + Ty 07" — Do 0 7)(a)

+ Rk(w)H2 13(0,1) ($)> ,
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with ||Ri(z)|| < C

— Tmin,

Lh2k. Tt follows that

. 2
P, (H(w* —)(x)+ (Top_y o™ —Thp—10 fr)(@” L5(0,n) (ﬂf)>

n—1
hd+2k.

<C

— Tmin,

< C‘rmm,L,dfmax
On the other hand, using (VI.3) again yields, for x € B(0,h) N M

(" = #)(2) + (T5poy 0 7 = Ty 0 1) (2)
= T{(m"(2)) + T5(m* (2)%?) + T (n"(2)) + 7 (R(2)) + Ry (),
LhF, | R (2)]| < tC;

min,

with || Ry ()] < C

mzn’

than 2 are involved in R}, and

Ti(m*(x)) = L C R
Ty(n*(2)®%) = (7" = 7)(T5 (" (2)%%)) + (T5 o * — Ty o ) (n* () %),

k, rh*t1 since only tensors of order greater

Hence,
Poy (\

The left-hand side of (VI.16) may be decomposed coordinate-wise as

{(n* (@) + Ty ()®) + T (" @)|| oo <z>)
< Coin Ldfmach®2 (1 4+ ht) . (VL16)

Tmin

Pt (HT{W(@) + T3 (2)%) + T ()| ng(o,m(w))
- z Pas ((T9(5°2) + 79 (0)) + T4 @) Lo (@)

where for any tensor T', TU) denotes the j-th coordinate of T and is considered as a real
valued j-order polynomial. Then, for every j, Proposition VI.15 leads to

Pt (905" (@) + T9 (7 (@) + T @) Lso(@))

> cagefmin® | (T'9 (0" () + T'9 (0" (2)) + TP @), |
= canbi® 3 | (7 21), -
Summing all contributions leads to -
Cak fmin Z Z |9 ))th < Chvdm frach? (1 + £2h2).
This entails o
T} 112, < CaLmmin o Jmaz 21— (1 + 2n?), (VL.17)

fmzn

for 1 <i <k, as well as

|7 = #)(@) + Ty o7 = Toa o ﬁ)(x)H < Capvr. jim RE(1+th), (VIL18)

for x € B(0, h) N M, according to (VI.3).
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Bounds for Tangent Space Estimation

Noting that
1 Tillop = (7™ = &)1 llop = llmz o 7| = Z(ToM, T1)

from Proposition I11.29, and using (VI.17) for i = 1 yields Theorem VI.8.

Bounds for Curvature Estimation

In accordance with assumptions of Theorem VI.10, we assume that maxo<i<i [|T;]|op <
t <1/h. Since

Ty(m*(2)®?) = (7% — &) (T5 (7" (2)¥?)) + (T3 o 7 — Ty o &) (" (2)*?),
we deduce that
T3 o 7% — Ty 0 #llp < I Thllop + 7 — 7*llop + T2 0 7 0 7 = Th 0 7 0 7||op.

Using (VI.17) with ¢ = 1,2 and th < 1 leads to

fmax
fmin

Finally, Lemma VI.14 states that I7 )J\{[l = T3, hence Theorem VI.10 is proved.

hF2,

||1—12>’< © W* - TQ © ﬁ-HOP S CdykaLvain

Bounds for Reconstruction

Let v € By, ,,(0,7h/8) be fixed. Notice that 7*(v) € Brm (0, 7h/8). Hence, according to
Lemma VI.14, there exists € B(0, h) N M such that 7*(v) = 7*(z). We may write

Bo)=o+ 3 B £ 3R )5 + Rulo),

=2 i=2
where, since ||Tillo, < 1/h, ||Ri(v)] < Ch.dryin LV fmaz/ fminh® according to (VI.17).
Then, according to (VI.18),

k—1

() + > T (0)* +ZT* *(0)7) + R'(7" (v))

S
Il
V)

+ZT* (@) + R (7" (2)),

where | R (7*(2))|| < Ck.arpin. LV Frmaz/ Fminh® . According to Lemma VI.14, we deduce
that H\IJ(U) - $|| < Ck,d,Tmin,L V fmax/fminhk) hence

sup d(u, M) < Crdrpin L\ 57— fmm (VI.19)
’LLGMPOLY fmm

Now we focus on sup,c, d(a:,MPOLy). For this, we need a lemma ensuring that X, =
{X1,...,X,} covers M with high probability.

Célk logn

fmin n

1/d
Lemma VI.20 (Lemma II1.23). Let h = ( ) with CYj large enough. Then for n

d
large enough so that h < Tpin/2, with probability at least 1 — (7) & ,

dy (M,X,) < h.
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Now we choose h satisfying the conditions of Proposition VI.15 and Lemma VI.20. Let
x be in M and assume that ||z — X, || < h. According to (VI.18) and (VI.3), we deduce

that H‘Tjjo (7jo (@) — || < Chodryin 1N Frnaz/ Fminh®. Hence, from Lemma VI.20,

sup d(x, MPULY) < Crodyrys LA | Fmaz hE (VI.21)
zeM fmm

k/d
with probability at least 1 — 2 (%) / . Combining (VI.19) and (VI.21) gives Theorem
VI.12.

VI.4.2 Minimax Lower Bounds

This section is devoted to describe the main ideas of the proofs of the minimax lower bounds,
Theorems VI.9, VI.11 and VI.13. The methods we use rely on hypothesis comparison
[Yu97]. We recall that for two distributions @ and @’ defined on the same space, the total
variation distance TV (Q, Q') and the L! test affinity ||Q A Q'||, are given by

1
TV(Q.Q) =5 [ldQ—dq| ler@ll,= [dqnrdq.
where dQ and dQ’ denote densities of @ and @’ with respect to any dominating measure.

Le Cam’s Lemma and Consequences

The first technique we use, involving only two hypotheses, is usually referred to as Le
Cam’s Lemma. Let P be a model and §(P) be the parameter of interest. Assume that
6(P) belongs to a pseudo-metric space (D, d), that is d(-,-) is symmetric and satisfies the
triangle inequality. Le Cam’s Lemma can be adapted to our framework as follows.

Theorem VI.22 (Le Cam’s Lemma [Yu97]). For all P, P' in the model P,

A1
inf sup Epsnd(0(P),0) > =d (8(P),0(P")) | P®™ A P"*"||,
0 PeP 2
where the infimum is taken over all the estimators § = é(Xl, vy X))

Moreover, ||[P®" A P'®™||, > |PAP'||] =1 —-TV(P,P))".

We derive Theorem VI.13, as well as Theorems VI.9 and VI.11 with fixed base point x,
0(P) being supp(P) = M, T,M and ITM o 71,y respectively. The hypotheses P, P are
built in Section VI.4.2. Such constructions are not substantially new in minimax geometric
inference [GPPVW12a]. Therefore, we do not detail it further.

Conditional Assouad’s Lemma

Now, consider the estimation of the differential quantities Tx, M and I1 )]‘(/{ with random
base point X;. In both cases, the loss can be cast as

Epon d(0x,(P),0) = Epens | Ep d(6x,(P).0)]

Y

— Epeni U’d(e.(P),é)

LY(P)

where § = (X, X'), with X = X driving the parameter of interest, and X’ = (Xa, ..., X,) =
Xom. Since ||| z1(py obviously depends on P, the technique exposed in the previous section
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does not apply anymore. However, a slight adaptation of Assouad’s Lemma [Yu97] with
an extra conditioning on X = X7 carries out for our purpose. Let us now detail a general
framework where the method applies.

We let X', X’ denote measured spaces. For a probability distribution @ on X x X’, we
let (X, X’) be a random variable with distribution (). The marginals of @ on X and X’
are denoted by p and v respectively. Let (D, d) be a pseudo-metric space. For Q € Q, we
let 6.(Q) : X — D be defined p-almost surely, where p is the marginal distribution of ¢ on
X. The parameter of interest is fx(Q), and the associated minimax risk over Q is

inf sup Eq [d(0x(Q),0(X, X")] , (V1.23)
0 QeQ

where the infimum is taken over all the estimators 6 : X x X’/ — D.

Given a set of probability distributions Q on X x X’, write Conv(Q) for the set of
mixture probability distributions with components in Q. For all 7 = (7q,...,7,) € {0,1}",
7% denotes the m-tuple that differs from 7 only at the kth position. We are now in
position to state the conditional version of Assouad’s Lemma that allows to lower bound
the minimax risk (VI.23).

Lemma VI.24 (Conditional Assouad). Let m > 1 be an integer and let {QT}TE{O,l}m be
a family of 2™ submodels Q; C Q. Let {Uy, X U}, <1<, be a family of pairwise disjoint
subsets of X x X', and Dy, be subsets of D. Assume that for allT € {0,1}™ and 1 < k < m,

- for all Q- € Qr, 0x(Qr) € D, on the event {X € Uy};
- for all© € Dy and 0 € Dyx y,, d(0,0') > A.

For all 7 € {0,1}™, let Q, € Conv(Q,), and write ji, and v, for the marginal distributions
of Q. on X and X' respectively. Assume that if (X,X') has distribution Q_, X and X'
are independent conditionally on the event {(X,X') € Uy x U} }, and that

min ( dir A d,l_LTk> / dv,y A dv_k >1—-a.
7€{0,1}™ Us U

1<k<m

Then,

inf sup Eq [d(0x (@), 6(X, X)] = m T (1~ a),
0 QeQ

where the infimum is taken over all the estimators 6: X x X' = D.

Notice that for a model of the form Q = {0, ® P, P € P} with fixed 9 € X, one
recovers the classical Assouad’s Lemma [Yu97] taking U, = X and Uj, = X’. Indeed, when
X =z a.s, the parameter of interest 0x(Q) = 6(Q) can be seen as non-random.

Construction of Hypotheses

In order to apply Le Cam’s Lemma (Theorem VI.22) or the conditional Assouad’s Lemma
(Lemma VI.24), we describe in this section the construction of the hypotheses involved in
the different contexts of estimation. For this, the strategy consists in building distributions
that are stochastically close — i.e. with a large test affinity — for which the associated
parameters of interest are as different as possible. Before continuing to the precise
construction, let us make two remarks about the lower bounds with random point X;.
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First, the associated minimax risks (Theorems VI.9 and Theorem VI.11) involve the
integration with respect to X;. Hence, as for regression with L? loss, multiple locations
of bumps are required to yield the right rate. Second, building manifolds with different
tangent spaces (resp curvature) would lead to locally singular distributions. Therefore it is
natural to consider mixture distributions to get non-trivial bounds.

Let Méo) be a d-dimensional C**-submanifold of R” with reach greater than 1 and such

that it contains Bga, royp-4(0,1/2). Méo) can be built for example by flattening smoothly a

unit d-sphere. Since Méo) is C*°, the uniform probability distribution PO(O) on Méo) belongs

to Py LO /v, 17V, for some L© and V¥ = Vol (M").

Let now My = (QTmin)MéO) be the submanifold obtained from Méo) by homothecy. By
construction, from Proposition VI.5, we have 77, > 27pin, BRdX{O}D—d(O, Tmin) C Mo, and
the uniform probability distribution Py on My belongs to the model Pmem,L( Fmins fmaz)
whenever L > L(f)/(27'mm), oo, Ly > L,(CO)/(2Tmm)k*1, and provided that f;, <
((QTW-n)dVO(O))_1 < fmaz- Note that LS?), ...,L,(io), Vol(MéO)) depend only on d and
k. For this reason, all the lower bounds will be valid for TmmL Lyeens mm g (r 7 fnin) !
and 7. fae large enough to exceed the thresholds L / 2,. / 2k—1 2dV(0) nd

min
(2dV0(0)) respectively.

For 0 < ¢ < Tyin/2, let z1,...,2m € Mo N B(0, Tpmin) be such that for all k # K/,
|xr — x| > 6. A classical packing argument (see [Mas07] p. 71) shows that one can take
up to m = [¢g/8%] for some cg > 0. We let e € RP denote any unit vector orthogonal to
R? x {0}P~¢

Let ¢ : RP — [0,1] be a smooth scalar map such that ¢|B(0,%) =1 and ¢|B(071)c =0.
Let Ay >0and 1> A, > A_ > 0bereal numbers to be chosen later. Let A = (Aq,...,Ay)
with entries —Ay < A < A4, and A = (Ay,..., A,) with entries A- < A, < A,. For
z € RP, we write z = (21,...,2p) for its coordinates in the canonical basis. For all
7= {(71,...,7m) € {0,1}"", define the bump map as

PAA (g —x—l—Zqﬁ(

An analogous deformation map was considered in Section IV.4.1 to prove te interpolation
Theorem IV.11. We let PTA A0 denote the pushforward distribution of Py by <I>A A (Z) and
write M; AAD for its support. Roughly speaking, MTA A5t consists of m bumps at the k'S
having different shapes (Figure VI.4). If 7, = 0, the bump at xj, is a symmetric plateau
function and has height Ay. If 7, = 1, it fits the graph of the polynomial Ag(x — xy)!
locally. The following Lemma VI.26 gives differential bounds and geometric properties of
PAAT Tt follows straightforwardly from chain rule, similarly to Lemma IV.12.

) {TkAk(a} — :Ck)ll =+ (1 — Tk)Ak} e. (VI.25)

Lemma VI.26. There exists cy; < 1 such that if Ay < c¢72-5"*1 and Ay < cg0, then
OAA s q global C*°-diffeomorphism of RP such that for all1 < k < m, @AM (B(xy,0)) =

B(xg,d). Moreover,
A+ A+
< D Mkl g
op — Cd)’l{él_’}v{ 5 }’

A+ A+
< PP G -
op qu’w {5j—i} v { 87 } ’
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Ay

(a) Flat bump: 7, = 0.

(b) Linear bump: 7, = 1, i = 1. (c) Quadratic bump: 7, =1, ¢ = 2.

Figure VI.4 — The three shapes of the bump map &4+ around a .

Finally, we define the mixture distribution Q% on (RP)" by

_ . L\ ®n dA dA
00 — / / PAAG) A V.27
’ A4 A4 ™ J[A- Ay ( ) (Ap —A)™ (2A4) ( )

Although the probability distribution Q(Tl% depends on A_, A, and A, we omit this
dependency for the sake of compactness. Another way to define Q(ﬁl is the following;:
draw uniformly A in [-Ay, A4]™ and A in [A_, A4]™, and given (A, A), take Z; =
<I>£7A’i (Y;), where Y7,...,Y, is an i.i.d. n-sample with common distribution Py on M.
Then (Z1,. .., Zy,) has distribution Q).

We now state useful probabilistic and geometric properties of Q@n, in view of using
Theorem VI.24. For this, let us denote by Pg) the set composed of all the distributions
PAAD for AL < Ay, A < Ar and —Ay < Aq,...,Am < As. Again, we omit the
dependency on A_, A, and Ay.

Lemma VI1.28. Assume that the conditions of Lemma VI.26 hold, and let
Uk = BRdX{O}D*d (zk,6/2) + Bspan(e) (0, Tmin/2),
where for B,B' C RP, B+ B’ denotes their Minkovski sum, and

Uy, = (RD \ {B]Rdx{O}D*d (zk,0) + Bipan(e) o, Tmi"/Q)})n_l '

Then the sets Uy x U}, are pairwise disjoint, Q(Tf)n € Conv((PTi))(@n), and if (Z1,...,2Z,) =

(Z1, Za.n) has distribution QQ}L, Z1 and Zo., are independent conditionally on the event
{(Zl,ZQ;n) S Uk X Ul/c}

Moreover, if (X1,...,X,) has distribution (P;X’A’(i))®n (with fivred A and A), then on
the event {X; € U}, we have:
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-if . =0,
AA(i d D—d MAA0
Tx, M- (1) — Re % {0} , HIIX1 o 7TTX1M£\,A,(Z') o =0,
and dg (Mo, MAD) > Ay,
- Zf T = 1:

- fori=1: £ (Tx, MW REx (010~ > A_/2;
1

, MAAR)
- fori=2: |\IIy o T MAAG) >A_)2.

op
~() 5 : D / D n=lo, :
To apply Theorem VI.24 to the Q;r’s with X = R”, X' = (R ) , it remains to
bound the test affinities between their marginals on X and X”. By construction (VI.27),
(4)

T,n—1"

these are respectively Qiz)l and Q

Lemma VI1.29. Assume that the conditions of Lemma VI.26 and Lemma VI.28 hold. If
in addition, cA4(5/4) < Ay < CA(6/4)" for some absolute constants C > ¢ > 3/4, and
A_ = Ay/2, then,

o | a
/ Q" A dQl) | > Cd”( d ) :
U ’

and

. . 5 d\ n—1
[, = (- (L))
U, ’ Tmin

Now, to derive Theorem VL9, set i = 1, take A, =2A_ = &6*~!, and A, = JA, /4 for

€ = €4 k,d, i, SMall enough so that 779) C memL( fmin, fmaz), according to Lemma VI1.26

and Proposition VI.5. Hence, applying Lemma VI.24 together with Lemma VI.28 and
Lemma VI.29, recalling that m can be taken of order ¢4/ 54, we get, for all estimators 7,

d d n—1
sup EP®nZ<TX1M,T)ZCd,k5mi< ° ) (1_Cii< g ))

Pcpk Tmin Tmin

o S () (1 a ()
= Tk Tmin 4 Tmin d Tmin .

Taking (6/7min)? = 1/(n — 1) yields the result.
Similarly, to derive Theorem VI.11, set i = 2, take A, = 24_ = £/6¥72 and A, =
§2A, /4% with ¢/ = Eéb,k,d,rmn small enough so that 52) C P* 1 (fmins frmaz). With

Tmins

(8 /Tmin)® = 1/(n — 1), the same derivation as above leads to the result.
Finally, for Theorem VI.13, simply take m = 1, 7 = 0 and Ay = §A4;/4 = 6 for

€ = E€¢ k.drmm @ above. We may conclude using Theorem VI.22 with Py and r} 1AL
Indeed, using dy (Mo, MoAl’Al’(Z)) > |A1| = 6% from Lemma VI.28, and noticing that the

total variation distance between the two distributions is Py(B(z1,0)) = cq(6/Tmin)?, since
they differ only outside B(x1,0), we get the result.
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V1.5 Conclusion, Prospects

In this chapter, we derived non-asymptotic bounds for inference of geometric objects
associated with smooth submanifolds M C RP. We focused on tangent spaces, second
fundamental forms, and the submanifold itself. We introduced new regularity classes
Cﬁmin7L for submanifolds that extend naturally the case k = 2. For each object of interest,
the proposed estimator relies on local polynomials that can be computed through a least
square minimization. Minimax lower bounds were presented, matching the upper bounds
up to logn factors.

The implementation of (VI.7) needs to be investigated. The non-convexity of the
criterion comes from that we minimize over the space of orthogonal projectors, which
is non-convex. However, that space is pretty well understood, and it seems possible to
implement gradient descents on it [UM14]. Another way to improve our procedure could
be to fit orthogonal polynomials instead of monomials. Such a modification may also lead
to improved dependency on the dimension d and the regularity k in the bounds for both
tangent space and support estimation.

As a first attempt to a minimax study over models of higher order regularity C* (k > 3)
for submanifolds, we chose not to include noise. This is a limitation of the model P*, and
one could argue that the methods described are not robust. However, with outliers in the
model C?, we proposed in Chapter IV an iterative denoising procedure based on tangent
space estimation. It exploits the fact that tangent space estimation allows to remove a
part of outliers, and removing outliers enhances tangent space estimation. An interesting
question would be to study how this method can apply with local polynomials.

Another open question is that of exact topology recovering with fast rates for k > 3.
Indeed, Mpory converges at rate (logn/ n)k/ ¢ but is unstructured. It would be nice to glue
the patches of Mpory together, for example using interpolation techniques, following the
ideas of [FIK*15].
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D.1 Properties and Stability of the Models

D.1.1 Property of the Exponential Map in C?mm

Here we show the Lemma VI.1. From Proposition II1.22 (ii) and (iii), we have that sectional
curvatures of M satisfy —2/72, <k < 1/72,., and that the injectivity radius of M is at
least TTmin > Timin/4. Therefore, exp,, : Br, 1 (0, Tinin/4) — M is one-to-one.

Let us write N (v) = exp,(v) — p — v. We clearly have N,(0) = 0 and doIN;, = 0. Let
now v € Br,11(0, Timin/4) be fixed. We have d,N,, = d, exp, —Idg,n. For 0 <t < |vl|, we
write (t) = exp,(tv/ [|[v]|) for the arc-length parametrized geodesic from p to exp,(v), and
P, for the parallel translation along 7. From Lemma 18 of [DVW15],

2 12 t
d; v exp, —P, < =< .
H e P T = T2 S

We now derive an upper bound for || P; — Idr, MHop' For this, fix two unit vectors u € RP

and w € T,M, and write g(t) = (P,(w) — w,u). Letting V denote the ambient derivative
in RP, by definition of parallel translation,

19/ ()] = (Vi Po(aw) = w, )|
= (L1 (' (1), Pr(w)), )|

< 1/Tmin-
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Since g(0) = 0, we get | P, — Idr, MHop < t/Tmin. Finally, the triangle inequality leads to

lduNyll,,, = ldvexp ~Idz,a],

<

+ HPuvu — Ldr,m

dy exp — Py

op op

_ 5ol
~ 4ATmin

We conclude with the property of the projection 7* = 77, 1s. Indeed, defining Ra(y — p) =
(y —p) — 7 (y — p), Lemma 4.7 in [Fed59] gives

[Ra(y —p)|| = d(y — p, T,M)
2
< ly —pl '

2Tmin

D.1.2 Geometric Properties of the C* Models

We now move to the proof of Lemma VI.14.

Proof of Lemma VI.14. (i) Simply notice that from the reverse triangle inequality,

[Wer (v2) = War(v1)]] [ Ve (v2) = N (01) ]

-1 <
[z — v1]] vz — v1]]

< Li(floal[ V flozf)) <

FSQE,

(ii) The right-hand side inclusion follows straightforwardly from (i). Let us focus on the
left-hand side inclusion. For this, consider the map defined by G = 7,3 o U, on the
domain Bz, (0,h). For all v € By, (0, h), we have

1
|G — IdeMHop = [|mrm 0 vaxHap < ||va50”0p <L || < 1 <L

> 3|v]|/4. Tt

Hence, G is a diffeomorphism onto its image and it satisfies |G (v)|
follows that

3h
Broas (0.5) © G Broa (0.1)) = mrar (B (Br (0.1).
Now, according to Lemma VI.1, for all y € B (a?, %) NnM,

2
ly — ||

<(1+7)ly-al <3
p— _w JR—
W 1) =

from what we deduce 77, \s (B (3:, %) nM ) C Br,m (0, %) As a consequence,

7z (y = @) < lly — 2] +

T, M (B (a:, 3:) N M) C mr,m (Yo (B (0,R))),

which yields the announced inclusion since 7, s is one to one on B (x, %) N M from
Lemma 5 in [ACLZ17], and

3h 5h
(B (a: 5) n M) C U, (Br.a (0,1)) C B (a: 4) nM.
(iii) Straightforward application of Lemma 5 in [ACLZ17].
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(iv) Notice that Lemma VI.1 gives the existence of such an expansion for £ = 2. Hence, we

. —1
can assume k > 3. Taking h = %, we showed in the proof of (ii) that the map
G is a diffeomorphism onto its image, with [|d,G — Idr,m||,, < 1 < 1. Additionally,

the chain rule yields HdiGHOp < ||df)\11x||op < L; for all 2 < i < k. Therefore, from

Lemma D.1, the differentials of G~ up to order k are uniformly bounded. As a
consequence, we get the announced expansion writing

y—z=V,0G " (n"(y - x)),
and using the Taylor expansions of order k of ¥, and G~ 1.

Let us now check that Ty = ITM. First, since by construction, T3 is the second order
term of the Taylor expansion of ¥, o G~! at zero, a straightforward computation
yields

Ty = (Ip — 7r,m) © dg ¥,
= ﬂ-TzML 9] d(z)\le
Let v € T, M be fixed. Letting v(t) = U, (tv) for |t| small enough, it is clear that

7"(0) = d2¥ (v®?). Moreover, by definition of the second fundamental form [dC92,
Proposition 2.1, p.127], since v(0) = z and +/(0) = v, we have

II%<U®2) =TT, ML (’Y”(O))'
Hence
T2*(”®2) =TT, ML © d(%‘pz(“@)

= T, ML (7”(0))
= 11" (v%?),

which concludes the proof.

(v) The first statement is a rephrasing of Proposition II1.22 (i) and (ii).
O

In the proof of Lemma VI.14 (iv), we used a technical lemma of differential calculus
that we now prove. It states quantitatively that if G is CF-close to the identity map, then
it is a diffeomorphism onto its image and the differentials of its inverse G~! are controlled.

Lemma D.1. Let k > 2 and U be an open subset of R?. Let G : U — R? be C*. Assume
that || 15 — dG||Op <e <1, and that for all 2 <1 <k, ||diG||op < L; for some L; > 0. Then
G is a Ck-diffeomorphism onto its image, and for all 2 < i < k,

< £ 4G
op~ 1—¢

|1 — dG! <1

i,e,L2,..

and ‘ L <00 for2<i<k.

op

Proof of Lemma D.1. For all x € U, |d;G — 14|, < 1, so G is one to one, and for all
y=G(x) € GQU),

|1 = dyG!

= HId - (de)il
op

op

()| s = 4G,

op

||Id - dIGHOp
11— HId - deGHop
g

IN

IN

1—¢
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For 2 <i<kand1l<j<i, write HZ(-j) for the set of partitions of {1,...,7} with j blocks.
Differentiating i times the identity Go G—' =T da(v), Faa di Bruno’s formula yields that,
for all y = G(x) € G(U) and all unit vectors h1,...,h; € RP,

=dy (GoG™) (ha)i<asi = Z Y #a. ((dyfa—l.(ha)ad)w).

j= 1W€H

.
5w (om0, )

§=2 ren®

<ZZ\

j=2 WEH]

Isolating the term for j = 1 entails

‘ d,®. (d;G’l. (ha)lgag.)

op

H HdulG

Using the first order Lipschitz bound on G™1, we get
1+e I
IS ol (Y

€H<]) Ien
The result follows by induction on . O

d'G—!

D.1.3 Stability of the Models

This section is devoted to prove the stability of the model with respect to ambient
diffeomorphisms (Proposition VL.5).

The second part is pretty straightforward since the dilation AM has reach Tans = ATy,
and can be parametrized locally by Wy, (v) = AU, (v/\) = Ap + v + AN,(v/)), yielding
the differential bounds L(,). Bounds on the density follow from homogeneity of the
d-dimensional Hausdorff measure.

For the first part, we split the proof into two intermediate results. Proposition D.2
deals with the stability of the geometric model, that is, the reach bound and the existence
of a smooth parametrization when a submanifold is perturbed. Lemma D.3 deals with
the condition on the density in the models P*. It gives a change of variable formula for
pushforward of measure on submanifolds, ensuring a control on densities with respect to
intrinsic volume measure.

Proposition D.2. Let ® : RP? — R be a global Ck-diffeomorphism. If ||d® — Ip|
la*]|

op ’
are small enough, then for all M in CfmimL, the image M' = ® (M)

op? op

k
belongs to CTmin/272LL,2L37---72Lk'
Proof of Proposition D.2. To bound 7 from below, we use the stability of the reach with
respect to C2 diffeomorphisms. Namely, from Theorem 4.19 in [Fed59] (see Lemma II1.17),

L (-lip—ds,)
™" = To(M) = T{([Ip—do]|

e e,
. (1 IiIp - do|,)* o
- mm1+||ID—al<I>|| +7-mm\|d2<1>|| 2
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for |Ip — d®||,, and }|d2<1>||0p small enough. This shows the stability for k = 2, as well as
that of the reach assumption for k£ > 3.

By now, take k > 3. We focus on the existence of a good parametrization of M’ around
a fixed point p’ = ®(p) € M'. For v/ € TyM' = d,® (T,M), let us define

Uy (v) = @ (¥, (dy@'0'))
=p' + v + Ny (v),
where N7, (v') = {® (¥, (dy®~'0")) —p' —0'}.

M—2 M

\IIPT T\Ij;/

!/
TpM T) Tp/M

The maps 7, (v') andHN;/ (U’H) are well defined whenever ||d,y ®~1.v/|| < ﬁ, so in particular
, 1—|Ip—d®|, ,

if ||| < 8(2}&) < ];Ll 2 and [[Ip — d®||,, < 1. One easily checks that N, (0) =0,
doN7, = 0 and writing c(v') = p+dy @1+ N, (dy®~10'), for all unit vector w’ € T,y M,

AN ()| = |

02y ® ({ddp,él_v, v, 0 dp@l.w’}®2>

+ dey® o d?ip/fb*l.v’qu <{dp"1’_1.w/}®2> H
dz(v/)q) <{ddp/<1>1.v’\pp o dp@_l.w'}@2>

+ (deqry® = 1d) 0 d} g1, T ({dp,q)—l.w/}®2>

+d5 1.0 T ({dp@l.w’}@) H

< o

-

)2 [ ’

(1421 ||dyo o

op

2
+|Ip — d®||,, L1 Hdpﬂlfl.w’

N Hdp@—l.w’ ?

2

<|e| +1/8)?2|dya!
op op
+|Ip — d®|,, L1 qurlHZp
+ L Hdp/q)_l jp

Writing further ||d<I>_1||op <(1—|Ip - d<1>|]0p)_1 <1+2|Ip — @|,, for [[Ip — d®|,, small
enough depending only on L, it is clear that the right-hand side of the latter inequality

goes below 2L for ||Ip — d®]|,, and ||d2<I>||Op small enough. Hence, for ||Ip — d®||,, and

|d*®||,,, small enough depending only on L, [[d5N|lop < 2Ly for all [[o/| < %.
From the chain rule, the same argument applies for the order 3 < ¢ < k differential of

!
Np/ . D

Lemma D.3 (Change of variable for the Hausdorff measure). Let P be a probability
distribution on M C RP with density f with respect to the d-dimensional Hausdorff
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measure He. Let ® : RP — RP be a global diffeomorphism such that || Ip — do||,, <1/3.

Let P! = ®,P be the pushforward of P by ®. Then P’ has a density g with respect to He.
This density can be chosen to be, for all z € ®(M),

) f (@1 () |
\/det (ﬂ'Tq)_l(z)M o dqu(z)q)T o | d¢71(z)CI)Tq>71(Z)M)

9(2)

In particular, if fmin < f < fmaz on M, then for all z € (M),
(1=3d/2Ip — d®|l,) frnin < 9(2) < fna (143272 = 1) [ Ip — ], ) -

Proof of Lemma D.3. Let p € M be fixed and A C B(p,r) N M for r small enough. For a
differentiable map h : R — R and for all € R%, we let J;,(x) denote the d-dimensional

Jacobian J,(z) = y/det (dzh"T d h). The area formula ([Fed69, Theorem 3.2.5]) states that
if h is one-to-one,

/A w(h(z)) Jp(2) A (dx) = / u(y)H (dy),
h(A)

whenever v : RP — R is Borel, where A% is the Lebesgue measure on R?. By definition of
the pushforward, and since dP = fdH?,

Sy PG = [ T ).

Writing V), = exp,, : T)M — RP for the exponential map of M at p, we have

[ sty = [ @), ()X (d).
A v, (A)

Rewriting the right hand term, we apply the area formula again with h = ® o ¥,

[ F ), (03
Tp~ (A)

= - Ju, (h " (1))
= [Ilp_l(A)f(cb l(h(lf))) J{)o\llp(h_l (h(x)))J‘I)O\pr(x))\d(d.T)

7 _ Ju, (1 (2) 4
_ [p (A)f(q) (=) o G )

Since this is true for all A C B(p,r) N M, P’ has a density g with respect to H?, with
Vgl 207 ()

(\Pgll(z) o ®~1(2))

Writing p = ®~!(z), it is clear that \Ilgfl(z) 0o®1(z) = ¥ (p) = 0 € T,M. Since

doexp,, : TyM — RP is the inclusion map, we get the first statement.
We now let B and 77 denote d,® and 77, ps respectively. For any unit vector v € T, M,

Juga,

g(z) = £ (27 (=)

Joow, 1,

e B"Bo| = 01| < s (875 o) o]

<[55-1],
< (24 p = Bllop) 1D = Bl
S 3 ||ID - BHop'
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Therefore, 1 — 3||Ip — B|| mrBT | BT, MH <1+3|Ip— Bl Hence,

o <|

1
- 327d HID - BHop

T /2
\/det (TFTB fBTpM) < (1 +3 ||ID - BHop) < 1

and

d/2 1
Vdet (rp BT [ BL,M) > (1-3]1p — Bl,) " > § +3(242 - 1) | Ip - BJ|
op

which yields the result. O

D.2 Some Probabilistic Tools

D.2.1 Volume and Covering Rate

The first lemma of this section gives some details about the covering rate of a manifold
with bounded reach.

Lemma D.4 (Lemma I11.23). Let P € P* have support M C RP. Then for all v < Tyin /4
and x in M,

Cdfminrd < px("") < Cdfmazrda

Clk

fmin

1/d
for some cq, Cq > 0, with py(r) = P(B(xz,r)). Moreover, letting h = ( lofj;") with C/,
large enough, the following holds. For n large enough so that h < Tyn/2, with probability
1\ k/d
at least 1 — (ﬁ) ,

dy (M,X,) < h.

D.2.2 Concentration Bounds for Local Polynomials

This section is devoted to the proof of Proposition VI.15. A first step is to ensure that
empirical expectations order k polynomials are close to their deterministic counterparts.

Proposition D.5. For any x € M, we have

p Us g5
(01} P P, 1 H ( 4 > ILZS(z,h) (y)
UL,y Uk ,E ; j=1

42w 2t 2 -
> pz(h) (\/W n — 1 px(h) + 3(n — 1)px(h)>] =

where P,_1 denotes the empirical distribution of n — 1 i.i.d. random variables X; drawn
from P.

P [ sup

Proof of Proposition D.5. Without loss of generality we choose z = 0 and shorten notation
to B(h) and p(h). Let Z denote the empirical process on the left-hand side of Proposition

D.5. Denote also by f, . the map H ( ujh,y)) 15 (y), and let F denote the set of such
maps, for u; in B(1) and ¢ in {0, 1}*.
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Since || fuello < 1 and Pf2_ < p(h), the Talagrand-Bousquet inequality ([Bou02,
Theorem 2.3]) yields

2p(h)t 2t

Z < AREZ
- Vo 3(n—1)

with probability larger than 1 — e~t. It remains to bound EZ from above.

Lemma D.6. We may write
2mp(h
Bz < V2P(h)
vn—1
Proof of Lemma D.6. Let o; and g; denote some independent Rademacher and Gaussian
variables. For convenience, we denote by E4 the expectation with respect to the random
variable A. Using symmetrization inequalities we may write

k.

k €
Uy,
EZ =Ex sug) (P—P,_1) H (< ]hy>) 1w (v)
Uu, le
2 n-l u 7XZ c
< Zomosw o [T (U5 10000
n—1 u,e i=1 j=1 h
\/ﬂ n—1 k u ;Xz €
< — 1EXEgsup i H << Jh >) L) (Xi)

Now let Y, denote the Gaussian process 37—, g; ;?:1 (<uj }’LXi>)€j 13(n)(X;). Since, for
any x in B(h), u,v in B(1)*, and ¢, &’ in {0, 1}*, we have

() ()

< gk; ('“;ﬁ: (<x,huj>>57 kalr (<x,h vg>>f9
_E o j:klir (Lo )‘

_ (W)E’kﬂr]

We deduce that

n—1 k / 2
Erlp, Xz ErUr, Xz
I T2)

< Eg(gu,s - @v,a’)Qa
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where 0, = Vk I, Ik g  SerurXa) TUT’ >Il3(h)( Xi). According to Slepian’s Lemma [BLM13,
Theorem 13.3], it follows that

EysupY, < E;sup B,
u,e u,e

<€7‘u7‘7 S Gir L) (Xi)Xi>
h

<\FE supz
€ r=1

n—1 . NAS
<6Tu7"7 > gz,rﬂB(h) (XI)XZ>
h? .

k
< \/EEQ sup, | k Z
u,e r=1

We deduce that

EgsupY, <E,;sup©,
u,e u,e

<su, st 9ilp(n) (X")Xi>2

<k, Eq4 sup

lul=1,€{0,1} h?
1 X 2
gii
<k 1) (Xi)
< ky/N(h)
Then we can deduce that ExE,sup, . Yy, < kv/p(h), hence the result. O

Combining Lemma D.6 with Talagrand-Bousquet’s inequality gives the result of Propo-
sition D.5. ]

We are now in position to prove Proposition VI.15.

Proof of Proposition VI.15. If h < Tpni, /8, then, according to Lemma D.4, p(h) > ¢gfminh®
1
hence, if h = (KM) 4. (n—1)p(h) > Kcgfminlog(n). Choosing t = (k/d + 1)log(n) in

n—1

Proposition D.5 and K = K’/ fyin, with K/ > 1 leads to

)

k . €j
(P-P) ]] (W) 13(2,1) (Y)

u1a~~-7uk75€{071}k 7=1

P [ sup

k
S Cakfmazyal (1>‘i+1_
- VK’ —\n
On the complement of the probability event mentioned just above, for a polynomial
Q = ZO{E[O,k]dHoASk aax?:d, we have

& max o
(Poo1 — P)Q*(z1:0) Ly (z) > — >~ dkf agap R
o,
Cd,kfmax
= —thHQhH%-

On the other hand, we may write, for all » > 0 ,

/ QQ(.ZUl:d)d.ZUl---dxd > Cd,krdHQTH%v
B(0,r)
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for some constant Cy . It follows that

PQ*(21.4) 1p(n)(2) = PQ*(x1:a) 1 p(7n/s)(T1:a) = Ciah® frminl|Qn 3,

according to Lemma VI.14. Then we may choose K’ = Kk7d(fmax/fmin)2, with ky, 4 large
enough so that

Po1Q(x1:0) 1y (2) > crafminh?]|Qnll3-

D.3 Minimax Lower Bounds

D.3.1 Proof of the Conditional Assouad’s Lemma

This section is dedicated to the proof of Lemma VI.24. The proof follows that of Lemma 2
in [Yu97]. Let 0 = (X, X’) be fixed. For any family of 2 distributions {Q-}. € {Q;}
since the Uy, x U}’s are pairwise disjoint,

sup Eq [d(6x(Q). 6(X. X"))]
QeQ

> max Eq.d(8,0x(Q-))

)

m
> mf_lXEQr Z d(07 HX(QT))HU;CXU;C (Xv X,)
k=1

2 2_m Z Z EQﬂ'd(é’ 9)((6’27')):[]'Uk><UI/€ (X’ X,)
T k=1

m
> 2730 B (0, Drp) Ly, xy (X, X)
T k=1

= 327N (Bq, d(0, Dr i) Ly sy (X, X') + Eq_ d(0, Dy ) Ly sy (X, X))
k=1

T

Since the previous inequality holds for all Q. € Q,, it extends to Q, € Conv(Q,) by
linearity. Let us now lower bound each of the terms of the sum for fixed 7 € {0,1}"™
and 1 < k < m. By assumption, if (X, X’) has distribution @, then conditionally on
{(X,X'") € Uy x U}, X and X' are independent. Therefore,

Eg d(0, Dr i) Ty, (X, X') + Ede(é, Dok ) Ty g (X, X7)
> Eg d(0, D7) 1, (X) 1y (X) + E@f,ﬁd(éa Dok i) Lu (X) Ly (X)
= By, [Eg, (d(0, D i) 10, (X)) Ty (X)]
+ By B, (40, Dy ) 10 (X)) Ty (X))
_ / d(0, Dy 1)) djir (), () + / (0, D ) djis (2)di ()
Uy, JUJ, Uy, JUJ, ’
> / / (d(6, D) + (B, D)) dr A djiyi () A i (a)
U Jut ’
> A < diiy A duTk) ( di, A dVTk>
Uy, Ul

Z A(l - Oé),

where we used that d(f, D)+ d(, D,x ) > A. The result follows by summing the bound
above [{1,...,m} x {0,1}""| = m2™ times.
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D.3.2 Construction of Generic Hypotheses

In this section we prove Lemma VI.28 and Lemma VI.29.

Proof of Lemma VI.28. Tt is clear from the definition (VI.27) that ng@ € Conv((Pg))(@n).
By construction of the @ﬁ’A’i’s, these maps leave the sets

B]RdX{O}D*d (xkn 5) + Bspan(e) (Oa Tmzn/2)

unchanged for all A, L. Therefore, on the event {(Z1, Za.,) € Uy, x U} }, one can write Z;
only as a function of X1, Ay, A, and Zs., as a function of the rest of the X;’s,A;’s and
Ap’s. Therefore, Z1 and Zs.,, are independent.

We now focus on the geometric statements. For this, we fix a deterministic point
z= <I>£’A’(i) (x0) € UkﬂMTA’A’(i). By construction, one necessarily has zo € MoNB(z, d/2).
- If 7, = 0, locally around xy, CI‘?’A’(I) is the translation of vector Are. Therefore,

since My satisfies T, My = RY x {O}Dfd and II%O =0, we have

ALA (2)

T, MAA 0 = RY x {0}P~?  and HH% om =0.

.MM o

Furthermore, by construction, z; = x,+Age belongs to MTA A0 Since e is orthogonal

to My, d(Z(),Mo) > ’Ak‘ Thus

dpg (Mo, MM D) > Ay,

-if =1,

- for ¢ = 1: locally around x, @?’A’(l)
Hence, T, MA@ contains the direction (1, Ag) in the plane span(ey, €) spanned
by the first vector of the canonical basis and e. As a consequence, since e is

orthogonal to R? x {0}P~¢,

can be written as x — x + Ag(x — zp)1e.

1/

£ (TMMAO R (0}P) > (141/43) 7 2 A2 2 A2

(2)

- for i = 2: locally around =z, 24 can be written as z — z + Ap(x — z)%e.

Hence, M}A’A’@) contains an arc of parabola of equation y = Ay(z — )% in the

plane span(e,e). As a consequence,

ALAL(2)

HU?L om, v AaA@| = Ap/2>A_/2.

T, M! op

O]

Proof of Lemma VI.29. First note that all the distributions involved have support in R? x
span(e) x {0} Therefore, we use the canonical coordinate system of R% x span(e),
centered at xy, and we denote the components by (z1,x2,...,z4,y) = (1, 22.4,y). Without
loss of generality, assume that 75, = 0 (if not, flip 7 and 7%). Recall that ¢ has been chosen
to be constant and equal to 1 on the ball 5(0,1/2).

By definition (VI.27), on the event {Z € Uy}, a random variable Z having distribution
Qg)l can be represented as Z = X + ¢ (X?;x’“) Are = X + Ape where X and Ay are
independent and have respective distributions Py (the uniform distribution on Mj) and
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the uniform distribution on [—A, A;]. Therefore, on Uy, Qg)l has a density with respect
to the Lebesgue measure A1 on R? x span(e) that can be written as

; 1 (v)
(i) Clpaay
q‘r’l(wl:xQ:Chy) - 2VOZ(M())A+

Analogously, nearby x; a random variable Z having distribution ng,z , can be represented

as Z = X + Ap(X — zx)%e where Ay, has uniform distribution on [A_, A]. Therefore, a
straightforward change of variable yields the density

Lia_ai 4,08 (9)
Vol(My) (Ay — A_)zt’

q(k) 1(%1,.’132 d7y)

We recall that Vol(Mg) = (27min)?Vol (M) =
side inequality, writing

Let us now tackle the right-hand

= Cd mm

[ o naQl,
U ’

Lnsa4(Y) La_ai a.ai) (V)
— T A L’ L — | dydx1dxs.
Bar.5/2) <2VoZ<Mo>A+ Vol (M) (A4 — A)ai ) V0074

/ /6/4 / Ieaag®y Ua ot o) W) dydardasg
a1 ( 5/4 2A4 Ayay/2 Vol(Mo) -

]R

It follows that

[ a0t naat,
Uy
Z cd d 1/5/4/A+/\ A+:C1) 1 dydxl
mzn Apxi/2 2A+ A+IL’1
S Gl Cd 5i- 1/(5/4/ (en1)(Atat) 26/\ 1/2)d ydoy
mzn Ayal/2 A+
A, (34"

— 2L 5N (2e A 1/2) (e AT —1/2) VTS

mzn

> Cd”( d )d.
- C Tmin

For the integral on U}, notice that by definition, Q rn—1 and Q _, coincide on U}, since
they are respectively the image distributions of Po by functlons that are equal on that

set. Moreover, these two functions leave RP \ {BRdX{O}D—d (T, 0) + Bapan(e) (0, Tmm/2)}
unchanged. Therefore,

[ 4@ naQll
Uk
= P (U))
= (1 - R (B]Rdx{O}D—d (xlm 6) + Bspan(e) (07 Tmzn/2)))

= (1 — wdéd/Vol(Mo)>n_1 )

-1

hence the result. O
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D.3.3 Minimax Inconsistency Results

This section is devoted to the proof of lower bound for tangent space estimation (Theorem
VL.6): we build hypotheses P, P’ and apply Theorem V1.22. For § > A > 0, let C’,C’ C R3
be closed curves of the Euclidean space as in Figure VI.1, and such that outside the
figure, C' and C’ coincide and are C*°. The bumped parts are obtained with a smooth
diffeomorphism similar to (VI.25), centered at z. Here, 6 and A can be chosen arbitrarily
small.

Let S~ ¢ R? be a d — 1-sphere of radius 1/L,. Consider the Cartesian products
M, =C x S* ' and M| = C' x S*'. M; and M/ are subsets of R*3 ¢ RP. Finally,
let P, and P; denote the uniform distributions on M and M’. Note that M, M’ can be
built by homothecy of ratio A = 1/L, from some unitary scaled Ml(o), M’ 50), similarly to
Section VI1.4.2, yielding, from Proposition VI.5, that Py, P| belong to P(’“x) provided that
L3/L?,... ,Lk/L’fl, L‘i/fmm and fmm/LdL are large enough (depending only on d and
k), and that A, and A*/§ are small enough. From Le Cam’s Lemma VI.22, we have for
all n > 1,

inf sup Epens(TpM,T) >

T Pept,

By construction, Z (T, My, T,M{) =1, and since C and C’ coincide outside Bgs (0, §),

L(TuMy, T, My) (1 =TV (P, P))".

N | =

TV (Py, P) = Vol ((Bgs(0,8) N C) x §4) /Vol (¢ x §7)
= Length (Bgr3(0,6) N C) /Length(C)
<cp 0.

Hence, letting A, § go to 0 with A¥/§ small enough, we get the announced bound.

We now tackle the lower bound on second fundamental form estimation with the
same strategy. Let My, M} C RP be d-dimensional submanifolds as in Figure VI.2: they
both contain z, the part on the top of Mj is a half d-sphere of radius 2/L , the bottom
part of M} is a piece of a d-plane, and the bumped parts are obtained with a smooth
diffeomorphism similar to (VI.25) centered at x. Outside B(z,d), Ma, M, coincide and
connect smoothly the upper and lower parts. Let P2, P; be the probability distributions
obtained by the pushforward given by the bump maps. Under the same conditions on the
parameters as previously, P, and Py belong to P(’“z) according to Proposition VI.5. From
Le Cam’s Lemma VI.22 we deduce

II;WOT(TIM—I/}

inf sup Epsn

11 PG'P(kz) op

> % 112 0 ppy — 11" 0 pgy | (1= TV (P2, BE)".
op

By construction, ||[IIM2 o 7y, || =0, and since M} is a part of a sphere of radius 2/L |

op
Ml
nearby x, |[[I; %o ooyl = L, /2. Hence,
op
M/
|12 0 mpangy — 1122 0 mpagy]| > L1 /2.
op

Moreover, since P, and Pj coincide on RP \ B(z, d),
TV (Py, Pj) = Pea(B(x,0)) < car, 6%
Letting A, d go to 0 with A¥/§ small enough, we have the desired result.
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Résumé : Certains jeux de données présentent des caractéristiques géométriques et
topologiques non triviales qu’il peut étre intéressant d’inférer. Cette these traite des
vitesses non-asymptotiques d’estimation de différentes quantités géométriques associées a
des sous-variétés M C RP. Dans chaque cas, on dispose d’un n-échantillon i.i.d. de loi
commune P ayant pour support M. On étudie le probleme d’estimation de la sous-variété
M pour la perte donnée par la distance de Hausdorff, du reach 7,7, de 'espace tangent
Tx M et de la seconde forme fondamentale 11 ;‘g , pour X € M a la fois déterministe et
aléatoire. Les vitesses sont données en fonction la taille n de ’échantillon, de la dimension
intrinseque de M ainsi que de sa régularité. Dans ’analyse, on obtient des résultats de
stabilité pour des techniques de reconstruction existantes, une procédure de débruitage
ainsi que des résultats sur la géométrie du reach 757. Une extension du lemme d’Assouad est
exposée, permettant I'obtention de bornes inférieures minimax dans des cadres singuliers.

Title: Rates of Convergence for Geometric Inference

Keys words: Non-asymptotic statistics, geometric inference, minimax rates, manifold
learning

Abstract: Some datasets exhibit non-trivial geometric or topological features that can
be interesting to infer. This thesis deals with non-asymptotic rates for various geometric
quantities associated with submanifolds M C RP. In all the settings, we are given an i.i.d.
n-sample with common distribution P having support M. We study the optimal rates of
estimation of the submanifold M for the loss given by the Hausdorff metric, of the reach
Tz, of the tangent space Tx M and the second fundamental form 11 g\(/[ , for X € M both
deterministic and random. The rates are given in terms of the sample size n, the instrinsic
dimension of M and of its regularity. In the process, we obtain stability results for existing
reconstruction techniques, a denoising procedure and results on the geometry of the reach
Tym- An extension of Assouad’s lemma is presented, allowing to derive minimax lower
bounds in singular frameworks.




	Introduction générale
	General Introduction
	Preliminary Results
	Hausdorff Distance and Measurability
	Hausdorff Distance
	Compact Set-Valued Random Variables

	Measure, Diameter, and Sampling
	Reach and Submanifolds of RD
	Reach of Closed Subsets
	Geometry of Submanifolds with Reach Bounded Away from Zero
	Sampling on Submanifolds with Reach Bounded Away from Zero
	Implicit Constraints under Reach Regularity Condition

	Angles Between Vector Subspaces

	Proofs for Chapter III
	Hausdorff Distance
	Standard Measures
	Constraints Given by the Reach

	Stability and Minimax Optimality of Tangential Delaunay Complexes for Manifold Reconstruction
	Introduction
	Minimax Risk and Main Results
	Statistical Model
	Minimax Risk
	Main Results

	Tangential Delaunay Complex
	Restricted Weighted Delaunay Triangulations
	Guarantees
	On the Sparsity Assumption

	Stability Result
	Interpolation Theorem
	Stability of the Tangential Delaunay Complex

	Tangent Space Estimation and Decluttering Procedure
	Additive Noise Case
	Clutter Noise Case

	Conclusion

	Proofs for Chapter IV
	Interpolation Theorem
	Some Geometric Properties under Reach Regularity Condition
	Reach and Projection on the Submanifold
	Reach and Exponential Map

	Some Technical Properties of the Statistical Model
	Covering and Mass
	Local Covariance Matrices
	Decluttering Rate

	Matrix Decomposition and Principal Angles
	Local PCA for Tangent Space Estimation and Decluttering
	Proof of Proposition IV.15
	Proof of Proposition IV.19
	Proof of Proposition IV.22

	Proof of the Main Reconstruction Results
	Additive Noise Model
	Clutter Noise Model


	Approximation and Geometry of the Reach
	Introduction
	Framework
	Notation
	Reach
	Statistical Model and Loss

	Geometry of the Reach
	Reach Estimator and its Analysis
	Global Case
	Local Case

	Minimax Estimates
	Towards Unknown Tangent Spaces
	Conclusion and Open Questions

	Proofs for Chapter V
	Some Technical Results on the Model
	Geometry of the Reach
	Analysis of the Estimator
	Global Case
	Local Case

	Minimax Lower Bounds
	Stability of the Model With Respect to Diffeomorphisms
	Some Lemmas on the Total Variation Distance
	Construction of the Hypotheses

	Stability with Respect to Tangent Spaces

	Non-Asymptotic Rates for Manifold, Tangent Space and Curvature Estimation
	Introduction
	Ck Models for Submanifolds
	Notation
	Reach and Regularity of Submanifolds
	Necessity of a Global Assumption

	Main Results
	Tangent Spaces
	Curvature
	Support Estimation

	Main Ideas of the Proofs
	Local Polynomials
	Minimax Lower Bounds

	Conclusion, Prospects

	Proofs for Chapter VI
	Properties and Stability of the Models
	Property of the Exponential Map in C2min
	Geometric Properties of the Ck Models
	Stability of the Models

	Some Probabilistic Tools
	Volume and Covering Rate
	Concentration Bounds for Local Polynomials

	Minimax Lower Bounds
	Proof of the Conditional Assouad's Lemma
	Construction of Generic Hypotheses
	Minimax Inconsistency Results


	Bibliography

