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METHODES NUMERIQUES DE SIMULATION DE PROBLEMES D’INTERACTION
FLUIDE-STRUCTURE

Résumé :

Cette thése présente une famille de schémas explicites pour la résolution d’un probléeme
couplé d’interaction entre un fluide visqueuz incompressible et une structure élastique (avec
possiblement un comportement visco-élastique et/ou non linéaire). La principale propriété de
ces schémas est une condition de Robin consistante o linterface, qui représente une caracté-
ristique fondamentale du probléeme continu dans le cas ot la structure est mince. St le couplage
s’effectue avec une structure épaisse, une condition de Robin généralisée peut étre formulée
pour le probléme semi-discret en espace, a l'aide d’une condensation de la maitrice de masse
de la structure. Une deuziéme caractéristique majeure de ces schémas est la capacité d’obtenir
une condition de Robin qui intégre a la fois des extrapolations de la vitesse et des efforts du
solide (donnant lieu & un schéma de couplage explicite), mais également un traitement impli-
cite de inertie de la structure, qui rend le schéma stable quelle que soit lintensité de effet
de masse ajoutée. Un résultat général de stabilité et de convergence est présenté pour tous les
ordres d’extrapolations dans un cadre linéaire représentatif. On montre, en particulier, que les
propriétés de stabilité se conservent lorsque le couplage s’effectue avec une structure mince ou
épaisse. En revanche, la précision optimale obtenue dans le cas d’une structure mince n’est pas
retrouvée avec une structure épaisse. L’erreur introduite par le schéma de couplage comporte
en effet une non-uniformité en espace, qui provient de la non-uniformité des reconstructions
discrétes des opérateurs visco-élastiques. L’approzimation induite par la condensation de la
matrice de masse solide n’est pas responsable de cette non-uniformité. A partir de ce schéma,
on propose également des méthodes itératives pour la résolution du schéma fortement couplé.
La convergence de cette méthode est démontrée dans un cadre linéaire et ne montre pas de
sensibilité a Ueffet de masse ajoutée. Finalement, les résultats théoriques obtenus sont illustrés
par des exemples numériques variés, dans les cas linéaire et non linéaire.

Mots-clés : interaction fluide-structure, fluide incompressible, structure viscoélastique,
schéma de couplage, préconditionnement, résolution partitionnée, méthodes Robin-Neumann.







NUMERICAL METHODS FOR INCOMPRESSIBLE FLUID-STRUCTURE INTERACTION
Abstract:

This thesis introduces a class of explicit coupling schemes for the numerical solu-
tion of fluid-structure interaction problems involving a viscous incompressible fluid and
a general elastic structure (thin-walled or thick-walled, viscoelastic and non-linear).
The first fundamental ingredient of these methods is the notion of interface Robin-
consistency on the interface. This is an intrinsic (parameter free) feature of the con-
tinuous problem, in the case of the coupling with thin-walled solids. For thick-walled
structures, we show that an intrinsic interface Robin consistency can also be recovered
at the space semi-discrete level, using a lumped-mass approximation in the structure.
The second key ingredient of the methods proposed consists in deriving an explicit Robin
interface condition for the flurd, which combines extrapolations of the solid velocity and
stresses with an implicit treatment of the solid inertia. The former enables explicit cou-
pling, while the latter guarantees added-mass free stability. Stability and error estimates
are provided for all the variants (depending on the extrapolations), using enerqy argu-
ments within a representative linear setting. We show, in particular, that the stability
properties do not depend on the thin- or thick-walled nature of the structure. The opti-
mal first-order accuracy obtained in the case of the coupling with thin-walled structures
18, howewver, not preserved when the structure is thick-walled, due to the spatial non-
uniformity of the splitting error. The genesis of this problem is the non-uniformity of
the discrete viscoelastic operators, related to the thick-walled character of the struc-
ture, and not to the mass-lumping approrimation. Based on these splitting schemes,
new, parameter-free, Robin-Neumann iterative procedures for the partitioned solution
of strong coupling are also proposed and analyzed. A comprehensive numerical study,
inwvolving linear and nonlinear models, confirms the theoretical findings reported in this
thesis.

Keywords: fluid-structure interaction, incompressible fluid, viscoelastic struc-
ture, thin-walled structure, splitting scheme, preconditioning, partitioned procedure,
Robin-Neumann methods.
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Introduction and main results

This thesis is devoted to the numerical simulation of mechanical systems involving
the interaction of an incompressible fluid and an elastic structure. These problems
arise in a wide range of engineering fields, from aeroelasticity of bridge decks and
parachute to naval hydrodynamics and the bio-mechanics of airflow and blood (see,
e.g., [87, 110, 99, 40, Q0. [72]). Computer based simulation of blood flow in large arteries
can be used, for instance, in the design of medical devices (see, e.g.,[82) 107]) and the
understanding of some pathologies (e.g., aortic coarctation in [I09} []). Besides, the
resolution of inverse problems from patient-specific imaging is particularly relevant
for diagnosis and prognosis (see, e.g., [L01) @]). This examples illustrates the need
for the development of efficient numerical methods for incompressible fluid-structure
interaction, which is one of the main objectives of this thesis.

The fluid will be described by the incompressible Navier-Stokes equations (in a
moving domain) and the structure by the non-linear (visco-)elastodynamic equations,
coupled on the fluid-structure interface 3 via the kinematic/kinetic relations

ul =t on X,
s (1)

o’n®=—-o'n on X.

Here, u! and u® stand for the fluid and solid velocity, and ofnf and o°n® for the fluid
and solidtraction forces on the interfaceﬂ In most applications, the displacement of the
structure cannot be considered infinitesimal. Thus, the position of the interface and,
as a result, the computational fluid domain are unknowns of the problem, leading to
an additional geometrical compatibility constraint on .

The separate simulation of either an incompressible fluid or an elastic structure are
rather well known. The efficient simulation of their interaction through the interface
relations is, however, more difficult. Over the last fifteen years, the development
of efficient numerical methods for the solution of the coupled problem has been an
extremely active field of research (see, e.g., [42, [75] for recent reviews).

In general, the time discretization exploits the heterogeneous structure of the cou-
pled problem. For instance, the fluid and the solid are discretized by different implicit
time-marching schemes, tailored by their different mathematical properties. The way
the interface coupling conditions are treated at the discrete level (i.e., after space
and time discretization) defines the so-called coupling scheme. Three different kinds
of coupling schemes are traditionally referred to in the literature as: implicit, semi-
implicit and explicit coupling schemes.

Tt should be noted that, in the case of the coupling with a thin-walled structure, the notation o°*n®
represents the left-hand side of the solid momentum conservation equation (see Chapter .



A priori, the most efficient way to solve these coupled problems is to consider an
explicit coupling scheme (or loosely coupled scheme, see [100] 103, [41]), that only
involves the solution of the fluid and of the structure once per time step with an explicit
treatment of the fluid domain motion and of . For instance, we can consider the
standard Dirichlet-Neumann explicit coupling scheme:

{ =yt on X,

oSSt = —giiptn on .

Clearly, the resulting solution procedure is genuinely partitioned, in the sense that it
facilitates the (re-)use of independent fluid and solid solvers, that have been specifically
developed for each sub-system (fluid and solid) separately. Unfortunately, the stability
of this scheme is dictated by the amount of added-mass in the system (see, e.g., [25],
61]). More precisely, the method suffers from unconditional instability in a physical
regime whenever

pe

A <1, (2)
where p® and pf stand for the solid and fluid density respectively, € is the solid thickness
and A the largest eigenvalue of the so-called added-mass operator, related to the domain
geometry. Blood flow in large arteries is a widespread example in which holds. It
should be noted that only involves purely physical quantities and, therefore, tuning
the time or spatial grid discretization parameters does not cure the problem.

This failure explains why explicit coupling schemes have been practically ruled out
for the simulation of incompressible fluid-structure interaction problems and, in part,
it has motivated the tremendous amount of work devoted to improve efficiency via
alternative methods, based on the more computationally onerous implicit and semi-
implicit coupling paradigms (see, e.g., |88} [85], 64] [71] (52} 36}, B5] [47, 104, 7, 811 [3] 67,
63, 130, 98, 92} [6]).

For an implicit coupling scheme the coupling conditions are exactly enforced at
each time step, providing unconditional stability and optimal accuracy. The coupling
condition for the implicit coupling scheme reads:

oSinSt — o_f,nnf,n on 27 (3)

{ ubt = " on X,

together with an implicit treatment of the geometric compatibility on the interface.
Schemes for which holds are often referred to in the literature as strongly coupled.
The payoff of this enhanced stability is the resolution of a highly-coupled nonlinear
problem (at each time-step), which often is computationally demanding. The mono-
lithic approach consists in solving the whole coupled problem using specific global
solvers and appropriate preconditioners (see, e.g., [111], 58, 63, B0, 36, 62, [71, 92]). On
the contrary, partitioned methods are modular algorithms using sub-iterations within



each time step (|85 (64, 36l BT 3] B35, B2, 33]), where the fluid and solid problems are
alternatively solved with appropriate interface conditions. As mentioned above, the
main advantage of a partitioned resolution is that it enables the use of separate solvers
for the fluid and the solid. Such an advantage comes however at a price, computational
efficiency over a monolithic approach is not necessarily guaranteed (see, e.g., [4 63]).
In fact, strong added-mass effect not only causes instability of Dirichlet-Neumann
explicit coupling schemes, but it also harms the convergence of Dirichlet-Neumann
partitioned methods (see, e.g., [25]). Partitioned procedures that overcome this is-
sue through Robin interface conditions have been reported in [3], at the expense of
introducing free algorithmic parameters that can be hard to tune.

In a semi-implicit coupling scheme, the geometry is treated explicitly. The fluid
domain is updated using the interface displacement from previous time-steps, whereas
the conditions are enforced on the interface. This does not compromise numerical
stability (see, e.g., [96] 108 94]) and is less computationally onerous than the above
discussed (fully) implicit schemes. It should be noted, however, that since the fluid
and solid problems remain strongly coupled via , the computational complexity at
each time-step is still high. Further computational cost reduction can be obtained by
reducing the implicit part of the coupling scheme. Typically, this has been achieved
by using a fractional-step time-marching in the fluid [47, 104 [5, [I] or in the structure
[67, 15, [88], [14].

Stable explicit coupling schemes, circumventing the aforementioned infamous
numerical instabilities, have only recently been proposed in the literature. In |16, 18],
20|, added-mass free stability is achieved through a specific Robin-Robin treatment of
the interface coupling conditions, derived from Nitsche’s interface method (see, e.g.,
[69, ©5]) and a stabilization of the interface pressure fluctuations in time (weakly
consistent interface compressibility). The price to pay is deterioration of the accuracy,
which demands restrictive constraints on the discretization parameters (parabolic-
CFL condition), unless enough correction iterations and appropriate extrapolations
are performed (see |20} 18, [42]). Numerical evidence suggests that optimal first-order
accuracy can be achieved by using a non-symmetric penalty-free formulation (see [20),
Section 4.3|). The stability analysis of the resulting schemes remains, however, an open
issue.

For a linear coupled problem involving the Stokes equations and an undamped
elastic thin-solid model (string or membrane), added-mass free stability and optimal
(first-order) accuracy are obtained with the Robin-Neumann explicit coupling schemes
introduced in [44] [43]. In short, these methods are incremental displacement-correction
fractional-step schemes which introduce optimally consistent perturbations of the in-
terface kinematic constraint 1. The non-incremental variant corresponds to the so-
called kinematically coupled scheme, reported in [67], which is known to yield poor
accuracy (see [44, [43]). Numerical evidence suggests that enhanced accuracy can be
obtained with the variants recently introduced in [15] 88 [14]. It should be noted that,



if physical damping is present in the structure equations, the kinematically coupled
scheme [67] and its variants [15, 88| [14] are no longer explicit coupling schemes, since
the solid viscous contribution must be integrated within the fluid solver (semi-implicit
coupling scheme).

To summarize, a challenge remains in the design and the analysis of stable explicit
coupling schemes for the coupling with general solid models (thin- and thick-walled,
including damping and non-linear behavior) and which deliver optimal accuracy with-
out restrictive constraints on the discretization parameters. This will be addressed in
Chapters 2H4] by building on the ideas introduced in [44].

Outline and main results of this thesis

This thesis focuses on the design and analysis of iterative solution procedures of strong
coupling (Chapter [1] and Sections [2.5] and and of Robin-Neumann explicit cou-
pling schemes (Chapters . We summarize below the contributions of the thesis
chapter by chapter. These contributions are recalled in the introduction of each chap-
ter.

Chapter [1]is an introductory chapter in which we consider the iterative solution
of a semi-implicit coupling scheme in the case of a non-linear incompressible fluid gov-
erned by the Navier-Stokes equation in ALE formalism and a general elastic structure,
described by a black-box Neumann-to-Dirichlet map. In this framework, the objective
is to investigate iterative solution procedures that are insensitive to the added-mass
effect and that are computationally less demanding than standard Dirichlet-Neumann
iterations. In the framework of defect-correction iterations, we recover the procedures
already reported in 3] and in [33], and propose a new algorithm.

Basically, all the discussed algorithms involve a relaxation of the Dirichlet condition
for the fluid and/or the incompressibility constraint, leading to a relative insensitivity
to the added mass effect. In addition, some of the methods proposed allow a separate
resolution of the fluid velocity and pressure. This specific feature yields additional
computational savings.

The three iterative procedures involve a free parameter that has to be properly
chosen since the global performances of the scheme highly depend on it. We propose
an extensive study of an algorithm based on the artificial compressibility method (see
[34]) to investigate the role played by the parameter and how the convergence speed
depends on it. At last, a short numerical study is presented.

In Chapter [2] we introduce a class of Robin-Neumann explicit coupling schemes
for the numerical solution of fluid-structure interaction problems involving a viscous
incompressible fluid and a general thin-walled structure (e.g., including damping and
non-linear behavior). The methods proposed build on the ideas introduced in [44] by
proposing new developments.



It is well known that much materials exhibit viscoelastic behavior and this is,
in particular, the case of biological tissue (see, e.g., [79 24, [I15]). Since viscoelastic
constitutive laws introduce hydrodynamic effects within the solid equation, one can
think of implicitly embeddeding this contributions within the fluid, trough a non-
standard Robin condition, and then solve for the solid with the remaining purely
elastic contributions (see [67], 43| 88|, 15]). As mentioned above, this strategy yields a
coupling scheme which is not explicit and the corresponding solution procedure is not
partitioned, since part of the solid constitutive behavior must be transferred to the fluid
solver. On the other hand, if we keep the whole viscoelastic contribution in the solid
solver, the parabolic part of coupled system is not fully implicitly treated and, hence,
one could argue that this might yield restrictive stability time-step restrictions. In this
chapter, we consider the latter approach, the whole solid viscoelastic contribution is
explicitly coupled with the fluid using the inherent Robin consistency of the interface
coupling.

The second contribution has to do with the formulation of the explicit coupling
schemes. We propose a new Robin-Neumann coupling paradigm which enables the
fluid-solid splitting exclusively in terms of the solid velocity and fluid stress on the
interface. An interesting feature of this new formulation is its intrinsic character, in
the sense that it avoids the annoying extrapolations of the solid viscoelastic terms
within the fluid. Hence, the resulting solution procedures are genuinely partitioned.
This is, in particular, essential for the coupling with Reissner-Mindlin shell models,
commonly used in engineering practice (see, e.g, |26} [10]), and that include transverse
shear strain effects via rotation surface vectors (independent of the mid-surface dis-
placements). Indeed, the intrinsic Robin interface condition removes the ambiguity in
the extrapolation of rotation unknowns and of non-linear terms. The explicit coupling
schemes are then formulated in a fully non-linear setting, involving the incompressible
Navier-Stokes equations (ALE formalism) and a non-linear viscoelastic shell model.

The third development concerns the numerical analysis of the methods within a
representative linear setting, involving a Stokesian fluid and a viscoelastic thin-walled
solid (string or membrane). By generalizing the arguments reported in [44], a pri-
ori energy and error estimates are provided for all the variants. The analysis shows
that the sole implicit treatment of the solid inertia is enough to guarantee (added-
mass free) stability. Sub-optimal time-convergence is expected for the variant without
extrapolation and optimal accuracy is obtained for the schemes with first- and second-
order extrapolations. In particular, the method with first-order extrapolation is (to our
knowledge) the first explicit coupling scheme which guaranties unconditional stability
and optimal (first-order) accuracy for the considered model problem.

The fourth development deals with the partitioned solution of implicit coupling,
via the iterative Robin-Neumann procedures introduced in [3]. So far the convergence
analysis of these methods has been addressed in specific simplified models (e.g., inviscid
fluid) and in particular geometrical configurations (e.g., a rectangle), using modal
analysis (see [3]). In this work, we show that the the stability analysis of the explicit



Robin-Neumann coupling schemes can be reshaped to derive, using energy arguments,
a general result on the (added-mass free) convergence of these iterative methods. To the
best of our knowledge, the error estimate proposed is the first which yields convergence
towards the implicit coupling solution in such a general setting.

Finally, the theoretical results are confirmed by a comprehensive numerical study
based on both linear and non-linear models.

In Chapter [3] we propose an extension (the first, to the best of our knowledge) of
the explicit coupling schemes introduce in Chapter and [44] to the case of the coupling
with thick-walled structures: linear and non-linear (possibly damped) elasticity. We
show that an intrinsic (parameter free) interface Robin consistency can be recovered
at the space semi-discrete level, using a lumped-mass approximation in the structure.
Instead of the usual identity operator, the generalized Robin condition involves a new
interface operator which consistently accounts for the solid inertial effects within the
fluid. The fluid-solid splitting is hence performed through appropriate extrapolations
of the solid velocity and stress on the interface. A priori energy estimates, guaranteeing
(added-mass) free stability, are derived for all the extrapolations considered within a
representative linear framework.

The second contribution of this chapter deals with the partitioned solution of im-
plicit coupling. In fact, the proposed explicit coupling schemes can be interpreted as
a single iteration (with appropriate initialization) of a new Robin-Neumann iterative
method. Unlike traditional Robin based procedures (see, e.g., [3]), these iterations are
parameter free. Using energy arguments, we demonstrate the (added-mass free) con-
vergence of this iterative procedure towards the implicit coupling solution. To the best
of our knowledge, the error estimate proposed is the first which yields convergence
of a Robin-Neumann procedure in the framework of the coupling with a thick-walled
structure (linear viscoelasticity).

Several numerical experiments, based on different linear and non-linear fluid-
structure interaction examples from the literature, illustrate the accuracy and per-
formance of the methods proposed. Though the proposed extension retains the main
stability properties of the original explicit Robin-Neumann schemes, numerical evi-
dence suggests that their optimal (first-order) accuracy is not necessarily preserved.
Indeed, the order of the kinematic perturbation induced by the splitting is expected
to be O((r/h)2), O(r/hz) or O(72/h?), depending on the order of the extrapolations
and with 7, h respectively denoting the time and space discretization parameters.

Finally, Chapter [4] is devoted to the a priori error analysis of the generalized
Robin-Neumann methods introduced in Chapter [3l We show that these schemes can
be seen as a lumped-mass approximation of a semi-implicit (fractional-step) coupling
scheme with the same stability properties as the original explicit coupling.

A priori error estimates are derived for all the variants (including the case without
mass-lumping in the structure) using energy arguments. The analysis proposed repre-
sents, to the best of our knowledge, the first theoretical convergence result for a explicit



coupling scheme with a thick-walled structure. Though the proof of the error estimates
follows the main steps of thin-walled case (Chapter , the thick-walled nature of the
solid and the mass-lumping approximation make the analysis more intricate.

The analysis predicts an O(h_%) perturbation in the splitting error, confirming
the numerical results reported in Chapter 3| The analysis shows that this perturba-
tion is exclusively related to the thick-walled character of the structure, through the
non-uniformity of the discrete viscoelastic operator, and not to the mass-lumping ap-
proximation in the solid. This point is also evidenced via numerical experiments. We
show, in addition, that alternative splitting methods that have been recently reported
in the literature (e.g., [I4]) suffer from this issue.
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Partitioned solution of a strong coupling
scheme

The results presented in this chapter lead to the conference proceedings paper [55]:
M.A. Fernandez, Y. Maday, J. Mullaert. Preconditioning of a partitioned fluid-
structure interaction Algorithm. CSMA 2011, 10éme Colloque National en Calcul
des Structures, May 9-13, 2011, Giens, France.
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1.1 Introduction

In this Chapter, we consider the numerical simulation of the interaction between an
incompressible fluid and an elastic structure describing, for instance, blood flow in a
large artery (see, e.g., [60]). For this kind of problem, the fluid-solid density ratio is
close to 1 and the computational domain has a slender shape. These two particularities
lead to a large added-mass effect (|25, 61]) that has three major consequences:

e Dirichlet-Neumann iterative solutions procedures need strong relaxation to guar-
antee convergence;

e The convergence rate of this method is low and dictated by the amount of added-
mass in the system;
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e Explicit coupling schemes based on Dirichlet-Neumann coupling conditions are
unstable.

In this chapter, the fluid is described by incompressible Navier-Stokes equations
in ALE (arbitrary Lagrangian Eulerian) formulation. The solid model is described in
an abstract form as a general Neumann-to-Dirichlet map, allowing the use of a wide
range of solvers. We consider a semi-implicit coupling scheme in which the motion of
the fluid domain is treated explicitly.

The general objective is to investigate iterative solution procedures that are in-
sensitive to the added-mass effect, using appropriate (non-linear) preconditioners of
the coupled problem. Multiple choices are discussed, some of them leading to already
existing strategies and other to a new one. As we shall see in the following, added-mass
free preconditioners are mainly obtained by simplified fluid-structure coupled models
where one of the following ingredients are used:

e The solid acts as a spring, leading to Robin condition for the fluid. As it is dis-
cussed in [3], the compliance of the spring plays the role of a relaxation parameter
for the Dirichlet boundary condition;

e The incompressibility of the fluid is relaxed, either by using a Chorin-Temam
projection scheme or by introducing artificial compressibility (see, e.g., [34]).

The rest of this chapter is organized as follows. Section [I.2]recalls the coupled prob-
lem and its time discretization. Then three iterative procedures are briefly presented in
Section The analysis of the third method in a linear setting is done in Section [I.4]
At last, a short numerical study are presented in Section

1.2 Problem setting

1.2.1 The coupled problem

We consider a reference domain 2 = QfUQ® for the fluid-structure interaction problem

and we denote by X 90 N 9O the fluid-structure interface in this reference configu-

ration. The fluid border 9Qf = Y UT is composed of the fluid-structure interface 3 and
of the inlet/outlet boundary I’ 4ef in | prout (see Figure . The solid border 02° is
split into 3, I'! and I'™. The symbols n' and n® denote the outward unit normal to the
fluid and the solid, respectively. At time ¢ > 0, the current configuration of the fluid
domain, Qf(t), is parametrized by the ALE map A = Io, +d; as Q'(t) = A(QL 1),
where d' : Qf x Rt — RY stands for the displacement of the fluid domain. In prac-
tice, d = Ext(d|y), where Ext(-) denotes any reasonable lifting operator from the
(reference) interface Y into the (reference) fluid domain Qf, which vanishes on T

The strong form of the non-linear fluid-structure problem reads therefore as follows:
find the fluid velocity u : Qf x Rt — RY, (d = 2, 3) the fluid pressure p : Qf x RT — R,
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Figure 1.1: Geometrical description

the structure displacement d : O° x RT — R? and the structure velocity d : ¥ x Rt —
R? such that

( p'O|au+ pl(u —w) - Vu —V-ol(u,p) =0 in Q(1),
(Fluid) divu=0 in Qf(¢),  (1.1)
\ o' (u,p)n’ = —pn'
( °0,d —divII(d) =0 in
d=08d in

d=0 on I
\ II(dn*=0 on I,
( d'=Ext(d]y), w=0d on Q
(Coupling) u=w on X(t), (1.3)
M(d)n* = —Jo'(u,p)F'n' on %,

on I,

(Solid) (1.2)

\

complemented with the initial conditions
w(0) =u’, d0)=d", d0)=d.

Here 0;| 4 represents the ALE time derivative, F’ ' VA the fluid domain gradient of

deformation and J def det F' the Jacobian.

Remark 1.2.1. Note that the physical quantities w, p and w are defined in the ref-
erence fluid domain QFf. In and 2 they are evaluated in the current fluid
domain, QL(t), by composition with A~'(-,t). In order to ease the presentation, this
change of variable is not specified in the equations.

The quantity p represents a pressure enforced at the inlet/outlet interface I'. The

constants p' and p* stand for the fluid and solid densities, respectively. The Cauchy

stress tensor is denoted by of(u, p) o —pI +2p€(uw) with the dynamic viscosity p and

e(u) aof 2 (Vu + VuT). At last, II(d) denotes the first Piola-Kirchhoff tensor.

The coupled problem (L.1)-(1.2) and (L.3) is the root problem in this thesis. A
review of the mathematical analysis for this type of problem can be found in [89)]. In

particular, the next result (from [91] and [45]) states an energy inequality.
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Lemma 1.2.1. Assume that the structure is hyper-elastic (with energy density function
W ) and that the coupled fluid-structure system is isolated, (i.e. w =0 onT'). Let

f S
def 1% P e
E(t) :/ §|’UJ|2+/ 5\d|2+/ W (d)
O (1) Qs s

be the total mechanical energy of the fluid-structure system described by (1.1)-(1.2) and
(1.3). Then, the following energy identity holds:

t
- / / 2pile(w)?
0 JOf(s)

1.2.2 Time discretization

In what follows, 7 > 0 denotes the time step, 9, X" % (X" — X" 1) /7 the discrete
backward difference derivative and X"~3 (X" 4+ X" 1)/2 the mid-point approxi-
mation. We use a standard semi-implicit time discretization of (1.1 and a mid-point

(energy-preserving) scheme for the structure (1.2)). For a positive integer m, H™(Q')
denotes the standard Sobolev space and we define H™(QF) o [Hm(Qf)}d. The space
HY(Q stands for the closed subspace of functions of H™(Q) with zero trace on X.

For the sake of simplicity, we reduce the solid model to a Neumann-to-Dirichlet

map S : H'(Qf) x L*(Qf) — H(%), that maps the couple of fluid unknowns (u, p)

to the interface restriction A = S(u, p) o d|s, where d is the solution of the following

problem:

ﬂlb

(d d" ) - v -T(d+d) in
1 n—1
Fd=d) =5
0 on I
II((d+d"")/2)n*=0, on I
| TO((d+d"Y)/2)n® = I (u,p) (F™) 'n®, on X

2) =
1 .
(d +d" ) in Q°,
d=

Remark 1.2.2. From now on, the time discretized solid model will be embedded into
this black-box abstract operator S.

The time semi-discretized formulation of the coupled problem (L.I)-(1.3) with an
implicit treatment of the coupling conditions reads therefore as follows: for n > 0, find
the domain displacement d'® : Qf — R and the fluid unknowns u™ : Qf — R and
p" : Qf = R such that
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1. Geometry update (explicit step):

d™ = Ext(d"'|y),
w" = aTdf,n7

QN = (I + d"™)(Q).

2. Fluid-structure interaction step (implicit coupling):

-

;

p—(u” —u" g+ (u —w")  Vu" -V of(u",p") =0 in Q"
-

divu"” =0 in Qb

ol(u",p")n = —p"n' on T,
S(u,p") — dt
u" = ( ) = on ",
N T
(1.4)
3. Update the interface displacement
5 =S, p").

Remark 1.2.3. Note that, by definition, all the time semi-discrete fluid fields {u"},>0,
{p"}n>1 and {w"},>1 are defined in the reference configuration QF. In (1.4)) these fields

are transported to Q5" by composition with (A")~t, where A" o Ioe +d"™. This also

applies to the solid quantities appearing in the right-hand side of (1.4)4.

The variational form of (1.4) reads as follows: for n > 0, find u® € H'(Qf) and
p* € L2(Q) such that

f

p _ _

— u" v — w1l ) 4 pf (u"l—w”)-Vu"-'vf
T Qfn Qfn—1 Qf.n

— ' (V- w")u" o' + / o(u",p"): Vo' +/ g divu”

Qf.n Qf.n Qf.n

o (un S d) &=~ [ 03)

for all (v, q,&) € Hy(QF) x L?(Qf) x L*(X). Note that, or the sake of simplicity, we
have integrated the Dirichlet boundary condition on " in the variational formulation.

Remark 1.2.4. The test functions and the time-semidiscrete quantities are defined in
the reference configuration (see Remark above). Hence, each appearance of these
fields within the integrals fo,n and foﬁn,l of implicitly includes a composition
with (A")~' and (A" 1)1, respectively. The same applies to the boundary integral on
3",
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The standard Dirichlet-Neumann iteration to solve problem (|1.4]) consists in setting
the initial values uy = u" !, py = p" %, A = d|”2_1 and performing the following
iteration, until convergence:

1. Fluid step (Dirichlet): find (uy,p) € H'(QF) x L?(Qf), such that
¢ Af

p?(uk —u" )+ p (W —w") - Vg = Vol (ug,pr) =0 i QF

divu, =0 in Qb

Gf(“’kupk)nf = _ﬁnnf on F7
Ao 4 — dnfl
uy, = SR o o
\ T
(1.6)
2. Solid step (Neumann): find A, € H%(E) such that
Ap = S(u, pr)- (1.7)

Unfortunately, added-mass issues make this iteration unconditionally unstable when
dealing with the simulation of blood flow in large arteries because the fluid-solid density
ratio is close to 1 and the domain is lengthy (see [25]). One solution to overcome this
difficulty is to introduce a relaxation step at the end of the algorithm. Practically, the
iteration in the case of a static relaxation with parameter w becomes:

1. Fluid step (Dirichlet): find (uy,px) € H'(QF) x L?(Qf), such that

¢ f
2w — w4+ p (" —w") Va, — Vot (g pe) =0 in QF,
-

divu, =0 in Qb

a-f(’u’kapk')nf - _ﬁn’n’f on Fv
)\ - dnfl
Uy = TR o ",
\ T

(1.8)

2. Solid step (Neumann): find A, € H%(E) such that
;\k = S(uk, pr)- (1.9)

3. Relaxation step: set B

Ak = (,U)\k + (1 - W)Ak_l. (110)

Of course, the parameter w has to be properly chosen and the iteration may fail to
converge if w is to large (see [3]). A possible improvement is to use dynamic relaxation
with, for example, Aitken’s formula (see [81}85]). Nevertheless, this method still yields
very slow convergence rate and high computational costs. In this context, the purpose
of this chapter is to propose an alternative generic formulation in order to derive
iterative procedures with better numerical properties.
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1.2.3 The defect-correction method

We first introduce some notations. Let V' be the space

V& HLOQN x L2(QF) x LA(D),

and A : H'(QF) x L>(Qf) x L*(X) — V', the fluid linear operator taken from (T.5)
and defined for all (v,q,&) € V by

f
(Al X))y 2 ([ wws [ ww) = [ (7w
+pf/ (u" ' —w") - Vu-v —|—/ o(u,p) : €v)
Qf.n Qf:n

—I—/ qdivu%—/p(zfn)v-nf
Qfn r

A—du!
+/ (u—%) &

Whith this notation, problem (1.4) reduces to the determination of
(u",p") € H'(Q) x L}(Q),

(1.11)

such that the following residual vanishes in V':
R(u",p") o A(u",p", S(u",p")) = 0. (1.12)

In this chapter, we use the defect-correction method (see e.g. [106]) to build a se-
quence (ug,pg) that converges towards the solution (u",p") of . To this aim,
we introduce a variety of simplified residuals denoted by R as preconditioner for the
implicit coupling problem and we study the numerical properties of the following se-

quence:
n—1 ,n 1)

(’Ll,o,po):(u 7p_ (1 13)
R(uy,pr) = R(up—1,pr1) — R(up_1,pp1) VEk2>1,

From (1.13)), we infer that the limit of the sequence (uy, px) (if it exists) provides a
solution of (1.12). Moreover, the computation of (uy, px) only requires the evaluation
R(uy_1,pg—1) of the full residual and not the resolution of the full problem R(wuy, p) =
0. The contribution of this chapter therefore consist in proposing simplified residuals
R that are easy to inverse and studying the convergence speed of the resulting iterative
procedure.

Remark 1.2.5. Iteration (1.13)) has clear connections with the stationary Richardson
iterative method in the case where the residual R is a linear operator. Indeed, in this

case, iteration (1.13)) reduces to

Uy, Ug—1 =1
= — R R(wp_1,pi—
(pk) (2%1) (w1, Py 1)



16

Hence, we call the simplified residual Ra preconditioner in the following.

Remark 1.2.6. The original Dirichlet-Neumann iteration (1.6)-(1.7) can also be seen
as a defect-correction iteration with the choice

IN%(u, p) = A(u, D, O) ,

which illustrate that defect-correction iteration are a convenient framework for deriving
iterative solution algorithms of problem (L.4)).

1.3 Preconditionning strategies

In this section, we present four algorithms based on defect-correction iteration to solve
problem ([L.5)).

1.3.1 Algorithm 1: Robin-Neumann iteration

We first propose to use a simplified solid model S which is linear and reacts pro-
portionally to the stress applied to it. Namely, for all (u,p) € H'(Q) x L*(QF), we

set _
S(u,p) € —ao(u,p)n', (1.14)

for a positive parameter . With this model, the solid acts as a coil spring without
mass and with rigidity 1/a. The corresponding residual R reads

e def &
Rl(“ap) = A(’U,,p, S(’u’vp))
With this choice of the preconditioner, iteration ([1.13) writes

<1~%1 (uk,pk), (v,q,£)> = 1 /n (S(uk—lapk—l) — S(“k—laPk—l)) &

Vv T

and leads to the following defect-correction iteration based on a Robin interface con-
dition for the fluid:

( u, —u"
' —’ + o (u" —w") - Vu, — Vol (ug,p) =0 in QY
A
V.u,=0 in Q"
S(up_1,pp_1) —d !
T T k=15 Pk—1
Uf(uk,pk)nf +—up = — SR C"f(ukflapkfl) n' on ¥
Q Q@ T
\ o(ug,py)n' = —pn' on T.
(1.15)

[teration ([1.15]) is similar to the family of Robin-Neumann iterations proposed in [3],

with the correspondence 7/a of a¢. In addition, the main difference between iteration
(1.15) and the original Dirichlet-Neumann iteration (1.8))-(1.9) is the relaxation of
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the Dirichlet boundary condition (1.6))4. Indeed, the boundary condition (|1.15)3 also
writes:
S(ug—1,pe-1) — d"

(0%
U = T N ; (Uf(uk>pk>nf - o.f(’u’k_l’pk_l)nf)

Thus, apart from its physical interpretation, the parameter « also plays the role of a
relaxation parameter. At the limit o — 0, the relaxation vanishes and the Dirichlet
condition (L.6)4 is recovered. As for the relaxed Dirichlet-Neumann iteration (|1.8))-

(1.10), numerical evidences suggests that iteration (1.15) does not converge if the
amount of relaxation « is to small and the solid model is thick-walled.

Remark 1.3.1. Since algorithm 1 introduces a free parameter a, the choice its value
15 critical. In a two-dimensional linear framework involving an inviscid incompressible
fluid and the membrane model

S

p—; (dk —2d" '+ d”_Q) + Bd = —o'(ug, pp)n’  on X,
-

for the solid, a study from [3] suggests that the optimal choice is
a = pie + B, (1.16)

where p°, € stand for the density and thickness of the solid, respectively, and [ the
zero-th order term in the solid model. In this case, the iteration always converges
without the need of relaxation step on the solid interface displacement. This optimal
value, deriwed from a simplified problem, will be systematically chosen for the numerical
experiments in Section [1.5. However, for more complex fluid and solid models, the

convergence of (L.15) with the value of the parameter given by (1.16)), the convergence

15 not quaranteed.

1.3.2 Algorithm 2: Projection scheme

In this section, we propose to use a semi-implicit coupling scheme proposed in [47] (see
also [, Section 3.3]) as preconditioner for the coupled problem (1.4). This semi-implicit
coupling scheme implicitly couples the fluid pressure with solid unknowns while leaving
the treatment of the viscous effects in the fluid explicit. In strong form, this coupling
scheme reads as follows:

1. Fluid advection-diffusion step (explicit): find @" € H'(Qf) such that

f u" —u! fr~n—1 n ~n ~n : f.n
p———| +p @ —w")-Vu" -2uV-eu") =0 in Q"
-
A
2ue(u”) =0 on T,
u" = aTdEl on X"
(1.17)
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2. Projection step (implicit coupling): find (u®, p) € H'(QF) x L?(QF) such that

4 ~
cut—u"

p —| +Vp"=0 in Qb
T la
V.u"=0 in Q" (1.18)
p" = p(tn) on I,
\ u"-n'=8@",p") -nt on X"

Here, we reformulate the coupling scheme (1.17)-(1.18)). We add equation ((1.18)); writ-
ten at time ¢, ;1 to (1.17); and we reformulate problem ((1.18)) into a pure Poisson

problem. The resulting coupling scheme reads as follows:

1. Fluid viscous advection-diffusion step (explicit): find u" € H"(Q) such that

~n ~n—1
PETE | )@ —w) - V" - 2uV (@) = =Vt in Q'
T
A

u" =0.dy;" on X",

2ue(a™)n' =0 on T.

(1.19)
2. Fluid projection step (implicit): find p™ € L2(2) such that
( lpr" =V.-u" in Qb
p
n ~no.n\ _ n—1 n—2
Topr _(SWlpt) -2y +dyTy o (1.20)
pf on T
p" = p(tn) on TI.

Inspired from (1.19)-(1.20]), we propose to use the following preconditioner:

_ £
<R2(u,p), (v,q, §)>V/7V def '0? (/Qﬁn u-v— /nynl w1t v) —pt /nyn(V cw)u - v

+ ,Of/ (u"™' —w") - Vu-v +/ o(u,p" ) : e(v)
Qf.n Qf.n

. T 5
—|—/ gdivu + — Vp'Vq—/’Y(p—p(tn))q
Qf.n P Jafn r

/ St p)—2dy ! +dy?
+

.nq
T

dn—l . dn—?
. / (u _ 2—|2> €
n T

(1.21)
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Note that we did not enforce p™ = p as a standard Dirichlet condition in as it
is done for the pressure problem . Indeed, pn! represents the full stress applied
on the interface I' and not only the pressure p”. However, we recall that this problem
will only be used as preconditioner. Therefore we wrote a Robin condition on the
pressure for the projection step, involving a free parameter . Numerical experiments
shows that the value of this parameter does not have a big influence on the convergence
properties of the resulting iteration.

Another key difference between the preconditioner and problem (1.19)-(1.20)
is the introduction of the simplified solid operator (1.14). The implicit coupling with the
simplified structure is thus embedded into the pressure problem as a Robin condition
for the pressure.

The defect-correction method yields the following iteration: find (wg,pr) €
H'(QF) x L?(Qf), such that

£
p_</ 'u,k-'v—/ u”_l-v)—pf/ (V-w")u - v
T Qfn Qf,n—1 Qf.n

+ pf/f (u”’1 —w") - Vuy-v +/ o(ug, pp—1) : €(v)
Q ,n

Of.n
.
di + — V(pr —pr-1) - Vg — — Dk—
+/Qf7nq vy, > o (Px — Pe-1) - Vg /F'V(pk Pr—1)q (1.22)
S(uy,_ — S(u_ _
+/ (wr—1,Pk) : (-1, pr—1) n'q

o gn—1
+/n (u— S(uk_l’p’:l) s > .g+/rl7(tn)ru.nf:0.

for all (v,q,€) € V.
For the sake of clarity, we also present the strong form of problem (|1.22):

1. Fluid step: find u;, € H'(Q) such that

( P O
pr -4 ‘ +p'(u" —w") - Vuy —2uV - €(ug) = =Vppy in QO
A
S(up1,pr) —dy n
wy = on X",
—

\ 21 €(up)n' = (pp—y —p)n' on T,

(1.23)

2. Projection step: find p;, € L%(Q) such that

;

T Ap= LAp 4V i QO
P p
T Opr @ T Opp—1 @
e 0\ ST PN o yn
pf an + Tpk pf an + Tpk 1 on ) (124)
l@pk+p:lapk—1+p on T
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Remark 1.3.2. At the limit k — oo, the projection step (1.24); simply reduces to
V -u = 0 and the boundary conditions (1.24) and (1.24)5 vanish. In the fluid step

(1.23), the full Neumann condition (1.4)3 on I" is recovered from (1.23).

In addition to Algorithm (1.15]), this iterative procedure has three remarkable features:

e [t enables a separate resolution of the fluid velocity u, and the fluid pressure py,
leading to savings in terms of computational cost.

e The pressure step represents a relaxation of the incompressibility condition (1.4},
which was not present in Algorithm ([1.15)) . Besides, the Dirichlet condition from
the Dirichlet-Neumann iteration (1.6))-(1.7) is preserved.

e Interestingly, the coupling between the solid model and the fluid pressure only
reveals through the term V - wu;, ;. As we shall see in numerical experiments
below, it is sufficient to ensure added-mass insensitivity.

1.3.3 Algorithm 3: Artificial compressibility

The next preconditioner also involves a relaxation of the fluid incompressibility. It is
inspired from [33] (see also [77]). The relaxation of the incompressibility condition is
achieved through an artificial compressibility term, where the divergence of the fluid
velocity is proportional to the time derivative of the pressure as follows:

V -u = —cop, (1.25)
with ¢ a positive constant.

Remark 1.3.3. For a compressible fluid, when there is an accumulation of mass some-
where (V -u < 0), then the pressure grows (Oyp > 0). Hence the sign of ¢ is positive.

In this case, our preconditioner writes

f
= e )0 n— n
<R3(u,p),(v,q,£)>wvd:f? (/Qf’nu.v—/gfynlu 1 -v) —pf/Qfﬁn(V.'w Ju - v
+,0f/ (u"‘l—w”)-Vu-v+/ o(u,p): €(v)
Qf.n

Qf.n

. c -
+/ qdlvu——/ (p—p"")q
Of.n T Qf,n

dn—l . dn—?
n / (u _ 2—|2> €,
n T

(1.26)



1.4. Study of Algorithm 3 in a linear framework 21

for all (v,q,&) € V, and the corresponding iterative procedure reads as follows: find
(ug, pp) € H'(Q) x L*(QF), such that

£
p_(/ uk~v—/ u”1~v>—pf/ (V-w™)ug -v
T Qf,n Qf,n—1 Qfn

+ pf/ ("' —w") - Vuy, v +/ o(ug,pi) : €(v)
Qfn Qfn
. (1.27)
+/ qdivug — —/ (Px — Pr-1)q
Qf.n T Qf.n

_ gqn—1
+/n (u— S('U/k—laka—l) ds; ) -ﬁ—l—/rﬁ(lfn)’v'nf —0

for all (v,q,&) € V. In strong form, iteration (T.27) writes: find (uy, pr) € H'(QF) x
L2(Q), such that

(¢ oup —u"! £ 1 £ : £
+p(u" —w") - Vu, — V-0 (ug,pr) =0 in QF
A
Vo = —cZETPEL G ofn (1.28)
T
S(wp—1,pr-1) — d&_l .
U = n o on X
\ T

Remark 1.3.4. A wvariant of this scheme is to localize the artificial compressibility
only on the interface (see [33]). In this case, equation (1.28)) becomes

V,uk:_cwgz’
T

where 0s, stands for the Dirac distribution on the interface.

In this scheme, the Dirichlet boundary condition 3 is not modified with re-
spect to the standard Dirichlet-Neumann procedure —. However, the main
ingredient in this iterative procedure is the relaxation of the divergence-free constraint
E29)..

As Algorithm 1, problem involves a free parameter ¢ that acts as a relaxation
parameter. Therefore we expect that the convergence properties of this iteration highly
depend on its value. The mathematical properties of iteration depending on the
value of ¢ in a simplified linear setting is the purpose of next section.

1.4 Study of Algorithm 3 in a linear framework

In this section, we consider a two-dimensional inviscid incompressible fluid in a fixed
rectangular geometry such that Qf = [0, L] x [0, R]. The solid is represented by mem-
brane model on X = [0, L] x { R}. The inlet and outlet boundaries are I'™ = {0} x [0, R]
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and T°" = {L} x [0, R] respectively. Symetry conditions are enforced at the boundary
I =10, L] x {0}.

The solid, whose transverse displacement is denoted by d, is represented by a mem-
brane equation on I, including a zero-th order term [d with g > 0.

This simplified model has been studied in [3] for the derivation of the optimal
value of & in Robin-Neumann iterations (Algorithm 1). Here we propose to study the
behavior of the iterative procedure given by Algorithm 3 (iteration (1.28)). In this

framework, the coupled problem into consideration reads as follows: find (wg,pr) €
H'(QF) x L2(QF) and dj, € Hz(X) such that

n—1

oY pe=0 in O

(

)

-
di_ 4 — dn—l
up = L DI
T ‘ (1.29)
pe=p on I™uro
Opx,
— =0 r,
n on
di — 2dn—1 +dn—2
\pse k = + Bdp=p, on 3.

If we take the divergence of (1.29); and thanks to the relation V - u"~! = 0, we
can eliminate the fluid velocity and problem (1.29) reduces to the following pressure
problem: find the pressure p, € L*(Qf) such that

¢ £ £
c c )
(A - p_2> Pk = —p—ka—1 m Qf,
T T
Op P’
= — _ n— Z)
S on pse + B2 P17t Un-1 on (1.30)
Opr
P r
o | on I,
\ Pk =D on I'™uyurev,
with
wf o P p'pe ! >
el =ttt gt ——EP - (ogntt — g ?).
Un-t T + T2 T2 (pPe + B12) ( )

The iterative procedure for the sequence p, therefore reads:

P =M pr_1+Tp_1,
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where r,_; denotes the solution of
; f
(A — p—;) Tno1 =0 in QF
T
87’n,1
= Up_ on X,
on ! (1.31)
a'rnfl
=0 on [
on _
L Tno1=2D on I'™uyre"
and M the automorphism of L? that maps py_; to the solution p of
( f f
(A - p—) p=—"5me in O,
-
dp P 5
—_— =— on ,
on pse + BT2 D=1 (1.32)
dp
— =0 on I,
on "
in out
L p= on [™UTI™™.

Hence the spectrum of M and more precisely its spectral radius governs the con-

vergence speed of iteration (|1.29). We now state the main result of this part:

Theorem 1.4.1. The spectral radius p(c) of the operator M has the following proper-

ties:

o If ¢ is large, p(c) is increasing and

lim p(c) =1".

c—+00

e If ¢ is small, p(c) is decreasing and

lim p(c) =

=0 m(pse + P12

Proof. We look for eigenfunctions of the operator M that writes p(z,y) = p1(z) p2(y)
for an (unknown) eigenvalue A. Owing to (1.32)), the relation Mp = Ap yields the

following problem:

( f

_pref L
Ap = 7'2< A
o _ 7
on  \(pe+ pr2)
dp
8_71_0

on

in QF
on

on T,

Fin U Fout )

(1.33)
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The Dirichlet condition on I'™ U ' enforces

pi(z) = sin (’“2‘5)

for some k € Z. Then, owing to (1.33))1, the function ps is a solution of the following

ODE: 1 f 2 .2
1 k

Ply) _pefy Ly, Fm (1.34)

paly) T A L2
Now we have to make an assumption for the sign of the right-hand side of (1.34). If
we suppose that

f 2 2

pc 1 k*m 9

Ly s =£2>0 1.35

£ (1-5) s e (135)

then, thanks to p5(0) = 0, we have

kmx

p(z,y) = sin (T) cosh (§y) .

Conversely, for all £ > 0, the function defined above is an eigenfunction of the operator
M if there exist a couple (A, §) € R x RT such that the Neumann boundary condition
(1.33))2 on ¥ and (1.35]) hold. This leads to the following non-linear system:

pf

1 (1.36)

2 22N
(o)
ptc L
We now introduce the notation ¢ % 72 /(p'R?) and the following dimensionless quan-
tities:

¢ tanh (R¢) = —

A:

def

(
z = RE,
def kTR
k — —1
L
def pPe + T2

5
PR

With these new definitions, system (1.36]) reduces to

1
1+ 6z tanhz = = (2* — 77),
v
B 1
~ Jztanhz’

(1.37)

1
We introduce the continuous functions f : z — 144z tanh z and gi : 2z — — (2% — 77)
v

over RT. The next lemma states some properties of the solutions of system ([1.37]).
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Figure 1.2: Plot of f: z+ 1+ dztanhz (red), plot of gx : 2 — (1/v)(2? —42) (green).

Lemma 1.4.1. Let k be given. Then there exist a unique solution (zy, \x) € RT x R
of system ([1.37)).

Proof. We first focus on the existence of z;. We have
gx(0) <0< f(0) =1,

and, in the neighborhood of +o00, we have f(z) = §z + 0(z) and gx(2) = 2%/v + o(2?).
Therefore, there exist at least one solution z; of 1. At last, the value A\ is given
by (1.37)2. Figure 1.2 represents the functions f and gy on the same plot.

We now prove that the solution (zj, A\x) is unique. Let ¢ : z — f(2) — gr(z). We
have that

1 2

Séf)/(z) =tanhz 4 2 (1 — tanh? z) - 58

and , 1
MY — (1 2 B 1
25¢ (z) = (1 — tanh” 2)(1 — 2z tanh 2) =

for all z € RT. If we suppose that ov < 1 (see Figure 1.3, left), then ¢” is negative
over RT, meaning that ¢’ is strictly decreasing. In addition, since ¢'(0) = 0, we have
that ¢’ is strictly negative over R and, finally, ¢ is strictly decreasing. Therefore, the
solution z; is unique in this case.

We now deal with the case év > 1 (see Figure 1.3, right). We seek for the solutions
of ¢'(z) = 0. We have

tanh z

2
¢(z2)=0&2=0 or +1—tanh2z:5—.

v
Since the function z ~ (tanh z)/z 4+ 1 — tanh® 2 is a strictly decreasing bijection from
R to ]0, 2] and that the right-hand side 2/dv lies in ]0, 2], we get that the function ¢’
has only two zeros in RT and we denote by 2 the strict positive one. Therefore, the
function ¢’ is positive on [0, zp] and negative on [z, +0o[. Finally, the solution zj is
still unique in this case. [
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20 k-

Figure 1.4: Plot of functions f (red), gi, (green) and g, (blue) with k1 < ka.

Lemma 1.4.2. The sequence zy is increasing. Moreover, for all integer k > 1, we have

6v + /(O + 4y 72
Ve < 2k < V_I—\/( V)2+ (V_l—,}/).

Proof. Let (ki,k2) € N* x N* such that k; < ky. Then we have that

f(z1y) = gy (281) > Gry (21 )-

Therefore, f(zr,) — gk, (2K, ) > 0 and zx, > z,. This situation is detailed in Figure|1.4]
Using the same argument, gi(7x) = 0 < f(x) implies that z; > v, for all integer k.

Finally, we note that, for all z > 0, we have f(z) < 1+ §z. Since the solution z;" of
gx(2) = 1+ 6z is the root of a second-order polynomial, we get

) ov)2 +4 2
2 <z = V+\/( V)2+ (v +1?)

(1.38)

for all integer k. [l

We resume to the mathematical study of system (1.37). Owing to (1.37)2 and
Lemmas and we have a first increasing family of negative eigenvalues.
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Thus, the spectral radius of iteration is governed by |A;]. The next lemma is devoted
to the study of the variations of z;(v), implicitly defined as a function of v.

Lemma 1.4.3. The function v +— z,(v) is increasing and we have

{ 21(V) = 0V + 0100(V)

() = 1 + aolL) (1.39)

Proof. Let (v1,v5) € RT x R such that vy < . Then for all z > 7, we have

Lo o o Lo o

— (27 — > — (2" —

Vl( ") Vz( 1)
Therefore, owing to the arguments developed in the proof of Lemma [1.4.2] we infer
that the function v — z(v) is increasing. For the sake of clearness, the situation is

represented in Figure 1.5. Besides, from (1.38)), we get that
lim 21 (v) = 71
v—0

We now prove the first asymptotic result (1.39). We first infer that lim, ;. z1(v) =
+00. Otherwise, if z;(v) were bounded, equation (1.37); leads to a contradiction.

Finally, since 1 4 021 (v) tanh 21 (v) = d21(V) + 0100 (21(v), (1.39))1 follows from (1.37);.
[

To sum up, owing to (1.37) and Lemma the quantity |\ (v)| is a decreasing
function of v and the following limits hold:

1
lim A (V)] = ———,
V%0| 1)l 01 tanh (1.40)
lim |[A\(v)| =0.
v—400

Now we deal with the case where

f 1 k,? 2
%(“X)*—W - &<,

The same arguments as above yield new eigenfunctions

kmx

p(z,y) = sin <T) cos (§y) -

Thus, owing to condition (1.33)2, we are now interested in the solutions (z, ) of the
following system:
0z tanz = 14—1 (2> +77),
lu
T Sztanz

We define the functions & : z +— §z tanz and i : 2 — = (2 +73) over R™. The next
lemma is devoted to the mathematical study of system (1.41)).

(1.41)
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Figure 1.6: plot of functions h (red) and g (green).

Lemma 1.4.4. For all k € N*, system has an infinite number of solutions,
denoted by (zkp, A\rp) for p € N. Moreover, the sequence (zy)ken+ 15 increasing.

Proof. Let k € N*. The function gy is a bijection of every interval of the form [pm, (p+
$)7[ into RT. Thus, there exists a family (zj,) & penexn of solutions of (1.41));. The
corresponding values (A p)kpen+xn are derived from 2. For the sake of clarity,
the situation is represented in Figure 1.6.

We now focus on the properties of the sequence (zj)ren+. Let (ki, ko) € N* x N*

such that k; < ko. Then we have that
g’ﬂ(z) < ng(’Z)

for all z > 0 as shown in Figure Thus, using arguments from Lemma the
sequence (2xo)gen+ 1S increasing and the lemma is proved. O

From (1.41)) and Lemma [1.4.4] we infer that the largest eigenvalue of the family
(Akp) (kpyensxn 18 A1o. The next lemma is devoted to the study of the function v —

2170(V).
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0s
Figure 1.8: plot of functions h (red), g1 with v = vy (blue) and v = vy (green) with v; < vs.

Lemma 1.4.5. The function v — 2 o(v) is decreasing. Moreover, we have the limits

VEIJPOO #1,0 (U) -

7r
_ 2 (1.42)
,l,l_r% 210(v) =2

where z~ is the unique solution in [0,7/2[ of 2z~ tanz~ = 1/J.

Proof. Let (v1,15) € RT x RT such that vy < vy. Then for all z > 0, we have

1 1
L+ (2" +97) > 1+ —(=" + 1)
v V2
This situation is represented in Figure [I.4 Using arguments from Lemma [1.4.2] we
conclude that the function v — 2z ¢(v) is decreasing. Finally, the inferred limits follow
O]

from (1.41);, where we make v tend to 0 and +oo.
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To sum up, owing to (1.41)) and Lemma [1.4] the eigenvalue A o(v) is an increasing
function of v and has the following limits:

lim /\17()(1/) =0

v—0
1.43
hm )\17()(1/) =1 ( )

v—400

We conclude the proof of Theorem [1.4.1] Owing to (1.40) and (1.43), we have the

following alternative:

e If v is large (this is the case, in particular, when ¢ tends to +00), the spectral
radius is dictated by A;o(v). Therefore, p(c) is increasing and tends to 1.

e If v is small (this is the case, in particular, when ¢ tends to 0), the spectral radius
is dictated by |Ai(v)|. Therefore, p(c) is decreasing and

f
) B p'L 1 (TR
) = et oy 0 ( ) |

Roughly speaking, Theorem explains the low convergence speed if c¢ is large
and the possible lack of convergence if ¢ is small and

However, the optimal value of ¢ is hard to derive in this framework. Indeed, the implicit
relation

M) = Ao(v).

has to be solved. As we shall see in the next section, the localization of the artificial
incompressibility on the interface makes the analysis easier.

1.4.1 Interface artifical compressibility

A variant of the iterative procedure (|1.29) is to localize the compressibility only on
the interface. We now consider the following iteration: find (uy, pr) € H'(QF) x L2(Q)
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and d;, € Hz(X) such that

( _ ayn—1
tU Y Vp =0 i O
V-u, = _CM(;E in O
T
di 1 —d" 1
Uy = T noon X
T . (1.44)
Pr = ]3 on Fln U Fout’
Opx.
— =0 r
on on ,
di — 2dn—1 +dn—2
\ e i = + Bd, =p, on X.

The next theorem gives an explicit form for the spectral radius of iteration (|1.44)):

Theorem 1.4.2. The spectral radius p(c) of this iteration writes

Proof. The outline of the proof is similar to the one of Theorem The reduction
of problem (|1.44]) into a pure pressure problem writes:

( Ap, =0 in Qf
Op fe f e
- 1 p_2pk = —% Pk—1+t —5Pk-11 VUn-1 on X,
on T (p%e + B12) T (1.45)
Pr = ]7 on Fin U Fout
dpr
— =0 on I,
\ dn n
with . . .
def P i1 £ P a1 p pe n-1 _ m-2
Upo1 = — U n +—d - (2d —d .
! T T2 72 (pe + B12) ( )

Therefore, we are interested in the following eigenvalue problem: find (A, p) such that

( Ap=0 in Qf
Ip P’ ple,. 1
e ey R Y 5
377, + A (,OSE + /87—2) p + 7'2 ( /\)p on (1 46)
p=0 on I'™yrew
0
\ % =0 on T
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The analysis of problem is much simpler than problem ([1.33). Indeed, owing to (1.46));
and to the boundary conditions (1.46)); and (|1.46])4, we get eigenfunctions that write

. (krx kmy
p(r,y) = sin (T) cosh (T)

and the corresponding eigenvalue satisfies:

km km R e 1. o 1

which leads to

-
C _——————
A = pie + B2 .
. knr? tanh km R
c anh | ——
ot L L
Since ¢ > 0, we infer that |\ is a decreasing sequence. We conclude that the spectral
radius p(c) of the iteration is equal to |A| and the theorem is proved. O

Remark 1.4.1. The optimal value of ¢ in this case is I#QBTQ coinciding with the
optimal value of « = 7/ay (see Remark . This is somehow not surprising since a
certain similarity can be demonstrated between Algorithm 1 and Algorithm 3 as shown
in [31].

1.5 Numerical results

The numerical experiments are made with FreeFEM-++ [70] in a two-dimensional
rectangular 2D geometry with L = 10, R = 0.5 and e = 0.1 (all units are given in
the CGS system). Boundary conditions are p = 0 on the outlet boundary (z = L)
and p = 10* during 7; = 5 x 1072 at the inlet boundary (z = 0). The fluid and solid
densities are pf = 1 and p° = 1.1, respectively. The fluid viscosity is set to u = 0.035
and the structure has a Young modulus of £ = 3 x 10® and a Poisson coefficient of
v = 0.3. The time step is 7 = 107 and the final time is 7' = 15 x 1073. We use a space
discretization based on P2/P1 finite elements with a mesh size of h = 0.1.

The three algorithms presented in section are compared to the standard
Dirichlet-Neumann iterations with Aitken’s dynamic relaxation (see [81] 85]). They
all require the specification of a free parameter. We choose to set it at its optimal
value (derived in the case of a linear simplified model), namely

7_2

o = —pse T 57_2.

Figure (Left) presents the mean number of iteration needed per time step for
different values of the domain length. We clearly see that the Dirichlet-Neumann iter-
ations are sensitive to a variation of the domain length. The performances deteriorates
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Figure 1.9: Mean number of iteration per time step.

when the domain in lengthy. This is a well-known illustration of the added-mass effect.
The three preconditioned algorithms are rather insensitive to this effect and provide
better performances. Note that Algorithm 3 yields better performances than the other
algorithms.

Figure (Right) presents the mean number of iteration needed per time step
for different values of the domain solid density. We see that algorithms 1-3 are still
sensitive to the solid density. However, for physiological values of p°, the performances
are better than the standard Dirichlet-Neumann iterations. Algorithm 3 still represents
the best alternative in this test-case.

Table presents the CPU time needed to compute 20 time steps (in adimensional
units). Algorithm 2 becomes faster as the mesh size h tends to 0 since it allows a
separate resolution of the fluid velocity and pressure.

| h [ 0.04]0.05]0.08[01]02]
Algorithm 1 34 2261 94 | 65| 1,8
Algorithm 2 || 21,2 | 145 | 55 | 3,8 | 1
Algorithm 3 49 32 12 |76 | 1,5

Table 1.1: Elapsed CPU time to compute 20 time steps (adimentionnal units)

1.6 Conclusion

In this chapter, we discussed three algorithms for the solution of semi-implicit cou-
pling (geometrical ALE non-linearities are treated explicitly) in incompressible fluid-
structure iteration. Although some of them (Algorithms 1 and 3) have already been
proposed in the literature, we present them in the framework of defect-correction iter-
ations. The main ingredient of these algorithms is the relaxation of either the velocity
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continuity constraint or the fluid incompressibility. Algorithm 2 enables a separate
resolution of the fluid velocity and pressure which can be interesting from the compu-
tational and implementation standpoints.

We have also provided a comprehensive study of Algorithm 3 (artificial compress-
ibility) and a major variant where the artificial compressibility is only located on the
interface in a representative linear setting. This study shows that the iteration may
fail to converge when the parameter ¢ that relaxes the incompressibility constraint
is too small. In addition, the optimal value of ¢, derived from the interface artificial
compressibility model in a simplified linear setting, coincides with the optimal value
of a for Algorithm 1, suggesting some similarities between Robin-Neuman iterations
and the artificial compressibility (see [31]).

Numerical evidences has shown that the methods discussed are less sensitive to the
added-mass effect that the standard Dirichlet-Neumann iterations, especially concern-
ing the domain length.

All these methods involve a free parameter whose value has to be properly chosen.

In the next chapters, we will propose alternative iterative procedures that congerge
without the need of tuning any free parameter (see Sections [2.5] and [3.3.4)).



CHAPTER 2

Robin-Neumann explicit coupling schemes
for the coupling with a thin-walled structure

The results presented in this chapter lead to the paper [56]: M.A. Fernandez, J. Mul-
laert, M. Vidrascu. Explicit Robin-Neumann schemes for the coupling of in-
compressible fluids with thin-walled structures. Comput. Methods Appl. Mech.
Engrg., 267:566-593, 2013.
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2.1 Introduction

In this Chapter, we introduce a class of explicit coupling schemes for the numerical
solution of fluid-structure interaction problems involving a viscous incompressible fluid
and a general thin-walled structure (e.g., including damping and non-linear behavior).
The methods proposed build on the Robin-Neumann splitting paradigm introduced
[44] for the coupling of a linear purely elastic thin-solid model (string or membrane)
and a Stokesian flow.

The first novelty of this chapter concerns the presence of physical dissipation (damp-
ing) in the thin-solid model. It is well known that much materials exhibit viscoelastic
behavior and this is, in particular, the case of biological tissue (see, e.g., [79, 24, 115]).
Since viscoelastic constitutive laws (e.g., Kelvin-Voigt model) introduce hydrodynamic
effects within the solid equation, one can think of implicitly embeddeding this contri-
butions within the fluid, trough a non-standard Robin condition, and then solve for
the solid with the remaining purely elastic contributions (see [67, 43|, 88 [I5] and Re-
marks [2.3.1] and [2.3.2] below). Unfortunately, this strategy yields a coupling scheme
which is not explicit and the corresponding solution procedure is not partitioned, since
the solid viscous contribution must be integrated within the fluid solver. On the other
hand, if we keep the whole viscoelastic contribution in the solid solver, the parabolic
part of coupled system is not fully implicitly treated and, hence, one could argue that
this might yield restrictive stability time-step restrictions (see below). In this chapter,
we consider the latter approach, the whole solid viscoelastic contribution is explicitly
coupled with the fluid using the inherent Robin consistency of the interface coupling.

The second contribution of this chapter has to do with the formulation of the ex-
plicit coupling schemes. We propose a new Robin-Neumann coupling paradigm which
enables the fluid-solid splitting exclusively in terms of the solid velocity and fluid
stress on the interface. A remarkable feature of this new formulation is its intrinsic
character, in the sense that it avoids the extrapolations of the solid viscoelastic terms
within the fluid. Hence, the resulting solution procedures are genuinely partitioned.
This is, in particular, essential for the coupling with Reissner-Mindlin shell models,
commonly used in engineering practice (see, e.g, [26] [10]), and that include transverse
shear strain effects via rotation surface vectors (independent of the mid-surface dis-
placements). Indeed, the intrinsic Robin interface condition removes the ambiguity in
the extrapolation of rotation unknowns and of non-linear terms. The explicit coupling
schemes are then formulated in a fully non-linear setting, involving the incompressible
Navier-Stokes equations (ALE formalism) and a non-linear viscoelastic shell model.
The main idea consists in combining the Robin-Neumann splitting proposed with a
explicit treatment of the fluid domain motion.

The third novelty concerns the numerical analysis of the methods within a rep-
resentative linear setting, involving a Stokesian fluid and a viscoelastic thin-walled
solid (string or membrane). By generalizing the arguments reported in [44], a priori
energy and error estimates are provided for all the variants (i.e., with and without
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extrapolations). The analysis shows, in particular, that the sole implicit treatment of
the solid inertia within the fluid is enough to guarantee (added-mass free) stability.
In the case of the coupling with a purely elastic structure, this stabilization mecha-
nism has been originally demonstrated in [67] (and in [93] in a non-linear setting) for
the kinematically coupled scheme (i.e., without extrapolation), and then in [44] for
optimally accurate first-order schemes (i.e., with extrapolation). The present analy-
sis shows that, in the case of the coupling with a viscoelastic structure, the explicit
treatment of the solid viscous contribution in the fluid does not perturb the overall
stability of the variants without extrapolation and with first-order extrapolation. For
the scheme with second-order extrapolation, however, a 2-CFL (parabolic CFL) con-
dition is required for stability, instead of the mild 6/5-CFL (quasi-hyperbolic CFL)
condition derived in [44] without solid damping, or in [43] with an implicit treatment
of the solid damping in the fluid. As regards accuracy, sub-optimal time-convergence
is obtained for the variant without extrapolation and optimal accuracy is expected for
the schemes with first- and second-order extrapolations. In particular, the method with
first-order extrapolation is (to our knowledge) the first explicit coupling scheme which
guaranties unconditional stability and optimal (first-order) accuracy for the considered
model problem.

The fourth contribution of this chapter deals with the partitioned solution of im-
plicit coupling, via the iterative Robin-Neumann procedures introduced in [3]. So far
the convergence analysis of these methods has been addressed in specific simplified
models (e.g., inviscid fluid) and in particular geometrical configurations (e.g., a rect-
angle), using modal analysis (see [3]). In this work, we show that the the stability
analysis of the explicit Robin-Neumann coupling schemes can be reshaped to derive,
using energy arguments, a general result on the (added-mass free) convergence of these
iterative methods. To the best of our knowledge, the error estimate proposed is the
first which yields convergence towards the implicit coupling solution in such a general
setting. The key argument consists in interpreting the explicit coupling schemes as sin-
gle iterations of a parameter free Robin-Neumann iterative procedure for the solution
of implicit coupling.

Finally, a comprehensive list of numerical experiments, based on different linear
and non-linear fluid-structure interaction examples from the literature, supports the
above findings.

This chapter is organized as follows. In Section [2.2] we present the linear continu-
ous setting which serves as model coupled problem. In Section we introduce the
Robin-Neumann explicit coupling schemes and their different formulations within a
linear time semi-discrete framework. We also discuss the connections with the parti-
tioned solution of implicit coupling in section Section [2.4] and [2.6) are devoted to
the stability and convergence analysis of the methods. In Section 2.7 we present the
generalization of the schemes to the non-linear case. The numerical experiments are
reported in Section Finally, Section 2.9 draws the conclusions.
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2.2 A linear model problem

Let Q be a domain of R? (d = 2, 3) and 9Q = 'Y UT® UX a given partition of its
boundary. In what follows, the symbol ¥ stands for the fluid-structure interface. We
consider a low Reynolds regime and assume that the structure undergoes infinitesimal
displacements. The fluid is described by the Stokes equations in €2, and the structure
is assumed to behave as a linear thin-solid (e.g., plate, membrane or shell) represented
by the (d — 1)-manifold ¥. Our coupled model problem reads therefore as follows: find
the fluid velocity u : Q x RT — R? the fluid pressure p : Q x Rt — R, the solid
displacement d : ¥ x RT — R and the solid velocity d : © x RT — R? such that

pou — dive(u,p) =0 in Q,
divu =0 in Q,

u=0 on TI9 (2.1)
o(u,p)n=h on I
u=d on X,
pred,d + Lod + ch:l =—o(u,p)n on X, (2.2)
d=0,d on X,
d=0 on 0%,

complemented with the initial conditions

u(0)=u°, d(0)=d’, d0)=d.
Here, p! and p® respectively denote the fluid and solid densities and e the solid thickness.
The fluid Cauchy-stress tensor is given by
def

o(u,p) L 2ue(u), €(u) % (Vu+Vu'),

where p stands for the fluid dynamic viscosity. The exterior unit-vector normal to 0f2
is denoted by n and h represents a given surface force on I'". The strong formulation
of the thin-solid elastic and viscous contributions are supposed to be given in terms of
the surface differential operators L® and LY, respectively.

The relations (2.2); and (2.2), enforce the kinematic and kinetic interface coupling
conditions, respectively. It should be noted that the latter represents also the momen-
tum equation of the structure. Though simplified, problem (2.1))-(2.2) features some of
the main numerical issues that appear in complex nonlinear fluid-structure interaction
problems involving an incompressible fluid (see, e.g., |25 42]).

Remark 2.2.1. A widely used form of the viscous operator L' is given by the so-called
Rayleigh damping:
L'd Y agped + o L°d, (2.3)
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where ag, a1 > 0 are given parameters (see, e.g., [70]). For instance, the erpression
15 often used in artery wall modeling, where the second term corresponds to the
Kelvin-Voigt model (see, e.g., [79, (24, [115]), and the first takes into account the dis-
sipative effects of external tissue on blood vessels (see [90)]). ©

Examples of thin-walled solid models entering the abstract form of 2 are plate
models and shell models derived under the Kirchhoff-Love kinematic assumption, the
so-called membrane-bending shell models (see, e.g., [26, Section 4.2.3]). Richer shell
models, such that the widespread Reissner-Mindlin shell models (see, e.g., [26], Sec-
tions 4.2.1-4.2.2|) which include transverse shear strain effects, will be considered in
this work. In this case, the relations have to be replaced by

(

u=d on
pedd + LY(d, 0) + LY(d,0) = — o(u,p)n on X,
Ly(d,8) + Ly(d,0) =0 on 3, (2.4)
d=0d, 6=06 on ¥,
\ d=6060=0 on 0%,

where the surface vector 8 : ¥ x Rt — R? (satisfying the Reissner-Mindlin kinematic
assumption) describes the rotation around the normal to the mid-surface. The elastic
and viscous contributions are now given in terms of the surface operators (L$, L)
and (L}, Ly). In particular, the quasi-static relation (2.4)3 represents the additional
equation for the rotations.

It should be noted that the kinematic and kinetic interface coupling 172 are
enforced only in terms of the mid-surface displacement. This approach, which amounts
to neglect the effect of the thickness of the shell across the interface, is a widespread
modeling assumption when coupling thin-solids with three-dimensional materials (see,
e.g., [27]).

For the sake of clarity, we will consider — as model problem for the deriva-
tion of the explicit coupling schemes in Section We briefly discuss their extension
to the case of the coupling with the general shell model in Remark The
stability and convergence analysis reported in Sections and focuses entirely on
the linear coupled problem —. In Section , numerical results are presented
in the case of the coupling with , and the non-linear version of (see
Section [2.7).

2.3 Robin-Neumann methods

A fundamental feature of the coupled problem ({2.1))-(2.2) is its underlying Robin con-
sistency on the interface. Indeed, by inserting (2.2)); into (2.2} we get the expression

o(u,p)n + pedu = —L°d—L'd on %, (2.5)
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which yields a Robin-like interface condition for the fluid (see, e.g., [97, 67]). Instead
of formulating the fluid-solid time-splitting from the original Dirichlet-Neumann cou-
pling (2.2)1 and (2.2)) (see, e.g., [25,61]), in this work we consider the Robin-Neumann
interface conditions given by and (2.2)2. The benefits of this approach are three-
fold:

e the implicit treatment of the solid inertial term in (2.5 guarantees (added-mass
free) stability;

e the explicit treatment of the solid viscoelastic terms in (2.5) enables the full
fluid-solid splitting without compromising stability;

e the resulting schemes are genuine partitioned methods with an intrinsic explicit
Robin-Neumann pattern (e.g., independent of the extrapolations of the right-

hand side of (2.5))).

2.3.1 Explicit coupling schemes
In what follows, 7 > 0 denotes the time-step length, ¢" def nt, for n € N, and

aTxn d:ef %(xn o xnfl),

stands for the first-order backward difference. The approximation of (2.1)-(2.2)) is split
into two sequential sub-steps:

1. solve for the fluid with a semi-implicit time-discretization of ({2.5)), that is, the
solid inertia is treated implicitly whereas the viscoelastic contribution is treated
explicitly via extrapolation. This yields the following explicit Robin condition for

the fluid:
o(u",p")n + Pl =L@ —pea —L'd™ on %, (2.6)
T T
with
0 if r=0,
@, d") =14 d.d" ) if r=1, (2.7)

2d™ —d"22d" —d"7) it r=2
and where r denotes the displacement-velocity extrapolation order;

2. solve for the solid “Neumann problem” (i.e., fluid stresses are transferred to the
solid): ] )
pe0.d + L°d"+ L'd = —o(u",p")n on 3. (2.8)

The resulting schemes enable the uncoupled sequential time-marching of the fluid and
the solid (explicit coupling scheme).
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Remark 2.3.1. The implicit treatment of the solid-damping, as advocated in [67], 88,
15/, yields the following non-standard boundary condition for the fluid (see [£3]):

€
P u® +Lvun —

P°E +n—1
T T

o(u",p")n + — L°d"™™ on X (2.9)
It should be noted that, in contrast to , the relation leads to a coupling scheme
which is not explicit (it is semi-implicit). Moreover, the resulting solution procedure
s not partitioned, since it integrates the solid viscous behavior within the fluid solver.
For a simple Kelvin-Voigt modeling of the damping (e.g., with ag = 0 and a; > 0, see
Remark , solving the fluid with the interface condition has a computational
complexity similar to the monolithic solution of a fully implicit scheme. Indeed, with
the fluid system must include the interface term oL, which is practically the
same as the term (oq + 7)L® involved in the monolithic solver. The relation
becomes particularly cumbersome in the case of the coupling with the general shell model
([2.4), since the viscous term L;(c'l, 9) includes interface rotation unknowns which are
not present in the fluid solver. The situation can be even more critical in the case of
more realistic viscoelastic laws (see, e.g., [86}, [74)]), which involve time derivatives and
not only a simple proportionality between stress and strain. ©

Remark 2.3.2. The interface relation has clear connections with the time-
stepping procedures traditionally used in the Immersed Boundary Method (see, e.q.,
[102,[11)]), which only treat explicitly the solid elastic contributions. Another key differ-
ence with respect to - concerns the solid sub-step , which in the Immersed
Boundary Method simply reduces to the displacement-velocity relation

d'=d" +71u"y.

In other words, the structure solver is never called. The price to pay for stability is a
restrictive CFL-like condition, which demands very small time-steps in practice (see,
e.g., [11, Lemma 7.3] and [113]). We shall see in Section that the combination

of (2.6) and (2.8) fizes this issue. ©

In order to avoid the extrapolations, —L°d"™* — L"c.ln’*, of the solid viscoelastic
contributions in the fluid Robin-step (2.6)), we observe that, from (2.8)), we have

DR

Ld"” +L'd"” = —ped,d” —o(w*,p")n on %, (2.10)

for n > r (r =1, 2) and with obvious notation for «™* and p™*. Hence, by inserting
(2.10) into (2.6) we get the alternative explicit Robin interface condition

S S _ wn,
o, p)n + Ly = L5 (d 't ro.d ) +o(u™,p")n on X.  (2.11)
T T

In fact, this relation holds for n > 7 and for all the extrapolations » = 0, 1 and 2.
A salient feature of this new formulation is its intrinsic character: it does not depend
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on the structure of the solid operator. In fact, (2.11)) can be seen as an explicit time
discretization of the following Robin condition:

o(u,p)n + Plu="LCq+ o(u,p)n on X, (2.12)
T T

in the sense that the right-hand side of (2.11)) is an explicit approximation of the right-
hand side of (2.12)). As shown in Table 2.1] the extrapolation of the solid velocity has

one order of accuracy higher than the resulting extrapolation of the fluid stress. This
compensates the O(771) scaling of the Robin coefficient in (2.12)).

A d olu " n

0 d 0

1 od' ™ —d" ou" ! p"n

2| 3d" " —3d" 7+ d"" | 20w p" n — o (w2 p"A)n

Table 2.1: Correspondence between the solid displacement /velocity extrapolations (2.7) and
the resulting extrapolations of the solid velocity and the fluid stress in (2.11]).

Algorithm 2.1 Explicit Robin-Neumann schemes
For n > r:

1. Fluid step: find " : Q@ x Rt — R% and p" : Q x Rt — R such that

ploum — dive(u",p") =0 in Q
divu” =0 in
u" =0 on Fd, (2.13)
ou",p")n=h on T",
s

n ., n PE n pse n—1 UL Nk, Nk
o(u",p )n+7u IT(d +70,d )+U(u’,p’)n on Y.

2. Solid step: find d” : ¥ x Rt 5 R and d : ¥ x RT — R? such that

pedyd + L°d"+ L'd = —o(u™,p")n on I,
d' =8,d" on X, (2.14)
d'=0 on OX.

To sum up, the proposed explicit Robin-Neumann schemes are detailed in Algo-
rithm [2.1] with the different extrapolations listed in Table 2.1]

Remark 2.3.3. It should be noted that, according to Table the schemes with the
first- and the second-order extrapolations (r = 1 or 2) are multi-step methods on the
interface (n > 2 and n > 3, respectively). Hence, additional data is needed to start
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the time-marching. In practice, this data can be obtained by performing one step of the
.1
scheme with r = 0, this yields (u',p',d ), and then one step of the scheme with r = 1,

-2
which gives (u?,p?,d’). As we shall see in Section these initializations guarantee
the optimal first-order accuracy of Algorithm [2.1] with r =1, 2. o

Remark 2.3.4. For r = 0, the relations and coincide and, thus, the
interface splittings — and — yield the same time-marching scheme
form > 1. Forr =1 or r = 2, the equivalence of the interface splittings —
and — holds for n > r. Hence, resulting schemes are equivalent only if they

are initialized using the same procedure. ©

Remark 2.3.5. In the case of the coupling with an undamped thin-solid model (i.e.,
with LY = 0 in (2.2)2), Algorithm yields the explicit coupling schemes introduced
in [44], provided that the same initialization procedure is used. ©

Remark 2.3.6. Explicit coupling schemes have been traditionally referred to in the
literature as weakly or loosely coupled (see, e.g., [{1] and the references therein). Nev-
ertheless, we prefer to avoid this appellation since, as highlighted thereafter, it can
lead to maisinterpretation. Even though Algorithm has a computational complex-
ity similar to a standard Dirichlet-Neumann weakly coupled scheme, in essence, il 1s
a strongly-weakly coupled scheme (or semi-implicit coupling scheme), in the spirit of
146, [47]. Indeed, the strong (or implicit) part of the coupling involves the solid inertia
contribution, appearing in the left-hand side of , whereas the weak (or explicit)
coupling is given by the extrapolation of the solid visco-elastic contributions. The cru-
cial point is that, since we consider a thin-solid model for the structure, the strongly
coupled part of the scheme is fully embedded into the fluid sub-step, through the explicit
Robin condition which, in fine, makes the coupling scheme explicit. ¢

Remark 2.3.7. In the case of the coupling with the general shell model (2.4), the
interface Robin consistency (2.5)) becomes

o(u,p)n+ p’edyu = —Ly(d, 0) — Lé(d, 9) on Y. (2.15)

Hence, in the first step of Algom'thm the explicit interface condition (2.6) has to
be replaced by

n .n pse n pse'”_l e[ qnx  On,x v gm* hngx
ou",p")n + —u" = — — Ly(d™™,0™") — Ly(d " ,0™") on X,
T T

with obvious notation for the extrapolations 0™ and 0", By applying the same arqgu-
ment as above, we can eliminate the extrapolations of the right-hand side in a intrinsic
fashion, yielding an unchanged interface condition (2.11)) for the fluid. As a result, we

only need to replace the second step by In Algorithm we simply need to replace the
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second step (2.14)) by
pPed-d + L5(d",0") + Ly(d",0") = —o(u”,p")n on ¥,

L5(d™,0™) + Li(d", 6" =0 )
0( ) 3_‘_ 9( ’ ) on 3 (216)
d =0.d", 0"=0,0" on X,
d"'=60"=0 on 0%,

which corresponds to the implicit first-order time-discretization of the shell model
(2.4)2—5. This clearly demonstrates the intrinsic nature of the explicit Robin interface
condition (2.11)) and, in return, the partitioned features of Algorithm . o

2.4 Stability analysis

This section is devoted to the stability and convergence analysis of the explicit Robin-
Neumann schemes introduced in the previous section (after finite element discretization
in space). In what follows, the symbols < and 2 will indicate inequalities up to a
multiplicative constant (independent of the physical and discretization parameters).

2.4.1 Notation and weak formulation

In the subsequent text, we will consider the usual Sobolev spaces H™(Q2) (m > 0),
with norm || - ||n.q- The closed subspaces Hg (), of functions in H'(2) with zero trace
on 99, and L3(f2), of functions in L?(Q2) with zero mean in 2, will also be used. The
scalar product in L?(€2) is denoted by (-, -)q and its norm by ||-||o.o. In order to ease the
notation, we set (-,-) o (+,)a. We consider the fluid velocity and pressure functional
spaces

def

VElwe[H QP /ojm=0}, VyZ{veV/vy=0}, Q¥ L),

equipped with the norms

def

1 _1
lvllv = 2 Volloa and gl = [lx2qlloq-

The space W C [H}(X)]? stands for the space of admissible displacements. At last,
the following bi-linear and linear forms a: VXV - R, b: QxV — Rand[:V — R,
given by

a(u,v) < 2u(e(u), e(v)), blg,v) < —(g,dive), (1)< (h,v)pm,

will be used.
The strong formulation of the thin-solid viscoelastic contributions is supposed to
be given in terms of densely defined, self-adjoint and unbounded linear operators

L°:D° cC [LAD))? — [LAX)]?, LY:D"cC[L* D) — [LAD)],
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and we define two bilinear forms a® and a¥ by
ae(d,w) = (Led,'w)z, a"(&, w) = (L"&7 'w)z, (2.17)

for all d € D°, d € D' and w € W. We further assume that a® and a* are inner-
products into W and that, endowed with the inner-product a®, W is a Hilbert space.
We set

NI

def 1 def
Jwlle = (a*(w,w))?, |wl = (a¥(w,w))?,

and we assume that the following continuity estimate holds
w2 < Bellwlis, (2.18)

for all w € W, and with (3, a positive constant.
The weak form of the linear coupled problem (2.1)-(2.2) reads as follows: find
(u(t),p(t),d(t),d(t)) € V x Q x W x W such that
uly = d,
P (O, v) + alu, v) + b(p, v) — b(q, u)
+ pe(0.d, w), + a(d, w) +a" (d,w) = I(v),
C.l - 8td

(2.19)

for all (v,q,w) € V x Q x W with v|y = w.

2.4.2 Space discretization: fully discrete schemes

Let {7 }o<n<1 be a family of quasi-uniform triangulations of 2. The subscript h € (0, 1]
refers to the level of refinement of the triangulation. In what follows, we let X} and M,
denote, respectively, the standard spaces of continuous and (possibly) discontinuous
piece-wise polynomial functions of degree k > 1and [ >0 (k—1<1<k):

def

X, = {Uh € Co(ﬁ)/vhu( S Pk(K) VK € 7;1},
My = {agn € Q/ aux €PU(K) VK €T}

For the approximation of the fluid velocity we will consider the space V', & [(X5]4N

V and for the pressure we will use either (), def M, or Qy, def M, N C°(Q). Whenever
the considered velocity /pressure pair fails to satisfy the standard inf-sup condition, we
consider a symmetric pressure stabilization method (see [I7, 44]), given in terms of a
positive and symmetric bi-linear form s, : Qy x Q) — R.

The discrete space for the solid displacement and velocity is chosen as the trace
space W, def {’Uh|2 / vy € Vh} N W. Hence, the fluid and solid space discretizations
match at the interface. At last, we introduce the standard fluid-sided discrete lifting
operator L, : W) — V,, such that, for all w, € W, (Lrw;)|s = wy, and Lrwy,
vanishes in all nodal values whose support is out of the interface.
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After finite element discretization in space, the fully discrete version of Algo-
rithm is detailed in Algorithm In particular, it is worth noting that fluid
stresses on the interface are evaluated in a variationnaly consistent fashion, in terms
of the discrete lifting operator L.

Algorithm 2.2 Explicit Robin-Neumann schemes (fully discrete)

For n > r:
1. Fluid step: Find (u}, p}) € V), x @), such that
of (8Tu}}, vh) + a(up,vp) + b(pr,vn) — b(gn, upy) + sn(pn, qn)
+ ?(uz,vh)z = %%(&Z‘l +7rdy”, vn) (2.20)
+ o (Orup ™, Lovn), + aluy™, Lovy) + b(p)™, Lavy) + 1(vy,)
for all (vp,qn) € Vi X Qp with vy|s € Wi,
2. Solid step: Find (dj,,d}}) € W, x W, such that
d, = 0.d},

pe(Drdy, wy)y, + a(dy, wy) + a" (dy,, wp) (2.21)
= —pf((?TuZ, Ehwh) —a(uy, Lrwy) — b(py, Lrwy,)

for all wy, € Wiy,

2.4.3 Kinematic perturbation of implicit coupling

In what follows, we shall make use of discrete reconstructions, Ly, : W — W, and
Ly : W — W, of the elastic and viscous solid operators, defined by the relations

(Lyw,wp)s = a®(w,wy), (Ljw,wy)y =a’(w,wy), (2.22)

for all (w,w),) € W x W,
An important feature of Algorithm is that it can be interpreted as kinematic
perturbations of an underlying implicit coupling scheme. Indeed, replacing n by n,*

in ([2.21)), with w), = v,y and adding the resulting expression to yields
ot (Orupt, vn) + aluy,vy) + b(p), v1) — b(qn, ul) + sn(ph, n)
2 g o) = T ) — 0t ) — @ wn) + (o) (2.23)
for all (vp,qn) € Vi, X Q) with vy]s, € W, and n > r.

Hence, by taking (vp, qn) = (Lrwy, 0) in (2.23), subtracting the resulting expression
from ([2.21])s and since I(L,wy) = 0, we obtain

-n

S€  om 1% v N,k
pT(dh —up, wy),, +a’(dy —dy" wy) +a"(d), —d,”,wy,) =0, (2.24)
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for all w;, € W, and n > r. Thus, owing to (2.22)), we get
wils = dy + = (Lid - dp) + Dy — ). (2.25)

for n > r. Moreover, owing to the initialization of the schemes considered in Sec-
tion for the first- and the second-order extrapolation we have

.92 .1
ujls =d), + z (Le (d} - d}) +Lz<dh ~d)).

In addition, taking v,|s = wy, in 1} and adding the resulting expression to ([2.24)
yields
pf (87'11’2’ vh) + a(’u’zv vh) + b(PZ7 vh) - b(qh’ UZ) + Sh(pzv Qh)
+ pse(afc'iz, wh)y, + a°(dy, wy) 4 a” (dz, wy) = l(vp).
for all (vp, qn, wp) € Vi, X Qp x W, with v,|y = wj, and n > r. Once more, using
the initialization of the schemes, this relation holds true also for n > 1 irrespectively
of the considered extrapolations.
In summary, the relations and are nothing but an implicit time-discre-
tization of with the perturbed kinematic constraint (2.25). Therefore, in order to
asses the stability and accuracy of Algorithm we only need to investigate how this

kinematic perturbation affects the stability and accuracy of the underlying implicit
coupling scheme. This will be the topic of Sections [2.4.4] and [2.6] below.

(2.26)

2.4.4 A priori energy estimates

We define the total discrete energy, I}, and dissipation, D}, at time-step t,, by

n def ¢ n
E; =p ”uhHO + ol dy s + IRz,

def 0 _
Dy é;H’U»Z =y |5 + luplly + P2l

pSE N en—1 1 n n— °n
+ THdh —d, Hg,z + ;Hdh —dy 2+ (1dy 12,

where [p}|s, o (sh(pz,p’,?b))%. The following result states the energy stability of the
explicit Robin-Neumann schemes given by Algorithm [2.2]

For the sake of clearness, we recall here without proof the discrete version of the
Gronwall lemma which will be necessary for proving stability and also convergence of
the schemes.

Lemma 2.4.1 (from [73, Lemma 5.1|). Let 7, B and ay,, by, Cm, Ym (for integers
m > 1) be nonnegative numbers such that

an+72n:bmgrzn:fymam+7'zn:cm+3,
m=1 m=1 m=1
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for all n > 1. Suppose that 7, <1 for all m > 1. Then, there holds

an+Tzn:bm§eXp< il_m )( Zcm+B>

m=1
for alln > 1.

We also need the following estimates:

Lemma 2.4.2. Let 8, > 0 be the constant from the estimate (2.18). There holds

p.C
lwalle < = “”|| nllo.ss
502
| Ly whlle < ehmvllwhHm
sho (2.27)
[ Ly whllos < ehmvll whle,

v S Beoiznv
(Tl < (aup'e-t a5 ) )

for all wy, € Wy, and with Cy,, > 0 the constant of an inverse estimate.

Proof. The first estimate is obtained thanks to 1) and an inverse estimate:

lwall? < Bellwal? s < mvll allo.s-
Then, for the next estimate, we write:
BeC B.C2
Ll < P L, 3 = e () < P L oy .

The same argument is used for the third estimate:

Be inv

ILh w55 = a® (wh, Lywn) < | Liwpellwnle <

| Ly whllo,sllwh -
At last, for estimate (2.27))4, we have:
1Ly wall; = apel| Liwng s + Bl Lywall:
< (awrer o C ) 2wl

C?
< <Oéo;0$€ +ag Beh;nv) a” (wy, Lywy,)

S Bec?nv v
< (aop e+ ay |Lwn e ..

h?

Hence the proof is complete. O
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We now state the main result of this section.

Theorem 2.4.1. Assume that h = 0 (free system) and let {(w}, p}, d7, dy)}nsr be
the sequence given by Algorithm [2.2. The initialization procedure of Remark 18
considered for the schemes with extrapolation (r > 1). The following a priori energy
estimates hold:

e Without extrapolation (r = 0) or with first-order extrapolation (r =1):

Ep+7 Y Dy SE, (2.28)

m=r+1
form >r.

o Second-order estrapolation (r =2):

n . m t”’y
Ep+7Y D Sexp <1_W)E,?, (2.29)

m=3

for n > 3, provided that (2.3)) and the following conditions hold

T (ao ta (%)2) <5,
G R T P

Ty <1,

(

\

where we et Ciwy/Be/(p%€), Ciny denotes the constant of an inverse estimate,
0<06<1and~vy>0.

Proof. See Section [2.4.5 ]

Theorem yields the unconditionally energy stability of the proposed explicit
Robin-Neumann schemes without extrapolations and with the first-order extrapola-
tions, provided that the initial discrete energy is bounded. Moreover, the energy esti-
mates are derived without any major assumption on the solid damping operator
LY, only symmetric and positiveness are required for the corresponding bi-linear form
(2-17). In the case of a Rayleigh modeling of the solid damping (2.3)), the variant with
second-order extrapolations is energy stable, provided that the CFL-like conditions
are satisfied.

It is worth noting that all these variants are energy stable, irrespectively of the
amount of added-mass effect in the system. This demonstrates that the implicit treat-
ment of the solid inertial term in is enough to guarantee added-mass free stability.
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Remark 2.4.1. From the result of Theorem with r = 0, we deduce that the
implicit treatment of the solid viscosity in the fluid, as advocated in [67, 188, [15], is
not necessary for stability in the kinematically coupled scheme. Similar conclusions
can be inferred by adapting the arguments of [67, Section 6]. This important feature,
which yields an explicit coupling scheme and hence a partitioned solution procedure,
has been disregarded in [67, (88, [15)]. It should be noted that the energy arguments of
[67, Section 6] do not apply to the schemes with extrapolation (r = 1 and r = 2)
considered in Theorem [2.4.1. As shown in Section below, these schemes deliver

optimal first-order accuracy.

Remark 2.4.2. Theorem generalizes the stability results reported in [[4), The-

orem 1] to the case LV # 0. In particular, for r = 2 and in the case of the coupling

with an undamped thin-solid model (i.e., LY = 0) the relations (2.30) reduce to the
6

6/5-CFL condition Twé < ~h§ derived in [44).

Remark 2.4.3. For the scheme with r = 2, the nature of the stability condition (2.30
depends on the Rayleigh coefficient oy involved in . For ay = 0, the relations (2.30
are fulfilled under a 6/5-CFL condition 7 = O(hs), while a parabolic-CFL constraint
T = O(h?) is required for ay > 0. As stated in [[3], this parabolic-CFL condition can
be circumuvented by integrating the solid damping within the fluid solver (as advocated
in [677, (88, [15]), but the price to pay is a coupling scheme which is no longer explicit

(see Remark RS

Remark 2.4.4. By considering appropriate discrete Ritz-projections of the initial data
(see Section [2.6)), it is possible to ensure that the right-hand side of (2.28) and (2.29)

15 bounded uniformly with respect to h, that is,
-0
By S o' w50 + pelld 1[5 s + [Idhll2.

which yields the unconditional stability of the scheme. ¢

2.4.5 Proof of Theorem 2.4.1]

We proceed by extending the arguments reported in [44, Section 4|. Using ({2.25)), we
take

7_2

(on,an) = (o). won =7+ (L = i)+ Li(dy - 4)7))
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as test functions in ([2.26)) for n > r. Thus, since f' = 0, we get the following discrete
energy equation

f
p n n n— n 7
b (7O lup 5 0 + gy, —uy =t lI5.0) + 207 le(up) |5 + TIh13,

pse o o e n—1 1 n n n—
+ 5 (roldls + I — 1) + 5 (O ldg 2 + iy — i)

7l + 72 (0ndty, Ly — di*) + L (dy — ) )

T,
2
+ % (Lidy + Lydy, Li(dy — i) + Ly (dy — 7)) _ =0, (2:31)

N J/

T
for n > r. To complete the proof, we only need to control the terms 77 and T,. We

proceed by treating each case separately, depending on the extrapolation order 7.
(1) Without extrapolation (r =0). In this case, using Young’s inequality, we have

S 2
pPE, -n en—1 T e m v "
h+1; > _7Hdh —d, Hg,z + %HL}L h T Lhthg,Ea (2.32)

for n > 1. Hence, the estimate follows by inserting this expression into ([2.31)),
applying Korn’s inequality to the fluid viscous dissipation and summing over m =
1,...,n.

(i1) First-order extrapolation (r =1). In this case we have

2 -n en o n— en e n—
(R 2 L e A A [ e A (2.33)
and
2 -n n «n—
T =g (PO + LG + 1B - i) + Ly - a5 )
(2.34)
for n > 2. Hence, by inserting this expression into , use Korn’s inequality and
summing over m = 2,...,n we get the estimate

n 2 - 2 -
Ep+7y Dy S B+ %Hd,ﬂﬁ v i”ﬂ;d}l L2 .

m=2
The last two terms, related to the initialization of the scheme (see Remark [2.3.3)), can
be bounded using with r = 0, n = 1 and the additional control given by (2.32).
This yields the estimate for n > 2.
(1i1) Second-order extrapolation (r = 2). For term T; in (2.31) we simply have

L A Ch T A e A Y
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Term 75 is split as follows

7_2

1= (Lhd Ty - 2+ i)

.

Ty
2 1 2
+— Lod! LS(d} —2d ' + d}~
e ( n(dy h h ))z (2.36)

J/

Ty
7'2 e an v T . en—1 en—2
+ e <Lh w+ Lydy,, Ly(d), —2d, ~ +d, ))Ev

153

and we estimate each term separately. Using -, for the first term we have

T21 =0T (dh,Le(d dh ))E+ p (Ledh,Le(d dh ))Z

3
QoT - n -n +n—1
=200 (ronldyl + iy — i) (2:37)
3
aqT e e
5 me (FONERBIR s + 15— 7))

The second term is treated as in [44, Page 38] using (2.27)), which yields
W S€em em—1
Too > =St ||l — ol — & s (2.38)
where we have used the notation we def Cinv/ Be/ (p%€). Alternatively, we could have
used the positive term TQHdZ - c'lh_IHZ in T and write

a’ <L§L 27 d: - C.lzil>’

2

-
Top| = —
poe

’7'2 e gn -n en—1
< Sellidillelidy = dy e

™ B.C

<= mde lolidy — Il
p €
7'3(,0

T, *n en—1
il + g lldy —dy I

In both variants, the coefficient that appears before ||d}||? has to be bounded to apply

the Gronwall lemma after summation over n. For the last term, we first use relation
(2.3) to obtain
-2
e n—2
I3 2 — p_HLe v+ Lyd, | dy, — 2dh +d, |

7.3 7_3
Le dn 2
e (pS€)2 || h th (pS€)2

v T *n en—1 e n—2
ILyd,|I5 — §||dh —2d, +d, |3
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Then, using (2.27), we get

3,2 W2 w2
Tz = 5 (0 + i ) e = (0 + 5 ) 1
(2.39)
T, *n
- Ty -2

Finally, by collecting the estimates (2.38)-(2.39)) and using the conditions (2.30)); 2, we

obtain
a2 stz P 12
Top+ Doz 2 —7lldpllc = 0°7lldnlly — —-lldy —dy llos
(2.40)

T, *n en—1 *n—2
—§Hdh—2dh +d, |3

We now proceed by inserting (2.35), and into (2.31)), using Korn’s
inequality and summing over m = 3,...,n. The last three negative terms of (2.40)
are controlled by the physical and numerical dissipation provided by and (2.35)
while the first is handled via Lemma (discrete Gronwall) with

(a, = Ly + E&,
by = Dy + Dy,
c, =0,

Tn =17,
| B = ay,

under the condition (2.30)3 and with
aoT 2 17’3 e 12
12 + S 125512

def T nfl
E?pl = Hdh ||\2/

2
def on n—1 OZQT -n— QT en en—1
Doy 7ldy —dy |2+ —5—lldy, —dy, |12 5o 1L(dy —dy s

cpl

This yields the bound

tn P 1
Bl 47 § "D < exp ( 17) (E;f +7l\d, — dy |12 + aor®||dy, |12
m=3

3
1T e 72112
L Lcd .
+ e 1L, hHO,E)

The estimate (2.29) then follows by using the energy estimate (2.28)) with » = 1 and
n = 2, the additional control provided by (2.33) and (2.34), and the stability condition

[2-30).
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2.5 Iterative partitioned solution of implicit coupling

Algorithm can also be interpreted as a single iteration (with appropriate initial-
izations) of a Robin-Neumann method for the partitioned solution of the following
implicit coupling scheme:

( p'0u" — dive(u™,p") =0 in €,
divu" =0 in €,
u" =0 on I, (2.41)
o(u",p")n=nh on I,
u'=d on .

ped,d +Ld"+L'd =—o(u",p")n on %,
d =0,.d" on X, (2.42)
d"=0 on 0.

The corresponding Robin-Neumann iterations are detailed in Algorithm , where d
YT . . en—1 . N,k
and o (ug, pg)n are initialized, respectively, with d — +70.d = and o(u™*, p™*)n for

n > r (see Table 2.1]).

Algorithm 2.3 Partitioned Robin-Neumann iterations

1. Initialize dy and o(ug,po)n.
2. For k =1, ... until convergence:

e Fluid step:

8=,

(uk - u”_l) —divo(ug,pr) =0 in €,
divur, =0 in €,
ur =0 on Fd7 (243)

o(ug,pr)n=h on TI'",
S S

€ o
o (wy, pe)n + p?“k = pTdk—l +o(up—1,pe-1)n on X

e Solid step:

E(dk — C.lnil) + L°dy, + Lvdk = —a(uk,pk)n on X,
T . (2.44)
d, = ;(dk — dnil).

This kind of iterative solution procedures has been introduced in [3], as added-mass
free alternatives to the standard Dirichlet-Neumann iterations. It should be noted that
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the Robin coefficient p*c/7 involved in (2.43)), has no free parameter and differs from the
one originally proposed in [3]. In fact, only inertial effects are included since Algorithm
explicitly treats the whole viscoelastic contribution of the structure, as usual in
explicit coupling schemes.

As we shall see in Section the energy stability analysis of Algorithm [2.1] yields
a new result on the convergence properties of Algorithm [2.3

2.5.1 Convergence of the iterative solution procedure

A salient feature the arguments involved in the energy based stability analysis of
Section is that they can be reshaped to prove the convergence of Algorithm

towards the implicit coupling solution (2.41)-(2.42)). This result is stated in the next
theorem where, for the sake of simplicity, we have considered only the time semi-
discrete version of the methods.

Theorem 2.5.1. For n > 1, let (u",p",dn7dn) be giwen by the implicit scheme

2-41)-(2.42) and {(uy, px, dy, dk)}k>1 be the sequence of approzimations given by Al-
gorithm[2.3. Then, the following estimate holds

o0

(ol = w3 + el — "3+ s — "))
k=1

2
n ¢ n T e n v g
< lldo — ™[ + 7lldo — a3 + EHL (do—d")+L"(do —d )|[5s (245)
In particular, we have

L N -n n
lim ((pf)2 lur, — u"{loo + (P°)? |di —d [los + [|dy. — d ||e) = 0.

k—o0

Proof. For k > 1, we consider (2.44)); at the (k — 1)-th iteration and add the resulting
expression to (2.43))5. This yields

%(uk = C.inil) + L°dy_ 1+ L¥dy_q = —o(ug,pr)n on .

Hence, by combining this relation with (2.44)); we get

wy, = dy + é (Le(dk —dy1) + LV (dy — dk_1)> on . (2.46)

Tt should be noted that dy is defined through (2.44),, with k = 0, in terms of dy
and o (ug, po)n. We now introduce the following errors between the k-th iteration of

Algorithm [2.3] and the n-th step of (2.41))-(2.42):

u def n p def n d def * . d def n
e, =u,—u", e =p,—p", e =dp,—d, e;=d,—d" (2.47)
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By subtracting (2.41)-(2.42) from (2.43);_4, (2.44) and (2.46), we get the following
system of equations for the errors:

( f

p : :
—e) —divo(ep,ef) =0 in Q,
-

dive;; =0 in €,
ek =0 on Fd’ (248)

oley,ef)n=0 on I,

ey = ek + — <Le( — eg_l) + Lv(eg — eg_1)> on X,

\ pie
( p € l.i [S] v u vy
—e;, + L€ + L ek = —o(ey,e,)n on X,
T ) (2.49)
\ eg = ;eg

We now proceed similarly to the proof of Theorem with the first-order extrapo-
lation. We first multiply 1 by Te} and integrate by parts in €2. Then we multiply
2 by Te}|x and integrate the resulting expression over . By adding these two
expressions and using ([2.49), 5 we get

plledlloq + 2utle(ed)llt o + pelle®™ |35 + lle® |12 + Tlle® |3
+T7 (ega Le(eg - 6271) + Lv(eg - e(kifl)>2

T

2 . .
r (Leeg + LVl Lo(el — el ) + L¥ (e — eg,l)) —0, (2.50)
€ b

N J/
-~

15

where it only remains to estimate the terms 77 and T5. For the first term, using (2.49))s,
we have

1 T . o o o
T, = (e 2 — et ol2 + e — ey )12) + 5 (e — ey )12 + llef — e ).

while, for the second, we get
2

T € v d € v d
T = (I1Eee + Deflfs — 1 Eefy + Lefl i)

2 . .
( - 62—1) + Lv(eg - eg—1)||(2),2

2pe

The estimate (2.45)) follows by inserting these last two identities into (2.50)) and after

summation over k= 1,...,00. O
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To the best of our knowledge, the result stated in Theorem is the first which
guarantees the convergence of a Robin-Neumann iterative procedure towards the im-
plicit coupling solution (2.41)-(2.42). In fact, so far the convergence of these methods
has been addressed in further simplified models using modal analysis (see, e.g., [3]).

A second valuable consequence of Theorem is that the pure inertial character of
the Robin coefficient p%¢/7 is enough to guarantee the convergence of the iterations.

2.6 A priori error estimates

This section is devoted to the convergence analysis of Algorithm in a linear frame-
work.

2.6.1 Preliminaries and main result
In what follows, we shall make use of the Ritz-projector
W = Wy,

associated to the inner-product a® given by (2.17)). Thus, for all w € W, wfw € W,
is defined by the relation
a(w — whw,wy) =0 (2.51)

for all w, € W,. We assume that the following error estimate holds

Jw — wawllos + hllw — wawllis S Bl (2.52)

forallw € [HF(3)] YW . For the fluid velocity, we consider the Stokes-like operator
(Ph, Rh) 'V =V, x Q) defined, for all v € V', by

Ppvly = 7, (v]y),
a(Ppv,vp) + b(Rpv,vp) = a(v,vy) Yo, € Vgy, (2.53)
b(qn, Prv) = sp(qn, Rpv) Y, € Q.

Remark 2.6.1. Note that the fluid and solid velocity projectors match at the interface.
This point is fundamental for the convergence analysis below since it quarantees that
, that is, the discrete error counterpart of holds. The choice of a Ritz-
projector m; for the solid velocity is also a critical point. It is motivated by the relation
(2.67) which avoids the need of a control on ||u}||y. In fact, since the solid damping is
explicitly coupled with the fluid, we have control only on HdZHV

We assume that the following approximation properties hold for P,:

lo = Puolly + | Rivls, S ot ([ollsra+hHolis)
1 (2.54)
lv = Puvlloe < e (ollessa + B olless) |

for all v € [H*(Q)]? with vz € [HF(2)]? and div v = 0.
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Remark 2.6.2. A similar estimate to (2.54) was proved in [{4, Lemma 3] with the
Lagrange interpolant Iy, (v|x) playing the role of the Ritz-projection s, (v|x) in (2.53).
Note that a purely elastic structure is considered in [{4]. In the present setting, the
estimate follows from the general approximation result of [{4, Lemma 5] which
yields

lv — Ppolly + |Ryvls, S @208 |vl|isna + p2h T |[(I — 705)0] e 5.
Hence, using an inverse inequality (see, e.q., [12, Theorem 4.5.11]), we have

1 1 1
v — Pyollv + |Rpvls, S p2h"||vllksra + p2h2||(I) — 75)v|1s

1 1 1 1 1
S Mok + p2hz || L — v|is 4+ p2hz|lv — wholl s

We can then retrieve (2.54)1 from standard approzimation theory and (2.52). At last,
estimate follows (2.54)2 by an Aubin-Nitsche argument (see, e.g., [44, Lemma 6]).

Remark 2.6.3. The estimates hold for inf-sup compatible velocity/pressure
approzimations (with s, = 0) or under suitable assumptions on the symmetric sta-
bilization operator sy, (see [{4, Section 3.1.1]). In particular, the consistency of sy is
said to be of order | € {l,1 + 1} if there exits a projection operator 11 : Q — @ such
that L 3
Mhals, Sp2hlllallin Yo € H'(S),

_1

lg — Talle Su72h™ gl Vg € HTH(Q).
Ezxamples of such stabilization operators are discussed in [17]. We can mention, for
instance, the methods reported in [28, (8, [23] which are optimal for arbitrary polyno-

mial order, or the method introduced in [13] which is optimal for piece-wise affine
approximations. ©

(2.55)

We assume that the exact solution of problem (2.19) has the following regularity,
for a given final time T > 7:

we [H(0,T; HY Q)] ulg € [H'(0,T; H*(%))],
dyu € [L2(0,T; L2 ()], duuls € [L2(0,T; LA(%))]", (2.56)
p e ([0, T]; H(Q)),

and 4
C([0,T); L*(%))]" if r=0,

Ld+L'de [H'(0.T;L%%)]" if r=1, (2.57)
[H2(0,T; L*(2)]* it r=2.
In (2.56), the symbolj € {l,l + 1} denotes the consistency order of s, (see Re-
2.6.3)

mark |2 . We take [ = [ in the case of inf-sup compatible velocity /pressure ap-
proximations.
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At last, we define the energy-norm of the error, at the time step t”, as

- def . . n . 2 n . 2
& = ()2 ultn) — uplloo + (T Z (™) — uy’ ||V> + (7' Z Py i)

m=r-+1 m=r—+1

n 2
s V" -n n o rm “m
+(pPe)2(ld(tn) — dyllos + [|dltn) — h||e+<7 > lldt™) - d, ||3> )

m=r+1

for n > r. The following result states an priori error estimate for the fully discrete
explicit Robin-Neumann schemes introduced in Section [2.4.2]

Theorem 2.6.1. Let (u,p,d, d) be the solution of the coupled problem and
{(u}, py, ’,’;,d,f)}m be the discrete solution given by Algorithm with initial data
(u%,d%,dg) = (Ph’uo,ﬂ";do,ﬂ';;élo). The initialization procedure of Remark |2.5.5 is
considered for the schemes with with extrapolation (r > 1). Suppose that (2.52)-(2.55))
hold and that the exact solution has the reqularity —. For the scheme with
r = 2 we assume, in addition, that and the stability condition hold. Then,
we have the following error estimates, for n > r such that nt <T':

T3 if r=0,
E SR TR et i =1, (2.58)
7 if r=2.
Here, the symbols {c;"*}}_, denote positive constants independent of h and T, but which
depend on the physical parameters and on the regularity of (u,p,d,d).

Proof. See Section [2.6.2] m

Theorem [2.6.1] shows that, for regular enough solutions, the proposed explicit
Robin-Neumann schemes converge to the solution of (2.1)-(2.2). The last term of
(2.58) represents the truncation error introduced by the Robin-Neumann splitting,
that is, the time-consistency of the klnematlc perturbatlon in - For the variant
without extrapolation, the error estimate (2.58)) predicts a sub-optimal (’)(7'2) time-
convergence rate in the energy-norm. ThlS is due to the low-order consistency of the
perturbation in the case r = 0. On the contrary, for the variants with extrapolation,
the consistency of the perturbations scale as O(7) and O(7?), respectively. An overall
optimal convergence-rate O(h* + h' + 7) is hence recovered.

In view of Theorems and the explicit Robin-Neumann scheme with
r = 1 simultaneously yields stability and optimal accuracy with no restrictions on the
discretization parameters nor on the polynomial order.

Remark 2.6.4. Theorem generalizes the error estimates reported in [{4], Sec-
tion 5] to the case LY # 0. ¢
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2.6.2 Proof of Theorem [2.6.1]

We proceed by extending the arguments reported in [44, Section 5. The error estimate
(2.58) is based on the following decomposition of the error

u(t,) —up =u(t,) — Pru(t,) + Pru(t,) — uy,

p(tn) = v =p(ta) = Wap(ta) + Wip(ta) — b,
d(t,) — dj. = d(t,) — w5d(t,) + i d(t,) — dj, (2.59)
d(t,) — dy, = d(t,) — wd(t,) + whd(t,) — dy,

where the projection operators Pj, II, and 7 are defined in Section [2.6.1] Hence,
owing to —, it only remains to estimate the discrete contributions 6}, v},
&), and 5’,’5 An a priori bound for these terms is stated in Lemma below, with the
energy-norm of the discrete error being defined by

N|=
N =

n def 1 n - m
Zp = ()2 63 llo0 + (T > i H2v>

m=r+1

. ( S )
m=r+1
1

+ (P2 [1€x llos + 1€R1le + (T > HS?H%) :

m=r+1
for n > r.

Lemma 2.6.1. Under the assumptions of Theorem|2.6.1, the following error estimates
hold:

o Without extrapolation (r =0):

1
- T \ 2 .
Z 5 Clhk + Cghl + c37 + C47‘% (E) ||Led + Lvd||Loo(07T;L2(Z)), (260)

forn > 1.

e First-order extrapolation (r =1):

) Tz :
Z;LL 5 Clhk + Cghl + 3T + 4T (E) H@t(Led + Lvd) ”LZ(O,T;LQ(Z))7 (261)

forn > 2.
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o Second-order extrapolation (r =2):

- T \ 2 .
Z;Ll § C5hk + Cﬁhl + T+ 08T2 <E) ”agt(Led + LVd)||L2(O,T;L2(E))7 (262)

forn > 3.

Here, the symbols {c;}5_, denote positive constants independent of h and T, but which
depend on the physical parameters and on the regularity of (u,p,d,d).

Proof. We first recall the following properties of the discrete solid operators Lj and
Ly (see, e.g., [44, Lemma 1]), which will be used below:

Ling = Ly, Lymy =L, (2.63)
and
[ Lywllos < [[Lfwllos, [[Lywlos < [[LYw]lox, (2.64)
for all w € D® and w € D".
We consider the continuous problem (2.19) at time ¢t = ¢, with (v,q,w) =

(Vn, qn, wr) € Vi x Qn x Wy, and subtract (2.26) from the resulting expression.
This yields the following modified Galerkin orthogonality:

ph (O (w(tn) — up), vn) + a(u(ty) — uy, vn) + b(p(ty) — ity vn) — b(qn, w(tn) — up)
+ p°e(0,(d(tn) — dy), wh) . + a*(d(t,) — dy, wy) + a (d(t,) — dy, wy,)
= =0 (0 = 0 )ultn), vn) — pe(( — O;)d(tn), wh) g + sn(Pi an), (2.65)

for all (vp, qn, wp) € Vi, x Q, x W, with v,|s = wy,. Hence, using (2.59), we infer
the following equation for the discrete errors 0}, vy, &), and &;:

p' (0,07, v1) + (0, vi) + b(yy, vn) — blan, O3) + su(yp, an)
+ p°e(0-€R vn)y, + a° (€5 vn) + a” (€, vn)
= —pf((at — 87_)11,(15”), 'l)h) - Pf <8T0:7 Uh)

-~

T1 (’Uh)
— pse(((?t — 8T)c.l(tn), vh)E — pse(aTéZ, ’vh)z
N . > (2.66)
TQ(Uh)
+ S (Iwp", qn) — (6%, vn) — b(y2, va) + b(an, 9:)}
T3(1;i; qn)

- ?e (527 ’Uh)/ - ?V (S:a ,Uh)la
~~ ~~

=0 Ty(vns)
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for all (vp,qn) € Vi, x Qp with vy|s € W, and n > r. It should be noted that the
term a°(&%, v;,) vanishes due to definition (2.51) of the solid projection operator. In
additon, thanks to (2.3), (2.17) and (2.51), the term T} reduces to

T4(’Uh|z) = agp’e (&7, Vn)y - (2.67)

Moreover, by combining (2.25) and (2.63) with (2.59), we have

n &N T e(¢n N, Ven T x
Hh’EZSh—i_E(Lh(gh_ no )+ Ly (& — &), ))

- (B — a) + L) - d)).

. . def % def Sk L
for n > r, with the natural notations &, = wSd"* — d;”, &} = wd = —d, and

0 if r=0,

(d*,d"") = { (d(tn-r),d(te1)) if r=1,
(2d(tn—1) — d(tn_2),2d(tn_1) — d(tn_o)) if =2

Similarly, from (2.21)); and (2.59)), it follows that

€ = 0:€; + m(d(t,) — 0-d(t,)) (2.69)

J/

-~

z,
The control of the perturbations 2} in (2.69) is given by the following estimate:

1Zh]le = 705 (8 — 8;)d(tn) |le
< “ (815 - 8T>d(tn>||e (2.70)

1
< (Tﬁe)2 H at’UJHLZ’(tn4,tn;Hl(E))

Taking (v, qn) = 7(0%,y}) in (2.66]), and using (2.68)) yields the following energy
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equation for the discrete errors:
f
p n n n n
5 (10110350 + 7°10-05150) + 267 €O ]5.0 + TIViL,

S

pPEe ~n ~n 1 n n
+ 55 (ror &l + 1001 ) + 5 (ror RN + 7210, €5112)

2
F 1€ + 72 (0,5, Li(er — €07 + DNE - &)
Ty
7—2 e n,x 1 PR
+p€< €h+L£h7L(£h h7)+LZ(€h_ h7)>2
i (2.71)
=T\(76}) + Ta(70}) + T5(76}, Tyy) + Tu(70)) — 7a°(&), 2}1)
—_———

72 (0.8, Lifd(t) — d") + Ly (dltn) - d") )

[

T
7'2 e 8 n,x v/’ yr*
+ o (Bi€+ L& L) - @)+ T - 87))

(.

Ty
for n > r. In this equation, the terms (7;);cp1,9) are standard terms and do not come
from our specific treatment of the interface transmission condition. The terms Tg and
T are specific to our corrected scheme and have already been treated in the proof
of the stability. At last, the terms Ty and Ty have to be controlled by the previous
stability terms to get the convergence of the scheme.

The terms T1,...,T5 and T5 are estimated as in [44, Section 5|, using (2.52)-(2.55)
and Taylor expansions. We simply recall the corresponding bound

(p°eCrr)?

eall ||attuH%%t"*,t";L?(E))

> (p'CpT)
P
ZTz S— Hattu|‘%2(t”*1,t”;L2(Q)) +

X (/0 C’Pcu)2
E1ph

N ((prPcu)2h N (p°eCr)?
E1p Eolb

h2k
+ adl

W20l T2, e o)

) h2k+2||atuH%?(t"*l,t";Hk+1(E)) (2.72)

()l 1,0 + Bllw(t) i )

EP
(R (t)2g + P (1))
3H ’

+ 7(e1 + €2 +3) |04 13 + Tes|yrl?,
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where ¢;, 1 = 1,...,3, are free positive parameters and Cp,Ct are the constant of the
Poincaré and trace inequality respectively. In (2.72)), the terms involving ||6}||2, and
lyir|2. can be absorbed by the left-hand side of (2.71), by choosing ¢; sufficiently small.
As regards the term T, thanks to (2.70]), we have that

T n
75| < THthz + TzTﬁe‘|8tuH%2(t”*1,t”;H1(E))

and the first term is controlled via Gronwall’s Lemma. As regards the term T}, estimate
(2.52) and a trace inequality gives

Ty(70;,) < aop’er||€ 0.5 (1Ohl0.x

1 1
< app’erh 3¢ |lulty) |[s1,5Crh 2 (107 1,0 (2.73)

< ph2k+1 (aOPSECP)QBe

e () ll§ 41, + TeallOR 1Y,

for e, > 0. The last term can be absorbed by the left-hand side of for 4
sufficiently small.

As regards the remaining terms Tg, ..., Ty in (2.71), we proceed by treating each
extrapolation separately.
(i) Without extrapolation (r = 0). Terms Ty and T7 are bounded as terms 77 and T,

in section [2.4.5] which yields
pse &N n—
Te+17 > _?H&z —Sh 1”3,2 ||L [ EhHOZ (2.74)

For the remaining terms, using Young’s inequality and (2.64)), we have

pse ) n—
Ts + Ty S—“Eh 'Sh 1||027L HL &+ Ly £h||02

4 (2.75)

d(t,) + LVd(t,) |7 -

The estimate then follows by inserting (2.72), (2.73) (2.74) and into
(2.71)), using Korn’s inequality, summing over m = 1,...,n, and applying Gronwall’s
lemma.
(ii) First-order eztrapolation (r =1). Terms T is treated as term T5 in section [2.4.5
yielding

17 =

2;6 (TaT”L &+ L2y + 70 (Li&r + Liép) HOE) (2.76)

For term Ty, we have

2 . . .
7o = (ORI + 85 - &)+ 7 - &0 + o - =),



2.6. A priori error estimates 65

where the last contribution is due to the modified displacement-velocity relation ([2.69)).
Thus, using (2.70), we get

7—2 en en— &n en—1|2
Ts 25 (16012 = 1€57110) + 7l1€5 = &7 = Ber®llOnullZage, i o)
For the terms Ty and Ty, using Taylor expansions and (2.64)), we have

37712

p
Ts+Ty < <57 <||€h

+[1€r 118 2) d + L¥0,d||72(n-1 n. 2

3

2 g THL Sh +L £hHOE7

where last term can be treated via Gronwall’s Lemma, using the control provided by
(2.76)).

In summary, the estimate follows by inserting the above bounds into ,
using Korn’s inequality, summing over m = 2,...,n, and applying Gronwall’s Lemma.
The part of the discrete error corresponding to the initialization step is bounded from
(2.60) with n =1 and T = 7.

(11i) Second-order extrapolation (r = 2). Terms Tg and T; are treated as terms 77 and
Ty in section [2.4.5] We have

- &+ T (o - &P + 8 28+ &)
+7_2ae<£h en— 17ZZ_ZZ 1)7

To.

where the last term is bounded, using (2.70)), as follows

2
T . o
To1 2 — 5”52 - & IHZ - 66‘7—3HatuH%?(t"*?,t";Hl(Z))'

For T, we have

agT? e
T >0 (rorl &2+ 16— 6712
poe
3
a1 T e e —
+ e (TOILRERIR s + LR ER — &)1 )

Y en N pE ~n n—
— g2 - rolRI - 260 - &3

3
T .n .TL— .n— T n—
_Zl|£h_2€h b4g 2”3—Eae( ¢+ L& 20 — 20 .

. 7

T7,
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The last term in this bounded through (2.3), (2.27)) as follows
5

T71 > — 2T(,0 ) SILREL + Ly, €h|’g_7”zh_zh i

> - S m)ghz (L& s + LRI — Tz — =)
o L e (e (2.77)
- %nzz —Z
> - T2z - T (oo ) 1ERIE - S0t - 511

where we have used the notation w, Cinvy/ Be/ (p%€). Hence, using (2.30) and (2.70)),
we finally infer that

T

2 3
YT\ 3 n T 1
Tra 2 = T B0l Fogr, oy — 7 (7) ez — T2, (2.78)

The second terms is controlled via Gronwall’s Lemma, while the last can be absorbed
by the left-hand side of (2.71)).

We conclude the proof with the estimation of the remaining terms in the right-hand
side of (2.71). For Ty, using a Taylor expansion, we simply have

T . o
T < 725 (16313 + 15 3s) + 2 IO+ L0l anes sy

where the first term can be controlled via Gronwall’s Lemma. At last, for Ty, we have

that
3

T . v *
Ty Sps T (”L EhHOE + | Ly Eh”o 2) + _”L Od + L atth%?(t”‘l,t”;LQ(E))

3
<Ten+ 7 (oot s ) IERIE

T4
+ _||Leattd + LvatthLQ tn—1 tn L2(Z))

Hence, from ([2.30f), we infer that

T (TYNF | on 7253
<7 () €2+ & +

where the first two terms are controlled via Gronwall’s Lemma and the left-hand side
of (2.71), respectively.

In summary, the estimate follows by inserting the above bounds into (2.71)),
using Korn’s inequality, summing over m = 3,...,n, and applying Gronwall’s Lemma.
The remaining terms, corresponding to the initialization step, are bounded via (2.61)
with n =2 and T = 271. O

8ttd + LvatthLQ tn—1 ALK LQ(E))
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2.7 Formulation in the non-linear case

In this section we extend the explicit Robin-Neumann paradigm of Section to
the case of a non-linear fluid-structure problem, involving a viscous incompressible
fluid and thin-walled structure. The fluid is described by the incompressible Navier-
Stokes equations in ALE formalism (see, e.g., [60, Chapter 3|) and the structure by a
non-linear Reissner-Mindlin shell model (see, e.g., |26, [10]).

2.7.1 The non-linear coupled problem

Let Q2 U X be a reference configuration of the system. The current configurationof
the fluid domain, Q(t), is parametrized by the ALE map A o Io+d as Qt) =
A(Q, 1), where d' : Q x RT — R? stands for the displacement of the fluid domain. In
practice, d' = Ext(d|y), where Ext(-) denotes any reasonable lifting operator from the
(reference) interface 3 into the (reference) fluid domain Q. For instance, an harmonic
lifting operator is used in the numerical experiments reported in Section

The non-linear fluid-structure problem under consideration reads as follows: Find
the fluid domain displacement d' : Q x RT — R?, the fluid velocity w : Q x Rt — RY,
the fluid pressure p : Q x Rt — R? the solid displacement d : ¥ x R* — R? and the
surface vector field 0 : ¥ x R* — R? such that

d' = Ext(ds), w=0d, A¥Io+d Q@) =AQ1),

PO au + pl(u—w) - Vu—V -o(u,p) =0 in Q(t),
V-ou=0 in Q(1),
q (2.79)
u=0 on I,
o(u,p)n=h on I'
( u=d on X,
pedd + Ly(d,0)+ lei(c.l, 0) =—Jo(u,p)F "n on X,
Ly(d,6) + Ly(d,6) =0 on X, (2.80)
d=2dd, 6=00 on X,
d=6-0 on O,

\

where 0;| 4 represents the ALE time derivative, F' ' A the fluid domain gradient of
deformation and J % det F' the Jacobian. The surface elastic and viscous operators,
(L, Ly) and (L}, Ly), can be non-linear. As usual, a field defined in the reference
fluid domain, €2, is evaluated in the current fluid domain, Q(t), by composition with

A1),
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2.7.2 Explicit Robin-Neumann schemes

The proposed fully explicit coupling schemes combine an explicit treatment of the
interface geometrical compatibility (2.79); with an explicit Robin-Neumann treatment
of the interface kinematic and kinetic coupling (2.80)); ». Following the initial argument

of Section the interface Robin consistency of the coupled problem (2.79))-(2.80) is
given by the relation

Jo(u,p)F"n + p'edyu = —L5(d,0) — LY(d,0) on X.

Nevertheless, in order to avoid the extrapolation of the viscoelastic non-linear terms in

Algorithm 2.4 Explicit Robin-Neumann schemes (non-linear problems)

Forn > r:

1. Fluid domain update:
d' = Ext(d" Vg), w"=0.d", A"E Iq+d 0" E A(Q)
and we set F" = VA" and J" = det F".
2. Fluid step: find u™ : Q x RT — R3 and p" : Q x RT — R such that

plo | au™ + pf(u"t —w") - Vu' — V- o(u,p?) =0, in Q"
divu” =0 in Q7
u"=0 on IY,

ou",p")n=h on I

s s
Jno_(un’pn)(Fn)—Tn + ﬁun _ ﬁ(dn
T

\ T

with the fluid stress extrapolations t™* given by (2.83).

! + T@T(.in’*) +t* on X,

3. Solid step: find d" : ¥ x RT — R? and 8" : £ x Rt — R3 such that

pedrd’ + LS(d",0™) + LYy(d",0") = — J"e(u", p")(F") "n on X,

L5(d™,0™) + Ly(d",6™) =0 on 3,
d= o-d", 0" =9.0" on X,
d"=0"=0 on O0X.

the right-hand side, we instead consider the non-linear counterpart of the alternative
condition given by (2.12)), that is,

Jo(u,p)F~"n + Plu="" g+ Jo(u,p)F"'n on X, (2.81)
T T
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which motivates the following intrinsic explicit Robin condition for the fluid

Tou p)(FY) ot ot = B2 (@ wr0,d™) o on B (282)
T T

n

where d" = 0,d 71, 20d" + d" and

t* = Je(u ) (F) I, (2.83)
27" Yo (u g ) (E) T = I e () (F ) T,

stands, respectively, for the zeroth- (r = 0), first- (r = 1) and second-order (r = 2)
extrapolations of the solid velocity, d, and of the interface fluid stress in the reference
configuration, Jo (u, p)F~"n. The explicit Robin condition corresponds to the
non-linear counterpart of . The resulting explicit coupling schemes are detailed
in Algorithm [2.4]

It should be noted that the geometrical quantities involved in and ([2.83))
do not need any specific treatment and appear because the interface relation is
formulated in the reference configuration. In practice, the interface fluid stresses are
consistently evaluated as variationnal residuals in the deformed configurations, while
the solid inertial contributions are integrated in the reference configuration. These
hybrid characteristics of the explicit Robin condition are handled in a natural
manner by the ALE formalism.

Remark 2.7.1. Though non trivial, the separate solution of the structure and fluid
sub-problems of Alogirhtm is not a contribution of the present work. In fact, all
the numerical experiments involving non-linear models have been performed with pre-
existing separate fluid and solid solvers by exploiting the partitioned nature of the
Robin-Neumann schemes proposed in this PhD thesis. Hence only minimal information
on this aspect is given (e.g., type of finite element approzimation, stabilization method
for the fluid, etc.). The structure problem involved in sub-step 3 of Algorithm is
nonlinear. In the numerical experiments reported in the next section, this non-linearity

is solved using Newton’s method (see, e.qg., [84l]). These observations also apply to
Chapter[3

2.8 Numerical experiments

In order to assess the behavior and robustness of the explicit Robin-Neumann schemes,
we have considered a number of fluid-structure interaction examples from the litera-
ture. Section [2.8.1] presents a convergence study in 2D, using the linear model problem

(2.1)-(2.2). Numerical results with 3D geometries and non-linear models ([2.79)-(2.80)
are reported in the subsequent Sections [2.8.2H2.8.5
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2.8.1 Convergence study in a two-dimensional test-case

The first example simulates a pressure wave propagation within a compliant channel
in 2D (see, e.g., [67, [44]). We couple the Stokes equations with a damped generalized
string model. More precisely, in (2.2) we take

0 I 0 vy 0
4= (dy) , La= (_Alamdy + Aody)  Ld= (O‘PSGdy - B)‘lamdy) ’

with \; & Ee/(2(1 + v)) and Ao = Ee/(R2(1 — 1?)). As usual, here E denotes the
Young modulus and v the Poisson ratio of the solid. All the quantities will be given
in the CGS system. The fluid domain and the fluid-solid interface are, respectively,
Q=1[0,L] x[0,R], ¥ =10,L] x{R}, with L =6 and R = 0.5. At = 0 we impose

| “
-II 2
%
I %
] pava

O st

ASNSS
NN

[N
SRR
N

LS

]

o
o
o

vertical displacement
o
b=

x-coordinate

Figure 2.1: Snapshots of the fluid pressure and solid displacement at t = 0.005, 0.01, 0.015
(from top to bottom). Algorithm with first-order extrapolation, 7 = 10~% and h = 0.05.

a sinusoidal normal traction of maximal amplitude 2 - 10* during 5 - 10~3 seconds,
corresponding to half a period. Zero traction is enforced at x = 6 and a symmetry
condition is applied on the lower wall y = 0. The solid is clamped at its extremities,
x = 0, L. The fluid physical parameters are given by p' = 1.0 and p = 0.035, while for
the solid we have p* =1.1,e=0.1, E=0.75x 10%, v = 0.5, a =1 and 8 = 1073.
Continuous piece-wise affine approximations are considered for both the fluid and
the structure, with the symmetric pressure stabilization method introduced in [13].
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Figure 2.2: Time-convergence history of the displacement at ¢t = 0.015, with A = O(7).
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Figure 2.3: Comparison of the solid displacements at ¢ = 0.015 for different levels of (7, h)-
refinement, given by (2.84)) with ¢ =0,...,3.
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We have reported in Figure [2.1] a few snapshots of the pressure and displacement
fields obtained using Algorithm with the first-order extrapolation, 7 = 10~* and
h = 0.05. All the computations have been performed with FreeFem-++ [70]. The
numerical solution remains stable, as predicted by Theorem and a propagating
pressure-wave is observed.

In order to highlight the A-uniformity of the convergence in time, we have refined
both in time and in space at the same rate, with the following set of discrete parameters:

(r,h)y e {277 (5-107%,0.1) ), . (2.84)

A reference solution has been generated using a fully implicit scheme with a high space-
time grid resolution (h = 3.125x 1073, 7 = 1079). Figurereports the corresponding
time-convergence history of the solid displacement at time ¢ = 0.015, in the relative
elastic energy-norm, for the proposed explicit Robin-Neumann schemes (with and with-
out extrapolation) and the implicit scheme. The explicit Robin-Neumann schemes with
first- and second-order extrapolation yield an overall O(7) optimal accuracy, while a
sub-optimal O(T%> rate is observed without extrapolation. Thus, in agreement with
the error estimates provided by Theorem [2.6.1] The impact of the sub-optimal rate
is clearly visible in Figure [2.3] where we have displayed the interface displacements
associated to Figure (first four points of each curve). For comparison purposes, the
reference displacement is also shown. Observe that, even with the smallest time-steps
sizes (e.g., Figure [2.3(d))), the Robin-Neumann scheme without extrapolation provides
a rather poor approximation. On the contrary, the extrapolated variants are able to
retrieve the accuracy of the implicit coupling scheme. In the case of the coupling with
an undamped structure (i.e., with ag = a3 = 0), a similar behavior was observed in
[44].

2.8.2 Pressure wave propagation in a straight tube

The second example is the three-dimensional test-case proposed in [59] (see also [60),
Chapter 12]). The fluid domain is a straight tube of radius R = 0.5 and of length
L = 5. All the units are given in the CGS system. The fluid is governed by the
incompressible Navier-Stokes equations in ALE formism, discretized in space with
Q1/Q finite elements and a SUPG/PSPG stabilized formulation. The vessel wall is
described by the linear shell model (we refer to [26], Section 4.2.1] for the details),
discretized in space by quadrilateral MITC4 shell elements (see [20, Section 8.2.1]).
The fluid physical parameters are given by pf = 1.0 and p = 0.035, while for the solid
we have p° =12, e =0.1, £ = 3 x 10% and v = 0.5. We will consider the case of both
a Rayleigh solid damping, viz.,

LY(d,0) = app’ed + a, L5(d, ), and Ly(d,8) = a,Ly(d, ),
with ag = 1, oy = 1073, and an undamped solid (ag = a; = 0).

The overall system is initially at rest. During the time-interval [0,5-1073], an over
pressure of 1.3332 x 10* is imposed on the inlet boundary. The simulations are carried
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SN
S

Figure 2.4: Snapshots of the fluid pressure at ¢t = 0.005, 0.01, 0.015 (from top to bottom).
Algorithm with first-order extrapolation, 7 = 10~%. Left: Shell model without damping
(g = a1 = 0). Right: Shell model with damping (ag = 1, a; = 1073).

out over 150 time-steps of length 7 = 10~*. Figure shows the fluid pressure and
the solid deformation (amplified by a factor 10) at different time instants obtained
with Algorithm and the first-order extrapolation, 7 = 10*. A stable pressure wave
propagation is observed. The impact of the solid damping is also clearly visible.

For comparison purposes, Figure reports the interface mid-point displacement
magnitudes obtained with Algorithm 2.4]and the implicit coupling scheme. Once more,
the Robin-Neumann scheme without extrapolation provides a very poor approxima-
tion, while the extrapolated variants are able to retrieve the accuracy of the implicit
coupling scheme. It is worth noting that the solid damping has a rather limited impact
on the numerical solution without extrapolation. This suggests that the artificial dis-
sipation of the scheme (due to its O(72) loss in accuracy) is at least of the same order
as the physical dissipation considered in the solid. Similar conclusions can be inferred
from Figure [2.6] which reports the out-flows obtained with the different schemes.
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Figure 2.5: Comparison of the implicit and Robin-Neuman explicit coupling schemes: interface
mid-point displacement magnitude vs. time. Left: Shell model without damping (g = a1 =
0). Right: Shell model with damping (ag =1, a; = 1073).
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Figure 2.6: Comparison of the implicit and Robin-Neuman explicit coupling schemes: out-flow
vs. time. Left: Shell model without damping (cp = a3 = 0). Right: Shell model with damping
(040 =1, a0 = 1073).

2.8.3 Blood flow in an abdominal aortic aneurysm

We consider the numerical example presented in [I] using an in vitro aneurysm ge-
ometry. The fluid computational domain is the idealized abdominal aortic aneurysm
given in Figure (left). We refer to [105] for the details. The whole compliant wall
has a uniform thickness of 0.17 and length of 22.95. All the units are given in the
CGS system. The fluid is governed by the incompressible Navier-Stokes equations in
ALE formalism, discretized in space with Q;/Q; finite elements and a SUPG/PSPG
stabilized formulation. The vessel wall is described by the linear shell model ,
discretized in space by quadrilateral MITC4 shell elements. The fluid physical param-
eters are given by pf = 1.0 and p = 0.035, while for the solid we have p* = 1.2,
e=0.1, E=3x10% v =0.5, ap = 1 and a; = 1073, The overall system is initially at
rest. An in-flow rate corresponding to a cardiac cycle, see Figure (right), is imposed
on the inlet boundary. A resistive-like boundary condition is prescribed on the outlet
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Figure 2.8: Snapshots of the fluid velocity ¢ = 0.084, 0.168, 0.336, 0.672 (from left to right
and top to bottom). Algorithm with first-order extrapolation, 7 = 4.2 - 1074

boundary, the value of the resistance being Roy = 6 x 10.

We have simulated 2000 time-steps of size 7 = 4.2 x 10~*s, which corresponds to a
full cardiac cycle. Figure 2.8 shows the fluid velocity and the solid deformation at dif-
ferent time instants obtained with Algorithm [2.4 and the first-order extrapolation. For
comparison purposes, Figure [2.9| reports the interface mid-point displacement magni-
tudes and out-flow obtained with Algorithm and the implicit coupling scheme. The
Robin-Neumann schemes with first- and second-order extrapolation provide numerical
solutions close to the implicit coupling scheme. The superior accuracy of the higher
order kinematic perturbation introduced by the second-order extrapolation is clearly
visible. At last, the Robin-Neumann scheme without extrapolation yields an extremely
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Figure 2.9: Comparison of the implicit and Robin-Neuman explicit coupling schemes: Left:
Interface displacement. Right: Out-flow.

poor approximation. Once more, this illustrates the striking impact of the O(T%)—IOSS
on the accuracy of the scheme without extrapolation.

2.8.4 Lid-driven cavity with flexible bottom

We consider the classical shear-driven cavity problem with a flexible bottom (see, e.g.,
[61]). The fluid domain is the unit square = [0, 1] x [0, 1] with the fluid-solid interface
on the lower boundary ¥ = [0,1] x {0}. All the units are given in the SI system. The
overall system is initially at rest and an oscillating shear velocity profile is imposed on
the upper boundary u(t) = (1 — cos(0.47t),0)" on [0,1] x {1}. A non-slip condition
is enforced on the portions {0,1} x [0,0.9] of the lateral cavity walls. The system
is described by the non-linear coupled problem (2.79)-(2.80), with a non-linear shell
model and a Saint Venant-Kirchhoff constitutive law (see [26]). The fluid equations
are discretized in space with Q;/Q; finite elements and a SUPG/PSPG stabilized
formulation. Quadrilateral MITC4 shell elements are considered for the structure. The
fluid physical parameters are given by pf = 1.0 and p = 0.01, while for the solid
(undamped) we have p* = 250, e = 0.002, E = 250, and v = 0.

The simulations are performed in three-dimensions, by imposing symmetry condi-
tions along the extrusion direction, and carried out over 800 time-steps of size 7 = 0.1.
Figure 2.10[shows the fluid velocity and the solid deformation at different time instants
obtained with Algorithm and the first-order extrapolation.

For comparison purposes, Figure [2.11{ reports the interface mid-point displacement
magnitudes obtained with Algorithm [2.4]and the implicit coupling scheme. Once again,
the superior accuracy of the Robin-Neumann schemes with first- and second-order
extrapolation is noticeable.
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Figure 2.10: Snapshots of the fluid velocity magnitude at ¢t = 3.5, 8, 14, 21 (from left to right
and top to bottom). Algorithm with first-order extrapolation, 7 = 0.1.
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Figure 2.11: Comparison of the implicit and Robin-Neuman explicit coupling schemes: inter-
face mid-point displacement magnitude vs. time.
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2.8.5 Damped structural instability

The last example considers a curved fluid domain surrounded by two thin structures
with different stiffness, as proposed in [80]. Both structures are fixed on their extrem-
ities. A constant parabolic velocity profile is prescribed on the left and right inflow

. a

Figure 2.12: Snapshots of the fluid velocity ¢ = 0.5, 1, 1.5, 2, 2.5, 3, 3.5, 4 (from left to right
and top to bottom). Algorithm with first-order extrapolation.

boundaries, with maximal magnitudes 10 and 10.1, respectively (to avoid perfect sym-
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metry). All the units are given in the SI system. Zero velocity is enforced on the
remaining fluid boundaries. The fluid is loaded with the volume force f = (0,—1)T.
As in the previous example, the system is described by the non-linear coupled problem
(2-79)-([2-80)), with a non-linear shell model and a Saint Venant-Kirchhoff constitutive
law. We consider also the same spatial discretization. The fluid physical parameters
are given by pf = 1.0 and p = 9, while for the top and bottom (undamped) structures
we have p* = 500, € = 0.1, Eiop = 9+ 10°, Epottom = 9 - 10% and v = 0.3. The simula-
tions are performed in three-dimensions by imposing symmetry conditions along the
extrusion direction.

implicit scheme

L explicit RN no-extrap
F explicit RN 1st-order extrap
3 explicit RN 2nd-order extrap

displacement magnitude

Figure 2.13: Comparison of the of the implicit and Robin-Neuman explicit coupling schemes:
interface mid-point displacement magnitude of the bottom structure vs. time.

A salient difficulty of this ballon-type problem is that it cannot be solved via stan-
dard Dirichlet-Neumann procedures, since the interface solid velocity does not nec-
essarily satisfy the compatibility condition enforced by the incompressibility of the
fluid (unless directly prescribed in the structure [80]). The explicit Robin-Neumann
coupling schemes given by Algorithm get rid of this issue without any extra ad-
justment. Indeed, the consistent perturbation of the kinematic coupling induced by
the Robin-Neumann interface conditions removes the constraint on the interface solid
velocity.

In Figure 2.12] we have reported the fluid velocity magnitude snapshots and the
solid deformations at different time instants, obtained with Algorithm (first-order
extrapolation) and time-step length of 7 = 0.005. As in [80], the deformation is first
mainly visible in the upper (more flexible) structure and then, when the fluid pressure
reaches a critical value, the lower structure buckles.

Figure [2.13| reports the interface mid-point displacement magnitude of the bottom
structure obtained with Algorithm and the implicit coupling scheme. The poor
accuracy of the Robin-Neumann scheme without extrapolation is striking: the lower
order perturbation of the kinematic coupling yields an excess of mass-loss across the
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interface which prevents the buckling. On the contrary, the variants with the first- and
second-order extrapolations give practically the same result as the implicit scheme and
predict the collapse of the bottom structure.

2.9 Conclusion

In this chapter, we have introduced and analyzed a class of explicit Robin-Neumann
schemes for the coupling of a viscous incompressible fluid and a general thin-walled
structure (including damping and non-linear behavior). The basis of these methods
is the underlying Robin consistency of the interface coupling. This has motivated
an explicit Robin interface condition for the fluid, which combines extrapolations of
the solid viscoelastic contributions with an implicit treatment of the solid inertia.
The former enables full fluid-solid splitting (i.e., explicit coupling), while the latter
guarantees added-mass free stability (Theorem [2.4.1)).

The schemes admit an intrinsic explicit Robin-Neumann formulation which makes
them genuinely partitioned: only extrapolations of the solid velocity and interface
fluid stress are necessary. The methods have been interpreted as single iterations, with
appropriate initializations, of a (parameter free) Robin-Neumann iterative solution
procedure of implicit coupling. New insights on the convergence of these procedures
(Theorem have been derived from this connection.

The error analysis (Theorem has shown that the variants with extrapolation
yield an optimal first time-accuracy in the energy-norm, while a sub-optimal conver-
gence rate is expected without extrapolation. In summary, the key result is that the
explicit Robin-Neumann scheme with first-order extrapolation simultaneously yields
added-mass free unconditional stability and optimal (first-order) time accuracy.

A comprehensive list of numerical tests from the literature confirmed these findings,
and indicate that the proposed methods provide a simple and robust approach to the
explicit coupling of fluid-structure interaction problems, involving an incompressible
fluid and a thin-walled structure.

The next chapter is devoted to the generalization of this approach to the case of
the coupling with thick-walled structures.



CHAPTER 3

Generalized Robin-Neumann explicit
coupling schemes for the coupling with
general thick-walled structures

The results presented in this chapter lead to the paper [57]: M.A. Fernandez, J. Mul-
laert, M. Vidrascu. Generalized Robin-Neumann explicit coupling schemes for
incompressible fluid-structure interaction: stability analysis and numerics.
Internat. J. Numer. Methods Engrg., 101(3):199-229, 2015.

Some preliminary results of this chapter have been announced, without proof, in
[53]: M.A. Fernandez, J. Mullaert. Displacement-velocity correction schemes for
incompressible fluid-structure interaction. C. R. Math. Acad. Sci. Paris, 349(17-
18):1011-1015, 2011.
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3.1 Introduction

The design of explicit coupling schemes requires a careful treatment of the interface
condition, to avoid added-mass issues that can compromise stability and convergence.
In the case of the coupling with a thin-walled structure, both added-mass free stability
and optimal (first-order) time accuracy are obtained with the explicit Robin-Neumann
schemes proposed in Chapter [2| The fundamental ingredient in the derivation of these
schemes is the interface Robin consistency of the continuous problem, which is inti-
mately related to thin-walled character of the solid model.

In this chapter, we propose an extension (the first, to the best of our knowledge)
of the explicit coupling schemes reported in Chapter [2| to the case of the coupling
with thick-walled structures: linear and non-linear (possibly damped) elasticity. We
show that an intrinsic (parameter free) interface Robin consistency can be recovered
at the space semi-discrete level, using a lumped-mass approximation in the structure.
Instead of the usual identity operator, the generalized Robin condition involves a new
interface operator which consistently accounts for the solid inertial effects within the
fluid. The fluid-solid splitting is hence performed through appropriate extrapolations
of the solid velocity and stress on the interface. A priori energy estimates, guaranteeing
(added-mass) free stability, are derived for all the extrapolations considered within a
representative linear framework.

The second contribution of this work deals with the partitioned solution of implicit
coupling. In fact, the proposed explicit coupling schemes can be interpreted as a single
iteration (with appropriate initializations) of a new Robin-Neumann iterative method.
Unlike traditional Robin based procedures (see, e.g., [3]), these iterations are parameter
free. Using energy arguments within a representative linear setting, we demonstrate the
(added-mass free) convergence of this iterative procedure towards the implicit coupling
solution. To the best of our knowledge, the error estimate proposed is the first which
yields convergence of a Robin-Neumann procedure in the framework of the coupling
with a thick-walled structure (linear viscoelasticity).

Several numerical experiments, based on different linear and non-linear fluid-
structure interaction examples from the literature, illustrate the accuracy and per-
formance of the methods proposed.

This chapter is organized as follows. In Section [3.2] we present the linear continu-
ous setting which serves as model coupled problem. In Section we introduce the
generalized Robin-Neumann explicit coupling schemes. The iterative procedure for the
partitioned solution of implicit coupling is also presented. Section is devoted to
the numerical analysis of the methods. In Section the coupling schemes are for-
mulated in a fully non-linear framework. The numerical experiments are reported in

Section Finally, Section [3.7] summarizes the conclusions.
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3.2 Problem setting

In this part, we consider a linear modelization of a fluid-structure system described by

the Stokes equations in a domain Qf C R? and by the linear visco-elasticity equations

in an adjacent domain Q° C R? (d = 2 or 3). We denote by & 905 N Q' the fluid-

structure interface. We assume that 0Qf = AU UY and 90 = T>UT** U X are
given partitions of the fluid and solid boundaries, respectively.

The considered linear coupled problem reads therefore as follows: find the fluid
velocity w : Qf x RT — R? the fluid pressure p : Qf x Rt — R, the structure
displacement d : Q25 x R* — R? and the structure velocity d : Q25 x R* — R? such that

( 0w —dive'(u,p) =0 in QF
) divu =0 in QF,
(Fluid) w0 on T (3.1)
\ ol(u,p)n' =h on T
( °0,d — dive®(d,d) + app’d =0 in
(Solid) d=0d in i, (3.2)
d=0, a;d=0 on I®9
L o%(d,d)n* =0 on I®"
(Coupling) { . w=d on (3.3)
o'(d,d)n* = —o'(u,p)n’ on X

and satisfying the initial conditions w(0) = wo, d(0) = dy and d(0) = wy. Here,
p', p° > 0 stand for the fluid and solid densities, h for a given surface traction on
I''? and nf, n® for the exterior unit normal vectors to the boundaries of Qf and €,
respectively. The fluid stress tensor of(u,p) is given by

e of 1
I +2pe(w), e(u) = (Vu+ Vul),
where p > 0 denotes the fluid dynamic viscosity. For the solid, the stress tensor is
defined by the relations

o(d,d) € o(d) + aro(d), o(d) Y 2Le(d) + Lo(divd)I,
where Ly, Ly > 0 stand for the Lamé coefficients. Well-posedness results for this type
of linear fluid-structure interaction problem can be found in [38§].

In what follows, we will make use of the functional spaces
VI Lo e [H QD) /v |pra = 01,
Q= L2,
|4 déf {’US c [Hl(QS)]d/’US
w =

o'(u,p)

s, d =— 0}7
(vf,'vs) e Vix Vs/vf|g = ’US’E}
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and the following bi-linear and linear forms:

“ 2u(e(u),e(v) g b(p,v) E —(p,divel)or, (o) E (o),

a°(d,v*) € (o(d), (), a'(d,0°) € app*(d, v®)os + a1 (0(d), €(v7)) .

a(u, v") (3.4)

Here, the symbol (-,-), stands for the standard inner-product of L?*(w), for a given
domain w of R or R*'. We denote by || - || and || - ||, the norms associated to the
inner-products a® and a", in particular, we have:

2 def - .
Id]l? = aop®lldlfd o- + aslld]lc.

We also set,
def def

1 _1
lvllv = w2 Volloar,  llalle = 12 |lqllo.or
The coupled problem (3.1)-(3.3) admits the following variationnal formulation: for
t >0, find (u(t),d(t)) € W, p(t) € Q and d(t) € V* such that

d = d,d,
p'(Oiu,v') o + a(u,v") + b(p,v") — b(q, u) (3.5)
+p° (8@, v°) . +a(d, v°) + a'(d,v°) = I(v'),
for all (v',v*) € W and q € Q.

3.3 Generalized Robin-Neumann methods

This section is devoted to the numerical approximation of the coupled problem (3.5
The time-marching procedures proposed (Section below) allow an uncoupled
sequential computation of the fluid and solid discrete approximations (explicit coupling
scheme). These methods can be viewed as a generalization to the coupling with thick-
walled structures of the Robin-Neumann explicit schemes introduced in Chapter 2]

A fundamental ingredient in the derivation of the schemes reported in Chapter
is the interface Robin consistency of the continuous problem. Clearly, this property is
not shared by the coupled problem (3.1))-(3.3), since it is intimately related to the thin-
walled character of the structure. In Section [3.3.2] we show that an underlying interface
Robin consistency can be recovered after discretization in space, using a lumped-mass
approximation in the structure. This generalized notion of interface Robin consistency
is the basis of the new explicit coupling schemes introduced in Section [3.3.3]and of the
new iterative procedure proposed in Section [3.3.4]

3.3.1 Space semi-discretization

In this part, we consider a finite element approximations in space based on continuous
piecewise affine functions. The corresponding finite element spaces are denoted by

Vi,cV, QnCc@Q and V;CV?
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where the subscript h > 0 indicates the level of spatial refinement. Since the fluid
velocity /pressure pair V% /Q, fails to satisfy the inf-sup condition (see, e.g. [63]), we
consider, without loss of generality, a symmetric pressure stabilization method defined
by a non-negative bilinear form, s, : @, X @, — R, entering the abstract framework
introduced in [I7]. Furthermore, we assume that the fluid and solid discretizations
match at the interface, that is,

def s s s
As S {vyls /v, € V), } = {vils/ v} € V31,
and we set et
W, = {(v),,v}) € Vi, x Vi Jvils = vils} C W,
def
VEh = "’2 € VZ/'UHZ = 0}7
and ot
Vi = v, € V3, / v}y =0}

We denote by (-, -)as,, the lumped-mass approximation of the inner-product (-, -)qs
(see, e.g., [78] Section 2.3| and [112, Chapter 15]). We then set

a(dy, v},) é ( )Qs’

ay (dy, v3) < app (dh, Uh)ﬂs h + ara®(dy, v5)os

(3.6)

N

for all dy,, dy,, v € V3.

The space semi-discrete formulation of problem (3.5, including a mass-lumping
approximation in the structure, reads therefore as folloyvs: for all ¢ > 0, find
(un(t),dn(t)) € Wy, pr(t) € Qp and dy(t) € V3 such that dy, = dyd), and

o (3tuh, U%)Qf + a(up, vi) + b(pn, vi) — b(qn, un) + Sn(Phs n)
+ 0°(Ohdy, v3,) g, + @°(dp, 05) + @ (di, v3) = U(v),), (3.7)
for all (v, v5) € Wy, and g, € Q.
In what follows, we will consider the standard solid-sided and fluid-sided discrete

lifting operators, £5 : Asy, — V5 and L) : Ag; — Vi defined for all &, € Asy,
such that the nodal values of £5€,, £f&, vanish out of ¥ and that

(L38n)ls = (L1€)]s = &

Note that, for all vj € V7, we have the standard decomposition
v, = Ly}, + v, - Liv}, = L9, + v}, (3.8)

with v5, & v}, — Liv, € V.
We introduce also the interface operator By, : Asj — Asp, defined by

“(65)" L,
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where (L’,Z)n’* stands for the adjoint operator of £ with respect to the lumped-mass
inner product in V7. Hence, we have

(Bréns An)y, = (L3 £320) o (3.9)

for all (§,,A\n) € Asp X As . A straightforward argument shows that the interface
operator By, is self-adjoint, positive definite and diagonal with respect to the finite
element basis of Ay .

Remark 3.3.1. In order to simplify the presentation, for v € V3, we will use the
notation L£5v5 instead of L5 (v5|s). The same applies to L} and B,.

In the next section, we will make extensive use of the following result:

Lemma 3.3.1. For all (v5,€,) € V} X As ), we have
(V5 L3€n) ey, = (Bri &) (3.10)

roof. For all v € , we consider the decomposition v = v; + L3v5, with v} €
P For all v; € V73 ider the d iti > 5+ L3v5, with v},

%.h- We then observe that (0}, Zéh)gs , = 0 for all £, € Ay, by the construction
of the lumped-mass approximation. Hence, owing to (3.9), we have

('v?za ZSh)QSJL = ( ?L’U?Z? ZSh)QsJL + (627 Zéh)ﬂsﬁ = (Bhviwsh)za
which completes the proof. O]

Remark 3.3.2. Since, by construction, the matriz associated to the lumped-mass inner
product is diagonal, from we infer that the algebraic counterpart of By, is also
a diagonal matriz. In particular, the diagonal entries of this matrixz are the diagonal
entries of the solid lumped-mass matriz on the interface ¥ (see Section[3.3.3.1)).

Remark 3.3.3. Lemma and the results of Section[3.4] below do not require any
specific condition on the mass-lumping approximation, only nodal quadrature and ma-
triz invertibility are assumed. Thus, even though is based on low-order Py (we
could also use Q) Lagrange finite elements (for which a simple vertez-ruled quadrature
yields a diagonal and invertible lumped-mass matriz without any loss of accuracy), the
methods and results of this chapter can be extended to the case of higher-order spatial
approzimations (P or Qx, k > 1) for which mass-lumping is still feasible but more
delicate (see, e.g., [18, Section 2.3]).

3.3.2 Generalized interface Robin consistency

The most basic partitioned procedures for the numerical solution of (3.1)-(3.3)) are
generally based on the following Dirichlet-Neumann formulation of problem ([3.7): for
t >0,
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e Fluid (Dirichlet): find (un(t), pa(t)) € Vi x Q, such that

uply = dh|z,
P (Oyun, 52)@ + a(un, By) + b(ph, V) — b(qn, wn) + su(Pr, qn) (3.11)
= 1(®})
for all (T}, qn) € Vfah X Q.
e Solid (Neumann): find (d(t),d,(t)) € V3 x V3 such that

dy = O,dp,
0° (Dedp, V5o + a®(d, v5) + af(dy, v5) (3.12)
= —p"(Beun, L£39},) o — alun, L,03) = b(pr, £3,03)

for all v; € V7.

Unfortunately, explicit coupling schemes based on this fluid-solid splitting are known
to yield severe added-mass stability issues (see, e.g., [25, [61]). In the next paragraphs,
we shall show that the monolithic problem admits an alternative partitioned
formulation based on (consistent) interface Robin conditions.

For this purpose, we test with v5 = L&), for all €, € Axy, to get

Pf (8,5Uh, ‘C’ZSh)Qf + CL(’U,h, ‘C’Zgh) + b(ph7 £§1£h)
b0 (0 C36) g+ 0 (s £365) + (i £36) = 0. (3.13)

It should be noted that this relation is nothing but the spatial discrete counterpart of
the interface kinetic condition (3.3))s. Furthermore, since uy|s = dyls, from (3.10) we
have

(Ordn, £584) 0, = (BrOidn, &)y, = (BrOun, &) (3.14)
The relation (3.13) can thus be rewritten as

Pf (8,5Uh, ‘C’ngh)Qf + CL(’U,h, ‘C’Zéh) + b(ph7 £§1£h)
+ PS(BhatUméh)Z = —a’(dp, £},€;) — ay(dn, £3,€,) (3.15)

for all §;, € Ay . Equivalently, the addition and subtraction of p° (8tC.lh, Eiéh)
combination with (3.14)), yields
P (Ovwn, L1€1) o + alwn, L£4E,) + b(pn, L1,E))
+ p° (Bhatuha Eh)z =/ (Bhatd}u £h)z
— 07O, £381) ., + 0" (@, £361) + @i (dn, £36,)]  (3.16)

as o 1M

for all §;, € As .
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The preceding relation points out a major feature of the space semi-discrete solution
given by : its intrinsic Robin consistency on the interface. Indeed, the identity
(3.16]) can formally be interpreted as the discrete counterpart of the generalized Robin
condition

o'(u,p)n' + pP°Brdu = p* BLd,d — o°(d, d)n® on X. (3.17)

Note that, instead of the usual identity operator, the interface condition (3.17)) involves
the interface operator B, defined by ({3.9), hence the terminology generalized Robin.

Remark 3.3.4. It should be noted that, a posteriori, one can obtain (3.16)) from (3.13)
and (3.14). However, the key ingredient in the derivation of (3.16)) is the relation
(3.15), which defines the structure of the Robin operator By, and of multiplying coeffi-
cient p°.

By adding (3.16)) to (3.11) we get the following Robin sub-problem for the fluid:
for t > 0, find (un(t),pa(t)) € VE x Qy such that

' (Orun, v}) o + alwn, vy,) + b(pn, v}) — b(an, wr) + sn(pn, an)
+ 0°(Brdyun, v},) o, = p* (BuOsdy, v},) o, + 1(v},) (3.18)
. [ps (O, L508)g, + (e, L305) + i (d, Ehvh)] ,

for all (vh,qn) € V7, x Q.

Therefore, instead of formulating the ﬂuid solid time-splitting from the tradi-
tional Dirichlet-Neumann coupling (3.11)-(B.12), in this work we consider the Robin-
Neumann formulation given by (3.18) and 1) As in Chapter I, we will see that
the benefits of this approach are threefold:

e the implicit treatment of the interface solid inertial term in the left-hand side of
(3.17)) is enough to guarantee (added-mass free) stability;

e the explicit treatment of the right-hand side of (3.17)) enables the full fluid-solid
splitting without compromising stability;

e the resulting schemes are genuine partitioned methods with an intrinsic (i.e.,
parameter free) explicit Robin-Neumann pattern.

3.3.3 Time discretization: explicit coupling schemes

In what follows, the parameter 7 > 0 stands for the time-step length, %, o nt, for

n €N, and 92" < (z™ — 2"~ 1) /7 for the first-order backward difference. The symbol

x™* denotes the r-order extrapolation of x™, namely,

if r=0,
def _ .
v =L gt if r=1

2"t — "2 i =2
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The fully discrete approximation of (3.1))-(3.3) is split into the following sequential
sub-steps: for n > r,

1. Fluid step (generalized Robin): find (u}, p}) € V1§ x @y, such that

pf (aT'U,Z7 IUZ)Qf + CL(’U,Z, ’Ug) + b(pZa ’UE) - b(Qh, ’U'Z) + Sh(p27 q}l)
S en—1 * N,k
C(Buldy, " +70-dy"), vf) + U(v])

+p—s(Bhu” ’Uf) = —
T ho Ths ™ 1

= [P0y Bt g,y Lih) + ai(dy”, 50h)]
(3.19)
for all (v}, qn) € V}, X Q.
2. Solid step (Neumann): find (d,,, d}) € V3 x V3 such that
dy, = 0.d,
P*(0-dy, v} + a°(dy, v3) + aj (d),, v}) (3.20)

= —p' (Oruy, £3,0},) o — aluy, £3,93) — b(p}, £,03,)
for all v; € V3.

In strong form, these two steps perform respectively the following time-marching on
the interface

pS

ol(u",p")n' + =Byu" = ’ B, (dn_l + 787('1”’*) —o%(d™,d")n® on I,
T T
o (d", d )’ = —o'(u",p")n' on T
(3.21)

for n > r. The fundamental ingredient of the splitting (3.19)-(3.20) is the generalized
explicit Robin condition (3.21]);, which has been derived as a specific semi-implicit

time discretization of (3.17):

e the solid contributions are treated explicitly via extrapolation in the right-hand
side of (3.17). This provides the uncoupling of the fluid and solid time-marching

(B-19-(B-20);

e the interface solid inertia is treated implicitly in the left-hand side of (3.17). This
guarantees (added-mass free) stability.

Remark 3.3.5. The explicit coupling scheme — was originally introduced
in [23] using, instead of the notion of generalized Robin consistency, an alternative
approach based on operator splitting. This derivation is considered in Section
of the next chapter. A closely related operator splitting method for the approrimation
of - is the semi-implicit coupling scheme recently proposed in [1}|]. The con-
nections and differences between these methods are discussed in Section [{.2.2.2



90

Remark 3.3.6. The time-splitting induced by (3.21)) is consistent with the original
interface coupling (3.3), in the sense that it can be interpreted as a time discretization
of the equivalent interface relations

f f ' s - s
o (u,p)n +aoyu =aod—o*(d,d)n®> on X,
{ (u:p) " " (d,d) (3.22)

o*(d,d)n® = —o'(u,p)n’ on 3,

with the invertible interface operator oy, o P11 By,. The right-hand side of (3.21));
is simply an explicit approzimation of the right-hand side of (3.22))1. Moreover, owing
to (3.21)2, the role of the generalized Robin condition (3.21)), is the enforcement of the

kinematic continuity (3.3);.

Algorithm 3.1 Generalized Robin-Neumann explicit coupling schemes.
For n > r,

1. Fluid step (generalized Robin): find " : Qf x R* — R? and p" : Qf x R* — R such

that
plou” — divel(u,p") =0 in Qf
0

in Of
on T, (3.23)
fron ny\f pb n_pb I L 1,
o (u",p")n" + —Bpu" = —Bh(d + 70, d
T T

T,k

—o*(d™*,d )n* on X
2. Solid step (Neumann): find d” : Q5 x R™ — R% and d" : O x Rt — R such that

p°0,d" + app’d’ — dive®(d”, dn)O in Q°
d"=0,a1d =0 on rd,

o (3.24)
o’(d",d )m*=0 on I
o*(d",d"n’ = —o'(u",p")n' on .
r d! +70.d"” os(d™”, dn’*)ns
0 a’ 0
1 od" T —d"? os(d L, d" )ns
2 3dn_1 — 3c.in_2 + c.ln_g 205(d" !, éln_l)ns —os(d" 2, dn_2)ns

Table 3.1: Extrapolations of the interface solid velocity and stress considered in (3.23]).

For the sake of clarity, the strong form of the explicit coupling schemes (3.19))-
(3:20) is presented in Algorithm [3.1] The corresponding extrapolations within the fluid
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step are listed in Table [3.1] Note that, for r = 1 and 2, the schemes are multi-steps
methods. The additional data needed to start the time-marching can be generated by

performing one step of the scheme with » = 0, which yields (d', Ell), and then one step
of the scheme with » = 1, which gives (d?, d2)

Remark 3.3.7. Owing to the above initialization procedure and to (3.24)4, we have

Nk

n,*’pn,*)nf — —O'S(dn’*, d )’I’LS on E,

forn > r. Therefore, the generalized interface Robin condition (3.23)4 can be rewritten
as

O'f(u”,p”)nf + p—Bhu” _ P_Bh ((;ln—l n Taq_c.ln’*) I a-f(u”’*,p"’*)nf on Y, (325)
T T

for n > r. The advantage with this equivalent formulation is that only interface solid
velocities have to be transferred to the fluid in Algorithm|[3.1) as in standard partitioned
Dirichlet-Neumann procedures.

Remark 3.3.8. The relation points out the partitioned nature of Algorithm
in the sense that additional features in the solid equation , as incompressibility
and more realistic viscoelastic models (see, e.q., [86, [T]]), can be incorporated without
any adjustment to the coupling scheme. In fact, only the solid problem has to
be modified accordingly.

Remark 3.3.9. If, instead of the Neumann condition (3.24)2, we solve the second step
of Algorithm [3.1) with the Dirichlet condition

d'=d"'+ru" on X,

we obtain a Robin-Dirichlet explicit coupling scheme. Note that in this case, the kine-
matic continuity 1 is enforced exactly in the solid step. The price to pay is a
restrictive stability condition, which can demand very small time-steps in practice.
Additionally, it is worth mentioning that such a Robin-Dirichlet splitting has some
interesting connections with the time-stepping procedures traditionally used in the Im-
mersed Boundary Method (see, e.g., [102, [11]).

3.3.3.1 Computer implementation

We conclude this section by providing a few implementation details on the explicit
coupling schemes ([3.19] . For the sake of simplicity, we assume that the external
applied forces f vanlsh (1 e. l('vh) = 01in (3.19)). In addition, following Remark-
we consider with extrapolatlon in the fluid stresses. We denote by u", p", d"
and d” the arrays of degrees-of-freedom associated to u}, py, d; and dh, respectlvely
The subscript » indicates nodal values located on the interface Y. The remaining
degrees-of-freedom, located either in QFf or QF, will be identified with the subscript ;.
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To fix the ideas, we first consider the separate solution of the fluid with homo-
geneous Neumann boundary conditions on the interface . This yields the following
linear system at each time-step:

Af{l Af{z Bi uf' b}‘j
— BI _BE S pn 0

with
f def pf f f n—1 def pf f.n—1
APy oK bt D Pyt
T T

Here, the matrices M!, Kf, B and S denote, respectively, the algebraic counterpart of
the bilinear forms (uy, v})qr, a(un, vh), b(qn, wy) and s (pp, gn)-

Similarly, if homogeneous Neumann boundary conditions are considered for the
solid on the interface X, we get the linear system

A?I A§2:| [dﬂ [rl}
_ | 3.27
{;I to) [d2] = e (3.27)

with
e ° 1 e ° — Tn— 1 — °
AS d:f p_Ms,h+Ke+ —KV, I'd:f ,O_Ms,h(dn 1 + 40 1) + ZKvd® 17 Jqr = aTdn
T2 T T2 T

Here, the matrices M®", K¢ and K" stand for the algebraic counterpart of the bilin-
ear forms (c.lh,'vZ)Qs,h, a®(dp, v5) and a}’l(c.lh,'v?l), respectively. Note that, due to the
lumped-mass approximation, the matrix M>" is diagonal. Moreover, from (3.9)), one
can straightforwardly infer that the interface diagonal block M%; of M®" is the alge-
braic counterpart of the interface operator Bj,.

Remark 3.3.10. For linear elements, the lumped mass matriz M>" can be obtained
directly from the standard (not lumped) mass matriz M® via row-sum, that is:

> (W), i =

(Ms’h)..: k
0 o i#7]

v

and MSE% is simply the interface diagonal block of M®". This is the expression considered
in the numerical experiments of Section below (and of Section in the next
chapter).

Based on the above considerations, the fluid and solid steps (3.19)-(3.20) can be
equivalently reformulated, in an algebraic fashion, as follows:
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1. Fluid step (generalized Robin): solve for u” and p” the linear system

Afy Als Bi [uf by~ [ 0
AL AL+ 2N BE| |ul| = (b 4 [EMEL(dET + 70,d%7)
—BI —BE S p” 0 L 0
[ 0
+ Aleu?’* + Afzzug’* + ngn’* - bg*_l
0
(3.28)
2. Solid step (Neumann): solve for d” the linear system
A A | |df| _ () 0 (3.29)
Ay Adp] [dy I's Afpuf + Afgug + BEp” — b .

Afterwards, set an = §,dn.

By comparing with (3.26)), we see that the interface solid lumped-mass block
%SM;; is added to the fluid stiffness matrix. This corresponds to the generalized Robin
term in the left-hand side of (3.19). The last two terms of represent the interface
velocity and stress extrapolations of . On the solid side, the sole new contribution
with respect to ([3.27) is the last term of (3.29), that is, the algebraic representation
of the fluid stress on the interface appearing in the right-hand side of ([3.20)).

3.3.4 Partitioned solution of implicit coupling

The explicit coupling schemes — can be viewed as a single iteration (with ap-
propriate initializations) of a new Robin-Neumann iterative method for the partitioned
solution of the following implicit coupling scheme: for n > 1, find (uﬁ,dZ) e Wy,
pi € Qp and dj € V7 such that d, = 0.d and

P (0w, v) o + aluy, vy) + DBy, vh) — Dlan, wp) + (P )
+ ps (8Tdh7 vZ)sth + ae( Za ’UZ) + a‘l;(dha ’UZ) = l<v2)7 (330)

for all (vi,v5) € W), and ¢, € Q. The corresponding generalized Robin-Neumann
iterations read as follows:

1. Initialize dj o and dj .

2. For k =1,... until convergence:
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e Fluid (generalized Robin): find (ws, pas) € V5 x Qp, such that

¢ f
p?(uh,k — ’szfl, U%)Qf + a(wpk, v},) + b(Ph.k, v},) — b(gn, U k)

+ (P, qn) + %(Bhuh,ka ’02)2 = %(Bhah,kfla UZ)E

(3.31)
s . en—1 . S
- p?(dh,kq -d, 71'02) Osh a®(dp -1, ACZUZ)
\ - az(dh,k—la EZ'UZ) + Z(Ug),
for all (v}, qn) € V), X Qn.
e Solid (Neumann): find (dy,, dpx) € V3 x V35 such that
(. d _ dn—l
dyi = ek Th - b,
ps . en—1 .
= d _ d S s e d S v d S
- ( hk n s UL)asa +af(dpg, vy) + @) (dp g, v}) (3.32)

f
14 _
= s (Uh,k — uy 17 L:fzv?z)gf — a(upk, L:ZUZ)

= b(pnp: £405),
for all vj € V7.

For the sake of clarity, the strong form of the above iterative procedure is reported
in Algorithm [3.2]

Remark 3.3.11. Unlike traditional Robin based procedures (see, e.g., [3]), Algo-
rithm 1s parameter free. This is of fundamental importance in practice, since in-
appropriate choices of free Robin parameters are known to yield slow convergence or
even divergent behavior. Another key difference has to do with the interface operator
By, which here is not proportional to the identity (as usual). In fact, the underly-
ing structure of By, comes from the generalized Robin consistency at the space
semi-discrete level. In Section we will see that this guarantees the convergence
of the iterations. Moreover, the generalized-Robin condition is consistent as T tends to
zero whereas the consistency of the traditional Robin-Neumann coupling is only achived
with a thin solid domain.

3.4 Numerical analysis

This section is devoted to the numerical analysis of the generalized Robin-Neumann
methods introduced above in the framework of the linear coupled problem (3.1])-(3.3]).

The stability of the explicit coupling schemes ([3.19)-(3.20)) is the topic of Section[3.4.2]
In Section we address the convergence of the iterative procedure (3.31))-(3.32]).
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Algorithm 3.2 Partitioned Robin-Neumann iterations based on Algorithm

1. Initialize do|y; and o5(dy, do)n®|s.
2. For k= 1,... until convergence:

e Fluid: find uy, : QF x Rt — R? and p;, : QF x Rt — R such that

—

(uk - u”_l) —dive!(ug,pp) =0 in QF

SR

divup,=0 in Q)

o' (ug, pr)n' = h(t,) on T, (3.33)

o' (ug, pr)ng + %Bhuk = %Bhdk—l

—O'S(dk_l, dk_l)ns on .

e Solid: find dk BxRT — Rd and dk cOSxRT — ]Rd such that dk — (dk*dn_l)/T
and )

p—(dk — c'inil) + ozopsc.lk — dive®(dy, dk) =0 in ©F,
i

dk = 0, aldk =0 on Fd,

Us(dk,dk)ns =0 on I,

o*(di,di)n® = =o' (up,pr)n’ on 3.

(3.34)

3.4.1 Preliminaries

In what follows, the symbols < and 2 indicate inequalities up to a multiplicative

constant (independent of the physical and discretization parameters). We denote by
| les || < Ilvs I * [lv.n and || - ||s.» the norms associated to the inner-products a®, a”, a)

and (-, -)qs p, respectively.

Remark 3.4.1. The norms || - ||oo= and || - ||sn are equivalent in V75, uniformly in h
(see, e.g., [112, Chapter 15]). As a result, the same holds for || - ||v and || - ||v.n-

We consider discrete reconstructions,
Ly : V= V5, and Ly:V;, = V3,

of the elastic and viscous solid operators with respect to the lumped scalar product,
defined with the relations:

(Lyd, v})osn = a(d, v}), (LYdp, vS)asn = a), (dh, v}), (3.35)

for all (d, dy, v}) € V® x V3 x V. Moreover, there exists a positive constant [, such
that

ae<d’ d) < 5e||d||iﬂs7
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forall d € V3.

Lemma 3.4.1. If Ci,, denotes the inverse inequality constant (see, e.g., [39, Section
1.7]), we have the following estimates, valid for all v5 € V7 :

/8 11 /B in
ol < 2 2 il < (o0p” + o ) 3 3
Le S < 66 inv S Lv S < ﬁe inv 3 36
1L vk lle < =5 Mlville, 1L ville < { aop” +ar=3 | lvhllv,  (3.36)
Levs 2 < 56 inv s (12 LYvs 2 ﬁe rFeYinv 2
| hvhHo,Qs =2 V3 lle, | hvhHO,QS < |ap’+a; 72 o35
Proof. The proof uses the same arguments as in lemma [2.4.2 m

The next result states a fundamental property of the generalized Robin-Neumann
schemes that will be useful for the stability analysis of Section

Lemma 3.4.2. Let {(uﬁ,p’,ﬁj,dz,c'lZ)}wT be the sequence given by (3.19)-(3.20). For
n > r, there holds

ul = d) +; (Lz(d” d>*) + Li(d, — dy )) on %, (3.37)
and

P (0 uhavh) +a(up, v,) + b(pf, ;) — blgn, wp) + sn(ph, an)
+ p°(0- dh,vh) + a®(dl,v) + al(dy, v) = 1(vh), (3.38)
for all (vl v3) € Wy, and q, € Q.
Proof. Due to ([3.14)), the fluid step can be reformulated as

S

n n n n n p n
P (0, v ) oo + a(uhy, vh) + by, vh) = blan, wh) + sn(phy an) + — (Buug, vj)
= L (Budy " oh) + ), L)) + al (), Ljh) + (0], (3:39)

for all (v, qy) € V1 x Q) and n > r. Furthermore, by testing (f.12), with v} = L3¢,
(for €, € Ay ;) and using (3.10), we infer that

pS(BhﬁTc.iZ, &n)s +a’(dy th) +ay(dy, £3€))
—p' (0rup, L1E) o — alup, £1E,) — b(pi, £1,€,). (3.40)

Hence, taking (v}, q,) = (£5€,,0) in (3.39) and subtracting the resulting expression
from ([3.40) and since I(L€,) = 0, yields

IOS " n e/ qn m,x s vt U s
?(Bh(dh - uh)véh)z +a’(dy — d, L3€5) +ay(dy, —d,, L£3€,) =0,
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for all &, € As, and n > r. Equivalently, from (4.4) and (3.10)), we have

L Bu(d, —ul)+ ByLi(d} —d*) + ByLi(d, —d,") =0 on ¥,

T

for n > r. The identity - ) then results from the invertibility of the interface op-
erator By. At last, the relation (3.38) follows from (3.19) with v' = e Vf 5, and
adding the resulting expression to (3.20[). This concludes the proof n

Lemma shows that the explicit coupling schemes (3.19))-(3.20) are kinematic

perturbations of the implicit coupling scheme (3.30). Note that, owing to (3.37), we
en
do not have (u}},d,) € W/, in general. Note that the size of the perturbation (and

hence accuracy) depends on the time-step length, the discrete solid operators and the
extrapolations of the solid displacement and velocity. In the next section, the stability
of (3.19)-(3.20) is analyzed by investigating the impact of the perturbed kinematic
constraint 1-) on the stability of the underlying implicit coupling scheme.

By applying to (3.31)-(3.32)) the same arguments as in the proof of Lemma [3.4.2]
we can state the following result, which will be useful for the convergence analysis of

Section B.4.3

Lemma 3.4.3. Let {(uh’k,phvk, thc, dh,k)}k21
by (3.31)-(3.32). Then, for k > 1, there holds

4 . T . .
Upp = dp i + E (LZ(dh,k —dp-1)+ Ly(dpy — dh,k71)> on X,

-1
. dy, —d} ,
dy = =t h i Q8

T (3.41)
p?(uh,k —up ")) o + A, v},) + 0(Phk, v)) — b(an, W) + Sh (P dn)

S

. en—1
+ L (di = dy 0 g, + 0 (dr, 03) + 3 (i, 03) = 1(0])

be the sequence of approrimations given

\

Jor all (v, v5) € Wy, and g5 € Q.

3.4.2 Stability analysis of the explicit coupling schemes
For n > 0, we define the discrete energy of the fluid-structure system, at time ¢, as

o def p s L.
(2),Qf 5 liay (2)9 Iz 12,
Okl + 2 155+ 5]

and, for n > 1, the total d1ss1pat10n as
n n n— 1 mn mn—
Dy = iy — uy o+ = ||dh —dy o+ —lld —d; 2
+2u|| e(up) g o + 512, + 112,

1
where |p}|s, & (sh(pz,p;i))? The following result states the energy stability of the
explicit coupling schemes given by (3.19))-(3.20).
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Theorem 3.4.1. Assume that f' = 0 (free system) and let {(uz,pz,dz,c'lZ)} be

n>r

the sequence given by (3.19)-(3.20). The following a priori energy estimates hold:

o Schemes withr =0 orr =1:

Ep+71 Y Dy SEp, (3.42)
m=r—+1
forn >r.
e Scheme with r = 2:
Er+71 i D < exp () R (3.43)
m=3 - 1- T ’

for n >3 and provided that the following conditions hold
( We\ 2
T (Oéo—i-Ckl <ﬁ> ) <5,
We \ We \ 2 We \ 2 3.44
~ () =7 (%) (@0““ (%) ) < 4

Ty <1,

\

where we et Ciw/Be/p%, 0 <0 <1 and vy > 0.

Proof. The proof is based on the generalization of the arguments used in Chapter 2]
Let w} € V3 be given by

wi B+ (L ()~ di) + L, - 7)) (3.45)

Owing to (3.37), we have w?|s = ul|s. Thus, we can take (vi,v5) = 7(u}, w?}) and
qn = Tpy in (3.38), which yields

(lurllgar = lluh o + lluh — uh ™ 5ar) + 2p7lle(uh)lloor + TIphl<n

o=,

+ 7% (Ordyy, W) ., + Ta(dlt, wh) + Tal(dy, wh) = 0.

Furthermore, by inserting (3.45)) in this equality, using (3.35) and Remark we
get

Ep — Ep 4 7Dp 4 r(dy — dy LS (dy — di) + Ly(dy, — ")) e

L
2
T e _gn v re( gn Mm% L o Tx

N J/
-~

Iy
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Therefore, it only remains to control the terms /; and 5. We proceed by treating each
case separately, depending on the extrapolation order r.
(1) Scheme with r = 0. We have

e v P on
L > - HL o+ Lyd, |2, g!ldh Hsh,

,7_2
I = EHLe ht+ Lvthbha

for n > 1. Hence, by inserting these estimates into (3.46) and summing over m =
1,...,n, we get

EP 47 Z (D + Dy, S E (3.47)

m=1

for n > 1, and with the additional dissipation related to the splitting

m def T e gm v
0,spl = — HL d +L dh ”

The estimate (3.42)) with » = 0 follows from ({3.47).
(i1) Scheme with r = 1. In this case, we have

T en—1 - sn—1 on
b= T (12— 1 12 1, — 12 el —
2

T e v " e n— vyl
I = 2_ps <||Lh n Lhthz,h — |Lsdy~" + Ly, ||§h> .
Hence, from (3.46[), we infer that

Ep+ B!, +T Z Dy + D)) S Ei + Dy + D, (3.48)

m=2

for n > 2, and with the additional dissipation introduced by the splitting

def -n
Lspl = TQHthg,h HLe + Lvdh“sfw (3.49)
def n en—1
DY = 7'||dh ||e,h + Hdh —d, ||3h

Due to the initialization procedure, the estimate (3.42)) for » = 1 results from (3.48)

and (3.47) with n = 1.

(11i) Scheme with r = 2. For the first term, We have
21 4" en—1 9
I =7%||d);, - d, ||e,h
T on en—1 en—1 e n—2 on on—1 on—2
(=2 =l — I D —2d - d )
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for n > 3. The term I is split into three parts that we estimate separately:

3 3

Iy =at (Lidh,d, — &)+ (L, i (&~ 4, )),,

N J/ [\

Jy Js
7'2 v e n v yoyn en—1 e n—2

N

-~

J3

The first term is estimated, using (3.36]), as follows

T 562 1nv

pS

7'3 en en—1 n—l
Ji > _EHLZdZHGJLHdh —d, len = — Iy llenlldy — s

7_66

w P’ em -1
> -T2, - Ty - R,

Owing to the particular expression of the Rayleigh damping, the second term yields
the following telescoping series

S -3
P~ T on en—1 en en—1
T =L (12— N W20 + Nl — i 124
O{17' e e qn—1 e/ " en—1
+ = 20 (HL dh” — || Lyd, ||§,h+ | Ly, (d), — d, )th)

At last, using (3.36)) once more, for the third term we get

3

7' e an T v 92 T, °*n en—1 n—=2 9
Jy > — (ps) 5IIL,d H WHLhdh”v,h - ZHdh —2d, +d;, [,
3,2 2
2—2&(w+m“)hﬂ| (%+mi)u%n
T om en—1
- §Hdh —2d, + dh H\Z/h
By summing over m = 1,...,n and by applying the discrete Gronwall lemma, under

conditions (3.44)), we get the following bound, for n > 3,

a1 T

n _tny -2 o 7
Er +TZDZL < o(1255) (Eﬁ +7||d,, — thih +C¥073Hdh”§,h

m=3

HF%H)-
(3.50)

The estimate (3.43)) follows from (3.50]), whose right-hand side can be bounded using
the energy estimate ({3.47)) of the scheme with » = 1 and the stability condition (3.44]).
Hence, the proof is complete. O
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We conclude this section with a series of observations. Theorem guarantees
the added-mass free stability of the generalized Robin-Neumann schemes (3.19)-(3.20).
Unconditional stability is obtained for » = 0 and r = 1. Note that, in these cases, the
results are independent of the structure of the solid viscous bilinear-form a}. In fact,
only symmetry and positiveness are necessary. Therefore, the estimate remains
valid if, instead of a], we consider the original bilinear-form a" in (3.19)-(3.20)), without
mass-lumping approximation in the zeroth-order term.

Theorem shows also that the scheme with second-order extrapolation (r = 2)
and without solid damping (oy = a1 = 0) is conditionally stable under a 6/5-CFL
condition 7 = O(h%°). If solid damping effects are present, additional conditions are
required. In particular, for 5 # 0, stability is guaranteed under a parabolic-CFL condi-
tion 7 = O(h?), which enforces much more restrictive conditions on the discretization
parameters.

If conditions are not satisfied for the scheme with second-order extrapola-
tion, Theorem is not conclusive. We will see in the numerical experiments of
Section that numerical instabilities might appear in this case.

Remark 3.4.2. Similar estimates were obtained in Chapter[q for the original Robin-
Neumann schemes, in the case of the coupling with thin-walled structures. This shows
that the extension proposed in this chapter preserve their stability properties.

3.4.3 Convergence of the iterative solution procedure

This section is devoted to the convergence analysis of the iterative solution procedure

(3.31))-(3.32) towards the implicit coupling solution (3.30). The main result is stated

in the next theorem.

Theorem 3.4.2. Forn > 1, let (uy, pj, dy, dZ) be given by the implicit scheme (3.30)
and {(umk,ph’k, dp, 1, dh7k)}k>1 be the sequence of approrimations given by (3.31])-
(3.32). Then, there holds
(/)fHUZL — wnill} o + Pl — dnglld o + 1dy — dh,ng)
k=1
S iy = dnoll2 + 7lldno — dy2

2
T e/ qn v " -
+ EHLh(dh —dpo) + Ly(d), — dh,O)Hg,Qs' (3.51)

In particular, we have
1 1 . . "
(0)? llup — wnillogr + (0°)2 lldy — dngllogs + lld — dnlle -0

Proof. We introduce the following errors between the k-th iteration of (3.31])-(3.32)
and the n-th step of (3.30)):

def def def q def *n .
u ael n p aet g d det gn d del
€y = Wy — Unk, €hp = Ph —DPhks €hy = dy —dng, €, = dy, —dp.
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Since u?|s, = d, |5, the subtraction of (3.41) from (3.30) yields the following error
equation

( w c.l T e/ d d v l.i l.i
€ = €np T ” Ly (e, — €yy1) + Ly(ey, — €y q)) on X,

T (3.52)
(eﬁ,m 'UZ) o T aleq vy) + b€ ks v),) — b(qn, € ) + sn(€h 1> an)

pS o o
+ ? (eg,lw ’02)57}1 + ae(eg,ku ’UZ) + a‘f;(eg,lw ’UZ) =0

\

for all (v}, v) € W, and g, € Q.
We proceed by taking vf = T€l , dh = T@Q,k and

PR .
v, = Tehk +— e (Le( egk 1)+ Lh(ehkz eg,k—l)) ;

n ([3.52)3. Note that we do have (v}, v5) € W, thanks to (3.52);. We then get

§h + He?‘f,kHih

+ THeh kth + T(eh I (ehk eg,kq) + LX(Eg,k - e%,kﬂ))gs’h

J/

Pl

4
2
T e \' ; d
+ E(Lhehk + Lheh o Ly(en), —ef 1) + Li(ef ), — eg,k—ﬁ)mh <0. (3.53)

N

I
The last terms can be controlled following the same argument as in the proof of

Theorem with r = 1. Hence, using (3.52))2, we get

1
L= 5 (llefllen = leiilien + lle — eiillcs)

+ 2 (11efl2 = llefili2n + llet el il12)

I - W%% L2, - I e, + el |12,

L (e — e 1) + Li(ef - el )I12,)

The estimate (3.51) then follows by inserting this expressions into (3.53), summing
over k=1,...,00 and using Remark [3.4.1] This concludes the proof.
O

To the best of our knowledge, Theorem is the first result which guarantees
the convergence of a Robin-Neumann iterative procedure towards the implicit cou-
pling solution (3.30)). From the above proof, one can infer that the structure of the
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interface Robin operator (p°/7)Bj), is a fundamental ingredient in the convergence of
the iterations. Furthermore, for the initialization (dj o, dno) = (dZ_l,c.iZ_l), the es-
timate shows that reducing the time-step length 7 increases the convergence
speed of the iterations. This will be illustrated in Section through numerical
experiments.

3.5 The non-linear case

In this section, we formulate the generalized Robin-Neumann schemes of Section [3.3.3]
within a fully non-linear framework, involving a viscous incompressible fluid and
a thick-walled non-linear structure. The fluid is described by the incompressible
Navier-Stokes equations in ALE formalism and the structure by the non-linear (visco-
Jelastodynamics equations.

3.5.1 The non-linear coupled problem

Let Q = QU Q® be a reference configuration of the system. The current configuration
of the fluid domain, Qf(¢), is parametrized by the ALE map A = I, +d; as Qf(t) =
A(QF 1), where d' : Qf x Rt — R? stands for the displacement of the fluid domain. In
practice, d' = Ext(d|y;), where Ext(-) denotes any reasonable lifting operator from the
(reference) interface ¥ into the (reference) fluid domain Qf. The strong form of the non-
linear fluid-structure problem reads as follows: find the fluid velocity w : Qf xRt — R,
the fluid pressure p : Qf x R* — R, the structure displacement d : Q% x R* — R? and
the structure velocity d: 0 x RT — R? such that

( p'0)| 4w + p'(u — w) - Vu — dive'(u,p) =0 in Qf(2),
divu =0 in Qf(t), (3.54)
\ o' (u,p)n’ = f"
( p°0id + app’d — divII(d,d) =0 in
d=08d in

on I,

d=0,a;,d=0 on I (3.55)
L II(d,d)n* =0 on I
d' = Ext(d]s), w=0d on Q
u=w on X(t), (3.56)

| TI(d,d)n° = —Jo'(u,p)F~"'n' on %,

where 0;| 4 represents the ALE time derivative, F' ' ¥ A the fluid domain gradient

of deformation and J & det F' the Jacobian. As usual, a field defined in the reference
fluid domain, QF, is evaluated in the current fluid domain, Qf(¢), by composition with

A1),
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In (B.55), the stress tensor TI(d, d) is defined by the relation TI(d, d) ©rd) +
oy elyd, where 7(d) denotes the first Piola-Kirchhoff tensor of the structure (related
to the displacement d through an appropriate constitutive law) and =/, stands for
Fréchet derivative of 7 at d. Physical damping in the solid is hence described through
the Rayleigh-like term agpd — aldiv(ﬂ'iic'i) in (3.55)1, with ap, &y > 0. In other words,
the viscous contribution is proportional to a linearization of the elastic part.

3.5.2 Explicit coupling schemes

The proposed fully explicit coupling schemes combine the explicit treatment of the
interface geometrical compatibility (3.56); with the following Robin-Neumann time-

Algorithm 3.3 Generalized Robin-Neumann schemes (non-linear version).
For n > r:

1. Fluid domain update:
d'" = Ext(d" Vg), w"=0,d", A" E Ig+d, 0t AT(Q)
and we set F" = VA" and J" = det F".
2. Fluid step: find u™ : Q x RT — R? and p" : @ x RT — R such that

pfaT\Au" + pf(uT“1 —w")-Vu" — divaf(u",p”) =0 in Qf’n,
0 in O

o' (u,p")n' = f'(t,) on T,
n

divu" =

3. Solid step: find d” : Q5 x Rt = R and d" : QO x Rt — R? such that
( pSaTd" + aopsdn —divII" =0 in Q°,

d=0.d", TI" def w(d") + alﬂ:;ln,l((.in) in Q°
da’ =0, ad" =0 on rd,
II"n®*=0 on I,

H”nsz—J"o-f(’u”,p")(F”)_Tnf on X.

stepping of the interface kinematical /kinetic coupling (3.56))2,3 on X:
Jno_f(un7pn)(Fn)—Tnf + p_Bhun _ p_Bh (&n,1 X TaT&n,*> B an*ns7
T T
I"ns = —Jndf(un,pn)(Fn)_Tnf7
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derived from the arguments introduced in Section [3.3.3] The solid stress tensor is given
-n

" w1(d ), which involves a semi-implicit treatment

by the expression TI" % m(d")+arml,

of the viscous contribution.

The resulting time-marching procedures are detailed in Algorithm and will be
used in some of the numerical tests in the next section. It should be noted that the
computation of the extrapolated solid strain could be replaced by a fluid residual as
detailed in remark B.3.7

3.6 Numerical experiments

In this section, we investigate through numerical experiments the properties of the
explicit coupling scheme introduced above. Several fluid-structure interaction examples
from the literature have been considered. Section presents a convergence study
in 2D, using the linear model problem (3.1))-(3.3)). Numerical results based on the non-
linear model (3.54)-(B.56), with a Saint Venant-Kirchhoff constitutive law for the solid
and 3D geometries, are presented in the subsequent sections.

3.6.1 Numerical study in a two-dimensional test-case

The first example is the popular two-dimensional pressure-wave propagation bench-
mark (see, e.g., [3]). We consider (3.1)-(3.3) with Q' = [0,L] x [0, R], Q° = [0, L] x
[R, R+¢€|, L =6, R =0.5and € = 0.1. All the units are given in the CGS sytem. At the
fluid boundary = = 0 we impose a sinusoidal pressure of maximal amplitude 2 x 10*
during 5 x 1072 time instants, corresponding to half a period. Zero traction is enforced
at r = 6 and a symmetry condition is applied on the lower wall. Transverse membrane
effects that appear in axisymmetric formulations are included through an additional
zero-th order term cod in the solid equation 1. The solid is clamped at its extremi-
ties and zero traction is enforced on its upper boundary. The fluid physical parameters
are given by p' = 1 and p = 0.035. For the solid we have p* = 1.1, L; = 1.15 - 105,
Ly =1.7-105 ¢y = 4-10% app® = 1073, oy = 1073, All the computations have been
performed with FreeFem-++ (see [70]).

For illustration purposes, we have reported in Figure a few snapshots of the
pressure field obtained using Algorithm with r = 1, 7 = 10~* and h = 0.05. The
fluid and solid domains have been displayed in deformed configuration (amplified by a
factor 10). The numerical solution remains stable, as predicted by Theorem and
a propagating pressure-wave is observed.

3.6.1.1 Accuracy of the explicit coupled schemes

We first compare the interface vertical displacement obtained with Algorithm (r=
0 and r = 1) and the implicit scheme for h = 0.05 and 7 = 1074, 5- 1075, 2 - 1075.
A reference solution has been generated using the implicit scheme and a high grid
resolution (7 = 107% h = 3.125 - 1073). The corresponding results are reported in
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Figure 3.1: Snapshots of the fluid pressure and solid deformation at ¢t = 4-1072, 91072 and
15- 1073 (from top to bottom). Algorithm [3.1] with » = 1, 7 = 10~* and h = 0.05.

Figure [3.2] We can clearly observe that the extrapolation order r has a major impact
on the accuracy of Algorithm as suggested by . The choice r = 0 yields
a very poor accuracy, while for r = 1 seems to be only slightly less accurate than
the implicit scheme. Accordingly with , as the time step 7 tends to zero, the
numerical solution obtained with » = 1 reaches the implicit coupling solution.

The results of Algorithm with 7 = 2 are not reported in Figure |3.2| since the
scheme is unstable for the set of physical and discretization parameters considered. The
stability condition ({3.44)) is very restrictive in this case (parabolic-CFL condition). In
order to provide a global overview of all the variants (including the case r = 2) we
propose to switch off the solid damping (i.e., o = oy = 0). According to Theorem [3.4.1]
this yields a weakened 6/5-CFL stability condition. The results obtained with 7 =
2-107° and h = 0.05 are reported in Figure Once more, for r = 0 we get a very
poor approximation. Algorithm with 7 = 1 and r = 2 yields practically the same
solution as the implicit scheme. This suggests that, in this case, the magnitude of the
kinematic perturbation introduced by the splitting is lower than the remaining
time and space error contributions.

We now investigate the impact of the spatial discretization on the size of the kine-
matic perturbation . For this purpose, we present in Figure the results ob-
tained with 7 = 107 and h = 0.025. By comparing with Figure (a) we see that,
for a fixed time-step length, the accuracy of Algorithm deteriorates under spa-
tial refinement. This behavior is even more striking in Figure where we report
the vertical displacement obtained for several values of h (and 7 = 107* fixed). This
clearly indicates a non-uniformity in A of the truncation error induced by the kinematic
perturbation (3.37)).

In order to provide a complete insight on the accuracy of the schemes, Figure (a)
presents the convergence histories of the solid displacement relative energy error at
time ¢t = 1.5 - 1072 obtained with Algorithm and the implicit coupling scheme, by
refining both in space and in time under a hyperbolic-CFL constraint (7 = h/200).
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Figure 3.2: Interface vertical displacement at time ¢ = 1.5 - 1072, with h = 0.05 (damped

solid, 8 = 1073).

The variant with » = 0 is unable to show a convergent behavior towards the reference
solution. On the contrary, the scheme with r = 1 shows a convergence rate between
% and 1. The superior accuracy of the the implicit scheme is clearly visible, for which
we recover the expected first-order optimal rate. Note that Algorithm [3.1] with r» = 1
yields convergence under the standard hyperbolic-CFL constraint (without the need
of corrections iterations). This is a significant progress with respect to the stabilized
explicit coupling scheme reported in [18], for which convergence demands strengthened

CFL conditions (see [42] 21]).

In Figure (b)7 we report the convergence histories obtained under a parabolic-
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Figure 3.3: Interface vertical displacement at time ¢
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Figure 3.4: Interface vertical displacement at time ¢t = 1.5 - 1072 for 7 = 10~* and h = 0.01.
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Figure 3.5: Interface vertical displacement at time ¢t = 1.5 - 1072, Algorithm with r =1

and 7 = 10~

CFL constraint (7 = h%/100) and without damping in the solid (ap = a; = 0). In

this case, the explicit variant with r =

0 shows a convergent behavior, with a rate

between % and 1. A superior convergent behavior is observed for the explicit schemes
with 7 = 1 and r = 2 and the implicit scheme, which yield practically the same rate.
In view of the results reported in Figure [3.6] we postulate the following rates for
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(a) 7 = O(h) and damped solid. (b) 7 = O(h?) and undamped solid.

Figure 3.6: Convergence history of the solid displacement relative energy error at time t =
1.5-1072

the consistency of the kinematic perturbation (3.37)):
o r=0: O((T/h)%);
or=1: O(T/h%);
o 7 =2: O(7%/h3).

It is worth noting that the factor h™3 is not present in the original Robin-Neumann
explicit schemes of Chapter [2| (see also [44]), in the case of the coupling with a thin-
walled structure.

3.6.1.2 Partitioned solution of implicit coupling

In this section we investigate numerically the convergence properties of the (parameter
free) iterative procedure given by Algorithm Figure [3.7] reports the mean number
of iterations per time-step needed to simulate the wave propagation until t = 5- 1073,
for different values of 7, h, p°, Young Modulus F and domain length L. We compare the
performance of Algorithm [3.2]with the standard Robin-Neumann procedure introduced
in [98], using the Robin coefficient o = p°¢/T + ¢o7 proposed therein. The iterations
are initialized from the data of the previous time-step.

Both procedures yield a similar behavior with respect to the solid density and the
domain length (see Figures [3.7[(a)-(b)). Figures [3.7(c)-(d), on the contrary, show that
Algorithm is much less sensitive to 7 and E than the standard Robin-Neumann
procedure. In fact, as suggested by the error estimate of Theorem [3.4.2] reducing 7
enhances the convergence speed of Algorithm This can also be explained in terms
of the kinematic relation ([3.41))1, since the size of the perturbation is proportional to
TFE /p°. Note that the convergence of the standard Robin-Neumann method degrades as
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Figure 3.7: Sensitivity of the convergence speed of the iterative procedure to the physical and
discretization parameters.

T goes to zero. This behavior is also highlighted by Figure |3.8] where we have reported
the relative error per iteration for different values of 7.

In line with the non-uniformity in h observed for the accuracy of Algorithm
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Figure 3.8: Relative error on the interface against the number of sub-iterations for the Robin-
Neumann scheme and the corrected scheme with h = 0.1.

relative error at the interface

number of iteration

in Section the convergence of Algorithm degrades as h goes to zero (T
fixed), as shown in Figure [3.7)(e). Finally, Figure [3.7(f) shows that under a parabolic-
CFL condition, the standard Robin-Neumann method losses convergence, whereas the
proposed Algorithm keeps a reduced number of iterations.

3.6.2 Pressure wave propagation in a straight tube

We consider the example proposed in in [59] (see also [60, Chapter 12|). The fluid-
structure system is modeled by the non-linear coupled problem (3.54)-(3.56). The
fluid domain is a straight tube of radius 0.5 and length 5. All the units are given in the
CGS system. The vessel wall has a thickness of 0.1 and is clamped at its extremities.
The physical parameters for the fluid are p' = 1 and i = 0.035. For the solid we have
p* = 1.2, Young modulus E = 3 x 10° and Poisson’s ratio v = 0.3. The overall system is
initially at rest and an over pressure of 1.3332 x 10% is imposed on the inlet boundary
during the time interval [0,0.005]. The fluid and solid equations are discretized in
space using continuous Py finite elements (a SUPG/PSPG stabilized formulation is
considered in the fluid).

In Figure 3.9 we have reported some snapshots of the fluid pressure and solid
deformation (amplified by a factor 10) obtained with Algorithm (r = 1) and
7 = 107 A stable pressure wave propagation is observed. The impact of the solid
damping (ap = 1, oy = 107?) is noticeable.

For comparison purposes, Figure reports the interface mid-point displacement
magnitudes obtained with Algorithm and the implicit coupling scheme. Algo-
rithm with 7 = 1 yields a stable numerical solution in all the cases considered,
which confirms the unconditional stability stated in Theorem [3.4.1] As regards ac-
curacy, the scheme retrieves the overall dynamics of the solution provided implicit
method, particularly, with the smallest time-step lengths. A phase mismatch is clearly
visible with 7 = 1074
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Figure 3.9: Snapshots of the fluid pressure and solid deformation at ¢ = 0.003, 0.007, 0.012
(from left to right) obtained with Algorithm (r=1)and 7 =104

Algorithm with r = 0 yields either a poor approximation or instability at the
level of the inlet boundary. The accuracy issue was already observed in Section |3.6.1.1
with a linear problem. Numerical investigations (not reported here) indicate that the
instabilities are the result of an intricate interaction between the low-order perturba-
tion of the kinematic constraint, the non-linearity of the fluid equation and the natural
character of the inlet boundary conditions. This explains the discrepancy with the sta-
bility result of Theorem [3.4.1] (linear case) and the fact that the spurious oscillations
are not visible in Figure [3.10| (interface mid-point displacement).

Figure points out the restrictive time-step restrictions required by Algo-
rithm with » = 2. A stable numerical approximation is observed only in the case
without solid damping and for the smallest time-step length. This confirms the hybrid
hyperbolic/parabolic characteristics of the stability condition in Theorem [3.4.1]
Though unstable, the high-order perturbation of the kinematic constraint introduced
by the explicit scheme with r = 2 is clearly visible in Figure [3.10{a).

3.6.3 Cantilever test problem

In this example we consider the two-dimensional benchmark proposed in [114], de-
scribing the flow of a fluid around a cylinder with an attached elastic structure. The
fluid-structure system is modeled by the non-linear coupled problem —. The
reader is referred to [I114] for the complete description of the geometry. The fluid and
solid are supposed to be initially at rest. A parabolic velocity profile is imposed on the
inlet boundary. The mean inflow velocity is denoted by U. The physical parameters for
the fluid are p' = 10%, p = 1073 and U = 2 (i.e., Re= 200), while for the solid we have
p*=10% E =5.6-10% v = 0.4 and oy = a; = 0 (undamped solid). All the units are
given in the SI system. Among the test-cases proposed in [I14], this physical setting
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Figure 3.10: Interface mid-point displacement magnitudes obtained with the implicit coupling
scheme and Algorithm [3.3] Left: undamped solid (g = ay = 0). Right: damped solid (g = 1,

a1 =1073).

(termed FSI3 in [114]) is the most difficult from the point of view of the added-mass

S

effect issues (p° = pf).

The simulations are performed in three-dimensions, by imposing symmetry con-
ditions along the extrusion direction. The fluid and solid equations are discretized in
space using continuous Py finite elements (a SUPG/PSPG stabilized formulation is
considered in the fluid). The time-step length is 7 = 107 and a total number of 86912
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Figure 3.11: Fluid velocity magnitude and solid deformation at t = 9.65, 9.722, 9.848 and 10
(from left to right and top to bottom) obtained with Algorithm (r=1).
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Figure 3.12: Vertical displacement at an interface node obtained with the implicit coupling
scheme and Algorithm (3.3| (7 = 1073).

and 1830 degrees-of-freedom is considered, respectively, for the fluid and the solid. This
is among the coarsest space-time resolutions considered in [114]. For illustration pur-
poses, some snapshots of the fluid velocity magnitude and solid deformation obtained
with Algorithm [3.3](r = 1) are reported in Figure[3.11} A stable solution involving pe-
riodic self-excited oscillations of large amplitude is observed. The oscillating structure
generates a periodic vortex pattern that is advected along the channel.

Figure |3.12| reports the interface mid-point displacement magnitudes obtained with
Algorithm (r =0 and r = 1) and the implicit coupling scheme. The poor accuracy
of the explicit coupling scheme with » = 0 is striking. On the contrary, the solution
obtained with r = 1 is practically indistinguishable from the one provided by the im-
plicit coupling scheme. This enhanced accuracy, with respect to the results reported in
Section |3.6.2] can be explained by the fact that increasing the solid density reduces the
impact of the kinematic perturbation in . Numerical investigations (not reported
here) showed that, for this set of discretization parameters, Algorithm with r =2
is unstable and that smaller time-steps are needed for stability.
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3.6.4 Damped structural instability

We consider an adaptation of the balloon-type fluid-structure example proposed in [80].
A curved fluid domain is surrounded by two structures with different stiffness (see

1 8 1

Figure 3.13: A bended fluid domain surrounded by two structures.

Figure . Both structures are fixed on their extremities. A parabolic velocity profile
is prescribed on the left and right inflow boundaries, with maximal magnitudes 10 and
10.2, respectively (to avoid perfect symmetry). All the units are given in the ST system.
Zero velocity is enforced on the remaining fluid boundaries. The fluid-structure system
is modeled by the coupled problem (B.54)-(3.56). The fluid is loaded with the volume
force f = (0,—1)T. The fluid physical parameters are given by p' = 1.0 and pu = 9,
while for the top and bottom (undamped) structures we have p* = 500, Eyp, = 9- 10,
Foottom = 9-107, v = 0.3 and oy = o; = 0. The simulations are performed in three-
dimensions, by imposing symmetry conditions along the extrusion direction. The fluid
and solid equations are discretized in space using continuous P; finite elements (a
SUPG/PSPG stabilized formulation is considered in the fluid).

It is well known that this type of problem cannot be solved via standard Dirichlet-
Neumann partitioned procedures, since (at each iteration) the interface solid velocity
does not necessarily satisfy the compatibility condition enforced by the incompress-
ibility of the fluid (unless directly prescribed in the structure [80]). Algorithm |3.3
circumvents this issue in a natural fashion since the generalized Robin condition on
the fluid removes the constraint on the interface solid velocity.

Figure [3.15]shows the fluid velocity magnitude snapshots and the solid deformations
at different time instants, obtained with Algorithm 3.3| (r = 1) and a time-step of
7 = 0.005. As in Chapter [2[ and [80] 56], the deformation is first mainly visible in the
upper (more flexible) structure and then the lower structure buckles. In Figure we
have reported the interface mid-point displacement magnitude of the bottom structure
obtained with Algorithm [3.3] (r = 0 and » = 1) and the implicit coupling scheme,
for 7 = 0.005 and 7 = 0.0025. The results of Algorithm with » = 2 are not
reported in Figure due to the lack of stability, smaller time-steps are required.
The poor accuracy of the explicit coupling scheme without extrapolation r» = 0 is, once
more, striking. The excess of mass-loss across the interface induced by the low-order
perturbation of the kinematic coupling prevents the buckling of the bottom structure.
On the contrary, the implicit scheme and Algorithm with » = 1 predict the collapse
of the bottom structure for all the values of 7 considered. The better accuracy of the
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Figure 3.14: Snapshots of the fluid velocity and solid deformation at ¢t =
0.5, 1.15, 1.65, 1.9, 2.4, 2.5, 3.25, 3.75 (from left to right and top to bottom). Algorithm
with » = 1 and 7 = 0.005.

~
~
)
®

implicit scheme with respect to Algorithm [3.3] with r = 1 is visible for the largest
time-step length.

3.7 Conclusion

In this chapter, we have proposed a generalization of the explicit Robin-Neumann
schemes introduced in Chapter [2| to the case of the coupling with thick-walled struc-
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Figure 3.15: Interface mid-point displacement magnitudes of the bottom structure obtained
with the implicit coupling scheme and Algorithm [3.3]

tures. The schemes are based on the following ingredients:

e Generalized notion of interface Robin consistency, using a mass-lumping approx-
imation in the structure (Section (3.3.2));

e Implicit treatment of the sole interface solid inertia within the fluid;
e Appropriate extrapolations of the interface solid velocity and stress.

The second guarantees added-mass free stability (Theorem , while the third en-
ables the staggered fluid-solid time-marching in a genuinely partitioned fashion.

Though the proposed extension retains the main stability properties of the original
explicit Robin-Neumann schemes (proposed in [44] and Chapter, numerical evidence
suggests that their optimal (first-order) accuracy is not necessarily preserved. Indeed,
the order of the kinematic perturbation induced by the splitting is expected to be
O((r/h)2), O(r/hz) or O(72/h?), depending on the order r = 0, 1 or 2 of the extrap-
olations. The factor h~2 seems to be intrinsically related to the thick-walled character
of the structure. The full convergence analysis of these methods will be the topic of
the next chapter.

The comparison of the different methods has shown that the best robustness is
obtained with the first-order extrapolation (r = 1). A salient feature of this scheme
is that it simultaneously yields unconditional stability and convergence under a stan-
dard hyperbolic-CFL constraint. Furthermore, overall first-order accuracy is expected
under a strengthened 3/2-CFL constraint, 7 = O(h2), without the need of correction
iterations.

The schemes have been interpreted as a single iteration of a new, parameter free,
Robin-Neumann iterative procedure for the partitioned solution of implicit coupling.
The convergence of this iterative method has been established (Theorem [3.4.2)). Nu-
merical evidence has confirmed that, unlike standard Robin-Neumann approaches,
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reducing the time-step length increases the convergence speed of the proposed itera-
tions.



CHAPTER 4

Convergence analysis of the generalized
Robin-Neuman explicit coupling schemes

The results presented in this chapter lead to the manuscript [54]: M.A. Fernandez,
J. Mullaert. Convergence analysis for a class of explicit coupling schemes in
incompressible fluid-structure interaction. Submitted for publication.
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4.1 Introduction

This chapter is devoted to the a priori error analysis of the generalized Robin-Neumann
methods introduced in Chapter [3] The methods are formulated within a class of op-
erator splitting schemes which treat implicitly the coupling between the fluid and the
solid inertia contributions. This guarantees energy stability. A priori error estimates
are derived for all the explicit and semi-implicit variants using energy arguments.
The analysis predicts an (’)(h_%) perturbation in the splitting error, confirming
the numerical results reported in Chapter |3 The analysis also shows that this per-
turbation is exclusively related to the thick-walled character of the structure, through
the non-uniformity of the discrete viscoelastic operator, and not to the mass-lumping
approximation in the solid. This point is evidenced via numerical experiments as well.
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We show, in addition, that splitting methods reported in the literature (e.g., [14]) also
suffer from this accuracy issue.

The analysis proposed represents, to the best of our knowledge, the first theoretical
convergence result for a explicit coupling scheme with a thick-walled structure. Though
the proof of the error estimate follows the main steps of Section (Chapter [2)), the
thick-walled nature of the solid and the mass-lumping approximation make the analysis
more intricate. In particular, a special care is needed in the design of the fluid and
solid velocity projectors, depending on the presence or not of second-order terms in
the solid viscous damping (i.e., oy > 0 or ag = 0).

The remainder of this chapter is organized as follows. Section presents the
different coupling schemes. Section is devoted to the error analysis of the methods.
A short numerical study complementing Section is reported in Section [£.5] Finally,
a summary of the conclusions is given in Section [4.6]

4.2 Numerical methods

This section is devoted to the numerical approximation of the coupled problem (3.5)),
that we recall here for the sake of completeness: for t > 0, find (u(t),d(t)) € W,
p(t) € Q and d(t) € V* such that

C.i - atd7
' (O, 'vf)Qf + a(u, v") 4+ b(p,v') — b(q, u) (4.1)
T (@i v, + a(d ) + (@ ) = 1o,

for all (v!,v®) € W and ¢ € Q. The key feature of the methods analyzed is that they
provide different degrees of splitting between the computation of the fluid and the
solid. We recall the family of schemes introduced in Chapter [3| (Algorithm and a
variant (Algorithm [4.1) with less degree of splitting between the computation of the
fluid and the solid. The error analysis of these methods (Algorithms [4.1] and will
be topic of Section [4.3] Finally, we review some alternative splitting schemes that can
be found in the literature (Algorithm [4.3] see [14]).

The spatial semi-discrete finite element approximation of the coupled problem (4.1})
is recalled in Section Section presents the time discretization and the dif-
ferent fluid-solid time splitting schemes.

4.2.1 Spatial semi-discrete approximation

As in Chapter [3| we consider a finite element approximation in space based on contin-
uous piece-wise affine functions. The corresponding finite element spaces are denoted
by VI c VI, Q. Cc Q, V5 C V®, where the subscript h > 0 indicates the level of
spatial refinement. Since the fluid velocity /pressure pair VfI /Qy, fails to satisfy the inf-
sup condition (see, e.g., [39]), we consider a symmetric pressure stabilization method
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defined by a non-negative bilinear form, s, : @, x @, — R entering, for instance,
the abstract framework of [I7]. We define the semi-norm |gy|s, def /$n(qn, qn) for all
qn € Q.

Furthermore, we assume that the fluid and solid discretizations match at the inter-

face, that is,

def

Ag’h = {’UHZ /’Ug € VZ} == {’Umg /’UZ € VZ} (42)

¢ def def

and we set Vi, = {v} € V) /ol|s =0}, V5, = {v} € V5 /vj|s =0} and

def S S S
W, = {(v),,v;) € Vi, x V3, [vj|s = vils}
We will consider the standard solid-sided and fluid-sided discrete lifting operators,
‘Cz : Ag,h — V?L, [«2 : Ag’h — V;,

defined for all &, € As, such that the nodal values of £3&,, L} €, vanish out of X
and that (L£3€,)s = (L£}.€,)]s = &

In what follows, the symbol (-,-), designates either the standard inner-product
(-, )os in L?(Q®), or its lumped-mass approximation (-, -)os 5 (see, e.g., [78, Section 2.3]
and [I12] Chapter 15]). We also set

aY(dn, v}) = agp*(dp, ). + a1a®(dy, v5) (4.3)

for all dy,v; € V3 and with a® defined by (3.6);. We denote by || - v« and | - ||« the
norms associated to the inner-products aY and (-, -),, respectively.

Remark 4.2.1. We recall that the norms || - oo and || - ||« are equivalent in V73,
uniformly in h (see, e.g., [112, Chapter 15]) and the same holds for ||-||v and ||-||y .. We
will use the symbol < to indicate an inequality written up to a multiplicative constant
(independent of the physical and discretization parameters). In such inequalities and
for the sake of simplicity, we will only use the norms || - |lo.qs and || - ||+

We consider the discrete reconstructions Ly : V® — V3 and L] : V; — V73 of the
elastic and viscous solid operators, defined through the relations:

(de’ ’UZ)* =a’ (d7 /UZ)a (dehva)* = a:j (dhva)a (44)

for all (d,dy,vs) € V® x V35 x V5. We will also make use of the interface operator

By : As), — Asy, defined by By, & (£3)'C5, where (£3) stands for the adjoint

operator of £} with respect to the lumped-mass inner product in V7. Notice that the
interface operator By, is self-adjoint, positive, definite and diagonal with respect to the
finite element basis of Ay j. In order to simplify the presentation, we use the notation
B, v} instead of By (vj|y) for v5 € V3.
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The space semi-discrete formulation of problem (4.1)), including a possible mass-
lumping approximation in the structure, reads therefore as follows: for all £ > 0, find

(un(t), di(t)) € W, pa(t) € Qp and dy,(t) € V3, such that
dy = O;dy,
' (Oyun, vh) + a(uy, v) 4 b(pp, v)) — b(qn, wn) + sn(pn, qn) (4.5)
+p (8tdh,'vh)* + a®(dp, V) + a¥(dp, v}) = [(v})

for all (v, v5) € Wy, and g, € Qp.

4.2.2 Time discretization: coupling schemes

This section is devoted to the discretization in time of (4.5)). In the succeeding text,
the parameter 7 > 0 stands for the time-step length, ¢, o nt, for n € N, and

Oy (z" —a"~1) /7 for the first-order backward difference. The symbol z™* denotes
the r-th order explicit extrapolation of the quantity x (that can be either d, d, u or p):

0 if r=0,

def _ .
g = gt if r=1,

2" — "2 if =2,

4.2.2.1 Generalized Robin-Neumann explicit coupling schemes

Basically, the explicit coupling schemes introduced in Chapter |3| are based on an in-
terface Robin consistency that can be recovered from the space semi-discrete
formulation after a mass-lumping approximation in the structure.

Here, we propose an alternative way to derive the same coupling schemes (in the
spirit of [53]) based on operator splitting. The main benefit of this new approach is
that the mass-lumping approximation remains optional and that it highlights the role
of the mass-lumping approximation on the explicit nature of the coupling scheme.
Basically, we consider the following fractional-step time-marching of (4.5)): for n > 1,

1
1. Find (u?,d, °) € W), and p} € Q, such that

(8 uhvvh) + a(uy,v),) + b(py, v}) — blgn, up) + sn(py, an)
2 S p n Lo e[ Jnx .S vigvr s
+?<dh 7”h)*:l('vg) ?( Uh)*_a (d,",vy) —a(dy, ,v3,)
(4.6)
for all (v, v5) € Wy, and for all ¢, € Q.
2. Find (d},d,) € V3 x V3 such that

dh — aTdZ,

S um o enol . (4.7)

Pdy = d7 )+ af(dy — d* vl + al(dy — " o) =0

T
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for all vj, € V7.

Note that step introduces and additional unknown, the intermediate solid ve-

locity dh 2, Wthh is implicitly coupled to the fluid through the solid inertial term.
Hence, step implicitly treats the solid inertia within the fluid. The remaining
solid viscoelastic contributions are treated explicitly in (4.6) via extrapolation. The
end-of-step solid velocity dz is obtained by solving the solid correction step . The
implicit treatment of the solid inertia in guarantees (added-mass free) stability,
while the extrapolation of the solid viscoelastic terms introduces a certain degree of
splitting between the computation of the fluid and of the solid.

Algorithm 4.1 Semi-implicit coupling scheme (without solid mass-lumping).

For n > r,

1. Fluid with solid inertia step:

en—1
Find (uj, d, ?)e W, and P € Qp such that

Pr(Oruft, v}) or + alufy, v) + b(p, v]) — blan, uft) + su (P} an)
&S(a;j‘%,v;)gs = ”;(dz* +70rd” V) o (4.8)
+ 0 (Orup ™, LG} o + alup™, Lv) + b(pp™, Llv),) + [(v),)
for all (v%,vi) e Wy, and q, € Qp.
2. Solid step (Neumann):

Find (d,d}) € V3 x V3 such that
d, = .d},
p°(0rdyy, w5 )os + a(df, v) + a(dy, v3) (4.9)

=P (8 uh7£hvh)Qf - (uh7['h'vh) b(Pmﬁhvh)

for all v} € V3.

The correction step (4.7)) can be reformulated as a standard solid (Neumann) prob-

lem by eliminating the quantitites (d, : ,dp, d,”). Indeed, by taking vl = Llv3 and
gn = 0 in (4.6) and by adding the resulting expression to -2, we get

p*(0-dy,, v3), + a(dy, v}) + al(dy, v}) = — p' (Druy, £103) o

(4.10)
— a(uy, ‘Chvh) — b(pp, Lh”h)

for all v; € V7. Furthermore, for n > r, the extrapolated solid viscoelastic contribution
in (4.6) can be eliminated thanks to (4.10) at the time levels n — 1,...,n — r, which
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yields

_ae(dZ’*a'UZ) - G/I(dh7 7,02) = S(a dh7 ,'Uh) + Y (a uz*ﬂchvh)
+a(uy™, Lyvy) + b(py™, £v},)
for all (vf,v5) € W,
Algorithm presents the resulting time-marching procedure without the mass-
lumping approximation in the solid. It should be noted that this coupling scheme is

not explicit (it is semi-implicit), since the fluid sub-problem has the same size than the
original coupled problem (4.5)). On the contrary, if mass-lumping is considered in the

en—1

structure, the contributions of the solid intermediate velocity dZ * can be rewritten

exclusively in terms of the interface fluid velocity u}|s. Indeed, from Lemma and
1

since ul’ls = d, 2|y, it follows that

= s,,S “n—3 s n
(dh 27 h,vh)QsJL = (Bhdh 2,’0}1)2 = (Bh’u’havz)z
for all (v, 'vh) € W, In other words, after solid mass-lumping, the intermediate solid

velocity dh disappears from the computation and, therefore, the coupling scheme
becomes explicit. The resulting solution procedure corresponds to (3.19)-(3.20)) (with
the variant of Remark [3.3.7) and it is recalled in Algorithm [4.2]

Algorithm 4.2 Generalized Robin-Neumann explicit coupling schemes (from Chapter (3).

For n > r,

1. Fluid step (generalized Robin): find (ull,p) € V} x Qp, such that

P (Oruf, v)) o + a("mvh) + b(phavh) b(qn, up) + sn(ph>an)

+ —(Bhuh,vg) (Bh(dh Lroedy”), vl (4.11)
+p (3 up”, Ehvh)gf + a(u,” 7£hvh) +b(p” 7£hvh) + l(“i)
for all (vh,qn) € VI x Qp.
2. Solid step (Neumann): find (dj,d}!) € V3 x V3 such that
C.ih — a»,-dz,
0 (00, 03 )+ a*(df, 03) + af (v} (4.12)
= —p'(0- uh?‘c’hvh)ﬂt — a(ujy, L,v5) — b(ph, L},v5)

for all v} € V3.

Remark 4.2.2. Algorithms[].1] and[{.9 are essentially the same coupling scheme: they
only differ on the discrete treatment of the inner-product (-,-)gs.
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Remark 4.2.3. Algorithms and [4.9 are multi-step methods for r > 0, meaning
that an initial condition (u), d;, dg) s not enough to initiate the time marching. In the
case r = 1, we propose to obtain (u,ll,d,ll, d;ll) with one step of the scheme with r = 0.
Similarly, the scheme with v = 2 is initialized by performing one step of the scheme
with r = 1.

We begin with following fundamental property of Algorithms [4.1]and [4.2} they are
nothing but interface kinematic perturbations of an implicit coupling scheme.

Lemma 4.2.1. Let {(uz‘,pz,dz,db} be the sequence given by Algorithm or
[4.3 For n > r, there holds

n>r

ul = d, + ; (L;(d;; —di*) + Ly(dy — c'z;j’*)) on 3 (4.13)
and
d, = 0.d,
pf (87—11/2, ,UZ)Qf + (I(UZ, /UZ) + b(p27 ,UZ) - b(Qh, U’Z) + Sh(p27 Qh) (414>

+ 07 (O dy, v}), + a°(df,, v}) + al(dy, v3) = U(v})
for all (v, v5) € Wy, and g1 € Q.

Proof. The result for Algorithm 4.2l has been established in Chapter 3] (Lemma [3.4.2)).
We now detail the proof for Algorithm [£.1] First, the substitution of n by n,* in ([£.9),
which is valid for n > r, gives

P (0ndy” 03 os + at(dy, ) + a¥(dy,,v3)

n* ¢ (4.15)
==p (8 wy’ 7‘Chvh)gf - a(uh , Lyvy,) — b(ph 7‘Chvh)
for all v§ € V7. Then, the choice vi = £} v§ and ¢, = 0 in ([£.9) yields:
(8 uhu ‘Chvh)gf + a(uy, £,v5) + b(py, £},v5)
+ ?(dh 27’02)95 - ?(dh_ + TaTdh7 7Uh) + P (8 'U;Z*, Ehvh) (416)
+ a(uy” ,[,h'vh) + b(py*, Liv3)
for all v5, € V3. Finally, we sum equations (£.16)), (4.15) and (£.9) to get
S en—1 *n—1 nox s v/ " S .

for all v5 € V7, or equivalently, thanks to (4.4)),

-n

1 on T -~
%2:%+E@mm d**) + L(d; dh».

The transmission condition (£.13) follows from (£.8)), which yields u? = d, > on ¥. At
last, the kinetic relation (4.14)s can be recovered from the summation of (4.8)), (4.15)

and ([L.17). 0
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The next theorem states the energy stability of Algorithm [4.1] and

Theorem 4.2.1. Assume that f' = 0 (free system) and let {(u},p}, Z,d;)} be

n>r

the sequence given by Algorithm or with the initiation procedure detailed in
Remark[{.2.3. We denote by

f S
n def P n P 1 n
Ey = EHuhHng + EHthgQ + inhHg

and .
def P _ Pem en—1 1 _
D g — R g+ Dy — ) e+ —
+ 2plle(up) |15 or + P12, + 143,

the total discrete energy and dissipation, respectively. The following a priort energy
estimates hold:

o Schemes withr =0 orr=1: forn >r

Ep+7 > Dy SE; (4.18)

m=r+1

e Scheme with r = 2: forn >3

n tn
E,?+TZDhm§exp<1_Z7_)E2, n >3, (4.19)

m=3

provided that the following set of conditions holds:
We\ 2
T (Oéo—l-Ch <z> ) <(5,
We \ We \ 2 We \ 2 4.20
~ (%) + (%) (@0““ (%) ) <7 20

Ty < 1,

.

\

where we def Ciw/Be/p%, 0 <0 <1 and v > 0.

Proof. For Algorithm this result was established in Chapter [3| (Theorem [3.4.1)).
The result for Algorithm follows from Lemma by using the same arguments
as in Chapter [3] ]

The above result shows that Algorithms [1.1] and [4.2] retain the (added-mass free)
stability properties of the original explicit Robin-Neumann schemes introduced in
Chapter [2| and [44], for the coupling with thin-walled structures. Extensive numer-
ical evidence reported in Section demonstrated, however, that their accuracy is
not preserved. More precisely, the error induced by the splitting losses the uniformity
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in h: the numerically observed behavior of the energy error seems to be O(72 " /h?)

for Algorithm , whereas an O(7% ') was observed, both from the numerical and

theoretical standpoint, for Robin-Neumann schemes of Chapter [2| (Algorithm .
The present chapter aims at identifying the source of this accuracy loss induced by

Algorithm [4.2}

e Is solid mass-lumping the cause of the A non-uniformity?
e Do Algorithms [4.1] and [4.2] deliver the same overall convergence rate?

All these fundamental questions will be answered in Section 4.3}, via an a priori error
analysis that covers both Algorithm [4.1]and These theoretical findings will be then
supported by further numerical evidence in Section 4.5

4.2.2.2 Alternative splitting scheme

For further reference in the discussion and the numerical experiments of Section 4.5
we now recall the splitting scheme recently introduced in [14]. Applied to the coupled
problem this method yields the solution procedure reported in Algorithm [4.3]
where 0 < 8 < 1 denotes a free parameter. Note that this splitting treats implicitly
the solid damping in (4.21)). For a purely elastic structure (i.e., ap = @y = 0 in (3.2))),
Algorithm [4.3| with 5 = 0 is the same as Algorithm 4.1 with » = 0, since the relations

(4.6)-(4.7) follow from (4.21)-(4.22)). More generally, the time-splittings provided by
Algorithms [1.1] and [4.3] differ in the following two ingredients:

e the treatment of the solid damping;
e the consistency of the extrapolations on the interface.

Algorithm treats implicitly the whole solid hydrodynamic contributions (inertia

and damping) in step ([£.21)), whereas in Algorithm only the solid inertial effects

are included in the left-hand side of (4.8)). This induces two important drawbacks with

respect to Algorithm [1.1] First, the solid mass-lumping approximation in Algorithm [4.3]

does not make the coupling scheme explicit; and second, the solid elastic step

cannot be reformulated as the standard solid (Neumann) problem (4.12)), since the
1

intermediate velocity cannot be eliminated c.izii. Indeed, by taking v} = L£!v5 and
qn = 0 in (4.21)) and by adding the resulting expression to (4.22)),, we get

e L m s v w3 s n S
P <6Tdha 'UZ)Qs +a’(dy, vy,) = —a’(d, *,vp) — pf (aTuhv ‘cz'vh)gf

o nL:f Sy _p nﬁf s (423)
a(uy, £,0};) — b(py, £,})

for all vj € V7.

As regards consistency, the interface term ﬁ(pz_l,'vi . nf)E in Algorithm is
introduced, in a rather ad hoc fashion, with the aim of improving the accuracy of the
time-splitting. Mathematically sound results on the stability and the consistency of



128

Algorithm 4.3 Splitting scheme from [14].

en—1
1. Fluid with solid inertia and damping step: find (uz,dz *) € Wy, and pjl € Qy such
that

pf(aTuZ7 vg)ﬂf + CL(’U,Z, ’Ug) + b(pg, ’Ug) - b(qh7 ’u’;LL) + Sh(p;LLv Qh)

S en—1

S on—1 en—1L1
+ p?(dh 2’UZ)QS +a'(d, *,v) = 7(dh ,’UZ)QS (4.21)
— B(pp v, - mf) +1(v))
for all (’112,’1)2) e Wy and g, € Q.

2. Solid elastic step: find (dj,,d}) € V3 x V3 such that

= 87' Za
. en—1 (4.22)
(dZ — dz Q,UZ)QS +a®(dy,v}) = B(pz_l,'vz . nf)E

>
=S

3|

for all v} € V3.

Algoritm for g > 0 are not known. Numerical evidence suggests that the best ac-
curacy is obtained with 3 = 1 (see [14]). In Section [4.5] we will show that Algorithm [4.3]
also suffers from the non-uniformity convergence issues mentioned in Section [4.2.2.1

4.3 Convergence Analysis

This section is devoted to the convergence analysis of the coupling schemes given by

Algorithms [4.1] and

4.3.1 Preliminaries

For all dj,, w, € V73, the relation
5h(dh,wh) déf (dh, wh)gs — (dh, wh)* (424)

will denote the quadrature error. Without mass-lumping approximation in the solid
we have 0, = 0, otherwise there holds

6n(dn, wi)| S hlldn 100

wp||o.0s (4.25)

for all dy,, w;, € V73 (see, e.g., [112, Lemma 15.1]). Due to the particular form of the
bilinear form a® (given in (3.6)), two positive constants a, and [, exists, such that

aclldnl? e < a®(dn, dn) < Belldnll} o (4.26)
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for all d, € V7. Thus, using an inverse inequality, we have the following estimates,
valid for all v; € V7

B.CY B.C;
v ll2 < ehzmvll'villg,gs, [ ]2 < ( 20p® + o eh”w [ 031150
B.C? B.C
[ Lyvple < ehQHVHvZHe, I Lyvpllv < { cop® + an ehmv [vhllv,  (4.27)
Le s |12 < Be inv s |12 Lv s (|12 68 Fe~inv
| Ly,v3 115,05 12 v I3, | Lyvpllo0s < | 2op® + ay 12 [

4.3.2 Projection operators and error decomposition

We introduce the Ritz-projector 7§ : V* — V7 defined by the relation
a’(w — mw, w,) =0 (4.28)
for all w;, € V. We assume that the following error estimate holds
1
lw = mhwlle S hie{lwllz00 (4.29)

for all w € VN H?*(£®). We then split the solid displacement error as:

d(t,) —d; =d(t,) — w;d(tn) +myd(t,) —dj . (4.30)
def de;r n
E = €h
For the pressure we consider the decomposition
P(ta) = Ph = p(tn) — p(ta) + Mip(tn) — P, (4.31)
de?r n de?r n
= Yr = Yn

where II;, : Q — @) denotes de projection operator associated to the weak-consistency
of the pressure stabilization operator sj, for which we assume that

Ip — Wpllg + Mpls, S — ||p||1,9f Vp e QN H*(Q). (4.32)
IU/Q

Remark 4.3.1. An example of operator s;, is given by (see, e.g., [13]):

2

kh
Sh(ph, Qh) = 7<Vph7 VQh>Qf (4-33)

for all p, qn € Qn, where kK > 0 is a user-defined parameter. In this case, the assump-
tion holds with 11, being the L*-projection onto Q. This ressure stabilization
method is considered in the numerical experiments of Section [{.5 Further examples
are discussed in [17, Section 3.1.1].
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The definition of the fluid and solid velocity projection operators, which will be
assumed to match at the interface, is more delicate. This interface matching assumption
guarantees that Lemma below (i.e., the discrete error counterpart of (4.13))
holds. This point is fundamental for the error estimates of Section [£.3.3] The velocity

projection operators are defined by distinguishing the cases a; = 0 and a7 > 0 (see
Remark below):

a1 = 0: we consider the Lagrange interpolant I }? onto V7 for the solid velocity,
while for the fluid velocity we consider the Stokes-like operator (see, e.g., [44]),

(R, Ry) : VI = VI < Qy,

defined as follows: for all u € V!, the pair (Ryu, Ryu) € Vﬁb X @y, stands for the
unique solution of the discrete Stokes problem

Ryuls = I (uly),
a(Rhu7 vﬁz) + b(Rh’LL, vfz) = a(u, Ug) V'Uz S VEJM (434)
b(gn, Ryw) = sp(Rpw, qn) Vi € Qn,

where I} denotes the Lagrange interpolant onto the discrete trace space Ay,
given by ({.2). Owing to the nodal nature of the Lagrange interpolant, we have

I7(dls) = (I¥ d)|s. Hence, from (&34),, we get
Ryu = Igséz on X, (4.35)
or, equivalently, (R,u, I%d) e W,
a1 > 0: we consider a coupled fluid-solid velocity projector,
((S}:55),5h) : W — W, x Qp,
defined as follows: For (u, d) € W, we find ((uh, dh),ph) € W, x QQp, such that

{ aun, 0}) + 1*(dy, 0}) + blpn, v3) = a(wv}) +ara’(@,v), o0
b(qn, un) = sn(Pn, qn),
for all (v, v5) € W), and for all ¢, € Q. Then we set
Stu,d) D uy, Si(ud) L, Sp(u,d) X p.
Note that, by construction, we have
St (u,d) = S5(u,d) on X. (4.37)

Remark 4.3.2. Note that the fluid projection operator from [56] (thin-walled solid)
can not be considered here (thick-walled solid) since the error estimate therein relies
on approrimation properties on the interface. This motivates the introduction of the
new projection operator . On the contrary, this type of global projector could be
used in Chapter[q for the proof of the error estimates.
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We now state approximation properties of the projectors introduced above. Stan-
dard interpolation theory (see, .e.g, [I2, Chapter 4]) yields the estimates

ld =137 dlly . + hlld = L7 ], o S 5],

dlf o

> (4.38)
17 dl], g S Alldll, g + N1l o
for d € [H2(€2)]%. On the other hand, from [44, Lemma 3], it follows that
Hu o Rhu”vf + |Rpuls, + HRhuHQ Sh“%HuHQ,Qf’ (4.39)

||u - RhuHO,Qf SculﬁthquQf - 6“]12““”272’

for all w € [H?(Q9)]¢ with u|s € [H*(X)]? and diva = 0 in QL.
The approximation properties of ((Sfl, S3), Sh) are stated in the next lemma.

Lemma 4.3.1. Let (u,d) € W N ([H2(Q)] x [H2(Q9)]9) be given with divu = 0 in
QOFf. The following estimates hold:

|85 )y + af | S, @), + 18w D, S [l + i [, (4.40)

|u — S} (u, d)HVf + af Hd — S5 (u, d)He + ||Sh(u, d)||Q (4.41)
F1Su( )l S et ull, g + () [[d]l

Proof. See Section [4.4] O

Owing to the above discussion, for the fluid and solid velocities we consider the

projection operator,
(<P27P§1)7Ph) W — Wh X Qh7

defined as,
Ryu if =0, e [ I d if =0,
Pi(“’: d) déf fh * . 1 PZ(’UW d) d:f " * 1
S, (u,d) if a3 >0, S (u,d) if oy >0,
Ryru if a3 =0,
Plwd) s 1o
Sp(u,d) if a; >0,
) (4.42)
for all (u,d) € W.
The fluid and solid velocity errors are hence decomposed as
u(ty) —uj, = u(t,) - P} ( (ta). d(t,)) + P (ult,). d(t,)) — uj,
dﬁf 0" def o7
(4.43)

d" - dy = d(t.) - Pj (u(t,). d(t)) + Pi (u(t,). d(t.)) — dj

def def
& =&,
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We conclude this section with two fundamental results, which will be useful for the
proofs of the discrete error estimates stated in Section below. The first has to do
with the fact that the quantities 7 and £, introduced in ([£.43)), do not match at the
interface. In other words, the pair (67, £}) does not belong to Wj,. The next Lemma
shows how to circumvent this via suitable corrections.

Lemma 4.3.2. Let €, 2 € V3 be defined as

G e D -an) + LiE - &)
- Li(d = d™) + Ly (u — w,d" — d)].

1
Then, we have 08, =&, > on X.

Proof. The interface identity follows from (4.13)), (4.35)), (4.37), (4.30) and (4.43).

The next Lemma is motivated by the observation that, even though the standard
displacement-velocity relation dz = 0,dy, holds for Algorithmand , their discrete
error counterparts, 52 and 0;&;, do not satisfy a similar expression. Basically, this
comes from the fact that different projection operators are considered for the solid
unknowns in and ([£.43)),. More precisely, we have the following result.

Lemma 4.3.3. Let 2} € V3 be defined as

Zp S én - 0.8, (4.45)

There holds
2t = Pi(u",d') — w5 0.d" (4.46)

and
1. wn .
hﬂez Hd H2Qq Tﬁe HathL2 (tn1 s HY(Q9)) Zf ] = O,

(B[S h(a) [l o + 162 "], 0 + T 0] oy iy AT

if a; > 0.

Proof. The identity (4.46)) follows directly from (4.14)), (4.30) and (4.43))>. As regards

the estimate (4.47), by adding and subtracting suitable terms and using (3.2)2, we
have

Izl < 1P, @ = |, + [ld" - mid" + || i - 0)"

and we conclude by estimating each term separately using (4.29)), (4.41)) and a Taylor
expansion. N
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4.3.3 Discrete error estimation

We define the energy norm of the discrete error Zj' at time t,, and for n > r as:

1 1
n 2 n 2
n def 1 n m m
Z =012 103llogr + ( Z 7(|0% ||%/> + ( Z T|yh i)

m=r-+1 m=r—+1
1

n 2
siien n ~m
+ 072 (& lloos + [1€R]e + < > rlién H%) -

m=r+1

(4.48)

This section states a bound for Z. To this purpose, we make the following assumptions
on the exact solution (u, p,d, d) of the continuous problem ({3.5)):

o o =0:
we [H'(0,T; HA(Q))]",  dyu € [L(0,T; LA(Q5))]",
uly € [H'(0,T; H*(%))]", (4.49)
pe H'(0,T; H\(Q)), de [H*0,T; H*())]";

o oy > 0:

we [H'(0,T; HH(Q)]", Gy € [L*(0,T; H'(QN)]",

p € HY0,T; H'(Q)), (4.50)
de [H'0,T; H()]",  Oud € [L2(0,T; H(2))]".
The next theorem states an a priori estimate for the discrete error Z;.
Theorem 4.3.1. Let (u,p,d, d) be the solution of the coupled problem (3.5) and
{('U,Z,p27 d27 C.th)}n>7"
be the discrete solution given by Algorithm or[4.9 with
(’U,?” d?w dloz) = (Pﬁz(uoa do)a Trzdoa PZ('U,O, do))
and, depending on the extrapolation order r € {0,1,2}, with the initiation procedure
detailed in Remark[{.2.3 We assume that the exact solution has the regularity provided

by (4.49) ~(4.50) and that

(a0 +1/T)7 < 1. (4.51)

For the schemes with r = 2 we assume, in addition, that the stability condition (4.20))
holds with

2

% +20% < 1. (4.52)

Then, the following error estimate holds, for n > r such that nt < T':
n < ch+ e + 037—27.71 Hde + L, P (u, d)| H7(0,T;L2(0)) =0,
R <c4 + c5a;%> h+ cet + et HLZd + L; P; (u, d)| H (0.T:L2(9%)) if ap >0,

(4.53)
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Here, the symbols {c;}I_, denote positive constants independent of h and T, but which
depend on the ea:tmpolatzon order r, on the physical parameters and on the reqularity
of the exact solution (u,p,d,d).

Proof. Basically, the proof follows the same steps as in the case of the coupling with
a thin-walled structure (see [44] [56]), but with further complications arising from:

e the distributed nature of the solid velocity, viz., we cannot control the solid
velocity contributions in terms of the fluid viscous dissipation (terms 75, 15 o, T,
Ts and Ty below);

e the different velocity projection operators (terms 73 ; and T35 below);
e the lumped-mass approximation in the thick-walled solid (term Ty below).
From and we get the following modified Galerkin orthogonality
PpH(0-(u" = up), vy ) o + alu” —uf,vy) + 0(p" = ph,vj,) — blan, u" — up)
+p°(0-d", V}) s = P *(0rd, vy), +a’(d" —dj,v}) +a (d",v}) - al(dy, v})
= p'((0: — B)u",v}) o + P ((0: — B))d",05) o + sn (P ) (4.54)
for all (('vh, v}), qh) € W, x@Qp and n > r. On the other hand, using - we have
(8 d' 'Uh) —p (8 dhvvh) = ps(&é’ﬁ,vi)* +ps(aTéZ7v§L)Qs
+ 0 (0, P (u",d), ),

a'(d",v}) — al(dy, v}) = a¥(&;,v}) + a¥ (€7, v}) + cop™on (P (u", d), v},)
for all v§ € V. Hence, by inserting this expressions into and using the remaining
error decompositions (4.30) f , we infer that

(8 Oh?vh)gf + a(6}, ’Uh) + b(yp, vy,) — blan, 07) + su(yp. an)
+p5( T€h7vh) +a° (&, v3) + al (&, v))

=p'((0; — O)u” vfl) — (0,02, v )
< Ti(v})
+0°((0: = 0)d" 7)o, — 0°(0,€7,03) o,
— (4.55)
< Tyv})
—a (6%, v)) — b(yr, vy,) + b(qn, 02) + su(Iyp™, Qh) ta (fwvhl
Ty (vh, qn) d—ef T32(v3,)

+ ps5h((a7- + aO)PS (’U, ’ d )a vh) +\ae (EZ: ’UZZ

[\

-~

) B
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for all ((’vh,vh) qh) e W, xQpandn>r.

Owing to Lemma [4.3.2] we can safely test ([{.55) with (vf, v3) = 7(67,€"2), q, =
Tyy and then use (4.45]) to get the following discrete energy error identity:

£
5 (lle: H()Qf \\92_1\\§,Qf + ||9?Z - 92‘_1\\3,m) + 2u7{|e(67) g o + 717 2
+t3 (Héﬁ X 2)
1 - n n—
+3 (S 1H§ +ll&n - &)
+ THEZHi* +T51+ 152
= Ty (vh) + Th(v}) + Tg,l(vfl, qn) + T32(v}) + Ty(v5) + To1 + Ts2 + Ta®(&}, 27) -
————
Ll
(4.56)

The terms 151,152 and T4, T2 correspond to the last two contributions of fh in

, namely,

n 1

L= (5”—52‘1 Lig— &) + L& - &) .
T T (Ligh + L Liler - 6) + BiE - &),

R

*

(4.57)

*

Ts2 = > (Lifh +LyEr LS (d" — d™*) + Ly P5 (u" —u™,d" — c'l"’*)) ‘

In the last two terms, we have applied the identity L; 75 = Lj which can straightfor-
wardly be inferred from (4.4]) and (4.28]).

The contributions given in (4.57) will be estimated below by distinguishing each
case of extrapolation. The remain terms, 17, T, T3, T, and T~ in (4.56)), will be bounded
irrespectively of r. Note that the term T} accounts for the error induced by the mass-
lumping approximation in the solid. We proceed by estimating first the terms 717, T5,
,_Z—‘?,7 T4 and T7.

The treatment of the term Tj is standard. Using the Poincaré inequality (with
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constant Cp) and a Taylor expansion, we have

7707 < 7 (110: = D0y + 100 o) 105

< 'O T (7—5"attuHLZ(tnfhtn;L%Qf) +7 2“@0 HL2 (tn—1,tn; L2 () ) HGnHo QOf

2 2 Cp
SLASIRTP + 5 o, i,

HL?(tn,l,tn;m(Qf)) 2€1 /L n—1,tn; L2(Q))

_Tll

+ar|e;
(4.58)
In this estimate, the last term will be absorbed in the left-hand side of (4.56) for
€; > 0 small enough, using Korn’s inequality. For the second term, T} ;, we use the
approximation properties of the fluid velocity projection operator, viz.:

e oy = 0: from (4.39))2, we get
4( 2 2 ~ 2 .
Tha<h (%“HaﬁuHL2(tn,1,tn;H2(Qf)) + CuHatu||L2(tn,1,tn;H2(2))> )
e oy > 0: we combine the Poincaré inequality with estimate (4.41)), which yields

Ty, < Cil|0,6

T HL2(tn,1,tn;H1(Qf))

al@e‘

Sh%%(wmm; 0|,

(tn,l,tn;m(gf)) tn— 1,tn;H2(Qf))) ’

For the solid term T5, we have
1 H) < o7 (10 = 00 e + 10820 ) €7 o

<pT (T% }|att(’:l{’L2(tn,1,tn;L2(QS)) +r Hatérr||L2(tn,1,tn;L2(Qs))> Hén_% HOQ

,0 ST 72 p°T
Hatthm (tn—1,tn;L2(Q5)) + 2_62\Hatgﬂ'HLQ(tn,l,tn;LQ(QS))j
“ 1,

+ 62_ Hénh ”0 Kotk

(4.59)
Note that the last term is distributed in the whole solid domain 2° and, hence, it
cannot be controlled via the fluid viscous dissipation as in the case of the coupling
with a thin-walled solid (see [56, Theorem 3]). As we shall detail below (see estimate
(4.64))), this term can be controlled, for some €3 > 0 small enough, with the additional
dissipation and truncation error introduced by the splitting. For the term 75 ; we use
the approximation properties of the solid velocity projection operator, namely:
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e oy = 0: from (4.38), we get

To1 S h4||atd"i?(tn_l,tn;Hz(QS));

e a; > 0: using (4.41)) and the H'-coercivity of the elastic bilinear form (4.26)), we
get
2 - 12
T2,1 S CPHatgﬂ'HLZ(tn717tn;H1(Qs))
R*CE [ u 2 112
S a_lHatuHLz’(tn,l,tn;HQ(Qf)) + ﬁe"atd||L2(tn,1,tn;H2(Qf)) :

Qe

The treatment of the terms 75 ; and 732 depends particularly on the nature of the
fluid-solid velocity projection operator. We hence treat each case separately:

e o = 0: From (4.34)), (¢.32), (4.39) and since diva™ = 0 in QF, we get
T T5,0(0h, )| <7la(07, 03) |+ 7lb(yz, 03) | + 7lsn (Pru”, i)

h2
rlsn(" )| S (ll [+ 17 12 13 ) + 57 (6711 + 1wi2,)

On the other hand, since a; = 0, we have

< Qop STh?
T dey
e a; > 0: from (4.36)) and since diva” = 0 in QF, we have

”d H2Qs+e4oz0p THSh HOQS’

Toa(r€" 3| = a0p’| (€5, 6"F) | <

|7T5,1(0}, yp) + TT?,,Q@”—%), < 7|b(Pu(u,d"), 07)| + 7|b(y2, 67))

o (0" 0) |+l (Pt 4, |+ | B N
T(€3 + €4)

S—HG Iy + —|yh +esraopl|& 22
I n n I TP || om,
gl P )l + 5o lellg + 5 (M, + 1P, DR, ) + 2o
E Tys
(4.60)

For €3, €4 > 0 small enough, the first part of the right-hand side can be absorbed
by the left hand side of (4.56]) using Korn’s inequality. The control of the term

"I’L—l . . . . .
e5a0psTH£h 2 Hfms will be discussed below (see estimate (4.64)). The remaining

terms in the right-hand side of (4.60) can be estimated via (4.26]), (4.41) and
(4.32), which yields

Ty < 72 (s g+ nll g+ 7 7] )

P’ CE (i “n
S (g + B )

Qe
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We now consider the mass-lumping term 7. To this purpose, we first note that,
owing to (4.25)) and using a Taylor expansion, we have

ni,

‘T4(Té"*%)} < thSH (0- —i—ao)Pi(u",dn)

o ll€™ o o

p*TTh? < € p T gL
107 + ao) P (", [} g + =5 [1€" 2|5
pSTTh2 S S S n n
€6 (T”Ph(attu’att HL2(tn 1t HL(9)) + HP ﬁtu 8t HLQS +O‘gHPh(u ,d )H?Qb>
*ﬁizl

€6p T

[&= [l (461)

As above, the last term will be controlled for ¢ > 0 small enough through the nu-
merical dissipation provided by the splitting (see estimate (4.64))). The term T}y, can

be controlled via (4.38)) or (4.26) and (4.40) depending of the type of solid velocity
projection operator. Thus,

P + 114 if o =0,

SS9 1 o
b S\ L (Ll ) i oo

and similarly for the other contributions in T ;.
For the term 7%, using the continuity of the bilinear form a®, we have

7l < 7ll&Rll =]l < QTHEhH +

where the first term of the left-hand side can be treated by applying Gronwall’s Lemma

to (4.56]) and the last one is controlled by the approximation result (4.47)).
We now recall that the estimates (4.59)—(4.61) assume that we have a control on

1 .
€7 <060 + T) Tﬂsuﬁn_% Hiﬂ? (4.63)

————
def
= Ca,T

| P (u",d")

Qe

(4.62)

with e7 dof max{eg, €4, €5, €6} small enough. To this purpose we note that, owing to

(23) and (L51), we have

<112 “n |2 €T’
S n S n
€7Ca0,T7—p H€ 2 HO,QS 5 670010”]“7—/) th HO,QS

— Nz - ) + L& - 8

N

677'

HLe d" —d") + Ly Py (u" —uw"*,d —d")|| . (4.64)

N J/
-~

def
= Ty
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The first part term will be left in the right-hand side and will be treated via Gronwall’s
Lemma. The terms Ty and Ty will, respectively, be handled in terms of r € {0, 1,2}
via the numerical dissipation provided by the fluid-solid splitting (term 755 as shown
below) and a Taylor expansion.

We now estimate the remaining terms given by for each choice of the ex-
trapolation order r. The bounds for 75, 4 152 basically follow from the arguments of
the proof of Theorem reported in [57, Section 4.2, we recall them for the sake of
completeness.

Case r =0. We have

Ts1+T52 > —%H&L -

. HL &+ Lygr|. (4.65)
The first term can be absorbed in (4.56) by the numerical dissipation of the time-

stepping in the solid. The additional dissipation provided by (4.65) guarantees the
control of the term Tk, for e; > 0 small enough. The term 7§ is estimated as follows:

T61+T62NpH£h En=t

HL &, + Ly, fh

HLed" + Ly P (u", d )H

*

def T6 3
(4.66)
Moreover, using a Taylor expansion, for the last term we have

T6,3 5 T_IHLZCH_LXPZ( HL2 (tn—1,tn;L2(929) +7_H8t Led+LVPS( ))H;(tn,l,tn;L?(QS))’

which provides also a bound for Tj.
Finally, estimate (4.53) follows by inserting (4.58))-(4.62)) and (4.65)-(4.66)) in (4.56)),

summing over m = 1,...,n and applying Gronwall’s Lemma and Korn’s inequality.

Case r = 1. Using the modified velocity-displacement relation (4.45)), we have
2 . . . . . .
Toa+Tra= 5 (H€ZH2 - H€Z’1HZ + HSZ ~ &) +rlE - &

(HL &+ Lyt

—||Lsg "t + gt

*) (4.67)
+2_pSHLZ(5Z_ )‘f’Lv(gh £ I)H*_T a (Eh 7z2)7

-~

T53

where 9
Tyl < T — &2+ =0

Hence, this term can be controlled with the extra dissipation provided by (4.67) and
the estimate (4.47)). Moreover, the additional dissipation provided by the list line of



140

(4.67) guarantees the control of the term Ty, for e; > 0 sufficiently small. On the other
hand, we have

_12

||L &, + Ly, €h

Teq+To2 < szﬁZ -
LT (T+T
2p°

The first term will be absorbed by the left hand side of (4.56) while the second term
will be controlled with (4.67) and Gronwall’s Lemma. At last, for the term Ty, using
again a Taylor expansion we have

10:(Lsd + Ly Py (u, d)) |7 (4.68)

HL2(tn,1,tn;L2(9s)) :

3
T, < 67%||6t(LZd + Ly Py d) [ s

Finally, we conclude by inserting (4.58)-(4.62) and (4.67)-(4.68) into (4.56]), by

summing over m = 2,...,n and applying the discrete Gronwall’s Lemma and Korn’s
inequality. The right-hand side contributions at time ¢; coming from the initialization
step are controlled by using (4.53) with r =0, T =7 and n = 1.

Case r = 2. The modified velocity-displacement relation (4.45)) yields

. 0 _ 2 . . _
Tsy=7°& — &7, —%a" (& — &7, 21 — 27,

-~

d—efT511 (4.69)
P& -a e - E - E L a2 )
where,
. . 2 . .
Toaal < 72185 = &7\ Jl=r — =7l < SlI& = &2+ 2= — = | (@70

Here, the first term is controlled by the numerical dissipation provided by (4.69)) while
for the last we apply the bound (4.47) stated in Lemma [4.3.3|

The estimation of the term 7T5. is more delicate. It is convenient to split it as
follows:

[\

. 2
(Lh& L€ — 260!+ &7%), + (L3, Li(€h — 26171+ €7),

J (. J

def def
- T521 - T522
2

- (Ligh + L& Ly (& — 267"+ 677).

N J/
-~

- T523

| =

T5o =

S

(<

(4.71)
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For the first term, using (4.3)), (4.4), ({£.45), we have

3 .
Tw— (Lzéh,mh "U);%(Lxsz,f:z(zh Z7h),

J/

-~

def

_T5211
W (||€h|| —[I&E + 1 - &)
+O‘1PT (IER&I7 = 1 Zaén (1 + 15 - &) + Toaan.

Moreover, owing to (4.27), the notation w, e Cinv/ Be/p* and the stability condition
(4.20), we get

ow? ayw? 3 B
Mool T (ao-+ 2055 ) pla+ S0 -1 12 < 0GR+ T st 12

For the second term of (4.71] - we proceed in a similar fashion, using -7 and
the stability condition (4.20]), which yields

75,22 <—HL &l (1€ =&+ ll= — =71l
e r n 4P e
<T6_||5h|| + 5l -8 g0 + Tz == Yo
p° _ Plin  ne
<yrllénl + §||€h ~ & oo + Sz == o
At last, owing to ( . and the stability condition , we have

505 < —HL &+ L&y |I€r — 28 + &7,

2 3 . . . .
< gl g G o8 &)
3,,2
<27 (o0 s ) hegi 27" (a4 2 )
ok
<l UG Sk

In summary, by inserting the above estimations into , we have that

(Ilﬁhll - Hﬁ’ﬁ 2+ lonr) - iHéZ—252‘1+52‘2\\3—377\\€Z|\§
2 .

+“70w N - () &

p n— ps n n— T n n—
—;wah%m—gwwwh%w—zwa—aWE

T52 2

— ||Lsért| + 72| Ly os &y
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In the second line, the first term is absorbed into the numerical dissipation provided
by ([£.69), the second term is controlled via Gronwall’s Lemma, the third by the solid
physical dissipation of (£.56), under the relation (4.52)), and the fourth term by the
numerical dissipation of the solid time-stepping in (£.56). The last two terms are
estimated with the bound provided by Lemma [1.3.3

We now detail how the term Ty is controlled in this case. Using (4.45), and
the stability condition (4.20]), we have

T < 21IILQ @ — &)+ Ly — 2 Y| g+ 2 TN 2 &
< T (g~ & k- =i I )
+ 2e772 (Ozo + e ) H €h - +€Z_2)H3

< der(rm)ie? (|1 - ;:-lue + =k - zz—lni) + 267 (6 — 260 + &)

The first and the last term are respectively be absorbed into (4.56|) and 75 1, for ez > 0

small enough. The second term involving Hzﬁ - zZ‘lHZ is controlled via (4.47)).
For the remaining terms T4 and Tgo, we proceed similarly by combining (4.27)
and (4.20) with a Taylor expansion, which yields

1
s . 3 25 .
Toal +1Tsal S 28 - &2 + D2 Tl + o

™(r+T)
+—

(S A\ S 2
“aﬁt(Lh£+L P; (u, ))Hm(tn,l,tn;LZ(QS))’ (4.72)
where first three terms can be absorbed into the left-hand side of (4.56) and using
Gronwall’s Lemma. At last, for the term Ty, using the same Taylor expansion, we have

5
Ty < 67% Hatt (LZd + LZPZ(’U/, d)) HLQ(tn_htn;LQ(QS))'

Finally, estimate (4.53)) follows by inserting (4.58)-(4.62)) and (4.69)-(4.72) in (4.56]),

summing over m = 3,...,n and applying Gronwall’s Lemma. The right-hand side
contributions at time ¢5 coming from the initialization step can be controlled by using
(4.53) with r =1, T'= 27 and n = 2. O]

Remark 4.3.3. One of the fundamental ingredients in the above proof is the L*-
continuity in space of the solid velocity contributions and the intrinsic control of
provided by the splitting scheme. This L*-continuity is guaranteed by the choice of the
solid wvelocity projection operator (4.42), which distinguishes the cases oy = 0 and
a1 > 0. Note that the case oy > 0 can not be handled by considering also the standard
Lagrange interpolant I since, with this choice, the term T3,2(7'£ ) breaks the L>-

continuity.
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Theorem provides a bound of Z' whose leading contribution involves h-

dependent term
|Lsd + L} P5(u, d)| (4.73)

The key arguments for the estimation of this quantity, in terms of h, are given in the
next Section.

H7(0,T;L2(Q5))"

4.3.4 Stability of the discrete viscoelastic operator

We consider the following notation for the continuous viscoelastic operators

def def

L°d < —dive(d), L'd = app’d — oqdive(d),
with g, @y > 0. The next result describes the behavior of (4.73] m ) in terms of h.

Lemma 4.3.4. Let (u,d) € W N ([H2(QN)]? x [H>(Q)]%). The following estimates
hold,

e for ay =0:
|Lid+ Ly Py (u, d)| o, < (| L5+ LYl + 172 ()]
e ap? (Wl g+ 12 )¢ (47)

o for a; > 0:

L+ L@ <L+ D g o ],

C AN |4
. (%p "y <alﬂe>2> (el (@260 ]

(alae)

aop’h

+ T
(1ce)?
Proof. From (4.3)), (4.4) and (4.24), we have

(Lyd + Ly P; (u, d), v}), =a°(d, v}) + aop’ (P} (u, d), v}), + ana’ (P (u, d), v})
=a°(d,v}) + a’(d,v}) + app® (P} (u, d)—d, vi)ﬂs
+ a1a® (P (u, d) — d,v}) — app’dy, (P5(u, d), v5).

Thus, owing to (4.25)—(4.26)) and using an inverse inequality (see, e.g., [12, Chapter 4]),
it follows that

1.
(leally +aill.)
(4.75)

(Lid + Ly P; (u, d), 'U?L)* <a° (d, 'v?l) + av(d, ) + agpSHPZ(u, d) — c.lHO’QS ’UZHO,QS
+a1—\\PS —d|| |90
+ aop hHP; Hl,Qs vhHo,Qs'

(4.76)
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In addition, by using the definition (3.4)), integration by parts, the boundary conditions
on 4 U™ and a discrete trace inequality (see, e.g., [12, Chapter 10]), we get

a*(d,v}) + a'(d, v;) =(o(d), €(v})) . + 0p*(d, v})as + a1 (0 (d), €(v})) .
=(L°d+ L'd, UZ)Q + / o’(d,d)n® - v, (4.77)
b

(L + d] o + b7 o (d dn|, ) [l o

As a result, by inserting this estimate into (4.76]), we get

(Lid + Ly P(u,d).v}). < (HLed + L) o + 0|0 @)

[P )~ 8 g+ 05 P )= ]+ 0t [P ] g ) 0
(4.78)

The estimate (.74) then follows by taking v§ = L$d + L} P5(u,d) in (£.78) and
thereafter using (4.42) and (4.38). At last, the estimate (4.75) follows by a similar

argument together with Poincaré inequality and Lemma [4.3.1] O]

Lemma predicts an O(h~2) behavior for the quantities (£.73). This is due to

the thick-walled nature of the solid which induces a non-uniformity in A of the discrete
1

operators Lj; and Lj. Basically, the h2-loss comes from the interface terms arising in

the integration by parts of (4.77)).

Remark 4.3.4. It should be noted that the above issue does not appear in the case of
coupling with a thin-walled structure (as shown in Chapter @, since by construction
the fluid-structure interface ¥ and the solid domain ° coincide. This explains the
differences on the convergence rates observed in Sections|2.8.1| and |3.6.1. 1.

4.3.5 A priori error estimates

For n > r, we define the energy norm of the error at time ¢,, as

1 1
n 2 n 2
&= (pfﬁuu”—quO’m( > T\\um—um\i) +( > Ik )

m=r-+1 m=r—+1

N

ﬂwwf—ﬁmmﬂwu¢m+(z:wf—£m).

m=r+1

The next result provides a priori error estimates for Algorithms [4.1) and 4.2
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Theorem 4.3.2. Under the assumptions of Theorem[{.3.1] and if, for ay > 0,
we [H(0,T; H* Q)] de [H(0,T; H* ()],
the following error estimates hold,
e for a; =0:
EF Sah+ ot + 17 (Gah + E5h?)
+ar " (L Ll

HT(O,T;LQ(E))> ’

Hr oL @) T b Ha(d)ns|

e for a; > 0:

1
2

r— . - 1 _ 1 _
g;z < 56 1+ 67(11 > h + 687— + 597'2 ' (Cloh + CnhOél 24 C12()é12 + 6130{1>

T (HLed +LVd| +h73|o*(d, d)n| Hr(o,T;LQ@))) '

H7(0,T;L2 (%))

Here, the symbols {¢;}12, symbols denote positive constants independent of h, T and
aq, but which depend on other physical parameters and on the reqularity of (u,p,d,d).

Proof. The above estimates straightforwardly follow from the results of Theorem
and Lemma in combination with the approximation results and the error de-
composition of Sections O

Theorem confirms the numerical evidence reported in Chapter [3| for Algo-
rithm [4.2 Another salient consequence of Theorem is that the mass-lumping
approximation does not perturbs the overall accuracy of the coupling scheme, since
the truncation error induced by splitting is the same for Algorithms and

Provided that the exact solution has the appropriate regularity, the error introduced
by Algorithms (4.1l and [4.2{ has an order O((T/h)%) if r = 0. In this case, the standard
hyperbolic-CFL scaling 7 = O(h) is not enough to guarantee the convergence of the
scheme. Furthermore, a sub-optimal convergence rate is recovered for the scheme with
r = 0 under the restrictive parabolic-CFL condition 7 = O(h?).

With the first-order extrapolation (r = 1), the leading term of the error is of
order O(T/h%). This means that a sub-optimal convergence rate is obtained under
7 = O(h). Overall first-order convergence rate is guaranteed under a %—CFL condition,
7 = O(h?). We recall that, owing to Theorem Algorithms and are
unconditionally stable in this case.

At last, with » = 2, the error introduced by the splitting is of order 0(72/h%),
which is enough to ensure an optimal first-order convergence rate under 7 = O(h),
but the stability condition demands further restrictions on the discretization
parameters.
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4.4 Anlaysis of the fluid-solid hydrodynamic projector

This section is devoted to the proof of Lemma We proceed by adapting the
arguments reported in [68] and [44, Appendix B|.
We first prove the following generalized inf-sup condition.

Lemma 4.4.1. There holds

thﬂ?f
lallo S sup @vn) ol

@ w)EWn\0} ||vp[lv + af [|[vg e

for all q, € Q.

Proof. From [44, Lemma 4| we know that

bq}“,vf
lonllo S sup SR oo
vt eVi\{o} vy llv

for all g, € Qp,. Therefore, it only remains to prove that

b £ b b
sup (C]h> vh) < sup (Qh7 Uh)

; f 1
oevivioy 10V ™ (wf ws)ewi (o) 0t [y + a2 ||v5 e

for all g, € Q. More precisely, let ¢, € Q;, and v, € VI \ {0}, it is sufficient to find
v5 € V35 satisfying (vl v$) € W3 and

b(Qha ,UZ) < b(qh7 'Uz)

[ohllv ™ ot Slws .
lopllv +atflvgle

To this purpose, we set v; = E), ('v2|g), where Ej, : Ay — V7 denotes a uniformly
bounded discrete lifting operator (see, e.g., [37, Theorem 2.2|), viz.,

(En&p)le =& [1Enpllios S 1€l s

for all €, € Ax ;. Hence, thanks to (4.26) and to the continuity of the trace, we have
that
arlvylle < a1 Bellvili o

S cwAlofl
S alﬁCH”i”iQf

Oélﬁ
< —lvily.

which completes the proof. O
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The previous result guarantees the well-posedness of problem (4.36) (see, e.g., [22]
Theorem 3.5|). The energy estimate (4.40) hence follows by taking

'02 = PZ(u,d),
v = PZ(u,d),
qn = Rh(“’v C-l)a

in (4.36) and applying standard control methods to the right-hand side.
We now focus on the a priori error estimate (4.41]). To this purpose we first state
the following approximation result.

Lemma 4.4.2. Let ((uh,dh),ph) € W, x Q, be given by (4.36). There holds

i, N
|u —up|lv +af ||d —dplle + |prllq + |prls,

1 . R R .
S it {llu—olllv +afld— il + IBallo + bl |, (479)
((@5,,93,).5n) €20

where

def

Zy = {((9},,9),n) € Wi x Qn / b(qn, 0,) = su(Prqn)  Van € Qn} -

Proof. Let ((’i) f)i),ﬁh) be given in Zj, for all (w!,w$) € W, we have

a(u, — oF, wh) + aga®(dy — 05, w) =a(uy, — u, wh) + aya®(dy, — d, w})
+alu

b(pmw )+ a(w
— b(Pn, ) b(pn — ph,’wh)

( )

£
+a(u — o), wh) + aya®(d — o5, w}).

vh,wh) + oja (d v}, w})

vh,wh) + aja (d v}, wh)

Then, we take w! = u;, — 0! and w$ = dy, — v; to get
lun = D413 + culldn = 8512 = = b(Pn, wn — 8}) — [pn — pal3,
+a(u — o, wp, — L) + agat(d — 5, dj, — V).

Therefore, by using the Korn inequality (see, e.g., [I12, Chapter 11]), the continuity of
the bilinear forms b, a and a® and the Cauchy-Schwarz inequality, it follows that

lun = O} + arlldn — 312 + |pn = Bal3, S llw = D415 + ailld — D312 + 1245,
(4.80)
which, in combination with a triangle inequality, yields

1. . . A
e — wnlly + f [ = dnle + [prlsy < 1 — D}y + af [ — 85 e + [Pallo + Iphl(sh- ;
4.81
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Finally, it remains to have a control on ||pp|loor- Thanks to the generalized inf-sup
condition of Lemma | there exists (z5,25) € W1 \ {0} such that

b(pn — pn, %)

Sh +

lpn — DullQ < [pn — P ; T
lz3llv + af[|25 ]l

a(u — up, 28) + aya(d — dp, z5) — b(pn, 28)

5, |ph_ﬁh|5h+ I
12 [v + af [ 23]l

1 . .
S pn = Puls, + llw —un|lv +af||d — dylle + [|Pr]lo-

Hence, owing to (4.80) and (4.81)), we get

1o . .
Ipn = Prlle S llw —opllv + af|d = B} lle + IPrllo + [Bnls,-
We conclude the estimate for the pressure with the triangle inequality

Ipell < llpn = Prllo + lIPnllo-

Since the choice of ((’Uh, v3), ph) € Zy, is arbitrary, the lemma is proved. O

The next lemma shows that the constraint ((9},95),pr) € Z), can be relaxed in
(4.79).

Lemma 4.4.3. Let ((uh,dh),ph) e Wy, x Qp be given by (4.36) and assume that
divu = 0 in Q. The following inequality holds:
lu —unllv +oflld = dulle + Prllo + lpnls,

1.
< omb fu= gy +afld =zt o + il |
((zl;vaZ)vrh)EWhXQh

Proof. Let ((25, 25,),7) be given in W, x Qp,. We denote by ((xf, @5),yn) € Wi xQy,

the solution of the following auxiliary problem:
al v} + a0, 07) + blu, ) = 0, .
b(an, ) = sn(yn, qn) = blan, w — 23,) + sn(7n, n)

for all ((’Ui,vi),%) € Wy, x Q. The existence and uniqueness of the solution

((mg,mi),yh) results from Lemma . Since divu = 0 in Qf, owing to ({#.82), we
have that ((z), + 25, @, + 25),yn + 11,) € Zj. Therefore,

1 . R R R
oo g {1 Bl + a1 =68+ Ll + 17l }
V},,V} )Ph h
1. ,
< llu = (@ + z)llv +atlld = (@5 + 23l + lyn + 7alle + lyn + 7als,

1 . 1
< lu—zillv +aflld =zl + I7allo + |rals, + llzpllv +af 25l + ynlle + [ynls,-
(4.83)
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In order to control the last four terms, we take (v}, v5) = (2}, x}) and ¢, = y, in

(4.82)), which yields

Lo
lhllv + o 5 lle + lynls, < llw = zullv + llyallq + Irals,. (4.84)

Furthermore, using the generalized inf-sup condition of Lemma [4.4.1] we infer that

1
lyulle < lynls, + lzhllv + af [l le- (4.85)

We hence conclude by inserting (4.84) and (4.85) into (4.83) and using the arbitrariness
of ((Zg, 22),7”}1) e Wy, x Q. ]

Finally, the error estimate (4.41) follows from Lemma 4.4.3] by taking 2! and 23
as the Lagrange interpolants of w and d, respectively, and r, = 0. Note that, since
(u,d) € W, we do have (2!, 2!) € W,

4.5 Numerical experiments

As discussed above, numerical evidence on the convergence rate of Algorithm has
been reported in Section [3.6.1.1] The objective of this numerical section is twofold:

e The first target is to illustrate that, as predicted by the above error analysis,
Algorithms and deliver the same convergence rate. In order words, the
mass-lumping approximation does not affect the accuracy of the splitting.

e The second is to demonstrate that Algorithm suffers from similar non-
uniformity convergence issues.

To this purpose we consider the numerical experiment of Section For the sake
of simplicity, a purely elastic solid is considered («y = a3 = 0). Hence the results of
Theorem [4.3.2] apply.

We have reported the relative displacement error ||d — d(T)|e/|d(T)| at the
final time 7" = 0.015 for the different schemes and several choices of scaling for the
couple (h, 7). We also present the rate of convergence to illustrate the global accuracy
of the schemes. Relative errors are calculated with a reference solution obtained with
an implicit coupling scheme with i = 0.003125 and 7 = 107°.

Table reports the convergence results for Algorithm (4.2 with 7 = O(h). We
clearly see that the scheme with r = 0 does not converge and that the scheme with
r = 1 exhibits a sub-optimal convergence rate. As shown in Table[4.2] same phenomena
are observed with Algorithms This points out the fact the mass-lumping approx-
imation has nothing to do with the non-uniformity in h of the splitting. Table [4.3
demonstrates that Algorithm with 8 = 1 also suffers from this issue. We recall
that, since the structure is purely elastic, Algorithm with = 0 coincides with
Algorithm 4.1 with r = 0.
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r=20 r=1
h T rel. error  h-rate | rel. error h-rate
0.1 3.75 x 1074 1.00 - 0.96 -
0.05 1.875 x 1074 1.00 0 0.83 0.22
0.025 9.375 x 107° 1.00 0 0.57 0.54
0.0125  4.6875 x 107° 1.01 0 0.33 0.77
0.00625 2.34375 x 10~° 1.01 0 0.18 0.88

Table 4.1: Algorithm with 7 = O(h).

r=20 r=1
h T rel. error  h-rate | rel. error  h-rate
0.1 3.75 x 1074 1.00 - 1.11 -
0.05 1.875 x 1074 1.00 0 1.07 0.05
0.025 9.375 x 107° 1.00 0 0.83 0.37
0.0125  4.6875 x 107° 1.00 0 0.52 0.67
0.00625 2.34375 x 107° 1.00 0 0.29 0.83

Table 4.2: Algorithm with 7 = O(h).

h T rel. error  h-rate

0.1 3.75x10™% 1.06899 -
0.05 1.875x10~%  1.01822  0.07
0.025 9.375x107°  0.79880  0.35

0.0125  4.6875x107°  0.51719  0.64
0.00625 2.34375x107°  0.29598  0.82

Table 4.3: Algorithm {4.3| with § =1 and 7 = O(h).

Algorithm Algorithm

h T rel. error h-rate | rel. error h-rate
0.1 3.75 x 1074 0.96 - 1.11 -
0.05 1.60 x 10~* 0.70 0.47 0.92 0.03

0.025 6.87 x 107° 0.36 0.95 0.52 0.83

0.0125 2.93749 x 10~° 0.16 1.21 0.23 1.18

Njw

Table 4.4: Algorithm {4.1{ and |4.2| with » = 1 and 7 = O(h2).

We now consider a different scaling for the couple of discretization parameters.
Table reports the results obtained with Algorithms and with » = 1 and
7 = O(hz). In both cases we recover an optimal fist-order convergence rate.
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In Table[4.5] we report the convergence results for Algorithms [4.1]and 4.2 with r = 2
and 7 = O(h%°). Note that, in this case, the scaling 7 = O(h) is inappropriate since
the stability condition (4.20]) is not fulfilled. We clearly see that both schemes deliver
the same accuracy. Note that with the finest discretization we obtain a convergence
rate larger than one. This is certainly due to the fact that we are too close to the
resolution with which the reference solution has been generated.

Algorithm Iﬂ Algorithm M
h T rel. error  h-rate | rel. error h-rate

0.1 3x107° 0.73496 - 0.73546 -
0.05 1.40 x 1075 | 0.38805  0.92 | 0.38978  0.92
0.025 6.57x 1075 | 0.14419  1.42 | 0.14578  1.42

0.0125 3.07x107% | 0.04197 1.78 | 0.04255 1.78

Table 4.5: Algorithm and with r = 2 and 7 = O(h%/5).

4.6 Conclusion

In this chapter, we have presented an a priori error analysis for the generalized Robin-
Neumann explicit coupling schemes introduced in Chapter 3| This schemes have been
derived within a fractional-step splitting framework in which both the case with
and without mass-lumping are considered. In both cases, the analysis confirms the
O(72~" /hz) error perturbation anticipated by the numerical evidence of Chapter .
Another fundamental result of this chapter is that the h-non-uniformity of the splitting
error is not a consequence of the mass-lumping approximation (which simply dictates
the explicit or semi-implicit nature of the coupling scheme). The analysis indicates
that the genesis of the O(h_%) is the non-uniformity of discrete viscoelastic operator,
which is a consequence of thick-walled character of the solid.






General conclusion and perspectives

The design and the analysis of stable and accurate explicit coupling schemes for in-
compressible fluid-structure interaction problem is a challenging problem. Stability in
explicit coupling has been an open problem for years. It appears, however, that the
most intricate issue is accuracy.

In this thesis, we have developed and analyzed a class of Robin-Neumann explicit
coupling schemes for the interaction of a viscous incompressible fluid and a general
(thin- or thick-walled) structure. The basic ingredients of these methods are the fol-
lowing:

o The interface Robin consistency. This is an intrinsic feature of the continuous
problem in the case of the coupling with a thin-walled structure (Chapter . We
have extended this notion to the case of the coupling with thick-walled structures,
by considering the space semi-discrete formulation with a mass-lumping approx-
imation in the solid (Chapter [3). This (generalized) Robin condition involves a
new interface operator which consistently integrates the solid inertial effects on
the interface.

o Implicit treatment of the sole interface solid inertia within the fluid. After time-
discretization of the interface Robin consistency relation, we can derive an explicit
Robin interface condition for the fluid, which combines (explicit) extrapolations
of the solid velocity and stresses with an implicit treatment of the solid inertia.
We have shown that this is enough to guarantee (added-mass free) stability.

o Appropriate extrapolations of the interface solid velocity and stress. The methods
proposed can be viewed as kinematic perturbation of an implicit coupling scheme.
The size of this perturbation, which depends on the extrapolated quantities on the
interface, dictates the accuracy of the splitting. In the case of the coupling with
a thin-walled structure (Chapter , the method with first-order extrapolation
simultaneously delivers unconditional stability and optimal first-order accuracy.
For thick-walled structures (Chapters [3| and [4]) we retrieve the same accuracy in
time, but the constant in front of the splitting error is not uniform with respect
to the spatial grid step h. As a result, we loose the optimally of the overall
accuracy. The genesis of this issue is the stability of the discrete viscoelastic
operator which, in the thick-walled case, scales as O(h%). It is worth noting
that this non-uniformity is not specific feature of the Robin-Neumann methods
proposed. Other splitting methods proposed in the literature also suffer from
this issue: for instance, the Nitsche based explicit coupling reported in [I8] 20]
and, as shown in Section [4.5] the semi-implicit scheme recently reported in [14].
In this respect, a salient feature of the method with first-order extrapolation
introduced in Chapter |3| is that it simultaneously yields unconditional stability
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and convergence under a standard hyperbolic-CFL constraint whiteout the need
of correction iterations.

The proposed explicit coupling schemes have been interpreted as single iterations,
with appropriate initialization, of a parameter-free Robin-Neumann iterative solution
procedures for strong coupling. In the case of the coupling with thick-walled solids
these methods are new. Original results on the convergence of these procedures have
been derived. A salient consequence of the analysis is that there is a close relation
between stable and accurate explicit coupling schemes and efficient iterative methods
for the solution of strong coupling.

Extensions of this work can explore various research directions. We list and discuss
below some of them together with some open problems:

e A fundamental problem not addressed in this thesis is the case of the coupling
with unfitted fluid and solid meshes or discretizations (see, e.g., [19]). In fact, a
key assumption in the derivation of the methods introduced in Chapters [2| and
[Blis that the fluid and solid discretization match at the interface. This is natural
for fluid-structure systems with moderate interface displacements, but it rapidly
becomes unfeasible for problems involving complex interface motions (e.g., im-
mersed interfaces such as vesicles and heart valves |29 2]). Some preliminary
results in this direction can be found in [51], 83]. Interestingly, the explicit or
semi-implicit nature of the coupling scheme depends on the order in which the
spatial discretization and the Robin-Neumann splitting are performed. In fact,
these operations do not commute in the case of unfitted spatial discretizations.

e The analysis reported in Chapters has been carried out within a linear frame-
work. This is justified by the fact that: (i) the explicit treatment of the geometrical
nonlinearities (i.e., fluid domain motion) is known to not compromise stability
(see, e.g., [96], 108 94, O3]); and (ii) the linear setting considered (i.e, Stokesian
flow coupled with a linearly viscoelastic solid) is resentative of added-mass sta-
bility issues in explicit coupling. In spite of that, we think the generalization of
at least some ingredients of the present analysis (e.g., stability) to the nonlinear
case is of major interest.

e Although not addressed herein, the coupling schemes proposed can also be used
to consider the case of structures with constraints enforced via Lagrange multipli-
ers, such as inextensibility and incompressibility (as is often the case for problems
in bio-engineering). Due to intrinsic partitioned nature of the Robin-Neumann
splitting, the incorporation of this additional solid features requires minor mod-
ification in the scheme, but the analysis can be more intricate (particularly for
the second-order extrapolations).

e Another interesting problem not considered in this thesis is the formulation of
the Robin-Neumann schemes with a fractional-step time marching in the fluid.
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In fact, fractional-step methods are certainly the most widespread technique for
the time-discretization of the incompressible Navier-Stokes equations (see, e.g.,
[66]). The key difficulty here is how to preserve the stability and accuracy of
the fluid-solid splitting without compromising the velocity/pressure uncoupling
of the fluid time-marching. Some results in this direction can be found in [48, 49].

The design and analysis of an explicit coupling method delivering second-order
accuracy remains an open problem. In the framework of the coupling with thin-
walled structures, a first approach in this direction can be to combine second-
order fluid and solid time-marchings with the Robin-Neumann paradigm of Chap-
ter [2l and appropriate second-order extrapolations. Formally, a neutrally stable
second-order Newmark’s scheme could be employed in the solid, but the sta-
bility properties of the resulting coupling scheme requires further investigation,
both from the numerical and analysis standpoint. An alternative approach can
be the combination of a first-order extrapolation which enhances stability, with a
defect-correction iteration to achieve second-order consistency in the perturbed
kinematic relation. We refer to [50] for a study in this direction.

Though significant advances have been obtained with the results of Chapters
and [ achieving optimal first-order accuracy in the case of the coupling with
thick-walled structures appears to be an open problem. A promising approach is
the use a non-symmetric penalty-free formulation at the space semi-discrete level
(see |20} Section 4.3]), but the rigorous stability analysis of the resulting method
remains open.
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