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■ ❛♠ ✉s✐♥❣ t❤✐s ♦♣♣♦rt✉♥✐t② t♦ ❡①♣r❡ss ♠② ❣r❛t✐t✉❞❡ t♦ ❡✈❡r②♦♥❡ ✇❤♦ s✉♣♣♦rt❡❞ ♠❡

t❤r♦✉❣❤♦✉t t❤❡ ❝♦✉rs❡ ♦❢ t❤✐s ✇♦r❦✳

■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣r❡ss ♠② s♣❡❝✐❛❧ ❛♣♣r❡❝✐❛t✐♦♥ ❛♥❞ t❤❛♥❦s t♦ ♠② ❛❞✈✐s♦r✱ Pr♦❢✳

❈r✐st✐❛♥ P❘❊❉❆✱ ✇❤♦ ❤❛s ❜❡❡♥ ❛♥❞ st✐❧❧ ✐s ❛ tr❡♠❡♥❞♦✉s ♠❡♥t♦r ❢♦r ♠❡✳ ■ ✇♦✉❧❞

❧✐❦❡ t♦ t❤❛♥❦ ❤✐♠ ❢♦r ✐♥tr♦❞✉❝✐♥❣ ♠❡ t♦ t❤❡ ✇♦♥❞❡r❢✉❧ s✉❜❥❡❝t ♦❢ s❝❛♥ st❛t✐st✐❝s✱ ❢♦r
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♠❡ ❛♠♦♥❣ t❤❡♠ ❛♥❞ ❢♦r ♠❛❦✐♥❣ t❤❡ ❧❛st ②❡❛rs ♠♦r❡ ❡♥❥♦②❛❜❧❡✱ ❢♦r t❤❡✐r s✉♣♣♦rt✱

❞✐s❝✉ss✐♦♥s ❛♥❞ ❡♥❝♦✉r❛❣❡♠❡♥ts✳ ■✬✈❡ ❧❡❛r♥❡❞ ❛ ❧♦t ❢r♦♠ t❤❡♠✳

▼❛♥② ♦❢ ♠② t❤❛♥❦s ❛♥❞ ♠② ❣r❛t✐t✉❞❡ ❣♦ t♦ ❆❝❛❞✳ ■♦❛♥ ❈❯❈❯▲❊❙❈❯✱ t❤❡ ✜rst

♣❡rs♦♥ ✇❤♦ s❤♦✇❡❞ ♠❡ t❤❡ ❞❡♣t❤s ♦❢ r❡s❡❛r❝❤ ❛♥❞ ❣✉✐❞❡❞ ♠❡ ♦♥ t❤✐s ♣❛t❤✳

■ ❡①♣r❡ss ♠② ❣r❛t✐t✉❞❡ t♦ ❛❧❧ ♦❢ ♠② ❢r✐❡♥❞s ✇❤♦ s✉♣♣♦rt❡❞ ♠❡ ✐♥ ✇r✐t✐♥❣✱ ❛♥❞

❡♥❝♦✉r❛❣❡❞ ♠❡ t♦ str✐✈❡ t♦✇❛r❞s ♠② ❣♦❛❧✳

❆ s♣❡❝✐❛❧ t❤❛♥❦s ❣♦❡s t♦ ♠② ❢❛♠✐❧②✳ ❲♦r❞s ❝❛♥♥♦t ❡①♣r❡ss ❤♦✇ ❣r❛t❡❢✉❧ ■ ❛♠ t♦

♠② ♠♦t❤❡r ❛♥❞ ♠② ❢❛t❤❡r ❢♦r ❛❧❧ ♦❢ t❤❡ s❛❝r✐✜❝❡s t❤❛t t❤❡②✬✈❡ ♠❛❞❡ ♦♥ ♠② ❜❡❤❛❧❢✳

■ ❞❡❞✐❝❛t❡ t❤✐s t❤❡s✐s t♦ t❤❡♠✳

▲❛st✱ ❜✉t ♥♦t ❧❡❛st✱ ■ ✇♦✉❧❞ ❧✐❦❡ ❡①♣r❡ss ❛♣♣r❡❝✐❛t✐♦♥ t♦ ♠② ❜❡❧♦✈❡❞ ❘❛❧✉❝❛ ✇❤♦

s♣❡♥t s❧❡❡♣❧❡ss ♥✐❣❤ts ✇✐t❤ ❛♥❞ ✇❛s ❛❧✇❛②s ♠② s✉♣♣♦rt ✐♥ t❤❡ ♠♦♠❡♥ts ✇❤❡♥ t❤❡r❡

✇❛s ♥♦ ♦♥❡ t♦ ❛♥s✇❡r ♠② q✉❡r✐❡s✳
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❞✐str✐❜✉t✐♦♥ ❞❡ ❧❛ st❛t✐st✐q✉❡ ❞❡ s❝❛♥ ❞✐s❝rèt❡ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥♥❡❧❧❡✳ ▲❛ st❛t✐st✐q✉❡

❞❡ s❝❛♥ ❡st ✈✉❡ ❝♦♠♠❡ ❧❡ ♠❛①✐♠✉♠ ❞✬✉♥❡ s✉✐t❡ ❞❡ ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s st❛t✐♦♥✲

♥❛✐r❡s ✶✲❞é♣❡♥❞❛♥t❡✳ ❉❛♥s ❝❡ ❝❛❞r❡✱ ♥♦✉s ♣rés❡♥t♦♥s ✉♥ ♥♦✉✈❡❛✉ rés✉❧t❛t ♣♦✉r

❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❧✬❡①tr❡♠✉♠ ❞✬✉♥❡ s✉✐t❡ ❞❡ ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡

st❛t✐♦♥♥❛✐r❡ 1✲❞é♣❡♥❞❛♥t❡✱ ❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ❞✬❛♣♣❧✐❝❛t✐♦♥ ♣❧✉s ❧❛r❣❡s ❡t ❞❡s ❡r✲

r❡✉rs ❞✬❛♣♣r♦①✐♠❛t✐♦♥s ♣❧✉s ♣❡t✐t❡s ♣❛r r❛♣♣♦rt ❛✉① rés✉❧t❛ts ❡①✐st❛♥ts ❡♥ ❧✐ttér❛✲

t✉r❡✳ ❈❡ rés✉❧t❛t ❡st ✉t✐❧✐sé ❡♥s✉✐t❡ ♣♦✉r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❧❛

st❛t✐st✐q✉❡ ❞❡ s❝❛♥✳ ▲✬✐♥térêt ❞❡ ❝❡tt❡ ❛♣♣r♦❝❤❡ ♣❛r r❛♣♣♦rt ❛✉① t❡❝❤♥✐q✉❡s ❡①✐s✲

t❛♥t❡s ❡♥ ❧✐ttér❛t✉r❡ ❡st ❞✉ à ❧❛ ♣ré❝✐s✐♦♥ ❞✬✉♥❡ ❡rr❡✉r ❞✬❛♣♣r♦①✐♠❛t✐♦♥✱ ❞✬✉♥❡ ♣❛rt✱

❡t ❞❡ s♦♥ ❛♣♣❧✐❝❛❜✐❧✐té q✉✐ ♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✉ ❝❤❛♠♣ ❛❧é❛t♦✐r❡

s♦✉s✲❛❞❥❛❝❡♥t ❛✉① ❞♦♥♥é❡s✱ ❞✬❛✉tr❡ ♣❛rt✳

▲❡s ♠♦❞è❧❡s ❝♦♥s✐❞érés ❞❛♥s ❝❡ tr❛✈❛✐❧ s♦♥t ❧❡ ♠♦❞è❧❡ ✐✳✐✳❞ ❡t ❧❡ ♠♦❞è❧❡ ❞❡ ❞é♣❡♥✲

❞❛♥❝❡ ❞❡ t②♣❡ ❜❧♦❝❦✲❢❛❝t♦r✳

P♦✉r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ✐✳✐✳❞✳ ❧❡s rés✉❧t❛ts s♦♥t ❞ét❛✐❧❧és ♣♦✉r ❧❛ st❛t✐st✐q✉❡ ❞❡ s❝❛♥

✉♥✐✱ ❜✐ ❡t tr✐✲❞✐♠❡♥s✐♦♥♥❡❧❧❡✳ ❯♥ ❛❧❣♦r✐t❤♠❡ ❞❡ s✐♠✉❧❛t✐♦♥ ❞❡ t②♣❡ ✧✐♠♣♦rt❛♥❝❡

s❛♠♣❧✐♥❣✧ ❛ été ✐♥tr♦❞✉✐t ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❡✛❡❝t✐❢ ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❡t ❞❡s ❡rr❡✉rs

❛ss♦❝✐é❡s✳ ❉❡s ét✉❞❡s ❞❡ s✐♠✉❧❛t✐♦♥s ❞é♠♦♥tr❡♥t ❧✬❡✣❝❛❝✐té ❞❡s rés✉❧t❛ts ♦❜t❡♥✉s✳

▲❛ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❞✬❛✉tr❡s ♠ét❤♦❞❡s ❡①✐st❛♥t❡s ❡st ré❛❧✐sé❡✳

▲❛ ❞é♣❡♥❞❛♥❝❡ ❞❡ t②♣❡ ❜❧♦❝❦✲❢❛❝t♦r ❡st ✐♥tr♦❞✉✐t❡ ❝♦♠♠❡ ✉♥❡ ❛❧t❡r♥❛t✐✈❡ à

❧❛ ❞é♣❡♥❞❛♥❝❡ ❞❡ t②♣❡ ▼❛r❦♦✈✳ ▲❛ ♠ét❤♦❞♦❧♦❣✐❡ ❞é✈❡❧♦♣♣é❡ tr❛❞✐t✐♦♥♥❡❧❧❡♠❡♥t

❞❛♥s ❧❡ ❝❛s ✐✳✐✳❞✳ ❡st ét❡♥❞✉❡ à ❝❡ t②♣❡ ❞❡ ❞é♣❡♥❞❛♥❝❡✳ ▲✬❛♣♣❧✐❝❛t✐♦♥ ❞✉ rés✉❧t❛t

❞✬❛♣♣r♦①✐♠❛t✐♦♥ ♣♦✉r ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❧❛ st❛t✐st✐q✉❡ ❞❡ s❝❛♥ ♣♦✉r ❝❡ ♠♦❞è❧❡ ❞❡

❞é♣❡♥❞❛♥❝❡ ❡st ✐❧❧✉stré❡ ❞❛♥s ❧❡ ❝❛s ✉♥✐ ❡t ❜✐✲❞✐♠❡♥s✐♦♥♥❡❧✳

❈❡s t❡❝❤♥✐q✉❡s✱ ❛✐♥s✐ q✉❡ ❝❡❧❧❡s ❡①✐st❛♥t❡s ❡♥ ❧✐ttér❛t✉r❡✱ ♦♥t été ✐♠♣❧é♠❡♥té❡s

♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s à ❧✬❛✐❞❡ ❞❡s ♣r♦❣r❛♠♠❡s ▼❛t❧❛❜❘© ❡t ✉♥❡ ✐♥t❡r❢❛❝❡ ❣r❛♣❤✐q✉❡✳





❆❜str❛❝t

■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❞❡r✐✈❡ ❛❝❝✉r❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❛♥❞ ❡rr♦r ❜♦✉♥❞s ❢♦r t❤❡ ♣r♦❜❛✲

❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s✳

❲❡ st❛rt ❜② ✐♠♣r♦✈✐♥❣ s♦♠❡ ❡①✐st✐♥❣ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ ❡①tr❡♠❡s ♦❢ 1✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡s ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱

❜♦t❤ ✐♥ t❡r♠s ♦❢ r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛❜✐❧✐t② ❛♥❞ s❤❛r♣♥❡ss ♦❢ t❤❡ ❡rr♦r ❜♦✉♥❞✳ ❚❤❡s❡

❡st✐♠❛t❡s ♣❧❛② t❤❡ ❦❡② r♦❧❡ ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❝❡ss ♦❢ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧

❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ❞✐str✐❜✉t✐♦♥✳

❚❤❡ ♣r❡s❡♥t❡❞ ♠❡t❤♦❞♦❧♦❣② ❤❛s t✇♦ ♠❛✐♥ ❛❞✈❛♥t❛❣❡s ♦✈❡r t❤❡ ❡①✐st✐♥❣ ♦♥❡s

❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✿ ✜rst✱ ❜❡s✐❞❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛✱ ❛♥ ❡rr♦r ❜♦✉♥❞ ✐s

❛❧s♦ ❡st❛❜❧✐s❤❡❞ ❛♥❞ s❡❝♦♥❞✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝♦♠♠♦♥

❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s✳ ❋♦r t❤❡ ✉♥❞❡r❧②✐♥❣ r❛♥❞♦♠ ✜❡❧❞ ✉♥❞❡r ✇❤✐❝❤ t❤❡

s❝❛♥ ♣r♦❝❡ss ✐s ❡✈❛❧✉❛t❡❞✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ ♠♦❞❡❧s✿ t❤❡ ❝❧❛ss✐❝❛❧ ♠♦❞❡❧✱ ♦❢ ✐♥❞❡♣❡♥✲

❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ♦❜s❡r✈❛t✐♦♥s ❛♥❞ ❛ ❞❡♣❡♥❞❡♥t ❢r❛♠❡✇♦r❦✱ ✇❤❡r❡ t❤❡

♦❜s❡r✈❛t✐♦♥s ❛r❡ ❣❡♥❡r❛t❡❞ ❜② ❛ ❜❧♦❝❦✲❢❛❝t♦r✳

■♥ t❤❡ ✐✳✐✳❞✳ ❝❛s❡✱ ✐♥ ♦r❞❡r t♦ ✐❧❧✉str❛t❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ ♦✉r r❡s✉❧ts✱ ✇❡ ❝♦♥s✐❞❡r

t❤❡ ♣❛rt✐❝✉❧❛r s❡tt✐♥❣s ♦❢ ♦♥❡✱ t✇♦ ❛♥❞ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✳ ❆ s✐♠✉❧❛t✐♦♥ st✉❞② ✐s

❝♦♥❞✉❝t❡❞ ✇❤❡r❡ ✇❡ ❝♦♠♣❛r❡ ♦✉r ❡st✐♠❛t❡ ✇✐t❤ ♦t❤❡r ❛♣♣r♦①✐♠❛t✐♦♥s ❛♥❞ ✐♥❡q✉❛❧✲

✐t✐❡s ❞❡r✐✈❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ❛r❡ ❡✣❝✐❡♥t❧② ♦❜t❛✐♥❡❞ ✈✐❛ ❛♥

✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ❛❧❣♦r✐t❤♠ ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ t❤❡ t❡①t✳

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❜❧♦❝❦✲❢❛❝t♦r ♠♦❞❡❧ ❢♦r t❤❡ ✉♥❞❡r❧②✐♥❣ r❛♥❞♦♠ ✜❡❧❞✱ ✇❤✐❝❤

❝♦♥s✐sts ♦❢ ❞❡♣❡♥❞❡♥t ❞❛t❛ ❛♥❞ ✇❡ s❤♦✇ ❤♦✇ t♦ ❡①t❡♥❞ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞✲

♦❧♦❣② t♦ t❤✐s ❝❛s❡✳ ❙❡✈❡r❛❧ ❡①❛♠♣❧❡s ✐♥ ♦♥❡ ❛♥❞ t✇♦ ❞✐♠❡♥s✐♦♥s ❛r❡ ✐♥✈❡st✐❣❛t❡❞✳

❚❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❛❝❝♦♠♣❛♥②✐♥❣ t❤❡s❡ ❡①❛♠♣❧❡s s❤♦✇ t❤❡ ❛❝❝✉r❛❝② ♦❢ ♦✉r

❛♣♣r♦①✐♠❛t✐♦♥✳

❆❧❧ t❤❡ ♠❡t❤♦❞s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s ❧❡❛❞❡❞ t♦ ❛ ●r❛♣❤✐❝❛❧ ❯s❡r ■♥t❡r❢❛❝❡

✭●❯■✮ s♦❢t✇❛r❡✱ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ▼❛t❧❛❜❘©✳





❈♦♥t❡♥ts

■♥tr♦❞✉❝t✐♦♥ ✶

✶ ❊①✐st✐♥❣ ♠❡t❤♦❞s ❢♦r ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ✺

✶✳✶ ❖♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶✳✶✳✶ ❊①❛❝t r❡s✉❧ts ❢♦r ❜✐♥❛r② s❡q✉❡♥❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✶✳✷ ❆♣♣r♦①✐♠❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✶✳✸ ❇♦✉♥❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✶✳✷ ❚✇♦ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✳✷✳✶ ❆♣♣r♦①✐♠❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✶✳✷✳✷ ❇♦✉♥❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✶✳✸ ❚❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✶✳✸✳✶ Pr♦❞✉❝t✲t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷ ❊①tr❡♠❡s ♦❢ ✶✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡s ✷✼

✷✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷✳✶✳✶ ❉❡✜♥✐t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷✳✶✳✷ ❘❡♠❛r❦s ❛❜♦✉t ♠✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s ❛♥❞ ❜❧♦❝❦✲❢❛❝t♦rs ✳ ✳ ✷✽

✷✳✶✳✸ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ ❞✐s❝✉ss✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
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✸✳✹ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ r✉♥ t✐♠❡ ✉s✐♥❣ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❝♦✉♥ts t❡❝❤♥✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✽✵

✸✳✺ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ s✐♠✉❧❛t✐♦♥ ❡rr♦r ✐♥ ■❙ ❆❧❣♦r✐t❤♠ ✶ ❛♥❞ ■❙ ❆❧❣♦r✐t❤♠ ✷ ✳ ✳ ✽✹

✸✳✻ ❚❤❡ ❡♠♣✐r✐❝❛❧ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❜✐♥♦♠✐❛❧ ❛♥❞ P♦✐ss♦♥
♠♦❞❡❧s ✐♥ ❚❛❜❧❡ ✸✳✼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✸✳✼ ❚❤❡ ❡♠♣✐r✐❝❛❧ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❜✐♥♦♠✐❛❧ ❛♥❞ P♦✐ss♦♥
♠♦❞❡❧s ✐♥ ❚❛❜❧❡ ✸✳✶✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✸✳✽ ❚❤❡ ❡♠♣✐r✐❝❛❧ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ✭❆♣♣❍ ❂ ❖✉r ❆♣♣r♦①✐♠❛✲
t✐♦♥✱ ❆♣♣P❚ ❂ Pr♦❞✉❝t ❚②♣❡ ❆♣♣r♦①✐♠❛t✐♦♥✮ ❢♦r t❤❡ ●❛✉ss✐❛♥ ♠♦❞❡❧ ✐♥
❚❛❜❧❡ ✸✳✶✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✹✳✶ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❜❧♦❝❦✲❢❛❝t♦r t②♣❡ ♠♦❞❡❧ ✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s ✭d = 2✮ ✳ ✳ ✳ ✾✼

✹✳✷ ❚❤❡ ❞❡♣❡♥❞❡♥❝❡ str✉❝t✉r❡ ♦❢ Xs1,s2 ✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✹✳✸ ■❧❧✉str❛t✐♦♥ ♦❢ Zk1
❡♠♣❤❛s✐③✐♥❣ t❤❡ 1✲❞❡♣❡♥❞❡♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✹✳✹ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❝❡ss ❢♦r d = 2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✹✳✺ ❈✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r ❛♣♣r♦①✐♠❛t✐♦♥✱ s✐♠✉❧❛t✐♦♥ ❛♥❞ ❧✐♠✐t ❧❛✇✶✶✵
✹✳✻ ❈✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ s✐♠✉❧❛t✐♦♥ ❛❧♦♥❣

✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡rr♦r ✉♥❞❡r MA ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸

✹✳✼ ❆ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠✐♥❡s✇❡❡♣❡r r❡❧❛t❡❞ ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

✹✳✽ ❈✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r ❜❧♦❝❦✕❢❛❝t♦r ❛♥❞ ✐✳✐✳❞✳ ♠♦❞❡❧s ✳ ✳ ✳ ✳ ✶✶✼

✹✳✾ Pr♦❜❛❜✐❧✐t② ♠❛ss ❢✉♥❝t✐♦♥ ❢♦r ❜❧♦❝❦â❼➆✲❢❛❝t♦r ❛♥❞ ✐✳✐✳❞✳ ♠♦❞❡❧s ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼

❈✳✶ ❚❤❡ ❙❝❛♥ ❙t❛t✐st✐❝s ❙✐♠✉❧❛t♦r ●❯■ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✶





▲✐st ♦❢ ❚❛❜❧❡s

✷✳✶ ❙❡❧❡❝t❡❞ ✈❛❧✉❡s ❢♦r t❤❡ ❡rr♦r ❝♦❡✣❝✐❡♥ts ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✸ ❛♥❞ ❈♦r♦❧✲

❧❛r② ✷✳✷✳✹ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✷✳✷ ❙❡❧❡❝t❡❞ ✈❛❧✉❡s ❢♦r t❤❡ ❡rr♦r ❝♦❡✣❝✐❡♥ts ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✻ ❛♥❞ ❈♦r♦❧✲

❧❛r② ✷✳✷✳✼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✸✳✶ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ p ✈❛❧✉❡s ❛s ❡✈❛❧✉❛t❡❞ ❜② s✐♠✉❧❛t✐♦♥ ✉s✐♥❣
❬●❡♥③ ❛♥❞ ❇r❡t③✱ ✷✵✵✾❪ ❛❧❣♦r✐t❤♠ ✭●❡♥③✮✱ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ✭❆❧❣♦ ✶✮
❛♥❞ t❤❡ r❡❧❛t✐✈❡ ❡✣❝✐❡♥❝② ❜❡t✇❡❡♥ t❤❡ ♠❡t❤♦❞s ✭❘❡❧ ❊✛✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✸✳✷ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ p ✈❛❧✉❡s ❛s ❡✈❛❧✉❛t❡❞ ❜② ♥❛✐✈❡ ▼♦♥t❡ ❈❛r❧♦ ✭▼❈✮✱ ✐♠✲
♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ✭❆❧❣♦ ✶✮ ❛♥❞ t❤❡ r❡❧❛t✐✈❡ ❡✣❝✐❡♥❝② ❜❡t✇❡❡♥ t❤❡ ♠❡t❤♦❞s
✭❘❡❧ ❊✛✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✸✳✸ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ p ✈❛❧✉❡s ❛s ❡✈❛❧✉❛t❡❞ ❜② t❤❡ t✇♦ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣
❛❧❣♦r✐t❤♠s ✭❆❧❣♦ ✷ ❛♥❞ ❆❧❣♦ ✶✮ ❛♥❞ t❤❡ r❡❧❛t✐✈❡ ❡✣❝✐❡♥❝② ❜❡t✇❡❡♥ t❤❡
♠❡t❤♦❞s ✭❘❡❧ ❊✛✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✸✳✹ ❆♣♣r♦①✐♠❛t✐♦♥s ❢♦r P(Sm1
(T1) ≤ n) ✐♥ t❤❡ ❇❡r♥♦✉❧❧✐ B(0.05) ❝❛s❡✿ m1 = 15✱

T1 = 1000✱ ITER = 105 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✸✳✺ ❆♣♣r♦①✐♠❛t✐♦♥s ❢♦r P(Sm1(T1) ≤ n) ❢♦r ❜✐♥♦♠✐❛❧ ❛♥❞ P♦✐ss♦♥ ❝❛s❡s✿ m1 =

50✱ T1 = 5000✱ ITERapp = 105✱ ITERsim = 104 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✸✳✻ ❆♣♣r♦①✐♠❛t✐♦♥s ❢♦r P(Sm1
(T1) ≤ n) ✐♥ t❤❡ ●❛✉ss✐❛♥ N (0, 1) ❝❛s❡✿ m1 = 40✱

T1 = 800✱ ITERapp = 105✱ ITERsim = 104 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✸✳✼ ❆♣♣r♦①✐♠❛t✐♦♥s ❢♦r P(Sm(T) ≤ n) ❢♦r ❜✐♥♦♠✐❛❧ ❛♥❞ P♦✐ss♦♥ ♠♦❞❡❧s✿ m1 =

20✱ m2 = 30✱ T1 = 500✱ T2 = 600✱ ITERapp = 104✱ ITERsim = 103 ✳ ✳ ✳ ✳ ✽✼

✸✳✽ ❆♣♣r♦①✐♠❛t✐♦♥s ❢♦r P(Sm(T) ≤ n) ✐♥ t❤❡ ●❛✉ss✐❛♥ N (1, 0.5) ♠♦❞❡❧✿ m1 =

10✱ m2 = 20✱ T1 = 400✱ T2 = 400✱ ITERapp = 104✱ ITERsim = 103 ✳ ✳ ✳ ✳ ✽✽

✸✳✾ ❆♣♣r♦①✐♠❛t✐♦♥s ❢♦r P(Sm(T) ≤ n) ✐♥ t❤❡ ❇❡r♥♦✉❧❧✐ ♠♦❞❡❧✿ m1 = m2 =

m3 = 5✱ T1 = T2 = T3 = 60✱ ITERapp = 105✱ ITERsim = 103 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✸✳✶✵ ❆♣♣r♦①✐♠❛t✐♦♥ ❢♦r P(Sm(T) ≤ n) ♦✈❡r t❤❡ r❡❣✐♦♥ R3 ✇✐t❤ ✇✐♥❞♦✇s ♦❢
t❤❡ s❛♠❡ ✈♦❧✉♠❡ ❜② ❞✐✛❡r❡♥t s✐③❡s✿ T1 = T2 = T3 = 60✱ p = 0.0025✱
ITERapp = 105✱ ITERsim = 103 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✸✳✶✶ ❆♣♣r♦①✐♠❛t✐♦♥ ❢♦r P(Sm(T) ≤ n) ❜❛s❡❞ ♦♥ ❘❡♠❛r❦ ✸✳✷✳✶✿ m1 = m2 =

m3 = 10✱ T1 = T2 = T3 = 185✱ L1 = L2 = L3 = 20✱ ITERapp = 105✱
ITERsim = 103 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✸✳✶✷ ❆♣♣r♦①✐♠❛t✐♦♥ ❢♦r P(Sm(T) ≤ n) ✐♥ t❤❡ ❜✐♥♦♠✐❛❧ ❛♥❞ P♦✐ss♦♥ ♠♦❞❡❧s✿
m1 = m2 = m3 = 4✱ T1 = T2 = T3 = 84✱ ITERapp = 105✱ ITERsim = 103 ✳ ✾✶

✸✳✶✸ ❆♣♣r♦①✐♠❛t✐♦♥s ❢♦r P(Sm(T) ≤ n) ✐♥ t❤❡ ●❛✉ss✐❛♥ N (0, 1) ♠♦❞❡❧✿ m1 =

m2 = m3 = 10✱ T1 = T2 = T3 = 256✱ ITERapp = 105✱ ITERsim = 103 ✳ ✳ ✳ ✾✷

✹✳✶ ❖♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❇❡r♥♦✉❧❧✐ ❜❧♦❝❦✲❢❛❝t♦r ♠♦❞❡❧✿ m1 = 8✱ T1 = 1000 ✳ ✳ ✳ ✳ ✳ ✶✵✻

✹✳✷ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❧♦♥❣❡st ✐♥❝r❡❛s✐♥❣ r✉♥✿ T̃1 = 10001✱
ITERsim = 104✱ ITERapp = 105 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵



✈✐ ▲✐st ♦❢ ❚❛❜❧❡s

✹✳✸ ▼❆✭✷✮ ♠♦❞❡❧✿ m1 = 20✱ T1 = 1000✱ Xi = 0.3X̃i + 0.1X̃i+1 + 0.5X̃i+2✱
ITERapp = 106✱ ITERsim = 105 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷

✹✳✹ ❇❧♦❝❦✲❢❛❝t♦r✿ m1 = m2 = 3✱ T̃1 = T̃2 = 44✱ T1 = T2 = 42✱ p = 0.1✱
ITER = 108 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

✹✳✺ ■♥❞❡♣❡♥❞❡♥t✿ m1 = m2 = 3✱ T1 = T2 = 42✱ B(r = 8,p = 0.1)✱ ITER = 105 ✶✶✺

✹✳✻ ❇❧♦❝❦✲❢❛❝t♦r✿ m1 = m2 = 3✱ T̃1 = T̃2 = 44✱ T1 = T2 = 42✱ p = 0.3✱
ITER = 108 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

✹✳✼ ■♥❞❡♣❡♥❞❡♥t✿ m1 = m2 = 3✱ T1 = T2 = 42✱ B(r = 8,p = 0.3)✱ ITER = 105 ✶✶✺

✹✳✽ ❇❧♦❝❦✲❢❛❝t♦r✿ m1 = m2 = 3✱ T̃1 = T̃2 = 44✱ T1 = T2 = 42✱ p = 0.5✱
ITER = 108 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻

✹✳✾ ■♥❞❡♣❡♥❞❡♥t✿ m1 = m2 = 3✱ T1 = T2 = 42✱ B(r = 8,p = 0.5)✱ ITER = 105 ✶✶✻

✹✳✶✵ ❇❧♦❝❦✲❢❛❝t♦r✿ m1 = m2 = 3✱ T̃1 = T̃2 = 44✱ T1 = T2 = 42✱ p = 0.7✱
ITER = 108 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻

✹✳✶✶ ■♥❞❡♣❡♥❞❡♥t✿ m1 = m2 = 3✱ T1 = T2 = 42✱ B(r = 8,p = 0.7)✱ ITER = 105 ✶✶✻

❈✳✶ ❙❝❛♥ ❉✐♠❡♥s✐♦♥ ✈❡rs✉s ❘❛♥❞♦♠ ❋✐❡❧❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✷

❈✳✷ ❘❡❧❛t✐♦♥s ✉s❡❞ ❢♦r ❡st✐♠❛t✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❛♥ st❛t✐st✐❝s ✳ ✳ ✳ ✳ ✶✹✸



■♥tr♦❞✉❝t✐♦♥

❚❤❡r❡ ❛r❡ ♠❛♥② ✜❡❧❞s ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ✇❤❡r❡ ❛♥ ♦❜s❡r✈❡❞ ❝❧✉st❡r ♦❢ ❡✈❡♥ts ❝♦✉❧❞ ❤❛✈❡

❛ ❣r❡❛t ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❞❡❝✐s✐♦♥ t❛❦❡♥ ❜② ❛♥ ✐♥✈❡st✐❣❛t♦r✳ ❚♦ ❦♥♦✇ ✐❢ s✉❝❤ ❛♥

❛❣❣❧♦♠❡r❛t✐♦♥ ♦❢ ❡✈❡♥ts ✐s ❞✉❡ t♦ ❤❛③❛r❞ ♦r ♥♦t✱ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡

❞❡❝✐s✐♦♥✲♠❛❦✐♥❣ ♣r♦❝❡ss✳ ❋♦r ❡①❛♠♣❧❡✱ ❛♥ ❡♣✐❞❡♠✐♦❧♦❣✐st ♦❜s❡r✈❡s ♦✈❡r ❛ ♣r❡❞❡✜♥❡❞

♣❡r✐♦❞ ♦❢ t✐♠❡ ✭❛ ✇❡❡❦✱ ❛ ♠♦♥t❤✱ ❡t❝✳✮ ❛♥ ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ ❝❛s❡s ♦❢ ❛♥ ✐♥❢❡❝t✐♦✉s

❞✐s❡❛s❡ ❛♠♦♥❣ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❛ ❝❡rt❛✐♥ r❡❣✐♦♥✳ ❯♥❞❡r s♦♠❡ ♠♦❞❡❧ ❢♦r t❤❡ ❞✐str✐✲

❜✉t✐♦♥ ♦❢ ❡✈❡♥ts✱ ✐❢ t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ♦❜s❡r✈❡ s✉❝❤ ❛♥ ✉♥❡①♣❡❝t❡❞ ❝❧✉st❡r ✐s s♠❛❧❧✱

✇✐t❤ r❡s♣❡❝t t♦ ❛ ❣✐✈❡♥ t❤r❡s❤♦❧❞ ✈❛❧✉❡✱ t❤❡♥ t❤❡ ✐♥✈❡st✐❣❛t♦r ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❛♥

❛t②♣✐❝❛❧ s✐t✉❛t✐♦♥ ♦❝❝✉rr❡❞ ❛♥❞ ❝❛♥ t❛❦❡ t❤❡ ♣r♦♣❡r ♠❡❛s✉r❡s t♦ ❛✈♦✐❞ ❛ ♣❛♥❞❡♠✐❝

❝r✐s✐s✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ✐❞❡♥t✐❢②✐♥❣ ❛❝❝✉♠✉❧❛t✐♦♥s ♦❢ ❡✈❡♥ts t❤❛t ❛r❡ ✉♥❡①♣❡❝t❡❞ ♦r

❛♥♦♠❛❧♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡✈❡♥ts ❜❡❧♦♥❣s t♦ t❤❡ ❝❧❛ss ♦❢ ❝❧✉st❡r

❞❡t❡❝t✐♦♥ ♣r♦❜❧❡♠s✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❞♦♠❛✐♥✱ t❤❡s❡ ❛♥♦♠❛❧♦✉s ❛❣✲

❣❧♦♠❡r❛t✐♦♥ ♦❢ ❡✈❡♥ts ❝❛♥ ❝♦rr❡s♣♦♥❞ t♦ ❛ ❞✐✈❡rs✐t② ♦❢ ♣❤❡♥♦♠❡♥❛✿ ❢♦r ❡①❛♠♣❧❡ ♦♥❡

♠❛② ✇❛♥t t♦ s❡❛r❝❤ ❢♦r ❝❧✉st❡rs ♦❢ st❛rs✱ ❞❡♣♦s✐ts ♦❢ ♣r❡❝✐♦✉s ♠❡t❛❧s✱ ♦✉t❜r❡❛❦s ♦❢

❞✐s❡❛s❡✱ ❜❛t❝❤❡s ♦❢ ❞❡❢❡❝t✐✈❡ ♣✐❡❝❡s✱ ❜r❛✐♥ t✉♠♦rs ❛♥❞ ♠❛♥② ♦t❤❡r ♣♦ss✐❜✐❧✐t✐❡s✳

❆ ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ t❡st✐♥❣ ♣r♦❝❡❞✉r❡s✱ ✉s❡❞ ❜② ♣r❛❝t✐t✐♦♥❡rs t♦ ❡✈❛❧✉❛t❡ t❤❡ ❧✐❦❡❧✐❤♦♦❞

♦❢ s✉❝❤ ❝❧✉st❡rs ♦❢ ❡✈❡♥ts✱ ❛r❡ t❤❡ t❡sts ❜❛s❡❞ ♦♥ s❝❛♥ st❛t✐st✐❝s✳ ❚❤❡s❡ st❛t✐st✐❝s✱

❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ✜rst t✐♠❡ ✐♥ t❤❡ ✇♦r❦ ♦❢ ◆❛✉s ✐♥ t❤❡ 60s✱ ❛r❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

❞❡✜♥❡❞ ❛s t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ✐♥ ❛ s❝❛♥♥✐♥❣ ✇✐♥❞♦✇ ♦❢ ♣r❡❞❡✜♥❡❞

s✐③❡ ❛♥❞ s❤❛♣❡ t❤❛t ✐s ♠♦✈❡❞ ✐♥ ❛ ❝♦♥t✐♥✉♦✉s ❢❛s❤✐♦♥ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ ❧♦❝❛t✐♦♥s

♦❢ t❤❡ r❡❣✐♦♥ ♦❢ st✉❞②✳ ❚❤❡ t❡sts ❜❛s❡❞ ♦♥ s❝❛♥ st❛t✐st✐❝s ❛r❡ ✉s✉❛❧❧② ❡♠♣❧♦②❡❞

✇❤❡♥ ♦♥❡ ✇❛♥ts t♦ ❞❡t❡❝t ❛ ❧♦❝❛❧ ❝❤❛♥❣❡ ✭❛ ❤♦t s♣♦t✮ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡

✉♥❞❡r❧②✐♥❣ r❛♥❞♦♠ ✜❡❧❞ ✈✐❛ t❡st✐♥❣ t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ♦❢ ✉♥✐❢♦r♠✐t② ❛❣❛✐♥st ❛♥

❛❧t❡r♥❛t✐✈❡ ❤②♣♦t❤❡s✐s ✇❤✐❝❤ ❢❛✈♦rs ❝❧✉st❡rs ♦❢ ❡✈❡♥ts✳ ❚❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ t❡sts

❜❛s❡❞ ♦♥ s❝❛♥ st❛t✐st✐❝s ❤❛✈❡ ❜❡❡♥ ♥♦t❡❞ ✐♥ ♠❛♥② s❝✐❡♥t✐✜❝ ❛♥❞ t❡❝❤♥♦❧♦❣✐❝❛❧ ✜❡❧❞s✱

✐♥❝❧✉❞✐♥❣✿ ❉◆❆ s❡q✉❡♥❝❡ ❛♥❛❧②s✐s✱ ❜r❛✐♥ ✐♠❛❣✐♥❣✱ ❞✐str✐❜✉t❡❞ t❛r❣❡t ❞❡t❡❝t✐♦♥ ✐♥

s❡♥s♦rs ♥❡t✇♦r❦s✱ ❛str♦♥♦♠②✱ r❡❧✐❛❜✐❧✐t② t❤❡♦r② ❛♥❞ q✉❛❧✐t② ❝♦♥tr♦❧ ❛♠♦♥❣ ♠❛♥②

♦t❤❡r ❞♦♠❛✐♥s✳

❚♦ ✐♠♣❧❡♠❡♥t t❤❡s❡ t❡st✐♥❣ ♣r♦❝❡❞✉r❡s✱ ♦♥❡ ♥❡❡❞s t♦ ✜♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡

s❝❛♥ st❛t✐st✐❝s✳ ❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ✐♥ ♦❜t❛✐♥✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❛♥ r❛♥❞♦♠

✈❛r✐❛❜❧❡✱ ✉♥❞❡r t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s✱ r❡s✐❞❡s ✐♥ t❤❡ ❤✐❣❤ ❞❡♣❡♥❞❡♥t str✉❝t✉r❡ ♦❢ t❤❡

♦❜s❡r✈❛t✐♦♥s ♦✈❡r ✇❤✐❝❤ t❤❡ ♠❛①✐♠✉♠ ✐s t❛❦❡♥✳ ❆s ❝♦♥s❡q✉❡♥❝❡✱ s❡✈❡r❛❧ ❛♣♣r♦①✐♠❛✲

t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞✱ ❡s♣❡❝✐❛❧❧② ❢♦r t❤❡ ❝❛s❡ ♦❢ ♦♥❡✱ t✇♦ ❛♥❞ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧

s❝❛♥ st❛t✐st✐❝s✳

■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ✐♥t♦ ❛ ❣❡♥✲

❡r❛❧ ❢r❛♠❡✇♦r❦✳ ❱✐❡✇❡❞ ❛s ♠❛①✐♠✉♠ ♦❢ s♦♠❡ 1✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s ♦❢ r❛♥❞♦♠

✈❛r✐❛❜❧❡s✱ ✇❡ ❞❡r✐✈❡ ❛❝❝✉r❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❛♥❞ ❡rr♦r ❜♦✉♥❞s ❢♦r ✐ts ❞✐str✐❜✉t✐♦♥✳

❖✉r ♠❡t❤♦❞♦❧♦❣② ❛♣♣❧✐❡s t♦ ❛ ❧❛r❣❡r ❝❧❛ss ♦❢ ❞✐str✐❜✉t✐♦♥s ❛♥❞ ❡①t❡♥❞s t❤❡ ✐✳✐✳❞✳ ❝❛s❡

t♦ s♦♠❡ ♥❡✇ ❞❡♣❡♥❞❡♥t ♠♦❞❡❧s ❜❛s❡❞ ♦♥ ❜❧♦❝❦✲❢❛❝t♦r ❝♦♥str✉❝t✐♦♥s✳

❚❤✐s ♠❛♥✉s❝r✐♣t ✐s ♦r❣❛♥✐③❡❞ ✐♥t♦ ❢♦✉r ❝❤❛♣t❡rs ❛s ❢♦❧❧♦✇s✳



✷ ■♥tr♦❞✉❝t✐♦♥

■♥ ❈❤❛♣t❡r ✶✱ ✇❡ r❡✈✐❡✇ s♦♠❡ ♦❢ t❤❡ ❡①✐st✐♥❣ ❛♣♣r♦❛❝❤❡s ✉s❡❞ t♦ ❞❡✈❡❧♦♣ ❡①❛❝t ❛♥❞

❛♣♣r♦①✐♠❛t❡ r❡s✉❧ts ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s✳

❲❡ ❝♦♥s✐❞❡r✱ s❡♣❛r❛t❡❧②✱ t❤❡ ❝❛s❡s ♦❢ ♦♥❡✱ t✇♦ ❛♥❞ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐s✲

t✐❝s✳ ■♥ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✱ ✇❡ ✐♥❝❧✉❞❡✱ ❛❧♦♥❣ ✈❛r✐♦✉s ❛♣♣r♦①✐♠❛t✐♦♥s ❛♥❞

❜♦✉♥❞s✱ t❤r❡❡ ❣❡♥❡r❛❧ ♠❡t❤♦❞s ✉s❡❞ ❢♦r ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❡①❛❝t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡

s❝❛♥ st❛t✐st✐❝s ♦✈❡r ❛ s❡q✉❡♥❝❡ ♦❢ ✐✳✐✳❞✳ ❜✐♥❛r② tr✐❛❧s✿ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ♠❡t❤♦❞✱ t❤❡

✜♥✐t❡ ▼❛r❦♦✈ ❝❤❛✐♥ ✐♠❜❡❞❞✐♥❣ t❡❝❤♥✐q✉❡ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ❣❡♥❡r❛t✐♥❣

❢✉♥❝t✐♦♥ ♠❡t❤♦❞✳ ❆ ♥❡✇ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧

s❝❛♥ st❛t✐st✐❝s ✐s ♣r❡s❡♥t❡❞✳ ❲❡ s❤♦✉❧❞ ♠❡♥t✐♦♥ t❤❛t ♠♦st ♦❢ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞

✐♥ t❤✐s ❝❤❛♣t❡r ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡✐r ❣❡♥❡r❛❧ ❢♦r♠✱ ❡①t❡♥❞✐♥❣ t❤✉s t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣

❢♦r♠✉❧❛s t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

❈❤❛♣t❡r ✷ ✐♥tr♦❞✉❝❡s ❛ s❡r✐❡s ♦❢ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐str✐✲

❜✉t✐♦♥ ♦❢ t❤❡ ❡①tr❡♠❡s ♦❢ 1✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡s ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❲❡

✐♠♣r♦✈❡ s♦♠❡ ❡①✐st✐♥❣ r❡s✉❧ts ✐♥ t❡r♠s ♦❢ ❡rr♦r ❜♦✉♥❞s ❛♥❞ r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛❜✐❧✐t②✳

❖✉r ♥❡✇ ❛♣♣r♦①✐♠❛t✐♦♥s ✇✐❧❧ ❝♦♥st✐t✉t❡ t❤❡ ♠❛✐♥ t♦♦❧s ✐♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐s✲

tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ❞❡r✐✈❡❞ ✐♥ t❤❡ s✉❜s❡q✉❡♥t

❝❤❛♣t❡rs✳

❚❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ d ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s✱ d ≥ 1 ❢♦r ✐♥❞❡♣❡♥❞❡♥t

❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ♦❜s❡r✈❛t✐♦♥s✱ ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ ❈❤❛♣t❡r ✸✳ ❊♠♣❧♦②✐♥❣

t❤❡ r❡s✉❧ts ❞❡r✐✈❡❞ ✐♥ ❈❤❛♣t❡r ✷✱ ✇❡ ♣r❡s❡♥t t❤❡ ♠❡t❤♦❞♦❧♦❣② ✉s❡❞ ❢♦r ♦❜t❛✐♥✐♥❣

t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧

❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s✳ ❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❞❡s❝r✐❜❡❞ ❛♣♣r♦❛❝❤

✐s t❤❛t✱ ❜❡s✐❞❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛✱ ✇❡ ❝❛♥ ❛❧s♦ ❡st❛❜❧✐s❤ s❤❛r♣ ❡rr♦r ❜♦✉♥❞s✳

❙✐♥❝❡ t❤❡ q✉❛♥t✐t✐❡s t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s❝❛♥ st❛t✐st✐❝s ❢♦r✲

♠✉❧❛ ❛r❡ ✉s✉❛❧❧② ❡✈❛❧✉❛t❡❞ ❜② s✐♠✉❧❛t✐♦♥✱ t✇♦ t②♣❡s ♦❢ ❡rr♦rs ❛r❡ ❝♦♥s✐❞❡r❡❞✿ t❤❡

t❤❡♦r❡t✐❝❛❧ ❡rr♦r ❜♦✉♥❞s ❛♥❞ t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦r ❜♦✉♥❞s✳ ❲❡ ❣✐✈❡ ❞❡t❛✐❧❡❞ ❡①♣r❡s✲

s✐♦♥s✱ ❜❛s❡❞ ♦♥ r❡❝✉rs✐✈❡ ❢♦r♠✉❧❛s✱ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡s❡ ❜♦✉♥❞s✳ ❉✉❡ t♦ t❤❡

s✐♠✉❧❛t✐♦♥ ♥❛t✉r❡ ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ✇❡ ❛❧s♦ ✐♥❝❧✉❞❡ ❛ ❣❡♥❡r❛❧ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣

♣r♦❝❡❞✉r❡ t♦ ✐♥❝r❡❛s❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❡st✐♠❛t✐♦♥✳ ❲❡ ❞✐s❝✉ss ❞✐✛❡r✲

❡♥t ❝♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts ♦❢ t❤❡ ♣r♦❝❡❞✉r❡ ❛♥❞ ✇❡ ❝♦♠♣❛r❡ ✐t ✇✐t❤ ♦t❤❡r ❡①✐st✐♥❣

❛❧❣♦r✐t❤♠s✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❡ ❝❤❛♣t❡r ✇✐t❤ ❛ s❡r✐❡s ♦❢ ❡①❛♠♣❧❡s ❢♦r t❤❡ s♣❡❝✐❛❧ ❝❛s❡s

♦❢ ♦♥❡✱ t✇♦ ❛♥❞ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s✳ ■♥ t❤❡s❡ ❢r❛♠❡✇♦r❦s✱ ✇❡ ❡①♣❧✐❝✐t

t❤❡ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛s ♦❜t❛✐♥❡❞ ❢♦r t❤❡ d ❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣ ❛♥❞ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡✐r

❛❝❝✉r❛❝② ✈✐❛ ❛ s✐♠✉❧❛t✐♦♥ st✉❞②✳

■♥ ❈❤❛♣t❡r ✹✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ♦✈❡r ❛

r❛♥❞♦♠ ✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② ❛ ❜❧♦❝❦✲❢❛❝t♦r ♠♦❞❡❧✳ ❚❤✐s ❞❡♣❡♥❞❡♥t ♠♦❞❡❧ ❣❡♥❡r❛❧✐③❡s

t❤❡ ✐✳✐✳❞✳ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✸✳ ❲❡ ❡①t❡♥❞ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞♦❧♦❣②

❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ ✐✳✐✳❞✳ ❝❛s❡ t♦ t❤✐s ♠♦❞❡❧✳ ❲❡ ♣r♦✈✐❞❡ r❡❝✉rr❡♥t ❢♦r♠✉❧❛s ❢♦r

t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛s ✇❡❧❧ ❛s ❢♦r t❤❡ ❛ss♦❝✐❛t❡❞ ❡rr♦r ❜♦✉♥❞s✳

■♥ t❤❡ ✜♥❛❧ s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t s❡✈❡r❛❧ ❡①❛♠♣❧❡s ❢♦r t❤❡ s♣❡❝✐❛❧ ❝❛s❡s ♦❢ ♦♥❡ ❛♥❞

t✇♦ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s t♦ ✐❧❧✉str❛t❡ t❤❡ ♠❡t❤♦❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❣✐✈❡ ❛♥

❡st✐♠❛t❡ ❢♦r t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❧♦♥❣❡st ✐♥❝r❡❛s✐♥❣ r✉♥ ✐♥ ❛ s❡q✉❡♥❝❡ ♦❢ ✐✳✐✳❞✳ r❛♥❞♦♠

✈❛r✐❛❜❧❡s ❛♥❞ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ s❝❛♥ st❛t✐st✐❝s ❢♦r ♠♦✈✐♥❣ ❛✈❡r❛❣❡ ♦❢ ♦r❞❡r q ♠♦❞❡❧s✳

◆✉♠❡r✐❝❛❧ r❡s✉❧ts ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ♦✉r r❡s✉❧ts✳



■♥tr♦❞✉❝t✐♦♥ ✸

❚♦ ✐❧❧✉str❛t❡ t❤❡ ❡✣❝✐❡♥❝② ❛♥❞ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♠❡t❤♦❞s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s✱

✇❡ ❞❡✈❡❧♦♣❡❞ ❛ ●r❛♣❤✐❝❛❧ ❯s❡r ■♥t❡r❢❛❝❡ ✭●❯■✮ s♦❢t✇❛r❡✱ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ▼❛t❧❛❜❘©✳

❚❤✐s s♦❢t✇❛r❡ ❛♣♣❧✐❝❛t✐♦♥ ♣r♦✈✐❞❡s ❡st✐♠❛t❡s ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ s❝❛♥

st❛t✐st✐❝s ❢♦r ❞✐✛❡r❡♥t s❝❡♥❛r✐♦s✳ ■♥ t❤✐s ●❯■✱ t❤❡ ✉s❡r ❝❛♥ ❝❤♦♦s❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢

t❤❡ ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ✜❡❧❞ ✉♥❞❡r ✇❤✐❝❤ t❤❡ s❝❛♥ ♣r♦❝❡ss

✐s ♣❡r❢♦r♠❡❞✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡s ♦❢ ♦♥❡✱ t✇♦ ❛♥❞ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐s✲

t✐❝s ♦✈❡r ❛ r❛♥❞♦♠ ✜❡❧❞ ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❇❡r♥♦✉❧❧✐✱ ❜✐♥♦♠✐❛❧✱ P♦✐ss♦♥ ♦r

●❛✉ss✐❛♥ ♠♦❞❡❧✳ ■♥ t❤❡ ♣❛rt✐❝✉❧❛r s✐t✉❛t✐♦♥ ♦❢ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s✱ ✇❡

❤❛✈❡ ❛❧s♦ ✐♥❝❧✉❞❡❞ ❛ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ ♦❢ ♦r❞❡r q ♠♦❞❡❧✳ ❆ ♠♦r❡ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥

♦❢ t❤✐s ●❯■ ❛♣♣❧✐❝❛t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❈✳





❈❤❛♣t❡r ✶

❊①✐st✐♥❣ ♠❡t❤♦❞s ❢♦r ✜♥❞✐♥❣ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ ❞✐s❝r❡t❡ s❝❛♥

st❛t✐st✐❝s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ r❡✈✐❡✇ s♦♠❡ ♦❢ t❤❡ ❡①✐st✐♥❣ ♠❡t❤♦❞s ✉s❡❞ ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ ✉♥✲

❝♦♥❞✐t✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s✳ ■♥ ❙❡❝t✐♦♥ ✶✳✶✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧

❝❛s❡ ❛♥❞ ❞❡s❝r✐❜❡ s♦♠❡ ♦❢ t❤❡ ❛♣♣r♦❛❝❤❡s ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❡①❛❝t ❞✐str✐❜✉t✐♦♥

♦❢ s❝❛♥ st❛t✐st✐❝s ❛❧♦♥❣ ✇✐t❤ ✈❛r✐♦✉s ❛♣♣r♦①✐♠❛t✐♦♥s ❛♥❞ ❜♦✉♥❞s✳ ■♥ ❙❡❝t✐♦♥ ✶✳✷ ❛♥❞

❙❡❝t✐♦♥ ✶✳✸✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ t✇♦ ❛♥❞ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s✱ r❡s♣❡❝t✐✈❡❧②✳

❈♦♥t❡♥ts

✶✳✶ ❖♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶✳✶✳✶ ❊①❛❝t r❡s✉❧ts ❢♦r ❜✐♥❛r② s❡q✉❡♥❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✶✳✶✳✶ ❚❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❛♣♣r♦❛❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✶✳✶✳✷ ▼❛r❦♦✈ ❝❤❛✐♥ ✐♠❜❡❞❞✐♥❣ t❡❝❤♥✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✶✳✶✳✸ Pr♦❜❛❜✐❧✐t② ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ♠❡t❤♦❞♦❧♦❣② ✳ ✳ ✳ ✳ ✶✷

✶✳✶✳✷ ❆♣♣r♦①✐♠❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✶✳✸ ❇♦✉♥❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✶✳✷ ❚✇♦ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✳✷✳✶ ❆♣♣r♦①✐♠❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✶✳✷✳✷ ❇♦✉♥❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✶✳✸ ❚❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✶✳✸✳✶ Pr♦❞✉❝t✲t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✶✳✶ ❖♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s

❚❤❡r❡ ❛r❡ ♠❛♥② s✐t✉❛t✐♦♥s ✇❤❡♥ ❛♥ ✐♥✈❡st✐❣❛t♦r ♦❜s❡r✈❡s ❛♥ ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ ❡✈❡♥ts

♦❢ ✐♥t❡r❡st ❛♥❞ ✇❛♥ts t♦ ❞❡❝✐❞❡ ✐❢ s✉❝❤ ❛ r❡❛❧✐s❛t✐♦♥ ✐s ❞✉❡ t♦ ❤❛③❛r❞ ♦r ♥♦t✳ ❚❤❡s❡

t②♣❡ ♦❢ ♣r♦❜❧❡♠s ❜❡❧♦♥❣ t♦ t❤❡ ❝❧❛ss ♦❢ ❝❧✉st❡r ❞❡t❡❝t✐♦♥ ♣r♦❜❧❡♠s✱ ✇❤❡r❡ t❤❡ ❜❛s✐❝

✐❞❡❛ ✐s t♦ ✐❞❡♥t✐❢② r❡❣✐♦♥s t❤❛t ❛r❡ ✉♥❡①♣❡❝t❡❞ ♦r ❛♥♦♠❛❧♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ ❡✈❡♥ts✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❞♦♠❛✐♥✱ t❤❡s❡ ❛♥♦♠❛❧♦✉s ❛❣✲

❣❧♦♠❡r❛t✐♦♥ ♦❢ ❡✈❡♥ts ❝❛♥ ❝♦rr❡s♣♦♥❞ t♦ ❛ ❞✐✈❡rs✐t② ♦❢ ♣❤❡♥♦♠❡♥❛✿ ❢♦r ❡①❛♠♣❧❡ ♦♥❡



✻ ❈❤❛♣t❡r ✶✳ ❊①✐st✐♥❣ ♠❡t❤♦❞s ❢♦r ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s

♠❛② ✇❛♥t t♦ ✜♥❞ ❝❧✉st❡rs ♦❢ st❛rs✱ ❞❡♣♦s✐ts ♦❢ ♣r❡❝✐♦✉s ♠❡t❛❧s✱ ♦✉t❜r❡❛❦s ♦❢ ❞✐s❡❛s❡✱

♠✐♥❡✜❡❧❞ ❞❡t❡❝t✐♦♥s✱ ❞❡❢❡❝t✉♦✉s ❜❛t❝❤❡s ♦❢ ♣✐❡❝❡s ❛♥❞ ♠❛♥② ♦t❤❡r ♣♦ss✐❜✐❧✐t✐❡s✳

■❢ s✉❝❤ ❛♥ ♦❜s❡r✈❡❞ ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ ❡✈❡♥ts ❡①❝❡❡❞s ❛ ♣r❡❛ss✐❣♥❡❞ t❤r❡s❤♦❧❞✱ ✉s✉❛❧❧②

❞❡t❡r♠✐♥❡❞ ❢r♦♠ ❛ s♣❡❝✐✜❡❞ s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ♥♦r♠❛❧ s✐t✉❛t✐♦♥

✭t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s✮✱ t❤❡♥ ✐t ✐s ❧❡❣✐t✐♠❛t❡ t♦ s❛② t❤❛t ✇❡ ❤❛✈❡ ❛♥ ✉♥❡①♣❡❝t❡❞ ❝❧✉st❡r

❛♥❞ ♣r♦♣❡r ♠❡❛s✉r❡s ❤❛s t♦ ❜❡ t❛❦❡♥ ❛❝❝♦r❞✐♥❣❧②✳

❙❡❛r❝❤✐♥❣ ❢♦r ✉♥✉s✉❛❧ ❝❧✉st❡rs ♦❢ ❡✈❡♥ts ✐s ♦❢ ❣r❡❛t ✐♠♣♦rt❛♥❝❡ ✐♥ ♠❛♥② s❝✐❡♥t✐✜❝

❛♥❞ t❡❝❤♥♦❧♦❣✐❝❛❧ ✜❡❧❞s ✐♥❝❧✉❞✐♥❣✿ ❉◆❆ s❡q✉❡♥❝❡ ❛♥❛❧②s✐s ✭❬❙❤❡♥❣ ❛♥❞ ◆❛✉s✱ ✶✾✾✹❪✱

❬❍♦❤ ❛♥❞ ❖tt✱ ✷✵✵✵❪✮✱ ❜r❛✐♥ ✐♠❛❣✐♥❣ ✭❬◆❛✐♠❛♥ ❛♥❞ Pr✐❡❜❡✱ ✷✵✵✶❪✮✱ t❛r❣❡t ❞❡t❡❝t✐♦♥

✐♥ s❡♥s♦rs ♥❡t✇♦r❦s ✭❬●✉❡rr✐❡r♦ ❡t ❛❧✳✱ ✷✵✵✾❪✱ ❬●✉❡rr✐❡r♦ ❡t ❛❧✳✱ ✷✵✶✵❜❪✮✱ ❛str♦♥♦♠②

✭❬❉❛r❧✐♥❣ ❛♥❞ ❲❛t❡r♠❛♥✱ ✶✾✽✻❪✱ ❬▼❛r❝♦s ❛♥❞ ▼❛r❝♦s✱ ✷✵✵✽❪✮✱ r❡❧✐❛❜✐❧✐t② t❤❡♦r② ❛♥❞

q✉❛❧✐t② ❝♦♥tr♦❧ ✭❬❇♦✉ts✐❦❛s ❛♥❞ ❑♦✉tr❛s✱ ✷✵✵✵❪✮ ❛♠♦♥❣ ♠❛♥② ♦t❤❡r ❞♦♠❛✐♥s✳ ❖♥❡ ♦❢

t❤❡ t♦♦❧s ✉s❡❞ ❜② ♣r❛❝t✐t✐♦♥❡rs t♦ ❞❡❝✐❞❡ ♦♥ t❤❡ ✉♥✉s✉❛❧♥❡ss ♦❢ s✉❝❤ ❛❣❣❧♦♠❡r❛t✐♦♥ ♦❢

❡✈❡♥ts ✐s t❤❡ s❝❛♥ st❛t✐st✐❝s✳ ❇❛s✐❝❛❧❧②✱ t❤❡ t❡sts ❜❛s❡❞ ♦♥ s❝❛♥ st❛t✐st✐❝s ❛r❡ ❧♦♦❦✐♥❣

❢♦r ❡✈❡♥ts t❤❛t ❛r❡ ❝❧✉st❡r❡❞ ❛♠♦♥❣st ❛ ❜❛❝❦❣r♦✉♥❞ ♦❢ t❤♦s❡ t❤❛t ❛r❡ s♣♦r❛❞✐❝✳

▲❡t 2 ≤ m1 ≤ T1 ❜❡ t✇♦ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ❛♥❞ X1, . . . , XT1 ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡✲

♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ t❤❡ ❝♦♠♠♦♥ ❞✐str✐❜✉t✐♦♥

F0✳ ❚❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ✐s ❞❡✜♥❡❞ ❛s

Sm1(T1) = max
1≤i1≤T1−m1+1

Yi1 , ✭✶✳✶✮

✇❤❡r❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Yi1 ❛r❡ t❤❡ ♠♦✈✐♥❣ s✉♠s ♦❢ ❧❡♥❣t❤ m1 ❣✐✈❡♥ ❜②

Yi1 =

i1+m1−1∑

i=i1

Xi. ✭✶✳✷✮

❯s✉❛❧❧②✱ t❤❡ st❛t✐st✐❝❛❧ t❡sts ❜❛s❡❞ ♦♥ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s

❛r❡ ❡♠♣❧♦②❡❞ ✇❤❡♥ ♦♥❡ ✇❛♥ts t♦ ❞❡t❡❝t ❛ ❧♦❝❛❧ ❝❤❛♥❣❡ ✐♥ t❤❡ s✐❣♥❛❧ ✇✐t❤✐♥ ❛ s❡✲

q✉❡♥❝❡ ♦❢ T1 ♦❜s❡r✈❛t✐♦♥s ✈✐❛ t❡st✐♥❣ t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ♦❢ ✉♥✐❢♦r♠✐t②✱ H0✱ ❛❣❛✐♥st

❛ ❝❧✉st❡r ❛❧t❡r♥❛t✐✈❡✱ H1 ✭s❡❡ ❬●❧❛③ ❛♥❞ ◆❛✉s✱ ✶✾✾✶❪ ❛♥❞ ❬●❧❛③ ❡t ❛❧✳✱ ✷✵✵✶❪✮✳ ❯♥❞❡r

H0✱ t❤❡ r❛♥❞♦♠ ♦❜s❡r✈❛t✐♦♥s X1, . . . , XT1 ❛r❡ ✐✳✐✳❞✳ ❞✐str✐❜✉t❡❞ ❛s F0✱ ✇❤✐❧❡ ✉♥❞❡r

t❤❡ ❛❧t❡r♥❛t✐✈❡ ❤②♣♦t❤❡s✐s✱ t❤❡r❡ ❡①✐sts ❛ ❧♦❝❛t✐♦♥ 1 ≤ i0 ≤ T1 −m1 + 1 ✇❤❡r❡ Xi✱

i ∈ {i0, . . . , i0 + m1 − 1}✱ ❛r❡ ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ F1 6= F0 ❛♥❞ ♦✉ts✐❞❡ t❤✐s

r❡❣✐♦♥ Xi ❛r❡ ❞✐str✐❜✉t❡❞ ❛s F0✳

❲❡ ♦❜s❡r✈❡ t❤❛t ✇❤❡♥❡✈❡r Sm1(T1) ❡①❝❡❡❞s t❤❡ t❤r❡s❤♦❧❞ τ ✱ ✇❤❡r❡ t❤❡ ✈❛❧✉❡ ♦❢ τ ✐s

❝♦♠♣✉t❡❞ ❜❛s❡❞ ♦♥ t❤❡ r❡❧❛t✐♦♥ PH0 (Sm1(T1) ≥ τ) = α ❛♥❞ α ✐s ❛ ♣r❡❛ss✐❣♥❡❞ s✐❣♥✐❢✲

✐❝❛♥❝❡ ❧❡✈❡❧ ♦❢ t❤❡ t❡st✐♥❣ ♣r♦❝❡❞✉r❡✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦♥ t❡st r❡❥❡❝ts t❤❡

♥✉❧❧ ❤②♣♦t❤❡s✐s ✐♥ t❤❡ ❢❛✈♦r ♦❢ t❤❡ ❝❧✉st❡r✐♥❣ ❛❧t❡r♥❛t✐✈❡ ✭s❡❡ ❬●❧❛③ ❛♥❞ ◆❛✉s✱ ✶✾✾✶❪✮✳

■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ♠♦st ♦❢ t❤❡ r❡s❡❛r❝❤ ❤❛s ❜❡❡♥ ❞♦♥❡ ❢♦r F0 ❜❡✐♥❣ ❜✐✲

♥♦♠✐❛❧✱ P♦✐ss♦♥ ♦r ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✭s❡❡ ❬◆❛✉s✱ ✶✾✽✷❪✱ ❬●❧❛③ ❛♥❞ ◆❛✉s✱ ✶✾✾✶❪✱

❬●❧❛③ ❛♥❞ ❇❛❧❛❦r✐s❤♥❛♥✱ ✶✾✾✾❪✱ ❬●❧❛③ ❡t ❛❧✳✱ ✷✵✵✶❪ ♦r ❬❲❛♥❣ ❡t ❛❧✳✱ ✷✵✶✷❪✮✳

■♥ ❈❤❛♣t❡r ✸✱ ✇❡ ♣r❡s❡♥t ❛ ♥❡✇ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡

❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ✇♦r❦ ♦❢ ❬❍❛✐♠❛♥✱ ✷✵✵✵❪✱ t❤❛t ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞

♥♦ ♠❛tt❡r ✇❤❛t ❞✐str✐❜✉t✐♦♥ ✇❡ ❤❛✈❡ ✉♥❞❡r t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s✳



✶✳✶✳ ❖♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✼

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡✈✐s✐t s♦♠❡ ♦❢ t❤❡ ❡①✐st✐♥❣ ♠❡t❤♦❞s ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡ ❡①❛❝t

✈❛❧✉❡s ♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥

st❛t✐st✐❝s✳

✶✳✶✳✶ ❊①❛❝t r❡s✉❧ts ❢♦r ❜✐♥❛r② s❡q✉❡♥❝❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s X1✱ X2✱ . . . ✱ XT1 ✱ ❛r❡ ✐✳✐✳❞✳

❜✐♥❛r② tr✐❛❧s ✭❇❡r♥♦✉❧❧✐ ♠♦❞❡❧✮✳ ❋r♦♠ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡r❡ ❛r❡ t❤r❡❡

♠❛✐♥ ❛♣♣r♦❛❝❤❡s ✉s❡❞ ❢♦r ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ❡①❛❝t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧

❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s✿ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ♠❡t❤♦❞✱ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ✐♠❜❡❞❞✐♥❣

t❡❝❤♥✐q✉❡ ✭▼❈■❚✮ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ♠❡t❤♦❞✳ ❲❡

✇✐❧❧ ❣✐✈❡ ❛ s❤♦rt ❞❡s❝r✐♣t✐♦♥ ♦❢ ❡❛❝❤ ♠❡t❤♦❞ ✐♥ t❤❡ s✉❜s❡q✉❡♥t s❡❝t✐♦♥s✳

✶✳✶✳✶✳✶ ❚❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❛♣♣r♦❛❝❤

▲❡t X1, . . . , XT1 ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✐✳✐✳❞✳ 0 − 1 ❇❡r♥♦✉❧❧✐ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦❢ ♣❛✲

r❛♠❡t❡r p✳ ❚❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ ▼❛r❦♦✈ ♣r♦✲

❝❡ss r❡s✉❧t ♦❢ ❬❑❛r❧✐♥ ❛♥❞ ▼❝●r❡❣♦r✱ ✶✾✺✾❪✱ ✉s❡❞ ❢♦r s♦❧✈✐♥❣ t❤❡ ❜❛❧❧♦t ♣r♦❜❧❡♠ ✭s❡❡

❬❇❛rt♦♥ ❛♥❞ ▼❛❧❧♦✇s✱ ✶✾✻✺✱ ♣❛❣❡ ✷✹✸❪✮ ❛♥❞ ✐s ❜r✐❡✢② ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s

❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✱ ✉s✐♥❣ t❤❡ ❧❛✇ ♦❢ t♦t❛❧ ♣r♦❜❛❜✐❧✐t②✱ ❢r♦♠ t❤❡ r❡❧❛t✐♦♥

P (Sm1(T1) ≤ n) =

T1∑

k=0

(
T1

k

)
pk(1− p)T1−kP

(
Sm1(T1) ≤ n

∣∣∣∣∣
T1∑

i=1

Xi = k

)
, ✭✶✳✸✮

✇❤❡r❡ ✐♥ t❤❡ ❧❛st r❡❧❛t✐♦♥ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t X1 ∈ {0, 1} ✇✐t❤ P(X1 = 1) = p ❛♥❞
T1∑

i=1

Xi ❢♦❧❧♦✇s ❛ ❜✐♥♦♠✐❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡rs T1 ❛♥❞ p✳

■♥ ❬◆❛✉s✱ ✶✾✼✹✱ ❚❤❡♦r❡♠ ✶❪ ✭s❡❡ ❛❧s♦ ❬●❧❛③ ❡t ❛❧✳✱ ✷✵✵✶✱ ❈❤❛♣t❡r ✶✷❪✮✱ t❤❡ ❛✉t❤♦r

♣r❡s❡♥t❡❞ ❛ ❝♦♠❜✐♥❛t♦r✐❛❧ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ Sm1(T1) ❣✐✈❡♥

t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ r❡❛❧✐s❛t✐♦♥s ✐♥ T1 tr✐❛❧s✱ ✐✳❡✳

T1∑

i=1

Xi = k✳

❆ss✉♠✐♥❣ t❤❛t T1 = m1L ❛♥❞ ♣❛rt✐t✐♦♥✐♥❣ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ tr✐❛❧s ✐♥t♦ L ❞✐s❥♦✐♥t

❣r♦✉♣s ♦❢ s✐③❡ m1✱ ✇❡ ❤❛✈❡

P

(
Sm1(T1) ≤ n

∣∣∣∣∣
T1∑

i=1

Xi = k

)
=

(m1!)
L

(
T1

k

)
∑

σ∈Γn

det|di,j |, ✭✶✳✹✮

✇❤❡r❡ σ ❞❡♥♦t❡ ❛ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ k r❡❛❧✐s❛t✐♦♥s ✭s✉❝❝❡ss❡s✮ ✐♥t♦ L ♥✉♠❜❡rs

(n1, . . . , nL) s✉❝❤ t❤❛t ni ≥ 0 r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢ r❡❛❧✐s❛t✐♦♥s ✐♥ t❤❡ it❤

❣r♦✉♣✳ ❚❤❡ s❡t Γn ❞❡♥♦t❡ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ t❤❡ ♣❛rt✐t✐♦♥s σ s✉❝❤ t❤❛t ❢♦r ❡❛❝❤

i ∈ {1, . . . , L} ✇❡ ❤❛✈❡ ni ≤ n✳ ❚❤❡ L × L ♠❛tr✐❝❡s di,j ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜❛s❡❞ ♦♥

t❤❡ ❢♦r♠✉❧❛s

di,j =

{
0✱ ✐❢ ci,j < 0 ♦r ci,j > m1

1
ci,j !(n+1−ci,j)!

✱ ♦t❤❡r✇✐s❡
✭✶✳✺✮



✽ ❈❤❛♣t❡r ✶✳ ❊①✐st✐♥❣ ♠❡t❤♦❞s ❢♦r ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s

✇✐t❤

ci,j =





(j − i)(n+ 1)−
j−1∑

l=1

nk + ni✱ ❢♦r i < j

(j − i)(n+ 1) +
i∑

l=j

nk✱ ❢♦r i ≥ j.

✭✶✳✻✮

■t ✐s ✐♠♣♦rt❛♥t t♦ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ P (Sm1(T1) ≤ n) ✈✐❛ t❤❡ ❝♦♠❜✐✲

♥❛t♦r✐❛❧ ♠❡t❤♦❞ ✐s ❝♦♠♣❧❡① ❛♥❞ r❡q✉✐r❡s ❡①❝❡ss✐✈❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✳ ❚❤❡ ♣r♦❜❧❡♠

❛r✐s❡s ❢r♦♠ t❤❡ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ t❡r♠s ✐♥ t❤❡ s❡t Γn ❛♥❞ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❢♦r ❡❛❝❤

❡❧❡♠❡♥t ✐♥ s✉❝❤ ❛ s❡t ♦♥❡ ♥❡❡❞s t♦ ❡✈❛❧✉❛t❡ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ ❛ L × L ♠❛tr✐①✳

❆s ❬◆❛✉s✱ ✶✾✽✷❪ ♥♦t❡❞✱ t❤❡ ❡①♣r❡ss✐♦♥ ✐♥ ❊q✳✭✶✳✸✮ ❝❛♥ ♦♥❧② ❜❡ ❡✈❛❧✉❛t❡❞ ❢♦r s♠❛❧❧

✇✐♥❞♦✇ s✐③❡s ❛♥❞ ♠♦❞❡r❛t❡ L✳

❲❡ ✐♥❝❧✉❞❡✱ ❢♦r ❝♦♠♣❧❡t❡♥❡ss✱ t❤❡ ❢♦r♠✉❧❛s ❢♦r t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s ♦❢ T1 = 2m1

❛♥❞ T1 = 3m1✳ ❬◆❛✉s✱ ✶✾✽✷❪ ✉s✐♥❣ t❤❡ r❡❧❛t✐♦♥s ✐♥ ❊q✳✭✶✳✸✮ ❛♥❞ ❊q✳✭✶✳✹✮✱ ❣❛✈❡ t❤❡

❢♦❧❧♦✇✐♥❣ ❝❧♦s❡❞ ❢♦r♠ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s✿

P (Sm1(2m1) ≤ n) = F 2(n;m1, p)− nb(n+ 1;m1, p)F (n− 1;m1, p)

+m1pb(n+ 1;m1, p)F (n− 2,m1 − 1), ✭✶✳✼✮

P (Sm1(3m1) ≤ n) = F 3(n;m1, p)−A1 +A2 +A3 −A4, ✭✶✳✽✮

✇✐t❤

A1 = 2b(n+ 1;m1, p)F (n;m1, p)[nF (n− 1;m1, p)−m1pF (n− 2;m1 − 1, p)],

A2 = 0.5b2(n+ 1;m1, p) [n(n− 1)F (n− 2;m1, p)− 2(n− 1)m1F (n− 3;m1 − 1, p)

+m1(m1 − 1)p2F (n− 4;m1 − 2, p)
]
,

A3 =
n∑

r=1

b(2(n+ 1)− r;m1, p)F
2(r − 1;m1, p),

A4 =

n∑

r=2

b(2(n+ 1)− r;m1, p)b(r + 1;m1, p) [rF (r − 1;m1, p)

−m1pF (r − 2;m1 − 1, p)] , ✭✶✳✾✮

❛♥❞ ✇❤❡r❡ b(s; t, p) ❛♥❞ F (s; t, p) ❛r❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❛ss ❢✉♥❝t✐♦♥ ❛♥❞ ❝✉♠✉❧❛t✐✈❡

❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❜✐♥♦♠✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ B(t, p)✱ t❤❛t ✐s

b(s; t, p) =

(
t

s

)
ps(1− p)t−s ✭✶✳✶✵✮

F (s; t, p) =
s∑

i=0

b(i; t, p). ✭✶✳✶✶✮

❆s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ❙❡❝t✐♦♥ ✶✳✶✳✷✱ t❤❡ ❢♦r❡❣♦✐♥❣ r❡❧❛t✐♦♥s ❛r❡ s✉❝❝❡ss❢✉❧❧② ✉s❡❞ ✐♥ t❤❡

♣r♦❞✉❝t t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s❝❛♥ st❛t✐st✐❝s ♦✈❡r ❛ ❇❡r♥♦✉❧❧✐ s❡q✉❡♥❝❡✳



✶✳✶✳ ❖♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✾

✶✳✶✳✶✳✷ ▼❛r❦♦✈ ❝❤❛✐♥ ✐♠❜❡❞❞✐♥❣ t❡❝❤♥✐q✉❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t s✉❝❝✐♥❝t❧② t❤❡ s❡❝♦♥❞ ❛♣♣r♦❛❝❤ ✉s❡❞ ❢♦r ✜♥❞✐♥❣ t❤❡ ❡①❛❝t

❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ❢♦r ❜✐♥❛r② tr✐❛❧s✱ ♥❛♠❡❧②

t❤❡ ▼❛r❦♦✈ ❈❤❛✐♥ ■♠❜❡❞❞✐♥❣ ❚❡❝❤♥✐q✉❡ ✭❢♦r s❤♦rt ▼❈■❚✮✳ ❚❤❡ ♠❡t❤♦❞ ✇❛s ❞❡✈❡❧✲

♦♣❡❞ ❜② ❬❋✉✱ ✶✾✽✻❪ ❛♥❞ ❬❋✉ ❛♥❞ ❑♦✉tr❛s✱ ✶✾✾✹❪ ❛♥❞ s✉❝❝❡ss❢✉❧❧② ❡♠♣❧♦②❡❞ t♦ ❞❡r✐✈❡

t❤❡ ❡①❛❝t ❞✐str✐❜✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ s❡✈❡r❛❧ r✉♥s st❛t✐st✐❝s ✐♥ ❡✐t❤❡r ✐♥❞❡♣❡♥❞❡♥t

❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ♦r ▼❛r❦♦✈ ❞❡♣❡♥❞❡♥t tr✐❛❧s✳ ❚❤❡ t✇♦ ♠♦♥♦❣r❛♣❤s ♦❢

❬❋✉ ❛♥❞ ▲♦✉✱ ✷✵✵✸❪ ❛♥❞ ❬❇❛❧❛❦r✐s❤♥❛♥ ❛♥❞ ❑♦✉tr❛s✱ ✷✵✵✷❪ ❣✐✈❡ ❛ ❢✉❧❧ ❛❝❝♦✉♥t ♦❢ t❤❡

❞❡✈❡❧♦♣♠❡♥t ❛♥❞ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ♠❡t❤♦❞ ❛♥❞ ❛❧s♦ ♣r♦✈✐❞❡ ❛ ❧♦t ♦❢ r❡❢❡r❡♥❝❡s

✐♥ t❤✐s r❡s❡❛r❝❤ ❛r❡❛✳

❚❤❡ ♠❛✐♥ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡ ▼❈■❚ ♠❡t❤♦❞✱ ❛s t❤❡ ♥❛♠❡ s✉❣❣❡sts✱ ✐s t♦ ✐♠❜❡❞ t❤❡ r❛♥✲

❞♦♠ ✈❛r✐❛❜❧❡ ♦❢ ✐♥t❡r❡st ✐♥t♦ ❛ ▼❛r❦♦✈ ❝❤❛✐♥ ✇✐t❤ ❛♥ ❛♣♣r♦♣r✐❛t❡ st❛t❡ s♣❛❝❡✳ ❯s✐♥❣

t❤❡ ❈❤❛♣♠❛♥✲❑♦❧♠♦❣♦r♦✈ ❡q✉❛t✐♦♥✱ t❤❡ ❞❡s✐r❡❞ ♣r♦❜❛❜✐❧✐t② ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✈✐❛

♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ♠❛tr✐❝❡s ♦❢ t❤❡ ✐♠❜❡❞❞❡❞ ▼❛r❦♦✈ ❝❤❛✐♥✳

❚♦ ❦♥♦✇ ✐❢ t❤❡ st✉❞✐❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✐s ▼❛r❦♦✈ ❝❤❛✐♥ ❡♠❜❡❞❞❛❜❧❡ ✐s ♥♦t ❛♥ ❡❛s②

t❛s❦✳ ❋♦r s♦♠❡ ♣❛rt✐❝✉❧❛r ❝❧❛ss❡s ♦❢ r✉♥s ✐♥ ♠✉❧t✐st❛t❡ tr✐❛❧s ✭♥✉♠❜❡r ♦❢ ♦❝❝✉rr❡♥❝❡s

♦❢ ♣❛tt❡r♥✱ ✇❛✐t✐♥❣ t✐♠❡ ✈❛r✐❛❜❧❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♣❛tt❡r♥✱ ❡t❝✳✮ ❛ ❣❡♥❡r❛❧ ♣r♦❝❡✲

❞✉r❡✱ ❝❛❧❧❡❞ t❤❡ ❢♦r✇❛r❞✲❜❛❝❦✇❛r❞ ♣r✐♥❝✐♣❧❡✱ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❋✉✱ ✶✾✾✻❪ ✭s❡❡ ❛❧s♦

❬❋✉ ❛♥❞ ▲♦✉✱ ✷✵✵✸✱ ❈❤❛♣t❡r ✹❪✮✳ ❚❤✐s ♣r♦❝❡❞✉r❡ s②st❡♠❛t✐❝❛❧❧② s❤♦✇s ❤♦✇ t♦ ✐♠❜❡❞

t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♦❢ ✐♥t❡r❡st ✐♥t♦ ❛ ▼❛r❦♦✈ ❝❤❛✐♥ t❤❛t ❝❛rr② ❛❧❧ t❤❡ ♥❡❝❡ss❛r②

✐♥❢♦r♠❛t✐♦♥✳

■♥ ❬❑♦✉tr❛s ❛♥❞ ❆❧❡①❛♥❞r♦✉✱ ✶✾✾✺✱ ❙❡❝t✐♦♥ ✹❝❪✱ t❤❡ ❛✉t❤♦rs s❤♦✇❡❞ t❤❛t t❤❡ s❝❛♥

st❛t✐st✐❝s Sm1(T1) ✐s ▼❛r❦♦✈ ❝❤❛✐♥ ❡♠❜❡❞❞❛❜❧❡✱ t❤✉s✱ ✐ts ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✱

P (Sm1(T1) < n)✱ ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ♠❛tr✐①

♦❢ t❤❡ ✐♠❜❡❞❞❡❞ ❝❤❛✐♥✳ ❚❤❡ ✐♠❜❡❞❞❡❞ ▼❛r❦♦✈ ❝❤❛✐♥ ✐s ❞❡✜♥❡❞ ♦♥ ❛ st❛t❡ s♣❛❝❡

t❤❛t✱ ❛t ❡❛❝❤ st❡♣ t > m1✱ ❦❡❡♣s tr❛❝❦ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ♦❝❝✉rr❡♥❝❡s ♦❢ t❤❡ ❡✈❡♥t

{Sm1(t) < n} ✐♥ t❤❡ ✜rst t tr✐❛❧s ❛♥❞ ♦❢ t❤❡ ❧❛st m1 r❡❛❧✐s❛t✐♦♥s ♦❢ t❤❡ s❡q✉❡♥❝❡

Xt−m1+1, . . . , Xt✳ ❆ s✐♠✐❧❛r ♠❡t❤♦❞♦❧♦❣② ✇❛s ❛❞♦♣t❡❞ ❜② ❬❲✉✱ ✷✵✶✸❪✱ ✇❤❡r❡ t❤❡

❛✉t❤♦r ❞❡✜♥❡❞ t❤❡ ✐♠❜❡❞❞❡❞ ❝❤❛✐♥ ♦♥ t❤❡ st❛t❡ s♣❛❝❡ ♦❢ ❛❧❧ t✉♣❧❡s ❝♦♥t❛✐♥✐♥❣ t❤❡

❧♦❝❛t✐♦♥s ♦❢ t❤❡ s✉❝❝❡ss❡s ✭1✬s✮ ❝♦✉♥t✐♥❣ ❜❛❝❦✇❛r❞ ✐♥ ❛ ✇✐♥❞♦✇ ♦❢ s✐③❡ m1 ❛t ❡❛❝❤

t✐♠❡ t✳ ❚❤❡ ❞r❛✇❜❛❝❦ ♦❢ ❜♦t❤ ♦❢ t❤❡✐r ❛♣♣r♦❛❝❤❡s ✐s t❤❛t t❤❡ st❛t❡ s♣❛❝❡ ♦❢ t❤❡

✐♠❜❡❞❞❡❞ ❝❤❛✐♥ ✐s r❛t❤❡r ❧❛r❣❡ ✭✐s ❡q✉❛❧ ✇✐t❤ 2m1✮✱ s♦ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❜❡❝♦♠❡s

q✉✐❝❦❧② ✐♥tr❛❝t❛❜❧❡ ❡✈❡♥ ❢♦r ♠♦❞❡r❛t❡ ✇✐♥❞♦✇ s✐③❡s✳

❬❋✉✱ ✷✵✵✶❪ ✭s❡❡ ❛❧s♦ ❬❋✉ ❛♥❞ ▲♦✉✱ ✷✵✵✸✱ ❙❡❝t✐♦♥ ✺✳✾❪✮ s✉❣❣❡st❡❞ ❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤

❢♦r ✜♥❞✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❛♥ st❛t✐st✐❝s ✇❤✐❝❤ ✐♥✈♦❧✈❡s ❛ s♠❛❧❧❡r st❛t❡

s♣❛❝❡ ❢♦r t❤❡ ✐♠❜❡❞❞❡❞ ❝❤❛✐♥✳ ❚❤❡ ❛✉t❤♦r ❡①♣r❡ss❡❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥

P (Sm1(T1) < n) ❛s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ t❛✐❧ ♦❢ ❛ ✇❛✐t✐♥❣ t✐♠❡ ✈❛r✐❛❜❧❡ ❛ss♦❝✐✲

❛t❡❞ t♦ ❛ ❝♦♠♣♦✉♥❞ ♣❛tt❡r♥✳ ❚❤✐s t②♣❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇❛s ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞

❛♥❞ ❤❛s ❜❡❡♥ s❤♦✇♥ t♦ ❜❡ ▼❛r❦♦✈ ❝❤❛✐♥ ❡♠❜❡❞❞❛❜❧❡ ✭s❡❡ ❬❋✉ ❛♥❞ ❈❤❛♥❣✱ ✷✵✵✷❪ ♦r

❬❋✉ ❛♥❞ ▲♦✉✱ ✷✵✵✸✱ ❈❤❛♣t❡r ✺❪✮✳

❲❡ ✇✐❧❧ ❞❡s❝r✐❜❡ s✉❝❝✐♥❝t❧② ❜♦t❤ t❤❡ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ❜② ❬❋✉✱ ✷✵✵✶❪ ❛♥❞ t❤❡ ♦♥❡

✐♥ ❬❲✉✱ ✷✵✶✸❪✱ ✐♥ ♦r❞❡r ♦❢ ♣✉❜❧✐❝❛t✐♦♥✳

❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ❝❛s❡ ♦❢ ✐✳✐✳❞✳ t✇♦ st❛t❡ ❇❡r♥♦✉❧❧✐ tr✐❛❧s✱ t❤❡



✶✵ ❈❤❛♣t❡r ✶✳ ❊①✐st✐♥❣ ♠❡t❤♦❞s ❢♦r ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s

❝❛s❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ▼❛r❦♦✈ tr✐❛❧s ❜❡✐♥❣ s✐♠✐❧❛r✳ ▲❡t X1, . . . , XT1 ❜❡ ✐✳✐✳❞✳ 0 − 1

❇❡r♥♦✉❧❧✐ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ s✉❝❝❡ss ♣r♦❜❛❜✐❧✐t② P(X1 = 1) = p✳

❋♦r ❛ ❣✐✈❡♥ ✇✐♥❞♦✇ s✐③❡ m1 ❛♥❞ n✱ ✇✐t❤ 0 ≤ n ≤ m1✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t

♦❢ s✐♠♣❧❡ ♣❛tt❡r♥s✿

Fm1,n = {Λi|Λ1 = 1 . . . 1︸ ︷︷ ︸
n

,Λ2 = 10 1 . . . 1︸ ︷︷ ︸
n−1

, . . . ,Λl =

m1︷ ︸︸ ︷
1 . . . 1︸ ︷︷ ︸
n−1

0 . . . 01} ✭✶✳✶✷✮

t❤❛t ✐s t❤❡ s❡t ♦❢ ❛❧❧ t❤❡ s✐♠♣❧❡ ♣❛tt❡r♥s t❤❛t st❛rt ❛♥❞ ❡♥❞ ✇✐t❤ ❛ s✉❝❝❡ss ✭1✮✱

❝♦♥t❛✐♥ ❡①❛❝t❧② n s②♠❜♦❧s ♦❢ 1 ❛♥❞ ✇✐t❤ ❧❡♥❣t❤ ❛t ♠♦st m1✳ ❆s ❬❋✉✱ ✷✵✵✶❪ s❤♦✇❡❞✱

t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ✐♥ Fm1,n ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦r♠✉❧❛✿

l =

m1−n∑

j=0

(
n− 2 + j

j

)
. ✭✶✳✶✸✮

❈♦♥s✐❞❡r✐♥❣ t❤❡ ❝♦♠♣♦✉♥❞ ♣❛tt❡r♥ Λm1,n =
l⋃

i=1

Λi✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ s❝❛♥ st❛t✐s✲

t✐❝s Sm1(T1) ❛♥❞ t❤❡ ✇❛✐t✐♥❣ t✐♠❡ W (Λm1,n) t♦ ♦❜s❡r✈❡ ♦♥❡ ♦❢ t❤❡ s✐♠♣❧❡ ♣❛tt❡r♥s

Λ1 . . . ,Λl✱ ❛r❡ r❡❧❛t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥✿

P (Sm1(T1) < n) = P (W (Λm1,n) > T1) . ✭✶✳✶✹✮

❚❤❡ st❛t❡ s♣❛❝❡ ♦❢ t❤❡ ✐♠❜❡❞❞❡❞ ❝❤❛✐♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Ω = {0, 1}
l⋃

i=1

S(Λi), ✭✶✳✶✺✮

✇❤❡r❡ S(Λi) ✐s t❤❡ s❡t ♦❢ ❛❧❧ s❡q✉❡♥t✐❛❧ s✉❜♣❛tt❡r♥s ♦❢ Λi✳

❬❈❤❛♥❣✱ ✷✵✵✷❪ ✭s❡❡ ❛❧s♦ ❬❋✉ ❛♥❞ ❈❤❛♥❣✱ ✷✵✵✷❪✮ s❤♦✇❡❞ t❤❛t t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ♦❢

t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ t❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✇❛✐t✐♥❣ t✐♠❡ W (Λm1,n) ✈❛r✐❛❜❧❡ ❤❛s t❤❡

❢♦r♠

Mm1,n =

(
Ω�A Nm1,n C

A O I

)

d×d

✭✶✳✶✻✮

✇❤❡r❡ Ω ✐s t❤❡ st❛t❡ s♣❛❝❡ ♦❢ t❤❡ ❝❤❛✐♥ ❛♥❞ ❤❛s d ❡❧❡♠❡♥ts✱ A = {α1, . . . , αl}
❞❡♥♦t❡ t❤❡ s❡t ♦❢ t❤❡ ❛❜s♦r❜✐♥❣ st❛t❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s✐♠♣❧❡ ♣❛tt❡r♥s Λ1 . . . ,Λl

r❡s♣❡❝t✐✈❡❧②✱ Nm1,n ✐s ❛♥ (d − l) × (d − l) ♠❛tr✐① ❝❛❧❧❡❞ ❡ss❡♥t✐❛❧ ♠❛tr✐①✱ O ✐s ❛♥

l×(d− l) ③❡r♦ ♠❛tr✐① ❛♥❞ I ✐s ❛♥ l× l ✐❞❡♥t✐t② ♠❛tr✐①✳ ●✐✈❡♥ u, v ∈ Ω✱ t❤❡ tr❛♥s✐t✐♦♥

♣r♦❜❛❜✐❧✐t✐❡s ♦❢ t❤❡ ✐♠❜❡❞❞❡❞ ❝❤❛✐♥ {Zt} ❛r❡ ❝♦♠♣✉t❡❞ ✈✐❛

pu,v = P (Zt = v|Zt−1 = u) =





q✱ ✐❢ Xt = 0✱ u ∈ Ω�A ❛♥❞ v = [u, 0]Ω✱

p✱ ✐❢ Xt = 1✱ u ∈ Ω�A ❛♥❞ v = [u, 1]Ω✱

1✱ ✐❢ u ∈ A ❛♥❞ v = u✱

0✱ ♦t❤❡r✇✐s❡✱

✭✶✳✶✼✮



✶✳✶✳ ❖♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✶✶

✇❤❡r❡ t❤❡ ♥♦t❛t✐♦♥ v = [u, a]Ω✱ a ∈ {0, 1}✱ ♠❡❛♥s t❤❛t v ✐s t❤❡ ❧♦♥❣❡st ❡♥❞✐♥❣

s✉❜s❡q✉❡♥❝❡ ♦❢ ♦❜s❡r✈❛t✐♦♥s t❤❛t ❞❡t❡r♠✐♥❡s t❤❡ st❛t✉s ♦❢ ❢♦r♠✐♥❣ t❤❡ ♥❡①t ♣❛tt❡r♥

Λi ❢r♦♠ Xt−m1+1, . . . , Xt ✭s❡❡ ❬❋✉ ❛♥❞ ▲♦✉✱ ✷✵✵✸✱ ❚❤❡♦r❡♠ ✺✳✷❪✮✳

■t ❢♦❧❧♦✇s ❢r♦♠ ❬❋✉✱ ✷✵✵✶✱ ❚❤❡♦r❡♠ ✷❪ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ t❛✐❧ ♦❢ t❤❡ ✇❛✐t✐♥❣

t✐♠❡ W (Λm1,n) ✐s ❣✐✈❡♥ ❜②✿

P (W (Λm1,n) > T1) = ξNT1
m1,n1

⊺, ✭✶✳✶✽✮

✇❤❡r❡ ξ = (q, p, 0, . . . , 0) ✐s t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ✭q = 1−p✮✱ Nm1,n ✐s t❤❡ ❡ss❡♥t✐❛❧

♠❛tr✐① ❛♥❞ 1⊺ ✐s t❤❡ tr❛♥s♣♦s❡ ♦❢ t❤❡ ✈❡❝t♦r (1, . . . , 1)✳

❚❤❡ ♠❡t❤♦❞♦❧♦❣② ♣r♦♣♦s❡❞ ❜② ❬❲✉✱ ✷✵✶✸❪ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❢♦r❡❣♦✐♥❣ ♣r♦❝❡❞✉r❡

❛♥❞ ✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ s✐♥❝❡ ✐t ❧❡❛❞s t♦ ❛ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢

t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s✳ ❆s ♣♦✐♥t❡❞ ♦✉t ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ s❡❝t✐♦♥✱

t❤❡ ✐❞❡❛ ✐s t♦ ❝♦♥str✉❝t ❛ ▼❛r❦♦✈ ❝❤❛✐♥ t❤❛t ❦❡❡♣s tr❛❝❦ ♦❢ t❤❡ ❧♦❝❛t✐♦♥s ♦❢ t❤❡

s✉❝❝❡ss❡s ❝♦✉♥t✐♥❣ ❜❛❝❦✇❛r❞ ✐♥ t❤❡ ✇✐♥❞♦✇ ♦❢ s✐③❡ m1 ❛t ❡❛❝❤ ♠♦♠❡♥t t✳ ❍❡♥❝❡✱

t❤❡ st❛t❡ s♣❛❝❡ ♦❢ t❤❡ ✐♠❜❡❞❞❡❞ ❝❤❛✐♥ {Zt} ✐s

Ω = {0} ∪ {w1 . . . wj |wj = 1, . . . ,m1, w1 < · · · < wj , j = 1, . . . ,m1}. ✭✶✳✶✾✮

❆ss✉♠❡ t❤❛t ❛t t✐♠❡ t t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ t❛❦❡s t❤❡ ✈❛❧✉❡ Zt = w1 . . . wj ✱ t❤❡♥ t❤❡

m1−ws+1✱ s ∈ {1, . . . , j}✱ ❡❧❡♠❡♥t ♦❢ t❤❡ r❡❛❧✐s❛t✐♦♥ ♦❢Xt−m1+1, . . . , Xt ✐s ❛ s✉❝❝❡ss✳

❊♠♣❧♦②✐♥❣ ❛ ❜❛s❡✲2 r❡❧❛❜❡❧✐♥❣ ♦❢ t❤❡ st❛t❡ s♣❛❝❡ Ω✱

v = w1 . . . wj → vL =

j∑

i=1

2wi−1 + 1, ✭✶✳✷✵✮

t❤❡ ❛✉t❤♦r s❤♦✇❡❞ ✭❬❲✉✱ ✷✵✶✸✱ ❚❤❡♦r❡♠ ✶❪✮ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡

s❝❛♥ st❛t✐st✐❝s ✈❛r✐❛❜❧❡ Sm1(T1) ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ✈✐❛

P (Sm1(T1) < n) =
∑

v→vL
vL∈An

P (ZT1 = v) =
∑

vL∈An

aT1(vL), ✭✶✳✷✶✮

✇❤❡r❡ An ✐s t❤❡ s❡t ♦❢ ❧❛❜❡❧s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ st❛t❡s t❤❛t ❝♦rr❡s♣♦♥❞s t♦ ❧❡ss t❤❛♥

n s✉❝❝❡ss❡s ✇✐t❤✐♥ t❤❡ m1 tr❛✐❧✐♥❣ ♦❜s❡r✈❛t✐♦♥s ❛♥❞ ✇❤❡r❡ aT1(vL) ❛r❡ ❝♦♠♣✉t❡❞ ❜②

t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s✿

at(vL) =

{
qat−1

(
vL+1

2

)
+ qat−1

(
2m1−1 + vL+1

2

)
✱ vL ♦❞❞✱

pat−1

(
vL
2

)
+ pat−1

(
2m1−1 + vL

2

)
✱ vL ❡✈❡♥✱

✭✶✳✷✷✮

✇✐t❤ t ∈ {1, . . . , T1}✱ vL ∈ {1, . . . , 2m1} ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s a0(1) = 1✱

a0(vL) = 0 ✐❢ vL 6= 1✱ ❛♥❞ at(vL) = 0 ✐❢ vL /∈ An✳

❲❡ ♥♦t❡ t❤❛t ✐♥ t❤❡ ❛❜♦✈❡ r❡❧❛t✐♦♥s ❜♦t❤ t❤❡ s✐③❡ ♦❢ t❤❡ s❝❛♥♥✐♥❣ ✇✐♥❞♦✇ ❛♥❞ t❤❡

s✐③❡ ♦❢ t❤❡ s❡q✉❡♥❝❡ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡✳ ■♥ t❤❡ ❛♣♣r♦❛❝❤ ♣r❡s❡♥t❡❞ ❜② ❬❋✉✱ ✷✵✵✶❪✱

♦♥❧② t❤❡ s✐③❡ ♦❢ t❤❡ ✇✐♥❞♦✇ ✐♥✢✉❡♥❝❡❞ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐①✳ ◆❡✈❡rt❤❡❧❡ss✱ ❞✉❡ t♦

t❤❡ r❡❝✉rs✐✈❡ ❛s♣❡❝t✱ t❤❡ s❡❝♦♥❞ ♠❡t❤♦❞ s❡❡♠s t♦ ❝♦♠♣✉t❡ ❢❛st❡r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢

t❤❡ s❝❛♥ st❛t✐st✐❝s ❢♦r s♠❛❧❧✲♠♦❞❡r❛t❡ ✈❛❧✉❡s ♦❢ m1 ✭m1 ≤ 30✮ ❛♥❞ ♠♦❞❡r❛t❡ ✈❛❧✉❡s

♦❢ T1 ✭T1 ≤ 500✮✳ ❋♦r ❧♦♥❣ s❡q✉❡♥❝❡s ✭T1 ≥ 1000✮ ❛♥❞ s♠❛❧❧✲♠♦❞❡r❛t❡ ✇✐♥❞♦✇ s✐③❡s✱

t❤❡ ✜rst ♠❡t❤♦❞ ✐s ❞❡s✐r❛❜❧❡✳



✶✷ ❈❤❛♣t❡r ✶✳ ❊①✐st✐♥❣ ♠❡t❤♦❞s ❢♦r ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s

❘❡♠❛r❦ ✶✳✶✳✶✳ ❘❡❝❡♥t❧②✱ ❬◆✉❡❧✱ ✷✵✵✽❛❪ ❛♥❞ ❬◆✉❡❧✱ ✷✵✵✽❜❪ ♣r♦♣♦s❡❞ ❛ ♥❡✇ ❛♣♣r♦❛❝❤

❢♦r ❝♦♥str✉❝t✐♥❣ t❤❡ ♦♣t✐♠❛❧ st❛t❡ s♣❛❝❡ ♦❢ t❤❡ ✐♠❜❡❞❞❡❞ ▼❛r❦♦✈ ❝❤❛✐♥✳ ❚❤❡ ♠❡t❤♦❞✱

❝❛❧❧❡❞ P❛tt❡r♥ ▼❛r❦♦✈ ❈❤❛✐♥✱ ✐s ❜❛s❡❞ ♦♥ t❤❡ t❤❡♦r② ♦❢ ❢♦r♠❛❧ ❧❛♥❣✉❛❣❡ ❛♥❞ ❛✉✲

t♦♠❛t❛ ✭❞❡t❡r♠✐♥✐st✐❝ ✜♥✐t❡ ❛✉t♦♠❛t❛✮ ❛♥❞ ✇❛s s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❝♦♥t❡①t

♦❢ ❜✐♦❧♦❣✐❝❛❧ ❞❛t❛✳

✶✳✶✳✶✳✸ Pr♦❜❛❜✐❧✐t② ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ♠❡t❤♦❞♦❧♦❣②

❆♥♦t❤❡r ♠❡t❤♦❞ ✉s❡❞ ❢♦r ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❡①❛❝t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧

❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ✭♣❣❢ ✮ ❛♣✲

♣r♦❛❝❤✳ ❚❤✐s ♠❡t❤♦❞ ♣r♦✈✐❞❡s ❛ ✇❛② ♦❢ ❞❡r✐✈✐♥❣ t❤❡ ♣r♦❜❛❜✐❧✐t② ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥

❢♦r t❤❡ ✈❛r✐❛❜❧❡ ♦❢ ✐♥t❡r❡st ❛♥❞ t❤❡♥✱ ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣ ✐t ❛ ♥✉♠❜❡r ♦❢ t✐♠❡s✱ ②✐❡❧❞ t❤❡

♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳ ❚❤❡ ♣❣❢ ♠❡t❤♦❞ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❬❋❡❧❧❡r✱ ✶✾✻✽✱

❈❤❛♣t❡r ❳■■■❪ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ t❤❡♦r② ♦❢ r❡❝✉rr❡♥t ❡✈❡♥ts ❛♥❞ ❤❛s ❜❡❡♥ ✐♥t❡♥✲

s✐✈❡❧② ✉s❡❞ ✐♥ r❡s❡❛r❝❤ ❛♥❞ ❡❞✉❝❛t✐♦♥ s✐♥❝❡ t❤❡♥✳ ❚❤✐s ♠❡t❤♦❞ ✐s ❛❧s♦ ♦♥❡ ♦❢ t❤❡

♠❛✐♥ t♦♦❧s ❢♦r ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ❡①❛❝t ❞✐str✐❜✉t✐♦♥ ♦❢ r✉♥s ❛♥❞ s❝❛♥s st❛t✐st✐❝s ❛♥❞✱

❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ✐♠❜❡❞❞✐♥❣ t❡❝❤♥✐q✉❡✱ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✐♥ ❜♦t❤ t❤❡

❝❛s❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ♦r ▼❛r❦♦✈ ❞❡♣❡♥❞❡♥t tr✐❛❧s✳

❋♦r ❡①❛♠♣❧❡✱ ❬❊❜♥❡s❤❛❤r❛s❤♦♦❜ ❛♥❞ ❙♦❜❡❧✱ ✶✾✾✵❪ ❛♣♣❧✐❡❞ t❤❡ ♠❡t❤♦❞ ❢♦r ❞❡t❡r♠✐♥✲

✐♥❣ t❤❡ ❡①❛❝t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s♦♦♥❡r ❛♥❞ ❧❛t❡r ✇❛✐t✐♥❣ t✐♠❡ ♦❢ s♦♠❡ s✉❝❝❡ss✐♦♥

♦❢ ❡✈❡♥ts ✐♥ ❇❡r♥♦✉❧❧✐ tr✐❛❧s✱ ❬❆❦✐✱ ✶✾✾✷❪ ✭s❡❡ ❛❧s♦ ❬❯❝❤✐❞❛✱ ✶✾✾✽❪✮ ✉s❡❞ t❤❡ s❛♠❡ ❛♣✲

♣r♦❛❝❤ t♦ ❣❡♥❡r❛❧✐③❡ t❤✐s ♣r♦❜❧❡♠ t♦ ✐♥❞❡♣❡♥❞❡♥t ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡r ✈❛❧✉❡ r❛♥❞♦♠

✈❛r✐❛❜❧❡s ❛♥❞ ❬❯❝❤✐❞❛ ❛♥❞ ❆❦✐✱ ✶✾✾✺❪ ❡①t❡♥❞❡❞ t❤❡ r❡s✉❧ts t♦ t❤❡ ▼❛r❦♦✈ ❞❡♣❡♥❞❡♥t

❜✐♥❛r② ❝❛s❡✳ ❬❇❛❧❛❦r✐s❤♥❛♥ ❡t ❛❧✳✱ ✶✾✾✼❪ s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ t❤❡ ♠❡t❤♦❞ ❢♦r st❛rt✲✉♣

❞❡♠♦♥str❛t✐♦♥ t❡sts ✉♥❞❡r ▼❛r❦♦✈ ❞❡♣❡♥❞❡♥❝❡✳

❚❤❡ ❜❛s✐❝ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡ ♣❣❢ ❛♣♣r♦❛❝❤ ✐s t♦ ❝♦♥str✉❝t ❛ s②st❡♠ ♦❢ r❡❝✉rr❡♥t r❡❧❛t✐♦♥s

♦❢ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❞❡s✐r❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❜②

❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ♦♥❡✲st❡♣ ❛❤❡❛❞ ❢r♦♠ ❡✈❡r② ❝♦♥❞✐t✐♦♥✳ ❚❤❡♥✱ ❜② s♦❧✈✐♥❣

t❤❡ r❡s✉❧t❡❞ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s✱

✇❡ ❝❛♥ ❣❡t t❤❡ ✭✉♥❝♦♥❞✐t✐♦♥❛❧✮ ♣r♦❜❛❜✐❧✐t② ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡

❬❍❛♥ ❛♥❞ ❍✐r❛♥♦✱ ✷✵✵✸❪ ♦r ❬❈❤❛❞❡r❥✐❛♥ ❡t ❛❧✳✱ ✷✵✶✷❪✮✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t

❬❋❡❧❧❡r✱ ✶✾✻✽✱ ❈❤❛♣t❡r ❳■❱❪ ❡①♣❧♦✐t❡❞ t❤✐s ✐❞❡❛ ❢♦r ✜♥❞✐♥❣ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ❢♦r

t❤❡ ✜rst ♣❛ss❛❣❡ t✐♠❡ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ r✉✐♥ ♣r♦❜❧❡♠✳ ❊✈❡♥ ✐❢ ✐♥ s♦♠❡ ❝❛s❡s t❤❡ s②st❡♠

♦❢ r❡❝✉rr❡♥t r❡❧❛t✐♦♥s ❝❛♥♥♦t ❜❡ s♦❧✈❡❞ s②♠❜♦❧✐❝❛❧❧②✱ ❞✉❡ t♦ t❤❡ ❧❛r❣❡ ❞✐♠❡♥s✐♦♥ ♦❢

t❤❡ ♣r♦❜❧❡♠✱ ✐♥ ♠❛♥② ❝❛s❡s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡

✇r✐tt❡♥ ❡①♣❧✐❝✐t❧② ✭❢♦r ❡①❛♠♣❧❡ ✐♥ ❬❆❦✐✱ ✶✾✾✷❪ ♦r ❬❯❝❤✐❞❛ ❛♥❞ ❆❦✐✱ ✶✾✾✺❪✮✳

❘❡❝❡♥t❧②✱ ❬❊❜♥❡s❤❛❤r❛s❤♦♦❜ ❡t ❛❧✳✱ ✷✵✵✹❪ ❛♥❞ ❬❊❜♥❡s❤❛❤r❛s❤♦♦❜ ❡t ❛❧✳✱ ✷✵✵✺❪✱ ❜②

✉t✐❧✐③✐♥❣ s♣❛rs❡ ♠❛tr✐① ❝♦♠♣✉t❛t✐♦♥❛❧ t♦♦❧s✱ ❡♥❧❛r❣❡❞ t❤❡ r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢

t❤❡ ♣❣❢ ♠❡t❤♦❞✳

■♥ ❬❊❜♥❡s❤❛❤r❛s❤♦♦❜ ❡t ❛❧✳✱ ✷✵✵✺❪✱ t❤❡ ❛✉t❤♦rs ❛♣♣❧✐❡❞ t❤❡ ♠❡t❤♦❞ ♦❢ ❝♦♥❞✐t✐♦♥❛❧

♣r♦❜❛❜✐❧✐t② ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s t♦ ❞❡r✐✈❡ t❤❡ ❡①❛❝t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦♥❡ ❞✐✲

♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ♦✈❡r ❛ s❡q✉❡♥❝❡ ♦❢ ✐✳✐✳❞✳ ♦r ▼❛r❦♦✈ ❜✐♥❛r② tr✐✲

❛❧s✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❣✐✈❡ ❛♥ ♦✉t❧✐♥❡ ♦❢ t❤❡✐r r❡s✉❧ts✳ ❲❡ ❝♦♥s✐❞❡r✱ ❢♦r s✐♠✲

♣❧✐❝✐t②✱ t❤❡ ❝❛s❡ ♦❢ ✐✳✐✳❞✳ ♦❜s❡r✈❛t✐♦♥s✳ ❆s ✇❡ ✇✐❧❧ s❡❡✱ ❜♦t❤ t❤❡ ♣❣❢ ❛♣♣r♦❛❝❤ ♦❢



✶✳✶✳ ❖♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✶✸

❬❊❜♥❡s❤❛❤r❛s❤♦♦❜ ❡t ❛❧✳✱ ✷✵✵✺❪ ❛♥❞ t❤❡ ▼❈■❚ ❣✐✈❡♥ ❜② ❬❋✉✱ ✷✵✵✶❪ r❡q✉✐r❡ r♦✉❣❤❧②

t❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt✳

▲❡t 2 ≤ m1 ≤ T1 ❜❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ❛♥❞ X1, . . . , XT1 ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✐✳✐✳❞✳ 0− 1

❇❡r♥♦✉❧❧✐ ♦❢ ♣❛r❛♠❡t❡r p r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ▲❡t Wm1,n✱ n ≤ m1✱ ❞❡♥♦t❡ t❤❡ ✇❛✐t✐♥❣

t✐♠❡ ✉♥t✐❧ ✇❡ ✜rst ♦❜s❡r✈❡ ❛t ❧❡❛st n s✉❝❝❡ss❡s ✐♥ ❛ ✇✐♥❞♦✇ ♦❢ s✐③❡ m1✳ ❈❧❡❛r❧② ✭s❡❡

❬●❧❛③ ❡t ❛❧✳✱ ✷✵✵✶✱ ❈❤❛♣t❡r ✶✸❪✮✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Sm1(T1) ❛♥❞ Wm1,n s❛t✐s❢②

t❤❡ r❡❧❛t✐♦♥

P (Sm1(T1) ≥ n) = P (Wm1,n ≤ T1) . ✭✶✳✷✸✮

❚❤✉s✱ ✜♥❞✐♥❣ t❤❡ ❡①❛❝t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✇❛✐t✐♥❣ t✐♠❡ Wm1,n✱ ❛✉t♦♠❛t✐❝❛❧❧② ❣✐✈❡s

t❤❡ ❡①❛❝t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❛♥ st❛t✐st✐❝s Sm1(T1) ✈✐❛ ❊q✳✭✶✳✷✸✮✳ ❚♦ ❞❡r✐✈❡ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ Wm1,n✱ ✇❡ ❡♠♣❧♦② t❤❡ ♣❣❢ ♠❡t❤♦❞♦❧♦❣②✳

▲❡t G(t) ❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✇❛✐t✐♥❣ t✐♠❡ ✈❛r✐❛❜❧❡✱

G(t) = E
[
tWm1,n

]
=

∞∑

k=0

tkP (Wm1,n = k) ✭✶✳✷✹✮

❛♥❞ ❞❡♥♦t❡ ✇✐t❤ G1(t) ❛♥❞ G0(t)✱

G1(t) =

∞∑

k=0

tkP ((Wm1,n|X1 = 1) = k), ✭✶✳✷✺✮

G0(t) =

∞∑

k=0

tkP ((Wm1,n|X1 = 0) = k), ✭✶✳✷✻✮

t❤❡ ♣❣❢✬s ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✇❛✐t✐♥❣ t✐♠❡ ❣✐✈❡♥ t❤❛t t❤❡ ✜rst tr✐❛❧

✇❛s ❛ s✉❝❝❡ss ♦r ❛ ❢❛✐❧✉r❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ✐♠♠❡❞✐❛t❡❧② ♦❜s❡r✈❡ ✭s❡❡ ❬❋❡❧❧❡r✱ ✶✾✻✽✱

❈❤❛♣t❡r ❳■❱✱ ❙❡❝t✐♦♥ ✹❪✮✱ t❤❛t ❜❡t✇❡❡♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s G(t)✱

G1(t) ❛♥❞ G0(t) t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥ ❤♦❧❞s

G(t) = ptG1(t) + qtG0(t), ✭✶✳✷✼✮

✇❤❡r❡ q = 1 − p ✐s t❤❡ ❢❛✐❧✉r❡ ♣r♦❜❛❜✐❧✐t②✳ ❚♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r❡❛❧✐s❛t✐♦♥s ♦❢

Wm1,n✱ ✇❡ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ s✉❝❝❡ss❡s ✐♥ t❤❡ ❧❛st m1 tr✐❛❧s✳ ■❢ k ≤ n

❛♥❞ 1 ≤ x1 < x2 < · · · < xk < m1✱ ❧❡t Gx1,...,xk
(t) ❞❡♥♦t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ❣❡♥❡r❛t✐♥❣

❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✇❛✐t✐♥❣ t✐♠❡ ❣✐✈❡♥ t❤❛t t❤❡r❡ ✇❛s ❛ s✉❝❝❡ss x1✱ x2✱ . . . ✱ xk st❡♣s

❜❛❝❦✱ r❡s♣❡❝t✐✈❡❧② ❛♥❞ ♥♦ ♦t❤❡r ✐♥ t❤❡ ❧❛st m1 tr✐❛❧s✳ ❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❊q✳✭✶✳✷✼✮✱

t❤❡ ♣❣❢✬s Gx1,...,xk
(t) ✈❡r✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❝✉rr❡♥❝❡s

Gx1,...,xk
(t) = ptG1,x1+1,...,xk+1(t) + qtGx1+1,...,xk+1(t). ✭✶✳✷✽✮

❲❡ s❤♦✉❧❞ ♥♦t❡ t❤❛t t❤❡ ❛❜♦✈❡ ❛♣♣r♦❛❝❤ r❡s❡♠❜❧❡s t❤❡ ♣r♦❝❡❞✉r❡ ♣r♦♣♦s❡❞ ❜②

❬❲✉✱ ✷✵✶✸❪ ✐♥ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ✐♠❜❡❞❞✐♥❣ ❝♦♥t❡①t✳

◆♦t❡ t❤❛t t❤❡ ❊qs✳✭✶✳✷✼✮ ❛♥❞ ✭✶✳✷✽✮ ❧❡❛❞ t♦ ❛ s②st❡♠ ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ❝♦♥s✐st✐♥❣

♦❢ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s ✇❤♦s❡ s♦❧✉t✐♦♥ ❞❡t❡r♠✐♥❡s t❤❡ ♣❣❢ ♦❢



✶✹ ❈❤❛♣t❡r ✶✳ ❊①✐st✐♥❣ ♠❡t❤♦❞s ❢♦r ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s

t❤❡ ✇❛✐t✐♥❣ t✐♠❡ Wm1,n✳ ■❢ t❤❡ ♣❣❢ G(t) ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞✱ t❤❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢

t❤❡ ✇❛✐t✐♥❣ t✐♠❡ ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ❜② ❞✐✛❡r❡♥t✐❛t✐♦♥ ✈✐❛

P (Wm1,n = k) =
G(k)(0)

k!
, k ∈ 1, 2, . . .. ✭✶✳✷✾✮

❲❡ r❡♠❛r❦ t❤❛t ❛♠♦♥❣ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣❣❢✬s t❤❛t s❛t✐s❢② ❊q✳✭✶✳✷✽✮ t❤❡r❡ ❛r❡ s❡✈❡r❛❧

✇❤✐❝❤ ❛r❡ r❡❞✉♥❞❛♥t ❛♥❞ ♥❡❡❞ t♦ ❜❡ ❡❧✐♠✐♥❛t❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ m1 − x1 < n − 1✱

t❤❡♥ Gx1(t) = G0(t)✱ s✐♥❝❡ t❤❡ s✉❝❝❡ss ♦❝❝✉rr❡❞ x1 st❡♣s ❜❛❝❦ ❝❛♥ ♥♦ ❧♦♥❣❡r ✐♥✢✉❡♥❝❡

t❤❡ ♦✉t❝♦♠❡ ♦❢ t❤❡ ✇❛✐t✐♥❣ t✐♠❡ ✈❛r✐❛❜❧❡ ✭❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Wm1,n✮✳ ❙✐♠✐❧❛r❧②

✇❡ ❤❛✈❡

Gx1,...,xk
(t) = Gx1,...,xk−1

(t)✱ ✐❢ m1 − xk < n− k✱ ✭✶✳✸✵✮

Gx1,...,xk
(t) = 1✱ ✐❢ k = n✳ ✭✶✳✸✶✮

❙✐♥❝❡ ❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ t❤❡ s❝❛♥♥✐♥❣ ✇✐♥❞♦✇ m1 t❤❡ r❡s✉❧t❡❞ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s

❝❛♥♥♦t ❜❡ s♦❧✈❡❞ s②♠❜♦❧✐❝❛❧❧②✱ ❬❊❜♥❡s❤❛❤r❛s❤♦♦❜ ❡t ❛❧✳✱ ✷✵✵✺❪ ♣r♦♣♦s❡❞ ❛♥ ❛❧t❡r♥❛✲

t✐✈❡ ♠❡t❤♦❞ t♦ ♦✈❡r❝♦♠❡ t❤✐s ❞✐✣❝✉❧t②✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ✇r✐t❡ t❤❡ s②st❡♠ ✐♥ ♠❛tr✐①

❢♦r♠ ❛♥❞ t♦ ❡♠♣❧♦② s♣❛rs❡ ♠❛tr✐① t♦♦❧s ❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥✳ ▲❡t G(t) ❜❡ t❤❡ N × 1

✈❡❝t♦r ♦❢ ♣❣❢✬s

G(t) = (G(t), G0(t), G1(t), . . . , Gm1−n+1,...,m1−1(t))
⊺ , ✭✶✳✸✷✮

✇❤❡r❡ N ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥ ❝♦♥st❛♥t ♣❣❢✬s Gx1,...,xk
(t) ❛❢t❡r ❛♣♣❧②✐♥❣ t❤❡ r❡✲

❞✉❝t✐♦♥ r✉❧❡s ✐♥ ❊qs✳✭✶✳✸✵✮ ❛♥❞ ✭✶✳✸✶✮✳ ■t ✐s ♥♦t ❤❛r❞ t♦ ✈❡r✐❢② ✭s❡❡ ❢♦r ❡①❛♠♣❧❡

❬❊❜♥❡s❤❛❤r❛s❤♦♦❜ ❡t ❛❧✳✱ ✷✵✵✺❪ ♦r ❬●❛♦ ❛♥❞ ❲✉✱ ✷✵✵✻❪✮✱ t❤❛t t❤✐s ♥✉♠❜❡r ✐s ❡q✉❛❧

✇✐t❤

N = 1 +

(
m1

n− 1

)
. ✭✶✳✸✸✮

◆♦t❡ t❤❛t ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ G(t)✱ t❤❡ ♣❣❢ Gx1,...,xk
(t)✱ k ≥ 1✱ ♦❝❝✉♣② t❤❡ ♣♦s✐t✐♦♥

❣✐✈❡♥ ❜② t❤❡ ✐♥❞❡①

Nx1,...,xk
= 1 +

(
m1 − n+ k + 1

k

)
−
(
m1 − n+ k − x1

k

)
−
(
m1 − n+ k − x2

k − 1

)

− · · · −
(
m1 − n+ k − xk

1

)
. ✭✶✳✸✹✮

❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ s②st❡♠ ♦❢ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s ❣✐✈❡♥ ❜② ❊qs✳✭✶✳✷✼✮ ❛♥❞ ✭✶✳✷✽✮✱

❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ♠❛tr✐① ❢♦r♠

G(t) = tAG(t) + tb, ✭✶✳✸✺✮

✇❤❡r❡ A ✐s ❛ N ×N ♠❛tr✐① ❛♥❞ b ✐s ❛ N × 1 ✈❡❝t♦r✳

❚❤❡ ❡♥tr✐❡s ✐♥ t❤❡ ♠❛tr✐① A ❛♥❞ t❤❡ ✈❡❝t♦r b ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜❛s❡❞ ♦♥ t❤❡ r❡❝✉rr❡♥❝❡

r❡❧❛t✐♦♥s ✐♥ ❊q✳✭✶✳✷✽✮ ❛♥❞ t❤❡ ❡❧✐♠✐♥❛t✐♦♥ r✉❧❡s ❢r♦♠ ❊qs✳✭✶✳✸✵✮ ❛♥❞ ✭✶✳✸✶✮✱ ✉s❡❞ ✐♥

♦r❞❡r t♦ ✈❡r✐❢② ✐❢ ❛ ❣❡♥❡r❛t❡❞ ♣❣❢ ✐s ♥❡✇✱ ❝♦♥st❛♥t ♦r ❡q✉✐✈❛❧❡♥t ✇✐t❤ ❛ ♣r❡✈✐♦✉s ♦♥❡✳

❋♦r ❡①❛♠♣❧❡✱ ✐♥ ❊q✳✭✶✳✷✽✮✱ ❝♦♥s✐❞❡r Nx1,...,xk
t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣❣❢ Gx1,...,xk

(t) ✐♥



✶✳✶✳ ❖♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✶✺

t❤❡ ✈❡❝t♦r G(t)✳ ■❢ ❛❢t❡r ❛♣♣❧②✐♥❣ t❤❡ r❡❞✉❝t✐♦♥ r✉❧❡s G1,x1+1,...,xk+1(t) = 1✱ t❤❡♥

t❤❡ Nx1,...,xk
✬s ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✈❡❝t♦r b ✐s ❡q✉❛❧ ✇✐t❤ p✳ ❇② ❝♦♥tr❛r②✱ ✐❢ ♥♦♥❡ ♦❢ t❤❡

♣❣❢✬s G1,x1+1,...,xk+1(t) ❛♥❞ Gx1+1,...,xk+1(t) ✐s ❝♦♥st❛♥t ❛♥❞ ❛❢t❡r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢

t❤❡ r❡❞✉❝t✐♦♥ r✉❧❡s ❛r❡ tr❛♥s❢♦r♠❡❞ ✐♥ Gy1,...,yl(t) ❛♥❞ Gz1,...,zr(t)✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡♥

A (Nx1,...,xk
, Ny1,...,yl) = p, ✭✶✳✸✻✮

A (Nx1,...,xk
, Nz1,...,zr) = q, ✭✶✳✸✼✮

❛♥❞ A(i, j) = 0 ♦t❤❡r✇✐s❡✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ♠❛tr✐① A ❤❛s ❛t ♠♦st t✇♦ ♥♦♥ ③❡r♦

✈❛❧✉❡s ♦♥ ❡❛❝❤ r♦✇ t❤✉s ✐ts s♣❛rs❡ ❝❤❛r❛❝t❡r✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♦❜s❡r✈❡ t❤❛t✱ ❛s t❤❡

❛✉t❤♦rs ♣♦✐♥t❡❞ ♦✉t✱ t❤❡ ♠❛tr✐① A ❛♥❞ t❤❡ ♠❛tr✐① Nm1,n ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ▼❈■❚

❜② ❬❋✉✱ ✷✵✵✶❪ ❛r❡ s✐♠✐❧❛r✳

❙✐♠♣❧❡ ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇ t❤❛t

G(k)(0)

k!
= Ak−1b, ✭✶✳✸✽✮

❤❡♥❝❡ P (Wm1,n = k) ✐s t❤❡ ✜rst ❝♦♠♣♦♥❡♥t ♦❢ Ak−1b✳

❘❡♠❛r❦ ✶✳✶✳✷✳ ❬❙❤✐♥❞❡ ❛♥❞ ❑♦t✇❛❧✱ ✷✵✵✽❪ ❞❡r✐✈❡❞ t❤❡ ❡①❛❝t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦♥❡

❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✐♥ ❛ s❡q✉❡♥❝❡ ♦❢ ❜✐♥❛r② tr✐❛❧s ✐♥ ❛ ❞✐✛❡r❡♥t ❢❛s❤✐♦♥✳ ❚❤❡②

❡♠♣❧♦②❡❞ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s ♠❡t❤♦❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡

❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ♦❢ (MT1,m1,1, . . . ,MT1,m1,m1)✱ ✇❤❡r❡ MT1,m1,k ✐s t❤❡ ♥✉♠❜❡r ♦❢

♦✈❡r❧❛♣♣✐♥❣ m1✲t✉♣❧❡s ✇❤✐❝❤ ❝♦♥t❛✐♥ ❛t ❧❡❛st k s✉❝❝❡ss❡s ✐♥ ❛ s❡q✉❡♥❝❡ ♦❢ T1 tr✐✲

❛❧s✳ ❚❤❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❛♥ st❛t✐st✐❝ Sm1(T1) ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡

r❡❧❛t✐♦♥

P (Sm1(T1) = n) = P (MT1,m1,n+1 = 0)− P (MT1,m1,n = 0) . ✭✶✳✸✾✮

❙✐♥❝❡ t❤❡✐r ❢♦r♠✉❧❛s ❛r❡ r❛t❤❡r ❧♦♥❣ ✇❡ ✇✐❧❧ ♥♦t ✐♥❝❧✉❞❡ t❤❡♠ ❤❡r❡✳

✶✳✶✳✷ ❆♣♣r♦①✐♠❛t✐♦♥s

❉✉❡ t♦ t❤❡ ❤✐❣❤ ❝♦♠♣❧❡①✐t② ❛♥❞ t❤❡ ❧✐♠✐t❡❞ r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❡①❛❝t

❢♦r♠✉❧❛s✱ ❛ ❝♦♥s✐❞❡r❛❜❧❡ ♥✉♠❜❡r ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥s ❛♥❞ ❜♦✉♥❞s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧✲

♦♣❡❞ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥

st❛t✐st✐❝s✱ ❢♦r ❡①❛♠♣❧❡ ❬◆❛✉s✱ ✶✾✽✷❪✱ ❬●❧❛③ ❛♥❞ ◆❛✉s✱ ✶✾✾✶❪✱ ❬❈❤❡♥ ❛♥❞ ●❧❛③✱ ✶✾✾✼❪

♦r ❬❲❛♥❣ ❡t ❛❧✳✱ ✷✵✶✷❪✳ ❆ ❢✉❧❧ tr❡❛t♠❡♥t ♦❢ t❤❡s❡ r❡s✉❧ts ✐s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ r❡❢❡r❡♥❝❡

❜♦♦❦s ♦❢ ❬●❧❛③ ❛♥❞ ❇❛❧❛❦r✐s❤♥❛♥✱ ✶✾✾✾❪ ❛♥❞ ❬●❧❛③ ❡t ❛❧✳✱ ✷✵✵✶❪✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡

❝❤♦♦s❡ t♦ ❞❡s❝r✐❜❡ t❤❡ ❝❧❛ss ♦❢ ♣r♦❞✉❝t t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥s s✐♥❝❡✱ ✐♥ ♠♦st ❝❛s❡s✱ ❛r❡

t❤❡ ♠♦st ❛❝❝✉r❛t❡ ♦♥❡s✳

▲❡t X1, . . . , XT1 ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ r❛♥❞♦♠

✈❛r✐❛❜❧❡s ✇✐t❤ t❤❡ ❝♦♠♠♦♥ ❞✐str✐❜✉t✐♦♥ F0✳ ❆ss✉♠❡ t❤❛t T1 = Lm1+ l✱ ✇✐t❤ L ≥ 3✱

m1 ≥ 2 ❛♥❞ 0 ≤ l ≤ m1 − 1✱ ❛♥❞ ❞❡♥♦t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❝❛♥

st❛t✐st✐❝s ❜②

Qm1(T1) = P (Sm1(T1) ≤ n) . ✭✶✳✹✵✮



✶✻ ❈❤❛♣t❡r ✶✳ ❊①✐st✐♥❣ ♠❡t❤♦❞s ❢♦r ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s

❬◆❛✉s✱ ✶✾✽✷❪ s❤♦✇❡❞ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❞✉❝t t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥

P (Sm1(T1) ≤ n) ≈ Qm1(2m1 + l)

[
Qm1(3m1)

Qm1(2m1)

]L−2

, ✭✶✳✹✶✮

✐s ❤✐❣❤❧② ❛❝❝✉r❛t❡ ❢♦r t❤❡ ❡♥t✐r❡ r❛♥❣❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥✳ ❆ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ♣r♦❞✉❝t

t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②

P (Sm1(T1) ≤ n) ≈ Qm1(2m1 − 1)

[
Qm1(2m1)

Qm1(2m1 − 1)

]T1−2m1+1

. ✭✶✳✹✷✮

❚❤❡ ❢♦r❡❣♦✐♥❣ r❡❧❛t✐♦♥ ✐s ❡s♣❡❝✐❛❧❧② ✉s❡❢✉❧ ✇❤❡♥ ♦♥❡ ❝❛♥ ❡✈❛❧✉❛t❡ Qm1(T ) ♦♥❧② ❢♦r

T < 3m1✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛ ❣✐✈❡♥ ❜② ❊q✳✭✶✳✹✶✮

❛r✐s❡ ❢r♦♠ ✇r✐t✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❛♥ st❛t✐st✐❝s ❛s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ L

1✲❞❡♣❡♥❞❡♥t ❡✈❡♥ts✳ ❆♣♣❧②✐♥❣ t❤❡ ♣r♦❞✉❝t r✉❧❡✱ ✇❡ ❤❛✈❡

P (Sm1(T1) ≤ n) = P

(
L⋂

i=1

Ei

)
= P (E1)P (E2|E1) · · ·P

(
EL

∣∣∣∣∣
L−1⋂

i=1

Ei

)

= P (E1 ∩ E2)
L−1∏

t=3

P

(
Et

∣∣∣∣∣
t−1⋂

i=1

Ei

)
P

(
EL

∣∣∣∣∣
L−1⋂

i=1

Ei

)
, ✭✶✳✹✸✮

✇❤❡r❡

Et =





{
max

(t−1)m1+1≤i1≤tm1+1
Yi1 ≤ n

}
✱ ❢♦r 1 ≤ t ≤ L− 1

{
max

(L−1)m1+1≤i1≤(L−1)m1+l+1
Yi1 ≤ n

}
✱ ❢♦r t = L✳

✭✶✳✹✹✮

❆s ✐♥ ❬◆❛✉s✱ ✶✾✽✷❪✱ ✇❡ ✉s❡ t❤❡ ▼❛r❦♦✈ ❧✐❦❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜✲

❛❜✐❧✐t✐❡s ♦❢ t❤❡ ❢♦r♠

P

(
Et

∣∣∣∣∣
t−1⋂

i=1

Ei

)
≈ P (Et|Et−1) , 3 ≤ t ≤ L− 1. ✭✶✳✹✺✮

❙✐♥❝❡ ❢♦r 3 ≤ t ≤ L− 1 t❤❡ ✐♥t❡rs❡❝t✐♦♥s Et ∩Et−1 ❛r❡ st❛t✐♦♥❛r②✱ ❞✉❡ t♦ ❡①❝❤❛♥❣❡✲

❛❜✐❧✐t②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

P (Sm1(T1) ≤ n) ≈ P(E1 ∩ E2)

[
P(E1 ∩ E2)

P(E1)

]L−3 P(EL−1 ∩ EL)

P(EL−1)

= Qm1(3m1)

[
Qm1(3m1)

Qm1(2m1)

]L−3 Qm1(2m1 + l)

Qm1(2m1)
. ✭✶✳✹✻✮

❲❡ ♦❜s❡r✈❡ t❤❛t ✐♥ ♦r❞❡r t♦ ✉s❡ t❤❡ ♣r♦❞✉❝t t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥s ✐♥ ❊qs✳✭✶✳✹✶✮

❛♥❞ ✭✶✳✹✷✮ ✇❡ ♥❡❡❞ t♦ ❡✈❛❧✉❛t❡ Qm1(2m1 − 1)✱ Qm1(2m1) ❛♥❞ Qm1(3m1)✳ ❋♦r

t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡♥ F0 ✐s ❛ ❇❡r♥♦✉❧❧✐ ❞✐str✐❜✉t✐♦♥✱ ❬◆❛✉s✱ ✶✾✽✷❪ ❞❡r✐✈❡❞ ❡①❛❝t

❢♦r♠✉❧❛s ❢♦r Qm1(2m1) ❛♥❞ Qm1(3m1) ❛s ✇❡ s❛✇ ✐♥ ❙❡❝t✐♦♥ ✶✳✶✳✶✳✶ ❊qs✳✭✶✳✼✮✲✭✶✳✾✮✳

❋♦r t❤❡ ❝❛s❡ ♦❢ ❜✐♥♦♠✐❛❧ ❛♥❞ P♦✐ss♦♥ ❞✐str✐❜✉t✐♦♥✱ ❬❑❛r✇❡ ❛♥❞ ◆❛✉s✱ ✶✾✾✼❪✱ ❜❛s❡❞

♦♥ ❛ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ❛♣♣r♦❛❝❤✱ ❣❛✈❡ r❡❝✉rs✐✈❡ ❢♦r♠✉❧❛s ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢

Qm1(T ) ✉♣ t♦ T ≤ 3m1✳ ❋♦r ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ ✐♥❝❧✉❞❡ ✐♥ ❙❡❝t✐♦♥ ❆✳✶ ♦❢ ❆♣♣❡♥❞✐① ❆

t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❬❑❛r✇❡ ❛♥❞ ◆❛✉s✱ ✶✾✾✼❪ ❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ Qm1(2m1 − 1) ❛♥❞

Qm1(2m1)✳



✶✳✶✳ ❖♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✶✼

❘❡♠❛r❦ ✶✳✶✳✸✳ ❖t❤❡r ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧

❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❜② ❬❍❛✐♠❛♥✱ ✷✵✵✼❪✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡

♣r❡s❡♥t❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❈❤❛♣t❡r ✸✳

✶✳✶✳✸ ❇♦✉♥❞s

❙❡✈❡r❛❧ ❜♦✉♥❞s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ P (Sm1(T1) ≤ n)✳ ❇❛s✐✲

❝❛❧❧② t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ❝❧❛ss❡s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠❡t❤♦❞

❡♠♣❧♦②❡❞ ✐♥ t❤❡✐r ❞❡r✐✈❛t✐♦♥✿ ♣r♦❞✉❝t t②♣❡ ❜♦✉♥❞s ❛♥❞ ❇♦♥❢❡rr♦♥✐ t②♣❡ ❜♦✉♥❞s✳ ■t

✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t t❤❡ ✐♥❡q✉❛❧✐t✐❡s ✐♥ t❤❡ ✜rst ❝❛t❡❣♦r② ❛r❡ t✐❣❤t❡r t❤❛♥ t❤❡

♦♥❡s ♣r♦✈✐❞❡❞ ❜② t❤❡ ❇♦♥❢❡rr♦♥✐ ❛♣♣r♦❛❝❤✱ s✐♥❝❡ t❤❡ ♠❡t❤♦❞ ♦❢ ♣r♦♦❢ ✐♥ t❤✐s ❝❛s❡

t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❞❡♣❡♥❞❡♥❝❡ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦✈✐♥❣ s✉♠s Yi1 ✳ ❆ ❞❡t❛✐❧❡❞

❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠❡t❤♦❞♦❧♦❣✐❡s ✇❛s ❣✐✈❡♥ ✐♥ ❬●❧❛③✱ ✶✾✾✵❪✳

❬●❧❛③ ❛♥❞ ◆❛✉s✱ ✶✾✾✶❪✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❞✐s❝r❡t❡ ✈❛r✐❛❜❧❡s✱ ❛♥❞ ❧❛t❡r

❬❲❛♥❣ ❡t ❛❧✳✱ ✷✵✶✷❪✱ ❢♦r t❤❡ ❝♦♥t✐♥✉♦✉s ❝❛s❡✱ ❞❡✈❡❧♦♣❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❞✉❝t

t②♣❡ ❜♦✉♥❞s ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✭s❡❡ ❛❧s♦

❬●❧❛③ ❡t ❛❧✳✱ ✷✵✵✶✱ ❈❤❛♣t❡r ✶✸❪✮✿

❛✮ ▲♦✇❡r ❜♦✉♥❞s

P (Sm1(T1) ≤ n) ≥ Qm1(2m1)[
1 +

Qm1 (2m1−1)−Qm1 (2m1)

Qm1 (2m1−1)Qm1 (2m1)

]T1−2m1
, T1 ≥ 2m1 ✭✶✳✹✼✮

≥ Qm1(3m1)[
1 +

Qm1 (2m1−1)−Qm1 (2m1)

Qm1 (3m1−1)

]T1−3m1
, T1 ≥ 3m1. ✭✶✳✹✽✮

❜✮ ❯♣♣❡r ❜♦✉♥❞s

P (Sm1(T1) ≤ n) ≤ Qm1(2m1) [1−Qm1(2m1 − 1) +Qm1(2m1)]
T1−2m1 , T1 ≥ 2m1

✭✶✳✹✾✮

≤ Qm1(3m1) [1−Qm1(2m1 − 1) +Qm1(2m1)]
T1−3m1 , T1 ≥ 3m1.

✭✶✳✺✵✮

❚❤❡ q✉❛♥t✐t✐❡s t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ ❛❜♦✈❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ❝❛♥ ❜❡ ❡✈❛❧✲

✉❛t❡❞✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❞✐s❝r❡t❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ✈✐❛ t❤❡ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s ♦❢

❬❑❛r✇❡ ❛♥❞ ◆❛✉s✱ ✶✾✾✼❪ ✭s❡❡ ❙❡❝t✐♦♥ ❆✳✶✮✳

❲❡ ♥♦✇ ❞❡s❝r✐❜❡ ❜r✐❡✢② t❤❡ ❇♦♥❢❡rr♦♥✐ t②♣❡ ❜♦✉♥❞s ❢♦r Qm1(T1)✳ ❙✐♥❝❡✱ ✐♥ ❣❡♥❡r❛❧✱

❇♦♥❢❡rr♦♥✐ ✐♥❡q✉❛❧✐t✐❡s ❞❡❛❧ ✇✐t❤ ✉♥✐♦♥ ♦❢ ❡✈❡♥ts✱ t❤❡ ✜rst st❡♣ ✐s t♦ ❡①♣r❡ss t❤❡

❡✈❡♥t ♦❢ ✐♥t❡r❡st {Sm1(T1) ≤ n} ❛s ❛ ✉♥✐♦♥ ♦❢ ❡✈❡♥ts✳ ❊♠♣❧♦②✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ✉s❡❞

✐♥ ❙❡❝t✐♦♥ ✶✳✶✳✷ ✇❡ ❝❛♥ ✇r✐t❡

P (Sm1(T1) ≤ n) = P

(
L⋂

i=1

Ei

)
= 1− P

(
L⋃

i=1

Ec
i

)
, ✭✶✳✺✶✮



✶✽ ❈❤❛♣t❡r ✶✳ ❊①✐st✐♥❣ ♠❡t❤♦❞s ❢♦r ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s

✇❤❡r❡ T1 = Lm1 + l ❛♥❞ Ei ❛r❡ ❣✐✈❡♥ ✐♥ ❊q✳✭✶✳✹✹✮✳ ❬❍✉♥t❡r✱ ✶✾✼✻❪ ✭s❡❡ ❛❧s♦

❬❲♦rs❧❡②✱ ✶✾✽✷❪✮✱ ✉s✐♥❣ ❣r❛♣❤ t❤❡♦r② ❛r❣✉♠❡♥ts ✭s♣❛♥♥✐♥❣ tr❡❡ str✉❝t✉r❡✮✱ ❞❡r✐✈❡❞

t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ✉♥✐♦♥ ♦❢ ❡✈❡♥ts✿

P

(
L⋃

i=1

Ec
i

)
≤

L∑

i=1

P (Ec
i )−

L−1∑

i=1

P
(
Ec

i ∩ Ec
i+1

)

= (L− 1) [1− P(E1)]− (L− 2) [1− 2P(E1) + P(E1 ∩ E2)]

+ P(Ec
L)− P

(
Ec

L−1 ∩ Ec
L

)
, ✭✶✳✺✷✮

✇❤✐❝❤ s✉❜st✐t✉t❡❞ ✐♥t♦ ❊q✳✭✶✳✺✶✮ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥

♦❢ Sm1(T1)✿

P (Sm1(T1) ≤ n) ≤ 1− (L− 2) [Qm1(2m1)−Qm1(3m1)] +Qm1(2m1 + l). ✭✶✳✺✸✮

■♥ ❊q✳✭✶✳✺✷✮ ❛♥❞ ❊q✳✭✶✳✺✸✮✱ ❜❛s❡❞ ♦♥ t❤❡ st❛t✐♦♥❛r✐t② ♦❢ t❤❡ ❡✈❡♥ts Ei✱ ✇❡ ✉s❡❞ t❤❡

r❡❧❛t✐♦♥s P(Ei) = P(E1) = Qm1(2m1)✱ P(Ei ∩ Ei+1) = P(E1 ∩ E2) = Qm1(3m1) ❢♦r

1 ≤ i ≤ L− 1 ❛♥❞ P(EL−1 ∩ EL) = Qm1(2m1 + l)✳

❋♦r t❤❡ ✉♣♣❡r ❜♦✉♥❞✱ ✇❡ ❡♠♣❧♦② t❤❡ ✐♥❡q✉❛❧✐t② ✐♥ ❬❉❛✇s♦♥ ❛♥❞ ❙❛♥❦♦✛✱ ✶✾✻✼❪ t♦

❣❡t

P (Sm1(T1) ≤ n) ≤ 1− 2S1

u
+

2S2

u(u− 1)
, ✭✶✳✺✹✮

✇❤❡r❡

S1 =

L∑

i=1

P(Ec
i ) = 1 + (L− 2) [1−Qm1(2m1)]−Qm1(m1 + l), ✭✶✳✺✺✮

S2 =
∑

1≤i<j≤L

P(Ec
i ∩ Ec

j ) =
L∑

j=2

j−1∑

i=1

[1− P(Ei)− P(Ej) + P(Ei ∩ Ej)]

=

L∑

j=2

j−1∑

i=1

[1− 2P(E1) + P(Ei ∩ Ej)] +

L−1∑

i=1

[1− P(E1)− P(EL) + P(Ei ∩ EL)]

=
1

2
(L− 1)(L− 2) [1− 2Qm1(2m1)] + (L− 1) [1−Qm1(2m1)−Qm1(m1 + l)]

+
L−1∑

j=2

j−1∑

i=1

P(Ei ∩ Ej) +
L−1∑

i=1

P(Ei ∩ EL)

=
1

2
(L− 1)(L− 2) [1− 2Qm1(2m1)] + (L− 1) [1−Qm1(2m1)−Qm1(m1 + l)]

+
1

2
(L− 2)(L− 3) [Qm1(2m1)]

2 + (L− 2) [Qm1(2m1)Qm1(m1 + l) +Qm1(3m1)]

+Qm1(2m1 + l) ✭✶✳✺✻✮

❛♥❞ ✇❤❡r❡ u ✐s t❤❡ ✐♥t❡❣❡r ♣❛rt ♦❢ 2 + 2S2
S1
✳ ■♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ S1 ❛♥❞ S2 ✇❡ ✉s❡❞

t❤❡ ♦♥❡ ❞❡♣❡♥❞❡♥❝❡ ❛♥❞ st❛t✐♦♥❛r✐t② ♣r♦♣❡rt② ♦❢ t❤❡ ❡✈❡♥ts Ei✳

■♥ ❬❑✇❡r❡❧✱ ✶✾✼✺❪ ✭s❡❡ ❛❧s♦ ❬●❛❧❛♠❜♦s ❛♥❞ ❙✐♠♦♥❡❧❧✐✱ ✶✾✾✻✱ ■♥❡q✉❛❧✐t② ■✼❪✮ ✐t ✐s s❤♦✇♥

t❤❛t t❤❡ ❜♦✉♥❞ ✐♥ ❊q✳✭✶✳✺✹✮ ✐s t❤❡ ❜❡st ♣♦ss✐❜❧❡ ✐♥ t❤❡ ❝❧❛ss ♦❢ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t✐❡s ♦❢



✶✳✷✳ ❚✇♦ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✶✾

t❤❡ ❢♦r♠ a1S1 + a2S2✳ ❆ s❧✐❣❤t❧② ❜❡tt❡r r❡s✉❧t ❝❛♥ ❜❡ ❛tt❛✐♥❡❞ ✐❢ ♦♥❡ ❡♠♣❧♦②s t❤❡

r❡❝❡♥t ✐♥❡q✉❛❧✐t② ♦❢ ❬❑✉❛✐ ❡t ❛❧✳✱ ✷✵✵✵❪

P (Sm1 (T1) ≤ n) = 1− P

(
L⋃

i=1

Ec
i

)

≤ 1−
L∑

i=1




θiP(E
c
i )

2

L∑

j=1

P
(
Ec

i ∩ Ec
j

)
+ (1− θi)P(E

c
i )

+
(1− θi)P(E

c
i )

2

L∑

j=1

P
(
Ec

i ∩ Ec
j

)
− θiP(E

c
i )



,

✭✶✳✺✼✮

✇❤❡r❡

θi =

∑

j 6=i

P
(
Ec

i ∩ Ec
j

)

P(Ec
i )

−



∑

j 6=i

P
(
Ec

i ∩ Ec
j

)

P(Ec
i )

 ✭✶✳✺✽✮

❛♥❞ ⌊x⌋ ✐s t❤❡ ✐♥t❡❣❡r ♣❛rt ♦❢ x✳

❬❑✉❛✐ ❡t ❛❧✳✱ ✷✵✵✵❪ s❤♦✇❡❞ t❤❛t t❤❡ ❜♦✉♥❞ ✐♥ ❊q✳✭✶✳✺✼✮ ✐s t✐❣❤t❡r t❤❛♥ t❤❡ ♦♥❡ ✐♥

❊q✳✭✶✳✺✹✮ ♦❢ ❬❉❛✇s♦♥ ❛♥❞ ❙❛♥❦♦✛✱ ✶✾✻✼❪ ❛♥❞ ✐♥✈♦❧✈❡s ❜❛s✐❝❛❧❧② t❤❡ s❛♠❡ ❝♦♠♣✉t❛✲

t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②✳

❆s ❜❡❢♦r❡✱ ✇❡ ❤❛✈❡

P(Ec
i ) =

{
1−Qm1(2m1)✱ ✐❢ i 6= L

1−Qm1(m1 + l)✱ ✐❢ i = L
✭✶✳✺✾✮

❛♥❞

L∑

j=1

P
(
Ec

i ∩ Ec
j

)
=





(L− 3) [Qm1(2m1)]
2 +Qm1(2m1) [1 +Qm1(m1 + l)]

+Qm1(3m1)✱ ❢♦r i = 1

(L− 4) [Qm1(2m1)]
2 +Qm1(2m1) [1 +Qm1(m1 + l)]

+2Qm1(3m1)✱ ❢♦r 2 ≤ i ≤ L− 1

(L− 2)Qm1(2m1)Qm1(m1 + l) +Qm1(m1 + l)

+Qm1(2m1 + l)✱ ❢♦r i = L✳
✭✶✳✻✵✮

❆❧❧ t❤❡ ✉♥❦♥♦✇♥ q✉❛♥t✐t✐❡s t❤❛t ❛♣♣❡❛r ✐♥ ❊qs✳✭✶✳✺✺✮✱ ✭✶✳✺✻✮✱ ✭✶✳✺✾✮ ❛♥❞ ✭✶✳✻✵✮ ❝❛♥

❜❡ ❡✈❛❧✉❛t❡❞ ✈✐❛ ❬❑❛r✇❡ ❛♥❞ ◆❛✉s✱ ✶✾✾✼❪ ❛❧❣♦r✐t❤♠✱ ❢♦r ❞✐s❝r❡t❡ ✈❛r✐❛❜❧❡s✱ ♦r ❜②

s✐♠✉❧❛t✐♦♥✳

✶✳✷ ❚✇♦ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s

❚❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥

❬❈❤❡♥ ❛♥❞ ●❧❛③✱ ✶✾✾✻❪ ❛♥❞ ❡①t❡♥❞s✱ ✐♥ ❛ ♥❛t✉r❛❧ ✇❛②✱ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧

❝❛s❡✳



✷✵ ❈❤❛♣t❡r ✶✳ ❊①✐st✐♥❣ ♠❡t❤♦❞s ❢♦r ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s

▲❡t T1✱ T2 ❜❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✱ R = [0, T1] × [0, T2] ❜❡ ❛ r❡❝t❛♥❣✉❧❛r r❡❣✐♦♥

❛♥❞ {Xi,j | 1 ≤ i ≤ T1, 1 ≤ j ≤ T2} ❜❡ ❛ ❢❛♠✐❧② ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐s✲

tr✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ■♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ ♣r❛❝t✐t✐♦♥❡rs ❤❛✈❡ ❛t t❤❡✐r

❞✐s♣♦s❛❧ ♦♥❧② t❤❡ ❝♦✉♥ts ♦❢ t❤❡ ♦❜s❡r✈❡❞ ❡✈❡♥ts ♦❢ ✐♥t❡r❡st ✐♥ s♠❛❧❧❡r s✉❜r❡❣✐♦♥s

✇✐t❤✐♥ t❤❡ st✉❞✐❡❞ r❡❣✐♦♥✳ ■♥ s✉❝❤ s✐t✉❛t✐♦♥s✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Xij t❛❦❡ ♥♦♥✲

♥❡❣❛t✐✈❡ ✐♥t❡❣❡r ✈❛❧✉❡s ❛♥❞ ♦♥❡ ❝❛♥ ✐♥t❡r♣r❡t t❤❡♠ ❛s r❡♣r❡s❡♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢

❡✈❡♥ts ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❡❧❡♠❡♥t❛r② sq✉❛r❡ s✉❜✲r❡❣✐♦♥ [i− 1, i]× [j − 1, j]✳

▲❡t m1✱ m2 ❜❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs s✉❝❤ t❤❛t 2 ≤ m1 ≤ T1✱ 2 ≤ m2 ≤ T2✳ ❋♦r

1 ≤ i1 ≤ T1 −m1 + 1✱ 1 ≤ i2 ≤ T2 −m2 + 1 ❞❡✜♥❡

Yi1,i2 = Yi1,i2(m1,m2) =

i1+m1−1∑

i=i1

i2+m2−1∑

j=i2

Xi,j ✭✶✳✻✶✮

t♦ ❜❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇❤✐❝❤ ❝♦✉♥ts t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ♦❜s❡r✈❡❞ ❡✈❡♥ts ✐♥ t❤❡

r❡❝t❛♥❣✉❧❛r r❡❣✐♦♥ R(i1, i2) = [i1 − 1, i1 +m1 − 1]× [i2 − 1, i2 +m2 − 1]✱ ❝♦♠♣r✐s❡❞

♦❢ m1m2 ❛❞❥❛❝❡♥t ❡❧❡♠❡♥t❛r② s✉❜✲r❡❣✐♦♥s✳

❚❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❧❛r❣❡st ♥✉♠❜❡r ♦❢ ❡✈❡♥ts

✐♥ ❛♥② r❡❝t❛♥❣✉❧❛r s❝❛♥♥✐♥❣ ✇✐♥❞♦✇ R(i1, i2)✱ ✇✐t❤✐♥ t❤❡ r❡❝t❛♥❣✉❧❛r r❡❣✐♦♥ R✱ ✐✳❡✳

Sm1,m2(T1, T2) = max
1≤i1≤T1−m1+1
1≤i2≤T2−m2+1

Yi1,i2 . ✭✶✳✻✷✮

❲❡ ❞❡♥♦t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝ ♦✈❡r t❤❡ r❡❣✐♦♥ [0, T1]×
[0, T2] ❜②

Qm1,m2(T1, T2) = P (Sm1,m2(T1, T2) ≤ n) .

❲❤❡♥ t❤❡ ♣❛r❛♠❡t❡rs m1✱ m2 ❛♥❞ n ❛r❡ ❝❧❡❛r❧② ✉♥❞❡rst♦♦❞✱ ✇❡ ❛❜❜r❡✈✐❛t❡ t❤❡

♥♦t❛t✐♦♥ t♦ Q(T1, T2)✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ r❡✈✐❡✇ s♦♠❡ ♦❢ t❤❡ ❡①✐st✐♥❣ ❢♦r♠✉❧❛s ✉s❡❞ ✐♥ t❤❡ ❡st✐✲

♠❛t✐♦♥ ♦❢ Qm1,m2(T1, T2)✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s ♦❢ ✐✳✐✳❞✳ ❇❡r♥♦✉❧❧✐✱

❜✐♥♦♠✐❛❧ ❛♥❞ P♦✐ss♦♥ ♦❜s❡r✈❛t✐♦♥s✳ ❋♦r ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ♠❡t❤♦❞s ❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧

❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ♦♥❡ ❝❛♥ r❡❢❡r t♦ t❤❡ ♠♦♥♦❣r❛♣❤s

♦❢ ❬●❧❛③ ❡t ❛❧✳✱ ✷✵✵✶✱ ❈❤❛♣t❡r ✶✻❪ ❛♥❞ ♠♦r❡ r❡❝❡♥t❧② t❤❡ ♦♥❡ ♦❢ ❬●❧❛③ ❡t ❛❧✳✱ ✷✵✵✾✱

❈❤❛♣t❡r ✻❪✳

✶✳✷✳✶ ❆♣♣r♦①✐♠❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛ s❡r✐❡s ♦❢ ♣r♦❞✉❝t✲t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r t❤❡ ❞✐str✐✲

❜✉t✐♦♥ ♦❢ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s✳ ❚❤❡s❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❛r❡ ❛❝❝✉r❛t❡ ❛♥❞

❝❛♥ ❜❡ ❡♠♣❧♦②❡❞ ❢♦r ❛❧❧ ♣❛r❛♠❡t❡rs T1✱ T2✱ m1✱ m2 ❛♥❞ n✳ ❆❧t❤♦✉❣❤ ♠❛♥② ♦❢ t❤❡

❢♦r♠✉❧❛s t❤❛t ❛♣♣❡❛r ❜❡❧❧♦✇ ✇❡r❡ ❣✐✈❡♥ ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r s✐t✉❛t✐♦♥ ✇❤❡♥ T1 = T2

❛♥❞ m1 = m2✱ ✇❡ ✐♥❝❧✉❞❡ t❤❡♠ ❤❡r❡ ✐♥ t❤❡✐r ❣❡♥❡r❛❧ ❢♦r♠✳

❈♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ Xi,j ❛r❡ ✐✳✐✳❞✳ 0 − 1 ❇❡r♥♦✉❧❧✐ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦❢ ♣❛r❛♠✲

❡t❡r p✳ ■♥ ❬❇♦✉ts✐❦❛s ❛♥❞ ❑♦✉tr❛s✱ ✷✵✵✵❪✱ t❤❡ ❛✉t❤♦rs ❞❡r✐✈❡❞✱ ✉s✐♥❣ t❤❡ ▼❛r❦♦✈



✶✳✷✳ ❚✇♦ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✷✶

❈❤❛✐♥ ■♠❜❡❞❞✐♥❣ ❚❡❝❤♥✐q✉❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t✇♦

❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s✿

P (Sm1,m2(T1, T2) ≤ n) ≈ Q(m1,m2)
(T1−m1−1)(T2−m2−1)

Q(m1,m2 + 1)(T1−m1−1)(T2−m2)

× Q(m1 + 1,m2 + 1)(T1−m1)(T2−m2)

Q(m1 + 1,m2)(T1−m1)(T2−m2−1)
. ✭✶✳✻✸✮

❲❡ ❡♠♣❧♦② t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❛s ✐♥ ❙❡❝t✐♦♥ ✶✳✶✳✶ ❢♦r t❤❡ ♣♠❢ ❛♥❞ ❝❞❢ ♦❢ t❤❡ ❜✐♥♦♠✐❛❧

✇✐t❤ ♣❛r❛♠❡t❡rs k,m, p✱ ♥❛♠❡❧②

b(s;n, p) =

(
n

s

)
ps(1− p)n−s

F (s;n, p) =

s∑

i=0

b(i;n, p).

❚❤❡ q✉❛♥t✐t✐❡s t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❣✐✈❡♥ ❜② ❊q✳✭✶✳✻✸✮ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞

✈✐❛

Q(m1,m2) = F (n;m1m2, p) , ✭✶✳✻✹✮

Q(m1 + 1,m2) =

n∑

s=0

F 2 (n− s;m2, p) b (s; (m1 − 1)m2, p), ✭✶✳✻✺✮

Q(m1 + 1,m2 + 1) =

n∑

s1,s2=0

n∑

t1,t2=0

1∑

i1,i2,i3,i4=0

b(s1;m1 − 1, p)b(s2;m1 − 1, p)

× b(t1;m2 − 1, p)b(t2;m2 − 1, p)p
∑

ij (1− p)4−
∑

ij

× F (u; (m1 − 1)(m2 − 1), p), ✭✶✳✻✻✮

✇❤❡r❡ ✐♥ t❤❡ ❧❛st r❡❧❛t✐♦♥ u ✐s ❣✐✈❡♥ ❜②

u = min {n− s1 − t1 − i1, n− s2 − t1 − i2, n− s1 − t2 − i3, n− s2 − t2 − i4}.

■♥ t❤❡ ❝❛s❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡r ✈❛❧✲

✉❡❞ ♦❜s❡r✈❛t✐♦♥s✱ ❜❛s❡❞ ♦♥ ❬❇♦✉ts✐❦❛s ❛♥❞ ❑♦✉tr❛s✱ ✷✵✵✵❪ ❛♣♣r♦❛❝❤ ❛♥❞ ❛ ▼❛r❦♦✈

t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✭s❡❡ ❬●❧❛③ ❡t ❛❧✳✱ ✷✵✵✶✱ ❙❡❝t✐♦♥ ✶✻✳✶✳✻❪ ❢♦r t❤❡ ❇❡r♥♦✉❧❧✐ ❝❛s❡✮✱

❬❈❤❡♥ ❛♥❞ ●❧❛③✱ ✷✵✵✾❪ ♣r♦♣♦s❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❞✉❝t✲t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥✿

P (Sm1,m2(T1, T2) ≤ n) ≈ Q(m1 + 1,m2 + 1)(T1−m1)(T2−m2)

Q(m1 + 1,m2)(T1−m1)(T2−m2−1)

× Q(m1, 2m2 − 1)(T1−m1−1)(T2−2m2)

Q(m1, 2m2)(T1−m1−1)(T2−2m2+1)
. ✭✶✳✻✼✮

■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❜✐♥♦♠✐❛❧ ❛♥❞ P♦✐ss♦♥ ♠♦❞❡❧ ❢♦r t❤❡ ✉♥❞❡r❧②✐♥❣ r❛♥❞♦♠ ✜❡❧❞✱

t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s Q(m1, 2m2− 1) ❛♥❞ Q(m1, 2m2) ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ❜② ❛❞❛♣t✐♥❣ t❤❡

❛❧❣♦r✐t❤♠ ❞❡✈❡❧♦♣❡❞ ❜② ❬❑❛r✇❡ ❛♥❞ ◆❛✉s✱ ✶✾✾✼❪ ✭s❡❡ ❙❡❝t✐♦♥ ❆✳✶✮✳ ❚❤❡ ♦t❤❡r t✇♦



✷✷ ❈❤❛♣t❡r ✶✳ ❊①✐st✐♥❣ ♠❡t❤♦❞s ❢♦r ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s

✉♥❦♥♦✇♥ q✉❛♥t✐t✐❡s✱ Q(m1 + 1,m2) ❛♥❞ Q(m1 + 1,m2 + 1)✱ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✈✐❛ ❛

❝♦♥❞✐t✐♦♥✐♥❣ ❛r❣✉♠❡♥t ❛s t❤❡ ♦♥❡ ♣r❡s❡♥t❡❞ ✐♥ ❬●✉❡rr✐❡r♦ ❡t ❛❧✳✱ ✷✵✵✾❪ ❢♦r t❤❡ P♦✐ss♦♥

❞✐str✐❜✉t✐♦♥✳ ❋♦r ❝♦♠♣❧❡t❡♥❡ss ✇❡ ❤❛✈❡ ✐♥❝❧✉❞❡❞ ✐♥ ❙❡❝t✐♦♥ ❆✳✷✳✶ ♦❢ ❆♣♣❡♥❞✐① ❆

t❤❡s❡ ❢♦r♠✉❧❛s✳

❘❡♠❛r❦ ✶✳✷✳✶✳ ■♥ ❬❈❤❡♥ ❛♥❞ ●❧❛③✱ ✶✾✾✻❪ ❛♥❞ ❬●❧❛③ ❡t ❛❧✳✱ ✷✵✵✶✱ ❙❡❝t✐♦♥ ✶✻✳✶✳✹❪✱

t❤❡ ❛✉t❤♦rs ✐♥❝❧✉❞❡❞ t✇♦ P♦✐ss♦♥ t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❛♥❞ ❛ ❝♦♠♣♦✉♥❞ P♦✐ss♦♥ ❛♣✲

♣r♦①✐♠❛t✐♦♥✳ ❚❤❡✐r s✐♠✉❧❛t✐♦♥ st✉❞② s❤♦✇❡❞ t❤❛t t❤❡ ♠♦st ❛❝❝✉r❛t❡ ❡st✐♠❛t❡✱ ❜❡✲

t✇❡❡♥ t❤❡ ❢♦✉r ❝♦♠♣❛r❡❞✱ ✇❛s t❤❡ ♣r♦❞✉❝t t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥✳

❲❡ s❤♦✉❧❞ ♠❡♥t✐♦♥ t❤❛t ❞❡s♣✐t❡ t❤❡ ❢❛❝t t❤❛t t❤❡s❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❛r❡ ❛❝❝✉r❛t❡✱ ♥♦♥❡

♦❢ t❤❡♠ ❣✐✈❡ ❛♥ ♦r❞❡r ♦❢ t❤✐s ❛❝❝✉r❛❝②✱ t❤❛t ✐s t❤❡r❡ ❛r❡ ♥♦ ❡rr♦r ❜♦✉♥❞s ❝♦rr❡s♣♦♥❞✐♥❣

t♦ t❤❡s❡ ❢♦r♠✉❧❛s✳ ❊①♣r❡ss✐♥❣ t❤❡ s❝❛♥ st❛t✐st✐❝s Sm1,m2(T1, T2) ❛s t❤❡ ♠❛①✐♠✉♠ ♦❢

❛ 1✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ❬❍❛✐♠❛♥ ❛♥❞ Pr❡❞❛✱ ✷✵✵✻❪ ❞❡r✐✈❡❞ ❛♥

❛❝❝✉r❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛ ❛s ✇❡❧❧ ❛s ❛ss♦❝✐❛t❡❞ ❡rr♦r ❜♦✉♥❞s✳ ❲❡ ♣r❡s❡♥t t❤❡s❡

r❡s✉❧ts ✐♥ ❛ ❧❛r❣❡r ❝♦♥t❡①t ✐♥ ❈❤❛♣t❡r ✸✳

✶✳✷✳✷ ❇♦✉♥❞s

❇♦✉♥❞s ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ❝❛♥ ❜❡

❢♦✉♥❞ ♦♥❧② ❢♦r ♣❛rt✐❝✉❧❛r s✐t✉❛t✐♦♥s✳ ■♥ ❬❇♦✉ts✐❦❛s ❛♥❞ ❑♦✉tr❛s✱ ✷✵✵✸❪✱ ❜❛s❡❞ ♦♥

s♣❡❝✐✜❝ t❡❝❤♥✐q✉❡s ✉s❡❞ ✐♥ r❡❧✐❛❜✐❧✐t② t❤❡♦r②✱ t❤❡ ❛✉t❤♦rs ❞❡✈❡❧♦♣❡❞ ❛ s❡r✐❡s ♦❢ ❜♦✉♥❞s

❢♦r t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❇❡r♥♦✉❧❧✐ ♦❜s❡r✈❛t✐♦♥s✳ ❚❤❡✐r r❡s✉❧ts ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ t❤❡

❢♦❧❧♦✇✐♥❣✳ ■❢ Xi,j ❛r❡ ✐✳✐✳❞✳ ❇❡r♥♦✉❧❧✐ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦❢ ♣❛r❛♠❡t❡r p✱ t❤❡♥

❛✮ ▲♦✇❡r ❜♦✉♥❞

Q(T1, T2) ≥ (1−Q1)
(T1−m1)(T2−m2) (1−Q2)

T1−m1 (1−Q3)
T2−m2 (1−Q4) ✭✶✳✻✽✮

❜✮ ❯♣♣❡r ❜♦✉♥❞

Q(T1, T2) ≤ (1−A1)
[
1− q(m1−1)(3m2−2)+(2m1−1)(m2−1)A1

](T1−m1−1)(T2−m2−1)

×
[
1− qm1(m2−1)A1

]T2−m2−1 [
1− q(m1−1)(2m2−1)+(m1−1)(m2−1)A1

]T1−m1−1

×
[
1− q(m1−1)(2m2−1)+m1(m2−1)A2

]T1−m1
[
1− q(m1−1)(2m2−1)+m1(m2−1)A4

]

×
[
1− q(m1−1)(3m2−2)+m1(m2−1)+(m1−1)(m2−1)A3

]T2−m2

, ✭✶✳✻✾✮

✇❤❡r❡ q = 1− p ❛♥❞

A1 = F c
k+1,m1m2

− qm2F c
k+1,(m1−1)m2

− qm1F c
k+1,m1(m2−1) ✭✶✳✼✵✮

+ qm1+m2−1F c
k+1,(m1−1)(m2−1), ✭✶✳✼✶✮

A2 = F c
k+1,m1m2

− qm2F c
k+1,(m1−1)m2

, ✭✶✳✼✷✮

A3 = F c
k+1,m1m2

− qm1F c
k+1,m1(m2−1), ✭✶✳✼✸✮

A4 = F c
k+1,m1m2

, ✭✶✳✼✹✮

F c
i,m = 1− F (i− 1;m, p).



✶✳✷✳ ❚✇♦ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✷✸

❲❡ s❤♦✉❧❞ ♥♦t❡ t❤❛t s✐♠✐❧❛r ❜♦✉♥❞s ✇❡r❡ ♦❜t❛✐♥❡❞ ❜② ❬❆❦✐❜❛ ❛♥❞ ❨❛♠❛♠♦t♦✱ ✷✵✵✺❪✳

■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ❬❈❤❡♥ ❛♥❞ ●❧❛③✱ ✶✾✾✻❪ ♣r♦♣♦s❡❞ ❛ ❇♦♥❢❡rr♦♥✐ t②♣❡ ✐♥❡q✉❛❧✐t②

❢♦r t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❛♥ st❛t✐st✐❝s✳ ❆s t❤❡✐r s✐♠✉❧❛t✐♦♥s

s❤♦✇❡❞✱ t❤❡s❡ ❜♦✉♥❞s ❛r❡ ♥♦t ❛s s❤❛r♣ ❛s ♦♥❡ ❡①♣❡❝t✳ ❯s✐♥❣ ❬❍♦♦✈❡r✱ ✶✾✾✵❪ ❇♦♥❢❡r✲

r♦♥✐ t②♣❡ ✐♥❡q✉❛❧✐t② ♦❢ ♦r❞❡r r ≥ 3

P

(
T1−m1+1⋃

i1=1

T2−m2+1⋃

i2=1

Ai1,i2

)
≤

T1−m1+1∑

i1=1

T2−m2+1∑

i2=1

P (Ai1,i2)

−
T1−m1+1∑

i1=1

T2−m2∑

i2=1

P (Ai1,i2 ∩Ai1,i2+1)−
T1−m1∑

i1=1

P (Ai1,1 ∩Ai1+1,1)

−
T1−m1+1∑

i1=1

r−1∑

l=2

T2−m2+1−l∑

i2=1

P
(
Ai1,i2 ∩Ac

i1,i2+1 . . . A
c
i1,i2+l−1 ∩Ai1,i2+l

)

✭✶✳✼✺✮

✇✐t❤ Ai1,i2 = {Yi1,i2 > n} ❛♥❞ r = 4✱ ✇❡ ❤❛✈❡

P (Sm1,m2(T1, T2) ≤ n) ≥ (T1 −m1) [Q(m1 + 1,m2)− 2Q(m1,m2)]

− (T1 −m1 + 1)(T2 −m2 − 3)Q(m1,m2 + 2)

+ (T1 −m1 + 1)(T2 −m2 − 2)Q(m1,m2 + 3). ✭✶✳✼✻✮

❚❤❡ ✉♥❦♥♦✇♥ ♣r♦❜❛❜✐❧✐t✐❡s ✐♥ ❊q✳✭✶✳✼✻✮✿ Q(m1,m2)✱ Q(m1+1,m2)✱ Q(m1,m2+2)✱

Q(m1,m2 + 3) ❛r❡ ❡✈❛❧✉❛t❡❞ ✈✐❛ ❛ ❝♦♥❞✐t✐♦♥❛❧ ❛r❣✉♠❡♥t ✭s❡❡ ❙❡❝t✐♦♥ ❆✳✷✳✶✮ ♦r ❛♥

❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❬❑❛r✇❡ ❛♥❞ ◆❛✉s✱ ✶✾✾✼❪✳

❋♦r t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✇❡ ♣r♦♣♦s❡ t♦ ❛❞❛♣t t❤❡ ✐♥❡q✉❛❧✐t② ♦❢ ❬❑✉❛✐ ❡t ❛❧✳✱ ✷✵✵✵❪ t♦ t❤❡

t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❢r❛♠❡✇♦r❦✳ ❯s✐♥❣ t❤❡ ❡✈❡♥ts Ai1,i2 ✱ ❞❡✜♥❡❞ ❛❜♦✈❡✱ ✇❡ ❝❛♥ ✇r✐t❡

P (Sm1,m2(T1, T2) ≤ n) = 1− P

(
T1−m1+1⋃

i1=1

T2−m2+1⋃

i2=1

Ai1,i2

)

≤ 1−
T1−m1+1∑

i1=1

T2−m2+1∑

i2=1

[
θi1,i2P(Ai1,i2)

2

Σ(i1, i2) + (1− θi1,i2)P(Ai1,i2)

+
(1− θi1,i2)P(Ai1,i2)

2

Σ(i1, i2)− θi1,i2P(Ai1,i2)

]
, ✭✶✳✼✼✮

✇❤❡r❡

Σ(i1, i2) =

T1−m1+1∑

j1=1

T2−m2+1∑

j2=1

P (Ai1,i2 ∩Aj1,j2) ✭✶✳✼✽✮

❛♥❞ θi1,i2 ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠

θi1,i2 =
Σ(i1, i2)

P(Ai1,i2)
−
⌊
Σ(i1, i2)

P(Ai1,i2)

⌋
. ✭✶✳✼✾✮



✷✹ ❈❤❛♣t❡r ✶✳ ❊①✐st✐♥❣ ♠❡t❤♦❞s ❢♦r ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s

❲❡ ♦❜s❡r✈❡ t❤❛t ✐❢ |i1 − j1| ≥ m1 ♦r |i2 − j2| ≥ m2✱ t❤❡♥ t❤❡ ❡✈❡♥ts Ai1,i2 ❛♥❞ Aj1,j2

❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ t❤✉s

P (Ai1,i2 ∩Aj1,j2) = [1−Q(m1,m2)]
2 . ✭✶✳✽✵✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ |i1 − j1| < m1 ❛♥❞ |i2 − j2| < m2✱ t❤❡♥

P (Ai1,i2 ∩Aj1,j2) = 1− 2Q(m1,m2) + P (Yi1,i2 ≤ n, Yj1,j2 ≤ n) . ✭✶✳✽✶✮

❚❤❡ ❧❛st t❡r♠ ✐♥ ❊q✳✭✶✳✽✶✮ ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ✈✐❛ ❛ ❝♦♥❞✐t✐♦♥✐♥❣ ❛r❣✉♠❡♥t✳ ❋♦r

❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❜✐♥♦♠✐❛❧ ♠♦❞❡❧ ✇✐t❤ ♣❛r❛♠❡t❡rs r ❛♥❞ p✱ ❞❡♥♦t✐♥❣ ✇✐t❤ Z

t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡

Z =

(i1+m1−1)∧(j1+m1−1)∑

s=i1∨j1

(i2+m2−1)∧(j2+m2−1)∑

t=i2∨j2
Xs,t, ✭✶✳✽✷✮

✇❡ ❤❛✈❡✱ ❞✉❡ t♦ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ Yi1,i2 − Z ❛♥❞ Yj1,j2 − Z✱ t❤❛t

P (Yi1,i2 ≤ n, Yj1,j2 ≤ n) =

n∑

k=0

P(Z = k)P(Yi1,i2 − Z ≤ n− k)2. ✭✶✳✽✸✮

■♥ ❊q✳✭✶✳✽✸✮✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Z✱ Yi1,i2 − Z ❛r❡ ❜✐♥♦♠✐❛❧❧② ❞✐str✐❜✉t❡❞ ✇✐t❤

♣❛r❛♠❡t❡rs r(m1−|i1−j1|)(m2−|i2−j2|)✱ p ❛♥❞ r|i1−j1||i2−j2| ❛♥❞ p✱ r❡s♣❡❝t✐✈❡❧②✳

❍❡♥❝❡✱ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✐♥ ❊q✳✭✶✳✼✼✮✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r❡ ❝♦♠♣✉t❡ t❤❡

m1 ×m2 ♠❛tr✐① ✇✐t❤ t❤❡ ❡♥tr✐❡s ❣✐✈❡♥ ❜② t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s P (Ai1,i2 ∩Aj1,j2)✱ ❢♦✉♥❞

❛❜♦✈❡✱ ❢♦r |i1 − j1| < m1 ❛♥❞ |i2 − j2| < m2✳

❘❡♠❛r❦ ✶✳✷✳✷✳ ❆ ❞✐✛❡r❡♥t ✉♣♣❡r ❜♦✉♥❞ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❊q✳✭✶✳✼✼✮ ✐❢ ♦♥❡ ❝♦♥✲

s✐❞❡r t❤❡ ❡✈❡♥ts Ei1,i2 ❣✐✈❡♥ ❜②

Ei1,i2 =





max
(i1−1)m1+1≤s1≤i1m1+1
(i2−1)m2+1≤s2≤i2m2+1

Ys1,s2 ≤ n





✭✶✳✽✹✮

✐♥st❡❛❞ ♦❢ t❤❡ ❡✈❡♥ts Ai1,i2✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❣❡♥❡r❛❧✐③❡s t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✐♥ t❤❡ ♦♥❡

❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✶✳✸✳ ❉❡t❛✐❧s ❛❜♦✉t t❤✐s ❛❧t❡r♥❛t✐✈❡ ♠❛r❣✐♥

❛r❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ❆✳✷✳✷ ♦❢ ❆♣♣❡♥❞✐① ❆✳

✶✳✸ ❚❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡①t❡♥❞ t❤❡ ♥♦t✐♦♥ ♦❢ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐s✲

t✐❝s ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✱ t♦ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳ ❚❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧

❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬●✉❡rr✐❡r♦ ❡t ❛❧✳✱ ✷✵✶✵❛❪✱ ✇❤❡r❡ t❤❡ ❛✉✲

t❤♦rs ❞❡r✐✈❡❞ ❛ ♣r♦❞✉❝t✲t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ t❤r❡❡ P♦✐ss♦♥ ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r

t❤❡ 0 − 1 ❇❡r♥♦✉❧❧✐ ♠♦❞❡❧✳ ❆s t❤❡ ❛✉t❤♦rs ♠❡♥t✐♦♥ ✐♥ t❤❡ ❝✐t❡❞ ❛rt✐❝❧❡✱ t❤❡ ♠♦st

❛❝❝✉r❛t❡ ❡st✐♠❛t❡ ✇✐t❤✐♥ t❤❡ ❢♦✉r ✐s t❤❡ ♣r♦❞✉❝t✲t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❇❛s❡❞ ♦♥



✶✳✸✳ ❚❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✷✺

t❤✐s ♦❜s❡r✈❛t✐♦♥✱ ✇❡ ✐♥❝❧✉❞❡ ❜❡❧❧♦✇ t❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ♣r♦❞✉❝t t②♣❡ ❡st✐♠❛t❡ ✐♥ ❛

s♦♠❡✇❤❛t ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦✳ ❉❡t❛✐❧❡❞ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ✉♥❦♥♦✇♥ q✉❛♥t✐t✐❡s t❤❛t

❛♣♣❡❛r ✐♥ t❤✐s ❢♦r♠✉❧❛ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ❆✳✸ ♦❢ ❆♣♣❡♥❞✐① ❆✳

▲❡t T1✱ T2✱ T3 ❜❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✱R = [0, T1]×[0, T2]×[0, T3] ❜❡ ❛ r❡❝t❛♥❣✉❧❛r r❡❣✐♦♥

❛♥❞ {Xi,j,k|1 ≤ i ≤ T1, 1 ≤ j ≤ T2, 1 ≤ k ≤ T3} ❜❡ ❛ ❢❛♠✐❧② ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞

✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ✐♥t❡❣❡r ✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❢r♦♠ ❛ s♣❡❝✐✜❡❞ ❞✐str✐❜✉t✐♦♥✳

❋♦r ❡❛❝❤ l ∈ {1, 2, 3}✱ ❝♦♥s✐❞❡r t❤❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ml s✉❝❤ t❤❛t 1 ≤ ml ≤ Tl✱ ❛♥❞

❞❡✜♥❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

Yi1,i2,i3 =

i1+m1−1∑

i=i1

i2+m2−1∑

j=i2

i3+m3−1∑

k=i3

Xi,j,k, 1 ≤ il ≤ Tl −ml + 1. ✭✶✳✽✺✮

■❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Xi,j,k ❛r❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ❡✈❡♥ts ♦❜s❡r✈❡❞ ✐♥

t❤❡ ❡❧❡♠❡♥t❛r② sq✉❛r❡ s✉❜r❡❣✐♦♥ [i− 1, i]× [j− 1, j]× [k− 1, k]✱ t❤❡♥ Yi1,i2,i3 ❝♦✉♥ts

t❤❡ ❡✈❡♥ts ♦❜s❡r✈❡❞ ✐♥ t❤❡ r❡❝t❛♥❣✉❧❛r r❡❣✐♦♥

R(i1, i2, i3) = [i1 − 1, i1 +m1 − 1]× [i2 − 1, i2 +m2 − 1]× [i3 − 1, i3 +m3 − 1],

❝♦♠♣r✐s❡❞ ♦❢ m1m2m3 ❛❞❥❛❝❡♥t ❡❧❡♠❡♥t❛r② sq✉❛r❡ s✉❜r❡❣✐♦♥s ❛♥❞ ✇✐t❤ t❤❡ s♦✉t❤✲

✇❡st ❝♦r♥❡r ❛t t❤❡ ♣♦✐♥t (i1 − 1, i2 − 1, i3 − 1)✳

❚❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢

❡✈❡♥ts ✐♥ ❛♥② r❡❝t❛♥❣❧❡ R(i1, i2, i3) ✇✐t❤✐♥ t❤❡ r❡❣✐♦♥ R✱

Sm1,m2,m3(T1, T2, T3) = max
1≤ij≤Tj−mj+1

j∈{1,2,3}

Yi1,i2,i3 . ✭✶✳✽✻✮

❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❛♥ st❛t✐st✐❝✱

Qm1,m2,m3(T1, T2, T3) = P (Sm1,m2,m3(T1, T2, T3) ≤ n) ,

✇❛s s✉❝❝❡ss❢✉❧❧② ✉s❡❞ ✐♥ ❛str♦♥♦♠② ✭❬❉❛r❧✐♥❣ ❛♥❞ ❲❛t❡r♠❛♥✱ ✶✾✽✻❪✮✱ ✐♠❛❣❡ ❛♥❛❧②s✐s

✭❬◆❛✐♠❛♥ ❛♥❞ Pr✐❡❜❡✱ ✷✵✵✶❪✮✱ r❡❧✐❛❜✐❧✐t② t❤❡♦r② ✭❬❇♦✉ts✐❦❛s ❛♥❞ ❑♦✉tr❛s✱ ✷✵✵✵❪✮ ❛♥❞

♠❛♥② ♦t❤❡r ❞♦♠❛✐♥s✳ ❆♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ s♣❛❝❡✲t✐♠❡ s❝❛♥

st❛t✐st✐❝s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ♠♦♥♦❣r❛♣❤ ❬●❧❛③ ❡t ❛❧✳✱ ✷✵✵✾✱ ❈❤❛♣t❡r ✻❪✳

❋r♦♠ ❛ st❛t✐st✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ s❝❛♥ st❛t✐st✐❝ Sm1,m2,m3(T1, T2, T3) ✐s ✉s❡❞ ❢♦r

t❡st✐♥❣ t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ♦❢ r❛♥❞♦♠♥❡ss t❤❛t Xijk✬s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥✲

t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ s♦♠❡ s♣❡❝✐✜❡❞ ❞✐str✐❜✉t✐♦♥✳ ❯♥❞❡r t❤❡ ❛❧t❡r♥❛t✐✈❡

❤②♣♦t❤❡s✐s t❤❡r❡ ❡①✐sts ♦♥❡ ❝❧✉st❡r ❧♦❝❛t✐♦♥ ✇❤❡r❡ t❤❡Xijk✬s ❤❛✈❡ ❛ ❧❛r❣❡r ♠❡❛♥ t❤❛♥

♦✉ts✐❞❡ t❤❡ ❝❧✉st❡r✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ ✐♥ t❤❡ P♦✐ss♦♥ ♠♦❞❡❧✱ t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s✱ H0✱

❛ss✉♠❡s t❤❛t Xijk✬s ❛r❡ ✐✳✐✳❞✳ ✇✐t❤ Xijk ∼ Pois(λ) ✇❤❡r❡❛s t❤❡ ❛❧t❡r♥❛t✐✈❡ ❤②♣♦t❤✲

❡s✐s ♦❢ ❝❧✉st❡r✐♥❣✱ H1✱ ❛ss✉♠❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ r❡❝t❛♥❣✉❧❛r s✉❜r❡❣✐♦♥ R(i0, j0, k0)

s✉❝❤ t❤❛t ❢♦r ❛♥② i0 ≤ i ≤ i0+m1−1✱ j0 ≤ j ≤ j0+m2−1 ❛♥❞ k0 ≤ k ≤ k0+m3−1✱

Xijk ❛r❡ ✐✳✐✳❞✳ P♦✐ss♦♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ♣❛r❛♠❡t❡r λ′ > λ✳ ❖✉ts✐❞❡ t❤❡ r❡❣✐♦♥

R(i0, j0, k0)✱ Xijk ❛r❡ ✐✳✐✳❞✳ ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ s♣❡❝✐✜❡❞ ❜②

t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s✳ ❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ t❡st r❡❥❡❝ts H0 ✐♥ ❢❛✈♦r ♦❢ t❤❡

❧♦❝❛❧ ❝❤❛♥❣❡ ❛❧t❡r♥❛t✐✈❡ H1✱ ✇❤❡♥❡✈❡r Sm1,m2,m3(T1, T2, T3) ❡①❝❡❡❞s t❤❡ t❤r❡s❤♦❧❞ τ

❞❡t❡r♠✐♥❡❞ ❢r♦♠ P (Sm1,m2,m3(T1, T2, T3) ≥ τ |H0) = α ❛♥❞ ✇❤❡r❡ α r❡♣r❡s❡♥ts t❤❡

s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧ ♦❢ t❤❡ t❡st✐♥❣ ♣r♦❝❡❞✉r❡ ✭❬●❧❛③ ❡t ❛❧✳✱ ✷✵✵✶✱ ❈❤❛♣t❡r ✶✸❪✮✳



✷✻ ❈❤❛♣t❡r ✶✳ ❊①✐st✐♥❣ ♠❡t❤♦❞s ❢♦r ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s

✶✳✸✳✶ Pr♦❞✉❝t✲t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥

❈♦♥s✐❞❡r t❤❛t Xi,j,k ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡r

✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❲❤❡♥ t❤❡ ♣❛r❛♠❡t❡rs ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡

t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ❛r❡ ❝❧❡❛r❧② ✉♥❞❡rst♦♦❞ ✇❡ ❛❜❜r❡✈✐❛t❡ t❤❡ ♥♦t❛t✐♦♥

t♦ Q(T1, T2, T3)✳

❋♦❧❧♦✇✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ✐♥ ❬●✉❡rr✐❡r♦ ❡t ❛❧✳✱ ✷✵✶✵❛❪ ❢♦r t❤❡ ✐✳✐✳❞✳ 0 − 1

❇❡r♥♦✉❧❧✐ ♠♦❞❡❧✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❞✉❝t✲t②♣❡ ❡st✐♠❛t❡✿

P (Sm1,m2,m3(T1, T2, T3) ≤ n) ≈ Q(m1 + 1,m2 + 1,m3 + 1)(T1−m1)(T2−m2)(T3−m3)

Q(m1,m2,m3)(T1−m1−1)(T2−m2−1)(T3−m3−1)

× Q(m1 + 1,m2,m3)
(T1−m1−1)(T2−m2)(T3−m3)

Q(m1,m2 + 1,m3 + 1)(T1−m1)(T2−m2−1)(T3−m3−1)

× Q(m1,m2 + 1,m3)
(T1−m1)(T2−m2−1)(T3−m3)

Q(m1 + 1,m2,m3 + 1)(T1−m1−1)(T2−m2)(T3−m3−1)

× Q(m1,m2,m3 + 1)(T1−m1)(T2−m2)(T3−m3−1)

Q(m1 + 1,m2 + 1,m3)(T1−m1−1)(T2−m2−1)(T3−m3)
.

✭✶✳✽✼✮

P❛rt✐❝✉❧❛r✐③✐♥❣✱ ❢♦r T1 = T2 = T3 = N ❛♥❞ m1 = m2 = m3 = m ✇❡ ❣❡t t❤❡ s❛♠❡

❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛ ❛s ✐♥ ❬●✉❡rr✐❡r♦ ❡t ❛❧✳✱ ✷✵✶✵❛✱ ❊q✳ ✻❪✳ ❊①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s

❢♦r t❤❡ ✉♥❦♥♦✇♥ q✉❛♥t✐t✐❡s ✐♥ ❊q✳✭✶✳✽✼✮ ❛r❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ❆✳✸ ♦❢ ❆♣♣❡♥❞✐① ❆ ❢♦r

t❤❡ ❜✐♥♦♠✐❛❧ ❛♥❞ P♦✐ss♦♥ ♠♦❞❡❧✳

❘❡♠❛r❦ ✶✳✸✳✶✳ ❆s ❢❛r ❛s ✇❡ ❦♥♦✇✱ t❤❡ ♦♥❧② r❡s✉❧t ♦♥ ❜♦✉♥❞s ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥

♦❢ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✐s t❤❡ ♦♥❡ ♦❢ ❬❆❦✐❜❛ ❛♥❞ ❨❛♠❛♠♦t♦✱ ✷✵✵✹❪✳

❚❤❡ ❛✉t❤♦rs✱ ✉s✐♥❣ t❡❝❤♥✐q✉❡s ❢r♦♠ r❡❧✐❛❜✐❧✐t② t❤❡♦r②✱ ♦❜t❛✐♥❡❞ ❝❧♦s❡❞ ❢♦r♠ ❧♦✇❡r ❛♥❞

✉♣♣❡r ❜♦✉♥❞s ❢♦r t❤❡ ❇❡r♥♦✉❧❧✐ ♠♦❞❡❧✳ ❚❤❡✐r ❢♦r♠✉❧❛s ❛r❡ ❝♦♠♣❧❡① ❛♥❞✱ ❡✈❡♥ ❢♦r

♠♦❞❡r❛t❡ s❝❛♥♥✐♥❣ ✇✐♥❞♦✇ s✐③❡s✱ r❡q✉✐r❡s ❡①❝❡ss✐✈❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✳ ❲❡ s❤♦✉❧❞

♠❡♥t✐♦♥ t❤❛t ❛❧t❡r♥❛t✐✈❡ ❜♦✉♥❞s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❡①t❡♥❞✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ ♣r❡s❡♥t❡❞ ✐♥

❙❡❝t✐♦♥ ✶✳✷✳✷ t♦ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✳



❈❤❛♣t❡r ✷

❊①tr❡♠❡s ♦❢ 1✲❞❡♣❡♥❞❡♥t

st❛t✐♦♥❛r② s❡q✉❡♥❝❡s ♦❢ r❛♥❞♦♠

✈❛r✐❛❜❧❡s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t s♦♠❡ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐s✲

tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ✜rst n t❡r♠s ♦❢ ❛ ✶✲❞❡♣❡♥❞❡♥t st❛✲

t✐♦♥❛r② s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❚❤❡s❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❡①t❡♥❞ t❤❡ ♦r✐❣✐♥❛❧

♦♥❡s ❞❡✈❡❧♦♣❡❞ ✐♥ ❬❍❛✐♠❛♥✱ ✶✾✾✾❪✱ ❜♦t❤ ✐♥ t❡r♠s ♦❢ r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛❜✐❧✐t② ❛♥❞ ✐♥

s❤❛r♣♥❡ss ♦❢ t❤❡ ❡rr♦r ❜♦✉♥❞s✳ ❲❡ ❜❡❣✐♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✶ ✇✐t❤ s♦♠❡ ❞❡✜♥✐t✐♦♥s ❛♥❞

r❡♠❛r❦s ❝♦♥❝❡r♥✐♥❣ t❤❡ m✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ◆❡①t✱ ✇❡ ❣✐✈❡

t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞✳ ❚❤❡

❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧ts ❛♥❞ s♦♠❡ ♥✉♠❡r✐❝❛❧ ❛s♣❡❝ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝✲

t✐♦♥ ✷✳✷✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❡ ❝❤❛♣t❡r ✇✐t❤ t❤❡ ♣r♦♦❢s ♦❢ t❤❡ r❡s✉❧ts ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳

P❛rts ♦❢ t❤❡ ✇♦r❦ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ❛♣♣❡❛r❡❞ ✐♥ ❬❆♠➔r✐♦❛r❡✐✱ ✷✵✶✷❪ ❛♥❞

♠❛❦❡ t❤❡ ♦❜❥❡❝t ♦❢ ❛♥ ❛rt✐❝❧❡ s✉❜♠✐tt❡❞ ❢♦r ♣✉❜❧✐❝❛t✐♦♥✳

❈♦♥t❡♥ts

✷✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷✳✶✳✶ ❉❡✜♥✐t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷✳✶✳✷ ❘❡♠❛r❦s ❛❜♦✉t ♠✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s ❛♥❞ ❜❧♦❝❦✲❢❛❝t♦rs ✳ ✳ ✷✽

✷✳✶✳✸ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ ❞✐s❝✉ss✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✷✳✷ ▼❛✐♥ r❡s✉❧ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✷✳✷✳✶ ❍❛✐♠❛♥ r❡s✉❧ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✷✳✷✳✷ ◆❡✇ r❡s✉❧ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸
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✷✳✸✳✶ ❚❡❝❤♥✐❝❛❧ ❧❡♠♠❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽
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✷✳✸✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✻ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✷✳✸✳✺ Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✷✳✷✳✼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✷✳✸✳✻ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✽ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶
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✷✳✶ ■♥tr♦❞✉❝t✐♦♥

❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡①tr❡♠❡s ✭♠❛①✐♠❛

❛♥❞ ♠✐♥✐♠❛✮ ♦❢ 1✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡s ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳

✷✳✶✳✶ ❉❡✜♥✐t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥s

❲❡ s❛② t❤❛t ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐sm✲❞❡♣❡♥❞❡♥t ✐❢ ♦❜s❡r✈❛t✐♦♥s s❡♣❛r❛t❡❞

❜② m ✉♥✐ts ❛r❡ st♦❝❤❛st✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐s st❛t✐♦♥❛r② ✭✐♥ t❤❡ str♦♥❣ s❡♥s❡✮

✇❤❡♥❡✈❡r ✐ts ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r t✐♠❡ s❤✐❢ts✳ ❚♦ ❜❡

♠♦r❡ ♣r❡❝✐s❡ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s✿

❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✳ ❚❤❡ s❡q✉❡♥❝❡ (Wk)k≥1 ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐s m✲❞❡♣❡♥❞❡♥t✱ m ≥
1✱ ✐❢ ❢♦r ❛♥② h ≥ 1 t❤❡ σ✲✜❡❧❞s ❣❡♥❡r❛t❡❞ ❜② {W1, . . . ,Wh} ❛♥❞ {Wh+m+1, . . . } ❛r❡

✐♥❞❡♣❡♥❞❡♥t✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✷✳ ❚❤❡ s❡q✉❡♥❝❡ (Wk)k≥1 ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐s st❛t✐♦♥❛r② ✭✐♥ t❤❡

str♦♥❣ s❡♥s❡✮ ✐❢ ❢♦r ❛❧❧ n ≥ 1✱ ❢♦r ❛❧❧ h ≥ 0 ❛♥❞ ❢♦r ❛❧❧ t1, . . . , tn t❤❡ ❢❛♠✐❧✐❡s

{Wt1 ,Wt2 , . . . ,Wtn} ❛♥❞ {Wt1+h,Wt2+h, . . . ,Wtn+h}

❤❛✈❡ t❤❡ s❛♠❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥✳

❆ ❧❛r❣❡ ❝❧❛ss ♦❢ m✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s ✐s ❝♦♥str✉❝t❡❞ ❜❛s❡❞ ♦♥ t❤❡ ❜❧♦❝❦✲❢❛❝t♦r

t❡r♠✐♥♦❧♦❣②✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ ♥♦t✐♦♥ ♦❢ l ❜❧♦❝❦✲❢❛❝t♦r ✭s❡❡ ❛❧s♦

❬❇✉rt♦♥ ❡t ❛❧✳✱ ✶✾✾✸❪✮✿

❉❡✜♥✐t✐♦♥ ✷✳✶✳✸✳ ❚❤❡ s❡q✉❡♥❝❡ (Wk)k≥1 ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ st❛t❡ s♣❛❝❡ SW

✐s s❛✐❞ t♦ ❜❡ l ❜❧♦❝❦✲❢❛❝t♦r ♦❢ t❤❡ s❡q✉❡♥❝❡ (Yk)k≥1 ✇✐t❤ st❛t❡ s♣❛❝❡ SY ✐❢ t❤❡r❡ ✐s ❛

♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f : Sl
Y → SW s✉❝❤ t❤❛t

Wk = f (Yk, Yk+1, . . . , Yk+l−1)

❢♦r ❛❧❧ k✳

✷✳✶✳✷ ❘❡♠❛r❦s ❛❜♦✉t ♠✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s ❛♥❞ ❜❧♦❝❦✲❢❛❝t♦rs

❚❤❡ st✉❞② ♦❢ m✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❛ ❞✐✛❡r❡♥t ♠♦❞❡❧ ❢♦r ❞❡♣❡♥✲

❞❡♥❝❡ ❜❡s✐❞❡s t❤❡ ✇❡❧❧ ❦♥♦✇♥ ▼❛r❦♦✈ ♠♦❞❡❧✳ ❊✈❡♥ ✐❢ t❤❡ ❧❛t❡r ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞

t❤♦r♦✉❣❤❧② ❢♦r ❛ ❧♦♥❣ t✐♠❡✱ ♥♦t s♦ ♠✉❝❤ ❝❛♥ ❜❡ s❛✐❞ ❛❜♦✉t t❤❡ ❢♦r♠❡r ♠♦❞❡❧✳

▼❛②❜❡ t❤❡ ♠♦st ❝♦♠♠♦♥ ❡①❛♠♣❧❡s ♦❢ m✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠

(m + 1) ❜❧♦❝❦✲❢❛❝t♦rs ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ s❡q✉❡♥❝❡s ♦❢ r❛♥✲

❞♦♠ ✈❛r✐❛❜❧❡s✳ ■♥ ❬■❜r❛❣✐♠♦✈ ❛♥❞ ▲✐♥♥✐❦✱ ✶✾✼✶❪✱ t❤❡ ❛✉t❤♦rs ❝♦♥❥❡❝t✉r❡❞ t❤❛t t❤❡

❝♦♥✈❡rs❡ ✐s ♥♦t tr✉❡❀ t❤❡② ❛✣r♠❡❞ ✭✇✐t❤♦✉t ❣✐✈✐♥❣ ❛♥ ❡①❛♠♣❧❡✮ t❤❛t t❤❡r❡ ❛r❡ m✲

❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s ✇❤✐❝❤ ❛r❡ ♥♦t (m + 1) ❜❧♦❝❦✲❢❛❝t♦r ♦❢ ❛♥② ✐✳✐✳❞✳ s❡q✉❡♥❝❡✳

Pr♦❣r❡ss ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ✇❛s ♠❛❞❡ ❜② ❬❆❛r♦♥s♦♥ ❡t ❛❧✳✱ ✶✾✽✾❪✱ ✇❤♦ s❤♦✇❡❞ t❤❛t

t❤❡r❡ ❡①✐st t✇♦ ✈❛❧✉❡❞ 1✲❞❡♣❡♥❞❡♥t ♣r♦❝❡ss❡s ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ 2

❜❧♦❝❦✲❢❛❝t♦r ♦❢ ❛♥ ✐✳✐✳❞✳ s❡q✉❡♥❝❡✳ ■♥ ❬❆❛r♦♥s♦♥ ❛♥❞ ●✐❧❛t ❉✳✱ ✶✾✾✷❪ ✐t ✐s s❤♦✇♥ t❤❛t
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❛ st❛t✐♦♥❛r② 1✲❞❡♣❡♥❞❡♥t ▼❛r❦♦✈ ❝❤❛✐♥ ✇✐t❤ ♥♦ ♠♦r❡ t❤❛♥ ❢♦✉r st❛t❡s ❝❛♥ ❜❡ r❡♣✲

r❡s❡♥t❡❞ ❜② ❛ 2 ❜❧♦❝❦✲❢❛❝t♦r✳ ❚❤❡✐r r❡s✉❧t ✐s s❤❛r♣ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡r❡ ✐s ❛♥

❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❛ s❡q✉❡♥❝❡ ✇✐t❤ ✜✈❡ st❛t❡s ✇❤✐❝❤ ✐s ♥♦t ❛ 2 ❜❧♦❝❦✲❢❛❝t♦r✳ ■♥ ♣❛r✲

t✐❝✉❧❛r✱ ❬❞❡ ❱❛❧❦✱ ✶✾✽✽❪ ♣r♦✈❡❞ t❤❛t ❛ t✇♦ ✈❛❧✉❡❞ ▼❛r❦♦✈ ❝❤❛✐♥ ❜❡❝♦♠❡s ❛♥ ✐✳✐✳❞✳

s❡q✉❡♥❝❡ ✐❢ ✐♥ ❛❞❞✐t✐♦♥ ✐t ✐s st❛t✐♦♥❛r② ❛♥❞ 1✲❞❡♣❡♥❞❡♥t✳ ❚❤✐s r❡s✉❧t ✇❛s ❡①t❡♥❞❡❞

❜② ❬▼❛t✉s✱ ✶✾✾✽✱ ▲❡♠♠❛✷❪ ✇❤♦ ❣❛✈❡ ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❜✐♥❛r② s❡q✉❡♥❝❡s ✇❤✐❝❤

❛r❡ ▼❛r❦♦✈ ♦❢ ♦r❞❡r n ❛♥❞ m✲❞❡♣❡♥❞❡♥t✳ ❚❤❡ ❛✉t❤♦r ❛❧s♦ ♣r❡s❡♥t❡❞ ❛ ♥❡❝❡ss❛r② ❛♥❞

s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ m✲❞❡♣❡♥❞❡♥t ▼❛r❦♦✈ ❝❤❛✐♥ ✇✐t❤ ❛ ✜♥✐t❡

st❛t❡ s♣❛❝❡ ✭s❡❡ ❬▼❛t✉s✱ ✶✾✾✽✱ Pr♦♣♦s✐t✐♦♥ ✶❪✮✳ ■♥ ❬❇✉rt♦♥ ❡t ❛❧✳✱ ✶✾✾✸❪✱ t❤❡ ❛✉t❤♦rs

❣❛✈❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❢♦✉r st❛t❡ 1✲❞❡♣❡♥❞❡♥t ♣r♦❝❡ss ✇❤✐❝❤ ✐s ♥♦t ❛ l ❜❧♦❝❦✲❢❛❝t♦r ❢♦r

❛♥② l ≥ 2✱ t❤✉s ❝♦♥✜r♠✐♥❣ t❤❡ ❝♦♥❥❡❝t✉r❡✳ ▼♦r❡ ❞❡t❛✐❧s ❛❜♦✉t 1✲❞❡♣❡♥❞❡♥t ♣r♦❝❡ss❡s

❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❞❡ ❱❛❧❦✱ ✶✾✽✽❪ ❛♥❞ ❬●♦✉❧❡t✱ ✶✾✾✷❪✳

❚♦ ❛s❦ ✇❤❡t❤❡r ❛ s❡q✉❡♥❝❡ ♦❢ m✲❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐s ❛ (m + 1) ❜❧♦❝❦✲

❢❛❝t♦r ♦r ♥♦t✱ s❡❡♠s t♦ ❜❡ ❛ ♥❛t✉r❛❧ q✉❡st✐♦♥✳ ❋r♦♠ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡ t❤❡r❡

✐s ♥♦ ❣❡♥❡r❛❧ r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ t❤✐s ♣r♦❜❧❡♠✳ ◆❡✈❡rt❤❡❧❡ss✱ s♦♠❡ ♣❛rt✐❛❧ ❛♥s✇❡rs

❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ■♥ ❬❞❡ ❱❛❧❦ ❛♥❞ ❘✉s❝❤❡♥❞♦r❢✱ ✶✾✾✸❪ ✇❛s ♦❜t❛✐♥❡❞

❛ r❡❣r❡ss✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ❛ ♣❛rt✐❝✉❧❛r ❝❧❛ss ♦❢ m✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s✳ ■♥ t❤❡

s❛♠❡ ♣❛♣❡r✱ t❤❡ ❛✉t❤♦rs ♣r❡s❡♥t❡❞ ❛ ❝♦♥str✉❝t✐✈❡ ♠❡t❤♦❞ t♦ ❝❤❡❝❦ ✐❢ s✉❝❤ ❛ s❡q✉❡♥❝❡

❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ♠♦♥♦t♦♥❡ (m+1) ❜❧♦❝❦✲❢❛❝t♦r✳ ■♥ ❬❇r♦♠❛♥✱ ✷✵✵✺❪ ✐t ✐s s❤♦✇♥ t❤❛t

1✲❞❡♣❡♥❞❡♥t tr✐❣♦♥♦♠❡tr✐❝ ❞❡t❡r♠✐♥❛♥t❛❧ ♣r♦❝❡ss❡s ❛r❡ 2 ❜❧♦❝❦✲❢❛❝t♦rs✳ ❆♥♦t❤❡r

❝❧❛ss ♦❢ ♣r♦❝❡ss❡s t❤❛t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ (m + 1) ❜❧♦❝❦✲❢❛❝t♦r ✐s r❡♣r❡s❡♥t❡❞

❜② st❛t✐♦♥❛r② m✲❞❡♣❡♥❞❡♥t ●❛✉ss✐❛♥ s❡q✉❡♥❝❡s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❥✉st✐✜❡s

t❤✐s ❛✣r♠❛t✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✹✳ ▲❡t (Wk)k∈Z ❜❡ ❛ st❛t✐♦♥❛r② m✲❞❡♣❡♥❞❡♥t ●❛✉ss✐❛♥ s❡q✉❡♥❝❡

♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s s✉❝❤ t❤❛t EW0 = µ✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (ak)
m
k=0 s✉❝❤

t❤❛t

(Wk)k∈Z
d
=

(
µ+

m∑

i=0

aiηk−i

)

k∈Z
, ✭✷✳✶✮

✇❤❡r❡ (ηj)j∈Z ❛r❡ ✐✳✐✳❞✳ st❛♥❞❛r❞ ♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳

●❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ❢♦r❡❣♦✐♥❣ r❡s✉❧t✱ ❝♦♥❝❡r♥✐♥❣ m✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② ✐♥✜♥✐t❡

❞✐✈✐s✐❜❧❡ s❡q✉❡♥❝❡s✱ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❍❛rr❡❧s♦♥ ❛♥❞ ❍♦✉❞r❡✱ ✷✵✵✸❪✳

✷✳✶✳✸ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ ❞✐s❝✉ss✐♦♥

❚❤❡ ♣r♦❜❧❡♠ t❤❛t ✇❡ tr❡❛t ✐♥ t❤✐s ❝❤❛♣t❡r ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✳ ▲❡t (Xn)n≥1

❜❡ ❛ str✐❝t❧② st❛t✐♦♥❛r② s❡q✉❡♥❝❡ ♦❢ ✶✲❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ♠❛r❣✐♥❛❧

❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ F (x) = P(X1 ≤ x) ❛♥❞ t❛❦❡ x s✉❝❤ t❤❛t

inf{u|F (u) > 0} < x < sup{u|F (u) < 1}.

❋♦r ❡❛❝❤ n ≥ 1✱ ✇❡ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡s

pn = pn(x) = P(min{X1, X2, . . . , Xn} > x), ✭✷✳✷✮

qn = qn(x) = P(max{X1, X2, . . . , Xn} ≤ x). ✭✷✳✸✮



✸✵ ❈❤❛♣t❡r ✷✳ ❊①tr❡♠❡s ♦❢ ✶✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡s

❖✉r ❛✐♠ ✐♥ t❤✐s ✇♦r❦ ✐s t♦ ✜♥❞ ❣♦♦❞ ❡st✐♠❛t❡s ❢♦r pn ❛♥❞ qn t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦rr❡✲

s♣♦♥❞✐♥❣ ❡rr♦r ♠❛r❣✐♥s✳ ❆s②♠♣t♦t✐❝ r❡s✉❧ts ❢♦r ❡①tr❡♠❡s ♦❢ m✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s

♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇❡r❡ ♦❜t❛✐♥❡❞ ❜② ♠❛♥② ❛✉t❤♦rs ❛♠♦♥❣ ✇❤✐❝❤ ✇❡ ❝❛♥ ♠❡♥t✐♦♥

❬❲❛ts♦♥✱ ✶✾✺✹❪✱ ❬◆❡✇❡❧❧✱ ✶✾✻✹❪✱ ❬●❛❧❛♠❜♦s✱ ✶✾✼✷❪ ❛♥❞ ❬❋❧❛❦ ❛♥❞ ❙❝❤♠✐❞✱ ✶✾✾✺❪✳

❚❤❡ ❛♣♣r♦❛❝❤ ✇❡ ❛r❡ ✉s✐♥❣ t♦ ❛tt❛✐♥ t❤❡s❡ ❡st✐♠❛t❡s ❞✐✛❡rs ❢r♦♠ t❤❡ ♦♥❡s ♣r❡s❡♥t❡❞

✐♥ t❤❡ ❝✐t❡❞ ♣❛♣❡rs ❛♥❞ ✐t ❤❛s ✐ts ♦r✐❣✐♥ ✐♥ t❤❡ ♣❛♣❡r ♦❢ ❬❍❛✐♠❛♥✱ ✶✾✾✾❪✳ ❚♦ ❣❡t t❤❡

✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤❡ ♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ✇♦r❦✱ ❝♦♥s✐❞❡r q−1 = q0 = 1 ❛♥❞ t❛❦❡

D(z) = Dx(z) =
∞∑

k=0

qk−1z
k ✭✷✳✹✮

t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡ (qk)k≥0✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤✐s ❣❡♥❡r❛t✐♥❣

❢✉♥❝t✐♦♥ ❞❡♣❡♥❞s ♦♥ x✱ s✐♥❝❡ t❤❡ s❡q✉❡♥❝❡ (qk)k≥0 ❞♦❡s✳ ❙✉♣♣♦s❡ t❤❛t✱ ❢♦r ❡①❛♠♣❧❡✱

t❤❡ ❢✉♥❝t✐♦♥ D(z) ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥✿

D(z) = 1 +
Az

1− z
λ

✱ A 6= 0✳ ✭✷✳✺✮

❚❤❡♥ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t

∞∑

k=0

qkz
k+1 =

∞∑

k=0

A

λk
zk+1 ✭✷✳✻✮

❛♥❞ t❤❡r❡❢♦r❡ qn = A
λn ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ s❤♦✇s t❤❛t t❤❡r❡ ❛r❡ s✐t✉❛t✐♦♥s ✇❤❡r❡

t❤❡ ❛ss✉♠♣t✐♦♥ ♠❛❞❡ ✐♥ ❊q✳✭✷✳✺✮ ✐s ✈❛❧✐❞✳

❊①❛♠♣❧❡ ✷✳✶✳✺✳ ▲❡t (Xn)n≥1 ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ■♥ ♣❛rt✐❝✉✲

❧❛r✱ t❤❡ s❡q✉❡♥❝❡ ✐s 1✲❞❡♣❡♥❞❡♥t✳ ❚❤❡♥ ♦♥❡ ❝❛♥ ❡❛s✐❧② s❤♦✇ t❤❛t

D(z) = 1 +
z

1− (1− p1)z

✇❤✐❝❤ ❣✐✈❡s λ = 1
1−p1

❛♥❞ qn = (1− p1)
n = 1

λn ✳

❖❢ ❝♦✉rs❡ t❤❛t t❤❡ s✐t✉❛t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ ❊①❛♠♣❧❡ ✷✳✶✳✺ ✐s ❛♥ ❡①tr❡♠❡ ♦♥❡ ❛♥❞ s✉❝❤

❛♥ ❛ss✉♠♣t✐♦♥ ✐s ♥♦t ❢❡❛s✐❜❧❡ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝♦♥t❡①t✳ P❡r❤❛♣s✱ t❤❡ ♥❡①t ❜❡st t❤✐♥❣

t❤❛t ✇❡ ❝❛♥ ❤♦♣❡ ❢♦r ✐s t♦ ❤❛✈❡ ❛♥ ❛s②♠♣t♦t✐❝ r❡❧❛t✐♦♥ ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡

s✐♥❣✉❧❛r✐t② λ✱ ♥❛♠❡❧②

D(z) ∼ 1 +
Az

1− z
λ

. ✭✷✳✼✮

■♥ ✇❤✐❝❤ ❝❛s❡✱ ♦♥❡ ❝❛♥ ✇✐s❤ t♦ ♦❜t❛✐♥ ❛ r❡❧❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠

qn ∼ A

λn
. ✭✷✳✽✮

❚❤❡ ❛❜♦✈❡ ♦❜s❡r✈❛t✐♦♥s ❧❡❛❞ t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ s❤♦✇✐♥❣ t❤❛t t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥

D(z) ❤❛s ❛ ♥✐❝❡ s✐♥❣✉❧❛r✐t②✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t t❤❡ ♣r♦❜❧❡♠ ♦❢ st✉❞②✐♥❣ t❤❡ s✐♥❣✉✲

❧❛r✐t✐❡s ♦❢ D ✐s r❡❧❛t❡❞ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ③❡r♦s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ 1
D ✳ ◆♦✇✱ ✐❢ ✇❡

❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ s❡q✉❡♥❝❡ {(−1)kpk−1}k≥0✱

C(z) = Cx(z) = 1 +

∞∑

k=1

(−1)kpk−1z
k ✭✷✳✾✮



✷✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✸✶

✇❤❡r❡ p−1 = p0 = 1✱ ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❛t ✭s❡❡ ▲❡♠♠❛ ✷✳✸✳✺✮

D(z) =
1

C(z)
. ✭✷✳✶✵✮

❚❤✐s ❧❛st r❡❧❛t✐♦♥ ❣✐✈❡s ✉s t❤❡ ♠❡❛♥s t♦ ❛♥❛❧②③❡ t❤❡ s✐♥❣✉❧❛r✐t② ♦❢ D ❜② ❢♦❝✉s✐♥❣ ♦✉r

❛tt❡♥t✐♦♥ ♦♥ t❤❡ ③❡r♦s ♦❢ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ C(z)✳ ❆s ✐t t✉r♥s ♦✉t✱ t♦ ❛♥❛❧②③❡

t❤❡ ③❡r♦s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ C ✐s ♠✉❝❤ ❡❛s✐❡r ❜❡❝❛✉s❡ ♦❢ t✇♦ ❛s♣❡❝ts✿ ❛♥ ❡❧❡♠❡♥t❛r②

✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s pn ✭❣✐✈❡♥ ✐♥ ❊q✳✭✷✳✷✺✮✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t C ✐s ❛♥

❛❧t❡r♥❛t✐♥❣ s❡r✐❡s✳ ❲❡ ✇✐❧❧ ✜♥✐s❤ t❤✐s s❡❝t✐♦♥ ✇✐t❤ ❛♥ ❡①❛♠♣❧❡ t❤❛t ✐❧❧✉str❛t❡s t❤❡

❛❜♦✈❡ ✐❞❡❛s✿

❊①❛♠♣❧❡ ✷✳✶✳✻✳ ▲❡t (Un)n≥1 ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✐✳✐✳❞✳ 0−1 ❇❡r♥♦✉❧❧✐ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

✇✐t❤ P(Un = 1) = p✳ ❲❡ ❞❡✜♥❡ ❢♦r ❡❛❝❤ n ≥ 1 t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Xn = UnUn+1✳

■t ✐s ❝❧❡❛r t❤❛t t❤❡ s❡q✉❡♥❝❡ (Xn)n≥1 ✐s st❛t✐♦♥❛r② ❛♥❞ 1✲❞❡♣❡♥❞❡♥t✱ s✐♥❝❡ ✐s ❞❡✜♥❡❞

❛s ❛ 2 ❜❧♦❝❦✲❢❛❝t♦r ♦❢ ❛♥ ✐✳✐✳❞✳ s❡q✉❡♥❝❡✳ ❈❧❡❛r❧②

pn = P(X1 = 1, X2 = 1, . . . , Xn = 1)

= P(U1 = 1, U2 = 1, . . . , Un+1 = 1) = pn+1,

s♦ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ✐♥ ❊q✳✭✷✳✾✮ ❜❡❝♦♠❡s

C(z) = −z + pz +
1

1 + pz
.

❙♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥ C(z) = 0 ✇❡ ♦❜t❛✐♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ③❡r♦

λ =
1

2p

(
−1 +

√
1 +

4p

1− p

)
.

◆♦t✐❝❡ t❤❛t λ ❜❡❧♦♥❣s t♦ ❛♥ ✐♥t❡r✈❛❧ ♦❢ t❤❡ ❢♦r♠ (1, 1+u)✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✐♥ ❛❝❝♦r❞❛♥❝❡

✇✐t❤ t❤❡ r❡s✉❧t ♣r❡s❡♥t❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✸✳ ❚♦ ❣❡t t❤❡ ✈❛❧✉❡ ♦❢ qn✱ ✇❡ ✜rst ♥♦t✐❝❡

t❤❛t ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✷✳✸✳✺ ✇❡ ❤❛✈❡

qn =
n∑

k=0

(−1)n−kpn−kqk−1, n ≥ 0, p0 = q−1 = q0 = 1.

❇② ✇r✐t✐♥❣ bn = qnp
−n ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t pn = pn+1✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

s❡❝♦♥❞ ♦r❞❡r r❡❝✉rr❡♥❝❡✿

bn+1 =
1− p

p
(bn + bn−1) , b0 = 1, b1 =

1− p2

p

✇❤✐❝❤✱ ❛❢t❡r s♦❧✈✐♥❣ ❢♦r qn✱ ❧❡❛❞s t♦ t❤❡ s♦❧✉t✐♦♥

qn = c
1

λn
+ (1− c)

1

ηn
,

✇❤❡r❡

η =
−1

2p

(
1 +

√
1 +

4p

1− p

)

❛♥❞ c = η+1
λ+η ✳ ❋♦r p s♠❛❧❧ ❡♥♦✉❣❤✱ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ η−1 ❞❡❝r❡❛s❡ ♠✉❝❤

❢❛st❡r t❤❛♥ ♦❢ λ−1✱ s♦ t❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ✈❛❧✉❡ ♦❢ qn ✐s ♠❛❞❡ ❜② t❤❡ ✜rst

t❡r♠✳



✸✷ ❈❤❛♣t❡r ✷✳ ❊①tr❡♠❡s ♦❢ ✶✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡s

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ ✇✐❧❧ s❡❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ③❡r♦ λx ♦❢ Cx ✐♥ ❛♥ ✐♥t❡r✈❛❧ ♦❢ t❤❡

❢♦r♠ (1, 1+u) ❛♥❞ t❤❡ r❡s✉❧t ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✸ ✇✐❧❧ ❣✐✈❡ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤✐s ③❡r♦✳ ❲❡

✇✐❧❧ ❝♦♥❝❧✉❞❡ t❤❡ s❡❝t✐♦♥ ✇✐t❤ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡rr♦r ❜♦✉♥❞

❢♦r t❤❡ ✈❛❧✉❡ ♦❢ qn✳

✷✳✷ ▼❛✐♥ r❡s✉❧ts

❙t❛rt✐♥❣ ❢r♦♠ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② ❬❍❛✐♠❛♥✱ ✶✾✾✾❪ ❛♥❞ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳✶

❜❡❧❧♦✇✱ ✇❡ ❡①t❡♥❞ t❤❡s❡ r❡s✉❧ts ❜② ❡♥❧❛r❣✐♥❣ t❤❡✐r r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛❜✐❧✐t② ❛♥❞ ♣r♦✈✐❞✲

✐♥❣ s❤❛r♣❡r ❡rr♦r ❜♦✉♥❞s✳ ❚❤❡s❡ ♥❡✇ ❡①♣r❡ss✐♦♥s ✇✐❧❧ ❝♦♥st✐t✉t❡ t❤❡ ♠❛✐♥ t♦♦❧s ✐♥

✜♥❞✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❛♥ st❛t✐st✐❝s ❛s ✐t ✇✐❧❧ ❜❡ s❡❡♥

✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡rs✳

✷✳✷✳✶ ❍❛✐♠❛♥ r❡s✉❧ts

■♥ ❬❍❛✐♠❛♥✱ ✶✾✾✾❪✱ t❤❡ ❛✉t❤♦r ♣r❡s❡♥t❡❞ ❛ s❡r✐❡s ♦❢ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ❛♣♣r♦①✲

✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠❛ ♦❢ ❛ st❛t✐♦♥❛r② 1✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡

♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❍❡ st❛rt❡❞ ❜② s❤♦✇✐♥❣ t❤❛t ✐❢ t❤❡ t❛✐❧ ♣r♦❜❛❜✐❧✐t② p1 ✐s s♠❛❧❧

❡♥♦✉❣❤✱ t❤❡♥ t❤❡ s❡r✐❡s ❣✐✈❡♥ ✐♥ ❊q✳✭✷✳✾✮ ❤❛s ❛♥ ✉♥✐q✉❡ ③❡r♦ ✐♥ t❤❡ ✐♥t❡r✈❛❧ (1, 1+2p1)

❛♥❞ ❣❛✈❡ ❡①♣❧✐❝✐t ❛♥ ❡st✐♠❛t❡ ♦❢ ✐ts ✈❛❧✉❡✳ ❚❤❡ ♥❡①t t❤❡♦r❡♠ ✐❧❧✉str❛t❡s t❤✐s r❡s✉❧t✿

❚❤❡♦r❡♠ ✷✳✷✳✶✳ ❋♦r x s✉❝❤ t❤❛t 0 < p1(x) ≤ 0.025✱ Cx(z) ❤❛s ❛ ✉♥✐q✉❡ ③❡r♦ λ(x)✱

♦❢ ♦r❞❡r ♦❢ ♠✉❧t✐♣❧✐❝✐t② 1✱ ✐♥s✐❞❡ t❤❡ ✐♥t❡r✈❛❧ (1, 1 + 2p1)✱ s✉❝❤ t❤❛t

|λ− (1 + p1 − p2 + p3 − p4 + 2p21 + 3p22 − 5p1p2)| ≤ 87p31. ✭✷✳✶✶✮

❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ③❡r♦ λ ❢♦✉♥❞ ✐♥ t❤❡ ❢♦r❡❣♦✐♥❣ r❡s✉❧t ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t②

♦❢ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ✜rst n ❡❧❡♠❡♥ts ♦❢ t❤❡ s❡q✉❡♥❝❡ (Xn)n≥1 ✐s ❣✐✈❡♥ ❜② t❤❡

❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✷✳✷✳✷✳ ❲❡ ❤❛✈❡

q1 = 1− p1, q2 = 1− 2p1 + p2, q3 = 1− 3p1 + 2p2 + p21 − p3

❛♥❞ ❢♦r n > 3 ✐❢ p1 ≤ 0.025✱

|qnλn − (1− p2 + 2p3 − 3p4 + p21 + 6p22 − 6p1p2)| ≤ 561p31. ✭✷✳✶✷✮

❚❤❡s❡ t❤❡♦r❡♠s ✇❡r❡ s✉❝❝❡ss❢✉❧❧② ❡♠♣❧♦②❡❞ ✐♥ ❛ s❡r✐❡s ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✿ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ✐♥❝r❡♠❡♥ts ♦❢ t❤❡ ❲✐❡♥❡r ♣r♦❝❡ss

✭❬❍❛✐♠❛♥✱ ✶✾✾✾❪✮✱ ❡①tr❡♠❡s ♦❢ ▼❛r❦♦✈ s❡q✉❡♥❝❡s ✭❬❍❛✐♠❛♥ ❡t ❛❧✳✱ ✶✾✾✺❪✮✱ t❤❡ ❞✐str✐✲

❜✉t✐♦♥ ♦❢ s❝❛♥ st❛t✐st✐❝s✱ ❜♦t❤ ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ✭s❡❡ ❬❍❛✐♠❛♥✱ ✷✵✵✵✱ ❍❛✐♠❛♥✱ ✷✵✵✼✱

❍❛✐♠❛♥ ❛♥❞ Pr❡❞❛✱ ✷✵✶✸❪✮ ❛♥❞ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✭s❡❡ ❬❍❛✐♠❛♥ ❛♥❞ Pr❡❞❛✱ ✷✵✵✷✱

❍❛✐♠❛♥ ❛♥❞ Pr❡❞❛✱ ✷✵✵✻❪✮✳



✷✳✷✳ ▼❛✐♥ r❡s✉❧ts ✸✸

✷✳✷✳✷ ◆❡✇ r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡①t❡♥❞ t❤❡ t❤❡♦r❡♠s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳✶ ❜✉t ✇❡ ❦❡❡♣ t❤❡✐r

✐♥✐t✐❛❧ ❢♦r♠✳ ❚❤❡ r❡❛s♦♥ ❜❡❤✐♥❞ t❤✐s ❛♣♣r♦❛❝❤ ✐s t❤❛t ✇❡ ✇❛♥t t♦ ❤❛✈❡ ❛ r❡❢❡r❡♥❝❡

❢♦r ❝♦♠♣❛r✐s♦♥✳ ❚❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ s✉❜s❡q✉❡♥t ✇✐❧❧ ❤❛✈❡ ♣❛r❛♠❡t❡r✐③❡❞ ❡rr♦r

❝♦❡✣❝✐❡♥ts ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ t❛✐❧ ♣r♦❜❛❜✐❧✐t② p1✱ ✇❤✐❝❤ ✇✐❧❧ ♣r♦✈❡ t♦ ❜❡ ♠✉❝❤ s♠❛❧❧❡r

t❤❛♥ t❤❡ ✐♥✐t✐❛❧ ♦♥❡s✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r✐③❡❞ ❡rr♦r ❝♦❡✣❝✐❡♥ts ♦✈❡r t❤❡

✜①❡❞ ♦♥❡s ♣r❡s❡♥t❡❞ ❛❜♦✈❡ ❜❡❝♦♠❡ ❝❧❡❛r ✇❤❡♥ t❤❡ ✈❛❧✉❡ ♦❢ p1 ❞❡❝r❡❛s❡s t♦✇❛r❞ ③❡r♦

❛♥❞ ❧❡❛❞ t♦ s❤❛r♣❡r ❜♦✉♥❞s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t ❣✐✈❡s ❛ ♣❛r❛♠❡tr✐❝ ❢♦r♠ ♦❢ t❤❡

❚❤❡♦r❡♠ ✷✳✷✳✶✱ ✐♠♣r♦✈✐♥❣ ❜♦t❤ t❤❡ r❛♥❣❡ ♦❢ p1(x)✱ ❢r♦♠ 0.025 t♦ 0.1✱ ❛♥❞ t❤❡ ❡rr♦r

❝♦❡✣❝✐❡♥t✿

❚❤❡♦r❡♠ ✷✳✷✳✸✳ ❋♦r x s✉❝❤ t❤❛t 0 < p1(x) ≤ 0.1✱ Cx(z) ❤❛s ❛♥ ✉♥✐q✉❡ ③❡r♦

λ = λ(x)✱ ♦❢ ♦r❞❡r ♦❢ ♠✉❧t✐♣❧✐❝✐t② 1✱ ✐♥s✐❞❡ ❛♥ ✐♥t❡r✈❛❧ ♦❢ t❤❡ ❢♦r♠ (1, 1 + lp1)✱ s✉❝❤

t❤❛t

|λ− (1 + p1 − p2 + p3 − p4 + 2p21 + 3p22 − 5p1p2)| ≤ K(p1)p
3
1, ✭✷✳✶✸✮

✇❤❡r❡ l = l(p1) > t32(p1)✱ t2(p1) ✐s t❤❡ s❡❝♦♥❞ r♦♦t ✐♥ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥

p1t
3 − t+ 1 = 0 ❛♥❞ K(p1) ✐s ❣✐✈❡♥ ❜②

K(p1) =

11−3p1
(1−p1)2

+ 2l(1 + 3p1)
2+3lp1−p1(2−lp1)(1+lp1)2

[1−p1(1+lp1)2]
3

1− 2p1(1+lp1)

[1−p1(1+lp1)2]
2

. ✭✷✳✶✹✮

❯s✐♥❣ t❤❡ st❛t✐♦♥❛r✐t② ❛♥❞ t❤❡ ♦♥❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ s❡q✉❡♥❝❡ (Xn)n≥1✱ ✇❡ ❤❛✈❡

t❤❡ ❢♦❧❧♦✇✐♥❣✿

❈♦r♦❧❧❛r② ✷✳✷✳✹✳ ▲❡t λ ❜❡ ❞❡✜♥❡❞ ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✸✱ t❤❡♥

|λ− (1 + p1 − p2 + 2(p1 − p2)
2)| ≤ (1 + p1K(p1))p

2
1. ✭✷✳✶✺✮

❚❤❡ ❝❤♦✐❝❡ ❜❡t✇❡❡♥ t❤❡ ❡st✐♠❛t❡ ♦❢ λ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✸ ❛♥❞ ✐♥ ❈♦r♦❧❧❛r② ✷✳✷✳✹

✐s ♠❛❞❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛✈❛✐❧❛❜❧❡ ❛❜♦✉t t❤❡ r❛♥❞♦♠ s❡q✉❡♥❝❡✳ ■❢ ♦♥❡

❞♦❡s ♥♦t ❤❛✈❡ ❡♥♦✉❣❤ ✐♥❢♦r♠❛t✐♦♥ t♦ ❝♦♠♣✉t❡ ✭♦r s✐♠✉❧❛t❡✮ t❤❡ ✈❛❧✉❡s ♦❢ p3 ❛♥❞ p4✱

t❤❡♥ t❤❡ ♦❜✈✐♦✉s ❡st✐♠❛t❡ ✐s t❤❡ ♦♥❡ ❣✐✈❡♥ ✐♥ ❈♦r♦❧❧❛r② ✷✳✷✳✹✳

❚♦ ❣❡t ❛ ❜❡tt❡r ❣r❛s♣ ♦❢ t❤❡ ❜♦✉♥❞s ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✸ ❛♥❞ ❈♦r♦❧❧❛r② ✷✳✷✳✹✱ ✇❡ ♣r❡s❡♥t

✐♥ ❚❛❜❧❡ ✷✳✶✱ ❢♦r s❡❧❡❝t❡❞ ✈❛❧✉❡s ♦❢ p1✱ t❤❡ ✈❛❧✉❡s t❛❦❡♥ ❜② t❤❡ ❝♦❡✣❝✐❡♥ts ✐♥ ❊q✳✭✷✳✶✸✮

❛♥❞ ❊q✳✭✷✳✶✺✮✿

◆♦t✐❝❡ t❤❛t ❢♦r p1 = 0.0025 ✇❡ ❛r❡ ✐♥ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✷ ❛♥❞ ❚❤❡♦✲

r❡♠ ✷✳✷✳✸✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡ ❢♦r K(0.0025) ✐♥ ❚❛❜❧❡ ✷✳✶ s❤♦✇s t❤❛t t❤❡ ❡rr♦r

❜♦✉♥❞ ✐♥ ❊q✳✭✷✳✶✸✮ ✐s ❛❧♠♦st ✜✈❡ t✐♠❡s s♠❛❧❧❡r t❤❡♥ t❤❡ ♦♥❡ ✐♥ ❊q✳✭✷✳✶✶✮✳ ❋✐❣✉r❡ ✷✳✶

♣r❡s❡♥ts t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❡rr♦r ❝♦❡✣❝✐❡♥t ❢✉♥❝t✐♦♥ K(p1) ❛s p1 ✈❛r✐❡s ❜❡t✇❡❡♥

0 ❛♥❞ 0.1✳ ❚❤❡ ✜①❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✶ ✭= 87✮ ✐s ❛❧s♦ ♣❧♦tt❡❞✱

❜✉t ♦♥❧② ❜❡t✇❡❡♥ 0 ❛♥❞ 0.025✳

❇❡❢♦r❡ ♣r❡s❡♥t✐♥❣ t❤❡ ♣❛r❛♠❡tr✐❝ ❡①t❡♥s✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✷✱ ✇❡ s❤♦✉❧❞ st♦♣ ❢♦r ❛

❧✐tt❧❡ t♦ ✐❧❧✉str❛t❡ t❤❡ ❡st✐♠❛t❡ ♦❢ t❤❡ ③❡r♦ λ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❊①❛♠♣❧❡ ✷✳✶✳✻✳



✸✹ ❈❤❛♣t❡r ✷✳ ❊①tr❡♠❡s ♦❢ ✶✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡s

p1 l K(p1) 1 + p1K(p1)

0.100 1.5347 38.6302 4.8630

0.050 1.1893 21.2853 2.0642

0.025 1.0835 17.5663 1.4391

0.010 1.0313 15.9265 1.1592

❚❛❜❧❡ ✷✳✶✿ ❙❡❧❡❝t❡❞ ✈❛❧✉❡s ❢♦r t❤❡ ❡rr♦r ❝♦❡✣❝✐❡♥ts ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✸ ❛♥❞ ❈♦r♦❧✲

❧❛r② ✷✳✷✳✹
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Haiman error coefficient = 87
Our error coefficient

❋✐❣✉r❡ ✷✳✶✿ ❚❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❢✉♥❝t✐♦♥ K(p1)

❊①❛♠♣❧❡ ✷✳✷✳✺ ✭❈♦♥t✐♥✉❛t✐♦♥ ♦❢ ❊①❛♠♣❧❡ ✷✳✶✳✻✮✳ ❆s ✇❡ ❤❛✈❡ s❤♦✇♥ ♣r❡✈✐♦✉s❧②✱ t❤❡

✈❛❧✉❡ ♦❢ t❤❡ ③❡r♦ λ ✐s ❡q✉❛❧ ✇✐t❤

λ =
1

2p

(
−1 +

√
1 +

4p

1− p

)

❛♥❞ ✐t ❜❡❧♦♥❣s t♦ ❛♥ ✐♥t❡r✈❛❧ ♦❢ t❤❡ ❢♦r♠ (1, 1 + u)✳ ■t ✐s ♥♦t ❤❛r❞ t♦ s❡❡ t❤❛t ✐❢ ♦♥❡

t❛❦❡s u = tp ✇✐t❤ t > p
1−p2

✱ t❤❡♥ λ ∈ (1, 1 + tp)✳

❲❡ ✇✐❧❧ ✈❡r✐❢② ♦♥❧② t❤❡ ❡st✐♠❛t❡ ✐♥ ❈♦r♦❧❧❛r② ✷✳✷✳✹✱ ❛s ✐t ✐♥✈♦❧✈❡s ❧❡ss ❝♦♠♣✉t❛t✐♦♥s✳

❋✐rst✱ ♦❜s❡r✈❡ t❤❛t t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ λ ✐♥ ❊q✳✭✷✳✶✺✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

ν = 1 + p1 − p2 + 2(p1 − p2)
2

= 1 + p2(1− p) + 2p4(1− p)2,

s✐♥❝❡ pn = pn+1 ❢♦r n ≥ 1✳



✷✳✷✳ ▼❛✐♥ r❡s✉❧ts ✸✺

❯s✐♥❣ ❚❛②❧♦r✬s ❢♦r♠✉❧❛ ✇✐t❤ ▲❛❣r❛♥❣❡ ❢♦r♠ ♦❢ t❤❡ r❡♠❛✐♥❞❡r ❢♦r t❤❡ ❢✉♥❝t✐♦♥
√
1 + x✱

✇❡ ❤❛✈❡

√
1 + x = 1 +

1

2
x− 1

8
x2 +

1

16
x3 − 5

128
x4 +

7

256
(1 + ξ)−9/2x5.

❙✉❜st✐t✉t✐♥❣ t❤❡ ❛❜♦✈❡ ❡①♣❛♥s✐♦♥ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ λ ❢♦r x = 4p
1−p ✱ ✇❡ ♦❜t❛✐♥

λ =
1

1− p
− p

(1− p)2
+

2p2

(1− p)3
− 5p3

(1− p)4
+

14p4

(1− p)5
(1 + ξ)−9/2,

✇❤❡r❡ ξ ∈
(
0, 4p

1−p

)
✳ ❊❧❡♠❡♥t❛r② ❝❛❧❝✉❧❛t✐♦♥s ❣✐✈❡ ✉s t❤❛t

λ− ν = p4
[

1

(1− p)5
(1 + ξ)−9/2 − 2(1− p)2 +

−11 + 10p− 5p2 + p3

(1− p)4

]
.

❲❡ ❝❛♥ s❡❡ t❤❛t |λ − ν| ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ p21 = p4✱ ✇❤✐❝❤ ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ♦✉r

r❡s✉❧t✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❡st✐♠❛t❡ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✸ ❛♥❞ t❤❡ ♦♥❡

✐♥ ❈♦r♦❧❧❛r② ✷✳✷✳✹ ✐s ♦❢ t❤❡ ♦r❞❡r p4(1− p)2✱ ❜✉t t❤❡ ✜rst r❡s✉❧t ❣✐✈❡s ❛♥ ❛❝❝✉r❛❝② ♦❢

♦r❞❡r p6✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♦♥❧② ♦❢ p4✳

❆♥ ❛♥❛❧♦❣✉❡ r❡s✉❧t t♦ t❤❡ ♦♥❡ ♣r❡s❡♥t❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✷ ✐s ❣✐✈❡♥ ❜❡❧❧♦✇✿

❚❤❡♦r❡♠ ✷✳✷✳✻✳ ❆ss✉♠❡ t❤❛t x ✐s s✉❝❤ t❤❛t 0 < p1(x) ≤ 0.1 ❛♥❞ ❞❡✜♥❡ η = 1+ lp1
✇✐t❤ l = l(p1) > t32(p1) ❛♥❞ t2(p1) t❤❡ s❡❝♦♥❞ r♦♦t ✐♥ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥

p1t
3 − t + 1 = 0✳ ■❢ λ = λ(x) ✐s t❤❡ ③❡r♦ ♦❜t❛✐♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✸✱ t❤❡♥ t❤❡

❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❤♦❧❞s✿

|qnλn − (1− p2 + 2p3 − 3p4 + p21 + 6p22 − 6p1p2)| ≤ Γ(p1)p
3
1, ✭✷✳✶✻✮

✇❤❡r❡ Γ(p1) = 36.1 + (1− p1)
2P (p1) + E(p1)✱ K(p1) ✐s ❣✐✈❡♥ ❜② ❊q✳✭✷✳✶✹✮ ❛♥❞

P (p1) = 3K(p1)(1 + p1 + 3p21)[1 + p1 + 3p21 +K(p1)p
3
1] + p61K

3(p1)

+ 9p1(4 + 3p1 + 3p21) + 19, ✭✷✳✶✼✮

E(p1) =
η5 [1 + (1− 2p1)η]

4 [1 + p1(η − 2)]
[
1 + η + (1− 3p1)η

2
]

2(1− p1η2)4 [(1− p1η2)2 − p1η2(1 + η − 2p1η)2]
. ✭✷✳✶✽✮

❆s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✻ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②

✇❤✐❝❤ ✐♥✈♦❧✈❡s ♦♥❧② t❤❡ ✈❛❧✉❡s ♦❢ p1 ❛♥❞ p2✿

❈♦r♦❧❧❛r② ✷✳✷✳✼✳ ■♥ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✻ ✇❡ ❤❛✈❡

|qnλn − (1− p2)| ≤ (3 + p1Γ(p1))p
2
1. ✭✷✳✶✾✮

❋r♦♠ ❚❛❜❧❡ ✷✳✷ ✇❡ ❝❛♥ s❡❡ t❤❛t ❢♦r p1 = 0.0025✱ t❤❡ ❝♦❡✣❝✐❡♥t ✐♥ t❤❡ ❡rr♦r ❜♦✉♥❞

❣✐✈❡♥ ❜② ❊q✳✭✷✳✶✻✮ ✐s ❛❜♦✉t t❤r❡❡ t✐♠❡s s♠❛❧❧❡r t❤❡♥ t❤❡ ♦♥❡ ❢r♦♠ ❊q✳✭✷✳✶✷✮✳

❲❡ ❝♦♥t✐♥✉❡ t❤❡ ❡①♣♦s✐t✐♦♥ ✇✐t❤ t✇♦ t❤❡♦r❡♠s t❤❛t ❛♥s✇❡r t❤❡ ♣r♦❜❧❡♠ ♣r♦♣♦s❡❞

✐♥ ❙❡❝t✐♦♥ ✷✳✶✳✸✱ ♥❛♠❡❧② ✜♥❞✐♥❣ ❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ ♠❛①✐♠❛ qn✳ ❚❤❡ ✜rst r❡s✉❧t



✸✻ ❈❤❛♣t❡r ✷✳ ❊①tr❡♠❡s ♦❢ ✶✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡s

p1 Γ(p1) 3 + p1Γ(p1)

0.100 480.696 51.0696

0.050 180.532 12.0266

0.025 145.202 6.6300

0.010 131.438 4.3143

❚❛❜❧❡ ✷✳✷✿ ❙❡❧❡❝t❡❞ ✈❛❧✉❡s ❢♦r t❤❡ ❡rr♦r ❝♦❡✣❝✐❡♥ts ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✻ ❛♥❞ ❈♦r♦❧✲

❧❛r② ✷✳✷✳✼

♣r❡s❡♥ts ❛♥ ❡st✐♠❛t❡ ❢♦r qn ✐♥ t❡r♠s ♦❢ q1✱ q2✱ q3 ❛♥❞ q4✱ ✇❤✐❧❡ ❢♦r t❤❡ s❡❝♦♥❞

♦♥❧② t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ q1 ❛♥❞ q2 ❛r❡ ✐♥✈♦❧✈❡❞✳ ❚❤❡s❡ t✇♦ st❛t❡♠❡♥ts✱ ❡s♣❡❝✐❛❧❧②

t❤❡ s❡❝♦♥❞ ♦♥❡✱ ❝♦♥st✐t✉t❡s t❤❡ ❝♦r♥❡rst♦♥❡ ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡

❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r✳ ❆s ✇❡ ✇✐❧❧ s❡❡✱ t❤❡ ❡st✐♠❛t❡s ❛r❡ ✈❡r② s❤❛r♣ ❢♦r t❤♦s❡ ✈❛❧✉❡s ♦❢ x

❢♦r ✇❤✐❝❤ t❤❡ t❛✐❧ ♣r♦❜❛❜✐❧✐t② ✐s s♠❛❧❧✳

❈♦♠❜✐♥✐♥❣ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✸ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✷✳✻✱ ✇❡ ❣❡t t❤❡

❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥✿

❚❤❡♦r❡♠ ✷✳✷✳✽✳ ▲❡t x s✉❝❤ t❤❛t q1(x) ≥ 1− p1(x) ≥ 0.9✳ ■❢ Γ(·) ❛♥❞ K(·) ❛r❡ t❤❡

s❛♠❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✻✱ t❤❡♥

∣∣∣∣qn − 6(q1 − q2)
2 + 4q3 − 3q4

(1 + q1 − q2 + q3 − q4 + 2q21 + 3q22 − 5q1q2)n

∣∣∣∣ ≤ n∆1(1− q1)
3, ✭✷✳✷✵✮

✇✐t❤

∆1 = ∆1(q1, n) = K(1− q1) +
Γ(1− q1)

n
. ✭✷✳✷✶✮

■♥ t❤❡ s❛♠❡ ❢❛s❤✐♦♥✱ ❝♦♠❜✐♥✐♥❣ t❤❡ r❡s✉❧ts ❢r♦♠ ❈♦r♦❧❧❛r② ✷✳✷✳✹ ❛♥❞ ❈♦r♦❧❧❛r② ✷✳✷✳✼✱

✇❡ ❣❡t

❚❤❡♦r❡♠ ✷✳✷✳✾✳ ■❢ x ✐s s✉❝❤ t❤❛t q1(x) ≥ 1− p1(x) ≥ 0.9✱ t❤❡♥

∣∣∣∣qn − 2q1 − q2
[1 + q1 − q2 + 2(q1 − q2)2]

n

∣∣∣∣ ≤ n∆2(1− q1)
2, ✭✷✳✷✷✮

✇✐t❤

∆2 = ∆2(q1, n) = 1 +
3

n
+

[
K(1− q1) +

Γ(1− q1)

n

]
(1− q1) ✭✷✳✷✸✮

❛♥❞ Γ(·) ❛♥❞ K(·) ❛r❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✻✳

❲❡ s❤♦✉❧❞ ♠❡♥t✐♦♥ t❤❛t ✐♥ ❬❍❛✐♠❛♥✱ ✶✾✾✾✱ ❚❤❡♦r❡♠ ✹❪✱ t❤❡ ❛✉t❤♦r ♦❜t❛✐♥❡❞ ❛ s✐♠✐❧❛r

❢♦r♠✉❧❛ ❢♦r t❤❡ ❡rr♦r ❜♦✉♥❞ ✐♥ ❊q✳✭✷✳✷✷✮✱ t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ❜❡✐♥❣ t❤❛t∆2 ✐s r❡♣❧❛❝❡❞

❜② ∆H
2 ✱ ✇❤❡r❡

∆H
2 =

9

n
+

561

n
(1− q1) + 3.3

[
1 + 4.7n(1− q1)

2
]
. ✭✷✳✷✹✮
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❋✐❣✉r❡ ✷✳✷✿ ❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ∆H
2 ❛♥❞ ∆2 ✇❤❡♥ 1− q1 = 0.025 ❛♥❞ n ✈❛r✐❡s

❆s ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ ❋✐❣✉r❡ ✷✳✷✱ ✇❤❡♥ 1− q1 ✐s ✜①❡❞ ❛♥❞ t❛❦❡s t❤❡ ✈❛❧✉❡ 0.025 ✭t❤❡

✉♣♣❡r ❧✐♠✐t ✐♥ ❍❛✐♠❛♥✬s r❡s✉❧ts✮ ❛♥❞ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s❡q✉❡♥❝❡ ✭n✮ ✐♥❝r❡❛s❡s✱ t❤❡

✈❛❧✉❡ ♦❢ ∆H
2 ✐♥❝r❡❛s❡s ✇✐t❤ n✱ ✇❤✐❧❡ t❤❡ ✈❛❧✉❡ ♦❢ ∆2 ❞❡❝r❡❛s❡s✳ ❆❧s♦✱ ♦♥❡ ❝❛♥ ♥♦t❡

t❤❛t t❤❡ ♥❡✇ ❡rr♦r ❝♦❡✣❝✐❡♥t ✐s ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ ♦❧❞ ♦♥❡✳ ■♥ ❋✐❣✉r❡ ✷✳✸ ✇❡

♣r❡s❡♥t t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t ❢✉♥❝t✐♦♥∆2❀ ✐♥ ❋✐❣✉r❡ ✷✳✸✭❛✮ ✇❡ ✐❧❧✉str❛t❡ t❤❡

t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ♣❧♦t ❛♥❞ ✐♥ ❋✐❣✉r❡ ✷✳✸✭❜✮ ✇❡ ✐♥❝❧✉❞❡ t❤❡ ❧❡✈❡❧ ❝✉r✈❡s ❢♦r ❞✐✛❡r❡♥t

✈❛❧✉❡s ♦❢ 1− q1✳
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1−q
1
=0.005

1−q
1
=0.025

1−q
1
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1−q
1
=0.075

1−q
1
=0.1

✭❜✮

❋✐❣✉r❡ ✷✳✸✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t ❢✉♥❝t✐♦♥ ∆2 ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ p1 ❛♥❞ n
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✷✳✸ Pr♦♦❢s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ ♣r♦♦❢s ❢♦r t❤❡ r❡s✉❧ts ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✳ ❚❤❡

♣r♦♦❢s ❢♦r t❤❡ ♠❛✐♥ r❡s✉❧ts ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳✷ r❡❧② ♦♥ ❛ s❡r✐❡s ♦❢ t❡❝❤♥✐❝❛❧

❧❡♠♠❛s ✇❤✐❝❤ ✇✐❧❧ ❜❡ st❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✶✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❡ s❡❝t✐♦♥ ❜② ❣✐✈✐♥❣ t❤❡

♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✹ ♣r❡s❡♥t❡❞ ❛t t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✷✳✶✳✷✳

✷✳✸✳✶ ❚❡❝❤♥✐❝❛❧ ❧❡♠♠❛s

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢r❛♠❡✇♦r❦ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✳✸✳ ❲❡ ❜❡❣✐♥ ❜② ❣✐✈✐♥❣ t❤❡

❢♦❧❧♦✇✐♥❣ ❦❡② ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ✜rst n t❡r♠s

♦❢ t❤❡ s❡q✉❡♥❝❡ (Xn)n≥1✳ ❯s✐♥❣ t❤❡ st❛t✐♦♥❛r✐t② ❛♥❞ ✶✲❞❡♣❡♥❞❡♥❝❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡

s❡q✉❡♥❝❡ ✇❡ ❤❛✈❡

pn = P(X1 > x,X2 > x, . . . , Xn > x) ≤ P(X1 > x,X3 > x, . . . , Xn > x)

= P(X1 > x)P(X3 > x, . . . , Xn > x)

= p1pn−2,

✇❤✐❝❤ ❣✐✈❡s t❤❡ ❜❛s✐❝ ✐♥❡q✉❛❧✐t②

pn ≤ p
[n+1

2
]

1 . ✭✷✳✷✺✮

❚❤✐s ❜♦✉♥❞ ✇✐❧❧ ❜❡ ✉s❡❞ ♦✈❡r ❛♥❞ ♦✈❡r ❛❣❛✐♥ ✐♥ ♦✉r r❡s✉❧ts✳ ❘❡❝❛❧❧ t❤❛t ✐♥ ❊q✳✭✷✳✾✮

✇❡ ❤❛✈❡ ❞❡✜♥❡❞ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥

C(z) = Cx(z) = 1 +

∞∑

k=1

(−1)kpk−1z
k. ✭✷✳✷✻✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛s ✇✐❧❧ ♣r♦✈✐❞❡ ✈❛r✐♦✉s ❡st✐♠❛t❡s ♦♥ t❤❡ ❢✉♥❝t✐♦♥ C(z)✳

▲❡♠♠❛ ✷✳✸✳✶✳ ❚❤❡ ❢✉♥❝t✐♦♥ Cx(z) ❤❛s ❛ ③❡r♦ λ = λ(x) ✐♥ t❤❡ ✐♥t❡r✈❛❧ (1, 1+ lp1)✱

✇❤❡r❡ l = l(p1) = t32(p1) + ε✱ ε > 0 ❛r❜✐tr❛r✐❧② s♠❛❧❧ ❛♥❞ t2(p1) ✐s t❤❡ s❡❝♦♥❞ r♦♦t ✐♥

♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥ p1t
3 − t+ 1 = 0✳

Pr♦♦❢✳ ❚♦ s❤♦✇ t❤❛t C(z) ❤❛s ❛ ③❡r♦ ✐♥ t❤❡ ✐♥t❡r✈❛❧ (1, 1+ lp1) ✐t ✐s ❡♥♦✉❣❤ t♦ ✈❡r✐❢②

t❤❛t C(1) > 0 ❛♥❞ C(1 + lp1) < 0✳ ■t ❡❛s② t♦ s❡❡ t❤❛t C(1) > 0✱ s✐♥❝❡

C(1) = 1 +

∞∑

k=1

(−1)kpk−1 = (p1 − p2)︸ ︷︷ ︸
≥0

+(p3 − p4)︸ ︷︷ ︸
≥0

+ · · · ≥ 0. ✭✷✳✷✼✮

❋♦r C(1 + lp1) ✇❡ ❤❛✈❡✿

C(1 + lp1) = 1 +
∞∑

k=1

(−1)kpk−1(1 + lp1)
k

= −lp1 +
∞∑

k=1

(1 + lp1)
2k [p2k−1 − p2k(1 + lp1)]︸ ︷︷ ︸

≤p2k−1≤pk1

≤ −lp1 +
∞∑

k=1

[(1 + lp1)
2p1]

k. ✭✷✳✷✽✮
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❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ l ❛♥❞ t❤❡ r❡❧❛t✐♦♥ 1 < t2(p1) < t2(p1) + ε < 1√
3p1

✱ ✇❡ ♦❜t❛✐♥

✭t2 = t2(p1)✮

t22 + t2
3

√
t32 + ε+

3

√(
t32 + ε

)2 ≤ t22 + t2(t2 + ε) + (t2 + ε)2

<
1

3p1
+

1

3p1
+

1

3p1
=

1

p1
,

✇❤✐❝❤ ✐♠♣❧✐❡s t2 − 3
√
t32 + ε + p1ε < 0✳ ❈♦♠❜✐♥✐♥❣ t❤✐s ❧❛st r❡❧❛t✐♦♥ ✇✐t❤ t❤❡ ❢❛❝t

t❤❛t t2 ✐s ❛ r♦♦t ♦❢ t❤❡ ❡q✉❛t✐♦♥ p1t
3 − t+ 1 = 0✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

p1(t
3
2 + ε)− 3

√
t32 + ε+ 1 < 0.

❚❤❡ ❢♦r❡❣♦✐♥❣ r❡❧❛t✐♦♥ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s (1 + lp1)
3 < l ❛♥❞ s✐♥❝❡ p1(1 + lp1)

2 <
lp1

1+lp1
< 1✱ t❤❡ s❡r✐❡s ✐♥ ❊q✳✭✷✳✷✽✮ ✐s ❝♦♥✈❡r❣❡♥t ❛♥❞ ✇❡ ❤❛✈❡ C(1 + lp1) < 0✳

◆♦t✐❝❡ t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ l ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ❧❡♠♠❛ ✇❛s ♠❛❞❡ s✉❝❤ t❤❛t t❤❡

✐♥❡q✉❛❧✐t② (1 + lp1)
3 < l ❤♦❧❞s✳

▲❡♠♠❛ ✷✳✸✳✷✳ ❈♦♥s✐❞❡r t❤❡ s❡r✐❡s

R =
∞∑

k=2

2kp2k−1 −
∞∑

k=2

(2k + 1)p2k. ✭✷✳✷✾✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❤♦❧❞s✿

|R| ≤ 2p21

[
1

(1− p1)2
+

1

1− p1

]
. ✭✷✳✸✵✮

Pr♦♦❢✳ ❚♦ ❛♣♣r♦①✐♠❛t❡ R✱ ✇❡ ♦❜s❡r✈❡ t❤❛t s✐♥❝❡ p2k−1 − p2k ≥ 0✱ t❤❡ s❡r✐❡s ❝❛♥ ❜❡

❜♦✉♥❞❡❞ ❜②

−
∞∑

k=2

p2k ≤ R ≤
∞∑

k=2

2k (p2k−1 − p2k).

❲✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❊q✳✭✷✳✷✺✮✱ ✇❡ ♦❜t❛✐♥

− p21
1− p1

= −
∞∑

k=2

pk1 ≤ R ≤ 2p1

∞∑

k=2

kpk−1
1 = 2p21

[
1

(1− p1)2
+

1

1− p1

]
, ✭✷✳✸✶✮

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❞❡s✐r❡❞ ❡st✐♠❛t❡ ❢♦r |R|✳

▲❡♠♠❛ ✷✳✸✳✸✳ ❚❛❦❡ C ′′(z)✱ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ C(z)✳ ❚❤❡♥ ❢♦r

❛❧❧ z ∈ (1, 1 + lp1)✱ ✇❡ ❤❛✈❡

− 2lp21
1 + 3p1(1 + lp1)

2

[1− p1(1 + lp1)2]
3 − 4p1(1 + lp1)

[1− p1(1 + lp1)2]
2 ≤ C ′′(z) ≤ 2p1

1 + 3p1(1 + lp1)
2

[1− p1(1 + lp1)2]
3 ,

✭✷✳✸✷✮

✇❤❡r❡ l = l(p1) ✐s ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✷✳✸✳✶✳



✹✵ ❈❤❛♣t❡r ✷✳ ❊①tr❡♠❡s ♦❢ ✶✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡s

Pr♦♦❢✳ ❆❢t❡r ❞❡r✐✈❛t✐♦♥ ✇❡ ❤❛✈❡

C ′′(z) = 2p1 − 2 · 3p2z + 3 · 4p3z2 − 4 · 5p4z3 + 5 · 6p5z4 − . . .

=
∞∑

k=0

(2k + 1)(2k + 2)p2k+1z
2k −

∞∑

k=0

(2k + 2)(2k + 3)p2k+2z
2k+1. ✭✷✳✸✸✮

❇❛s❡❞ ♦♥ t❤❡ ❡st✐♠❛t❡ ✐♥ ❊q✳✭✷✳✷✺✮ ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t z ∈ (1, 1 + lp1)✱ ✇❡ ✜♥❞

t❤❡ ✉♣♣❡r ❜♦✉♥❞

C ′′(z) ≤ p1

∞∑

k=0

(2k + 1)(2k + 2)(z
√
p1)

2k

≤ 2p1
1 + 3p1(1 + lp1)

2

[1− p1(1 + lp1)2]
3 . ✭✷✳✸✹✮

❙✐♠✐❧❛r❧②✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦✇❡r ❜♦✉♥❞✿

C ′′(z) ≥ −lp1

∞∑

k=0

(2k + 1)(2k + 2)p2k+2z
2k − 4

∞∑

k=0

(k + 1)p2k+2z
2k+1

≥ −lp21

∞∑

k=0

(2k + 1)(2k + 2)(z
√
p1)

2k − 4p1z
∞∑

k=0

(k + 1)(p1z
2)k

≥ −2lp21
1 + 3p1(1 + lp1)

2

[1− p1(1 + lp1)2]
3 − 4p1(1 + lp1)

[1− p1(1 + lp1)2]
2 . ✭✷✳✸✺✮

❋r♦♠ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ✐♥ ❊q✳✭✷✳✸✹✮ ❛♥❞ ❊q✳✭✷✳✸✺✮✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ❤❛✈❡

t❤❡ ❡st✐♠❛t❡

|C ′′(z)| ≤ 2lp21
1 + 3p1(1 + lp1)

2

[1− p1(1 + lp1)2]
3 +

4p1(1 + lp1)

[1− p1(1 + lp1)2]
2 . ✭✷✳✸✻✮

▲❡♠♠❛ ✷✳✸✳✹✳ ▲❡t C ′(z) ❜❡ t❤❡ ✜rst ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ C(z)✳ ❋♦r ❛❧❧ z ∈
(1, 1 + lp1)✱ ✇❡ ❤❛✈❡ t❤❡ ❜♦✉♥❞s

C ′(z) ≤ −1 +
2p1

(1− p1)2
+ 2lp21

1 + 3p1(1 + lp1)
2

[1− p1(1 + lp1)2]
3 , ✭✷✳✸✼✮

|C ′(z)|−1 ≤
[
1− 2p1(1 + lp1)

[1− p1(1 + lp1)2]
2

]−1

, ✭✷✳✸✽✮

✇❤❡r❡ l = l(p1) ✐s ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✷✳✸✳✶✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ❞❡r✐✈❡ ✜rst t❤❡ ✉♣♣❡r ❜♦✉♥❞ ❢♦r C ′(z) ❣✐✈❡♥ ❜② ✭✷✳✸✼✮✳ ❯s✐♥❣ ▲❛✲

❣r❛♥❣❡ t❤❡♦r❡♠ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [1, 1 + a] ✇✐t❤ a ≤ lp1✱ ✇❡ ❣❡t ❢♦r θ ∈ (0, 1)✿

C ′(1 + a) = C ′(1) + aC ′′(1 + θa). ✭✷✳✸✾✮

❲❡ ♦❜s❡r✈❡ t❤❛t

C ′(1) = −1 + 2p1 − 3p2 + 4p3 − 5p4 + 6p5 − 7p6 + . . .

= −1 + 2p1 − 3p2 +R, ✭✷✳✹✵✮



✷✳✸✳ Pr♦♦❢s ✹✶

✇❤❡r❡ R ✐s ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✷✳✸✳✷✳

❆♣♣❧②✐♥❣ t❤❡ ❡st✐♠❛t❡ ✐♥ ▲❡♠♠❛ ✷✳✸✳✷ ❢♦r R ❛♥❞ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ❢♦r C ′′(z)✱ ❞❡r✐✈❡❞
✐♥ ▲❡♠♠❛ ✷✳✸✳✸✱ ✇❡ ❞❡❞✉❝❡

C ′(z) ≤ −1 +
2p1

(1− p1)2
+ 2lp21

1 + 3p1(1 + lp1)
2

[1− p1(1 + lp1)2]
3 . ✭✷✳✹✶✮

◆♦t✐❝❡ t❤❛t ❢♦r t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❢♦r❡❣♦✐♥❣ ❡①♣r❡ss✐♦♥ ✇❡ ❤❛✈❡ ❛❧s♦ ✉s❡❞ t❤❡ ❢❛❝t

t❤❛t a ≤ lp1✳

❚♦ ❞❡r✐✈❡ t❤❡ s❡❝♦♥❞ ❡st✐♠❛t❡✱ ♦❜s❡r✈❡ t❤❛t

|C ′(z)|−1 = |1− (2p1z − 3p2z
2 + 4p3z

3 − 5p4z
4 + . . . )|−1

≤
∣∣1− |2p1z − 3p2z

2 + 4p3z
3 − 5p4z

4 + . . . |
∣∣−1

, ✭✷✳✹✷✮

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ✐♥❡q✉❛❧✐t② |1 − x| ≥ |1 − |x||✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t z ∈
(1, 1 + lp1) ❛♥❞ ❞❡♥♦t✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ✐♥s✐❞❡ t❤❡ s❡❝♦♥❞ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✐♥ t❤❡

❞❡♥♦♠✐♥❛t♦r ♦❢ ❊q✳✭✷✳✹✷✮ ✇✐t❤ T ✱ ✇❡ ❤❛✈❡ t❤❡ ✉♣♣❡r ♠❛r❣✐♥

T =
∞∑

k=1

2k(p2k−1 − p2kz)z
2k−1 −

∞∑

k=1

p2kz
2k

≤ 2(p1 − p2)z
∞∑

k=1

k(p1z
2)k−1 ≤ 2p1z

(1− p1z2)2
. ✭✷✳✹✸✮

■♥ t❤❡ s❛♠❡ ✇❛②✱

T ≥ −
∞∑

k=1

p2kz
2k − 2lp1

∞∑

k=1

kp2kz
2k−1

≥ −
∞∑

k=1

pk1z
2k − 2lp21z

∞∑

k=1

k(p1z
2)k−1

≥ −p1z
2lp1 + z(1− p1z

2)

(1− p1z2)
2 > − 2p1z

(1− p1z2)2
. ✭✷✳✹✹✮

❈♦♠❜✐♥✐♥❣ t❤❡ ❜♦✉♥❞s ✐♥ ❊q✳✭✷✳✹✸✮ ❛♥❞ ❊q✳✭✷✳✹✹✮ ❛❧♦♥❣ ✇✐t❤ z ≤ 1 + lp1✱ ❧❡❛❞s t♦

|T | ≤ 2p1(1 + lp1)

[1− p1(1 + lp1)2]
2 . ✭✷✳✹✺✮

❙✉❜st✐t✉t❡ t❤❡ ❜♦✉♥❞ ❢r♦♠ ❊q✳✭✷✳✹✺✮ ✐♥ ❊q✳✭✷✳✹✷✮ t♦ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡

|C ′(z)|−1 ≤ 1

1− 2p1(1+lp1)

[1−p1(1+lp1)2]
2

. ✭✷✳✹✻✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✻✳ ❘❡❝❛❧❧✱ ❢r♦♠

❙❡❝t✐♦♥ ✷✳✶✳✸✱ t❤❛t

D(z) = Dx(z) =

∞∑

k=0

qk−1z
k. ✭✷✳✹✼✮



✹✷ ❈❤❛♣t❡r ✷✳ ❊①tr❡♠❡s ♦❢ ✶✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡s

❚❤❡ ♥❡①t ❧❡♠♠❛ ♣r❡s❡♥ts t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s D(z) ❛♥❞

C(z)✳ ❆s ✇❡ s❛✇ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✳✸✱ t❤✐s ❢♦r♠✉❧❛ ✇✐❧❧ ❝♦♥st✐t✉t❡ t❤❡ ❦❡② ✐❞❡❛ ❜❡❤✐♥❞

♦✉r ❛♣♣r♦❛❝❤✳

▲❡♠♠❛ ✷✳✸✳✺✳ ▲❡t C(z) ❛♥❞ D(z) ❜❡ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ❜② ❊q✳✭✷✳✷✻✮

❛♥❞ ❊q✳✭✷✳✹✼✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❤♦❧❞s✿

D(z) =
1

C(z)
. ✭✷✳✹✽✮

Pr♦♦❢✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡r✐❡s✿

D̃(z) =
1

C(z)
=

∞∑

k=0

dkz
k, ✭✷✳✹✾✮

✇❤✐❝❤ ❡①✐sts s✐♥❝❡ t❤❡ ❢r❡❡ t❡r♠ ✐♥ t❤❡ s❡r✐❡s C ✐s ❡q✉❛❧ t♦ 1✳ ❇❛s❡❞ ♦♥ t❤❡ r❡❧❛t✐♦♥

C(z)D̃(z) = 1✱ ✇❡ ❞❡❞✉❝❡ t❤❛t d0 = 1 ❛♥❞

n∑

j=0

(−1)n−jpn−j−1dj = 0, n ≥ 1. ✭✷✳✺✵✮

❉❡✜♥❡ ❢♦r ❡❛❝❤ k = {0, 1, . . . , n} t❤❡ ❡✈❡♥ts

Ak = {X1 ≤ x, . . . ,Xk ≤ x,Xk+1 > x, . . . , Xn > x}.

❲❡ ♦❜s❡r✈❡ t❤❛t P(A0) = pn✱ P(An) = qn ❛♥❞

P(Ak) + P(Ak−1) = pn−kqk−1, k ≥ 1. ✭✷✳✺✶✮

▼✉❧t✐♣❧②✐♥❣ ❊q✳✭✷✳✺✶✮ ✇✐t❤ (−1)k−1 ❛♥❞ s✉♠♠✐♥❣ ♦✈❡r k ❣✐✈❡s

qn =
n∑

k=0

(−1)n−kpn−kqk−1, n ≥ 0, q−1 = q0 = 1. ✭✷✳✺✷✮

◆♦t✐❝❡ t❤❛t ❢r♦♠ t❤❡ ❛❜♦✈❡ r❡❧❛t✐♦♥ ❛♥❞ ❊q✳✭✷✳✺✵✮✱ ❛❢t❡r ✉s✐♥❣ ♠❛t❤❡♠❛t✐❝❛❧ ✐♥✲

❞✉❝t✐♦♥✱ ✇❡ ♦❜t❛✐♥ dn+1 = qn✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❡r✐❡s D̃ ✇❡ ❝♦♥❝❧✉❞❡

t❤❛t

D̃(z) =

∞∑

k=0

qk−1z
k, q−1 = q0 = 1, ✭✷✳✺✸✮

✇❤✐❝❤ ✐s ❡①❛❝t❧② t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ D(z) ❛♥❞ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ r❡s✉❧t ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✸ ✐s ❦♥♦✇♥✳

▲❡♠♠❛ ✷✳✸✳✻✳ ❲❡ ❤❛✈❡

q3λ
3 = 1− p2 + 2p3 − 3p4 + p21 + 6p22 − 6p1p2 +O(L(p1)p

3
1), ✭✷✳✺✹✮

✇❤❡r❡ O(x) ✐s ❛ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t |O(x)| ≤ |x|✱ L(p1) = 36 + (1 − p1)
2P (p1) ❛♥❞

P (p1) ❤❛s t❤❡ ❢♦r♠

P (p1) = 3K(p1)(1 + p1 + 3p21)[1 + p1 + 3p21 +K(p1)p
3
1] + p61K

3(p1)

+ 9p1(4 + 3p1 + 3p21) + 19. ✭✷✳✺✺✮



✷✳✸✳ Pr♦♦❢s ✹✸

Pr♦♦❢✳ ❋r♦♠ ❊q✳✭✷✳✶✸✮ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✸ ✇❡ ❝❛♥ ✇r✐t❡

λ = 1 + p1 − p2 + p3 − p4 + 2p21 + 3p22 − 5p1p2 +O(K(p1)p
3
1) ✭✷✳✺✻✮

❛♥❞ r❛✐s✐♥❣ t♦ t❤❡ t❤✐r❞ ♣♦✇❡r ✇❡ ❣❡t

λ3 = (1 + ζ1 + ζ2)
3 + 3(1 + ζ1 + ζ2)

2O(K(p1)p
3
1) +O(K3(p1)p

6
1p

3
1)+

+ 3(1 + ζ1 + ζ2)O(K2(p1)p
3
1p

3
1). ✭✷✳✺✼✮

■♥ t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛s ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ♥♦t❛t✐♦♥s

ζ1 = p1 − p2, ✭✷✳✺✽✮

ζ2 = p3 − p4 + 2p21 + 3p22 − 5p1p2. ✭✷✳✺✾✮

❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ζ1 ❛♥❞ ζ2✱ ✐t ✐s ♥♦t ❤❛r❞ t♦ s❡❡ t❤❛t ζ1 = O(p1) ❛♥❞

ζ2 ≤ p1(p1 − p2) + 2(p1 − p2)
2 − p2(p1 − p2) = O(3p21).

❋r♦♠ t❤❡s❡ ♦❜s❡r✈❛t✐♦♥s ✇❡ ❞❡❞✉❝❡ t❤❛t

λ3 − (1 + ζ1 + ζ2)
3 = O(S(p1)p

3
1), ✭✷✳✻✵✮

✇✐t❤ S(p1) ❣✐✈❡♥ ❜❡❧❧♦✇ ❜②

S(p1) = 3(1 + p1 + 3p21)
2K(p1) + 3p31(1 + p1 + 3p21)K

2(p1) + p61K
3(p1). ✭✷✳✻✶✮

◆♦✇ ♦❜s❡r✈❡ t❤❛t ❜② ❡①♣❛♥❞✐♥❣ (1 + ζ1 + ζ2)
3✱ ✇❡ ❝❛♥ ✇r✐t❡

(1 + ζ1 + ζ2)
3 = 1 + 3(ζ1 + ζ2 + ζ21 ) + 6ζ1ζ2 + 3ζ22 + 3ζ1ζ

2
2 + 3ζ21ζ2

+ ζ31 + ζ32

= 1 + 3(ζ1 + ζ2 + ζ21 ) +O(18p31) +O(27p1p
3
1) +O(27p21p

3
1)

+O(9p1p
3
1) +O(p31) +O(27p31p

3
1), ✭✷✳✻✷✮

✇❤✐❝❤ ❛❧♦♥❣ ✇✐t❤ ❊q✳✭✷✳✻✵✮ ❛♥❞ ❊q✳✭✷✳✻✶✮ ❣✐✈❡s ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r λ3✱

λ3 = 1 + 3(ζ1 + ζ2 + ζ21 ) +O(P (p1)p
3
1). ✭✷✳✻✸✮

❚❤❡ ❢✉♥❝t✐♦♥ P (p1)✱ ✐♥ ❊q✳✷✳✻✸ ❛❜♦✈❡✱ ✐s ❝♦♠♣✉t❡❞ ❜② t❤❡ ❢♦r♠✉❧❛

P (p1) = 3K(p1)(1 + p1 + 3p21)[1 + p1 + 3p21 +K(p1)p
3
1] + p61K

3(p1)

+ 9p1(4 + 3p1 + 3p21) + 19. ✭✷✳✻✹✮

❘❡❝❛❧❧✱ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛✱ t❤❛t ✇❡ ❤❛✈❡ t❤❡ r❡❝✉rr❡♥❝❡

qn =

n∑

k=0

(−1)n−kpn−kqk−1, n ≥ 0, q−1 = q0 = 1,



✹✹ ❈❤❛♣t❡r ✷✳ ❊①tr❡♠❡s ♦❢ ✶✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡s

✇❤✐❝❤ ❢♦r n = 3 ✐♠♣❧✐❡s t❤❛t

q3 = 1− p1 − 2(p1 − p2) + p21 − p3 = O((1− p1)
2). ✭✷✳✻✺✮

◆♦✇ ✐t ✐s ❝❧❡❛r t❤❛t ❢r♦♠ ❊q✳✭✷✳✻✸✮ ❛♥❞ ❊q✳✭✷✳✻✺✮ ✇❡ ♦❜t❛✐♥

q3λ
3 = q3[1 + 3(ζ1 + ζ2 + ζ21 )] +O(P (p1)(1− p1)

2p31). ✭✷✳✻✻✮

❚❤❡ ❧❛st st❡♣ ✐♥ ♦✉r ♣r♦♦❢ ✐s t♦ ✜♥❞ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ✜rst t❡r♠ ♦♥ t❤❡ r✐❣❤t

✐♥ ❊q✳✭✷✳✻✻✮✳ ■❢ ✇❡ ✇r✐t❡

q3[1 + 3(ζ1 + ζ2 + ζ21 )] = 1− p2 + 2p3 − 3p4 + p21 + 6p22 − 6p1p2 +H, ✭✷✳✻✼✮

t❤❡♥ H ✈❡r✐✜❡s

H = 3(p1 − p2)
{
(p21 − p3)[3(p1 − p2) + 1− p2] + p22 − 9(p1 − p2)

2
}

− 3(p3 − p4)[p1 + 2(p1 − p2)− (p21 − p3)]

= O(36p31). ✭✷✳✻✽✮

❋✐♥❛❧❧②✱ ❝♦♠❜✐♥✐♥❣ ❊q✳✭✷✳✻✻✮✱ ❊q✳✭✷✳✻✼✮ ❛♥❞ ❊q✳✭✷✳✻✽✮ ❧❡❛❞s t♦

q3λ
3 = 1− p2 + 2p3 − 3p4 + p21 + 6p22 − 6p1p2 +O(L(p1)p

3
1), ✭✷✳✻✾✮

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ♥♦t❛t✐♦♥

L(p1) = 36 + (1− p1)
2P (p1). ✭✷✳✼✵✮

✷✳✸✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✸

❲❡ s❛✇ ❢r♦♠ ▲❡♠♠❛ ✷✳✸✳✶ t❤❛t t❤❡ s❡r✐❡s C(z) ❤❛s ❛ ③❡r♦ λ = λ(x) ✐♥ t❤❡ ✐♥t❡r✈❛❧

(1, 1 + lp1)✱ ✇❤❡r❡ l = l(p1) = t32(p1) + ε✱ ε > 0 ❛r❜✐tr❛r✐❧② s♠❛❧❧ ❛♥❞ t2(p1) ✐s t❤❡

s❡❝♦♥❞ r♦♦t ✐♥ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥ p1t
3 − t + 1 = 0✳ ❚♦ s❤♦✇ t❤❛t t❤✐s ③❡r♦

✐s ✉♥✐q✉❡✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t C(z) ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ♦♥ t❤❡ ✐♥t❡r✈❛❧ (1, 1 + lp1)✱

✐✳❡✳ C ′(z) < 0✳ ■♥ ▲❡♠♠❛ ✷✳✸✳✹✱ ✇❡ ❢♦✉♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♣♣❡r ❜♦✉♥❞ ❢♦r C ′(z)✿

C ′(z) ≤ −1 +
2p1

(1− p1)2
+ 2lp21

1 + 3p1(1 + lp1)
2

[1− p1(1 + lp1)2]
3 .

❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞ ✐♥ t❤❡ ❛❜♦✈❡ r❡❧❛t✐♦♥ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥

p1 ❛♥❞ s✐♥❝❡ ❢♦r p1 = 0.1✱ l ≤ 1.1535✱ ✇❡ ❣❡t

C ′(z) < −0.7,

✇❤✐❝❤ ♣r♦✈❡s t❤❛t C ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣✳

◆♦✇ ✇❡ tr② t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ③❡r♦ λ✳ ❋r♦♠ ▲❛❣r❛♥❣❡ t❤❡♦r❡♠ ❛♣♣❧✐❡❞ ♦♥ t❤❡

✐♥t❡r✈❛❧ [1, λ]✱ ✇❡ ❤❛✈❡ C(λ) − C(1) = (λ − 1)C ′(u)✱ ✇✐t❤ u ∈ (1, λ) ⊂ (1, 1 + lp1)✳

❙✐♥❝❡ C(λ) = 0✱ ✇❡ ❣❡t

λ− 1 = − C(1)

C ′(u)
✭✷✳✼✶✮



✷✳✸✳ Pr♦♦❢s ✹✺

❛♥❞ t❛❦✐♥❣ µ = p1−p2+p3−p4+2p21+3p22−5p1p2 ❛s ✐♥ ❬❍❛✐♠❛♥✱ ✶✾✾✾❪✱ ✇❡ ♦❜t❛✐♥

λ− (1 + µ) = −C(1) + µC ′(u)
C ′(u)

. ✭✷✳✼✷✮

❆♣♣❧②✐♥❣ ▲❛❣r❛♥❣❡ t❤❡♦r❡♠ ♦♥❡ ♠♦r❡ t✐♠❡ ❢♦r C ′✱ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✸✳✹✱

♦♥ t❤❡ ✐♥t❡r✈❛❧ [1, 1 + a] ✇✐t❤ a ≤ lp1✱ ✇❡ ❣❡t ❢♦r θ ∈ (0, 1)

C ′(1 + a) = C ′(1) + aC ′′(1 + θa).

❘❡❝❛❧❧ t❤❛t

C ′(1) = −1 + 2p1 − 3p2 +R,

✇✐t❤ R ❞❡✜♥❡❞ ❜② ▲❡♠♠❛ ✷✳✸✳✷✳ ❆❢t❡r t❤❡ ♣r♦♣❡r s✉❜st✐t✉t✐♦♥s✱ t❤❡ r❡❧❛t✐♦♥ ✐♥

❊q✳✭✷✳✼✷✮ ❜❡❝♦♠❡s

λ− (1 + µ) = −C(1) + µ(−1 + 2p1 − 3p2) + µ(R+ aC ′′(1 + θa))

C ′(u)
, ✭✷✳✼✸✮

✇❤❡r❡ a = u− 1 ❛♥❞ θ ∈ (0, 1)✳

■❢ ✇❡ ❞❡♥♦t❡ A = C(1) + µ(−1 + 2p1 − 3p2)✱ t❤❡♥

A = (p1 − p2 + p3 − p4 + p5 − p6 + . . . )− µ+ (2p1 − 3p2)µ

= (p5 − p6 + . . . ) + (p1 − p2)(2p1 − 3p2)
2 + 2(p1 − p2)(p3 − p4)

− p2(p3 − p4). ✭✷✳✼✹✮

❆♣♣❧②✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t② ❢r♦♠ ❊q✳✭✷✳✷✺✮ ✐♥ ❊q✳✭✷✳✼✹✮✱ ✇❡ ❤❛✈❡

−p31 ≤ −p2(p3 − p4) ≤ A ≤
∞∑

k=2

pk+1
1 + 4p31 + 2p31,

✇❤✐❝❤ ❣✐✈❡s ✉s t❤❡ ❡st✐♠❛t❡

|C(1) + µ(−1 + 2p1 − 3p2)| ≤ p31

[
6 +

1

1− p1

]
. ✭✷✳✼✺✮

◆♦t✐❝❡ t❤❛t µ ≥ 0 ❛♥❞

µ = (1− p2)(p1 − p2) + p3 − p4 + 2(p1 − p2)
2

≤ (1− p2)(p1 − p2) + p1(p1 − p2) + 2(p1 − p2)
2

= 3(p1 − p2)
2 + p1 − p2 ≤ p1(1 + 3p1). ✭✷✳✼✻✮

❘❡❝❛❧❧ t❤❛t✱ ❢r♦♠ ▲❡♠♠❛ ✷✳✸✳✹✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞ ❢♦r |C ′(z)|−1✿

|C ′(z)|−1 ≤
[
1− 2p1(1 + lp1)

[1− p1(1 + lp1)2]
2

]−1

.

❆❧s♦✱ t❤❡ ❜♦✉♥❞s ✐♥ ▲❡♠♠❛ ✷✳✸✳✸ ❧❡❛❞ t♦ t❤❡ ❡st✐♠❛t❡

|C ′′(z)| ≤ 2lp21
1 + 3p1(1 + lp1)

2

[1− p1(1 + lp1)2]
3 +

4p1(1 + lp1)

[1− p1(1 + lp1)2]
2 . ✭✷✳✼✼✮



✹✻ ❈❤❛♣t❡r ✷✳ ❊①tr❡♠❡s ♦❢ ✶✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡s

❙✉❜st✐t✉t✐♥❣ t❤❡ ❡st✐♠❛t❡ ❢♦r |R| ❞❡r✐✈❡❞ ✐♥ ▲❡♠♠❛ ✷✳✸✳✷✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❜♦✉♥❞s ✐♥

❊qs✳✭✷✳✼✺✮✱ ✭✷✳✼✻✮✱ ✭✷✳✸✽✮ ❛♥❞ ✭✷✳✼✼✮ ✐♥ ❊q✳✭✷✳✼✸✮ ❛♥❞ ✉s✐♥❣ t❤❛t a ≤ lp1✱ ❣✐✈❡s t❤❡

❛♣♣r♦①✐♠❛t✐♦♥

|λ− (1 + µ)| ≤ |C(1) + µ(−1 + 2p1 − 3p2)|+ |µ|(|R|+ |a||C ′′(1 + θa)|)
|C ′(u)|

≤ K(p1)p
3
1 ✭✷✳✼✽✮

✇❤❡r❡

K(p1) =

11−3p1
(1−p1)2

+ 2l(1 + 3p1)
2+3lp1−p1(2−lp1)(1+lp1)2

[1−p1(1+lp1)2]
3

1− 2p1(1+lp1)

[1−p1(1+lp1)2]
2

. ✭✷✳✼✾✮

✷✳✸✳✸ Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✷✳✷✳✹

❋r♦♠ ❚❤❡♦r❡♠ ✷✳✷✳✸ ✇❡ ❤❛✈❡

∣∣λ− (1 + p1 − p2 + p3 − p4 + 2p21 + 3p22 − 5p1p2)
∣∣ ≤ K(p1)p

3
1.

❚♦ ♣r♦✈❡ t❤❡ st❛t❡♠❡♥t ✐♥ ❈♦r♦❧❧❛r② ✷✳✷✳✹✱ ✇❡ ✜rst ♦❜s❡r✈❡ t❤❛t

1+p1−p2+p3−p4+2p21+3p22−5p1p2 = 1+p1−p2+2(p1−p2)
2+[p3−p4−p2(p1−p2)].

❯s✐♥❣ t❤❡ ✶✲❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ s❡q✉❡♥❝❡ Xn✱ ✇❡ ♥♦t✐❝❡ t❤❛t

p3 − p4 = P(X1 > x,X2 > x,X3 > x,X4 ≤ x)

≤ p1P(X1 > x,X2 ≤ x) = p1(p1 − p2), ✭✷✳✽✵✮

✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ❜♦✉♥❞

|p3 − p4 − p2(p1 − p2)| ≤ p3 − p4 + p2(p1 − p2) ≤ p21.

❈♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ r❡❧❛t✐♦♥s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

|λ− (1 + p1 − p2 + 2(p1 − p2)
2)| ≤ p21(1 +K(p1)p1) ≤ (1 + p1K(p1))p

2
1.

✷✳✸✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✻

❋r♦♠ ▲❡♠♠❛ ✷✳✸✳✺ ✇❡ ❦♥♦✇ t❤❛t

D(z) =
1

C(z)
.

❚❛❦✐♥❣ λ t♦ ❜❡ ③❡r♦ ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✸✱ ✇❡ ❝❛♥ ✇r✐t❡ C(z) = U(z)
(
1− z

λ

)

❛♥❞ ♦❜s❡r✈❡ t❤❛t ✐❢ ✇❡ ♣✉t U(z) =

n∑

k=0

ukz
k✱ t❤❡♥

(
n∑

k=0

ukz
k

)(
1− z

λ

)
= 1 +

∞∑

k=1

(−1)kpk−1z
k, ✭✷✳✽✶✮



✷✳✸✳ Pr♦♦❢s ✹✼

✇❤✐❝❤ s❤♦✇s t❤❛t

un − un−1

λ
= (−1)npn−1, u0 = 1, n ≥ 1. ✭✷✳✽✷✮

▼✉❧t✐♣❧②✐♥❣ ❊q✳✭✷✳✽✷✮ ✇✐t❤ λn ❛♥❞ s✉♠♠✐♥❣ ♦✈❡r n ❣✐✈❡s

un =

1 +

n∑

k=1

(−1)kpk−1λ
k

λn
, n ≥ 1. ✭✷✳✽✸✮

■❢ ✇❡ ❞❡♥♦t❡ ✇✐t❤ T (z) = 1
U(z) =

∞∑

k=0

tkz
k✱ t❤❡♥

D(z)
(
1− z

λ

)
= T (z) ✭✷✳✽✹✮

❛♥❞ ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ ▲❡♠♠❛ ✷✳✸✳✺ ✇❡ ❣❡t t0 = 1 ❛♥❞

tn = qn−1 −
qn−2

λ
, n ≥ 1, ✭✷✳✽✺✮

s♦

qnλ
n+1 = t0 + t1λ+ · · ·+ tnλ

n + tn+1λ
n+1. ✭✷✳✽✻✮

❚♦ ♦❜t❛✐♥ t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✱ ✇❡ ❜❡❣✐♥ ❜② ❣✐✈✐♥❣ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ un✿

|un| =

∣∣∣∣∣1 +
n∑

k=1

(−1)kpk−1λ
k

∣∣∣∣∣
λn

C(λ)=0
=

∣∣∣∣∣
∞∑

k=n+1

(−1)kpk−1λ
k

∣∣∣∣∣
λn

≤ λn+1

λn

∣∣pn − pn+1λ+ pn+2λ
2 − pn+3λ

3 + . . .
∣∣

≤ λ(|pn − pn+1λ|+ |pn+2 − pn+3λ|λ2 + . . . ). ✭✷✳✽✼✮

❙✐♥❝❡ λ ∈ (1, 1 + lp1)✱ ✇❡ ❤❛✈❡

pn − pn+1(1 + lp1) ≤ pn − pn+1λ ≤ pn − pn+1, ✭✷✳✽✽✮

✇❤✐❝❤ s❤♦✇s t❤❛t

|pn − pn+1λ| ≤ pn − pn+1(1− lp1). ✭✷✳✽✾✮

▲❡t h = 1− lp1✳ ❯s✐♥❣ ✐♥ ❊q✳✭✷✳✽✼✮ t❤❡ ❢❛❝t t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t✐❡s (pn)n
✐s ❞❡❝r❡❛s✐♥❣ ❛♥❞ t❤❡ ❜♦✉♥❞ ❢r♦♠ ❊q✳✭✷✳✽✾✮✱ ✇❡ ♦❜t❛✐♥

|un|
λ

≤ pn − pn+1h+ (pn+2 − pn+3h)λ
2 + . . .

= (pn + pn+2λ
2 + pn+4λ

4 + . . . )− h(pn+1 + pn+3λ
2 + pn+5λ

4 + . . . )

≤ W − h(pn+2 + pn+4λ
2 + pn+6λ

4 + . . . )

= W − h

λ2
(W − pn) = W

(
1− h

λ2

)
+

h

λ2
pn, ✭✷✳✾✵✮



✹✽ ❈❤❛♣t❡r ✷✳ ❊①tr❡♠❡s ♦❢ ✶✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡s

✇❤❡r❡✱ ❜❛s❡❞ ♦♥ t❤❡ ❡st✐♠❛t❡ ❢r♦♠ ❊q✳✭✷✳✷✺✮✱

W = pn + pn+2λ
2 + pn+4λ

4 + . . .

≤ p
[n+1

2 ]
1 + p

[n+1
2 ]

1 p1λ
2 + p

[n+1
2 ]

1 p21λ
4 + . . .

= p
[n+1

2 ]
1 (1 + p1λ

2 + p21λ
4 + . . . ) =

p
[n+1

2 ]
1

1− p1λ2
. ✭✷✳✾✶✮

❋r♦♠ ❊q✳✭✷✳✾✵✮ ❛♥❞ ❊q✳✭✷✳✾✶✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

|un|
λ

≤ p
[n+1

2 ]
1

[
1

1− p1λ2
+

h

λ2

(
1− 1

1− p1λ2

)]

=
1− p1h

1− p1λ2
p
[n+1

2 ]
1 . ✭✷✳✾✷✮

❯♥t✐❧ ♥♦✇ ✇❡ ❤❛✈❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r un✱ ❜✉t ✇❡ st✐❧❧ ♥❡❡❞ ♦♥❡ ❢♦r tn ❛♥❞ t♦ s♦❧✈❡

t❤✐s ❛s♣❡❝t ❧❡t ✉s ✇r✐t❡

T (z) =
1

U(z)
=

1

1− (1− U(z))
=
∑

n≥0

(−1)n(U − 1)n, ✭✷✳✾✸✮

✇❤✐❝❤ ✐s tr✉❡ s✐♥❝❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ C(z) ✐♠♣❧✐❡s |z| < 1√
p1

❛♥❞ ✐♥ t✉r♥ ❣✐✈❡s

|1− U | ≤ λ(1− p1h)

1− p1λ2

∑

n≥1

p
n
2
1 |z|n ≤ |z|λ√p1 [1− p1(1− lp1)]

(1− p1λ2)(1− |z|√p1)

≤
√
p1(1 + lp21)(1 + lp1)

2

[1− p1(1 + lp1)2]
[
1−√

p1(1 + lp1)
] < 0.8. ✭✷✳✾✹✮

❙✐♥❝❡ u0 = 1✱ ✇❡ ❤❛✈❡ U − 1 =
∑

n≥1

unz
n ❛♥❞

(U − 1)k =
∑

l≥1

∑

i1+···+ik=l
ij≥1,j=1,k

ui1 . . . uikz
l. ✭✷✳✾✺✮

❈♦♠❜✐♥✐♥❣ ❊q✳✭✷✳✾✸✮ ✇✐t❤ ❊q✳✭✷✳✾✺✮✱ ✇❡ ♦❜t❛✐♥

∑

n≥0

tnz
n =

∞∑

k=0

(−1)k
∞∑

l=1

bl,kz
l, ✭✷✳✾✻✮

✇❤❡r❡

bl,k =
∑

i1+···+ik=l
ij≥1,j=1,k

ui1 . . . uik . ✭✷✳✾✼✮

■❞❡♥t✐❢②✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥ts ✐♥ ❊q✳✭✷✳✾✻✮ s❤♦✇s t❤❛t t0 = 1 ❛♥❞

tn =
n∑

k=1

(−1)k
∑

i1+···+ik=n
ij≥1,j=1,k

ui1 . . . uik , k ≥ 1. ✭✷✳✾✽✮
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◆♦t✐❝❡ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥ts bn,k ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❜②

|bn,k| ≤ δk
∑

i1+···+ik=n
ij≥1,j=1,k

p

[

i1+1
2

]

1 . . . p

[

ik+1

2

]

1 , ✭✷✳✾✾✮

✇❤❡r❡ δ = λ(1−p1h)
1−p1λ2 ✳

❇② ✐♥❞✉❝t✐♦♥✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ✐❞❡♥t✐t②
[
i1 + 1

2

]
+ · · ·+

[
ik + 1

2

]
≥
[
i1 + · · ·+ ik + 1

2

]
=

[
n+ 1

2

]
. ✭✷✳✶✵✵✮

❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ t❡r♠s ✐♥ t❤❡ s✉♠ ♦❢ ❊q✳✭✷✳✾✾✮ ✐s ❡q✉❛❧ ✇✐t❤ t❤❡

♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs s♦❧✉t✐♦♥s ♦❢ t❤❡ ❡q✉❛t✐♦♥ i1 + · · ·+ ik = n ❛♥❞

✐s ❣✐✈❡♥ ❜②
(
n−1
k−1

)
✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬❨❛❣❧♦♠ ❛♥❞ ❨❛❣❧♦♠✱ ✶✾✽✼✱ Pr♦❜❧❡♠ ✸✶❪✮✳ ❚❤✐s

s❤♦✇s t❤❛t

|bn,k| ≤ p
[n+1

2 ]
1

(
n− 1

k − 1

)
δk. ✭✷✳✶✵✶✮

◆♦✇✱ ❢r♦♠ ❊q✳✭✷✳✾✽✮ ❛♥❞ ❊q✳✭✷✳✶✵✶✮✱ ✇❡ ❤❛✈❡

− p
[n+1

2 ]
1 δ

[n−1
2 ]∑

k=0

(
n− 1

2k

)
δ2k ≤ tn ≤ p

[n+1
2 ]

1 δ

[n2 ]−1∑

k=0

(
n− 1

2k + 1

)
δ2k+1, ✭✷✳✶✵✷✮

✇❤✐❝❤ ❧❡❛❞ t♦ t❤❡ ❜♦✉♥❞

|tn| ≤
δ

2
p
[n+1

2 ]
1

[
(1 + δ)n−1 + (1− δ)n−1

]
. ✭✷✳✶✵✸✮

❲❡ ♦❜s❡r✈❡ t❤❛t ❢r♦♠ ❊q✳✭✷✳✽✻✮ ❛♥❞ ❊q✳✭✷✳✶✵✸✮✱ t❤❡ ❞✐✛❡r❡♥❝❡ |qnλn − q3λ
3| ❝❛♥ ❜❡

❜♦✉♥❞❡❞ ❜②

|qnλn − q3λ
3| =

∣∣∣∣∣∣∣∣∣∣∣

n+1∑

s=0

tsλ
s −

4∑

s=0

tsλ
s

λ

∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣
n+1∑

s=5

tsλ
s−1

∣∣∣∣∣

≤ δ

2

∞∑

s=5

p
[ s+1

2 ]
1

[
(1 + δ)s−1 + (1− δ)s−1

]
λs−1. ✭✷✳✶✵✹✮

■❢ ✇❡ ❞❡♥♦t❡ ❜② σ1 = (1+δ)λ✱ σ2 = (1−δ)λ ❛♥❞ ❜② V t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✐♥ ❊q✳✭✷✳✶✵✹✮✱

✐t ✐s ♥♦t ❤❛r❞ t♦ s❡❡ t❤❛t

V =
δp31
2

[
σ4
1(1 + σ1)

1− p1σ2
1

+
σ4
2(1 + σ2)

1− p1σ2
2

]
. ✭✷✳✶✵✺✮

❘❡❝❛❧❧✐♥❣ t❤❛t h = 1 − lp1✱ λ ∈ (1, 1 + lp1) ❛♥❞ p1 ≤ 0.1✱ ✇❡ ♦❜s❡r✈❡ t❤❛t σ2 ✐s

❜♦✉♥❞❡❞ ❜②

− lp1[1 + 2p1(1 + lp1)]

1− p1(1 + lp1)2
≤ σ2 ≤ − lp21(1 + lp1)

1− p1
,



✺✵ ❈❤❛♣t❡r ✷✳ ❊①tr❡♠❡s ♦❢ ✶✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡s

✇❤✐❝❤ ❣✐✈❡s |σ2| < 0.5 ❛♥❞
δσ4

2(1+σ2)

2(1−p1σ2
2)

< 0.1✳

❙✉❜st✐t✉t✐♥❣ t❤❡ ❧❛st r❡❧❛t✐♦♥ ✐♥ ❊q✳✭✷✳✶✵✺✮✱ ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ❜♦✉♥❞ ✐♥ ❊q✳✭✷✳✶✵✹✮

❛s

|qnλn − q3λ
3| ≤ E(p1)p

3
1 ✭✷✳✶✵✻✮

✇❤❡r❡✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② η = 1 + lp1✱

E(p1) = 0.1 +
η5 [1 + (1− 2p1)η]

4 [1 + p1(η − 2)]
[
1 + η + (1− 3p1)η

2
]

2(1− p1η2)4 [(1− p1η2)2 − p1η2(1 + η − 2p1η)2]
. ✭✷✳✶✵✼✮

❲❡ s❛✇ ✐♥ ▲❡♠♠❛ ✷✳✸✳✻ t❤❛t

q3λ
3 = 1− p2 + 2p3 − 3p4 + p21 + 6p22 − 6p1p2 +O(L(p1)p

3
1),

✇❤❡r❡ L(p1) = 36+(1−p1)
2P (p1) ❛♥❞ P (p1) ✐s ❣✐✈❡♥ ❜② ❊q✳✭✷✳✺✺✮✳ ❯s✐♥❣ ❊q✳✭✷✳✶✵✻✮

❛♥❞ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

|qnλn − (1− p2 + 2p3 − 3p4 + p21 + 6p22 − 6p1p2)| ≤ Γ(p1)p
3
1, ✭✷✳✶✵✽✮

✇✐t❤ Γ(p1) = 36 + (1− p1)
2P (p1) + E(p1) ❛♥❞ t❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠✳

❘❡♠❛r❦ t❤❛t ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✻ ✇❡ ❣❛✈❡ E(p1) ✇✐t❤♦✉t t❤❡ 0.1 t❡r♠✱

❜✉t ✇❡ ❤❛✈❡ ❛❞❞❡❞ ✐t t♦ t❤❡ ❝♦♥st❛♥t t❡r♠ 36✳

✷✳✸✳✺ Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✷✳✷✳✼

❲❡ ❦♥♦✇ ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✷✳✻ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❤♦❧❞s✿

|qnλn − (1− p2 + 2p3 − 3p4 + p21 + 6p22 − 6p1p2)| ≤ Γ(p1)p
3
1.

❇❛s❡❞ ♦♥ t❤✐s ❜♦✉♥❞✱ ✇❡ ❝❛♥ ✇r✐t❡

|qnλn − (1− p2)| ≤ Γ(p1)p
3
1 + |2p3 − 3p4 + p21 + 6p22 − 6p1p2|. ✭✷✳✶✵✾✮

❖❜s❡r✈❡ t❤❛t

0 ≤ p21 + 2p3 − 3p4 = p21 − p4︸ ︷︷ ︸
≤p21

+2(p3 − p4︸ ︷︷ ︸
≤p21

) ≤ 3p21

❛♥❞ t❤❛t

−3p21 ≤ 6p22 − 6p1p2 ≤ 0.

❇② ❛❞❞✐♥❣ t❤❡s❡ t✇♦ s❡t ♦❢ ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ❤❛✈❡ t❤❡ ❜♦✉♥❞

∣∣p21 + 2p3 − 3p4 + 6p22 − 6p1p2
∣∣ ≤ 3p21,

✇❤✐❝❤ s✉❜st✐t✉t❡❞ ✐♥ ❊q✳✭✷✳✶✵✾✮ ✐♠♣❧✐❡s

|qnλn − (1− p2)| ≤ (3 + p1Γ(p1))p
2
1. ✭✷✳✶✶✵✮
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✷✳✸✳✻ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✽

❉❡♥♦t✐♥❣ ❜②

µ1 = 1− p2 + 2p3 − 3p4 + p21 + 6p22 − 6p1p2,

µ2 = 1 + p1 − p2 + p3 − p4 + 2p21 + 3p22 − 5p1p2

✇❡ ♦❜s❡r✈❡ t❤❛t

0 ≤ µ1

µ2
< 1

❛♥❞ t❤❛t

µ2 = 1 + (p1 − p2)(1− p2) + p3 − p4 + 2(p1 − p2)
2

︸ ︷︷ ︸
≥0

≥ 1. ✭✷✳✶✶✶✮

❲✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❊q✳✭✷✳✶✸✮ ❛♥❞ ❊q✳✭✷✳✶✻✮✱ ✇❡ ❣❡t

∣∣∣∣qn − µ1

µn
2

∣∣∣∣ ≤
∣∣∣qn − µ1

λn

∣∣∣+
∣∣∣∣
µ1

λn
− µ1

µn
2

∣∣∣∣

≤ Γ(α)p31 + |µ1|
∣∣∣∣
1

λ
− 1

µ2

∣∣∣∣

∣∣∣∣∣∣∣∣∣∣

1

λn−1
+ · · ·+ 1

λn−jµj
2︸ ︷︷ ︸

≤1

+ · · ·+ 1

µn−1
2

∣∣∣∣∣∣∣∣∣∣
≤ [Γ(p1) + nK(p1)] p

3
1. ✭✷✳✶✶✷✮

❚♦ ❡①♣r❡ss µ1 ❛♥❞ µ2 ✐♥ t❡r♠s ♦❢ q✬s✱ ✇❡ ❤❛✈❡ t♦ ♦❜s❡r✈❡ ✜rst t❤❛t

p1 = 1− q1

p2 = 1− 2q1 + q2

p3 = 1− 3q1 + 2q2 + q21 − q3

p4 = 1− 4q1 + 3q2 − 2q1q2 + 3q21 − 2q3 + q4

❛♥❞ ❛❢t❡r t❤❡ ♣r♦♣❡r s✉❜st✐t✉t✐♦♥s✱ ✇❡ ❣❡t

µ1 = 1 + q1 − q2 + q3 − q4 + 2q21 + 3q22 − 5q1q2 ✭✷✳✶✶✸✮

µ2 = 6(q1 − q2)
2 + 4q3 − 3q4. ✭✷✳✶✶✹✮

❚♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✽✱ ✐t ✐s ❡♥♦✉❣❤ t♦ r❡♣❧❛❝❡ t❤❡ ❛❜♦✈❡ r❡❧❛t✐♦♥s

✐♥ ❊q✳✭✷✳✶✶✷✮✳ ❲❡ ♦❜t❛✐♥

∣∣∣∣qn − 6(q1 − q2)
2 + 4q3 − 3q4

(1 + q1 − q2 + q3 − q4 + 2q21 + 3q22 − 5q1q2)n

∣∣∣∣ ≤ n∆1(1− q1)
3, ✭✷✳✶✶✺✮

✇❤❡r❡ ∆1 ✐s ❣✐✈❡♥ ❜②

∆1 = ∆1(q1, n) = K(1− p1) +
Γ(1− q1)

n
.



✺✷ ❈❤❛♣t❡r ✷✳ ❊①tr❡♠❡s ♦❢ ✶✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡s

✷✳✸✳✼ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✾

❋♦r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✾✱ ✇❡ ✉s❡ t❤❡ s❛♠❡ ❛♣♣r♦❛❝❤ ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✽✳

❋r♦♠ ❊q✳✭✷✳✶✺✮ ❛♥❞ ❊q✳✭✷✳✶✾✮✱ ✇❡ ❣❡t

∣∣∣∣qn − ν1
νn2

∣∣∣∣ ≤
∣∣∣qn − ν1

λn

∣∣∣+
∣∣∣∣
ν1
λn

− ν1
νn2

∣∣∣∣

≤ (3 + p1Γ(p1))p
2
1 + nν1

|λ− ν2|
λν2

≤ [3 + Γ(p1)p1 + n(1 + p1K(p1))] p
2
1, ✭✷✳✶✶✻✮

✇❤❡r❡ ν1 = 1− p2 ❛♥❞ ν2 = 1+ p1− p2+2(p1− p2)
2✳ ❲❡ ❡①♣r❡ss ν1 ❛♥❞ ν2 ✐♥ t❡r♠s

♦❢ q✬s ✉s✐♥❣ t❤❡ r❡❧❛t✐♦♥s ❢♦r p1 t♦ p4 ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✽✱ s♦

ν1 = 2q1 − q2 ✭✷✳✶✶✼✮

ν2 = 1 + q1 − q2 + 2(q1 − q2)
2. ✭✷✳✶✶✽✮

❙✉❜st✐t✉t✐♥❣ t❤❡s❡ ❢♦r♠✉❧❛s ✐♥ ❊q✳✭✷✳✶✶✻✮✱ ✇❡ ♦❜t❛✐♥

∣∣∣∣qn − 2q1 − q2
[1 + q1 − q2 + 2(q1 − q2)2]

n

∣∣∣∣ ≤ n∆2(1− q1)
2, ✭✷✳✶✶✾✮

✇❤❡r❡

∆2 = ∆2(q1, n) = 1 +
3

n
+

[
K(1− q1) +

Γ(1− q1)

n

]
(1− q1).

✷✳✸✳✽ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✹

❋r♦♠ t❤❡ st❛t✐♦♥❛r✐t② ♦❢ t❤❡ s❡q✉❡♥❝❡ (Wk)k∈Z✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡

❢✉♥❝t✐♦♥

c(j) = Cov(W0,Wj) ✭✷✳✶✷✵✮

✐s ♥♦♥♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡✳ ❯s✐♥❣ t❤❛t E[W0] = 0 ❛♥❞ t❤❡ m✲❞❡♣❡♥❞❡♥❝❡ ♣r♦♣❡rt②✱ ✇❡

♦❜t❛✐♥ t❤❛t c(j) = 0 ❢♦r ❛❧❧ |j| > m✳

❲❡ ❛ss♦❝✐❛t❡ t♦ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❛✉t♦❝♦✈❛r✐❛♥❝❡s {c(j)}j=m
j=−m t❤❡ tr✐❣♦♥♦♠❡tr✐❝ ♣♦❧②✲

♥♦♠✐❛❧

t(θ) =
m∑

j=−m

c(j)eijθ. ✭✷✳✶✷✶✮

❋r♦♠ t❤❡ ❛❜♦✈❡ ♦❜s❡r✈❛t✐♦♥s ✇❡ ❤❛✈❡ t❤❛t t(θ) t❛❦❡s ♦♥❧② ♣♦s✐t✐✈❡ r❡❛❧ ✈❛❧✉❡s ❢♦r ❛❧❧

θ✳ ❚❤✐s r❡♠❛r❦ ✇✐❧❧ ❝♦♥st✐t✉t❡ t❤❡ ❦❡② ❜❡❤✐♥❞ t❤❡ ♣r♦♦❢✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ❞✉❡

t♦ ❋❡❥ér ❛♥❞ ❘✐❡s③ ✭s❡❡ ❬❘✐❡s③ ❛♥❞ ◆❛❣②✱ ✶✾✾✵✱ ♣❛❣ ✶✶✼❪ ❢♦r ❛ ♣r♦♦❢✮✱ ✇✐❧❧ ❡❧✉❝✐❞❛t❡

t❤✐s st❛t❡♠❡♥t✿

▲❡♠♠❛ ✷✳✸✳✼ ✭❋❡❥ér✲❘✐❡s③✮✳ ▲❡t t❤❡ tr✐❣♦♥♦♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧

p(x) =

n∑

k=−n

cke
ikx.
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■❢ p(x) ≥ 0 ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ x✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ {bj}j=n
j=0 s✉❝❤ t❤❛t

p(x) =

∣∣∣∣∣∣

n∑

j=0

bje
ijx

∣∣∣∣∣∣

2

.

❙✐♥❝❡ t❤❡ tr✐❣♦♥♦♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧ t ❞❡✜♥❡❞ ✐♥ ❊q✳✭✷✳✶✷✶✮ ✈❡r✐✜❡s t❤❡ ❤②♣♦t❤❡s✐s ♦❢

❋❡❥ér✲❘✐❡s③ ❧❡♠♠❛✱ t❤❡r❡ ✐s ❛ s❡q✉❡♥❝❡ {aj}j=m
j=0 s✉❝❤ t❤❛t ✇❡ ❝❛♥ ✇r✐t❡

m∑

j=−m

c(j)eijθ =

∣∣∣∣∣
m∑

k=0

ake
ikθ

∣∣∣∣∣

2

. ✭✷✳✶✷✷✮

❇② ❡①♣❛♥❞✐♥❣ ❊q✳✭✷✳✶✷✷✮ ❛♥❞ ✐❞❡♥t✐❢②✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ eijθ✱ ✇❡ ♦❜t❛✐♥ ❢♦r ❡❛❝❤

j ∈ {0, 1, . . . ,m}

c(j) =

m−j∑

k=0

akak+j . ✭✷✳✶✷✸✮

◆♦✇ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡ ♦❢ ♠♦✈✐♥❣ ❛✈❡r❛❣❡s ♦❢ ♦r❞❡r m

Yj =

m∑

k=0

akηj−k, ✭✷✳✶✷✹✮

✇❤❡r❡ ηj ∼ N (0, 1) ❛r❡ ✐✳✐✳❞✳ st❛♥❞❛r❞ ♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❈❧❡❛r❧② (Yj)j∈Z
✐s ❛ st❛t✐♦♥❛r②✱ m✲❞❡♣❡♥❞❡♥t ●❛✉ss✐❛♥ s❡q✉❡♥❝❡✳ ❙✐♥❝❡ (Wk)k∈Z ✐s ✐♥ ❛❞❞✐t✐♦♥ ❛

●❛✉ss✐❛♥ s❡q✉❡♥❝❡✱ ✐t r❡♠❛✐♥s t♦ ✈❡r✐❢② t❤❛t

Cov(Y0, Yj) =

m−j∑

k=0

akak+j . ✭✷✳✶✷✺✮

❇✉t ✐t ✐s ❛♥ ❡①❡r❝✐s❡ t♦ ♦❜s❡r✈❡ t❤❛t

Cov(Y0, Yj) = E


∑

k,l

akalη−kηj−l




=
∑

k,l

akalE[η−kηj−l]

=

m−j∑

k=0

akak+j ✭✷✳✶✷✻✮

❛♥❞ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳





❈❤❛♣t❡r ✸

❉✐str✐❜✉t✐♦♥ ♦❢ s❝❛♥ st❛t✐st✐❝s

✈✐❡✇❡❞ ❛s ♠❛①✐♠✉♠ ♦❢

1✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡s

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ t❤❡ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ✐♥ d ❞✐✲

♠❡♥s✐♦♥s✱ d ≥ 1✳ ❆❢t❡r ✐♥tr♦❞✉❝✐♥❣ t❤❡ ♣r✐♥❝✐♣❛❧ ♥♦t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✸✳✶✱ ✇❡ ♣r❡s❡♥t

✐♥ ❙❡❝t✐♦♥ ✸✳✷ t❤❡ ♠❡t❤♦❞♦❧♦❣② ✉s❡❞ ❢♦r ✜♥❞✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ❞✐str✐❜✉✲

t✐♦♥ ♦❢ t❤❡ d ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❞❡s❝r✐❜❡❞

♠❡t❤♦❞ ✐s t❤❛t ✇❡ ❝❛♥ ❛❧s♦ ❡st❛❜❧✐s❤ s❤❛r♣ ❡rr♦r ❜♦✉♥❞s ❢♦r t❤❡ ❡st✐♠❛t✐♦♥✳ ❙❡❝✲

t✐♦♥ ✸✳✸ s❤♦✇s ❤♦✇ t♦ ❡✈❛❧✉❛t❡ t❤❡s❡ ❡rr♦rs✳ ❙✐♥❝❡ t❤❡ s✐♠✉❧❛t✐♦♥ ♣r♦❝❡ss ♣❧❛②s

❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ♦✉r ❛♣♣r♦❛❝❤✱ ✐♥ ❙❡❝t✐♦♥ ✸✳✹ ✇❡ ♣r❡s❡♥t ❛ ❣❡♥❡r❛❧ ✐♠♣♦rt❛♥❝❡

s❛♠♣❧✐♥❣ ❛❧❣♦r✐t❤♠ t❤❛t ✐♥❝r❡❛s❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❚♦

✐♥✈❡st✐❣❛t❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ ♦✉r ❡st✐♠❛t✐♦♥✱ ✐♥ ❙❡❝t✐♦♥ ✸✳✺ ✇❡ ❡①♣❧✐❝✐t t❤❡ ❢♦r♠✉❧❛s ❢♦r

t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ t❤❡ ❡rr♦r ❜♦✉♥❞s ❢♦r t❤❡ s♣❡❝✐❛❧ ❝❛s❡s ♦❢ ♦♥❡✱ t✇♦ ❛♥❞ t❤r❡❡

❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ❛♥❞ ♣❡r❢♦r♠ ❛ s❡r✐❡s ♦❢ ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❲❡ ❛❧s♦

❝♦♠♣❛r❡ ♦✉r ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤ s♦♠❡ ♦❢ t❤❡ ❡①✐st✐♥❣ ♦♥❡s ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✶✳

❚❤❡ ✇♦r❦ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✱ ❢♦r t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥

st❛t✐st✐❝s✱ ♠❛❦❡s t❤❡ ♦❜❥❡❝t ♦❢ t❤❡ ❛rt✐❝❧❡ ❬❆♠➔r✐♦❛r❡✐ ❛♥❞ Pr❡❞❛✱ ✷✵✶✸❛❪✳

❈♦♥t❡♥ts

✸✳✶ ❉❡✜♥✐t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✸✳✷ ▼❡t❤♦❞♦❧♦❣② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✸✳✸ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ s✐♠✉❧❛t✐♦♥ ❡rr♦rs ✳ ✻✸

✸✳✸✳✶ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✸✳✸✳✷ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✸✳✹ ❙✐♠✉❧❛t✐♦♥ ✉s✐♥❣ ■♠♣♦rt❛♥❝❡ ❙❛♠♣❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✸✳✹✳✶ ●❡♥❡r❛❧✐t✐❡s ♦♥ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✸✳✹✳✷ ■♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ❢♦r s❝❛♥ st❛t✐st✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✸✳✹✳✸ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✸✳✹✳✹ ❘❡❧❛t❡❞ ❛❧❣♦r✐t❤♠s✿ ❝♦♠♣❛r✐s♦♥ ❢♦r ♥♦r♠❛❧ ❞❛t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✸✳✺ ❊①❛♠♣❧❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✸✳✺✳✶ ❖♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

✸✳✺✳✷ ❚✇♦ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✸✳✺✳✸ ❚❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽



✺✻ ❈❤❛♣t❡r ✸✳ ❙❝❛♥ st❛t✐st✐❝s ❛♥❞ ✶✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s

✸✳✶ ❉❡✜♥✐t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥s

▲❡t T1✱ T2✱ . . . ✱ Td ❜❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ✇✐t❤ d ≥ 1 ❛♥❞ ❝♦♥s✐❞❡r t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧

r❡❝t❛♥❣✉❧❛r r❡❣✐♦♥✱ Rd✱ ❞❡✜♥❡❞ ❜②

Rd = [0, T1]× [0, T2]× · · · × [0, Td]. ✭✸✳✶✮

❋♦r 1 ≤ sj ≤ Tj ✱ j ∈ {1, 2, . . . , d}✱ ✇❡ ❝❛♥ ❛ss♦❝✐❛t❡ t♦ ❡❛❝❤ ❡❧❡♠❡♥t❛r② r❡❝t❛♥❣✉❧❛r

r❡❣✐♦♥

rd(s1, s2, . . . , sd) = [s1 − 1, s1]× [s2 − 1, s2]× · · · × [sd − 1, sd] ✭✸✳✷✮

❛ r❡❛❧ ✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Xs1,s2,...,sd ✳ ◆♦t✐❝❡ t❤❛t ♦♥❡ ❝❛♥ ✐♠❛❣✐♥❡ t❤❡ r❡❣✐♦♥

Rd ❛s ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ❧❛tt✐❝❡ ✭❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❝❡♥t❡rs ♦❢ t❤❡ ❡❧❡♠❡♥t❛r② s✉❜✲

r❡❣✐♦♥s✮✱ s✉❝❤ t❤❛t t♦ ❡❛❝❤ ♣♦✐♥t ♦❢ t❤❡ ❧❛tt✐❝❡ ✐t ❝♦rr❡s♣♦♥❞s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳

▲❡t 2 ≤ mj ≤ Tj ✱ 1 ≤ j ≤ d✱ ❜❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ❛♥❞ ❞❡✜♥❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

Yi1,i2,...,id =

i1+m1−1∑

s1=i1

i2+m2−1∑

s2=i2

· · ·
id+md−1∑

sd=id

Xs1,s2,...,sd , ✭✸✳✸✮

✇❤❡r❡ 1 ≤ il ≤ Tl −ml + 1✱ 1 ≤ l ≤ d✳ ❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Yi1,i2,...,id ❛ss♦❝✐❛t❡ t♦

❡❛❝❤ r❡❝t❛♥❣✉❧❛r r❡❣✐♦♥ ❝♦♠♣r✐s❡❞ ♦❢ m1m2 . . .md ❛❞❥❛❝❡♥t ❡❧❡♠❡♥t❛r② s✉❜r❡❣✐♦♥s✱

R(i1, i2, . . . , id) = [i1 − 1, i1 +m1 − 1]× · · · × [id − 1, id +md − 1], ✭✸✳✹✮

❛ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡ ❡q✉❛❧ ✇✐t❤ t❤❡ s✉♠ ♦❢ ❛❧❧ t❤❡ ❛ttr✐❜✉t❡s ✐♥ t❤❛t r❡❣✐♦♥✳

❋♦r ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Xs1,s2,...,sd ❛r❡ 0 − 1

❇❡r♥♦✉❧❧✐ ♦❢ ♣❛r❛♠❡t❡r p✳ ❚❤❡ ✈❛❧✉❡ 1 ❝❛♥ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡♥ ✐♥ t❤❡

❡❧❡♠❡♥t❛r② r❡❝t❛♥❣✉❧❛r r❡❣✐♦♥ rd(s1, s2, . . . , sd)✱ ❛♥ ❡✈❡♥t ♦❢ ✐♥t❡r❡st ❤❛s ❜❡❡♥ ♦❜✲

s❡r✈❡❞ ❛♥❞ t❤❡ ✈❛❧✉❡ 0✱ ♦t❤❡r✇✐s❡✳ ■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Yi1,i2,...,id
❣✐✈❡ t❤❡ ♥✉♠❜❡r ♦❢ ❡✈❡♥ts ♦❜s❡r✈❡❞ ✐♥ t❤❡ r❡❝t❛♥❣✉❧❛r r❡❣✐♦♥ R(i1, i2, . . . , id)✳

❲❡ ❞❡✜♥❡ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ❛s t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢

❡✈❡♥ts ✐♥ ❛♥② r❡❝t❛♥❣✉❧❛r r❡❣✐♦♥ R(i1, i2, . . . , id) ✇✐t❤✐♥ t❤❡ r❡❣✐♦♥ Rd✱

Sm(T) = max
1≤ij≤Tj−mj+1

j∈{1,2,...,d}

Yi1,i2,...,id , ✭✸✳✺✮

✇❤❡r❡ m = (m1,m2, . . . ,md) ❛♥❞ T = (T1, T2, . . . , Td)✳

❘❡♠❛r❦ ✸✳✶✳✶✳ ❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Sm(T) ❞❡✜♥❡❞ ✐♥ ❊q✳✭✸✳✺✮ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛♥

❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ♣r❡s❡♥t❡❞ ✐♥ ❬●❧❛③ ❡t ❛❧✳✱ ✷✵✵✶❪ ✭d =

1✮✱ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❈❤❡♥ ❛♥❞ ●❧❛③✱ ✶✾✾✻❪ ✭d = 2✮

❛♥❞ ♦❢ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s st✉❞✐❡❞ ✐♥ ❬●✉❡rr✐❡r♦ ❡t ❛❧✳✱ ✷✵✶✵❛❪ ❛♥❞

❬❆♠➔r✐♦❛r❡✐ ❛♥❞ Pr❡❞❛✱ ✷✵✶✸❛❪ ✭d = 3✮✳

❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❛♥ st❛t✐st✐❝s✱

Qm(T) = P (Sm(T) ≤ n) , ✭✸✳✻✮



✸✳✷✳ ▼❡t❤♦❞♦❧♦❣② ✺✼

❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ ❬❈❤❡♥ ❛♥❞ ●❧❛③✱ ✶✾✾✻❪ ❛♥❞ ❬●✉❡rr✐❡r♦ ❡t ❛❧✳✱ ✷✵✵✾❪ ❢♦r t❤❡ t✇♦ ❞✐✲

♠❡♥s✐♦♥❛❧ ❝❛s❡ ❛♥❞ ✐♥ ❬●✉❡rr✐❡r♦ ❡t ❛❧✳✱ ✷✵✶✵❛❪ ❛♥❞ ❬❆♠➔r✐♦❛r❡✐ ❛♥❞ Pr❡❞❛✱ ✷✵✶✸❛❪

❢♦r t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ♦♥❡✱ t♦ t❡st t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ♦❢ r❛♥❞♦♠♥❡ss ❛❣❛✐♥st

❛♥ ❛❧t❡r♥❛t✐✈❡ ♦❢ ❝❧✉st❡r✐♥❣✳ ❯♥❞❡r t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s❡s✱ H0✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Xs1,s2,...,sd ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣

t♦ s♦♠❡ s♣❡❝✐✜❡❞ ❞✐str✐❜✉t✐♦♥✳ ❋♦r t❤❡ ❛❧t❡r♥❛t✐✈❡ ❤②♣♦t❤❡s✐s ♦❢ ❝❧✉st❡r✐♥❣✱ ♦♥❡

❝❛♥ s♣❡❝✐❢② ❛ r❡❣✐♦♥ R(i1, i2, . . . , id) ✇❤❡r❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Xs1,s2,...,sd ❤❛✈❡

❛ ❧❛r❣❡r ♠❡❛♥ t❤❛♥ ♦✉ts✐❞❡ t❤✐s r❡❣✐♦♥✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r d = 2 ❛♥❞ t❤❡

❜✐♥♦♠✐❛❧ ♠♦❞❡❧✳ ❚❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s✱ H0✱ ❛ss✉♠❡s t❤❛t Xs1,s2 ✬s ❛r❡ ✐✳✐✳❞✳ ✇✐t❤

Xs1,s2 ∼ Bin(r, p) ✇❤❡r❡❛s t❤❡ ❛❧t❡r♥❛t✐✈❡ ❤②♣♦t❤❡s✐s ♦❢ ❝❧✉st❡r✐♥❣✱ H1✱ ❛ss✉♠❡s t❤❡

❡①✐st❡♥❝❡ ♦❢ ❛ r❡❝t❛♥❣✉❧❛r s✉❜r❡❣✐♦♥ R(i0, j0) s✉❝❤ t❤❛t ❢♦r ❛♥② i0 ≤ s1 ≤ i0+m1−1

❛♥❞ j0 ≤ s2 ≤ j0+m2− 1✱ Xs1,s2 ❛r❡ ✐✳✐✳❞✳ ❜✐♥♦♠✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ♣❛r❛♠❡✲

t❡rs r ❛♥❞ p′ > p✳ ❖✉ts✐❞❡ t❤❡ r❡❣✐♦♥ R(i0, j0)✱ Xs1,s2 ❛r❡ ✐✳✐✳❞✳ ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣

t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ s♣❡❝✐✜❡❞ ❜② t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s✳ ❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦

t❡st r❡❥❡❝ts H0 ✐♥ ❢❛✈♦r ♦❢ t❤❡ ❧♦❝❛❧ ❝❤❛♥❣❡ ❛❧t❡r♥❛t✐✈❡ H1✱ ✇❤❡♥❡✈❡r Sm(T) ❡①❝❡❡❞s

t❤❡ t❤r❡s❤♦❧❞ τ ✱ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ P (Sm(T) ≥ τ |H0) = α ❛♥❞ ✇❤❡r❡ α r❡♣r❡s❡♥ts

t❤❡ s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧ ♦❢ t❤❡ t❡st✐♥❣ ♣r♦❝❡❞✉r❡ ✭❬●❧❛③ ❡t ❛❧✳✱ ✷✵✵✶✱ ❈❤❛♣t❡r ✶✸❪✮✳

✸✳✷ ▼❡t❤♦❞♦❧♦❣②

❆s ♥♦t❡❞ ✐♥ ❈❤❛♣t❡r ✶ ✭s❡❡ ❛❧s♦ ❬❈r❡ss✐❡✱ ✶✾✾✸✱ ♣❛❣ ✸✶✸❪✮✱ ✜♥❞✐♥❣ t❤❡ ❡①❛❝t ❞✐str✐❜✉✲

t✐♦♥ ♦❢ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ❢♦r d ≥ 2 ❤❛s ♣r♦✈❡❞ ❡❧✉s✐✈❡✳ ■♥ t❤✐s s❡❝t✐♦♥✱

✇❡ ♣r❡s❡♥t ❛♥ ❛❧t❡r♥❛t✐✈❡ ♠❡t❤♦❞✱ ❜❛s❡❞ ♦♥ t❤❡ r❡s✉❧ts ❞❡r✐✈❡❞ ✐♥ ❈❤❛♣t❡r ✷✱ ❢♦r

✜♥❞✐♥❣ ❛❝❝✉r❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ Qm(T) ♦❢ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧

s❝❛♥ st❛t✐st✐❝s ❣❡♥❡r❛t❡❞ ❜② ❛♥ ✐✳✐✳❞✳ s❡q✉❡♥❝❡✳ ❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ t❤✐s

❛♣♣r♦❛❝❤ ✐s t❤❛t✱ ❜❡s✐❞❡s t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛✱ ✐t ❛❧s♦ ♣r♦✈✐❞❡s s❤❛r♣ ❡rr♦r

❜♦✉♥❞s✳ ■t ✐s ❛❧s♦ ✐♠♣♦rt❛♥t t♦ ♠❡♥t✐♦♥ t❤❛t t❤❡ ♠❡t❤♦❞ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❢♦r ❛♥② ❞✐s✲

tr✐❜✉t✐♦♥✱ ❞✐s❝r❡t❡ ♦r ❝♦♥t✐♥✉♦✉s✱ ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Xs1,s2,...,sd ✳ ■♥ ❙❡❝t✐♦♥ ✸✳✺✱

✇❡ ✐♥❝❧✉❞❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts t♦ ❡♠♣❤❛s✐③❡ t❤✐s r❡♠❛r❦✳

❚❤✐s ❛♣♣r♦❛❝❤ ✐s ♥♦t ♥❡✇ ❛♥❞ ✇❛s s✉❝❝❡ss❢✉❧❧② ✉s❡❞ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❞✐str✐❜✉t✐♦♥

♦❢ s❝❛♥ st❛t✐st✐❝s✱ ❜♦t❤ ✐♥ ❞✐s❝r❡t❡ ❛♥❞ ❝♦♥t✐♥✉♦✉s ❝❛s❡s✱ ✐♥ ❛ s❡r✐❡s ♦❢ ❛rt✐❝❧❡s✿ ❢♦r

♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✐♥ ❬❍❛✐♠❛♥✱ ✷✵✵✵❪ ❛♥❞ ❬❍❛✐♠❛♥✱ ✷✵✵✼❪✱ ❢♦r t✇♦✲❞✐♠❡♥s✐♦♥❛❧

❝❛s❡ ✐♥ ❬❍❛✐♠❛♥ ❛♥❞ Pr❡❞❛✱ ✷✵✵✷❪ ❛♥❞ ❬❍❛✐♠❛♥ ❛♥❞ Pr❡❞❛✱ ✷✵✵✻❪ ❛♥❞ ❢♦r t❤❡ t❤r❡❡✲

❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✐♥ ❬❆♠➔r✐♦❛r❡✐ ❛♥❞ Pr❡❞❛✱ ✷✵✶✸❛❪✳

❈♦♥s✐❞❡r t❤❡ ❢r❛♠❡✇♦r❦ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶ ❛♥❞ ❧❡t t❤❡ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠

✈❛r✐❛❜❧❡s Xs1,s2,...,sd ❜❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ s♣❡❝✲

✐✜❡❞ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ ❦❡② ✐❞❡❛ ❜❡❤✐♥❞ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ✐s t♦ ❡①♣r❡ss

t❤❡ s❝❛♥ st❛t✐st✐❝ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Sm(T) ❛s ♠❛①✐♠✉♠ ♦❢ ❛ 1✲❞❡♣❡♥❞❡♥t st❛t✐♦♥✲

❛r② s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛♥❞ t♦ ❡♠♣❧♦② t❤❡ ❡st✐♠❛t❡ ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✷✳✾✱

❈❤❛♣t❡r ✷✳ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐❧❧ ❜❡ ❝❛rr✐❡❞ ♦✉t ✐♥ ❛ s❡r✐❡s ♦❢ st❡♣s✳

❆ss✉♠❡ t❤❛t Lj =
Tj

mj−1 ✱ j ∈ {1, 2, . . . , d}✱ ❛r❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ❛♥❞ ❞❡✜♥❡ ❢♦r ❡❛❝❤



✺✽ ❈❤❛♣t❡r ✸✳ ❙❝❛♥ st❛t✐st✐❝s ❛♥❞ ✶✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s

k1 ∈ {1, 2, . . . , L1 − 1} t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

Zk1 = max
(k1−1)(m1−1)+1≤i1≤k1(m1−1)

1≤ij≤(Lj−1)(mj−1)
j∈{2,...,d}

Yi1,i2,...,id . ✭✸✳✼✮

❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Zk1 ❞❡✜♥❡❞ ✐♥ ❊q✳✭✸✳✼✮ ❝♦rr❡s♣♦♥❞s✱ ✐♥ ❢❛❝t✱

t♦ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ♦✈❡r t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ r❡❝t❛♥❣✉❧❛r

str✐♣

[(k1 − 1)(m1 − 1), (k1 + 1)(m1 − 1)]× [0, T2]× · · · × [0, Td].

❲❡ ❝❧❛✐♠ t❤❛t t❤❡ s❡t ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s {Z1, . . . , ZL1−1} ❢♦r♠s ❛ 1✲❞❡♣❡♥❞❡♥t

st❛t✐♦♥❛r② s❡q✉❡♥❝❡ ❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✶ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✷✳ ■♥❞❡❡❞✱ ❢r♦♠

❊q✳✭✸✳✼✮ ✇❡ ♥♦t✐❝❡ t❤❛t ❢♦r k1 ≥ 1

σ(Z1, · · · , Zk1) ⊂ σ ({Xs1,s2,...,sd |1 ≤ s1 ≤ (k1 + 1)(m1 − 1), 1 ≤ sj ≤ Tj , j ≥ 2})

❛♥❞

σ(Zk1+2, · · · ) ⊂ σ ({Xs1,s2,...,sd |(k1 + 1)(m1 − 1) + 1 ≤ s1, 1 ≤ sj ≤ Tj , j ≥ 2}) .

❚❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ s❡q✉❡♥❝❡ Xs1,s2,...,sd ✐♠♣❧✐❡s t❤❛t t❤❡ σ✲✜❡❧❞s σ(· · · , Zk1)

❛♥❞ σ(Zk1+2, · · · ) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ s♦ t❤❡ 1✲❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ s❡t ♦❢ r❛♥❞♦♠ ✈❛r✐✲

❛❜❧❡s {Z1, . . . , ZL1−1} ✐s ✈❡r✐✜❡❞✳ ❚❤❡ st❛t✐♦♥❛r✐t② ✐s ✐♠♠❡❞✐❛t❡ s✐♥❝❡ t❤❡ r❛♥❞♦♠

✈❛r✐❛❜❧❡s Xs1,s2,...,sd ❛r❡ ❛❧s♦ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞✳

❋♦r ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣ ✭d = 3✮ t♦

❡①❡♠♣❧✐❢② ♦✉r ❛♣♣r♦❛❝❤✳ ■♥ ❋✐❣✉r❡ ✸✳✶ ✇❡ ✐❧❧✉str❛t❡ t❤❡ s❡q✉❡♥❝❡ (Zk1)
L1−1
k1=1 ✱ ❡♠♣❤❛✲

s✐③✐♥❣ ✐ts 1✲❞❡♣❡♥❞❡♥t str✉❝t✉r❡✳

◆♦t✐❝❡ t❤❛t ❢r♦♠ ❊q✳✭✸✳✼✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ✐♥

❊q✳✭✸✳✺✮ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t②

Sm(T) = max
1≤ij≤Tj−mj+1

j∈{1,2,...,d}

Yi1,i2,...,id

= max
1≤k1≤L1−1




max
(k1−1)(m1−1)+1≤i1≤k1(m1−1)

1≤ij≤(Lj−1)(mj−1)
j∈{2,...,d}

Yi1,i2,...,id




= max
1≤k1≤L1−1

Zk1 . ✭✸✳✽✮

❚❤❡ ❛❜♦✈❡ r❡❧❛t✐♦♥ s❤♦✇s t❤❛t t❤❡ s❝❛♥ st❛t✐st✐❝ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

t❤❡ ♠❛①✐♠✉♠ ♦❢ ❛ 1✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡ ❛♥❞ ❣✐✈❡s ✉s t❤❡ ♣r♦♣❡r s❡tt✐♥❣

❢♦r ❛♣♣❧②✐♥❣ t❤❡ ❡st✐♠❛t❡s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✳

❘❡❝❛❧❧ ❢r♦♠ ❈❤❛♣t❡r ✷ t❤❛t ❣✐✈❡♥ ❛ 1✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠

✈❛r✐❛❜❧❡s (Wk)k≥1✱ ✐❢ t❤❡ t❛✐❧ ❞✐str✐❜✉t✐♦♥ P(W1 > x) ✐s s♠❛❧❧ ❡♥♦✉❣❤✱ t❤❡♥ ✇❡ ❤❛✈❡

t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ✜rst m t❡r♠s✿
∣∣∣∣qm − 2q1 − q2

[1 + q1 − q2 + 2(q1 − q2)2]
m

∣∣∣∣ ≤ mF (q1,m)(1− q1)
2, ✭✸✳✾✮



✸✳✷✳ ▼❡t❤♦❞♦❧♦❣② ✺✾

T2 T3

T1

1

2(m1 − 1)

m1

3(m1 − 1)

2m1 − 1

4(m1 − 1)

Z3

Z2

Z1

m3m2

m1

❋✐❣✉r❡ ✸✳✶✿ ■❧❧✉str❛t✐♦♥ ♦❢ Zk1
✐♥ t❤❡ ❝❛s❡ ♦❢ d = 3✱ ❡♠♣❤❛s✐③✐♥❣ t❤❡ 1✲❞❡♣❡♥❞❡♥❝❡

✇❤❡r❡ qm = P (max{W1, . . . ,Wm} ≤ x)✱

F (q1,m) = 1 +
3

m
+

[
K(1− q1) +

Γ(1− q1)

m

]
(1− q1), ✭✸✳✶✵✮

❛♥❞ Γ(·) ❛♥❞ K(·) ❛r❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✻ ✭s❡❡ ❚❤❡♦r❡♠ ✷✳✷✳✾✮✳ ◆♦t✐❝❡ t❤❛t F (x, n)✱

❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡rr♦r ❝♦❡✣❝✐❡♥t ∆2(x, n)✱ ❞❡✜♥❡❞ ❜② ❊q✳✭✷✳✷✸✮✳

❉❡✜♥❡ ❢♦r t1 ∈ {2, 3}✱

Qt1 = Qt1(n) = P




t1−1⋂

k1=1

{Zk1 ≤ n}


 = P




max
1≤i1≤(t1−1)(m1−1)
1≤ij≤(Lj−1)(mj−1)

j∈{2,...,d}

Yi1,i2,...,id ≤ n




.

✭✸✳✶✶✮

■t ✐s ❝❧❡❛r t❤❛t Qt1 ❝♦✐♥❝✐❞❡s ✇✐t❤ Qm ((t1(m1 − 1), T2, . . . , Td))✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢

t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ♦✈❡r t❤❡ r❡❝t❛♥❣✉❧❛r r❡❣✐♦♥ [0, t1(m1−1)]× [0, T2]×
· · · × [0, Td] ✭s❡❡ ❛❧s♦ ❋✐❣✉r❡ ✸✳✶ ✇❤❡♥ d = 3✮✳

❋♦r n s✉❝❤ t❤❛t Q2(n) ≥ 0.9✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ r❡s✉❧t ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✾ ✭❡♥♦✉♥❝❡❞

❛❜♦✈❡✮ t♦ ♦❜t❛✐♥ t❤❡ ✜rst st❡♣ ❛♣♣r♦①✐♠❛t✐♦♥

∣∣∣∣∣Qm(T)− 2Q2 −Q3

[1 +Q2 −Q3 + 2(Q2 −Q3)2]
L1−1

∣∣∣∣∣ ≤ (L1 − 1)F (Q2, L1 − 1)(1−Q2)
2.

✭✸✳✶✷✮



✻✵ ❈❤❛♣t❡r ✸✳ ❙❝❛♥ st❛t✐st✐❝s ❛♥❞ ✶✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s

■♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ ❊q✳✭✸✳✶✷✮✱ ♦♥❡ ❤❛s t♦ ✜♥❞ s✉✐t❛❜❧❡ ❡st✐✲

♠❛t❡s ❢♦r t❤❡ q✉❛♥t✐t✐❡s Q2 ❛♥❞ Q3✳ ❚♦ s✐♠♣❧✐❢② t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ ✐♥

✇❤❛t ❢♦❧❧♦✇s ✇❡ ❛❜❜r❡✈✐❛t❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛ ❜②

H(x, y,m) =
2x− y

[1 + x− y + 2(x− y)2]m−1
. ✭✸✳✶✸✮

❚❤❡ s❡❝♦♥❞ st❡♣ ✐♥ ♦✉r ❛♣♣r♦①✐♠❛t✐♦♥ ❝♦♥s✐sts ✐♥ ❞❡✜♥✐♥❣ t✇♦ ♥❡✇ s❡q✉❡♥❝❡s ♦❢

1✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ s✉❝❤ t❤❛t ❡❛❝❤ Qt1 ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡q✉❡♥❝❡✳

❲❡ ❞❡✜♥❡✱ ❛s ✐♥ ❊q✳✭✸✳✼✮✱ ❢♦r t1 ∈ {2, 3} ❛♥❞ k2 ∈ {1, 2, . . . , L2 − 1} t❤❡ r❛♥❞♦♠

✈❛r✐❛❜❧❡s

Z
(t1)
k2

= max
1≤i1≤(t1−1)(m1−1)

(k2−1)(m2−1)+1≤i2≤k2(m2−1)
1≤ij≤(Lj−1)(mj−1)

j∈{3,...,d}

Yi1,i2,...,id . ✭✸✳✶✹✮

❖❜s❡r✈❡ t❤❛t t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Z
(t1)
k2

❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐s✲

t✐❝s ❛❝r♦ss t❤❡ ♦✈❡r❧❛♣♣✐♥❣ str✐♣s ♦❢ s✐③❡ t1(m1 − 1)× 2(m2 − 1)× T3 × · · · × Td

[0, t1(m1 − 1)]× [(k2 − 1)(m2 − 1), (k2 + 1)(m2 − 1)]× · · · × [0, Td].

❇❛s❡❞ ♦♥ s✐♠✐❧❛r ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ (Zk1)
L1−1
k1=1 ✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥ t❤❡

s❡ts {Z(t1)
1 , Z

(t1)
1 , . . . , Z

(t1)
L2−1} ❛r❡ 1✲❞❡♣❡♥❞❡♥t ❛♥❞ st❛t✐♦♥❛r②✳ ▼♦r❡♦✈❡r✱ ❢♦r ❡❛❝❤

t1 ∈ {2, 3} ✇❡ ❤❛✈❡

Qt1 = P

(
max

1≤k2≤L2−1
Z

(t1)
k2

≤ n

)
. ✭✸✳✶✺✮

❙❡t ❢♦r t1, t2 ∈ {2, 3}✱

Qt1,t2 = Qt1,t2(n) = P




t2−1⋂

k2=1

{Z(t1)
k2

≤ n}


 = P




max
1≤i1≤(t1−1)(m1−1)
1≤i2≤(t2−1)(m2−1)
1≤ij≤(Lj−1)(mj−1)

j∈{3,...,d}

Yi1,i2,...,id ≤ n




✭✸✳✶✻✮

❛♥❞ ♦❜s❡r✈❡ t❤❛t Qt1,t2 = Qm ((t1(m1 − 1), t2(m2 − 1), . . . , Td))✳

❲❤❡♥❡✈❡r n ✐s s✉❝❤ t❤❛t Qt1,2(n) ≥ 0.9✱ ✇❡ ❛r❡ ✐♥ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✾

❛♥❞ ❢♦r ❡❛❝❤ t1 ∈ {2, 3}✱ ✇❡ ❛♣♣r♦①✐♠❛t❡ Qt1 ✇✐t❤

|Qt1 −H (Qt1,2, Qt1,3, L2)| ≤ (L2 − 1)F (Qt1,2, L2 − 1)(1−Qt1,2)
2. ✭✸✳✶✼✮

❈♦♠❜✐♥✐♥❣ t❤❡ ❡st✐♠❛t❡ ✐♥ ❊q✳✭✸✳✶✷✮ ✇✐t❤ t❤❡ ♦♥❡s ✐♥ ❊q✳✭✸✳✶✼✮✱ ✇❡ ♦❜t❛✐♥ ❛♥ ❡①♣r❡s✲

s✐♦♥ ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ Qm(T) ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❢♦✉r ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s

Q2,2✱ Q3,2✱ Q2,3 ❛♥❞ Q3,3✳

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✱ t❤❡ ❛❜♦✈❡ ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ r❡♣❡❛t❡❞ ❢♦r

❛ ♥✉♠❜❡r ♦❢ st❡♣s ✭❛t ♠♦st d✮ t♦ ❣❡t s✐♠♣❧❡r t❡r♠s ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛✳ ■♥



✸✳✷✳ ▼❡t❤♦❞♦❧♦❣② ✻✶

❣❡♥❡r❛❧✱ ❛t t❤❡ s st❡♣✱ 1 ≤ s ≤ d✱ t❤❡ ♣r♦❜❧❡♠ ✐s t♦ ❛♣♣r♦①✐♠❛t❡ ❢♦r ❡❛❝❤ tj ∈ {2, 3}✱
j ∈ {1, . . . , s−1}✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ♦✈❡r

t❤❡ r❡❝t❛♥❣✉❧❛r r❡❣✐♦♥

[0, t1(m1 − 1)]× . . . [0, ts−1(ms−1 − 1)]× [0, Ts] · · · × [0, Td].

❲❡ ❛❞♦♣t t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥ ❢♦r t❤❡s❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s✿

Qt1,t2,...,ts−1 = Qt1,t2,...,ts−1(n) = P




max
1≤il≤(tl−1)(ml−1)

l∈{1,...,s−1}
1≤ij≤(Lj−1)(mj−1)

j∈{s,...,d}

Yi1,i2,...,id ≤ n




. ✭✸✳✶✽✮

❆s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ✜rst t✇♦ st❡♣s✱ t❤❡ ✐❞❡❛ ✐s t♦ ❞❡✜♥❡ ❢♦r ❡❛❝❤ ♣♦✐♥t (t1, . . . , ts−1) ∈
{2, 3}s−1 ❛ s❡t ♦❢ st❛t✐♦♥❛r② ❛♥❞ 1✲❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s s✉❝❤ t❤❛tQt1,t2,...,ts−1

❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠❛ ♦❢ t❤❡s❡ ✈❛r✐❛❜❧❡s✳ ❲❡ ✇✐❧❧ ❢♦❝✉s ♦♥

r❡❞✉❝✐♥❣ t❤❡ s✐③❡ ♦❢ t❤❡ s✲t❤ ❞✐♠❡♥s✐♦♥✳

❉❡✜♥❡ ❢♦r tl ∈ {2, 3}✱ l ∈ {1, . . . , s − 1} ❛♥❞ ks ∈ {1, 2, . . . , Ls − 1} t❤❡ r❛♥❞♦♠

✈❛r✐❛❜❧❡s

Z
(t1,t2,...,ts−1)
ks

= max
1≤il≤(tl−1)(ml−1)

l∈{1,2,...,s−1}
(ks−1)(ms−1)+1≤is≤ks(ms−1)

1≤ij≤(Lj−1)(mj−1)
j∈{s+1,...,d}

Yi1,i2,...,id . ✭✸✳✶✾✮

❇❛s❡❞ ♦♥ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ❢♦r t❤❡ ✜rst ❛♥❞ t❤❡ s❡❝♦♥❞ st❡♣✱ t❤❡ r❛♥❞♦♠

✈❛r✐❛❜❧❡s
{
Z

(t1,t2,...,ts−1)
1 , . . . , Z

(t1,t2,...,ts−1)
Ls−1

}
❢♦r♠ ❛ 1✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡

❛♥❞ ✈❡r✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥

Qt1,t2,...,ts−1 = P

(
max

1≤ks≤Ls−1
Z

(t1,t2,...,ts−1)
ks

≤ n

)
. ✭✸✳✷✵✮

❈❧❡❛r❧②✱ ❢r♦♠ ❊q✳✭✸✳✶✽✮ ❛♥❞ ❊q✳✭✸✳✶✾✮ ✇❡ ❤❛✈❡

Qt1,t2,...,ts = Qt1,t2,...,ts(n) = P




ts−1⋂

ks=1

{Z(t1,t2,...,ts−1)
ks

≤ n}


 . ✭✸✳✷✶✮

■❢ ✇❡ t❛❦❡ n s✉❝❤ t❤❛t Qt1,t2,...,ts−1,2(n) ≥ 0.9✱ t❤❛t ✐s ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✷✳✷✳✾✱

t❤❡♥ t❤❡ s st❡♣ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②
∣∣Qt1,...,ts−1 −H

(
Qt1,...,ts−1,2, Qt1,...,ts−1,3, Ls

)∣∣ ≤ (Ls − 1)F (Qt1,...,ts−1,2, Ls − 1)

× (1−Qt1,...,ts−1,2)
2. ✭✸✳✷✷✮

❙✉❜st✐t✉t✐♥❣ ❢♦r ❡❛❝❤ s ∈ {2, . . . , d}✱ t❤❡ ❊qs✳ ✭✸✳✷✶✮ ✐♥ ❊q✳ ✭✸✳✶✷✮✱ ✇❡ ❣❡t ❛♥ ❛♣♣r♦①✲

✐♠❛t✐♦♥ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ❞❡♣❡♥❞✐♥❣

♦♥ t❤❡ 2d q✉❛♥t✐t✐❡s Qt1,...,td ✱ t❤❛t ✇❡ ♣r♦♣♦s❡ t♦ ❜❡ ❡✈❛❧✉❛t❡❞ ❜② s✐♠✉❧❛t✐♦♥✳ ❚♦ ❣❡t

❛ ❜❡tt❡r ✜❧❧✐♥❣ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❝❡ss ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ ✇❡ ✐♥❝❧✉❞❡ ✐♥ ❋✐❣✳ ✸✳✷

❛ ❞✐❛❣r❛♠ t❤❛t ✐❧❧✉str❛t❡s t❤❡ st❡♣s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ Q2 ❢♦r t❤❡

t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s✳



✻✷ ❈❤❛♣t❡r ✸✳ ❙❝❛♥ st❛t✐st✐❝s ❛♥❞ ✶✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s

Q2

Q22

Q23

Q222 Q223 Q232 Q233

2(m1 − 1)

L2
L3

2(m1 − 1)

2(m2 − 1)
L3

2(m1 − 1)

3(m2 − 1)
L3

2(m1 − 1)

2(m2 − 1)
2(m3 − 1)

2(m1 − 1)

2(m2 − 1)
3(m3 − 1)

2(m1 − 1)

3(m2 − 1)
2(m3 − 1)

2(m1 − 1)

3(m2 − 1)
3(m3 − 1)

❋✐❣✉r❡ ✸✳✷✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ Q2 ✐♥ t❤r❡❡ ❞✐♠❡♥s✐♦♥s

❘❡♠❛r❦ ✸✳✷✳✶✳ ■❢ t❤❡r❡ ❛r❡ ✐♥❞✐❝❡s j ∈ {1, 2, . . . , d} s✉❝❤ t❤❛t Tj ❛r❡ ♥♦t ♠✉❧t✐♣❧❡s

♦❢ mj − 1✱ t❤❡♥ ✇❡ t❛❦❡ Lj =
⌊

Tj

mj−1

⌋
✳ ❇❛s❡❞ ♦♥ t❤❡ ✐♥❡q✉❛❧✐t✐❡s

P(Sm(M1) ≤ n) ≤ Qm(T) ≤ P(Sm(M2) ≤ n), ✭✸✳✷✸✮

✇✐t❤

M1 = ((L1 + 1)(m1 − 1), . . . , (Ld + 1)(md − 1)) ,

M2 = (L1(m1 − 1), . . . , Ld(md − 1)) ,

✇❡ ❝❛♥ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❛♥ st❛t✐st✐❝s Qm(T) ❜② t❤❡ ❢♦❧❧♦✇✐♥❣

♠✉❧t✐✲❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥ ♣r♦❝❡❞✉r❡✿

❙✉♣♣♦s❡ t❤❛t ✇❡ ❤❛✈❡ ❛ ❢✉♥❝t✐♦♥ y = f(x1, . . . , xd) ❛♥❞ ✇❡ ❛r❡ ❣✐✈❡♥ 2d ♣♦✐♥ts x1,s ≤
x2,s✱ s ∈ {1, . . . , d}✱ t❤❛t ❛r❡ t❤❡ ✈❡rt✐❝❡s ♦❢ ❛ r✐❣❤t r❡❝t❛♥❣✉❧❛r ♣♦❧②t♦♣❡✳ ❲❡ ❛❧s♦

❛ss✉♠❡ t❤❛t t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ✈❡rt✐❝❡s✱

vi1,...,id = f(xi1,1, . . . , xid,d), ij ∈ {1, 2}, j ∈ {1, . . . , d},

❛r❡ ❦♥♦✇♥✳ ●✐✈❡♥ ❛ ♣♦✐♥t (x̄1, . . . , x̄d) ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ ♣♦❧②t♦♣❡✱ ✇❡ ❝❛♥ ❛♣✲

♣r♦①✐♠❛t❡ t❤❡ ✈❛❧✉❡ ♦❢ v̄ = f(x̄1, . . . , x̄d) ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✿

v̄ =
∑

i1,...,id∈{1,2}
vi1,...,idVi1,...,id ,

✇❤❡r❡ t❤❡ ♥♦r♠❛❧✐③❡❞ ✈♦❧✉♠❡ Vi1,...,id ✐s ❣✐✈❡♥ ❜②

Vi1,...,id =
α(i1, 1) · · ·α(id, d)

(x2,1 − x1,1) · · · (x2,d − x1,d)
,



✸✳✸✳ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ s✐♠✉❧❛t✐♦♥ ❡rr♦rs ✻✸

❛♥❞

α(is, s) =

{
x2,s − x̄s ✱ ✐❢ is = 1

x̄s − x1,s ✱ ✐❢ is = 2✳

❖❜s❡r✈❡ t❤❛t ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ♦♥❡ ❞✐♠❡♥s✐♦♥ ✭d = 1✮✱ ✐❢ ✇❡ ❛r❡ ❣✐✈❡♥ x1 ≤
x̄ ≤ x2✱ y1 = f(x1) ❛♥❞ y2 = f(x2) t❤❡♥✱ ❢♦r ȳ = f(x̄)✱ t❤❡ ❢♦r❡❣♦✐♥❣ r❡❧❛t✐♦♥s

r❡❞✉❝❡s t♦

ȳ = y1
x2 − x̄

x2 − x1
+ y2

x̄− x1
x2 − x1

,

✇❤✐❝❤ ✐s ❡①❛❝t❧② t❤❡ ❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥ ❢♦r♠✉❧❛✳

✸✳✸ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ s✐♠✉❧❛t✐♦♥

❡rr♦rs

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❡rr♦rs r❡s✉❧t❡❞ ❢r♦♠ t❤❡ ❛♣♣r♦①✐✲

♠❛t✐♦♥ ♣r♦❝❡ss ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳ ❚♦ s❡❡ ❢r♦♠ ✇❤❡r❡ t❤❡ ❡rr♦rs ❛♣♣❡❛r✱ ✐t ✐s

❝♦♥✈❡♥✐❡♥t t♦ ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥s✳

▲❡t γt1,...,td = Qt1,...,td ✱ ✇✐t❤ tj ∈ {2, 3}✱ j ∈ {1, . . . , d}✱ ❛♥❞ ❞❡✜♥❡ ❢♦r 2 ≤ s ≤ d

γt1,...,ts−1 = H
(
γt1,...,ts−1,2, γt1,...,ts−1,3, Ls

)
. ✭✸✳✷✹✮

❙✐♥❝❡ t❤❡r❡ ❛r❡ ♥♦ ❡①❛❝t ❢♦r♠✉❧❛s ❛✈❛✐❧❛❜❧❡ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ Qt1,...,td ❢♦r d ≥ 2✱

t❤❡s❡ q✉❛♥t✐t✐❡s ✇✐❧❧ ❜❡ ❡st✐♠❛t❡❞ ❜② ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥✳ ❉❡♥♦t❡ ✇✐t❤ Q̂t1,...,td

t❤❡ ❡st✐♠❛t❡❞ ✈❛❧✉❡ ♦❢ Qt1,...,td ❛♥❞ ❞❡✜♥❡ ❢♦r 2 ≤ s ≤ d

Q̂t1,...,ts−1 = H
(
Q̂t1,...,ts−1,2, Q̂t1,...,ts−1,3, Ls

)
, ✭✸✳✷✺✮

t❤❡ ❡st✐♠❛t❡❞ ✈❛❧✉❡ ♦❢ Qt1,...,ts−1 ✳

❖✉r ❣♦❛❧ ✐s t♦ ❛♣♣r♦①✐♠❛t❡ Qm(T) ✇✐t❤ H
(
Q̂2, Q̂3, L1

)
❛♥❞ t♦ ✜♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✲

✐♥❣ ❡rr♦r ❜♦✉♥❞s✳ ❲❡ ♦❜s❡r✈❡ t❤❛t

∣∣∣Qm(T)−H
(
Q̂2, Q̂3, L1

)∣∣∣ ≤ |Qm(T)−H (γ2, γ3, L1)|

+
∣∣∣H (γ2, γ3, L1)−H

(
Q̂2, Q̂3, L1

)∣∣∣ , ✭✸✳✷✻✮

✇❤✐❝❤ s❤♦✇s t❤❛t t❤❡ ❡rr♦r ❜♦✉♥❞ ❤❛s t✇♦ ❝♦♠♣♦♥❡♥ts✿ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r

r❡s✉❧t❡❞ ❢r♦♠ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❊q✳✭✸✳✷✻✮ ❛♥❞ ❛ s✐♠✉❧❛t✐♦♥

❡rr♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s❡❝♦♥❞ t❡r♠ ✭t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡

❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛✮✳ ◆♦t✐❝❡ ❛❧s♦ t❤❛t t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ✐s ♦❢ ❛ t❤❡♦r❡t✐❝❛❧

✐♥t❡r❡st s✐♥❝❡ ✐t ✐♥✈♦❧✈❡s ♦♥❧② t❤❡ tr✉❡ ✈❛❧✉❡s ♦❢ t❤❡ q✉❛♥t✐t✐❡s Qt1,...,td ✳ ❉✉❡ t♦ t❤❡

s✐♠✉❧❛t✐♦♥ ♥❛t✉r❡ ♦❢ t❤❡ ♣r♦❜❧❡♠✱ t❤✐s ❡rr♦r ✐s ❛❧s♦ ❜♦✉♥❞❡❞ ❜② ✇❤❛t ✇❡ ❝❛❧❧✿ t❤❡

s✐♠✉❧❛t✐♦♥ ❡rr♦r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r✳



✻✹ ❈❤❛♣t❡r ✸✳ ❙❝❛♥ st❛t✐st✐❝s ❛♥❞ ✶✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s

✸✳✸✳✶ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r

❚♦ s✐♠♣❧✐❢② t❤❡ ♣r❡s❡♥t❛t✐♦♥ ❛♥❞ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ❢♦r♠✉❧❛✱

✇❡ ❞❡✜♥❡ ❢♦r 2 ≤ s ≤ d✱

Ft1,...,ts−1 = F
(
Qt1,...,ts−1,2, Ls − 1

)
✭✸✳✷✼✮

❛♥❞ F = F (Q2, L1 − 1)✳

■♥ ♣r❛❝t✐❝❡✱ s✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥ F (q,m) ❞❡✜♥❡❞ ❜② ❊q✳✭✸✳✶✵✮ ✐s s❧♦✇❧② ❞❡❝r❡❛s✐♥❣ ✐♥

q✱ t❤❡ ✈❛❧✉❡s Ft1,...,ts−1 ✇✐❧❧ ❜❡ ❝♦♠♣✉t❡❞ ❜② F
(
Q̂t1,...,ts−1,2, Ls − 1

)
✱ ❛♥❞ ✇❡ tr❡❛t

t❤❡♠ ❛s ❦♥♦✇♥ ✈❛❧✉❡s ✐♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♣r♦❝❡ss✳ ❘✐❣♦r♦✉s❧②✱ t❤❡s❡ q✉❛♥t✐t✐❡s ❝❛♥

❜❡ ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② F
(
Q̂t1,...,ts−1,2 − εsim, Ls − 1

)
✱ ✇❤❡r❡ εsim ✐s t❤❡ s✐♠✉❧❛t✐♦♥

❡rr♦r t❤❛t ❝♦rr❡s♣♦♥❞s t♦ Q̂t1,...,ts−1,2✳

❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ✜♥❞ ❛♥ ❡rr♦r ❜♦✉♥❞ ❢♦r t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞

s✐❞❡ ♦❢ ❊q✳✭✸✳✷✻✮✱ ♥❛♠❡❧② ❢♦r t❤❡ ❞✐✛❡r❡♥❝❡

|Qm(T)−H (γ2, γ3, L1)| .
❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✭❛ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❇✮✿

▲❡♠♠❛ ✸✳✸✳✶✳ ▲❡t H(x, y,m) = 2x−y
[1+x−y+2(x−y)2]m−1 ✳ ■❢ yi ≤ xi✱ i ∈ {1, 2}✱ t❤❡♥✿

|H(x1, y1,m)−H(x2, y2,m)| ≤
{

(m− 1) [|x1 − x2|+ |y1 − y2|] , 3 ≤ m ≤ 5

(m− 2) [|x1 − x2|+ |y1 − y2|] , m ≥ 6✳
✭✸✳✷✽✮

❍❡r❡✐♥❛❢t❡r✱ ✇❡ ❡♠♣❧♦② t❤❡ r❡s✉❧t ❢r♦♠ ▲❡♠♠❛ ✸✳✸✳✶ ✭✜rst ❜r❛♥❝❤✮ ✇✐t❤♦✉t r❡str✐❝✲

t✐♦♥s ✇❤❡♥❡✈❡r ✐s ♥❡❝❡ss❛r②✳ ❚❤✐s ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ❝♦♥s✐❞✲

❡r❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✺✳ ❲❡ ❜❡❣✐♥ ❜② ♦❜s❡r✈✐♥❣ t❤❛t

|Qm(T)−H (γ2, γ3, L1)| ≤ |Qm(T)−H (Q2, Q3, L1)|
+ |H (Q2, Q3, L1)−H (γ2, γ3, L1)|
≤ (L1 − 1)F (1−Q2)

2 + (L1 − 1)
∑

t1∈{2,3}
|Qt1 − γt1 |.

✭✸✳✷✾✮

❙✐♠✐❧❛r❧②✱ |Qt1 − γt1 | ❢♦r t1 ∈ {2, 3} ✐s ❜♦✉♥❞❡❞ ❜②

|Qt1 − γt1 | ≤ |Qt1 −H (Qt1,2, Qt1,3, L2)|+ |H (Qt1,2, Qt1,3, L2)−H (γt1,2, γt1,3, L2)|
≤ (L2 − 1)Ft1 (1−Qt1,2)

2 + (L2 − 1)
∑

t2∈{2,3}
|Qt1,t2 − γt1,t2 |. ✭✸✳✸✵✮

❈♦♥t✐♥✉✐♥❣ t❤✐s ♣r♦❝❡ss✱ ❛t t❤❡ s st❡♣✱ ✇✐t❤ 2 ≤ s ≤ d✱ ✇❡ ❤❛✈❡
∣∣Qt1,...,ts−1 −γt1,...,ts−1

∣∣ ≤
∣∣Qt1,...,ts−1 −H

(
Qt1,...,ts−1,2, Qt1,...,ts−1,3, Ls

)∣∣
+
∣∣H
(
Qt1,...,ts−1,2, Qt1,...,ts−1,3, Ls

)
−H

(
γt1,...,ts−1,2, γt1,...,ts−1,3, Ls

)∣∣

≤ (Ls − 1)


Ft1,...,ts−1

(
1−Qt1,...,ts−1,2

)2
+

∑

ts∈{2,3}
|Qt1,...,ts − γt1,...,ts |


 .

✭✸✳✸✶✮



✸✳✸✳ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ s✐♠✉❧❛t✐♦♥ ❡rr♦rs ✻✺

❙✉❜st✐t✉t✐♥❣ ❛t ❡❛❝❤ st❡♣ s ∈ {2, . . . , d}✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❊q✳✭✸✳✸✶✮ ✐♥t♦ ❊q✳✭✸✳✷✾✮✱

✇❡ ♦❜t❛✐♥

|Qm(T)−H (γ2, γ3, L1)| ≤
d∑

s=1

(L1 − 1) · · · (Ls − 1)

×
∑

t1,...,ts−1∈{2,3}
Ft1,...,ts−1

(
1−Qt1,...,ts−1,2

)2
, ✭✸✳✸✷✮

✇❤❡r❡ ✇❡ ❛❞♦♣t t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t
∑

t1,t0∈{2,3}
x = x✱ Ft1,t0 = F ❛♥❞ Qt1,t0,2 = Q2✱

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ s✉♠ ✐s (L1 − 1)F (1−Q2)
2✳

❚♦ ❡①♣r❡ss t❤❡ ❜♦✉♥❞ ✐♥ ❊q✳✭✸✳✸✷✮ ♦♥❧② ✐♥ t❡r♠s ♦❢ γt1,...,ts ✱ ✇✐t❤ 1 ≤ s ≤ d✱ ✇❡

✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛❜❧❡s✳

▲❡t Bt1...,td = 0✱

Bt1...,td−1
= (Ld − 1)Ft1,...,td−1

(
1−Qt1,...,td−1,2

)2

= (Ld − 1)Ft1,...,td−1

(
1− γt1,...,td−1,2 +Bt1...,td−1,2

)2
✭✸✳✸✸✮

❛♥❞ ❢♦r 2 ≤ s ≤ d− 1 ❞❡✜♥❡

Bt1...,ts−1 = (Ls − 1)


Ft1,...,ts−1

(
1− γt1,...,ts−1,2 +Bt1...,ts−1,2

)2
+

∑

ts∈{2,3}
Bt1...,ts


 .

✭✸✳✸✹✮

■t ❝❛♥ ❜❡ ❡❛s✐❧② ✈❡r✐✜❡❞ t❤❛t

|Qt1,...,td − γt1,...,td | = 0 ≤ Bt1...,td ✭✸✳✸✺✮

❛♥❞ ∣∣Qt1,...,td−1
− γt1,...,td−1

∣∣ ≤ Bt1...,td−1
, ✭✸✳✸✻✮

❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Bt1...,td ❛♥❞ Bt1...,td−1
✳

❙✐♥❝❡

1−Qt1,...,td−1
≤ 1− γt1,...,td−1

+
∣∣Qt1,...,td−1

− γt1,...,td−1

∣∣ , ✭✸✳✸✼✮

✇❡ ❞❡❞✉❝❡✱ ❜② s✉❜st✐t✉t✐♥❣ ❊q✳✭✸✳✸✻✮ ❛♥❞ ❊q✳✭✸✳✸✼✮ ✐♥t♦ ❊q✳✭✸✳✸✶✮ ❛♥❞ ❢r♦♠ t❤❡

r❡❝✉rr❡♥❝❡ ❣✐✈❡♥ ✐♥ ❊q✳✭✸✳✸✹✮✱ t❤❛t

∣∣Qt1,...,td−2
− γt1,...,td−2

∣∣ ≤ (Ld−1 − 1)
[
Ft1,...,td−2

(
1− γt1,...,td−2,2 +Bt1...,td−2,2

)2

+
∑

td−1∈{2,3}
Bt1,...,td−1


 = Bt1,...,td−2

. ✭✸✳✸✽✮

❯s✐♥❣ ♠❛t❤❡♠❛t✐❝❛❧ ✐♥❞✉❝t✐♦♥ ❛♥❞ ♥♦t✐❝✐♥❣ t❤❛t t❤❡ r❡❧❛t✐♦♥ ✐♥ ❊q✳✭✸✳✸✼✮ r❡♠❛✐♥s

✈❛❧✐❞ ❢♦r 2 ≤ s ≤ d✱ ✇❡ ❝❛♥ ✈❡r✐❢② t❤❛t

|Qt1,...,ts − γt1,...,ts | ≤ Bt1,...,ts , s ∈ {1, . . . , d}. ✭✸✳✸✾✮



✻✻ ❈❤❛♣t❡r ✸✳ ❙❝❛♥ st❛t✐st✐❝s ❛♥❞ ✶✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s

❆ s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥✱ s✐♠✐❧❛r ✇✐t❤ t❤❡ ♦♥❡ ✉s❡❞ t♦ ♦❜t❛✐♥ ❊q✳✭✸✳✸✷✮✱ ❧❡❛❞ ✉s t♦

Bt1,...,ts−1 =
d∑

h=s

(Ls − 1) · · · (Lh − 1)

×
∑

ts,...,th−1∈{2,3}
Ft1,...,th−1

(
1− γt1,...,th−1,2 +Bt1,...,th−1,2

)2
, ✭✸✳✹✵✮

❢♦r 2 ≤ s ≤ d ❛♥❞ ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥✿
∑

ts,ts−1∈{2,3}
x = x✳

❙✉❜st✐t✉t✐♥❣ ❊qs✳✭✸✳✸✼✮ ❛♥❞ ✭✸✳✸✾✮ ✐♥ ❊qs✳✭✸✳✸✷✮✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ t❤❡✲

♦r❡t✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r

Eapp(d) =

d∑

s=1

(L1 − 1)· · · (Ls − 1)

×
∑

t1,...,ts−1∈{2,3}
Ft1,...,ts−1

(
1− γt1,...,ts−1,2 +Bt1,...,ts−1,2

)2
,

✭✸✳✹✶✮

✇❤❡r❡ ❢♦r s = 1✿
∑

t1,t0∈{2,3}
x = x✱ Ft1,t0 = F ✱ γt1,t0,2 = γ2 ❛♥❞ Bt1,t0,2 = B2✳

✸✳✸✳✷ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦rs

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦rs t❤❛t ❛♣♣❡❛r

✐♥ ♦✉r ❛♣♣r♦①✐♠❛t✐♦♥✳ ❲❡ ❡♠♣❧♦② t❤❡ ♥♦t❛t✐♦♥s ✐♥tr♦❞✉❝❡❞ ✐♥ ❊q✳✭✸✳✷✺✮ ❢♦r t❤❡

s✐♠✉❧❛t❡❞ ✈❛❧✉❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ Qt1,...,ts ❢♦r s ∈ {1, . . . , d} ❛♥❞ tj ∈ {2, 3}✱ j ∈
{1, . . . , d}✳ ❆s ✇❡ r❡♠❛r❦❡❞ ❜❡❢♦r❡✱ t❤❡r❡ ❛r❡ t✇♦ s✐♠✉❧❛t✐♦♥ ❡rr♦rs r❡s✉❧t✐♥❣ ❢r♦♠

t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❝❡ss✿ t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥

❢♦r♠✉❧❛ ✭❜♦✉♥❞✐♥❣ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❊q✳✭✸✳✷✹✮✮ ❛♥❞ t❤❡

s✐♠✉❧❛t✐♦♥ ❡rr♦r ❞✉❡ t♦ t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ✭Eapp(d)✮✳ ❲❡ tr❡❛t

t❤❡s❡ ❡rr♦rs s❡♣❛r❛t❡❧②✳

❙✉♣♣♦s❡ t❤❛t ✇❡ ❤❛✈❡ ❛ s✐♠✉❧❛t✐♦♥ ♠❡t❤♦❞ t♦ ❡st✐♠❛t❡ t❤❡ ✈❛❧✉❡s ♦❢ Qt1,...,td ✳ ❚❤❡♥✱

❜❡t✇❡❡♥ t❤❡ tr✉❡ ❛♥❞ t❤❡ ❡st✐♠❛t❡❞ ✈❛❧✉❡s✱ ♦♥❡ ❝❛♥ ❛❧✇❛②s ✜♥❞ ❛ r❡❧❛t✐♦♥ ♦❢ t❤❡

❢♦r♠ ∣∣∣Qt1,...,td − Q̂t1,...,td

∣∣∣ ≤ βt1,...,td , tj ∈ {2, 3}, j ∈ {1, . . . , d}. ✭✸✳✹✷✮

■❢✱ ❢♦r ❡①❛♠♣❧❡✱ ITER ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✉s❡❞ ✐♥ t❤❡ ▼♦♥t❡ ❈❛r❧♦ s✐♠✲

✉❧❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ Qt1,...,td ✱ t❤❡♥ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ♥❛✐✈❡

❜♦✉♥❞ ♣r♦✈✐❞❡❞ ❜② t❤❡ ❈❡♥tr❛❧ ▲✐♠✐t ❚❤❡♦r❡♠ ✇✐t❤ ❛ 95% ❝♦♥✜❞❡♥❝❡ ❧❡✈❡❧ ✭s❡❡

❬❋✐s❤♠❛♥✱ ✶✾✾✻❪✮

βt1,...,td = 1.96

√
Q̂t1,...,td(1− Q̂t1,...,td)

ITER
. ✭✸✳✹✸✮

❲❡ ❛ss✉♠❡ ✐♥ s✉❜s❡q✉❡♥t t❤❛t t❤❡s❡ ✈❛❧✉❡s ❛r❡ ❦♥♦✇♥✳ ❚♦ ✜♥❞ t❤❡ s✐♠✉❧❛t✐♦♥

❡rr♦r t❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛✱ ✇❡ ♦❜s❡r✈❡ t❤❛t✱ ❜② ❛♣♣❧②✐♥❣



✸✳✸✳ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ s✐♠✉❧❛t✐♦♥ ❡rr♦rs ✻✼

s✉❝❝❡ss✐✈❡❧② ▲❡♠♠❛ ✸✳✸✳✶ t♦ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ ❊q✳ ✭✸✳✸✵✮✱ ✇❡ ❣❡t

|H (γ2, γ3, L1) − H
(
Q̂2, Q̂3, L1

)∣∣∣ ≤ (L1 − 1)
∑

t1∈{2,3}

∣∣∣γt1 − Q̂t1

∣∣∣

= (L1 − 1)
∑

t1∈{2,3}

∣∣∣H (γt1,2, γt1,3, L2)−H
(
Q̂t1,2, Q̂t1,3, L2

)∣∣∣

≤ (L1 − 1)(L2 − 1)
∑

t1,t2∈{2,3}

∣∣∣γt1,t2 − Q̂t1,t2

∣∣∣

✳✳✳

≤ (L1 − 1) . . . (Ld−1 − 1)
∑

t1,...,td−1∈{2,3}

∣∣∣γt1,...,td−1
− Q̂t1,...,td−1

∣∣∣

≤ (L1 − 1) . . . (Ld − 1)
∑

t1,...,td∈{2,3}

∣∣∣Qt1,...,td − Q̂t1,...,td

∣∣∣. ✭✸✳✹✹✮

❈♦♠❜✐♥✐♥❣ ❊q✳✭✸✳✹✷✮ ❛♥❞ ❊q✳✭✸✳✹✹✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤

t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛

Esf (d) = (L1 − 1) . . . (Ld − 1)
∑

t1,...,td∈{2,3}
βt1,...,td . ✭✸✳✹✺✮

❆s ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ s❡❝t✐♦♥✱ t❤✐s s✐♠✉❧❛t✐♦♥ ❡rr♦r ❤❛s t❤❡ ❧❛r❣❡st ❝♦♥tr✐✲

❜✉t✐♦♥ t♦ t❤❡ t♦t❛❧ ❡rr♦r✳

■♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ❜♦✉♥❞

❣✐✈❡♥ ❜② ❊q✳✭✸✳✹✶✮✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥s✳ ❙❡t At1,...,td = βt1,...,td ❛♥❞

t❛❦❡ ❢♦r 2 ≤ s ≤ d

At1,...,ts−1 = (Ls − 1) . . . (Ld − 1)
∑

ts,...,td∈{2,3}
βt1,...,td . ✭✸✳✹✻✮

❇❛s❡❞ ♦♥ s✐♠✐❧❛r ❛r❣✉♠❡♥ts ❛s ❢♦r ♦❜t❛✐♥✐♥❣ ❊q✳✭✸✳✹✹✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

∣∣∣Q̂t1,...,ts − γt1,...,ts

∣∣∣ ≤ At1,...,ts , s ∈ {1, . . . , d}. ✭✸✳✹✼✮

▲❡t Ct1...,td = 0 ❛♥❞ ❢♦r 2 ≤ s ≤ d✱ ❞❡✜♥❡

Ct1...,ts−1 = (Ls − 1)
[
Ft1,...,ts−1

(
1− Q̂t1,...,ts−1,2 +At1...,ts−1,2 +Ct1...,ts−1,2

)2

+
∑

ts∈{2,3}
Ct1...,ts


 .

✭✸✳✹✽✮

❲❡ ♦❜s❡r✈❡ t❤❛t r❡♣❧❛❝✐♥❣ s = d ✐♥ ❊q✳✭✸✳✹✽✮

Ct1...,td−1
= (Ld − 1)Ft1,...,td−1

(
1− Q̂t1,...,td−1,2 + βt1...,td−1,2

)2
, ✭✸✳✹✾✮



✻✽ ❈❤❛♣t❡r ✸✳ ❙❝❛♥ st❛t✐st✐❝s ❛♥❞ ✶✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s

s✐♥❝❡ Ct1...,td = 0 ❛♥❞ At1...,td−1,2 = βt1...,ts−1,2✳

❆s ✐♥ ❊q✳✭✸✳✸✼✮✱

1− γt1,...,td−1
≤ 1− Q̂t1,...,td−1

+
∣∣∣Q̂t1,...,td−1

− γt1,...,td−1

∣∣∣ , ✭✸✳✺✵✮

s♦ ♦♥❡ ❝❛♥ ❞❡❞✉❝❡ ❢r♦♠ ❊qs✳✭✸✳✸✸✮ ❛♥❞ ✭✸✳✹✾✮✱ t❤❛t

Bt1...,td−1
≤ Ct1...,td−1

. ✭✸✳✺✶✮

❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Bt1...,ts−1 ❛♥❞ Ct1...,ts−1 ✐♥ ❊q✳✭✸✳✸✹✮ ❛♥❞ ❊q✳✭✸✳✹✽✮ r❡s♣❡❝t✐✈❡❧②✱

✇❡ ❝♦♥❝❧✉❞❡✱ ✉s✐♥❣ ♠❛t❤❡♠❛t✐❝❛❧ ✐♥❞✉❝t✐♦♥✱ t❤❛t

Bt1...,ts−1 ≤ Ct1...,ts−1 , s ∈ {2, . . . , d}. ✭✸✳✺✷✮

❈❧❡❛r❧②✱ ❢r♦♠ ❊qs✳✭✸✳✺✵✮✱ ✭✸✳✹✼✮ ❛♥❞ ✭✸✳✺✷✮✱ ✇❡ ❤❛✈❡

1− γt1,...,ts−1 +Bt1,...,ts−1 ≤ 1− Q̂t1,...,ts−1 +At1,...,ts−1 + Ct1,...,ts−1 ✭✸✳✺✸✮

❛♥❞ t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ❢♦❧❧♦✇s ❢r♦♠

❊q✳✭✸✳✺✶✮ ❛♥❞ t❤❡ ❢♦r❡❣♦✐♥❣ ❡q✉❛t✐♦♥

Esapp(d) =
d∑

s=1

(L1 − 1) · · · (Ls − 1)
∑

t1,...,ts−1∈{2,3}
Ft1,...,ts−1

(
1− Q̂t1,...,ts−1,2

+At1,...,ts−1,2 + Ct1,...,ts−1,2

)2
,

✭✸✳✺✹✮

✇❤❡r❡ ❢♦r s = 1✿
∑

t1,t0∈{2,3}
x = x✱ Ft1,t0 = F ✱ Q̂t1,t0,2 = Q̂2✱ At1,t0,2 = A2 ❛♥❞

Ct1,t0,2 = C2✳

❚❤❡ t♦t❛❧ ❡rr♦r ✐s ♦❜t❛✐♥❡❞ ❜② ❛❞❞✐♥❣ t❤❡ t✇♦ s✐♠✉❧❛t✐♦♥ ❡rr♦r t❡r♠s ❢r♦♠ ❊q✳✭✸✳✹✺✮

❛♥❞ ❊q✳✭✸✳✺✹✮

Etotal(d) = Esf (d) + Esapp(d). ✭✸✳✺✺✮

❚♦ ❡✣❝✐❡♥t❧② ❡✈❛❧✉❛t❡ ❊q✳✭✸✳✺✺✮✱ ♦♥❡ ♥❡❡❞s t♦ ✜♥❞ s✉✐t❛❜❧❡ ✈❛❧✉❡s ❢♦r t❤❡ ❡rr♦r

❜♦✉♥❞s βt1,...,td ✳ ❚❤❡ ❜♦✉♥❞s ❢r♦♠ ❊q✳✭✸✳✹✸✮✱ ♣r♦✈✐❞❡❞ ❜② t❤❡ ❈❡♥tr❛❧ ▲✐♠✐t ❚❤❡♦✲

r❡♠✱ ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ✐♥ ❬❍❛✐♠❛♥ ❛♥❞ Pr❡❞❛✱ ✷✵✵✻❪ ❢♦r t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳ ❆s

t❤❡ ❛✉t❤♦rs ♣♦✐♥t❡❞ ♦✉t✱ t❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ t♦t❛❧ ❡rr♦r ✐s ❞✉❡ t♦ t❤❡ s✐♠✉✲

❧❛t✐♦♥ ❡rr♦r Esf (d)✱ ❡s♣❡❝✐❛❧❧② ❢♦r s♠❛❧❧ s✐③❡s ♦❢ t❤❡ ✇✐♥❞♦✇ s❝❛♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡

s❝❛♥♥✐♥❣ r❡❣✐♦♥✳ ❖✉r ♥✉♠❡r✐❝❛❧ st✉❞② s❤♦✇s t❤❛t t❤❡s❡ ❡rr♦r ❜♦✉♥❞s ❛r❡ ♥♦t ❢❡❛s✐❜❧❡

❢♦r t❤❡ s❝❛♥ ♣r♦❜❧❡♠ ✐♥ ♠♦r❡ t❤❛♥ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✱ t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦r ❛ss♦❝✐❛t❡❞

✇✐t❤ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛ Esf (d) ❜❡✐♥❣ t♦♦ ❧❛r❣❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦t❤❡r

❡rr♦r Esapp(d)✳ ❚❤✉s✱ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ Q̂t1,...,td ✱ ✇❡ ✉s❡ ❛♥ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣

t❡❝❤♥✐q✉❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬◆❛✐♠❛♥ ❛♥❞ ❲②♥♥✱ ✶✾✾✼❪✳ ◆❡①t s❡❝t✐♦♥ ✐❧❧✉str❛t❡s ❤♦✇ t♦

❛❞❛♣t t❤✐s s✐♠✉❧❛t✐♦♥ ♠❡t❤♦❞ t♦ ♦✉r ♣r♦❜❧❡♠✳



✸✳✹✳ ❙✐♠✉❧❛t✐♦♥ ✉s✐♥❣ ■♠♣♦rt❛♥❝❡ ❙❛♠♣❧✐♥❣ ✻✾

✸✳✹ ❙✐♠✉❧❛t✐♦♥ ✉s✐♥❣ ■♠♣♦rt❛♥❝❡ ❙❛♠♣❧✐♥❣

❯s✉❛❧❧②✱ t❤❡ s❝❛♥ st❛t✐st✐❝✲❜❛s❡❞ t❡sts ❛r❡ ❡♠♣❧♦②❡❞ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❞❡t❡❝✲

t✐♦♥ ♦❢ ❛♥ ✉♥✉s✉❛❧❧② ❧❛r❣❡ ❝❧✉st❡r ♦❢ ❡✈❡♥ts ✭❢♦r ❡①❛♠♣❧❡ ❞❡t❡❝t✐♦♥ ♦❢ ❛ ❜✐♦t❡rr♦r✐st

❛tt❛❝❦✱ ❜r❛✐♥ t✉♠♦r✱ ♠✐♥❡✜❡❧❞ r❡❝♦♥♥❛✐ss❛♥❝❡ ❡t❝✳✮✳ ◆♦r♠❛❧❧②✱ ✐♥ s✉❝❤ ♣r♦❜❧❡♠s✱

t❤❡ ♣r❛❝t✐t✐♦♥❡r ✇❛♥ts t♦ ✜♥❞ p ✈❛❧✉❡s t❤❛t ✐♥✈♦❧✈❡ s♠❛❧❧ t❛✐❧ ♣r♦❜❛❜✐❧✐t✐❡s ✭s♠❛❧❧❡r

t❤❛♥ 0.1✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣r♦❜❧❡♠ ✐s t♦ ❡st✐♠❛t❡ t❤❡ ❤✐❣❤ ♦r❞❡r q✉❛♥t✐❧❡s ♦❢ t❤❡

d✲❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s✳ ❚♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ♣r♦♣♦s❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥

❞❡✈❡❧♦♣❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳ ❚♦ ❝❤❡❝❦ t❤❡ ❛❝❝✉r❛❝② ♦❢ ♦✉r ♣r♦♣♦s❡❞ ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇❡

♥❡❡❞ t♦ ✜♥❞ ❛ s✉✐t❛❜❧❡ ♠❡t❤♦❞ t♦ ❡st✐♠❛t❡ t❤❡ q✉❛♥t✐t✐❡s ✐♥✈♦❧✈❡❞ ✐♥ ♦✉r ❢♦r♠✉❧❛✱

♥❛♠❡❧② t♦ ❡st✐♠❛t❡ Qt1,...,td ✱ tj ∈ {2, 3} ❛♥❞ j ∈ {1, . . . , d}✳ ❋♦r ❝♦♠♣❛r✐s♦♥ r❡❛s♦♥s✱

✇❡ ❛❧s♦ ✇❛♥t t♦ ✜♥❞ ❛♥ ❛❧t❡r♥❛t✐✈❡ ♠❡t❤♦❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ s❝❛♥ st❛t✐st✐❝s ♦✈❡r t❤❡

✇❤♦❧❡ r❡❣✐♦♥✳

❆ ❞✐r❡❝t ❛♣♣r♦❛❝❤ t♦ t❤✐s ♣r♦❜❧❡♠ ✐s t♦ ✉s❡ t❤❡ ♥❛✐✈❡ ❤✐t✲♦r✲♠✐ss ▼♦♥t❡ ❈❛r❧♦✱

❛s ❞❡s❝r✐❜❡❞ ❜❡❧❧♦✇✳ ▲❡t X(i) =
{
X

(i)
s1,s2,...,sd , sj ∈ {1, . . . , Tj}, j ∈ {1, . . . , d}

}
✱ ✇✐t❤

1 ≤ i ≤ ITER✱ ❜❡ ITER ✐♥❞❡♣❡♥❞❡♥t r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ r❛♥❞♦♠ ✜❡❧❞

✭✉♥❞❡r t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s✮✳ ❋♦r ❡❛❝❤ r❡❛❧✐③❛t✐♦♥✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧

s❝❛♥ st❛t✐st✐❝s S
(i)
m (T) ❛♥❞ ✇❡ ❞❡✜♥❡

p̂MC =
1

ITER

ITER∑

i=1

1{
S
(i)
m (T)≥τ

} ✭✸✳✺✻✮

❛♥❞

ŝ.e.MC =

√
p̂MC(1− p̂MC)

ITER
, ✭✸✳✺✼✮

t❤❡ ✉♥❜✐❛s❡❞ ❞✐r❡❝t ▼♦♥t❡ ❈❛r❧♦ ❡st✐♠❛t❡ ♦❢ p = P (Sm(T) ≥ τ) ❛♥❞ ✐ts ❝♦♥s✐st❡♥t

st❛♥❞❛r❞ ❡rr♦r ❡st✐♠❛t❡✳ ❆s ✇❡ ✇✐❧❧ s❡❡ ❢r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✱ t❤✐s ❛♣♣r♦❛❝❤

✐s ❝♦♠♣✉t❛t✐♦♥❛❧❧② ✐♥t❡♥s✐✈❡ s✐♥❝❡ ❥✉st ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛t❡❞ ♦❜s❡r✈❛t✐♦♥s ✇✐❧❧

❝❛✉s❡ ❛ r❡❥❡❝t✐♦♥ ❛♥❞ t❤✉s ♠❛♥② r❡♣❧✐❝❛t✐♦♥s ❛r❡ ♥❡❝❡ss❛r② ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡

st❛♥❞❛r❞ ❡rr♦r ❡st✐♠❛t❡ t♦ ❛♥ ❛❝❝❡♣t❛❜❧❡ ❧❡✈❡❧ ✭❡s♣❡❝✐❛❧❧② ❢♦r d ≥ 2✮✳

■♥ ❣❡♥❡r❛❧✱ t❤❡r❡ ❛r❡ ♠❛♥② ✈❛r✐❛♥❝❡ r❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡s ✭s❡❡ ❢♦r ❡①❛♠♣❧❡

❬❘♦ss✱ ✷✵✶✷✱ ❈❤❛♣t❡rs ✾ ❛♥❞ ✶✵❪✮ t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦ ✐♠♣r♦✈❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢

t❤❡ ♥❛✐✈❡ ▼♦♥t❡ ❈❛r❧♦ ❛♣♣r♦❛❝❤✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ♣r❡s❡♥t ❛ ✈❛r✐❛♥❝❡ r❡❞✉❝t✐♦♥

♠❡t❤♦❞ ❜❛s❡❞ ♦♥ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ t❤❛t ✇✐❧❧ ♣r♦✈✐❞❡ ♠♦r❡ ❛❝❝✉r❛t❡ ❡st✐♠❛t❡s✳

✸✳✹✳✶ ●❡♥❡r❛❧✐t✐❡s ♦♥ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ❜❛s✐❝ t❤❡♦r❡t✐❝❛❧ ❛s♣❡❝ts ♦❢ t❤❡ ✐♠♣♦rt❛♥❝❡

s❛♠♣❧✐♥❣ t❡❝❤♥✐q✉❡✳ ❚❤✐s s✐♠✉❧❛t✐♦♥ ♠❡t❤♦❞ ✐s ✉s✉❛❧❧② ❡♠♣❧♦②❡❞ ✇❤❡♥ ❞❡❛❧✐♥❣

✇✐t❤ r❛r❡ ❡✈❡♥t ♣r♦❜❛❜✐❧✐t✐❡s ❛♥❞ ♦❢t❡♥ ❧❡❛❞ t♦ s✉❜st❛♥t✐❛❧ ✈❛r✐❛♥❝❡ r❡❞✉❝t✐♦♥ ✭s❡❡

❬❘✉❜✐♥♦ ❛♥❞ ❚✉✣♥✱ ✷✵✵✾❪✮✳ ❊①♣♦s✐t✐♦♥s ♦♥ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥

❬❘♦ss✱ ✷✵✶✷❪✱ ❬❘✉❜✐♥st❡✐♥ ❛♥❞ ❑r♦❡s❡✱ ✷✵✵✽❪ ♦r ❬❋✐s❤♠❛♥✱ ✶✾✾✻❪✳

❙✉♣♣♦s❡ t❤❛t ✇❡ ✇❛♥t t♦ ❡st✐♠❛t❡✱ ❜② ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ ❛



✼✵ ❈❤❛♣t❡r ✸✳ ❙❝❛♥ st❛t✐st✐❝s ❛♥❞ ✶✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s

❢✉♥❝t✐♦♥ G(W ) ♦❢ ❛ r❛♥❞♦♠ ✈❡❝t♦r W ❤❛✈✐♥❣ ❛ ❥♦✐♥t ❞❡♥s✐t② ❢✉♥❝t✐♦♥ f ✳ ▲❡t

θ = Ef [G(W )] =

∫
G(x)f(x)dx ✭✸✳✺✽✮

❜❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳ ❖❜s❡r✈❡ t❤❛t ✐♥ ❊q✳✭✸✳✺✽✮ ✇❡ ✉s❡❞ t❤❡ ♥♦t❛t✐♦♥

Ef ✇✐t❤ t❤❡ s✉❜s❝r✐♣t f t♦ ❡♠♣❤❛s✐③❡s t❤❛t t❤❡ ❡①♣❡❝t❛t✐♦♥ ✐s t❛❦❡♥ ✇✐t❤ r❡s♣❡❝t t♦

t❤❡ ❞❡♥s✐t② f ✳

❚❤❡ ♥❛✐✈❡ ▼♦♥t❡ ❈❛r❧♦ ❛♣♣r♦❛❝❤ s✉❣❣❡sts t♦ ❞r❛✇ N ✐♥❞❡♣❡♥❞❡♥t s❛♠♣❧❡s W (1)✱

W (2)✱ . . . ✱ W (N) ❢r♦♠ t❤❡ ❞❡♥s✐t② f(x) ❛♥❞ t♦ t❛❦❡

θ̂MC =
1

N

N∑

i=1

G
(
W (i)

)
, ✭✸✳✺✾✮

❛s ❛♥ ❡st✐♠❛t❡ ❢♦r θ✳ ❚❤✐s ❛♣♣r♦❛❝❤ ♠❛② ♣r♦✈❡ t♦ ❜❡ ✐♥❡✛❡❝t✐✈❡ ✐♥ ♠❛♥② s✐t✉❛t✐♦♥s✳

❖♥❡ ♣♦ss✐❜❧❡ ❝❛✉s❡ ❝❛♥ ❜❡ t❤❛t ✇❡ ❝❛♥♥♦t s✐♠✉❧❛t❡ r❛♥❞♦♠ ✈❡❝t♦rs ❢r♦♠ t❤❡ ❞✐str✐✲

❜✉t✐♦♥ ♦❢ W ✱ ❛♥♦t❤❡r ✐s t❤❛t t❤❡ ✈❛r✐❛♥❝❡ ♦❢ G(W ) ✐s t♦♦ ❧❛r❣❡ ✭s❡❡ ❬❘♦ss✱ ✷✵✶✷❪ ❢♦r

❢✉rt❤❡r ❞✐s❝✉ss✐♦♥✮✳

❚♦ ♦✈❡r❝♦♠❡ s✉❝❤ ♣r♦❜❧❡♠s✱ ✐t ♠❛② ❜❡ ✉s❡❢✉❧ t♦ ✐♥tr♦❞✉❝❡ ❛♥♦t❤❡r ♣r♦❜❛❜✐❧✐t② ❞❡♥✲

s✐t② ❢✉♥❝t✐♦♥ g s✉❝❤ t❤❛tGf ✐s ❞♦♠✐♥❛t❡❞ ❜② g✱ t❤❛t ✐s ✐❢ g(x) = 0 t❤❡♥G(x)f(x) = 0

✭t♦ ❦❡❡♣ t❤❡ ❡st✐♠❛t♦r ✉♥❜✐❛s❡❞✮ ❛♥❞ t♦ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧t❡r♥❛t✐✈❡ ❡①♣r❡ss✐♦♥ ❢♦r

θ✿

θ =

∫ [
G(x)f(x)

g(x)

]
g(x)dx = Eg

[
G(W )f(W )

g(W )

]
. ✭✸✳✻✵✮

❈♦♥s❡q✉❡♥t❧②✱ ✐❢ ♥♦✇ ✇❡ ❞r❛✇ N ✐✳✐✳❞✳ s❛♠♣❧❡s W (1)✱ W (2)✱ . . . ✱ W (N) ❢r♦♠ t❤❡

❞❡♥s✐t② g(x)✱ t❤❡♥

θ̂IS =
1

N

N∑

i=1

G
(
W (i)

)
f
(
W (i)

)

g
(
W (i)

) ✭✸✳✻✶✮

✐s ❛♥ ✉♥❜✐❛s❡❞ ❡st✐♠❛t♦r ❢♦r θ✳ ■❢ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ g ❝❛♥ ❜❡ ❝❤♦s❡♥ s✉❝❤ t❤❛t

t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ G(W )f(W )
g(W ) ❤❛s ❛ s♠❛❧❧ ✈❛r✐❛♥❝❡ ✭t❤❡ ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ f/g ≪ 1✮✱

t❤❡♥ θ̂ ✐s ❛♥ ❡✣❝✐❡♥t ❡st✐♠❛t♦r✳ ■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡♥ ♦♥❡ ✇❛♥ts t♦ ❡st✐♠❛t❡

t❤❡ ♣r♦❜❛❜✐❧✐t② θ = P (W ∈ A)✱ t❤❛t ✐s G(W ) = 1{W∈A}✱ ❛ ❣♦♦❞ ❝❤♦✐❝❡ ♦❢ g ✐s s✉❝❤

t❤❛t g ≫ f ♦♥ t❤❡ s❡t A✳ ❚♦ s❡❡ t❤✐s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ❡①❛❝t

✈❛r✐❛♥❝❡s ♦❢ t❤❡ ❡st✐♠❛t♦rs ✐♥ t❤❡ ❞✐r❡❝t ✭θ̂MC✮ ❛♥❞ ■❙ ❛♣♣r♦❛❝❤ ✭θ̂IS✮✿

V ar
[
θ̂IS

]
=

1

N
V arg

[
1{W∈A}

f(W )

g(W )

]
=

1

N

[
Eg

[
1{W∈A}

f2(W )

g2(W )

]
− θ2

]

≪ 1

N

[
Eg

[
1{W∈A}

f(W )

g(W )

]
− θ2

]
=

1

N

[∫
1{W∈A}f(x)dx− θ2

]

=
1

N
V arf

[
1{W∈A}

]
= V ar

[
θ̂MC

]
.

■♥ ❣❡♥❡r❛❧✱ ✜♥❞✐♥❣ ❛ ❣♦♦❞ ❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡ g t❤❛t ❧❡❛❞s t♦ ❛♥ ❡✣❝✐❡♥t s❛♠♣❧✐♥❣

♣r♦❝❡ss ❝❛♥ ❜❡ ❞✐✣❝✉❧t ✭s❡❡ ❬❘✉❜✐♥♦ ❛♥❞ ❚✉✣♥✱ ✷✵✵✾❪✮✳ ❋♦rt✉♥❛t❡❧②✱ ❢♦r ♦✉r ♣r♦❜❧❡♠

❛t ❤❛♥❞✱ t❤❡r❡ ❛r❡ ❡✣❝✐❡♥t ❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡s ❛♥❞ ✇❡ ❞✐s❝✉ss ♦♥❡ ♦❢ t❤❡♠ ✐♥ t❤❡

♥❡①t s✉❜s❡❝t✐♦♥✳



✸✳✹✳ ❙✐♠✉❧❛t✐♦♥ ✉s✐♥❣ ■♠♣♦rt❛♥❝❡ ❙❛♠♣❧✐♥❣ ✼✶

✸✳✹✳✷ ■♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ❢♦r s❝❛♥ st❛t✐st✐❝s

❆s ✇❡ s❛✇ ✐♥ t❤❡ ❢♦r❡❣♦✐♥❣ s❡❝t✐♦♥✱ t❤❡ ❣❡♥❡r❛❧ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡ ✐♠♣♦rt❛♥❝❡ s❛♠✲

♣❧✐♥❣ t❡❝❤♥✐q✉❡ ✐s t♦ ❝❤❛♥❣❡ t❤❡ ❞✐str✐❜✉t✐♦♥ t♦ ❜❡ s❛♠♣❧❡❞ ❢r♦♠ ✐♥ s✉❝❤ ❛ ✇❛②

t❤❛t t❤❡ ♥❡✇ ❡st✐♠❛t♦r t♦ r❡♠❛✐♥ ✉♥❜✐❛s❡❞✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛♥

✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧ ♦❢ ❤②✲

♣♦t❤❡s✐s t❡sts ❜❛s❡❞ ♦♥ d✲❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s✳ ❚❤✐s ♠❡t❤♦❞ ✇❛s ✐♥tr♦❞✉❝❡❞

❜② ❬◆❛✐♠❛♥ ❛♥❞ Pr✐❡❜❡✱ ✷✵✵✶❪ ❛♥❞ ✇❛s s✉❝❝❡ss❢✉❧❧② ✉s❡❞ t♦ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ ♦❢

❡①❝❡❡❞✐♥❣ ♣r♦❜❛❜✐❧✐t✐❡s✱ t❤❛t ✐s✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ♦♥❡ ♦r ♠♦r❡ t❡sts st❛t✐st✐❝s

❡①❝❡❡❞s s♦♠❡ ❣✐✈❡♥ t❤r❡s❤♦❧❞✳ ❚❤❡✐r ♠❡t❤♦❞♦❧♦❣② ❜✉✐❧❞s ✉♣♦♥ ❛ ♣r♦❝❡❞✉r❡ ✐♥tr♦✲

❞✉❝❡❞ ❜② ❬❋r✐❣❡ss✐ ❛♥❞ ❱❡r❝❡❧❧✐s✱ ✶✾✽✹❪ t♦ s♦❧✈❡ t❤❡ ✉♥✐♦♥ ❝♦✉♥t ♣r♦❜❧❡♠ ✭s❡❡ ❛❧s♦

❬❋✐s❤♠❛♥✱ ✶✾✾✻✱ ♣❛❣ ✷✻✶❪✮✳

❆ss✉♠❡ t❤❛t ✇❡ ❛r❡ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ❞❡s❝r✐❜❡❞

✐♥ ❙❡❝t✐♦♥ ✸✳✶✳ ❆s ✇❡ ♣r❡✈✐♦✉s❧② s❛✇✱ t❤❡ s❝❛♥ st❛t✐st✐❝s Sm(T) r❛♥❞♦♠ ✈❛r✐❛❜❧❡

✐s ✉s✉❛❧❧② ❡♠♣❧♦②❡❞ ❢♦r t❡st✐♥❣ t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ♦❢ r❛♥❞♦♠♥❡ss ✭H0✮ ❛❣❛✐♥st ❛

❝❧✉st❡r✐♥❣ ❛❧t❡r♥❛t✐✈❡ ✭H1✮✳ ❇② t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ t❡st✱ t❤❡ ♥✉❧❧ ❤②✲

♣♦t❤❡s✐s H0 ✐s r❡❥❡❝t❡❞ ✐♥ ❢❛✈♦r ♦❢ t❤❡ ❧♦❝❛❧ ❝❤❛♥❣❡ ❛❧t❡r♥❛t✐✈❡ H1 ✇❤❡♥❡✈❡r Sm(T)

✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡ ✭s❡❡ ❬●❧❛③ ❛♥❞ ◆❛✉s✱ ✶✾✾✶✱ ❙❡❝t✐♦♥ ✸❪ ❢♦r ❛♥ ♦✉t❧✐♥❡ ♦❢ t❤❡ ♣r♦♦❢

❢♦r d = 1 ♦r ❬●❧❛③ ❡t ❛❧✳✱ ✷✵✵✶✱ ❈❤❛♣t❡r ✶✸❪✮✳ ■❢ τ ❞❡♥♦t❡s t❤❡ ♦❜s❡r✈❡❞ ✈❛❧✉❡ ♦❢ t❤❡

t❡st st❛t✐st✐❝ ❢r♦♠ t❤❡ ❛❝t✉❛❧ ❞❛t❛✱ t❤❡♥ ✇❡ ✇❛♥t t♦ ✜♥❞ t❤❡ p✲✈❛❧✉❡

p = PH0 (Sm(T) ≥ τ) . ✭✸✳✻✷✮

❚❤❡ ♠❛✐♥ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ❛♣♣r♦❛❝❤ ✐♥ t❤❡ s❝❛♥ st❛t✐st✐❝s s❡t✲

t✐♥❣ ✐s t♦ s❛♠♣❧❡ ♦♥❧② ❞❛t❛ s✉❝❤ t❤❛t t❤❡ r❡❥❡❝t✐♦♥ ♦❢ H0 ♦❝❝✉rs✱ ❛♥❞ t❤❡♥ t♦ ❞❡✲

t❡r♠✐♥❡ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ t❤❡ ❧♦❝❛❧✐t② st❛t✐st✐❝s t❤❛t ❣❡♥❡r❛t❡ ❛ r❡❥❡❝t✐♦♥✳ ❲❡

❞❡s❝r✐❜❡ t❤✐s ♠❡t❤♦❞ ✐♥ ✇❤❛t ❢♦❧❧♦✇s✳

▲❡t Ei1,...,id ✱ ❢♦r 1 ≤ ij ≤ Tj −mj + 1✱ j ∈ {1, . . . , d}✱ ❞❡♥♦t❡ t❤❡ ❡✈❡♥t t❤❛t Yi1,...,id
❡①❝❡❡❞s t❤❡ t❤r❡s❤♦❧❞ τ ✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❡✈❛❧✉❛t✐♥❣ t❤❡ ♣r♦❜❛❜✐❧✐t②

PH0 (Sm(T) ≥ τ) = P




T1−m1+1⋃

i1=1

· · ·
Td−md+1⋃

id=1

Ei1,...,id


 . ✭✸✳✻✸✮

❯♥❞❡r t❤❡ ♥♦t❛t✐♦♥s ♠❛❞❡ ✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ s❡❝t✐♦♥✱ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡

r❡✇r✐tt❡♥ ❛s

θ =

∫
G(x)f(x)dx, ✭✸✳✻✹✮

✇❤❡r❡ θ = PH0 (Sm(T) ≥ τ)✱ G(x) = 1E(x)✱ E =

T1−m1+1⋃

i1=1

· · ·
Td−md+1⋃

id=1

Ei1,...,id ❛♥❞

f ✐s t❤❡ ❥♦✐♥t ❞❡♥s✐t② ♦❢ Yi1,...,id ✉♥❞❡r t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s✳

▲❡t

B(d) =

T1−m1+1∑

i1=1

· · ·
Td−md+1∑

id=1

P (Ei1,...,id) ✭✸✳✻✺✮



✼✷ ❈❤❛♣t❡r ✸✳ ❙❝❛♥ st❛t✐st✐❝s ❛♥❞ ✶✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s

❞❡♥♦t❡ t❤❡ ✉s✉❛❧ ❇♦♥❢❡rr♦♥✐ ✉♣♣❡r ❜♦✉♥❞ ❢♦r P(E)✳ ❯♥❞❡r t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s✱ ❞✉❡

t♦ st❛t✐♦♥❛r✐t②✱ t❤✐s ❜♦✉♥❞ ❜❡❝♦♠❡s

B(d) = (T1 −m1 + 1) · · · (Td −md + 1)P (E1,...,1) . ✭✸✳✻✻✮

❚❤❡ ♣r♦❜❛❜✐❧✐t② ✐♥ ❊q✳✭✸✳✻✸✮ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

PH0 (Sm (T) ≥ τ) = P




T1−m1+1⋃

i1=1

· · ·
Td−md+1⋃

id=1

Ei1,...,id


 =

∫
1EdPH0

=

∫
1E

T1−m1+1∑

i1=1

· · ·
Td−md+1∑

id=1

1Ei1,...,id

T1−m1+1∑

i1=1

· · ·
Td−md+1∑

id=1

1Ei1,...,id
dPH0

=

T1−m1+1∑

j1=1

· · ·
Td−md+1∑

jd=1

∫
1E

T1−m1+1∑

i1=1

· · ·
Td−md+1∑

id=1

1Ei1,...,id

1Ej1,...,jd
dPH0

=

T1−m1+1∑

j1=1

· · ·
Td−md+1∑

jd=1

∫
1

C(Y)
1E∩Ej1,...,jd

dPH0

=

T1−m1+1∑

j1=1

· · ·
Td−md+1∑

jd=1

P (Ej1,...,jd)

∫
1

C(Y)

1Ej1,...,jd

P (Ej1,...,jd)
dPH0

= B(d)

T1−m1+1∑

j1=1

· · ·
Td−md+1∑

jd=1

P (Ej1,...,jd)

B(d)

∫
1

C(Y)
dPH0(·|Ej1,...,jd)

= B(d)

T1−m1+1∑

j1=1

· · ·
Td−md+1∑

jd=1

pj1,...,jd

∫
1

C(Y)
dPH0(·|Ej1,...,jd), ✭✸✳✻✼✮

✇❤❡r❡✱ ❜② st❛t✐♦♥❛r✐t②✱ pj1,...,jd ❞❡✜♥❡s ❛♥ ✉♥✐❢♦r♠ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦✈❡r

{1, . . . , T1 −m1 + 1} × · · · × {1, . . . , Td −md + 1}✱

pj1,...,jd =
P (Ej1,...,jd)

T1−m1+1∑

i1=1

· · ·
Td−md+1∑

id=1

P (Ei1,...,id)

=
1

(T1 −m1 + 1) · · · (Td −md + 1)
✭✸✳✻✽✮

❛♥❞ ✇❤❡r❡ C(Y) r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢ d✲t✉♣❧❡s (i1, . . . , id) ❢♦r ✇❤✐❝❤ ❡①❝❡❡❞❛♥❝❡

✭Yi1,...,id ≥ τ✮ ♦❝❝✉rs✱ t❤❛t ✐s

C(Y) =

T1−m1+1∑

i1=1

· · ·
Td−md+1∑

id=1

1Ei1,...,id
. ✭✸✳✻✾✮



✸✳✹✳ ❙✐♠✉❧❛t✐♦♥ ✉s✐♥❣ ■♠♣♦rt❛♥❝❡ ❙❛♠♣❧✐♥❣ ✼✸

❘❡♠❛r❦ t❤❛t ❢r♦♠ t❤❡ ❛❜♦✈❡ ✐❞❡♥t✐t② ✐♥ ❊q✳✭✸✳✻✼✮✱ t❤❡ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ❝❤❛♥❣❡

♦❢ ♠❡❛s✉r❡ g ✐s ❛ ♠✐①t✉r❡ ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s ❛♥❞ ✐s ❣✐✈❡♥ ❜②

g(x) =

T1−m1+1∑

j1=1

· · ·
Td−md+1∑

jd=1

{
P (Ej1,...,jd)

B(d)

}{
1Ej1,...,jd

f(x)

P (Ej1,...,jd)

}
. ✭✸✳✼✵✮

❋r♦♠ ❊q✳✭✸✳✻✷✮ ❛♥❞ ❊q✳✭✸✳✻✼✮✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ♦✉r p✲✈❛❧✉❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s t❤❡

❇♦♥✛❡r♦♥✐ ❝♦♥s❡r✈❛t✐✈❡ ❜♦✉♥❞ B(d) t✐♠❡s ❛ ❝♦rr❡❝t✐♦♥ ❢❛❝t♦r ρ(d) ❜❡t✇❡❡♥ 0 ❛♥❞ 1✱

✇✐t❤

ρ(d) =

T1−m1+1∑

j1=1

· · ·
Td−md+1∑

jd=1

pj1,...,jd

∫
1

C(Y)
dPH0(·|Ej1,...,jd). ✭✸✳✼✶✮

◆♦t✐❝❡ t❤❛t ♦♥❡ ❝❛♥ ❞❡✜♥❡ ❛ ❧❛r❣❡r ❝❧❛ss ♦❢ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ❛❧❣♦r✐t❤♠s ❜❛s❡❞

♦♥ ❤✐❣❤❡r ♦r❞❡r ✐♥❝❧✉s✐♦♥✲❡①❝❧✉s✐♦♥ ✐❞❡♥t✐t✐❡s✱ ❣❡♥❡r❛❧✐③✐♥❣ t❤❡ ❢♦r❡❣♦✐♥❣ ♣r♦❝❡❞✉r❡✱

❛s ♣r♦✈✐❞❡❞ ✐♥ ❬◆❛✐♠❛♥ ❛♥❞ ❲②♥♥✱ ✶✾✾✼✱ ❙❡❝t✐♦♥ ✹❪✳

❚❤❡ ❝♦rr❡❝t✐♦♥ ❢❛❝t♦r t❤❛t ❛♣♣❡❛rs ❊q✳✭✸✳✼✶✮ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣

❛❧❣♦r✐t❤♠✿

❆❧❣♦r✐t❤♠ ✶ ■♠♣♦rt❛♥❝❡ ❙❛♠♣❧✐♥❣ ❆❧❣♦r✐t❤♠ ❢♦r ❙❝❛♥ ❙t❛t✐st✐❝s

❇❡❣✐♥

❘❡♣❡❛t ❢♦r ❡❛❝❤ k ❢r♦♠ 1 t♦ ITER ✭✐t❡r❛t✐♦♥s ♥✉♠❜❡r✮

✶✿ ●❡♥❡r❛t❡ ✉♥✐❢♦r♠❧② t❤❡ d✲t✉♣❧❡ (i
(k)
1 , . . . , i

(k)
d ) ❢r♦♠ t❤❡ s❡t {1, . . . , T1 − m1 +

1} × · · · × {1, . . . , Td −md + 1}✳
✷✿ ●✐✈❡♥ t❤❡ d✲t✉♣❧❡ (i

(k)
1 , . . . , i

(k)
d )✱ ❣❡♥❡r❛t❡ ❛ s❛♠♣❧❡ ♦❢ t❤❡ r❛♥❞♦♠ ✜❡❧❞ X̃(k) ={

X̃
(k)
s1,s2,...,sd

}
✱ ✇✐t❤ sj ∈ {1, . . . , Tj} ❛♥❞ j ∈ {1, . . . , d}✱ ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥❛❧

❞✐str✐❜✉t✐♦♥ ♦❢ X ❣✐✈❡♥
{
Y
i
(k)
1 ,...,i

(k)
d

≥ τ
}
✳

✸✿ ❚❛❦❡ ck = C(X̃(k)) t❤❡ ♥✉♠❜❡r ♦❢ ❛❧❧ d✲t✉♣❧❡ (i1, . . . , id) ❢♦r ✇❤✐❝❤ Ỹi1,...,id ≥ τ

❛♥❞ ♣✉t ρ̂k(d) =
1
ck
✳

❊♥❞ ❘❡♣❡❛t

❘❡t✉r♥ ρ̂(d) =
1

ITER

ITER∑

k=1

ρ̂k(d)✳

❊♥❞

❈❧❡❛r❧②✱ ρ̂(d) ✐s ❛♥ ✉♥❜✐❛s❡❞ ❡st✐♠❛t♦r ❢♦r ρ(d) ✇✐t❤ ❡st✐♠❛t❡❞ ✈❛r✐❛♥❝❡

V ar [ρ̂(d)] ≈ 1

ITER− 1

ITER∑

i=1

(
ρ̂i(d)−

1

ITER

ITER∑

k=1

ρ̂k(d)

)2

. ✭✸✳✼✷✮

❋♦r ITER s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❈❡♥tr❛❧ ▲✐♠✐t ❚❤❡♦r❡♠✱ t❤❡ ❡rr♦r

❜❡t✇❡❡♥ t❤❡ tr✉❡ ❛♥❞ t❤❡ ❡st✐♠❛t❡❞ ✈❛❧✉❡ ♦❢ t❤❡ t❛✐❧ P (Sm(T) ≥ τ)✱ ❝♦rr❡s♣♦♥❞✐♥❣



✼✹ ❈❤❛♣t❡r ✸✳ ❙❝❛♥ st❛t✐st✐❝s ❛♥❞ ✶✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s

t♦ ❛ 95% ❝♦♥✜❞❡♥❝❡ ❧❡✈❡❧✱ ✐s ❣✐✈❡♥ ❜②

β = 1.96B(d)

√
V ar [ρ̂(d)]

ITER
. ✭✸✳✼✸✮

◆♦t✐❝❡ t❤❛t ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ Qt1,...,td ✱ ✇❡ s✉❜st✐t✉t❡ T1✱ . . . ✱ Td ✐♥ t❤❡ ❛❜♦✈❡

❛❧❣♦r✐t❤♠ ✇✐t❤ t1(m1 − 1)✱ . . . ✱ td(md − 1)✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡s ❢♦r βt1,...,td ❛s ❞❡s❝r✐❜❡❞ ❜② ❊q✳✭✸✳✼✸✮✳

■♥ ❋✐❣✉r❡ ✸✳✸✱ ✇❡ ♣r❡s❡♥t t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♥❛✐✈❡ ▼♦♥t❡ ❈❛r❧♦ ❛♥❞ t❤❡ ■♠✲

♣♦rt❛♥❝❡ ❙❛♠♣❧✐♥❣ ♠❡t❤♦❞ ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❛ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐s✲

t✐❝s✳ ❲❡ ❡✈❛❧✉❛t❡ t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ P (S5,5,5(60, 60, 60) ≤ 2) ✐♥

t❤❡ ❇❡r♥♦✉❧❧✐ ♠♦❞❡❧ ✇✐t❤ p = 0.0001✳ ❋♦r t❤❡ ▼♦♥t❡ ❈❛r❧♦ ❛♣♣r♦❛❝❤✱ ✇❡ ✉s❡❞ r❡♣❧✐✲

❝❛t✐♦♥s ✐♥ t❤❡ r❛♥❣❡ {106, . . . , 107}✱ ✇❤✐❧❡ ❢♦r t❤❡ ■♠♣♦rt❛♥❝❡ ❙❛♠♣❧✐♥❣ ❛❧❣♦r✐t❤♠

t❤❡ r❛♥❣❡ ✇❛s {105, . . . , 106}✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ ❤✐t ❛♥❞ ♠✐ss ▼♦♥t❡

❈❛r❧♦ ❛♣♣r♦❛❝❤ t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦r ✐s r❛t❤❡r ❧❛r❣❡✱ ❡✈❡♥ ❢♦r 107 ✐t❡r❛t✐♦♥s✳

0 1 2 3 4 5 6 7 8 9 10 11
0

0.02

0.04
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0.12

Number of iterations - MC: Iter × 106, IS: Iter × 105
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2
)

 

 

Importance Sampling (IS)

Naive Monte Carlo (MC)

❋✐❣✉r❡ ✸✳✸✿ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ s✐♠✉❧❛t✐♦♥ ❡rr♦r ✐♥ ▼❈ ❛♥❞ ■❙ ♠❡t❤♦❞s

✸✳✹✳✸ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts

❚❤❡ ❛❧❣♦r✐t❤♠ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ♣r❡s❡♥ts t✇♦ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❞✐❢✲

✜❝✉❧t✐❡s✿ ✜rst✱ ✐t ❛ss✉♠❡s t❤❛t ♦♥❡ ✐s ❛❜❧❡ t♦ ❡✣❝✐❡♥t❧② ❣❡♥❡r❛t❡ t❤❡ ✉♥❞❡r❧②✐♥❣

r❛♥❞♦♠ ✜❡❧❞ X̃ ❢r♦♠ t❤❡ r❡q✉✐r❡❞ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ✭s❡❡ ❙t❡♣ ✷✮ ❛♥❞ s❡❝✲

♦♥❞✱ t❤❡ ♥✉♠❜❡r ♦❢ ❧♦❝❛❧✐t② st❛t✐st✐❝s t❤❛t ❡①❝❡❡❞ t❤❡ ♣r❡❞❡t❡r♠✐♥❡❞ t❤r❡s❤♦❧❞ ✐s

s✉♣♣♦s❡❞ t♦ ❜❡ ❢♦✉♥❞ ✐♥ ❛ r❡❛s♦♥❛❜❧❡ t✐♠❡✳ ❲❡ ❛❞❞r❡ss t❤❡s❡ ♣r♦❜❧❡♠s s❡♣❛r❛t❡❧②✳

❚❤❡ ♣r♦❜❧❡♠ ♦❢ s❛♠♣❧✐♥❣ ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ✐♥ ❙t❡♣ ✷ ♦❢ t❤❡ ❛❧❣♦✲

r✐t❤♠ ❞❡♣❡♥❞s ♦♥ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Xs1,s2,...,sd ✱

sj ∈ {1, . . . , Tj} ❛♥❞ j ∈ {1, . . . , d}✳ ❚♦ ✐❧❧✉str❛t❡ t❤❡ ♣r♦❝❡❞✉r❡ ✇❡ ❝♦♥s✐❞❡r t✇♦



✸✳✹✳ ❙✐♠✉❧❛t✐♦♥ ✉s✐♥❣ ■♠♣♦rt❛♥❝❡ ❙❛♠♣❧✐♥❣ ✼✺

❡①❛♠♣❧❡s ❢♦r t❤❡ r❛♥❞♦♠ ✜❡❧❞ ❞✐str✐❜✉t✐♦♥✿ ❜✐♥♦♠✐❛❧ ♦❢ ♣❛r❛♠❡t❡rs ν ❛♥❞ p ❛♥❞

●❛✉ss✐❛♥ ✇✐t❤ ❦♥♦✇♥ ♠❡❛♥ µ ❛♥❞ ✈❛r✐❛♥❝❡ σ2✳

❊①❛♠♣❧❡ ✸✳✹✳✶ ✭❇✐♥♦♠✐❛❧ ♠♦❞❡❧✮✳ ■♥ t❤✐s ❡①❛♠♣❧❡ ✇❡ ❝♦♥s✐❞❡r t❤❛t Xs1,s2,...,sd ❛r❡

✐✳✐✳❞✳ ❜✐♥♦♠✐❛❧ B(ν, p) r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❈❧❡❛r❧②✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Yi1,...,id ❛r❡

❛❧s♦ ❜✐♥♦♠✐❛❧❧② ❞✐str✐❜✉t❡❞ ✇✐t❤ ♣❛r❛♠❡t❡rs w = νm1 · · ·md ❛♥❞ p✳

❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t♦ ❣❡♥❡r❛t❡ ❛ s❛♠♣❧❡ ♥♦t ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ❣✐✈❡♥{
Y
i
(k)
1 ,...,i

(k)
d

≥ τ
}

❛s ❞❡s❝r✐❜❡❞ ✐♥ ❙t❡♣ ✷ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ ❜✉t ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥❛❧

❞✐str✐❜✉t✐♦♥ ❣✐✈❡♥
{
Y
i
(k)
1 ,...,i

(k)
d

= t
}
✱ ❢♦r s♦♠❡ ✈❛❧✉❡ t ≥ τ ✳ ❚❤✐s ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞

s✐♥❝❡✱ ✐❢ ✇❡ ❞❡✜♥❡ t❤❡ ❡✈❡♥ts Gj1,...,jd(t) = {Yj1,...,jd = t}✱ ❢♦r t ∈ {τ, . . . , w} ❛♥❞

1 ≤ ji ≤ Ti −mi + 1✱ i ∈ {1, . . . , d}✱ t❤❡♥ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❡✈❡♥ts Ej1,...,jd ❝❛♥ ❜❡

❡①♣r❡ss❡❞ ❛s

Ej1,...,jd =
w⋃

t=τ

Gj1,...,jd(t)

❛♥❞ t❤❡ ❊q✳✭✸✳✻✼✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

PH0 ( Sm(T) ≥ τ) = B(d)

T1−m1+1∑

j1=1

· · ·
Td−md+1∑

jd=1

pj1,...,jd

∫
1

C(Y)
dPH0(·|Ej1,...,jd)

= B(d)

T1−m1+1∑

j1=1

· · ·
Td−md+1∑

jd=1

pj1,...,jd

w∑

t=τ

rj1,...,jd(t)

∫
1

C(Y)

1Gj1,...,jd
(t)

P (Gj1,...,jd(t))
dPH0

= B(d)

T1−m1+1∑

j1=1

· · ·
Td−md+1∑

jd=1

pj1,...,jd

w∑

t=τ

rj1,...,jd(t)

∫
1

C(Y)
dPH0(·|Gj1,...,jd(t)).

✭✸✳✼✹✮

❚❤❡ ✇❡✐❣❤ts rj1,...,jd(t) ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✐♥❞✐❝❡s (j1, . . . , jd)✱ ❞✉❡ t♦ t❤❡ st❛t✐♦♥✲

❛r✐t② ♦❢ t❤❡ r❛♥❞♦♠ ✜❡❧❞ ❛♥❞ ❛r❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ r❡❧❛t✐♦♥

rj1,...,jd(t) =
P (Yj1,...,jd = t)

P (Yj1,...,jd ≥ τ)
=

P (Y1,...,1 = t)

P (Y1,...,1 ≥ τ)
. ✭✸✳✼✺✮

❚♦ ❣❡♥❡r❛t❡ ❛ s❛♠♣❧❡ ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ t❤❛t ❛♣♣❡❛rs ✐♥ ❊q✳✭✸✳✼✹✮✱

r❡❞✉❝❡s t♦ s❤♦✇ ❤♦✇ ♦♥❡ ❝❛♥ s❛♠♣❧❡ ✉♥✐❢♦r♠❧② ❛ ✈❡❝t♦r u = (u1, . . . , ul) ♦❢ s✐③❡

l = m1 · · ·md s❛t✐s❢②✐♥❣ u1 + · · · + ul = t ❛♥❞ 0 ≤ ui ≤ ν✱ ❢r♦♠ t❤❡ s❡t ♦❢ ❛❧❧

s✉❝❤ ✈❡❝t♦rs ❞❡♥♦t❡❞ ❜② Γ(l, t, ν)✳ ❚❤✐s ❧❛t❡r ❛s♣❡❝t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② t❤❡ ✉s❡ ♦❢

✉r♥ ♠♦❞❡❧s✳ ❆ss✉♠❡ t❤❛t ✇❡ ❤❛✈❡ l ✉r♥s ✇✐t❤ ν ❜❛❧❧s ❡❛❝❤ ❛♥❞ ❛ ♥✉❧❧ ✈❡❝t♦r u ♦❢

❧❡♥❣t❤ l ❛♥❞ ✇❡ t❛❦❡ t ✭❛♥ ✐♥t❡❣❡r✮ ❞r❛✇s ✇✐t❤♦✉t r❡♣❧❛❝❡♠❡♥t✳ ❆t t❤❡ i✲t❤ st❡♣

✭i ≤ t✮✱ ✇❡ ❝❤♦♦s❡ ✉♥✐❢♦r♠❧② ❛♥ ✉r♥ ✭❢r♦♠ t❤❡ r❡♠❛✐♥✐♥❣ ♦♥❡s✱ t❤❛t ✐s t❤❡ ♦♥❡s t❤❛t

❛r❡ ♥♦t ❡♠♣t② ❛t t❤✐s st❡♣✮ ❛♥❞ ❞r❛✇ ❛ ❜❛❧❧ ✇✐t❤♦✉t r❡♣❧❛❝❡♠❡♥t✳ ❲❡ ❛❞❞ ♦♥❡ t♦

t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✈❡❝t♦r u t❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥❞❡① ♦❢ t❤❡ ❝❤♦s❡♥ ✉r♥✳ ❲❡

r❡♣❡❛t t❤❡ ♣r♦❝❡❞✉r❡ t st❡♣s ❛♥❞ ✇❡ ♦❜t❛✐♥ ❛ ✈❡❝t♦r u ✇❤♦s❡ ❝♦♠♣♦♥❡♥ts t❛❦❡ ✈❛❧✉❡s

❜❡t✇❡❡♥ 0 ❛♥❞ ν ❛♥❞ ❤❛✈❡ t❤❡ s✉♠ ❡q✉❛❧ ✇✐t❤ t✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❛❜♦✈❡ ♦❜s❡r✈❛t✐♦♥s✱ t❤❡ s❡❝♦♥❞ st❡♣ ✐♥ ❆❧❣♦r✐t❤♠ ✶ ❝❛♥ ❜❡ r❡✇r✐tt❡♥

✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②



✼✻ ❈❤❛♣t❡r ✸✳ ❙❝❛♥ st❛t✐st✐❝s ❛♥❞ ✶✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s

❙t❡♣ ✷❛ ●❡♥❡r❛t❡ ❛ t❤r❡s❤♦❧❞ ✈❛❧✉❡ t ≥ τ ❢r♦♠ t❤❡ ❞✐str✐❜✉t✐♦♥

r1,...,1(t) =
P (Y1,...,1 = t)

P (Y1,...,1 ≥ τ)
.

❙t❡♣ ✷❜ ❈♦♥❞✐t✐♦♥❛❧❧②✱ ❣✐✈❡♥ t ❛♥❞ t❤❡ d✲t✉♣❧❡ (i
(k)
1 , . . . , i

(k)
d )✱ ❣❡♥❡r❛t❡ X̃

(k)
s1,s2,...,sd ❢♦r

i
(k)
j ≤ sj ≤ i

(k)
j +mj−1✱ j ∈ {1, . . . , d}✱ ✉♥✐❢♦r♠❧② ❢r♦♠ t❤❡ s❡t Γ(m1 · · ·md, t, ν)

❛♥❞ t❛❦❡ t❤❡ r❡♠❛✐♥✐♥❣ X̃s1,s2,...,sd ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥✉❧❧ ❞✐str✐❜✉t✐♦♥

PH0
✳

■t ✐s ✐♥t❡r❡st✐♥❣ t♦ r❡♠❛r❦ t❤❛t t❤❡ ❢♦r❡❣♦✐♥❣ ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✱ ✇✐t❤ s♠❛❧❧

♠♦❞✐✜❝❛t✐♦♥s✱ t♦ ❛ ❧❛r❣❡r ❝❧❛ss ♦❢ ❞✐s❝r❡t❡ ✐♥t❡❣❡r ✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✿ P♦✐ss♦♥✱

❣❡♦♠❡tr✐❝✱ ♥❡❣❛t✐✈❡ ❜✐♥♦♠✐❛❧ ❡t❝✳✳

❊①❛♠♣❧❡ ✸✳✹✳✷ ✭●❛✉ss✐❛♥ ♠♦❞❡❧✮✳ ■♥ t❤✐s ❡①❛♠♣❧❡ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ ✉♥❞❡r❧②✐♥❣

r❛♥❞♦♠ ✜❡❧❞ ✐s ❣❡♥❡r❛t❡❞ ❜② ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ♥♦r♠❛❧ r❛♥❞♦♠

✈❛r✐❛❜❧❡s ✇✐t❤ ❦♥♦✇♥ ♠❡❛♥ µ ❛♥❞ ✈❛r✐❛♥❝❡ σ2 ✭Xs1,...,sd ∼ N (µ, σ2)✮✳ ❙✐♥❝❡ t❤❡

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Yi1,...,id ❛r❡ s✉♠s ♦❢ ✐✳✐✳❞✳ ♥♦r♠❛❧s✱ ❝❧❡❛r❧② t❤❡② ❢♦❧❧♦✇ ❛ ♠✉❧t✐✈❛r✐✲

❛t❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♠❡❛♥ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✱ ❣✐✈❡♥ ❜② t❤❡ ♥❡①t ❧❡♠♠❛

✭✇❤♦s❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐① ❇✮✿

▲❡♠♠❛ ✸✳✹✳✸✳ ▲❡t Xs1,...,sd ∼ N (µ, σ2) ❜❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❢♦r ❛❧❧ 1 ≤
sj ≤ Tj✱ j ∈ {1, . . . , d}✳ ❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Yi1,...,id ❞❡✜♥❡❞ ❜② ❊q✳✭✸✳✸✮ ❢♦❧❧♦✇ ❛

♠✉❧t✐✈❛r✐❛t❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♠❡❛♥ µ̄ = m1 · · ·mdµ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①

Σ = (Cov [Yi1,...,id , Yj1,...,jd ])✱ ❣✐✈❡♥ ❜②

Cov [Yi1,...,id , Yj1,...,jd ] =





(m1 − |i1 − j1|) · · · (md − |id − jd|)σ2 ✱ |is − js| < ms

s ∈ {1, . . . , d}✱
0 ✱ ♦t❤❡r✇✐s❡✳

✭✸✳✼✻✮

◆♦t✐❝❡ t❤❛t ❙t❡♣ ✷ ♦❢ ❆❧❣♦r✐t❤♠ ✶ r❡q✉✐r❡s ♦♥❡ t♦ s❛♠♣❧❡ Y
i
(k)
1 ,...,i

(k)
d

❢r♦♠ t❤❡ t❛✐❧

❞✐str✐❜✉t✐♦♥ P
(
Y
i
(k)
1 ,...,i

(k)
d

≥ τ
)
❛♥❞✱ ❢♦r t❤❡ ♦t❤❡r ✐♥❞✐❝❡s✱ ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐s✲

tr✐❜✉t✐♦♥ ❣✐✈❡♥
{
Y
i
(k)
1 ,...,i

(k)
d

≥ τ
}
✳

❋♦r ❣❡♥❡r❛t✐♥❣ ❛ s❛♠♣❧❡ ❢r♦♠ t❤❡ t❛✐❧ ♦❢ ❛ ♥♦r♠❛❧ ✈❛r✐❛❜❧❡✱ ✇❡ ✉s❡ t❤❡ ❛❝❝❡♣t❛♥❝❡✲

r❡❥❡❝t✐♦♥ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ♣❛♣❡r ♦❢ ❬▼❛rs❛❣❧✐❛✱ ✶✾✻✸❪ ✭s❡❡ ❛❧s♦

❬❉❡✈r♦②❡✱ ✶✾✽✻✱ ♣❛❣✳ ✸✽✵❪ ❢♦r ❛ ❢❛st❡r ❛❧t❡r♥❛t✐✈❡ ❜❛s❡❞ ♦♥ ❡①♣♦♥❡♥t✐❛❧ r❛♥❞♦♠ ✈❛r✐✲

❛❜❧❡s✮✳ ❋♦r t❤❡ s❡❝♦♥❞ ♣❛rt✱ ✇❡ ♣r♦♣♦s❡ t✇♦ ❛❧t❡r♥❛t✐✈❡ ♠❡t❤♦❞s ✭♦♥❧② t❤❡ s❡❝♦♥❞

♦♥❡ ❝❛♥ ❜❡ s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ ❢♦r d ≥ 2✮✳

❚❤❡ ✜rst ✈❛r✐❛♥t✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❞✐r❡❝t ❛♣♣r♦❛❝❤✱ ✐s t♦ ✉s❡ t❤❡ st❛♥✲

❞❛r❞ ♠❡t❤♦❞ ♦❢ s❛♠♣❧✐♥❣ ❢r♦♠ t❤❡ ♣♦st❡r✐♦r ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✉♥♦❜s❡r✈❡❞

❝♦♠♣♦♥❡♥ts ❣✐✈❡♥ t❤❡ ♦❜s❡r✈❡❞ ♦♥❡s✱ ♦❢ ❛ ♠✉❧t✐✈❛r✐❛t❡ ●❛✉ss✐❛♥ ✈❡❝t♦r ♣❛rt✐t✐♦♥❡❞

✐♥ ♦❜s❡r✈❡❞ ❛♥❞ ✉♥♦❜s❡r✈❡❞ ❡❧❡♠❡♥ts✳ ❚♦ ❛♣♣❧② t❤✐s ♠❡t❤♦❞ ✐♥ ♦✉r ❝♦♥t❡①t✱ ✇❡

♥❡❡❞ ✜rst t♦ r❡✇r✐t❡ ❛❧❧ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Yi1,...,id ✐♥ ❛♥ ♦r❞❡r❡❞ s❡q✉❡♥❝❡✱

t❤❛t ✐s t♦ ❣✐✈❡ ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡t ♦❢ ❛❧❧ d✲t✉♣❧❡s (i1, . . . , id) ❛♥❞ t❤❡ s❡t



✸✳✹✳ ❙✐♠✉❧❛t✐♦♥ ✉s✐♥❣ ■♠♣♦rt❛♥❝❡ ❙❛♠♣❧✐♥❣ ✼✼

{1, . . . , (T1−m1+1) · · · (Td−md+1)}✳✶ ❋♦r s✉❝❤ ❛ ❜✐❥❡❝t✐♦♥✱ ✇❡ ❞❡♥♦t❡ t❤❡ ❢♦r♠❡❞

s❡q✉❡♥❝❡ ❜② Z = (Z1, . . . , ZN )✱ ✇❤❡r❡ N = (T1 − m1 + 1) · · · (Td − md + 1)✳ ■❢ ✇❡

❝♦♥s✐❞❡r t❤❛t
(
i
(k)
1 , . . . , i

(k)
d

)
→ l✱ t❤❡♥ t♦ ❣❡♥❡r❛t❡ Z ❣✐✈❡♥ Zl ≥ τ ✱ ✇❡ ♣❛rt✐t✐♦♥ ✐t

✐♥t♦ Z = (W1, Zl,W2)✱ ✇❤❡r❡ t❤❡ ♦❜s❡r✈❡❞ ❝♦♠♣♦♥❡♥t ✐s Zl ❛♥❞ t❤❡ ✉♥♦❜s❡r✈❡❞ ❛r❡

W1 = (Z1, . . . , Zl−1) ❛♥❞ W2 = (Zl+1, . . . , ZN )✳

■t ✐s ❡❛s② t♦ ❡st❛❜❧✐s❤ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬❚♦♥❣✱ ✶✾✾✵✱ ❈❤❛♣t❡r ✸❪✮ t❤❛t ❣✐✈❡♥ Zl = t✱

❢♦r s♦♠❡ t ≥ τ ✭♦❜t❛✐♥❡❞ ❜② s❛♠♣❧✐♥❣ ❢r♦♠ t❤❡ t❛✐❧ ❞✐str✐❜✉t✐♦♥ ♦❢ Zl✮✱ ✇❡ ❤❛✈❡

W1 = W1|(Zl = t) ∼ N
(
µw1|t,Σw1|t

)
❛♥❞ W2 = W2|(Zl = t) ∼ N

(
µw2|t,Σw2|t

)

✭✸✳✼✼✮

✇❤❡r❡ ❢♦r i ∈ {1, 2}✱

µwi|t = E[Wi] +
1

V ar[Zl]
Cov[Wi, Zl](t− E[Zl]), ✭✸✳✼✽✮

Σwi|t = Cov(Wi)−
1

V ar[Zl]
Cov[Wi, Zl]CovT [Wi, Zl]. ✭✸✳✼✾✮

❚❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣

t❤❡ r❡s✉❧t ✐♥ ▲❡♠♠❛ ✸✳✹✳✸✳ ◆♦t✐❝❡ t❤❛t✱ ✐♥ ♦r❞❡r t♦ s❛♠♣❧❡ ❢r♦♠ N
(
µwi|t,Σwi|t

)
✱

♦♥❡ ❤❛s t♦ ❝♦♥s✐❞❡r t❤❡ ❈❤♦❧❡s❦② ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ Σwi|t ❛♥❞ t❛❦❡

Wi = µwi|t + Chol(Σwi|t)Ui, ✭✸✳✽✵✮

✇✐t❤ Ui ∼ N (0, I) ✈❡❝t♦rs ♦❢ ✐♥❞❡♣❡♥❞❡♥t st❛♥❞❛r❞ ♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳

❙✐♥❝❡ ❝♦♠♣✉t✐♥❣ t❤❡ ❈❤♦❧❡s❦② ❞❡❝♦♠♣♦s✐t✐♦♥ ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥ st❡♣ ❝❛♥ ❜❡ t✐♠❡ ❝♦♥✲

s✉♠✐♥❣✱ ✇❡ ♣r♦♣♦s❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ ♠❡t❤♦❞ ❢♦r s❛♠♣❧✐♥❣ ❢r♦♠ t❤❡ ♣♦st❡r✐♦r ♦❢ t❤❡

●❛✉ss✐❛♥ ✈❡❝t♦r Z✳ ❚❤✐s ♠❡t❤♦❞ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❬❍♦✛♠❛♥ ❛♥❞ ❘✐❜❛❦✱ ✶✾✾✶❪ ✭s❡❡

❛❧s♦ t❤❡ ♥♦t❡ ♦❢ ❬❉♦✉❝❡t✱ ✷✵✶✵❪✮ ❛♥❞ r❡q✉✐r❡s ♦♥❧② t♦ ❜❡ ❛❜❧❡ t♦ s✐♠✉❧❛t❡ ❛ r❛♥❞♦♠

✈❡❝t♦r ❢r♦♠ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s

• ●❡♥❡r❛t❡ Z ∼ N (µ̄,Σ)

• ❚❛❦❡ Wi = Wi +
1

V ar[Zl]
Cov[Wi, Zl](t− Zl)

❚❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❢♦r❡❣♦✐♥❣ ❛❧❣♦r✐t❤♠ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇✳ ❲❡ r❡♠❛r❦ t❤❛t

✐♥ t❤❡ ❛❜♦✈❡ ♣r♦❝❡❞✉r❡ ✇❡ ♥❡❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❈❤♦❧❡s❦② ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ Σ ♦♥❧②

♦♥❝❡✱ t❤✉s r❡❞✉❝✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ ❆❧❣♦r✐t❤♠ ✶✳

❚❤❡ ❢♦r❡❣♦✐♥❣ ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧

❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s✳ ◆❡✈❡rt❤❡❧❡ss✱ ❢♦r ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s ✭d ≥ 2✮✱ t❤❡ ❝♦✈❛r✐❛♥❝❡

♠❛tr✐① ✐s ✈❡r② ❧❛r❣❡ ❛♥❞ t♦ st♦r❡ ✐t ✇✐❧❧ r❡q✉✐r❡ ❛ ❧❛r❣❡ ♠❡♠♦r② s♣❛❝❡✳ ❚❛❦❡✱ ❢♦r

❡①❛♠♣❧❡✱ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣ ✇✐t❤ T1 = T2 = 200 ❛♥❞ m1 = m2 = 10✳

❈❧❡❛r❧②✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✇✐❧❧ ❜❡ ♦❢ s✐③❡ 36481×36481 ❛♥❞ t♦ st♦r❡ ✐t ✐♥ ▼❛t❧❛❜✱

❢♦r ❡①❛♠♣❧❡✱ ✇♦✉❧❞ ❜❡ ♥❡❝❡ss❛r② ❛❧♠♦st 10 ●❜ ♦❢ ✭❘❆▼✮ s♣❛❝❡✳ ■♥❝r❡❛s✐♥❣ t❤❡

✶❙✉❝❤ ❛ ❜✐❥❡❝t✐♦♥ ✐s ❣✐✈❡♥ ❜② f(i1, . . . , id) =

d−1
∑

s=1

(is − 1)Ls+1 · · ·Ld + id, L0 = 1✳



✼✽ ❈❤❛♣t❡r ✸✳ ❙❝❛♥ st❛t✐st✐❝s ❛♥❞ ✶✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s

❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞✴♦r t❤❡ s✐③❡s ♦❢ t❤❡ r❡❣✐♦♥ Rd t♦ ❜❡ s❝❛♥♥❡❞✱ s❤♦✇s

t❤❛t t❤✐s ❛♣♣r♦❛❝❤ ✐s ✉♥❢❡❛s✐❜❧❡ ❢♦r d ≥ 2✳

❚♦ ♦✈❡r❝♦♠❡ t❤❡ ❛❜♦✈❡ ❞✐✣❝✉❧t✐❡s✱ ✇❡ ♣r❡s❡♥t ❛ s❡❝♦♥❞ ♠❡t❤♦❞ ❢♦r ❣❡♥❡r❛t✐♥❣ t❤❡

r❛♥❞♦♠ ✜❡❧❞ X̃(k) =
{
X̃

(k)
s1,s2,...,sd

}
✱ ✇✐t❤ sj ∈ {1, . . . , Tj} ❛♥❞ j ∈ {1, . . . , d}✱ ❢r♦♠

t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ❣✐✈❡♥ t❤❡ d✲t✉♣❧❡ (i
(k)
1 , . . . , i

(k)
d ) ❛♥❞

{
Y
i
(k)
1 ,...,i

(k)
d

≥ τ
}
✳

❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤✐s ♠❡t❤♦❞ ✐s t♦ ❞✐r❡❝t❧② ❣❡♥❡r❛t❡ t❤❡ ✉♥❞❡r❧②✐♥❣ r❛♥❞♦♠ ✜❡❧❞ ❛♥❞

♥♦t t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Yi1,...,id ✱ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❛♣♣r♦❛❝❤ ❛♥❞ ✐s ❜❛s❡❞ ♦♥ t❤❡

❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

▲❡♠♠❛ ✸✳✹✳✹✳ ■♥ t❤❡ ✉s✉❛❧ d ❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✱ ❧❡t Xs1,s2,...,sd ✱ ❢♦r ❛❧❧ sj ∈
{1, . . . , Tj} ❛♥❞ j ∈ {1, . . . , d}✱ ❜❡ ✐✳✐✳❞✳ N (µ, σ2) r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ■❢ w =

m1 · · ·md✱ t❤❡♥ ❝♦♥❞✐t✐♦♥❛❧❧② ❣✐✈❡♥ t❤❡ d✲t✉♣❧❡ (i
(k)
1 , . . . , i

(k)
d ) ❛♥❞

{
Y
i
(k)
1 ,...,i

(k)
d

= t
}
✱

t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Xs1,s2,...,sd ✱ (s1, . . . , sd) 6=
(
i
(k)
1 , . . . , i

(k)
d

)
✱ ❛r❡ ❥♦✐♥t❧② ❞✐s✲

tr✐❜✉t❡❞ ❛s t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s X̃s1,s2,...,sd ✱ (s1, . . . , sd) 6=
(
i
(k)
1 , . . . , i

(k)
d

)
✱ ✇❤❡r❡

X̃s1,s2,...,sd =
t− µ

√
w

w
− 1

w − 1

(
1− 1

w

)(
Y
i
(k)
1 ,...,i

(k)
d

−X
i
(k)
1 ,...,i

(k)
d

)
+Xs1,s2,...,sd

✭✸✳✽✶✮

❢♦r (s1, . . . , sd) ∈ Γ
i
(k)
1 ,...,i

(k)
d

✱

X̃s1,s2,...,sd = Xs1,s2,...,sd , ❢♦r (s1, . . . , sd) /∈ Γ
i
(k)
1 ,...,i

(k)
d

✭✸✳✽✷✮

❛♥❞

X̃
i
(k)
1 ,...,i

(k)
d

= t−
∑

(s1,...,sd)∈Γ
i
(k)
1 ,...,i

(k)
d

X̃s1,s2,...,sd ✭✸✳✽✸✮

❛♥❞ ✇❤❡r❡

Γ
i
(k)
1 ,...,i

(k)
d

=
{
(r1, . . . , rd) 6= (i

(k)
1 , . . . , i

(k)
d ) | i(k)j ≤ rj ≤ i

(k)
j +mj − 1, 1 ≤ j ≤ d

}
.

❚❤❡ r❡s✉❧t ✐♥ ▲❡♠♠❛ ✸✳✹✳✹ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ st❡♣ ✐♥

❆❧❣♦r✐t❤♠ ✶✿

❙t❡♣ ✷❛ ●✐✈❡♥ t❤❡ d✲t✉♣❧❡ (i
(k)
1 , . . . , i

(k)
d )✱ ❣❡♥❡r❛t❡ ❛ ✈❛❧✉❡ Y

i
(k)
1 ,...,i

(k)
d

= t ❢r♦♠ t❤❡ t❛✐❧

❞✐str✐❜✉t✐♦♥ P
(
Y
i
(k)
1 ,...,i

(k)
d

≥ τ
)
✳

❙t❡♣ ✷❜ ❈♦♥❞✐t✐♦♥❛❧❧②✱ ❣✐✈❡♥ t❤❡ d✲t✉♣❧❡ (i
(k)
1 , . . . , i

(k)
d ) ❛♥❞ Y

i
(k)
1 ,...,i

(k)
d

= t✱ ❣❡♥❡r❛t❡ t❤❡

r❛♥❞♦♠ ✜❡❧❞ X̃ =
{
X̃s1,s2,...,sd

}
✱ ✇✐t❤ sj ∈ {1, . . . , Tj} ❛♥❞ j ∈ {1, . . . , d}✱ ❜❛s❡❞

♦♥ t❤❡ ❊qs✳✭✸✳✽✶✮✲✭✸✳✽✸✮ ❢r♦♠ ▲❡♠♠❛ ✸✳✹✳✹

❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♠❡t❤♦❞ ✐s t❤❛t ✇❡ ❞♦♥✬t ♥❡❡❞ t♦ ❝♦♠♣✉t❡ ❛♥② ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✱

t❤❡ ♠❡♠♦r② ♣r♦❜❧❡♠ ❜❡✐♥❣ s♦❧✈❡❞✳ ■t ✐s ❛❧s♦ ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❡ s❝❛❧❛❜✐❧✐t② ♦❢

t❤❡s❡ ❢♦r♠✉❧❛s t♦ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✳



✸✳✹✳ ❙✐♠✉❧❛t✐♦♥ ✉s✐♥❣ ■♠♣♦rt❛♥❝❡ ❙❛♠♣❧✐♥❣ ✼✾

❲❡ ❝♦♥❝❧✉❞❡ ❜② ♠❡♥t✐♦♥✐♥❣ t❤❛t t❤❡r❡ ❛r❡ ♦t❤❡r ♠❡t❤♦❞s t♦ s❛♠♣❧❡ ❢r♦♠ t❤❡ ❞✐s✲

❝✉ss❡❞ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥✿ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❬▼❛❧❧❡② ❡t ❛❧✳✱ ✷✵✵✷❪✱ t❤❡ ❛✉t❤♦rs ✉s❡

❛ ❞✐s❝r❡t❡ ❢❛st ❋♦✉r✐❡r tr❛♥s❢♦r♠s ❛♣♣r♦❛❝❤ t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✳ ❍♦✇❡✈❡r✱ t❤❡✐r

♠❡t❤♦❞♦❧♦❣② ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✱ s♦ ✐t ❝❛♥♥♦t ❜❡ s❝❛❧❡❞ t♦ ❤✐❣❤❡r

❞✐♠❡♥s✐♦♥s ❞✉❡ t♦ t❤❡ ♠❡♠♦r② ♣r♦❜❧❡♠ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳

❈♦♥❝❡r♥✐♥❣ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❡✣❝✐❡♥t❧② s❡❛r❝❤✐♥❣ ❢♦r t❤❡ ❧♦❝❛❧✐t② st❛t✐st✐❝s t❤❛t ❡①✲

❝❡❡❞ ❛ ❣✐✈❡♥ t❤r❡s❤♦❧❞ τ ✱ ✇❡ ❛❞♦♣t ❛ t❡❝❤♥✐q✉❡ ❜❛s❡❞ ♦♥ ❝✉♠✉❧❛t✐✈❡ ❝♦✉♥ts ✭s❡❡

❬◆❡✐❧✱ ✷✵✵✻❪✮✳ ❚❤✐s ♠❡t❤♦❞ s❡❛r❝❤❡s t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ r❡❣✐♦♥ Rd ✐♥ ❝♦♥st❛♥t t✐♠❡

✭s❡❡ ❋✐❣✉r❡ ✸✳✹✭❛✮✮✳ ❲❡ ✐❧❧✉str❛t❡ t❤✐s ♠❡t❤♦❞ ✐♥ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✱ t❛❦✐♥❣

❛ sq✉❛r❡ r❡❣✐♦♥ ❛♥❞ s❝❛♥♥✐♥❣ t❤❡ r❡❣✐♦♥ ✇✐t❤ ❛ sq✉❛r❡ ✇✐♥❞♦✇ ✭d = 2✱ T1 = T2 = T

❛♥❞ m1 = m2 = m✮✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ♣r❡❝♦♠♣✉t❡ ❛ ♠❛tr✐① ♦❢ ❝✉♠✉❧❛t✐✈❡ ❝♦✉♥ts ✉s✐♥❣

❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✱ st❡♣ t❤❛t t❛❦❡s ❛❜♦✉t O(T 2) ♦♣❡r❛t✐♦♥s ✭s✉❝❤ ❛ ❢✉♥❝t✐♦♥ ✐s

✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛❧♠♦st ❛❧❧ ❝♦♠♣✉t❛t✐♦♥❛❧ s♦❢t✇❛r❡s✿ ▼❛t❧❛❜✱ ❘✱ ▼❛♣❧❡✱ ▼❛t❤❡♠❛t✲

✐❝❛ ❡t❝✳✮✳ ■❢ ✇❡ ❞❡♥♦t❡ ❜② M t❤✐s ♠❛tr✐①✱ t❤❡♥ t❤❡ ❡❧❡♠❡♥t ❢r♦♠ t❤❡ i✲t❤ ❧✐♥❡ ❛♥❞

j✲t❤ ❝♦❧✉♠♥ ✐s ❣✐✈❡♥ ❜②

M(i, j) =
i∑

k=1

j∑

l=1

Xk,l,

s♦ t❤❡ ❧♦❝❛❧✐t② st❛t✐st✐❝✱ Yi1,i2 ❝❛♥ ❜❡ ❢♦✉♥❞ ❜② t❤❡ r❡❧❛t✐♦♥

Yi1,i2 = M(i1 +m− 1, i2 +m− 1)−M(i1 +m− 1, i2 − 1)

−M(i1 − 1, i2 +m− 1) +M(i1 − 1, i2 − 1).

❚❤❡ ❧❛st ❝♦♠♣✉t❛t✐♦♥ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ O(1)✱ ✇❤✐❝❤ s❤♦✇s t❤❛t ✐❢ ITER ✐s t❤❡ ♥✉♠❜❡r

♦❢ r❡♣❧✐❝❛s ♠❛❞❡ ❜② ♦✉r ❛❧❣♦r✐t❤♠✱ t❤❡♥ t❤❡ r❡q✉✐r❡❞ t✐♠❡ ❢♦r ✜♥❞✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢

❧♦❝❛❧✐t② st❛t✐st✐❝s s✉♣❡r✐♦r t♦ ❛ ❣✐✈❡♥ τ ✐s ❛❜♦✉t O(ITER× T 2)✳

■♥ ❋✐❣✉r❡ ✸✳✹✱ ✇❡ ❝♦♥s✐❞❡r❡❞ t✇♦ s❝❡♥❛r✐♦s✿ ♦♥ t❤❡ ❧❡❢t ✭s❡❡ ❋✐❣✉r❡ ✸✳✹✭❛✮✮✱ ✇❡ ✜①❡❞

t❤❡ r❡❣✐♦♥ ❛♥❞ t❤❡ s❝❛♥♥✐♥❣ ✇✐♥❞♦✇ s✐③❡s ❛t T1 = T2 = 2500 ❛♥❞ m1 = m2 = 50✱

r❡s♣❡❝t✐✈❡❧② ❛♥❞ ❢♦r 103 r❡♣❧✐❝❛s ✇❡ ♣❧♦tt❡❞ t❤❡ r✉♥ t✐♠❡ ♥❡❝❡ss❛r② t♦ ✜♥❞ t❤❡ ♥✉♠❜❡r

♦❢ ❧♦❝❛❧✐t② st❛t✐st✐❝s ❡①❝❡❡❞✐♥❣ τ = 23❀ ♦♥ t❤❡ r✐❣❤t s✐❞❡ ✭s❡❡ ❋✐❣✉r❡ ✸✳✹✭❜✮✮✱ ❢♦r t❤❡

s❛♠❡ ✈❛❧✉❡s ♦❢ m1 = m2 ❛♥❞ τ ✱ ✇❡ ✐❧❧✉str❛t❡ t❤❡ r✉♥ t✐♠❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❣✐✈❡♥

t❤❛t t❤❡ s✐③❡ ♦❢ t❤❡ r❡❣✐♦♥ ✐♥❝r❡❛s❡s ❢r♦♠ T1 = T2 = 300 t♦ T1 = T2 = 10000✳

❖♥❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♠❡t❤♦❞ ✐s t❤❛t ❝❛♥ ❜❡ ❡❛s✐❧② s❝❛❧❡❞ t♦ d✲❞✐♠❡♥s✐♦♥s✷✳ ■♥

t❤✐s s✐t✉❛t✐♦♥✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✐s ❛❜♦✉t O(ITER × T d) ❢♦r d✲❞✐♠❡♥s✐♦♥❛❧

❤②♣❡r❝✉❜❡s✳ ❲❡ s❤♦✉❧❞ ❛❧s♦ ♠❡♥t✐♦♥ t❤❛t t❤❡r❡ ❛r❡ ♦t❤❡r ♠❡t❤♦❞s✱ s♦♠❡ ♦❢ t❤❡♠

❢❛st❡r ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬◆❡✐❧❧ ❡t ❛❧✳✱ ✷✵✵✺❪ ❛♥❞ ❬◆❡✐❧✱ ✷✵✶✷❪✮✱ t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦ s♦❧✈❡

♦✉r ♣r♦❜❧❡♠✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡✐r ✐♠♣❧❡♠❡♥t❛t✐♦♥s ❛r❡ ♠♦r❡ ❞✐✣❝✉❧t ❛♥❞ ✐♥✈♦❧✈❡

❛❞✈❛♥❝❡❞ ♣r♦❣r❛♠♠✐♥❣ s❦✐❧❧s✳

✷■♥ ❣❡♥❡r❛❧✱ ✐❢ M(y1, . . . , yd) =

y1
∑

s1=1

· · ·

yd
∑

sd=1

Xs1,...,sd ❛♥❞ W
y1,...,yd
x1,...,xd

=

y1
∑

s1=x1

· · ·

yd
∑

sd=xd

Xs1,...,sd

t❤❡♥ W
y1,...,yd
x1,...,xd

= M(y1, . . . , yd) +

d
∑

k=1

∑

1≤j1<···<jk≤d

(−1)kM(y1, . . . , xj1 − 1, . . . , xjk − 1, . . . , yd)✳

❚♦ ❝♦♠♣✉t❡ Yi1,...,id ✐t ✐s ❡♥♦✉❣❤ t♦ t❛❦❡ xr = ir ❛♥❞ yr = ir +mr − 1✱ r ∈ {1, . . . , d} ✐♥ t❤❡ ❛❜♦✈❡

❢♦r♠✉❧❛✳
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❋✐❣✉r❡ ✸✳✹✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ r✉♥ t✐♠❡ ✉s✐♥❣ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❝♦✉♥ts t❡❝❤♥✐q✉❡

✸✳✹✳✹ ❘❡❧❛t❡❞ ❛❧❣♦r✐t❤♠s✿ ❝♦♠♣❛r✐s♦♥ ❢♦r ♥♦r♠❛❧ ❞❛t❛

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛♥♦t❤❡r ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❡s✲

t✐♠❛t✐♦♥ ♦❢ t❤❡ s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧ ♦❢ ❤②♣♦t❤❡s✐s t❡sts ❜❛s❡❞ ♦♥ d✲❞✐♠❡♥s✐♦♥❛❧ s❝❛♥

st❛t✐st✐❝s✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❬❙❤✐ ❡t ❛❧✳✱ ✷✵✵✼❪ ❛♥❞ ❛♣♣❧✐❡❞ ✐♥ t❤❡

❝♦♥t❡①t ♦❢ ❣❡♥❡t✐❝ ❧✐♥❦❛❣❡ ❛♥❛❧②s✐s✳ ❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡ ❛❧❣♦r✐t❤♠ ✐s t♦ ✐♠❜❡❞ t❤❡

♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ✉♥❞❡r t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ✐♥t♦ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❢❛♠✐❧②✳ ❲❡ ❞❡✲

s❝r✐❜❡ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛♥ ✉♥❞❡r❧②✐♥❣ r❛♥❞♦♠ ✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② ✐✳✐✳❞✳

N (µ, σ2) r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ❜✉t ✇❡ s❤♦✉❧❞ ♠❡♥t✐♦♥ t❤❛t ✐t ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛♥②

❡①♣♦♥❡♥t✐❛❧ ❢❛♠✐❧✐❡s ♦❢ ❞✐str✐❜✉t✐♦♥s✳

❈♦♥s✐❞❡r t❤❡ ✉s✉❛❧ d✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣ ✐♥ ✇❤✐❝❤ Xs1,...,s2 ∼ N (µ, σ2)✱ 1 ≤ sj ≤ Tj ✱

j ∈ {1, . . . , d}✳ ❆s ✇❡ s❛✇ ✐♥ t❤❡ ❊①❛♠♣❧❡ ✸✳✹✳✷✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Yi1,...,id ✱

1 ≤ ij ≤ Tj −mj + 1✱ j ∈ {1, . . . , d}✱ ❢♦❧❧♦✇ ❛ ♠✉❧t✐✈❛r✐❛t❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤

♠❡❛♥ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❣✐✈❡♥ ❜② ▲❡♠♠❛ ✸✳✹✳✸✳

❲❡ ❞❡✜♥❡ t❤❡ ♥❡✇ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡

dPξ,(r1,...,rd) =
eξYr1,...,rd

EH0

[
eξYr1,...,rd

]dPH0 ✭✸✳✽✹✮

❢♦r ❛ ❣✐✈❡♥ ξ ❛♥❞ d✲t✉♣❧❡ (r1, . . . , rd)✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ✉♥❞❡r t❤❡ ❞❡✜♥❡❞ ♠❡❛s✉r❡✱

t❤❡ r❛♥❞♦♠ ✜❡❧❞ r❡♠❛✐♥s ●❛✉ss✐❛♥ ❛♥❞ ❤❛s t❤❡ ♠❡❛♥ ❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①

❣✐✈❡♥ ❜②

Eξ,(r1,...,rd) [Yi1,...,id ] = ξCovH0 [Yi1,...,id , Yr1,...,rd ] +m1 · · ·mdµ, ✭✸✳✽✺✮

Covξ,(r1,...,rd) [Yi1,...,id , Yj1,...,jd ] = CovH0 [Yi1,...,id , Yj1,...,jd ] . ✭✸✳✽✻✮



✸✳✹✳ ❙✐♠✉❧❛t✐♦♥ ✉s✐♥❣ ■♠♣♦rt❛♥❝❡ ❙❛♠♣❧✐♥❣ ✽✶

❚❤❡ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ❛❧❣♦r✐t❤♠ ✐s ❜✉✐❧❞ ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t②✿

PH0 (Sm(T) ≥ τ) =
1

N

∑

k1,...,kd

Eξ,(k1,...,kd)




N1{Sm(T)≥τ}
∑

j1,...,jd

e
ξYj1,...,jd

−logEH0

[

e
ξYj1,...,jd

]



,

✭✸✳✽✼✮

✇✐t❤ N = (T1 −m1 + 1) · · · (Td −md + 1)✳

❚❤✐s r❡❧❛t✐♦♥ ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❣✉♠❡♥t✿

PH0 (Sm(T) ≥ τ) =

∫
1
















max
1≤ij≤Tj−mj+1

j∈{1,2,...,d}

Yi1,i2,...,id ≥ τ



















dPH0

=

∫ T1−m1+1∑

j1=1

· · ·
Td−md+1∑

jd=1

eξYj1,...,jd

T1−m1+1∑

j1=1

· · ·
Td−md+1∑

jd=1

eξYj1,...,jd

1{Sm(T)≥τ}dPH0

=
∑

k1,...,kd

∫
eξYk1,...,kd

∑

j1,...,jd

eξYj1,...,jd

1{Sm(T)≥τ}dPH0

=
∑

k1,...,kd

∫
1{Sm(T)≥τ}

∑

j1,...,jd

e
ξYj1,...,jd

−logEH0

[

e
ξYj1,...,jd

]dPξ,(k1,...,kd)

=
1

N

∑

k1,...,kd

∫
N

∑

j1,...,jd

e
ξYj1,...,jd

−logEH0

[

e
ξYj1,...,jd

]1{Sm(T)≥τ}dPξ,(k1,...,kd),

✭✸✳✽✽✮

✇❤❡r❡ t❤❡ ❧♦❣ ♠♦♠❡♥t ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ✐s ❡q✉❛❧ ✇✐t❤

logEH0

[
eξYj1,...,jd

]
= m1 · · ·md

(
µξ +

σ2ξ2

2

)
, ✭✸✳✽✾✮

❛♥❞ ✇❤❡r❡ ✇❡ ❤❛✈❡ ❛❞♦♣t❡❞ t❤❡ s❤♦rt❤❛♥❞ ♥♦t❛t✐♦♥
∑

k1,...,kd

=

T1−m1+1∑

k1=1

· · ·
Td−md+1∑

kd=1

✳

❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r ξ ✐♥ t❤❡ ❛❜♦✈❡ r❡❧❛t✐♦♥ s❤♦✉❧❞ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣



✽✷ ❈❤❛♣t❡r ✸✳ ❙❝❛♥ st❛t✐st✐❝s ❛♥❞ ✶✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s

❡q✉❛t✐♦♥ ✭s❡❡ ❬❙❤✐ ❡t ❛❧✳✱ ✷✵✵✼✱ ❆♣♣❡♥❞✐① ❇❪ ❢♦r ❛♥ ❤❡✉r✐st✐❝ ❛r❣✉♠❡♥t✮✿

Eξ,(r1,...,rd) [Yr1,...,rd ] ≈ τ, ✭✸✳✾✵✮

✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ s♦❧✉t✐♦♥ ξ ≈ τ
m1···mdσ2 − µ

σ2 ✳

❇❛s❡❞ ♦♥ t❤❡ ✐❞❡♥t✐t② ✐♥ ❊q✳✭✸✳✽✼✮✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣

❛❧❣♦r✐t❤♠✿

❆❧❣♦r✐t❤♠ ✷ ❙❡❝♦♥❞ ■♠♣♦rt❛♥❝❡ ❙❛♠♣❧✐♥❣ ❆❧❣♦r✐t❤♠ ❢♦r ❙❝❛♥ ❙t❛t✐st✐❝s

❇❡❣✐♥

❘❡♣❡❛t ❢♦r ❡❛❝❤ k ❢r♦♠ 1 t♦ ITER ✭✐t❡r❛t✐♦♥s ♥✉♠❜❡r✮

✶✿ ●❡♥❡r❛t❡ ✉♥✐❢♦r♠❧② t❤❡ d✲t✉♣❧❡ (i
(k)
1 , . . . , i

(k)
d ) ❢r♦♠ t❤❡ s❡t {1, . . . , T1 − m1 +

1} × · · · × {1, . . . , Td −md + 1}✳
✷✿ ●✐✈❡♥ t❤❡ d✲t✉♣❧❡ (i

(k)
1 , . . . , i

(k)
d )✱ ❣❡♥❡r❛t❡ ❛ s❛♠♣❧❡ ♦❢ t❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss

Yi1,...,id ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥❡✇ ♠❡❛s✉r❡ dP
ξ,(i

(k)
1 ,...,i

(k)
d

)
✳

✸✿ ❈♦♠♣✉t❡ ρ̂k(d) ❜❛s❡❞ ♦♥

ρ̂k(d) =
N

∑

j1,...,jd

e
ξYj1,...,jd

−logEH0

[

e
ξYj1,...,jd

]1{Sm(T)≥τ}.

❊♥❞ ❘❡♣❡❛t

❘❡t✉r♥ ρ̂(d) =
1

ITER

ITER∑

k=1

ρ̂k(d)✳

❊♥❞

■♥ ♦r❞❡r t♦ ✐❧❧✉str❛t❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❢♦r❡❣♦✐♥❣ ❛❧❣♦r✐t❤♠ ❛♥❞ ❆❧❣♦r✐t❤♠ ✶ ❞❡✲

s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳✷✸✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ ❡st✐♠❛t✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢

♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ♦✈❡r ❛ st❛♥❞❛r❞ ●❛✉ss✐❛♥ r❛♥❞♦♠ ✜❡❧❞✳ ■♥ ♦✉r s✐♠✉✲

❧❛t✐♦♥ st✉❞② ✇❡ ✐♥❝❧✉❞❡✱ ❢♦r ❝♦♠♣❛r✐s♦♥✱ ❛♥♦t❤❡r t✇♦ ❛♣♣r♦❛❝❤❡s ❢♦r ❡st✐♠❛t✐♥❣ t❤❡

❞❡s✐r❡❞ p ✈❛❧✉❡✿ t❤❡ ❞✐r❡❝t ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ❣✐✈❡♥ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✸✳✹

❛♥❞ ❛ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ t❤❡ q✉❛s✐ ▼♦♥t❡ ❈❛r❧♦ ❛❧❣♦r✐t❤♠ ♦❢ ❬●❡♥③ ❛♥❞ ❇r❡t③✱ ✷✵✵✾❪

❢♦r ♥✉♠❡r✐❝❛❧❧② ❛♣♣r♦①✐♠❛t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ ♠✉❧t✐✈❛r✐❛t❡ ♥♦r♠❛❧✳

❚♦ ❡✈❛❧✉❛t❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s✱ ✇❡ ❞❡✜♥❡ t❤❡ ♠❡❛s✉r❡ ♦❢ r❡❧❛t✐✈❡ ❡✣✲

❝✐❡♥❝② ❜❡t✇❡❡♥ t✇♦ ❛❧❣♦r✐t❤♠s✱ t♦ ❜❡ ❡q✉❛❧ ✇✐t❤ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥

t✐♠❡ t❤❛t ✐s r❡q✉✐r❡❞ ❜② ❡❛❝❤ ❛❧❣♦r✐t❤♠ t♦ ❛❝❤✐❡✈❡ ❛ ❣✐✈❡♥ ❡rr♦r ✈❛r✐❛♥❝❡✳ ❚❤✐s ♠❡❛✲

s✉r❡ ♦❢ ❡✣❝✐❡♥❝② ❤❛s ❜❡❡♥ ✉s❡❞✱ ✐♥ ❛ s❧✐❣❤t❧② ❣❡♥❡r❛❧ ❢♦r♠✱ ✐♥ ❬❲✉ ❛♥❞ ◆❛✐♠❛♥✱ ✷✵✵✺❪

❛♥❞ ❬Pr✐❡❜❡ ❡t ❛❧✳✱ ✷✵✵✶❪✱ ✇❤❡r❡ t❤❡ ❛✉t❤♦rs ❝♦♥s✐❞❡r❡❞ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❝♦♠✲

♣✉t❛t✐♦♥ t✐♠❡ t✐♠❡s t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❡st✐♠❛t♦r✳

■♥ ❚❛❜❧❡s ✸✳✶✲✸✳✸✱ ✇❡ ♣r❡s❡♥t ❛ ❝♦♠♣❛r✐s♦♥ st✉❞② ❜❡t✇❡❡♥ t❤❡ ❢♦✉r ♠❡t❤♦❞s✳ ❲❡ t♦♦❦

❛s t❤❡ r❡❢❡r❡♥❝❡ ♣♦✐♥t t❤❡ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ❛❧❣♦r✐t❤♠ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳✷✳

✸❆❝t✉❛❧❧②✱ ✐♥ t❤❡ s❡❝♦♥❞ st❡♣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ ✇❡ t❛❦❡ t❤❡ ✜rst ❛♣♣r♦❛❝❤ ♣r❡s❡♥t❡❞ ✐♥ ❊①❛♠✲

♣❧❡ ✸✳✹✳✷ ❢♦r ❢❛✐r ❝♦♠♣❛r✐s♦♥✱ s✐♥❝❡ ❜♦t❤ ♠❡t❤♦❞s ✉s❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ♣r♦❝❡ss✳



✸✳✺✳ ❊①❛♠♣❧❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✽✸

❲❡ ❤❛✈❡ ❡✈❛❧✉❛t❡❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s

❢♦r s❡❧❡❝t❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s❡q✉❡♥❝❡ T1 ∈ {200, 500, 750, 800} ❛♥❞ ♦❢

t❤❡ s❝❛♥♥✐♥❣ ✇✐♥❞♦✇ m1 ∈ {15, 25, 30, 40}✳ ❚❤❡ ❧❛st ❝♦❧✉♠♥ ❣✐✈❡s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡

r❡❧❛t✐✈❡ ❡✣❝✐❡♥❝② ♠❡❛s✉r❡ ❢♦r ❡❛❝❤ ❝♦♠♣❛r❡❞ ♠❡t❤♦❞ ✭●❡♥③✱ ❞✐r❡❝t ▼♦♥t❡ ❈❛r❧♦

❛♥❞ t❤❡ ♥❡✇ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ❛❧❣♦r✐t❤♠✮ ✇✐t❤ r❡s♣❡❝t t♦ ❆❧❣♦r✐t❤♠ ✶✳ ■t ❝❛♥

❜❡ ♦❜s❡r✈❡❞ t❤❛t ❆❧❣♦r✐t❤♠ ✶ ✐s t❤❡ ♠♦st ❡✣❝✐❡♥t ❜❡t✇❡❡♥ t❤❡ ❢♦✉r✱ ✐♥ s♦♠❡ ❝❛s❡s

t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡✐♥❣ ❤✉❣❡✱ ❡s♣❡❝✐❛❧❧② ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❞✐r❡❝t ▼♦♥t❡ ❈❛r❧♦

♠❡t❤♦❞ ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ❜② ❬●❡♥③ ❛♥❞ ❇r❡t③✱ ✷✵✵✾❪ ✭✐♥ s♦♠❡ ❝❛s❡s t❤❡

✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ♠❡t❤♦❞ ✐s 600 t✐♠❡s ❢❛st❡r✮✳

T1 m1 n ●❡♥③ ❊rr ●❡♥③ ■❙ ❆❧❣♦ ✶ ❊rr ❆❧❣♦ ✶ ❘❡❧ ❊✛

✷✵✵ ✶✺ ✶✷ ✵✳✾✸✷✹✽✸ ✵✳✵✵✵✼✸✷ ✵✳✾✸✸✷✶✺ ✵✳✵✵✵✼✹✸ ✼
✺✵✵ ✷✺ ✶✽ ✵✳✾✼✻✶✶✼ ✵✳✵✵✵✹✻✵ ✵✳✾✼✺✼✾✼ ✵✳✵✵✵✹✷✺ ✺✶✽
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❬●❡♥③ ❛♥❞ ❇r❡t③✱ ✷✵✵✾❪ ❛❧❣♦r✐t❤♠ ✭●❡♥③✮✱ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ✭❆❧❣♦ ✶✮ ❛♥❞ t❤❡ r❡❧❛t✐✈❡
❡✣❝✐❡♥❝② ❜❡t✇❡❡♥ t❤❡ ♠❡t❤♦❞s ✭❘❡❧ ❊✛✮
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❚❛❜❧❡ ✸✳✸✿ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ p ✈❛❧✉❡s ❛s ❡✈❛❧✉❛t❡❞ ❜② t❤❡ t✇♦ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣
❛❧❣♦r✐t❤♠s ✭❆❧❣♦ ✷ ❛♥❞ ❆❧❣♦ ✶✮ ❛♥❞ t❤❡ r❡❧❛t✐✈❡ ❡✣❝✐❡♥❝② ❜❡t✇❡❡♥ t❤❡ ♠❡t❤♦❞s ✭❘❡❧ ❊✛✮

✸✳✺ ❊①❛♠♣❧❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts

❚♦ ✐❧❧✉str❛t❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ ♦✉r ❛♣♣r♦①✐♠❛t✐♦♥s✱ ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡

♣❛rt✐❝✉❧❛r ❝❛s❡s ♦❢ ♦♥❡✱ t✇♦ ❛♥❞ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s✳ ❲❡

❝♦♠♣❛r❡ ♦✉r r❡s✉❧ts ✇✐t❤ t❤❡ ❡①✐st✐♥❣ ♦♥❡s ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✶✳
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✭❜✮

❋✐❣✉r❡ ✸✳✺✿ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ s✐♠✉❧❛t✐♦♥ ❡rr♦r ✐♥ ■❙ ❆❧❣♦r✐t❤♠ ✶ ❛♥❞ ■❙ ❆❧❣♦r✐t❤♠ ✷

✸✳✺✳✶ ❖♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s

❇❛s❡❞ ♦♥ t❤❡ ♠❡t❤♦❞♦❧♦❣② ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷ ❛♥❞ ❙❡❝t✐♦♥ ✸✳✸✱ ✇❡ ❤❛✈❡ t❤❡

❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s✿

P (Sm1(T1) ≤ n) ≈ 2Q2 −Q3

[1 +Q2 −Q3 + 2(Q2 −Q3)2]
L1−1

. ✭✸✳✾✶✮

❋r♦♠ ❊q✳✭✸✳✹✶✮✱ t❤❡ t❤❡♦r❡t✐❝❛❧ ❡rr♦r ❜♦✉♥❞ ✐s

Eapp(1) = (L1 − 1)F (Q2, L1 − 1) (1−Q2)
2 , ✭✸✳✾✷✮

✇❤✐❧❡ t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦rs✱ ❛❝❝♦r❞✐♥❣ t♦ ❊q✳✭✸✳✹✺✮ ❛♥❞ ❊q✳✭✸✳✺✹✮✱ ❛r❡ ❣✐✈❡♥ ❜②

Esapp(1) = (L1 − 1)F
(
Q̂2, L1 − 1

)(
1− Q̂2 + β2

)2
, ✭✸✳✾✸✮

Esf (1) = (L1 − 1)(β2 + β3). ✭✸✳✾✹✮

❋♦r s❡❧❡❝t❡❞ ✈❛❧✉❡s ♦❢ m1✱ T1 ❛♥❞ n ❛♥❞ s❡❧❡❝t❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡

❜✐♥♦♠✐❛❧✱ P♦✐ss♦♥ ❛♥❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥s✱ ✇❡ ❡✈❛❧✉❛t❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❛♣✲

♣r♦①✐♠❛t✐♦♥ ✐♥ ❊q✳ ✭✸✳✾✶✮✱ ❛s ✇❡❧❧ ❛s t❤❡ s❤❛r♣♥❡ss ♦❢ t❤❡ ❡rr♦r ❜♦✉♥❞s ❣✐✈❡♥ ❛❜♦✈❡✳

■♥ ❚❛❜❧❡ ✸✳✹✱ ✇❡ ❝♦♠♣❛r❡ ♦✉r ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤ t❤❡ ❡①❛❝t ✈❛❧✉❡ ✭❝♦❧✉♠♥ ❊①❛❝t

❱❛❧✉❡✮✱ t❤❡ ♣r♦❞✉❝t t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ t❤❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ♠❛r❣✐♥s ♦❢ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❛♥ st❛t✐st✐❝s ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✶✳ ❚❤❡ ❡①❛❝t ✈❛❧✉❡s ✇❡r❡ ♦❜✲

t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ✐♠❜❡❞❞✐♥❣ ♠❡t❤♦❞♦❧♦❣② ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✶✳✶✳✷✳

◆✉♠❡r✐❝❛❧ ✈❛❧✉❡s ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Sm1(T1) ✐♥ t❤❡ ❝❛s❡ ♦❢ ❜✐♥♦♠✐❛❧ ❛♥❞ P♦✐s✲

s♦♥ ♠♦❞❡❧s ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❚❛❜❧❡ ✸✳✺✳ ❚♦ ❡✈❛❧✉❛t❡ t❤❡ t✇♦ ♠♦❞❡❧s✱ ✇❡ ❝♦♥s✐❞❡r❡❞

❛ s❡q✉❡♥❝❡ ♦❢ ❧❡♥❣t❤ T1 = 5000✱ ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❜✐♥♦♠✐❛❧ ❞✐str✐❜✉t✐♦♥

✇✐t❤ ♣❛r❛♠❡t❡rs r = 5 ❛♥❞ p = 0.01 ❛♥❞ ❛ P♦✐ss♦♥ ♦❢ ♠❡❛♥ λ = rp✱ r❡s♣❡❝t✐✈❡❧②

❛♥❞ s❝❛♥♥❡❞ ✇✐t❤ ❛ ✇✐♥❞♦✇ ♦❢ s✐③❡ m1 = 50✳ ❲❡ ❤❛✈❡ ❛❧s♦ ✐♥❝❧✉❞❡❞ t❤❡ s✐♠✉❧❛t❡❞

✈❛❧✉❡✱ t❤❡ ♣r♦❞✉❝t t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✭❊q✳✭✶✳✹✻✮✮ ❛♥❞ t❤❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s



✸✳✺✳ ❊①❛♠♣❧❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✽✺

♥ ❊①❛❝t ❆♣♣❍ Eapp(1) ❆♣♣P❚ ▲♦✇❇ ❯♣♣❇
❱❛❧✉❡ ❊q✳✭✸✳✾✶✮ ❊q✳✭✸✳✾✷✮ ❊q✳✭✶✳✹✻✮ ❊q✳✭✶✳✹✼✮ ❊q✳✭✶✳✹✾✮

✹ ✵✳✽✺✸✽✺✼ ✵✳✽✺✸✾✹✾ ✵✳✵✵✵✻✼✸ ✵✳✽✺✸✽✻✶ ✵✳✽✺✸✺✽✸ ✵✳✽✺✸✾✽✷
✺ ✵✳✾✽✸✵✾✵ ✵✳✾✽✸✵✾✷ ✵✳✵✵✵✵✵✼ ✵✳✾✽✸✵✾✶ ✵✳✾✽✸✵✽✼ ✵✳✾✽✸✵✾✷
✻ ✵✳✾✾✽✻✷✽ ✵✳✾✾✽✻✷✽ ✵✳✵✵✵✵✵✵ ✵✳✾✾✽✻✷✽ ✵✳✾✾✽✻✷✽ ✵✳✾✾✽✻✷✽
✼ ✵✳✾✾✾✾✶✻ ✵✳✾✾✾✾✶✻ ✵✳✵✵✵✵✵✵ ✵✳✾✾✾✾✶✻ ✵✳✾✾✾✾✶✻ ✵✳✾✾✾✾✶✻

❚❛❜❧❡ ✸✳✹✿ ❆♣♣r♦①✐♠❛t✐♦♥s ❢♦r P(Sm1(T1) ≤ n) ✐♥ t❤❡ ❇❡r♥♦✉❧❧✐ B(0.05) ❝❛s❡✿ m1 = 15✱
T1 = 1000✱ ITER = 105

✭❊qs✳✭✶✳✹✼✮ ❛♥❞ ✭✶✳✹✾✮✮ ❢♦r ❝♦♠♣❛r✐s♦♥ r❡❛s♦♥s✳ ❋♦r t❤❡ s✐♠✉❧❛t❡❞ ✈❛❧✉❡ ✭❙✐♠✮ ❛♥❞

♦✉r ❛♣♣r♦①✐♠❛t✐♦♥ ✭❆♣♣❍✮✱ ✇❡ ✉s❡❞ t❤❡ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ❛❧❣♦r✐t❤♠ ✶✱ ❛s ❡①✲

♣❧❛✐♥❡❞ ✐♥ ❊①❛♠♣❧❡ ✸✳✹✳✶✱ ✇✐t❤ ITERsim = 104 ❛♥❞ ITERapp = 105✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ●❛✉ss✐❛♥ ♠♦❞❡❧ ✇✐t❤ ♠❡❛♥ µ = 0 ❛♥❞ ✈❛r✐❛♥❝❡ σ2 = 1 ✐s ♣r❡s❡♥t❡❞ ✐♥ ❚❛✲

♥ ❆♣♣❍ Esapp(1) Esf (1) ❚♦t❛❧ ❙✐♠ ❆♣♣P❚ ▲♦✇❇ ❯♣♣❇
❊q✳✭✸✳✾✶✮ ❊q✳✭✸✳✾✸✮ ❊q✳✭✸✳✾✹✮ ❊rr♦r ❊q✳✭✶✳✹✻✮ ❊q✳✭✶✳✹✼✮ ❊q✳✭✶✳✹✾✮

Bin(5, 0.01)
✽ ✵✳✻✶✷✼✼✽ ✵✳✵✵✹✷✷✼ ✵✳✵✶✹✹✽✻ ✵✳✵✶✽✼✶✷ ✵✳✻✶✷✾✽✼ ✵✳✻✵✺✷✵✷ ✵✳✻✵✷✺✽✾ ✵✳✻✵✺✺✽✹
✾ ✵✳✽✼✷✷✼✼ ✵✳✵✵✵✷✽✹ ✵✳✵✵✸✽✶✶ ✵✳✵✵✹✵✾✺ ✵✳✽✼✺✵✼✷ ✵✳✽✼✵✵✽✵ ✵✳✽✻✾✻✷✺ ✵✳✽✼✵✶✶✺
✶✵ ✵✳✾✻✻✻✷✾ ✵✳✵✵✵✵✶✻ ✵✳✵✵✵✾✵✹ ✵✳✵✵✵✾✷✵ ✵✳✾✻✼✵✻✹ ✵✳✾✻✻✶✻✾ ✵✳✾✻✻✵✾✺ ✵✳✾✻✻✶✼✶
✶✶ ✵✳✾✾✷✹✹✷ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✶✾✸ ✵✳✵✵✵✶✾✸ ✵✳✾✾✷✺✵✼ ✵✳✾✾✷✸✺✾ ✵✳✾✾✷✸✹✻ ✵✳✾✾✷✸✺✾
✶✷ ✵✳✾✾✽✹✽✺ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✸✼ ✵✳✵✵✵✵✸✼ ✵✳✾✾✽✹✻✺ ✵✳✾✾✽✹✹✼ ✵✳✾✾✽✹✹✺ ✵✳✾✾✽✹✹✼
✶✸ ✵✳✾✾✾✼✶✻ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✼ ✵✳✵✵✵✵✵✼ ✵✳✾✾✾✼✶✽ ✵✳✾✾✾✼✶✶ ✵✳✾✾✾✼✶✶ ✵✳✾✾✾✼✶✶

Poiss(0.05)
✽ ✵✳✺✽✼✷✹✷ ✵✳✵✵✹✾✼✹ ✵✳✵✶✺✽✹✺ ✵✳✵✷✵✽✶✾ ✵✳✺✽✺✷✺✵ ✵✳✺✽✼✵✷✽ ✵✳✺✽✹✷✵✸ ✵✳✺✽✼✹✺✶
✾ ✵✳✽✺✾✾✷✶ ✵✳✵✵✵✸✺✵ ✵✳✵✵✹✷✸✾ ✵✳✵✵✹✺✽✾ ✵✳✽✻✵✽✺✽ ✵✳✽✺✾✻✵✶ ✵✳✽✺✾✵✽✼ ✵✳✽✺✾✻✹✸
✶✵ ✵✳✾✻✷✺✾✾ ✵✳✵✵✵✵✷✶ ✵✳✵✵✶✵✷✾ ✵✳✵✵✶✵✺✵ ✵✳✾✻✶✽✾✹ ✵✳✾✻✷✷✷✷ ✵✳✾✻✷✶✸✼ ✵✳✾✻✷✷✷✺
✶✶ ✵✳✾✾✶✶✵✽ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✷✷✽ ✵✳✵✵✵✷✷✾ ✵✳✾✾✶✶✷✵ ✵✳✾✾✶✶✻✼ ✵✳✾✾✶✶✺✷ ✵✳✾✾✶✶✻✼
✶✷ ✵✳✾✾✽✶✹✵ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✹✻ ✵✳✵✵✵✵✹✻ ✵✳✾✾✽✶✷✻ ✵✳✾✾✽✶✸✺ ✵✳✾✾✽✶✸✷ ✵✳✾✾✽✶✸✺
✶✸ ✵✳✾✾✾✻✹✷ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✽ ✵✳✵✵✵✵✵✽ ✵✳✾✾✾✻✸✺ ✵✳✾✾✾✻✸✾ ✵✳✾✾✾✻✸✽ ✵✳✾✾✾✻✸✾

❚❛❜❧❡ ✸✳✺✿ ❆♣♣r♦①✐♠❛t✐♦♥s ❢♦r P(Sm1(T1) ≤ n) ❢♦r ❜✐♥♦♠✐❛❧ ❛♥❞ P♦✐ss♦♥ ❝❛s❡s✿ m1 = 50✱
T1 = 5000✱ ITERapp = 105✱ ITERsim = 104

❜❧❡ ✸✳✻✳ ❋♦r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ♦✉r ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✱ ✇❡ ❛♣♣❧✐❡❞

t❤❡ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥ ❊①❛♠♣❧❡ ✸✳✹✳✷✱ ✇❤❡r❡ ✇❡ ✉s❡❞ 105 r❡♣❧✐❝❛s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠

❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ 104 r❡♣❧✐❝❛s ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥✳

❲❡ ♦❜s❡r✈❡ ❢r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts t❤❛t ♦✉r ♣r♦♣♦s❡❞ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s q✉✐t❡

❛❝❝✉r❛t❡✳ ▼♦r❡♦✈❡r✱ ✇❡ s❡❡ t❤❛t t❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ♦✈❡r❛❧❧ ❡rr♦r ✐s ❣✐✈❡♥ ❜②

t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛ ✭Esf (1)✮✳ ■♥❝r❡❛s✐♥❣

t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ❝❛♥ s♦❧✈❡ t❤✐s ❛s♣❡❝t✳



✽✻ ❈❤❛♣t❡r ✸✳ ❙❝❛♥ st❛t✐st✐❝s ❛♥❞ ✶✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s

♥ ❆♣♣❍ Esapp(1) Esf (1) ❚♦t❛❧ ❙✐♠ ❆♣♣P❚ ▲♦✇❇ ❯♣♣❇
❊q✳✭✸✳✾✶✮ ❊q✳✭✸✳✾✸✮ ❊q✳✭✸✳✾✸✮ ❊rr♦r ❊q✳✭✶✳✹✻✮ ❊q✳✭✶✳✹✼✮ ❊q✳✭✶✳✹✾✮

✶✼ ✵✳✻✺✼✼✵✶ ✵✳✵✷✷✽✼✷ ✵✳✵✶✶✷✺✷ ✵✳✵✸✹✶✷✹ ✵✳✻✻✺✶✺✵ ✵✳✻✺✺✻✻✹ ✵✳✻✸✵✶✼✼ ✵✳✻✸✽✶✷✾
✶✽ ✵✳✼✺✾✼✻✷ ✵✳✵✵✽✸✷✺ ✵✳✵✵✼✷✵✷ ✵✳✵✶✺✺✷✼ ✵✳✼✺✹✼✶✸ ✵✳✼✺✻✵✼✹ ✵✳✼✺✺✹✸✹ ✵✳✼✺✾✹✵✺
✶✾ ✵✳✽✸✽✷✸✵ ✵✳✵✵✸✶✶✷ ✵✳✵✵✹✹✽✽ ✵✳✵✵✼✻✵✵ ✵✳✽✸✻✾✷✶ ✵✳✽✸✻✾✾✸ ✵✳✽✹✻✽✵✼ ✵✳✽✹✽✺✽✷
✷✵ ✵✳✽✾✸✻✻✷ ✵✳✵✵✶✶✶✾ ✵✳✵✵✷✼✺✶ ✵✳✵✵✸✽✼✶ ✵✳✽✾✸✾✼✼ ✵✳✽✾✷✵✵✼ ✵✳✽✽✷✵✶✽ ✵✳✽✽✷✼✻✽
✷✶ ✵✳✾✸✸✸✷✺ ✵✳✵✵✵✸✾✵ ✵✳✵✵✶✻✸✷ ✵✳✵✵✷✵✷✷ ✵✳✾✸✸✺✸✵ ✵✳✾✸✹✸✽✻ ✵✳✾✷✾✾✾✾ ✵✳✾✸✵✷✽✹
✷✷ ✵✳✾✺✾✺✸✺ ✵✳✵✵✵✶✸✷ ✵✳✵✵✵✾✹✽ ✵✳✵✵✶✵✽✵ ✵✳✾✺✾✷✽✺ ✵✳✾✻✵✺✵✹ ✵✳✾✻✷✵✽✸ ✵✳✾✻✷✶✽✺
✷✸ ✵✳✾✼✻✹✵✵ ✵✳✵✵✵✵✹✹ ✵✳✵✵✵✺✸✽ ✵✳✵✵✵✺✽✷ ✵✳✾✼✻✵✵✻ ✵✳✾✼✻✻✽✻ ✵✳✾✼✻✽✷✺ ✵✳✾✼✻✽✻✵
✷✹ ✵✳✾✽✻✺✶✶ ✵✳✵✵✵✵✶✹ ✵✳✵✵✵✷✾✼ ✵✳✵✵✵✸✶✶ ✵✳✾✽✻✻✾✺ ✵✳✾✽✻✼✹✾ ✵✳✾✽✺✽✵✶ ✵✳✾✽✺✽✶✷
✷✺ ✵✳✾✾✷✺✼✾ ✵✳✵✵✵✵✵✹ ✵✳✵✵✵✶✺✾ ✵✳✵✵✵✶✻✸ ✵✳✾✾✷✹✻✸ ✵✳✾✾✷✸✺✽ ✵✳✾✾✷✼✺✹ ✵✳✾✾✷✼✺✼
✷✻ ✵✳✾✾✻✵✶✹ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✵✽✸ ✵✳✵✵✵✵✽✹ ✵✳✾✾✺✾✶✾ ✵✳✾✾✺✼✾✷ ✵✳✾✾✻✵✼✽ ✵✳✾✾✻✵✼✾
✷✼ ✵✳✾✾✼✽✽✹ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✹✷ ✵✳✵✵✵✵✹✸ ✵✳✾✾✼✽✼✾ ✵✳✾✾✽✵✶✷ ✵✳✾✾✼✽✸✺ ✵✳✾✾✼✽✸✺
✷✽ ✵✳✾✾✽✾✷✼ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✷✶ ✵✳✵✵✵✵✷✶ ✵✳✾✾✽✾✵✺ ✵✳✾✾✾✸✹✾ ✵✳✾✾✽✾✻✷ ✵✳✾✾✽✾✻✷
✷✾ ✵✳✾✾✾✹✻✼ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✶✵ ✵✳✵✵✵✵✶✵ ✵✳✾✾✾✹✺✻ ✵✳✾✾✾✹✷✽ ✵✳✾✾✾✹✽✵ ✵✳✾✾✾✹✽✵
✸✵ ✵✳✾✾✾✼✹✶ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✺ ✵✳✵✵✵✵✵✺ ✵✳✾✾✾✼✹✵ ✶✳✵✵✵✵✶✼ ✵✳✾✾✾✼✺✹ ✵✳✾✾✾✼✺✹

❚❛❜❧❡ ✸✳✻✿ ❆♣♣r♦①✐♠❛t✐♦♥s ❢♦r P(Sm1
(T1) ≤ n) ✐♥ t❤❡ ●❛✉ss✐❛♥ N (0, 1) ❝❛s❡✿ m1 = 40✱

T1 = 800✱ ITERapp = 105✱ ITERsim = 104

✸✳✺✳✷ ❚✇♦ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s

❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞

✈✐❛ ❊q✳✭✸✳✷✻✮ ❜②

P (Sm(T) ≤ n) ≈ 2Q̂2 − Q̂3[
1 + Q̂2 − Q̂3 + 2(Q̂2 − Q̂3)2

]L1−1
, ✭✸✳✾✺✮

✇❤❡r❡

Q̂2 = H
(
Q̂2,2, Q̂2,3, L2

)

Q̂3 = H
(
Q̂3,2, Q̂3,3, L2

)
.

❚❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦rs ❢♦❧❧♦✇ ❢r♦♠ ❊q✳✭✸✳✹✺✮ ❛♥❞ ❊q✳✭✸✳✺✹✮ ❛♥❞ ❝❛♥ ❜❡ ❡①♣r❡ss❡s ❛s

Esf (2) = (L1 − 1)(L2 − 1) (β2,2 + β2,3 + β3,2 + β3,3) , ✭✸✳✾✻✮

Esapp(2) = (L1 − 1)

[
F
(
1− Q̂2 +A2 + C2

)2
+ (L2 − 1)F2

(
1− Q̂2,2 + β2,2

)2

+(L2 − 1)F3

(
1− Q̂3,2 + β3,2

)2]
, ✭✸✳✾✼✮

✇❤❡r❡ F = F
(
Q̂2, L1 − 1

)
✱ F2 = F

(
Q̂2,2, L2 − 1

)
❛♥❞ F3 = F

(
Q̂3,2, L2 − 1

)
✱

❜❛s❡❞ ♦♥ ❊q✳✭✸✳✷✼✮✳ ❚❤❡ ✈❛❧✉❡ ♦❢ A2 ❛♥❞ C2 ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞✱ ❛❝❝♦r❞✐♥❣ t♦

❊qs✳✭✸✳✹✻✮ ❛♥❞ ✭✸✳✹✽✮✱ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s✿

A2 = (L2 − 1) (β2,2 + β2,3) ,

C2 = (L2 − 1)F2

(
1− Q̂2,2 + β2,2

)2
.



✸✳✺✳ ❊①❛♠♣❧❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✽✼

◆♦t✐❝❡ t❤❛t✱ ❢r♦♠ ❊q✳✭✸✳✹✶✮✱ t❤❡ t❤❡♦r❡t✐❝❛❧ ❡rr♦r ❜❡❝♦♠❡s

Eapp(2) = (L1 − 1)F (1− γ2 +B2)
2 + (L1 − 1)(L2 − 1)

[
F2 (1−Q2,2)

2

+F3 (1−Q3,2)
2
]
, ✭✸✳✾✽✮

✇❤❡r❡ γ2 = H (Q2,2, Q2,3, L2) ❛♥❞ B2 = (L2 − 1)F2 (1−Q2,2)
2✳

❚♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ♦❢ t❤❡ ❡rr♦r ❜♦✉♥❞s✱ ❞❡s❝r✐❜❡❞

❜② ❊qs✳✭✸✳✾✺✮✱ ✭✸✳✾✻✮ ❛♥❞ ✭✸✳✾✼✮✱ ❢♦r t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s✱

✇❡ ♣r❡s❡♥t ❛ s❡r✐❡s ♦❢ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✳ ❲❡ ❡✈❛❧✉❛t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❛♥

st❛t✐st✐❝s ❢♦r s❡❧❡❝t❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❜✐♥♦♠✐❛❧✱ P♦✐ss♦♥ ❛♥❞ ●❛✉ss✐❛♥

♠♦❞❡❧s✳

■♥ ❚❛❜❧❡ ✸✳✼✱ ✇❡ ✐♥❝❧✉❞❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ❢♦r t✇♦ ♠♦❞❡❧s✿ t❤❡ ❜✐♥♦♠✐❛❧ ♠♦❞❡❧ ✇✐t❤

♣❛r❛♠❡t❡rs r = 10 ❛♥❞ p = 0.001 ❛♥❞ t❤❡ P♦✐ss♦♥ ♠♦❞❡❧ ✇✐t❤ ♠❡❛♥ λ = rp =

0.01✳ ❚♦ ❝♦♠♣❛r❡ ♦✉r r❡s✉❧ts✱ ✇❡ ❤❛✈❡ ✐♥❝❧✉❞❡❞ t❤❡ ♣r♦❞✉❝t t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥

✭❆♣♣P❚✮ ❞❡✈❡❧♦♣❡❞ ❜② ❬❈❤❡♥ ❛♥❞ ●❧❛③✱ ✶✾✾✻❪ ✭❊q✳✭✶✳✻✼✮✮ ❛♥❞ t❤❡ ❧♦✇❡r ✭▲♦✇❇✮

❛♥❞ ✉♣♣❡r ✭❯♣♣❇✮ ❜♦✉♥❞s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✳✷✳ ❚❤❡ s❡❝♦♥❞ ❝♦❧✉♠♥ ✭❆♣♣❍✮✱

t❤❛t ❝♦rr❡s♣♦♥❞s t♦ ♦✉r ♣r♦♣♦s❡❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❣✐✈❡♥ ❜② ❊q✳✭✸✳✾✺✮ ❛♥❞ t❤❡ s✐①t❤

❝♦❧✉♠♥ ✭❙✐♠✮✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s✐♠✉❧❛t❡❞ ✈❛❧✉❡✱ ❛r❡ ❡✈❛❧✉❛t❡❞ ✈✐❛ t❤❡

✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ❆❧❣♦r✐t❤♠ ✶ ❞❡✈❡❧♦♣❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✱ ✇✐t❤ ITERapp = 104

❛♥❞ ITERsim = 103 r❡♣❧✐❝❛t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ♦✉r ❛♣♣r♦①✐♠❛t✐♦♥

✐s q✉✐t❡ ❛❝❝✉r❛t❡ ✭s❡❡ ❛❧s♦ ❋✐❣✉r❡ ✸✳✻✮✳

♥ ❆♣♣❍ Esapp(2) Esf (2) ❚♦t❛❧ ❙✐♠ ❆♣♣P❚ ▲♦✇❇ ❯♣♣❇
❊q✳✭✸✳✾✺✮ ❊q✳✭✸✳✾✻✮ ❊q✳✭✸✳✾✼✮ ❊rr♦r ❊q✳✭✶✳✻✼✮ ❊q✳✭✶✳✼✻✮ ❊q✳✭✶✳✼✼✮

Bin(10, 0.001)
✶✾ ✵✳✽✼✺✼✹✻ ✵✳✵✵✷✻✽✶ ✵✳✵✹✾✶✸✵ ✵✳✵✺✶✽✶✶ ✵✳✽✼✵✷✷✹ ✵✳✼✺✶✽✻✵ ✵✳✺✽✷✶✸✻ ✵✳✾✻✸✽✸✻
✷✵ ✵✳✾✺✽✵✼✽ ✵✳✵✵✵✷✽✶ ✵✳✵✶✺✶✻✼ ✵✳✵✶✺✹✹✽ ✵✳✾✺✷✵✸✽ ✵✳✾✶✽✶✸✼ ✵✳✽✼✺✻✽✼ ✵✳✾✽✼✼✹✹
✷✶ ✵✳✾✽✼✶✶✷ ✵✳✵✵✵✵✷✷ ✵✳✵✵✹✷✼✼ ✵✳✵✵✹✷✾✾ ✵✳✾✽✹✸✷✾ ✵✳✾✼✺✾✶✾ ✵✳✾✻✹✼✾✼ ✵✳✾✾✻✶✸✸
✷✷ ✵✳✾✾✻✶✷✵ ✵✳✵✵✵✵✵✷ ✵✳✵✵✶✶✺✽ ✵✳✵✵✶✶✺✾ ✵✳✾✾✻✸✷✻ ✵✳✾✾✸✸✼✾ ✵✳✾✾✵✹✽✾ ✵✳✾✾✽✽✹✾
✷✸ ✵✳✾✾✽✽✾✺ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✸✶✶ ✵✳✵✵✵✸✶✶ ✵✳✾✾✽✾✺✽ ✵✳✾✾✽✷✻✾ ✵✳✾✾✼✺✹✸ ✵✳✾✾✾✻✼✺
✷✹ ✵✳✾✾✾✼✶✺ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✼✻ ✵✳✵✵✵✵✼✻ ✵✳✾✾✾✼✷✶ ✵✳✾✾✾✺✻✼ ✵✳✾✾✾✸✾✷ ✵✳✾✾✾✾✶✷

Poiss(0.01)
✶✾ ✵✳✽✼✵✶✽✶ ✵✳✵✵✷✾✻✹ ✵✳✵✺✶✼✷✽ ✵✳✵✺✹✻✾✷ ✵✳✽✼✶✺✷✶ ✵✳✼✹✽✾✶✷ ✵✳✺✼✻✶✹✻ ✵✳✾✻✸✹✵✻
✷✵ ✵✳✾✺✻✻✸✷ ✵✳✵✵✵✷✾✵ ✵✳✵✶✻✵✷✼ ✵✳✵✶✻✸✶✼ ✵✳✾✺✻✻✺✻ ✵✳✾✶✻✽✼✾ ✵✳✽✼✸✻✶✺ ✵✳✾✽✼✺✻✾
✷✶ ✵✳✾✽✻✶✶✻ ✵✳✵✵✵✵✷✹ ✵✳✵✵✹✹✾✻ ✵✳✵✵✹✺✷✵ ✵✳✾✽✻✼✾✶ ✵✳✾✼✺✹✼✽ ✵✳✾✻✹✶✷✷ ✵✳✾✾✻✵✻✾
✷✷ ✵✳✾✾✺✾✽✸ ✵✳✵✵✵✵✵✷ ✵✳✵✵✶✷✵✼ ✵✳✵✵✶✷✵✾ ✵✳✾✾✺✽✵✻ ✵✳✾✾✸✷✸✾ ✵✳✾✾✵✷✽✶ ✵✳✾✾✽✽✷✼
✷✸ ✵✳✾✾✽✾✸✻ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✸✶✼ ✵✳✵✵✵✸✶✼ ✵✳✾✾✽✽✺✵ ✵✳✾✾✽✷✷✽ ✵✳✾✾✼✹✽✸ ✵✳✾✾✾✻✻✽
✷✹ ✵✳✾✾✾✼✵✼ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✼✽ ✵✳✵✵✵✵✼✽ ✵✳✾✾✾✼✵✼ ✵✳✾✾✾✺✺✻ ✵✳✾✾✾✸✼✺ ✵✳✾✾✾✾✶✵

❚❛❜❧❡ ✸✳✼✿ ❆♣♣r♦①✐♠❛t✐♦♥s ❢♦r P(Sm(T) ≤ n) ❢♦r ❜✐♥♦♠✐❛❧ ❛♥❞ P♦✐ss♦♥ ♠♦❞❡❧s✿ m1 = 20✱
m2 = 30✱ T1 = 500✱ T2 = 600✱ ITERapp = 104✱ ITERsim = 103

◆✉♠❡r✐❝❛❧ ✈❛❧✉❡s ❢♦r t❤❡ ●❛✉ss✐❛♥ ♠♦❞❡❧ ♦❢ ♠❡❛♥ µ = 1 ❛♥❞ ✈❛r✐❛♥❝❡ σ2 = 0.5 ❛r❡

✐❧❧✉str❛t❡❞ ✐♥ ❚❛❜❧❡ ✸✳✽✳ ❆♥ ❡①t❡♥s✐♦♥ t♦ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ♦❢ t❤❡ ✐♠♣♦rt❛♥❝❡

s❛♠♣❧✐♥❣ ♣r♦❝❡❞✉r❡ ♣r❡s❡♥t❡❞ ✐♥ ❊①❛♠♣❧❡ ✸✳✹✳✷ ✇❛s ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡ s✐♠✉❧❛t❡❞

✈❛❧✉❡s ✭❙✐♠✮ ❛♥❞ ♦✉r ❛♣♣r♦①✐♠❛t✐♦♥ ✭❆♣♣❍✮✳ ❲❡ ✉s❡❞ ITERapp = 104 r❡♣❧✐❝❛t✐♦♥s

♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ITERsim = 103 ❢♦r s✐♠✉❧❛t✐♦♥✳



✽✽ ❈❤❛♣t❡r ✸✳ ❙❝❛♥ st❛t✐st✐❝s ❛♥❞ ✶✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s

19 19.5 20 20.5 21 21.5 22 22.5 23 23.5 24
0.575

0.5965

0.618

0.6395

0.661

0.6825

0.704

0.7255

0.747

0.7685

0.79

0.8115

0.833

0.8545

0.876

0.8975

0.919

0.9405

0.962

0.9835

1.005

 

 

AppH

Sim

AppPT

LowB

UppB

✭❛✮ ❇✐♥♦♠✐❛❧ ♠♦❞❡❧
19 19.5 20 20.5 21 21.5 22 22.5 23 23.5 24

0.565

0.587

0.609

0.631

0.653

0.675

0.697

0.719

0.741

0.763

0.785

0.807

0.829

0.851

0.873

0.895

0.917

0.939

0.961

0.983

1.005

 

 

AppH

Sim

AppPT

LowB

UppB

✭❜✮ P♦✐ss♦♥ ♠♦❞❡❧

❋✐❣✉r❡ ✸✳✻✿ ❚❤❡ ❡♠♣✐r✐❝❛❧ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❜✐♥♦♠✐❛❧ ❛♥❞ P♦✐ss♦♥
♠♦❞❡❧s ✐♥ ❚❛❜❧❡ ✸✳✼

♥ ❆♣♣❍ Esapp(2) Esf (2) ❚♦t❛❧ ❙✐♠ ❆♣♣P❚ ▲♦✇❇ ❯♣♣❇
❊q✳✭✸✳✾✺✮ ❊q✳✭✸✳✾✻✮ ❊q✳✭✸✳✾✼✮ ❊rr♦r ❊q✳✭✶✳✻✼✮ ❊q✳✭✶✳✼✻✮ ❊q✳✭✶✳✼✼✮

✷✹✹ ✵✳✼✾✶✺✶✸ ✵✳✵✶✶✻✼✶ ✵✳✵✺✷✼✾✶ ✵✳✵✻✹✹✻✷ ✵✳✼✾✹✻✹✸ ✵✳✼✼✼✾✶✾ ✵✳✺✾✾✹✵✹ ✵✳✾✶✽✷✶✾
✷✹✺ ✵✳✽✺✻✻✼✽ ✵✳✵✵✹✸✺✹ ✵✳✵✸✸✽✷✽ ✵✳✵✸✽✶✽✶ ✵✳✽✺✽✹✺✾ ✵✳✽✹✼✼✹✽ ✵✳✼✹✸✹✶✺ ✵✳✾✹✸✺✺✻
✷✹✻ ✵✳✾✵✹✾✶✼ ✵✳✵✵✶✽✹✼ ✵✳✵✷✶✻✷✶ ✵✳✵✷✸✹✻✾ ✵✳✾✵✷✷✶✺ ✵✳✽✾✺✷✹✸ ✵✳✽✸✼✸✶✻ ✵✳✾✻✶✼✶✽
✷✹✼ ✵✳✾✸✻✸✷✾ ✵✳✵✵✵✼✹✷ ✵✳✵✶✸✸✺✵ ✵✳✵✶✹✵✾✷ ✵✳✾✸✻✺✾✽ ✵✳✾✸✷✻✼✻ ✵✳✽✾✼✽✾✹ ✵✳✾✼✹✺✶✹
✷✹✽ ✵✳✾✺✼✾✵✹ ✵✳✵✵✵✷✼✼ ✵✳✵✵✽✶✼✹ ✵✳✵✵✽✹✺✶ ✵✳✾✺✾✹✸✸ ✵✳✾✺✼✵✹✷ ✵✳✾✸✻✺✻✷ ✵✳✾✽✸✸✷✷
✷✹✾ ✵✳✾✼✺✵✹✷ ✵✳✵✵✵✶✶✸ ✵✳✵✵✹✾✼✻ ✵✳✵✵✺✵✾✵ ✵✳✾✼✹✼✸✽ ✵✳✾✼✷✾✼✵ ✵✳✾✻✵✾✽✺ ✵✳✾✽✾✷✵✹
✷✺✵ ✵✳✾✽✸✾✽✸ ✵✳✵✵✵✵✹✷ ✵✳✵✵✸✵✶✹ ✵✳✵✵✸✵✺✻ ✵✳✾✽✷✽✻✼ ✵✳✾✽✷✼✼✻ ✵✳✾✼✻✷✹✼ ✵✳✾✾✸✶✶✾
✷✺✶ ✵✳✾✽✾✻✸✷ ✵✳✵✵✵✵✶✼ ✵✳✵✵✶✽✵✺ ✵✳✵✵✶✽✷✶ ✵✳✾✾✵✶✵✻ ✵✳✾✽✾✹✾✻ ✵✳✾✽✺✻✽✺ ✵✳✾✾✺✻✼✽
✷✺✷ ✵✳✾✾✸✽✵✶ ✵✳✵✵✵✵✵✻ ✵✳✵✵✶✵✻✼ ✵✳✵✵✶✵✼✸ ✵✳✾✾✸✻✹✸ ✵✳✾✾✸✼✸✹ ✵✳✾✾✶✹✻✵ ✵✳✾✾✼✷✾✽
✷✺✸ ✵✳✾✾✻✸✷✾ ✵✳✵✵✵✵✵✷ ✵✳✵✵✵✻✸✶ ✵✳✵✵✵✻✸✸ ✵✳✾✾✻✶✾✸ ✵✳✾✾✻✶✺✵ ✵✳✾✾✹✾✺✻ ✵✳✾✾✽✸✹✶
✷✺✹ ✵✳✾✾✼✽✻✸ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✸✺✾ ✵✳✵✵✵✸✻✵ ✵✳✾✾✼✾✷✷ ✵✳✾✾✼✼✶✻ ✵✳✾✾✼✵✺✶ ✵✳✾✾✽✾✾✽
✷✺✺ ✵✳✾✾✽✻✽✾ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✷✵✺ ✵✳✵✵✵✷✵✺ ✵✳✾✾✽✼✵✽ ✵✳✾✾✽✼✷✵ ✵✳✾✾✽✷✾✹ ✵✳✾✾✾✸✾✸
✷✺✻ ✵✳✾✾✾✷✻✹ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✶✶✽ ✵✳✵✵✵✶✶✽ ✵✳✾✾✾✷✺✾ ✵✳✾✾✾✷✷✷ ✵✳✾✾✾✵✷✷ ✵✳✾✾✾✻✸✽

❚❛❜❧❡ ✸✳✽✿ ❆♣♣r♦①✐♠❛t✐♦♥s ❢♦r P(Sm(T) ≤ n) ✐♥ t❤❡ ●❛✉ss✐❛♥ N (1, 0.5) ♠♦❞❡❧✿ m1 = 10✱
m2 = 20✱ T1 = 400✱ T2 = 400✱ ITERapp = 104✱ ITERsim = 103

✸✳✺✳✸ ❚❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s

❋♦❧❧♦✇✐♥❣ t❤❡ ♠❡t❤♦❞♦❧♦❣② ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷ ❛♥❞ t❤❡ ♥♦t❛t✐♦♥s ✐♥tr♦❞✉❝❡❞

✐♥ ❙❡❝t✐♦♥ ✸✳✸✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ✐♥ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥

❢♦r♠✉❧❛ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ✐s ❣✐✈❡♥

❜②

P (Sm(T) ≤ n) ≈ 2Q̂2 − Q̂3[
1 + Q̂2 − Q̂3 + 2(Q̂2 − Q̂3)2

]L1−1
, ✭✸✳✾✾✮

✇❤❡r❡ ❢♦r t1, t2 ∈ {2, 3} ✇❡ ❤❛✈❡

Q̂t1 = H
(
Q̂t1,2, Q̂t1,3, L2

)

Q̂t1,t2 = H
(
Q̂t1,t2,2, Q̂t1,t2,3, L3

)

✇✐t❤ H ❣✐✈❡♥ ✐♥ ❊q✳✭✸✳✶✸✮✳



✸✳✺✳ ❊①❛♠♣❧❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✽✾

■t ❢♦❧❧♦✇s ❢r♦♠ ❊q✳✭✸✳✺✹✮ t❤❛t t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❛♣♣r♦①✐♠❛✲

t✐♦♥ ❢♦r♠✉❧❛ ✐s ❣✐✈❡♥ ❜②

Esf (3) = (L1 − 1)(L2 − 1)(L3 − 1)


 ∑

t1,t2,t3∈{2,3}
βt1,t2,t3


 . ✭✸✳✶✵✵✮

❚❤❡ s❡❝♦♥❞ s✐♠✉❧❛t✐♦♥ ❡rr♦r✱ ✇❤✐❝❤ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r✱ r❡✲

s✉❧ts ❢r♦♠ ❊q✳✭✸✳✹✺✮ ❛♥❞ ✐s ❡①♣r❡ss❡❞ ❛s

Esapp(3) = (L1 − 1)F
(
1− Q̂2 +A2 + C2

)2
+ (L1 − 1)(L2 − 1)

[
F2

(
1− Q̂2,2+

+A2,2 + C2,2)
2 + F3

(
1− Q̂3,2 +A3,2 + C3,2

)2]
+ (L1 − 1)(L2 − 1)

× (L3 − 1)

[
F2,2

(
1− Q̂2,2,2 + β2,2,2

)2
+ F2,3

(
1− Q̂2,3,2 + β2,3,2

)2

+F3,2

(
1− Q̂3,2,2 + β3,2,2

)2
+ F3,3

(
1− Q̂3,3,2 + β3,3,2

)2]
. ✭✸✳✶✵✶✮

◆♦t✐❝❡ t❤❛t✱ ❜❛s❡❞ ♦♥ ❊q✳✭✸✳✷✼✮✱ ❢♦r ❛❧❧ t1, t2 ∈ {2, 3}✱ t❤❡ ❝♦❡✣❝✐❡♥ts F ✱ Ft1 ❛♥❞

Ft1,t2 ❛r❡ ❝♦♠♣✉t❡❞ ❛s F
(
Q̂2, L1 − 1

)
✱ F

(
Q̂t1,2, L2 − 1

)
❛♥❞ F

(
Q̂t1,t2,2, L3 − 1

)
✱

r❡s♣❡❝t✐✈❡❧②✳

❋r♦♠ ❊q✳✭✸✳✹✻✮✱ ✇❡ ❤❛✈❡

A2,2 = (L3 − 1) (β2,2,2 + β2,2,3) ,

A3,2 = (L3 − 1) (β3,2,2 + β3,2,3) ,

A2 = (L2 − 1)(L3 − 1) (β2,2,2 + β2,2,3 + β2,3,2 + β2,3,3) ,

✇❤✐❧❡ ❢r♦♠ ❊q✳✭✸✳✹✽✮

C2,2 = (L3 − 1)F2,2

(
1− Q̂2,2,2 + β2,2,2

)2
,

C2,3 = (L3 − 1)F2,3

(
1− Q̂2,3,2 + β2,3,2

)2
,

C3,2 = (L3 − 1)F3,2

(
1− Q̂3,2,2 + β3,2,2

)2
,

C2 = (L2 − 1)

[
F2

(
1− Q̂2,2 +A2,2 + C2,2

)2
+ C2,2 + C2,3

]
.

❋♦r s❡❧❡❝t❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❜✐♥♦♠✐❛❧✱ P♦✐ss♦♥ ❛♥❞ ♥♦r♠❛❧ ❞✐str✐✲

❜✉t✐♦♥s✱ ✇❡ ❡✈❛❧✉❛t❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷ ❛♥❞ ♣r♦✈✐❞❡ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ❡rr♦r ❜♦✉♥❞s✳ ❲❡ s❤♦✇ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦rs

✭Esapp(3) ❛♥❞ Esf (3)✮ ✐♥ t❤❡ ♦✈❡r❛❧❧ ❡rr♦r✳

❋♦r ❛❧❧ ♦✉r s✐♠✉❧❛t✐♦♥s ✇❡ ✉s❡❞ t❤❡ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ❛❧❣♦r✐t❤♠ ✇✐t❤ ITER =

105 r❡♣❧✐❝❛t✐♦♥s✳ ❲❡ ❝♦♠♣❛r❡ ♦✉r r❡s✉❧ts ✇✐t❤ t❤♦s❡ ❡①✐st✐♥❣ ✐♥ ❧✐t❡r❛t✉r❡✱ s❡❡

❬●✉❡rr✐❡r♦ ❡t ❛❧✳✱ ✷✵✶✵❛❪ ❢♦r t❤❡ ❇❡r♥♦✉❧❧✐ ♠♦❞❡❧ ❛♥❞ ✇✐t❤ t❤❡ s✐♠✉❧❛t❡❞ ✈❛❧✉❡ ♦❢

t❤❡ s❝❛♥ st❛t✐st✐❝s ♦❜t❛✐♥❡❞ ❜② s❝❛♥♥✐♥❣ t❤❡ ✇❤♦❧❡ r❡❣✐♦♥ R3✱ ❞❡♥♦t❡❞ ❜② P̂(S ≤ n)✳



✾✵ ❈❤❛♣t❡r ✸✳ ❙❝❛♥ st❛t✐st✐❝s ❛♥❞ ✶✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s

❚❤❡ s❝❛♥♥✐♥❣ ♦❢ R3 ❜❡✐♥❣ ♠♦r❡ t✐♠❡ ❝♦♥s✉♠✐♥❣ t❤❛♥ t❤❡ s❝❛♥♥✐♥❣ ♦❢ t❤❡ s✉❜r❡❣✐♦♥s

❝♦rr❡s♣♦♥❞✐♥❣ t♦ Qt1,t2,t3 ✱ ✇❡ ✉s❡❞ 103 r❡♣❡t✐t✐♦♥s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳

■♥ ❚❛❜❧❡ ✸✳✾✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② ♦✉r ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤ t❤❡ ♣r♦❞✲

✉❝t t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r❡s❡♥t❡❞ ❜② ❬●✉❡rr✐❡r♦ ❡t ❛❧✳✱ ✷✵✶✵❛❪ ✭s❡❡ ❛❧s♦ ❈❤❛♣t❡r ✶✱

❊q✳✭✶✳✽✼✮✮✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ♦✉r ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ✈❡r② s❤❛r♣✳ ❚❛❜❧❡ ✸✳✶✵ ♣r❡s❡♥ts

n P̂(S ≤ n) ❆♣♣P❚ ❆♣♣❍ Esapp Esf ❚♦t❛❧
❊q✳✭✶✳✽✼✮ ❊q✳✭✸✳✾✾✮ ❊q✳✭✸✳✶✵✶✮ ❊q✳✭✸✳✶✵✵✮ ❊rr♦r

p = 0.00005

✶ ✵✳✽✹✶✽✵✻ ✵✳✽✹✶✹✷✹ ✵✳✽✺✶✵✼✻ ✵✳✵✶✶✽✹✾ ✵✳✵✻✹✽✽✾ ✵✳✵✼✻✼✸✽
✷ ✵✳✾✾✾✶✶✾ ✵✳✾✾✾✶✹✷ ✵✳✾✾✾✶✾✷ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✶✼✵ ✵✳✵✵✵✶✼✵
✸ ✵✳✾✾✾✾✾✼ ✵✳✾✾✾✾✾✽ ✵✳✾✾✾✾✾✼ ✵✳✵✵✵✵✵✵ 3× 10−7 3× 10−7

p = 0.0001

✷ ✵✳✾✾✸✷✾✹ ✵✳✾✾✸✷✹✶ ✵✳✾✾✸✶✾✷ ✵✳✵✵✵✵✶✵ ✵✳✵✵✶✸✻✼ ✵✳✵✵✶✸✼✼
✸ ✵✳✾✾✾✾✻✸ ✵✳✾✾✾✾✻✹ ✵✳✾✾✾✾✻✸ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✺ ✵✳✵✵✵✵✵✺
✹ ✵✳✾✾✾✾✾✾ ✵✳✾✾✾✾✾✾ ✵✳✾✾✾✾✾✾ ✵✳✵✵✵✵✵✵ 2× 10−9 2× 10−9

❚❛❜❧❡ ✸✳✾✿ ❆♣♣r♦①✐♠❛t✐♦♥s ❢♦r P(Sm(T) ≤ n) ✐♥ t❤❡ ❇❡r♥♦✉❧❧✐ ♠♦❞❡❧✿ m1 = m2 = m3 = 5✱
T1 = T2 = T3 = 60✱ ITERapp = 105✱ ITERsim = 103

t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② s❝❛♥♥✐♥❣ t❤❡ r❡❣✐♦♥R3 ♦❢ s✐③❡ 60×60×60✱ ✇✐t❤ t✇♦

✇✐♥❞♦✇s ♦❢ t❤❡ s❛♠❡ ✈♦❧✉♠❡ ❜✉t ❞✐✛❡r❡♥t s✐③❡s✱ ✜rst ❛ ❝✉❜✐❝ ✇✐♥❞♦✇ ♦❢ s✐③❡ 4×4×4

❛♥❞ s❡❝♦♥❞ ❛ r❡❝t❛♥❣✉❧❛r r❡❣✐♦♥ ♦❢ s✐③❡ 8 × 4 × 2✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ r❡s✉❧ts ❛r❡

❝❧♦s❡❧② r❡❧❛t❡❞✱ ❜✉t s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t✳ ■♥ ❚❛❜❧❡ ✸✳✶✶✱ ✇❡ ❤❛✈❡ ✐♥❝❧✉❞❡❞ ♥✉♠❡r✲

n P̂(S ≤ n) ❆♣♣❍ Esapp(3) Esf (3) ❚♦t❛❧
❊q✳✭✸✳✾✾✮ ❊q✳✭✸✳✶✵✶✮ ❊q✳✭✸✳✶✵✵✮ ❊rr♦r

m1 = m2 = m3 = 4

✺ ✵✳✾✻✶✻✾✶ ✵✳✾✻✸✺✵✻ ✵✳✵✵✵✵✸✽ ✵✳✵✵✸✻✷✷ ✵✳✵✵✸✻✻✵
✻ ✵✳✾✾✾✵✵✻ ✵✳✾✾✾✵✷✸ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✼✶ ✵✳✵✵✵✵✼✶
✼ ✵✳✾✾✾✾✽✵ ✵✳✾✾✾✾✽✵ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✵✵✶
✽ ✵✳✾✾✾✾✾✾ ✵✳✾✾✾✾✾✾ ✵✳✵✵✵✵✵✵ 2× 10−9 2× 10−9

m1 = 8,m2 = 4,m3 = 2

✺ ✵✳✾✻✾✶✽✾ ✵✳✾✻✾✶✶✵ ✵✳✵✵✵✵✵✼ ✵✳✵✵✸✸✽✼ ✵✳✵✵✸✸✾✺
✻ ✵✳✾✾✾✷✾✼ ✵✳✾✾✾✷✷✽ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✼✶ ✵✳✵✵✵✵✼✶
✼ ✵✳✾✾✾✾✽✹ ✵✳✾✾✾✾✽✹ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✵✵✶
✽ ✵✳✾✾✾✾✾✾ ✵✳✾✾✾✾✾✾ ✵✳✵✵✵✵✵✵ 2× 10−9 2× 10−9

❚❛❜❧❡ ✸✳✶✵✿ ❆♣♣r♦①✐♠❛t✐♦♥ ❢♦r P(Sm(T) ≤ n) ♦✈❡r t❤❡ r❡❣✐♦♥R3 ✇✐t❤ ✇✐♥❞♦✇s ♦❢ t❤❡ s❛♠❡
✈♦❧✉♠❡ ❜② ❞✐✛❡r❡♥t s✐③❡s✿ T1 = T2 = T3 = 60✱ p = 0.0025✱ ITERapp = 105✱ ITERsim = 103

✐❝❛❧ ✈❛❧✉❡s ❡♠♣❤❛s✐③✐♥❣ t❤❡ s✐t✉❛t✐♦♥ ❞❡s❝r✐❜❡❞ ❜② ❘❡♠❛r❦ ✸✳✷✳✶✳ ❲❡ ❝♦♥s✐❞❡r t❤❡

❇❡r♥♦✉❧❧✐ ♠♦❞❡❧ ♦❢ ♣❛r❛♠❡t❡r p = 0.0001 ♦✈❡r t❤❡ r❡❣✐♦♥ R3 ♦❢ s✐③❡ 185× 185× 185

❛♥❞ s❝❛♥ ✐t ✇✐t❤ ❛ ❝✉❜✐❝ ✇✐♥❞♦✇ ♦❢ ❧❡♥❣t❤ 10✳ ❚❤❡ s❡❝♦♥❞ ❛♥❞ ❢♦rt❤ ❝♦❧✉♠♥s ❣✐✈❡s

t❤❡ ✈❛❧✉❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❜♦✉♥❞s ❞❡s❝r✐❜❡❞ ✐♥ ❊q✳✭✸✳✷✸✮✱ ✇❤✐❧❡ ✐♥ t❤❡ t❤✐r❞

❝♦❧✉♠♥ ✇❡ ♣r❡s❡♥t❡❞ t❤❡ s✐♠✉❧❛t❡❞ ✈❛❧✉❡s ❢♦r P (S10,10,10(185, 185, 185) ≤ n)✳



✸✳✺✳ ❊①❛♠♣❧❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✾✶

n P (S(L1 + 1, L2 + 1, L3 + 1) ≤ n) P̂(S ≤ n) P (S(L1, L2, L3) ≤ n)

✹ ✵✳✾✼✺✷✹✻✸✸ ✵✳✾✼✹✻✺✷✻✸ ✵✳✾✼✹✾✶✾✸✺
(±0.00754004) (±0.00618987) (±0.00643099)

✺ ✵✳✾✾✾✸✶✵✺✺ ✵✳✾✾✾✸✺✶✻✸ ✵✳✾✾✾✸✽✻✷✾
(±0.00015833) (±0.00014759) (±0.00013490)

✻ ✵✳✾✾✾✾✽✻✹✶ ✵✳✾✾✾✾✽✻✸✷ ✵✳✾✾✾✾✽✼✽✹
(±0.00000272) (±0.00000326) (±0.00000230)

❚❛❜❧❡ ✸✳✶✶✿ ❆♣♣r♦①✐♠❛t✐♦♥ ❢♦r P(Sm(T) ≤ n) ❜❛s❡❞ ♦♥ ❘❡♠❛r❦ ✸✳✷✳✶✿ m1 = m2 = m3 =

10✱ T1 = T2 = T3 = 185✱ L1 = L2 = L3 = 20✱ ITERapp = 105✱ ITERsim = 103

■♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ t❤❡ ❜✐♥♦♠✐❛❧ ❛♥❞ P♦✐ss♦♥ ♠♦❞❡❧s✱ ✐♥ ❚❛❜❧❡ ✸✳✶✷ ✇❡ ❤❛✈❡ ❡✈❛❧✉✲

❛t❡❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❛♥ st❛t✐st✐❝s ♦✈❡r ❛ r❡❣✐♦♥ ♦❢ s✐③❡ 84×84×84✱ s❝❛♥♥❡❞

✇✐t❤ ❛ 4 × 4 × 4 ❝✉❜✐❝ ✇✐♥❞♦✇✱ ✐♥ t❤❡ t✇♦ s✐t✉❛t✐♦♥s✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ✇❡ ❤❛✈❡ ❛

❜✐♥♦♠✐❛❧ r❛♥❞♦♠ ✜❡❧❞ ✇✐t❤ ♣❛r❛♠❡t❡rsm ❛♥❞ p✱ t❤❛t ✐s Xs1,s2,s3 ∼ B(m, p)✱ ✇❤✐❧❡ ✐♥

t❤❡ s❡❝♦♥❞ ✇❡ ❝♦♥s✐❞❡r❡❞ t❤❛t Xs1,s2,s3 ∼ P (λ)✱ ✇✐t❤ λ = mp✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡

n P̂(S ≤ n) ❆♣♣❍ Esapp(3) Esf (3) ❚♦t❛❧
❊q✳✭✸✳✾✾✮ ❊q✳✭✸✳✶✵✶✮ ❊q✳✭✸✳✶✵✵✮ ❊rr♦r

Bin(10, 0.0025)

✶✵ ✵✳✼✷✻✸✽✻ ✵✳✼✷✸✷✷✹ ✵✳✵✵✼✼✻✸ ✵✳✵✸✷✶✾✼ ✵✳✵✸✾✾✻✵
✶✶ ✵✳✾✺✹✻✵✺ ✵✳✾✺✺✹✶✼ ✵✳✵✵✵✶✷✸ ✵✳✵✵✸✵✼✾ ✵✳✵✵✸✷✵✷
✶✷ ✵✳✾✾✸✾✸✽ ✵✳✾✾✸✾✵✻ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✸✸✶ ✵✳✵✵✵✸✸✸
✶✸ ✵✳✾✾✾✷✽✾ ✵✳✾✾✾✷✽✹ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✸✸ ✵✳✵✵✵✵✸✸
✶✹ ✵✳✾✾✾✾✷✸ ✵✳✾✾✾✾✷✶ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✸ ✵✳✵✵✵✵✵✸
✶✺ ✵✳✾✾✾✾✾✷ ✵✳✾✾✾✾✾✷ ✵✳✵✵✵✵✵✵ 3× 10−7 3× 10−7

Poiss(0.025)

✶✵ ✵✳✼✶✸✶✽✹ ✵✳✼✵✽✹✽✶ ✵✳✵✵✾✷✶✶ ✵✳✵✸✺✷✾✹ ✵✳✵✹✹✺✵✻
✶✶ ✵✳✾✺✵✾✹✼ ✵✳✾✺✵✶✾✼ ✵✳✵✵✵✶✹✸ ✵✳✵✵✸✸✹✺ ✵✳✵✵✸✹✽✽
✶✷ ✵✳✾✾✸✻✷✹ ✵✳✾✾✸✹✺✷ ✵✳✵✵✵✵✵✷ ✵✳✵✵✵✸✻✺ ✵✳✵✵✵✸✻✼
✶✸ ✵✳✾✾✾✷✶✽ ✵✳✾✾✾✷✶✵ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✸✽ ✵✳✵✵✵✵✸✽
✶✹ ✵✳✾✾✾✾✶✷ ✵✳✾✾✾✾✶✶ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✸ ✵✳✵✵✵✵✵✸
✶✺ ✵✳✾✾✾✾✾✵ ✵✳✾✾✾✾✾✵ ✵✳✵✵✵✵✵✵ 3× 10−7 3× 10−7

❚❛❜❧❡ ✸✳✶✷✿ ❆♣♣r♦①✐♠❛t✐♦♥ ❢♦r P(Sm(T) ≤ n) ✐♥ t❤❡ ❜✐♥♦♠✐❛❧ ❛♥❞ P♦✐ss♦♥ ♠♦❞❡❧s✿ m1 =

m2 = m3 = 4✱ T1 = T2 = T3 = 84✱ ITERapp = 105✱ ITERsim = 103

❝✉♠✉❧❛t✐✈❡ ❢✉♥❝t✐♦♥✱ ✐♥ t❤❡ t✇♦ ♠♦❞❡❧s✱ ❛r❡ ❝❧♦s❡ t♦ ❡❛❝❤ ♦t❤❡r ✭s❡❡ ❛❧s♦ ❋✐❣✉r❡ ✸✳✼✮✳

▲❛st❧②✱ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r ❛ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡ ❢♦r t❤❡ ●❛✉ss✐❛♥ ♠♦❞❡❧✳ ■♥ ❚❛❜❧❡ ✸✳✶✸✱

✇❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡

s❝❛♥ st❛t✐st✐❝s ♦✈❡r ❛ r❡❣✐♦♥ ♦❢ s✐③❡ 256 × 256 × 256✱ s❝❛♥♥❡❞ ✇✐t❤ ❛ ❝✉❜✐❝ ✇✐♥❞♦✇

♦❢ s✐③❡ 10 × 10 × 10✳ ❚❤❡ ✉♥❞❡r❧②✐♥❣ r❛♥❞♦♠ ✜❡❧❞ ✐s t❛❦❡♥ ❤❡r❡ t♦ ❜❡ ❢♦r♠❡❞

♦❢ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ N (0, 1) ❧❛✇✳ ❲❡ ❝♦♠♣❛r❡

♦✉r r❡s✉❧ts ✇✐t❤ t❤❡ s✐♠✉❧❛t❡❞ ✈❛❧✉❡ ✭ITERSim = 102✮ ❛♥❞ ✇✐t❤ t❤❡ ♣r♦❞✉❝t t②♣❡



✾✷ ❈❤❛♣t❡r ✸✳ ❙❝❛♥ st❛t✐st✐❝s ❛♥❞ ✶✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s

10 10.5 11 11.5 12 12.5 13 13.5 14 14.5 15
0.715

0.7295

0.744

0.7585

0.773

0.7875

0.802

0.8165

0.831

0.8455

0.86

0.8745

0.889

0.9035

0.918

0.9325

0.947

0.9615

0.976

0.9905

1.005

 

 

AppH

Sim

✭❛✮ ❇✐♥♦♠✐❛❧ ♠♦❞❡❧
10 10.5 11 11.5 12 12.5 13 13.5 14 14.5 15

0.705

0.72

0.735

0.75

0.765

0.78

0.795

0.81

0.825

0.84

0.855

0.87

0.885

0.9

0.915

0.93

0.945

0.96

0.975

0.99

1.005

 

 

AppH

Sim

✭❜✮ P♦✐ss♦♥ ♠♦❞❡❧

❋✐❣✉r❡ ✸✳✼✿ ❚❤❡ ❡♠♣✐r✐❝❛❧ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❜✐♥♦♠✐❛❧ ❛♥❞ P♦✐ss♦♥
♠♦❞❡❧s ✐♥ ❚❛❜❧❡ ✸✳✶✷

❛♣♣r♦①✐♠❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬●✉❡rr✐❡r♦ ❡t ❛❧✳✱ ✷✵✶✵❛❪ ❢♦r t❤❡ ❇❡r♥♦✉❧❧✐ ❝❛s❡ ✭s❡❡ ❛❧s♦

❈❤❛♣t❡r ✶✱ ❊q✳✭✶✳✽✼✮✮✳

n P̂(S ≤ n) ❆♣♣P❚✳ ❆♣♣❍ Esapp(3) Esf (3) ❚♦t❛❧
❊q✳✭✶✳✽✼✮ ❊q✳✭✸✳✾✾✮ ❊q✳✭✸✳✶✵✶✮ ❊q✳✭✸✳✶✵✵✮ ❊rr♦r

✶✼✺ ✵✳✽✾✹✵✹✺ ✵✳✽✽✻✺✽✵ ✵✳✽✾✸✸✼✺ ✵✳✵✵✵✼✼✺ ✵✳✵✶✼✺✷✼ ✵✳✵✶✽✸✵✷
✶✼✻ ✵✳✾✵✶✶✸✺ ✵✳✾✵✸✾✼✾ ✵✳✾✵✾✼✽✷ ✵✳✵✵✵✺✷✽ ✵✳✵✶✹✻✷✹ ✵✳✵✶✺✶✺✷
✶✼✼ ✵✳✾✷✷✸✽✼ ✵✳✾✶✼✾✶✽ ✵✳✾✷✸✺✽✹ ✵✳✵✵✵✸✻✽ ✵✳✵✶✷✶✼✺ ✵✳✵✶✷✺✹✸
✶✼✽ ✵✳✾✸✵✶✻✷ ✵✳✾✸✵✻✵✹ ✵✳✾✸✺✽✹✸ ✵✳✵✵✵✷✺✼ ✵✳✵✶✵✶✷✻ ✵✳✵✶✵✸✽✸
✶✼✾ ✵✳✾✺✵✾✼✼ ✵✳✾✹✶✷✾✶ ✵✳✾✹✺✾✻✻ ✵✳✵✵✵✶✽✸ ✵✳✵✵✽✹✷✷ ✵✳✵✵✽✻✵✺
✶✽✵ ✵✳✾✹✼✼✹✷ ✵✳✾✺✵✻✷✻ ✵✳✾✺✹✺✻✵ ✵✳✵✵✵✶✷✷ ✵✳✵✵✻✾✼✼ ✵✳✵✵✼✵✾✾
✶✽✶ ✵✳✾✺✽✻✵✸ ✵✳✾✺✽✶✻✷ ✵✳✾✻✷✵✾✽ ✵✳✵✵✵✵✽✻ ✵✳✵✵✺✼✾✼ ✵✳✵✵✺✽✽✸
✶✽✷ ✵✳✾✻✽✾✺✸ ✵✳✾✻✺✵✼✹ ✵✳✾✻✽✹✾✽ ✵✳✵✵✵✵✺✾ ✵✳✵✵✹✽✶✺ ✵✳✵✵✹✽✼✹
✶✽✸ ✵✳✾✻✽✺✵✹ ✵✳✾✼✵✺✽✶ ✵✳✾✼✸✺✷✸ ✵✳✵✵✵✵✹✶ ✵✳✵✵✸✾✼✹ ✵✳✵✵✹✵✶✺
✶✽✹ ✵✳✾✼✸✾✹✾ ✵✳✾✼✺✹✻✺ ✵✳✾✼✼✻✵✹ ✵✳✵✵✵✵✷✾ ✵✳✵✵✸✷✽✷ ✵✳✵✵✸✸✶✶
✶✽✺ ✵✳✾✽✶✵✸✷ ✵✳✾✼✾✹✷✽ ✵✳✾✽✶✺✶✸ ✵✳✵✵✵✵✶✾ ✵✳✵✵✷✼✶✻ ✵✳✵✵✷✼✸✻
✶✽✻ ✵✳✾✽✹✼✸✵ ✵✳✾✽✷✻✶✵ ✵✳✾✽✹✼✾✷ ✵✳✵✵✵✵✶✸ ✵✳✵✵✷✷✹✹ ✵✳✵✵✷✷✺✽
✶✽✼ ✵✳✾✽✻✵✽✾ ✵✳✾✽✺✻✹✵ ✵✳✾✽✼✹✷✷ ✵✳✵✵✵✵✵✾ ✵✳✵✵✶✽✹✻ ✵✳✵✵✶✽✺✺
✶✽✽ ✵✳✾✽✼✻✷✹ ✵✳✾✽✼✾✸✺ ✵✳✾✽✾✹✽✸ ✵✳✵✵✵✵✵✻ ✵✳✵✵✶✺✷✷ ✵✳✵✵✶✺✷✾
✶✽✾ ✵✳✾✽✾✾✵✷ ✵✳✾✽✾✾✺✻ ✵✳✾✾✶✸✵✶ ✵✳✵✵✵✵✵✹ ✵✳✵✵✶✷✺✶ ✵✳✵✵✶✷✺✺
✶✾✵ ✵✳✾✾✷✵✷✻ ✵✳✾✾✶✼✹✹ ✵✳✾✾✷✾✶✵ ✵✳✵✵✵✵✵✸ ✵✳✵✵✶✵✸✶ ✵✳✵✵✶✵✸✹
✶✾✶ ✵✳✾✾✸✺✸✺ ✵✳✾✾✸✶✷✻ ✵✳✾✾✹✵✽✺ ✵✳✵✵✵✵✵✷ ✵✳✵✵✵✽✹✽ ✵✳✵✵✵✽✺✵
✶✾✷ ✵✳✾✾✹✵✾✼ ✵✳✾✾✹✹✶✻ ✵✳✾✾✺✶✷✷ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✻✾✻ ✵✳✵✵✵✻✾✼
✶✾✸ ✵✳✾✾✺✺✻✵ ✵✳✾✾✺✸✹✻ ✵✳✾✾✺✾✻✻ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✺✻✾ ✵✳✵✵✵✺✼✵
✶✾✹ ✵✳✾✾✻✻✹✷ ✵✳✾✾✻✶✹✷ ✵✳✾✾✻✼✵✼ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✹✻✼ ✵✳✵✵✵✹✻✽
✶✾✺ ✵✳✾✾✼✶✶✸ ✵✳✾✾✻✽✵✾ ✵✳✾✾✼✷✽✽ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✸✽✷ ✵✳✵✵✵✸✽✷

❚❛❜❧❡ ✸✳✶✸✿ ❆♣♣r♦①✐♠❛t✐♦♥s ❢♦r P(Sm(T) ≤ n) ✐♥ t❤❡ ●❛✉ss✐❛♥ N (0, 1) ♠♦❞❡❧✿ m1 =

m2 = m3 = 10✱ T1 = T2 = T3 = 256✱ ITERapp = 105✱ ITERsim = 103



✸✳✺✳ ❊①❛♠♣❧❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✾✸

175 180 185 190 195
0.875

0.8815

0.888

0.8945

0.901

0.9075

0.914

0.9205

0.927

0.9335

0.94

0.9465

0.953

0.9595

0.966

0.9725

0.979

0.9855

0.992

0.9985

1.005

 

 

AppH

AppPT

❋✐❣✉r❡ ✸✳✽✿ ❚❤❡ ❡♠♣✐r✐❝❛❧ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ✭❆♣♣❍ ❂ ❖✉r ❆♣♣r♦①✐♠❛t✐♦♥✱
❆♣♣P❚ ❂ Pr♦❞✉❝t ❚②♣❡ ❆♣♣r♦①✐♠❛t✐♦♥✮ ❢♦r t❤❡ ●❛✉ss✐❛♥ ♠♦❞❡❧ ✐♥ ❚❛❜❧❡ ✸✳✶✸

◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ✭Esapp✮ t♦ t❤❡ t♦t❛❧ ❡rr♦r

✐s ❛❧♠♦st ♥❡❣❧✐❣✐❜❧❡ ✐♥ ♠♦st ♦❢ t❤❡ ❝❛s❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦r ✭Esf ✮✳

❚❤✉s✱ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ ✇✐❧❧ ❞❡♣❡♥❞ ♠♦st❧② ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s

✭ITER✮ ✉s❡❞ t♦ ❡st✐♠❛t❡ Qt1,t2,t3 ✳





❈❤❛♣t❡r ✹

❙❝❛♥ st❛t✐st✐❝s ♦✈❡r s♦♠❡

❜❧♦❝❦✲❢❛❝t♦r t②♣❡ ❞❡♣❡♥❞❡♥t

♠♦❞❡❧s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t ❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧

❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ♦✈❡r ❛ r❛♥❞♦♠ ✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② ❛ ❜❧♦❝❦✲❢❛❝t♦r t②♣❡ ♠♦❞❡❧✳

❚❤✐s ❞❡♣❡♥❞❡♥t ♠♦❞❡❧ ❣❡♥❡r❛❧✐③❡s t❤❡ ✐✳✐✳❞✳ ♠♦❞❡❧ st✉❞✐❡❞ ✐♥ ❈❤❛♣t❡r ✸ ❛♥❞ ✐s

✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❝❡ss✱ ❛s ✇❡❧❧ ❛s t❤❡ ❛ss♦❝✐❛t❡❞ ❡rr♦r

❜♦✉♥❞s✱ ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳ ❙❡❝t✐♦♥ ✹✳✸ ✐♥❝❧✉❞❡s ❡①❛♠♣❧❡s ❛♥❞ ♥✉♠❡r✐❝❛❧

❛♣♣❧✐❝❛t✐♦♥s ❢♦r ♣❛rt✐❝✉❧❛r ❜❧♦❝❦✲❢❛❝t♦r ♠♦❞❡❧s ✐♥ ♦♥❡ ❛♥❞ t✇♦ ❞✐♠❡♥s✐♦♥s✳ ❙♦♠❡ ♦❢

t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ❛♣♣❡❛r❡❞ ✐♥ ❬❆♠➔r✐♦❛r❡✐ ❛♥❞ Pr❡❞❛✱ ✷✵✶✹❪✱ ❢♦r

t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t✇♦ ❞✐♠❡♥s✐♦♥s ✭s❡❡ ❛❧s♦ ❬❆♠➔r✐♦❛r❡✐ ❛♥❞ Pr❡❞❛✱ ✷✵✶✸❜❪✮✳

❈♦♥t❡♥ts

✹✳✶ ❇❧♦❝❦✲❢❛❝t♦r t②♣❡ ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✹✳✷ ❆♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ❡rr♦r ❜♦✉♥❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✹✳✷✳✶ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❝❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

✹✳✷✳✷ ❚❤❡ ❛ss♦❝✐❛t❡❞ ❡rr♦r ❜♦✉♥❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✹✳✸ ❊①❛♠♣❧❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

✹✳✸✳✶ ❊①❛♠♣❧❡ ✶✿ ❆ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❇❡r♥♦✉❧❧✐ ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

✹✳✸✳✷ ❊①❛♠♣❧❡ ✷✿ ▲❡♥❣t❤ ♦❢ t❤❡ ❧♦♥❣❡st ✐♥❝r❡❛s✐♥❣ r✉♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✹✳✸✳✸ ❊①❛♠♣❧❡ ✸✿ ▼♦✈✐♥❣ ❛✈❡r❛❣❡ ♦❢ ♦r❞❡r q ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✹✳✸✳✹ ❊①❛♠♣❧❡ ✹✿ ❆ ❣❛♠❡ ♦❢ ♠✐♥❡s✇❡❡♣❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷

✹✳✶ ❇❧♦❝❦✲❢❛❝t♦r t②♣❡ ♠♦❞❡❧

▼♦st ♦❢ t❤❡ r❡s❡❛r❝❤ ❞❡✈♦t❡❞ t♦ t❤❡ ♦♥❡✱ t✇♦ ♦r t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥

st❛t✐st✐❝ ❝♦♥s✐❞❡rs t❤❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ✭✐✳✐✳❞✳✮ ♠♦❞❡❧ ❢♦r t❤❡

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s t❤❛t ❣❡♥❡r❛t❡ t❤❡ r❛♥❞♦♠ ✜❡❧❞ ✇❤✐❝❤ ✐s t♦ ❜❡ s❝❛♥♥❡❞✳ ■♥ t❤✐s

s❡❝t✐♦♥✱ ✇❡ ❞❡✜♥❡ ❛ ❞❡♣❡♥❞❡♥❝❡ str✉❝t✉r❡ ❢♦r t❤❡ ✉♥❞❡r❧②✐♥❣ r❛♥❞♦♠ ✜❡❧❞ ❜❛s❡❞ ♦♥

❛ ❜❧♦❝❦✲❢❛❝t♦r t②♣❡ ♠♦❞❡❧✳ ❚❤r♦✉❣❤♦✉t t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❛❞♦♣t t❤❡ ❞❡✜♥✐t✐♦♥s ❛♥❞

t❤❡ ♥♦t❛t✐♦♥s ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶ ❢♦r t❤❡ d ❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✳



✾✻ ❈❤❛♣t❡r ✹✳ ❙❝❛♥ st❛t✐st✐❝s ♦✈❡r s♦♠❡ ❜❧♦❝❦✲❢❛❝t♦r t②♣❡ ♠♦❞❡❧s

❘❡❝❛❧❧ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✸ ✭s❡❡ ❛❧s♦ ❬❇✉rt♦♥ ❡t ❛❧✳✱ ✶✾✾✸❪✮✱ t❤❛t ❛ s❡q✉❡♥❝❡ (Wl)l≥1

♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ st❛t❡ s♣❛❝❡ SW ✐s s❛✐❞ t♦ ❜❡ ❛ k ❜❧♦❝❦✲❢❛❝t♦r ♦❢ t❤❡ s❡q✉❡♥❝❡

(W̃l)l≥1 ✇✐t❤ st❛t❡ s♣❛❝❡ SW̃ ✱ ✐❢ t❤❡r❡ ✐s ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f : Sk
W̃

→ SW s✉❝❤

t❤❛t

Wl = f
(
W̃l, W̃l+1, . . . , W̃l+k−1

)

❢♦r ❛❧❧ l✳

❖✉r ❜❧♦❝❦✲❢❛❝t♦r t②♣❡ ♠♦❞❡❧ ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ▲❡t T̃1✱ T̃2✱ . . . ✱ T̃d

❜❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✱ d ≥ 1 ❛♥❞
{
X̃s1,...,sd | 1 ≤ sj ≤ T̃j , 1 ≤ j ≤ d

}
❜❡ ❛ ❢❛♠✐❧② ♦❢

✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ r❡❛❧ ✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦✈❡r t❤❡ d

❞✐♠❡♥s✐♦♥❛❧ r❡❝t❛♥❣✉❧❛r r❡❣✐♦♥ R̃d = [0, T̃1]×· · ·× [0, T̃d] ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t♦ ❡❛❝❤

r❡❝t❛♥❣✉❧❛r ❡❧❡♠❡♥t❛r② s✉❜r❡❣✐♦♥ r̃d(s1, s2, . . . , sd) = [s1−1, s1]×· · ·× [sd−1, sd] ✐t

❝♦rr❡s♣♦♥❞s ❛ ✈❛r✐❛❜❧❡ X̃s1,...,sd ✳ ❆s ✇❡ s❛✇ ✐♥ ❈❤❛♣t❡r ✸✱ ✐t ✐s ❝✉st♦♠❛r② t♦ ✐♥t❡r♣r❡t

t❤❡s❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛s t❤❡ ♥✉♠❜❡r ♦❢ s♦♠❡ ❡✈❡♥ts ✭♦❢ ✐♥t❡r❡st✮ t❤❛t ♦❝❝✉rr❡❞ ✐♥

t❤❡ s✉❜r❡❣✐♦♥ r̃d(s1, s2, . . . , sd)✳

❋♦r j ∈ {1, 2, . . . , d}✱ ❧❡t x(j)1 ✱ x
(j)
2 ❜❡ ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs s✉❝❤ t❤❛t x

(j)
1 +x

(j)
2 +1 ≤

T̃j ✳ ❉❡✜♥❡ cj = x
(j)
1 +x

(j)
2 +1 ❛♥❞ t❛❦❡ Tj = T̃j−cj+1✳ ❚♦ ❡❛❝❤ d✲t✉♣❧❡ (s1, . . . , sd)✱

✇✐t❤ sj ∈
{
x
(j)
1 + 1, . . . , T̃j − x

(j)
2

}
✱ j ∈ {1, . . . , d}✱ ✇❡ ❛ss♦❝✐❛t❡ ❛ d✲✇❛② ✭♦r ♦❢ ♦r❞❡r

d✮ t❡♥s♦r ✭s❡❡ ❬❑♦❧❞❛ ❛♥❞ ❇❛❞❡r✱ ✷✵✵✾❪✮ Xs1,...,sd ∈ Rc1×···×cd ✇❤♦s❡ ❡❧❡♠❡♥ts ❛r❡

❣✐✈❡♥ ❜②

Xs1,...,sd(j1, . . . , jd) = X̃
s1−x

(1)
1 −1+j1,...,sd−x

(d)
1 −1+jd

, ✭✹✳✶✮

✇❤❡r❡ (j1, . . . , jd) ∈ {1, . . . , c1}×· · ·×{1, . . . , cd}✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ❢♦r t❤❡ ♣❛rt✐❝✉❧❛r

❝❛s❡s ♦❢ ♦♥❡ ❛♥❞ t✇♦ ❞✐♠❡♥s✐♦♥s✱ t❤❡ d✲✇❛② t❡♥s♦r Xs1,...,sd r❡❞✉❝❡s t♦ ❛ ✈❡❝t♦r ✭❛

t❡♥s♦r ♦❢ ♦r❞❡r ♦♥❡✮ ❛♥❞ ❛ ♠❛tr✐① ✭❛ t❡♥s♦r ♦❢ ♦r❞❡r t✇♦✮✱ r❡s♣❡❝t✐✈❡❧②✳

■❢ Π : Rc1×···×cd → R ✐s ❛ ♠❡❛s✉r❛❜❧❡ r❡❛❧ ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ t❤❡ s❡t ♦❢ t❤❡

t❡♥s♦rs Xs1,...,sd ✭♠❡❛s✉r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✉s✉❛❧ ❇♦r❡❧ σ✲✜❡❧❞s ♦❢ Rc1×···×cd

❛♥❞ R✮✱ t❤❡♥ ✇❡ ❞❡✜♥❡ t❤❡ ❜❧♦❝❦✲❢❛❝t♦r t②♣❡ ♠♦❞❡❧ ❜②

Xs1,...,sd = Π
(
X

s1+x
(1)
1 ,...,sd+x

(d)
1

)
, ✭✹✳✷✮

❢♦r ❛❧❧ 1 ≤ sj ≤ Tj ✱ 1 ≤ j ≤ d✳

❚♦ ✐❧❧✉str❛t❡ t❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s♣❡❝✐❛❧ ❝❛s❡

♦❢ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❜❧♦❝❦✲❢❛❝t♦r ♠♦❞❡❧ ✭d = 2✮✳ ■♥ t❤✐s s❡tt✐♥❣✱ t❤❡ ✉♥❞❡r❧②✐♥❣

r❛♥❞♦♠ ✜❡❧❞ ✐s ❞❡✜♥❡❞ ❛s Xs1,s2 = Π
(
X

s1+x
(1)
1 ,s2+x

(2)
1

)
✱ ✇❤❡r❡ t❤❡ t❡♥s♦r Xs1,s2 ✱

✇❤✐❝❤ ❡♥❝❛♣s✉❧❛t❡s t❤❡ ❞❡♣❡♥❞❡♥❝❡ str✉❝t✉r❡✱ t❛❦❡s t❤❡ ♠❛tr✐① ❢♦r♠

Xs1,s2 =




X̃
s1−x

(1)
1 ,s2−x

(2)
1

· · · X̃
s1+x

(1)
2 ,s2−x

(2)
1

✳✳✳
✳ ✳ ✳

✳✳✳

X̃
s1−x

(1)
1 ,s2+x

(2)
2

· · · X̃
s1+x

(1)
2 ,s2+x

(2)
2


 . ✭✹✳✸✮

❋✐❣✉r❡ ✹✳✶ ✐❧❧✉str❛t❡s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❜❧♦❝❦✲❢❛❝t♦r ♠♦❞❡❧✿ ♦♥ t❤❡ ❧❡❢t ✭s❡❡

❋✐❣✉r❡ ✹✳✶✭❛✮✮ ✐s ♣r❡s❡♥t❡❞ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♠❛tr✐① ❞❡✜♥❡❞ ❜② ❊q✳✭✹✳✸✮ ❛♥❞ t❤❡

r❡s✉❧t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❛❢t❡r ❛♣♣❧②✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ Π❀ ♦♥ t❤❡ r✐❣❤t ✭s❡❡



✹✳✶✳ ❇❧♦❝❦✲❢❛❝t♦r t②♣❡ ♠♦❞❡❧ ✾✼

❋✐❣✉r❡ ✹✳✶✭❜✮✮ ✐s ❡①❡♠♣❧✐✜❡❞ ❤♦✇ t❤❡ ✐✳✐✳❞✳ ♠♦❞❡❧ X̃s1,s2 ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦ t❤❡

❜❧♦❝❦✲❢❛❝t♦r ♠♦❞❡❧ Xs1,s2 ✳

X̃s1,s2

. . .

. . .

.

.

.
.
.
.

X̃
s1−x

(1)
1 ,s2−x

(2)
1

X̃
s1+x

(1)
2 ,s2−x

(2)
1

X̃
s1−x

(1)
1 ,s2+x

(2)
2

X̃
s1+x

(1)
2 ,s2+x

(2)
2

Π

X
s1−x

(1)
1 ,s2−x

(2)
1

✭❛✮

1 . . . x
(1)
1 + 1 T̃1 − x

(1)
2 . . . T̃1

1

.

.

.

x
(2)
1 + 1

T̃2 − x
(2)
2

.

.

.

T̃2

Π

1 T1

1

T2

X̃s1,s2

X
s1−x

(1)
1 ,s2−x

(2)
1

✭❜✮

❋✐❣✉r❡ ✹✳✶✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❜❧♦❝❦✲❢❛❝t♦r t②♣❡ ♠♦❞❡❧ ✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s ✭d = 2✮

■t ✐s ❝❧❡❛r✱ ❞✉❡ t♦ t❤❡ ♦✈❡r❧❛♣♣✐♥❣ str✉❝t✉r❡✱ t❤❛t {Xs1,s2 | 1 ≤ s1 ≤ T1, 1 ≤ s2 ≤ T2}
❢♦r♠s ❛ ❞❡♣❡♥❞❡♥t ❢❛♠✐❧② ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✭s❡❡ ❋✐❣✉r❡ ✹✳✷✮ ❛♥❞ t❤❡ s❛♠❡ ✐s tr✉❡

❢♦r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳

❘❡❝❛❧❧ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✶ t❤❛t ❛ s❡q✉❡♥❝❡ (Wl)l≥1 ✐s m✲❞❡♣❡♥❞❡♥t ✇✐t❤ m ≥ 1

✭s❡❡ ❬❇✉rt♦♥ ❡t ❛❧✳✱ ✶✾✾✸❪✮✱ ✐❢ ❢♦r ❛♥② h ≥ 1 t❤❡ σ✲✜❡❧❞s ❣❡♥❡r❛t❡❞ ❜② {W1, . . . ,Wh}
❛♥❞ {Wh+m+1, . . . } ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❚❤✉s✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❜❧♦❝❦✲❢❛❝t♦r

♠♦❞❡❧ ✐♥ ❊q✳✭✹✳✷✮✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡
(
Xs1,...,sh−1,sh,sh+1,...,sd

)
1≤sh≤Th

✐s

(ch − 1)✲❞❡♣❡♥❞❡♥t✱ ❢♦r ❡❛❝❤ 1 ≤ h ≤ d✳ ■♥ ❋✐❣✉r❡ ✹✳✷ ✇❡ ✐❧❧✉str❛t❡✱ ❢♦r t❤❡ t✇♦

❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ t❤❡ ❞❡♣❡♥❞❡♥❝❡ str✉❝t✉r❡ ♦❢ t❤❡ ✜❡❧❞Xs1,s2 ❡♠♣❤❛s✐③✐♥❣ ✐ts (c1−1)

❛♥❞ (c2 − 1)✲❞❡♣❡♥❞❡♥t ❝❤❛r❛❝t❡r✳

❘❡♠❛r❦ ✹✳✶✳✶✳ ◆♦t✐❝❡ t❤❛t ✐❢ c1 = · · · = cd = 1 ✭t❤❛t ✐s x
(j)
1 = x

(j)
2 = 0 ❢♦r

j ∈ {1, . . . , d}✮ ❛♥❞ Π ✐s t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t✐♦♥✱ t❤❡♥ Xs1,...,sd = X̃s1,...,sd ❛♥❞ ✇❡ ❛r❡

✐♥ t❤❡ ✐✳✐✳❞✳ s✐t✉❛t✐♦♥✳ ■♥ t❤✐s ❝❛s❡✱ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢

t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ✇❛s st✉❞✐❡❞ ✐♥ ❈❤❛♣t❡r ✸✳

❘❡♠❛r❦ ✹✳✶✳✷✳ ■❢ ✇❡ t❛❦❡ d = 1✱ ✇❡ ✜♥❞ ♦✉rs❡❧✈❡s ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r s✐t✉❛t✐♦♥ ♦❢ ♦♥❡

❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ♦✈❡r ❛ (c1 − 1)✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡✳ ❚❤❡ ❞✐str✐✲

❜✉t✐♦♥ ♦❢ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ♦✈❡r t❤✐s t②♣❡ ♦❢ ❞❡♣❡♥❞❡♥❝❡ ✇❛s st✉❞✐❡❞ ❜②



✾✽ ❈❤❛♣t❡r ✹✳ ❙❝❛♥ st❛t✐st✐❝s ♦✈❡r s♦♠❡ ❜❧♦❝❦✲❢❛❝t♦r t②♣❡ ♠♦❞❡❧s

Xs1,s2

Xs1−c1+1,s2−c2+1

Xs1−c1+1,s2+c2−1

Xs1+c1−1,s2−c2+1

Xs1+c1−1,s2+c2−1

c2 − 1

c2 − 1

c1 − 1 c1 − 1

❋✐❣✉r❡ ✹✳✷✿ ❚❤❡ ❞❡♣❡♥❞❡♥❝❡ str✉❝t✉r❡ ♦❢ Xs1,s2 ✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s

❬❍❛✐♠❛♥ ❛♥❞ Pr❡❞❛✱ ✷✵✶✸❪ ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ●❛✉ss✐❛♥ st❛t✐♦♥❛r② 1✲❞❡♣❡♥❞❡♥t

s❡q✉❡♥❝❡s Wi ∼ N (0, 1) ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❣❡♥❡r❛t❡❞ ❜② ❛ t✇♦ ❜❧♦❝❦✲❢❛❝t♦r ♦❢ t❤❡

❢♦r♠

Wi = aUi + bUi+1, i ≥ 1,

✇❤❡r❡ a2 + b2 = 1 ❛♥❞ (Ui)i≥1 ✐s ❛♥ ✐✳✐✳❞✳ s❡q✉❡♥❝❡ ♦❢ N (0, 1) r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳

❈❧❡❛r❧②✱ t❤❡✐r ♠♦❞❡❧ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♦♥❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❜② ♣✉tt✐♥❣

x
(1)
1 = 0✱ x

(1)
2 = 1✱ ✇❤✐❝❤ ✐♠♣❧✐❡s c1 = 2✱ ❛♥❞ ❝❤♦♦s✐♥❣ Π(α1, α2) = aα1 + bα2✳

❆♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ♦✈❡r ❛ s❡q✉❡♥❝❡ ♦❢ ♠♦✈✐♥❣

❛✈❡r❛❣❡ ♦❢ ♦r❞❡r q ✭c1 = q + 1✮ ✇❛s r❡❝❡♥t❧② ❣✐✈❡♥ ❜② ❬❲❛♥❣ ❛♥❞ ●❧❛③✱ ✷✵✶✸❪ ✭s❡❡

❛❧s♦ ❬❲❛♥❣✱ ✷✵✶✸✱ ❈❤❛♣t❡r ✹❪✮✳ ❲❡ ✐♥❝❧✉❞❡ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✱ ❛ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡ ✐♥

✇❤✐❝❤ ✇❡ ❝♦♠♣❛r❡ t❤❡✐r r❡s✉❧ts ✇✐t❤ t❤❡ ♦♥❡s ♦❜t❛✐♥❡❞ ❜② ♦✉r ♠❡t❤♦❞✳

❇❛s❡❞ ♦♥ t❤❡ ❞❡♣❡♥❞❡♥t ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✱ ✐♥ ❙❡❝t✐♦♥ ✹✳✷ ✇❡ ❣✐✈❡ ❛♥

❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝ ♦✈❡r

t❤❡ r❛♥❞♦♠ ✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Xs1,...,sd ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

❡rr♦r ❜♦✉♥❞s✳

✹✳✷ ❆♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ❡rr♦r ❜♦✉♥❞s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ ❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✱ Qm(T)✱ ♦❢ t❤❡ d✲

❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ❡✈❛❧✉❛t❡❞ ♦✈❡r ❛ r❛♥❞♦♠ ✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② t❤❡

❜❧♦❝❦✲❢❛❝t♦r ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❢♦r❡❣♦✐♥❣ s❡❝t✐♦♥✳ ❚❤❡ ♠❡t❤♦❞♦❧♦❣② ✉s❡❞ ❢♦r

t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛ ❢♦❧❧♦✇s ❝❧♦s❡❧② t❤❡ ❛♣♣r♦❛❝❤ ❛❞♦♣t❡❞

✐♥ ❈❤❛♣t❡r ✸ ❢♦r t❤❡ ✐✳✐✳❞✳ ♠♦❞❡❧✳



✹✳✷✳ ❆♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ❡rr♦r ❜♦✉♥❞s ✾✾

✹✳✷✳✶ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❝❡ss

▲❡t ✉s ❝♦♥s✐❞❡r t❤❛t ✇❡ ❛r❡ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❜❧♦❝❦✲❢❛❝t♦r ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ✐♥

❙❡❝t✐♦♥ ✹✳✶ ❛♥❞ ✇❡ s❝❛♥ t❤❡ ❣❡♥❡r❛t❡❞ r❛♥❞♦♠ ✜❡❧❞ ✇✐t❤ ❛ ✇✐♥❞♦✇ ♦❢ s✐③❡ m1×· · ·×
md✱ 2 ≤ mj ≤ Tj ✱ j ∈ {1, . . . , d}✳ ❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ✐✳✐✳❞✳ ♠♦❞❡❧ ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✷✮✱

t❤❡ ♠❛✐♥ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡ss ✐s t♦ ❡①♣r❡ss t❤❡ s❝❛♥ st❛t✐st✐❝s r❛♥❞♦♠

✈❛r✐❛❜❧❡✱ Sm(T)✱ m = (m1, . . . ,md)✱ T = (T1, . . . , Td)✱ ❛s t❤❡ ♠❛①✐♠✉♠ ♦❢ ❛ 1✲

❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡ ♦❢ ♣r♦♣❡r❧② s❡❧❡❝t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳

❆ss✉♠❡ t❤❛t ❢♦r ❡❛❝❤ j ∈ {1, . . . , d}✱ T̃j = Lj(mj + cj − 2)✱ ✇❤❡r❡ L1✱ . . . ✱ Ld

❛r❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ❛♥❞ ♦❜s❡r✈❡ t❤❛t t❤❡ ❣❡♥❡r❛t❡❞ r❡❣✐♦♥ Rd✱ ❛❢t❡r ❛♣♣❧②✐♥❣ t❤❡

tr❛♥s❢♦r♠❛t✐♦♥ Π✱ ❤❛s t❤❡ s✐❞❡s ♦❢ ❧❡♥❣t❤

Tj = (Lj − 1)(mj + cj − 2) +mj − 1. ✭✹✳✹✮

❲❡ ❞❡✜♥❡ ❢♦r ❡❛❝❤ k1 ∈ {1, 2, . . . , L1 − 1} t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

Zk1 = max
(k1−1)(m1+c1−2)+1≤i1≤k1(m1+c1−2)

1≤ij≤(Lj−1)(mj+cj−2)
j∈{2,...,d}

Yi1,i2,...,id , ✭✹✳✺✮

❛♥❞ ✇❡ ❝❧❛✐♠ t❤❛t {Z1, . . . , ZL1−1} ❢♦r♠s ❛ 1✲❞❡♣❡♥❞❡♥t ❛♥❞ st❛t✐♦♥❛r② s❡q✉❡♥❝❡ ♦❢

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ✈✐❡✇ ♦❢ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✶ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✷✳ ❚♦ s❡❡ t❤✐s✱ ✇❡

✜rst r❡♠❛r❦ t❤❛t Zk1 ✬s r❡♣r❡s❡♥t t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ♦♥ t❤❡ ♦✈❡r❧❛♣♣✐♥❣

r❡❝t❛♥❣✉❧❛r str✐♣s

[(k1 − 1)(m1 + c1 − 2), k1(m1 + c1 − 2) +m1 − 1]× [0, T2]× · · · × [0, Td], ✭✹✳✻✮

♦❢ s✐③❡ (2m1 + c1 − 3)× T2 × · · · × Td✳ ■♥ ❋✐❣✉r❡ ✹✳✸ ✇❡ ✐❧❧✉str❛t❡✱ ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r

s✐t✉❛t✐♦♥ ♦❢ t✇♦ ❞✐♠❡♥s✐♦♥s ✭d = 2✮✱ t❤❡ ♦✈❡r❧❛♣♣✐♥❣ str✉❝t✉r❡ ♦❢ Z1✱ Z2 ❛♥❞ Z3

❡♠♣❤❛s✐③✐♥❣ t❤❡ 1✲❞❡♣❡♥❞❡♥t ❝❤❛r❛❝t❡r ♦❢ t❤❡ s❡q✉❡♥❝❡✳
❚❤❡ ♦♥❡ ❞❡♣❡♥❞❡♥❝❡ str✉❝t✉r❡ ♦❢ {Z1, . . . , ZL1−1} ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠

Zk1−1 ∈ σ ({Xs1,...,sd |(k1 − 2)(m1 + c1 − 2) + 1 ≤ s1 ≤ (k1 − 1)(m1 + c1 − 2) +m1 − 1})
∈ σ

({
X̃s1,...,sd

∣∣∣(k1 − 2)(m1 + c1 − 2) + 1 ≤ s1 ≤ k1(m1 + c1 − 2)
})

❛♥❞ s✐♠✐❧❛r❧②

Zk1 ∈ σ
({

X̃s1,...,sd

∣∣∣(k1 − 1)(m1 + c1 − 2) + 1 ≤ s1 ≤ (k1 + 1)(m1 + c1 − 2)
})

,

Zk1+1 ∈ σ
({

X̃s1,...,sd

∣∣∣k1(m1 + c1 − 2) + 1 ≤ s1 ≤ (k1 + 2)(m1 + c1 − 2)
})

❛♥❞ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❢❛♠✐❧②
{
X̃s1,...,sd | 1 ≤ sj ≤ T̃j , 1 ≤ j ≤ d

}
♦❢ r❛♥❞♦♠

✈❛r✐❛❜❧❡s✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ X̃s1,...,sd ❛r❡ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞✱ t❤❡ st❛t✐♦♥❛r✐t② ♦❢

t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Zk1 ✐s ✈❡r✐✜❡❞✳

❲❡ ♦❜s❡r✈❡ t❤❛t ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡ (Zk1)1≤k1≤L1−1✱ t❤❡ s❝❛♥ st❛t✐s✲

t✐❝s r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Sm(T) = max
1≤ij≤Tj−mj+1

j∈{1,2,...,d}

Yi1,i2,...,id = max
1≤k1≤L1−1

Zk1 . ✭✹✳✼✮



✶✵✵ ❈❤❛♣t❡r ✹✳ ❙❝❛♥ st❛t✐st✐❝s ♦✈❡r s♦♠❡ ❜❧♦❝❦✲❢❛❝t♦r t②♣❡ ♠♦❞❡❧s

m1

m2

Z1

Z2

Z3

c1

m1 + c1 − 2

2m1 + c1 − 3
2(m1 + c1 − 2)

3m1 + 2c1 − 5

4m1 + 3c1 − 7

T1

T20

❋✐❣✉r❡ ✹✳✸✿ ■❧❧✉str❛t✐♦♥ ♦❢ Zk1
❡♠♣❤❛s✐③✐♥❣ t❤❡ 1✲❞❡♣❡♥❞❡♥❝❡

❚❤❡ ❢♦r❡❣♦✐♥❣ r❡❧❛t✐♦♥ ✐s t❤❡ ❦❡② ✐❞❡♥t✐t② ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❝❡ss s✐♥❝❡ ✐t s❤♦✇s

t❤❛t Sm(T) ✐s t❤❡ ♠❛①✐♠✉♠ ♦❢ ❛ 1✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r② s❡q✉❡♥❝❡✳ ❚♦♦❧s ❢♦r t❤❡

❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤✐s t②♣❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇❡r❡ ❞❡✈❡❧♦♣❡❞ ✐♥

❈❤❛♣t❡r ✷✳ ❙✐♠✐❧❛r ✇✐t❤ t❤❡ ♠❡t❤♦❞♦❧♦❣② ✉s❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ❢♦r t❤❡ ✐✳✐✳❞✳

♠♦❞❡❧✱ ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❝❡ss ✇❡ ❡♠♣❧♦② t❤❡ ❡st✐♠❛t❡ ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✷✳✾✱

r❡♣❡❛t❡❞❧②✳

■❢✱ ❢♦r t1 ∈ {2, 3}✱ ✇❡ t❛❦❡

Qt1 = Qt1(n) = P




t1−1⋂

k1=1

{Zk1 ≤ n}


 = P




max
1≤i1≤(t1−1)(m1+c1−2)
1≤ij≤(Lj−1)(mj+cj−1)

j∈{2,...,d}

Yi1,i2,...,id ≤ n




✭✹✳✽✮

❛♥❞ n ✐s s✉❝❤ t❤❛t Q2(n) ≥ 0.9✱ t❤❡♥✱ ❜❛s❡❞ ♦♥ ❚❤❡♦r❡♠ ✷✳✷✳✾✱ ✇❡ ❣❡t t❤❡ ✜rst st❡♣

❡st✐♠❛t❡

|Qm(T)−H (Q2, Q3, L1)| ≤ (L1 − 1)F (Q2, L1 − 1)(1−Q2)
2, ✭✹✳✾✮

✇❤❡r❡ H(x, y,m) ❛♥❞ F (x,m) ❛r❡ ❡✈❛❧✉❛t❡❞ ✈✐❛ ❊qs✳✭✸✳✶✸✮ ❛♥❞ ✭✸✳✶✵✮✱ r❡s♣❡❝t✐✈❡❧②✳

❖❜s❡r✈❡ t❤❛t✱ ❡✈❡♥ ✐❢ ✇❡ ❡♠♣❧♦②❡❞ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛s ✐♥ ❙❡❝t✐♦♥ ✸✳✷✱ Q2✱ Q3 ❛♥❞

L1✱ L2 ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s ❞✐✛❡rs ❢r♦♠ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♥❡s ✐♥ t❤❡ ✐✳✐✳❞✳ ❝❛s❡✳

❋♦r ❡①❛♠♣❧❡✱ ❤❡r❡ Qt1 ✬s r❡♣r❡s❡♥ts t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡

s❝❛♥ st❛t✐st✐❝s ♦✈❡r t❤❡ str✐♣

[0, (t1 − 1)(m1 + c1 − 2) +m1 − 1]× [0, T2] · · · × [0, Td],



✹✳✷✳ ❆♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ❡rr♦r ❜♦✉♥❞s ✶✵✶

❛s ♦♣♣♦s❡❞ t♦ t❤❡ ✐✳✐✳❞✳ ♠♦❞❡❧ ✇❤❡r❡ ✇❡ s❝❛♥♥❡❞ t❤❡ s♠❛❧❧❡r r❡❣✐♦♥

[0, t1(m1 − 1)]× [0, T2] · · · × [0, Td].

■♥ ♦r❞❡r t♦ ❞❡r✐✈❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❡①♣r❡ss✐♦♥ ❢♦r Qm(T)✱ t❤❛t ✐♥✈♦❧✈❡s s✐♠♣❧❡r
q✉❛♥t✐t✐❡s✱ ✇❡ ♥❡❡❞ t♦ ✐t❡r❛t❡ t❤❡ ❛❜♦✈❡ ♣r♦❝❡❞✉r❡ ❛t ♠♦st d st❡♣s✳ ■♥ t❤❡ s✉❜s❡✲
q✉❡♥t✱ ✇❡ ♣r❡s❡♥t t❤❡ ❣❡♥❡r❛❧ s✲st❡♣✱ 1 ≤ s ≤ d✱ r♦✉t✐♥❡✳ ■♥ t❤✐s ♣❤❛s❡✱ t❤❡ ❣♦❛❧ ✐s
t♦ ✜♥❞ ❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s
❡✈❛❧✉❛t❡❞ ♦✈❡r t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ r❡❝t❛♥❣✉❧❛r r❡❣✐♦♥s

[0, (t1−1)(m1+c1−2)+m1−1]×. . . [0, (ts−1−1)(ms−1+cs−1−2)+ms−1−1]×[0, Ts] · · ·×[0, Td].

❚❤❡s❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡ ❞❡♥♦t❡❞✱ ❢♦r (t1, . . . , ts−1) ∈ {2, 3}s−1✱ ❜②

Qt1,t2,...,ts−1 = Qt1,t2,...,ts−1(n) = P




max
1≤il≤(tl−1)(ml+cl−2)

l∈{1,...,s−1}
1≤ij≤(Lj−1)(mj+cj−2)

j∈{s,...,d}

Yi1,i2,...,id ≤ n




. ✭✹✳✶✵✮

❚♦ r❡❞✉❝❡ t❤❡ s ❞✐♠❡♥s✐♦♥✱ ✇❡ t❛❦❡ ❢♦r tl ∈ {2, 3}✱ l ∈ {1, . . . , s − 1} ❛♥❞ ks ∈
{1, 2, . . . , Ls − 1} t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

Z
(t1,t2,...,ts−1)
ks

= max
1≤il≤(tl−1)(ml+cl−2)

l∈{1,2,...,s−1}
(ks−1)(ms+cs−2)+1≤is≤ks(ms+cs−2)

1≤ij≤(Lj−1)(mj+cj−2)
j∈{s+1,...,d}

Yi1,i2,...,id , ✭✹✳✶✶✮

✇❤✐❝❤ ❢♦r♠✱ ❜❛s❡❞ ♦♥ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ st❡♣ ♦♥❡✱ ❛ 1✲❞❡♣❡♥❞❡♥t st❛t✐♦♥❛r②

s❡q✉❡♥❝❡✳ ▼♦r❡♦✈❡r✱ t❤❡s❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s s❛t✐s❢② t❤❡ r❡❧❛t✐♦♥

Qt1,t2,...,ts−1 = P

(
max

1≤ks≤Ls−1
Z

(t1,t2,...,ts−1)
ks

≤ n

)
. ✭✹✳✶✷✮

◆♦t✐❝❡ t❤❛t✱ ❢r♦♠ ❊q✳✭✹✳✶✵✮ ❛♥❞ ❊q✳✭✹✳✶✶✮✱ ✇❡ ❣❡t t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥

Qt1,t2,...,ts = Qt1,t2,...,ts(n) = P




ts−1⋂

ks=1

{Z(t1,t2,...,ts−1)
ks

≤ n}


 . ✭✹✳✶✸✮

■❢ ✇❡ t❛❦❡ n s✉❝❤ t❤❛t Qt1,t2,...,ts−1,2(n) ≥ 0.9 t❤❡♥✱ ❛♣♣❧②✐♥❣ t❤❡ ❡st✐♠❛t❡ ❢r♦♠

❚❤❡♦r❡♠ ✷✳✷✳✾✱ ✇❡ ❞❡❞✉❝❡ t❤❡ s st❡♣ ❛♣♣r♦①✐♠❛t✐♦♥

∣∣Qt1,...,ts−1 −H
(
Qt1,...,ts−1,2, Qt1,...,ts−1,3, Ls

)∣∣ ≤ (Ls − 1)F (Qt1,...,ts−1,2, Ls − 1)

× (1−Qt1,...,ts−1,2)
2. ✭✹✳✶✹✮

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣r♦❜❧❡♠ ❞✐♠❡♥s✐♦♥✱ ❜② s✉❜st✐t✉t✐♥❣ r❡♣❡❛t❡❞❧②✱ ❢♦r ❡❛❝❤ s ∈
{2, . . . , d}✱ t❤❡ ❡st✐♠❛t❡ ❢r♦♠ ❊q✳✭✹✳✶✹✮ ✐♥ ❊q✳✭✹✳✾✮✱ ✇❡ ♦❜t❛✐♥ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥



✶✵✷ ❈❤❛♣t❡r ✹✳ ❙❝❛♥ st❛t✐st✐❝s ♦✈❡r s♦♠❡ ❜❧♦❝❦✲❢❛❝t♦r t②♣❡ ♠♦❞❡❧s

m2

m1

T2

T1

R2

2m2 + c2 − 3

m1

T2

T1

Q2

2m2 + c2 − 3

2m1 + c1 − 3

T2

T1

Q22
2m2 + c2 − 3

3m1 + 2c1 − 5

T2

T1

Q32

3m2 + 2c2 − 5

m1

T2

T1

Q3

3m2 + 2c2 − 5

2m1 + c1 − 3

T2

T1

Q23
3m2 + 2c2 − 5

3m1 + 2c1 − 5

T2

T1

Q33

❋✐❣✉r❡ ✹✳✹✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❝❡ss ❢♦r d = 2

❢♦r♠✉❧❛ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡

2d q✉❛♥t✐t✐❡s Qt1,...,td ✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❡✈❛❧✉❛t❡❞ ❜② ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥✳ ❚♦ ❣❡t ❛

❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❝❡ss ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡

♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s✳ ❋✐❣✉r❡ ✹✳✹ ✐❧❧✉str❛t❡s t❤❡ ❞✐❛❣r❛♠

t❤❛t s✉♠♠❛r✐③❡s t❤❡ st❡♣s ✐♥✈♦❧✈❡❞ ✐♥ t❤✐s ♣r♦❝❡ss✳

❘❡♠❛r❦ ✹✳✷✳✶✳ ❲❡ s❤♦✉❧❞ ♣♦✐♥t ♦✉t t❤❛t ✐❢ Xs1,...,s2 = X̃s1,...,sd ✱ t❤❛t ✐s c1 = · · · =
cd = 1 ❛♥❞ Π(x) = x✱ t❤❡♥ ❛❧❧ ♦❢ t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛s r❡❞✉❝❡s t♦ t❤❡ ♦♥❡s ❣✐✈❡♥ ✐♥

❙❡❝t✐♦♥ ✸✳✷✳

❘❡♠❛r❦ ✹✳✷✳✷✳ ◆♦t✐❝❡ t❤❛t ✐❢ t❤❡r❡ ❛r❡ ✐♥❞✐❝❡s j ∈ {1, 2, . . . , d} s✉❝❤ t❤❛t T̃j ❛r❡

♥♦t ♠✉❧t✐♣❧❡s ♦❢ mj+cj−2 t❤❡♥✱ ❜② t❛❦✐♥❣ Lj =
⌊

T̃j

mj+cj−2

⌋
✱ ✇❡ ❝❛♥ ❛♣♣r♦①✐♠❛t❡ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❛♥ st❛t✐st✐❝s Qm(T) ❜② t❤❡ ♠✉❧t✐✲❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥ ♣r♦❝❡❞✉r❡

❞❡s❝r✐❜❡❞ ✐♥ ❘❡♠❛r❦ ✸✳✷✳✶✳

✹✳✷✳✷ ❚❤❡ ❛ss♦❝✐❛t❡❞ ❡rr♦r ❜♦✉♥❞s

❙✐♥❝❡ ✐♥ t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡ss ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳✶✱ ❜② ❛❞♦♣t✐♥❣ t❤❡ ♥♦t❛t✐♦♥s

✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✱ ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ❡①❛❝t❧② t❤❡ s❛♠❡ t②♣❡ ♦❢ r❡❧❛t✐♦♥s ❛s

✐♥ t❤❡ ✐✳✐✳❞✳ ❝❛s❡✱ t❤❡ r❡s✉❧t❡❞ ❡rr♦r ❜♦✉♥❞s ✇✐❧❧ ❛❧s♦ t❛❦❡ t❤❡ s❛♠❡ ❡①♣r❡ss✐♦♥s ❛s

t❤♦s❡ ❢r♦♠ ❙❡❝t✐♦♥ ✸✳✸✳ ❙✉❝❤ ❜❡✐♥❣ t❤❡ ❝❛s❡✱ ✐♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♥❝❧✉❞❡ ♦♥❧② t❤❡✐r

❢♦r♠✉❧❛s ❛♥❞ ♥♦t t❤❡✐r ❞❡r✐✈❛t✐♦♥✳ ❆s ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✱ t❤❡r❡ ❛r❡ t❤r❡❡



✹✳✷✳ ❆♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ❡rr♦r ❜♦✉♥❞s ✶✵✸

❡rr♦rs ✐♥✈♦❧✈❡❞✿ t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ✭Eapp(d)✮✱ t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦r

t❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ✭Esapp(d)✮ ❛♥❞ t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦r

❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛ ✭Esf (d)✮✳ ❚❤❡✐r ❡①♣r❡ss✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥

t❤❡ s✉❜s❡q✉❡♥t✳

❛✮ ❚❤❡ t❤❡♦r❡t✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r

❋♦❧❧♦✇✐♥❣ t❤❡ ♠❡t❤♦❞♦❧♦❣② ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳✶ ❢♦r t❤❡ ✐✳✐✳❞✳ ♠♦❞❡❧✱ ✇❡ ❤❛✈❡

Eapp(d) =
d∑

s=1

(L1 − 1)· · · (Ls − 1)

×
∑

t1,...,ts−1∈{2,3}
Ft1,...,ts−1

(
1− γt1,...,ts−1,2 +Bt1,...,ts−1,2

)2
,

✭✹✳✶✺✮

✇❤❡r❡

γt1,...,ts =

{
H (γt1,...,ts,2, γt1,...,ts,3, Ls+1) ✱ ❢♦r 1 ≤ s ≤ d− 1

Qt1,...,td ✱ ❢♦r s = d✱
✭✹✳✶✻✮

Q̂t1,...,ts =

{
H
(
Q̂t1,...,ts,2, Q̂t1,...,ts,3, Ls+1

)
✱ ❢♦r 1 ≤ s ≤ d− 1

Q̂t1,...,td ✱ ❢♦r s = d
✭✹✳✶✼✮

❛♥❞ ✇❤❡r❡ ❢♦r 2 ≤ s ≤ d

Ft1,...,ts−1 = F
(
Q̂t1,...,ts−1,2, Ls − 1

)
, ✭✹✳✶✽✮

Bt1...,ts−1 = (Ls − 1)


Ft1,...,ts−1

(
1− γt1,...,ts−1,2 +Bt1...,ts−1,2

)2
+

∑

ts∈{2,3}
Bt1...,ts




✭✹✳✶✾✮

✇✐t❤ F = F
(
Q̂2, L1 − 1

)
❛♥❞ Bt1...,td = 0✳

❖❜s❡r✈❡ t❤❛t ✐♥ ❊q✳✭✹✳✶✺✮ ✇❡ ❛❞♦♣t❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡♥t✐♦♥ ❢♦r s = 1✿∑

t1,t0∈{2,3}
x = x✱ Ft1,t0 = F ✱ γt1,t0,2 = γ2 ❛♥❞ Bt1,t0,2 = B2✳

❜✮ ❚❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦r t❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r

■❢ t❤❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ tr✉❡ ✈❛❧✉❡ ♦❢ Qt1,...,td ❛♥❞ t❤❡ ❡st✐♠❛t❡❞ ✈❛❧✉❡ Q̂t1,...,td ✱

r❡s✉❧t❡❞ ❢r♦♠ ❛ s✐♠✉❧❛t✐♦♥ ♠❡t❤♦❞♦❧♦❣②✱ ✐s ❞❡♥♦t❡❞ ❜② βt1,...,td t❤❡♥✱ t❤❡ s✐♠✉❧❛✲

t✐♦♥ ❡rr♦r t❤❛t ❛♣♣❡❛rs ❢r♦♠ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ❣✐✈❡♥ ❜② ❊q✳✭✹✳✶✺✮ ❤❛s t❤❡

❡①♣r❡ss✐♦♥

Esapp(d) =

d∑

s=1

(L1 − 1) · · · (Ls − 1)
∑

t1,...,ts−1∈{2,3}
Ft1,...,ts−1

(
1− Q̂t1,...,ts−1,2

+At1,...,ts−1,2 + Ct1,...,ts−1,2

)2
,

✭✹✳✷✵✮



✶✵✹ ❈❤❛♣t❡r ✹✳ ❙❝❛♥ st❛t✐st✐❝s ♦✈❡r s♦♠❡ ❜❧♦❝❦✲❢❛❝t♦r t②♣❡ ♠♦❞❡❧s

✇❤❡r❡ ❢♦r s = 1✿
∑

t1,t0∈{2,3}
x = x✱ Ft1,t0 = F ✱ Q̂t1,t0,2 = Q̂2✱ At1,t0,2 = A2 ❛♥❞

Ct1,t0,2 = C2✳ ❚❤❡ q✉❛♥t✐t✐❡s At1,...,ts ❛♥❞ Ct1,...,ts ✱ t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛✱

❛r❡ ❝♦♠♣✉t❡❞ ✈✐❛

At1,...,ts−1 = (Ls − 1) . . . (Ld − 1)
∑

ts,...,td∈{2,3}
βt1,...,td ✭✹✳✷✶✮

❛♥❞

Ct1...,ts−1 = (Ls − 1)
[
Ft1,...,ts−1

(
1− Q̂t1,...,ts−1,2 +At1...,ts−1,2 +Ct1...,ts−1,2

)2

+
∑

ts∈{2,3}
Ct1...,ts


 ,

✭✹✳✷✷✮

❢♦r 2 ≤ s ≤ d ✇❤✐❧❡ ❢♦r s = d ✇❡ ❤❛✈❡ At1,...,td = βt1,...,td ❛♥❞ Ct1...,td = 0✳

❝✮ ❚❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦r ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛

❚❤✐s s✐♠✉❧❛t✐♦♥ ❡rr♦r ❛r✐s❡ ❢r♦♠ t❤❡ ❞✐✛❡r❡♥❝❡
∣∣∣H (γ2, γ3, L1)−H

(
Q̂2, Q̂3, L1

)∣∣∣

❛♥❞ ✐s ❣✐✈❡♥ ❜② t❤❡ r❡❧❛t✐♦♥

Esf (d) = (L1 − 1) . . . (Ld − 1)
∑

t1,...,td∈{2,3}
βt1,...,td . ✭✹✳✷✸✮

❚❤❡ t♦t❛❧ ❡rr♦r ✐s ♦❜t❛✐♥❡❞ ❜② ❛❞❞✐♥❣ t❤❡ t✇♦ s✐♠✉❧❛t✐♦♥ ❡rr♦r t❡r♠s ❢r♦♠ ❊q✳✭✹✳✷✵✮

❛♥❞ ❊q✳✭✹✳✷✸✮

Etotal(d) = Esf (d) + Esapp(d). ✭✹✳✷✹✮

✹✳✸ ❊①❛♠♣❧❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts

■♥ ♦r❞❡r t♦ ✐❧❧✉str❛t❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ t❤❡ ❡rr♦r ❜♦✉♥❞s ♦❜✲

t❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✱ ✐♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t s❡✈❡r❛❧ ❡①❛♠♣❧❡s ❢♦r t❤❡ ♣❛rt✐❝✉❧❛r

❝❛s❡s ♦❢ ♦♥❡ ❛♥❞ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s✳

✹✳✸✳✶ ❊①❛♠♣❧❡ ✶✿ ❆ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❇❡r♥♦✉❧❧✐ ♠♦❞❡❧

❲❡ st❛rt t❤✐s s❡❝t✐♦♥ ✇✐t❤ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❜❧♦❝❦✲❢❛❝t♦r ♠♦❞❡❧✱

❢♦r ✇❤✐❝❤ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ❡①❛❝t❧② t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s t❤❛t ❛♣♣❡❛r ✐♥ ♦✉r

♣r♦♣♦s❡❞ ❛♣♣r♦①✐♠❛t✐♦♥✿ Q2 ❛♥❞ Q3✳ ❚❤✐s ♠♦❞❡❧ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♣❛r❛♠❡tr✐③❛t✐♦♥

✐♥tr♦❞✉❝❡❞ ❜② ❬❍❛✐♠❛♥✱ ✷✵✶✷❪ ✭s❡❡ ❛❧s♦ ❬❍❛✐♠❛♥ ❛♥❞ Pr❡❞❛✱ ✷✵✶✸❪✮✳

■♥ t❤❡ ❜❧♦❝❦✲❢❛❝t♦r ❢r❛♠❡✇♦r❦ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✱ ✇❡ t❛❦❡ d = 1✱ x
(1)
1 = 0✱

x
(1)
2 = 1 ❛♥❞ ✇❡ ❤❛✈❡ c1 = 2 ❛♥❞ T1 = T̃1 − 1✳



✹✳✸✳ ❊①❛♠♣❧❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✵✺

▲❡t✱ ❢♦r 1 ≤ t ≤ T̃1✱ Wt,W
′
t ∼ B(p)✱ ✇✐t❤ 0 ≤ p ≤ 1

2 ❛♥❞ W ′′
t ∼ B

(
1
2

)
❜❡ t❤r❡❡

s❡q✉❡♥❝❡s ♦❢ 0 − 1 ❇❡r♥♦✉❧❧✐ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s s✉❝❤ t❤❛t (Wt,W
′
t)1≤t≤T̃1

❛r❡ ✐♥✲

❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s s❛t✐s❢②✐♥❣ P (Wt = i,W ′
t = j) = q(i, j) ❛♥❞ W ′′

t ✬s ❛r❡

✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ (Wt,W
′
t)1≤t≤T̃1

✳ ❚❤❡ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t✐❡s q(i, j) ❛r❡

❡✈❛❧✉❛t❡❞ ✈✐❛ t❤❡ r❡❧❛t✐♦♥

q(i, j) =





1− 2p✱ ✐❢ (i, j) = (0, 0)

p✱ ✐❢ (i, j) = (0, 1) ♦r (i, j) = (1, 0)

0✱ ✐❢ (i, j) = (1, 1)✳

✭✹✳✷✺✮

▲❡t X̃s1 =
(
Ws1 ,W

′
s1 ,W

′′
s1

)
❢♦r 1 ≤ s1 ≤ T̃1✱ ✇❤✐❝❤ ❢♦r♠s ❛♥ ✐✳✐✳❞✳ s❡q✉❡♥❝❡ ♦❢

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛♥❞ ♦❜s❡r✈❡ t❤❛t t❤❡ 1✲✇❛② t❡♥s♦r t❤❛t ❡♥❝❛♣s✉❧❛t❡s t❤❡ ❜❧♦❝❦✲

❢❛❝t♦r ♠♦❞❡❧ ✐s ❣✐✈❡♥ ❜②

Xs1 =
(
X̃s1 , X̃s1+1

)
. ✭✹✳✷✻✮

❲❡ ❞❡✜♥❡✱ ❢♦r 1 ≤ s1 ≤ T1✱ ♦✉r ❞❡♣❡♥❞❡♥t ♠♦❞❡❧ ❜②

Xs1 = Π
(
X̃s1 , X̃s1+1

)
=

{
Ws1+1✱ ✐❢ W

′′
s1+1 = 0

W ′
s1 ✱ ✐❢ W

′′
s1+1 = 1

✭✹✳✷✼✮

❛♥❞ ✇❡ ♥♦t✐❝❡ t❤❛t Xs1 ✬s✱ ❜❡✐♥❣ ❡①♣r❡ss❡❞ ❛s ❛ 2 ❜❧♦❝❦✲❢❛❝t♦r✱ ❢♦r♠ ❛ 1✲❞❡♣❡♥❞❡♥t✱

st❛t✐♦♥❛r② s❡q✉❡♥❝❡ ♦❢ 0− 1 ❇❡r♥♦✉❧❧✐ ♦❢ ♣❛r❛♠❡t❡r p r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❚❤✐s t②♣❡

♦❢ 1✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡ ✇❛s st✉❞✐❡❞ ✐♥ ❬❍❛✐♠❛♥✱ ✷✵✶✷❪✳ ❚❤❡ ❛✉t❤♦r s❤♦✇❡❞ ✭s❡❡

❬❍❛✐♠❛♥✱ ✷✵✶✷✱ ▲❡♠♠❛ ✸❪✮ t❤❛t t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ♦❢ (X1, X2) s❛t✐s✜❡s t❤❡ ❡q✉❛✲

t✐♦♥

P (X1 = i,X2 = j) = p(i, j), ✭✹✳✷✽✮

✇❤❡r❡

p(i, j) =





1− 2p+ 3
4p

2✱ ✐❢ (i, j) = (0, 0)

p− 3
4p

2✱ ✐❢ (i, j) = (0, 1) ♦r (i, j) = (1, 0)
3
4p

2✱ ✐❢ (i, j) = (1, 1)✳

✭✹✳✷✾✮

▼♦r❡♦✈❡r✱ ❢r♦♠ ❬❍❛✐♠❛♥✱ ✷✵✶✷✱ ❚❤❡♦r❡♠ ✶❪✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ♦❢

t❤❡ s❡q✉❡♥❝❡ (Xs1)1≤s1≤T1
✈❡r✐✜❡s t❤❡ r❡❝✉rr❡♥❝❡ ❢♦r♠✉❧❛

P (X1 = a1, . . . , Xk+1 = ak+1) = P (X1 = a1, . . . , Xk = ak)P (Xk+1 = ak+1)

+ P (X1 = a1, . . . , Xk−1 = ak−1) [P (Xk = ak, Xk+1 = ak+1)

−P (Xk = ak)P (Xk = ak)] , ✭✹✳✸✵✮

❢♦r 2 ≤ k ≤ T1 − 1 ❛♥❞ (a1, . . . , ak+1) ∈ {0, 1}k+1✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ♣r♦♣❡r

t♦♦❧s ❢♦r ✜♥❞✐♥❣ t❤❡ ❡①❛❝t ✈❛❧✉❡s ♦❢ Q2 ❛♥❞ Q3✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ ❢r♦♠

❬❍❛✐♠❛♥ ❛♥❞ Pr❡❞❛✱ ✷✵✶✸✱ ❙❡❝t✐♦♥ ✷❪✱ ❧❡t K ≥ 2 ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r ❛♥❞ ❞❡♥♦t❡

✇✐t❤

VK(b) =

{
a = (a1, . . . , aK) ∈ {0, 1}K

∣∣∣∣∣ max
t=1,...,K−m1+1

t+m1−1∑

i=t

ai = b

}
, ✭✹✳✸✶✮



✶✵✻ ❈❤❛♣t❡r ✹✳ ❙❝❛♥ st❛t✐st✐❝s ♦✈❡r s♦♠❡ ❜❧♦❝❦✲❢❛❝t♦r t②♣❡ ♠♦❞❡❧s

t❤❡ s❡t ♦❢ ❛❧❧ ❜✐♥❛r② s❡q✉❡♥❝❡s ♦❢ ❧❡♥❣t❤ K ❢♦r ✇❤✐❝❤ t❤❡ s❝❛♥ st❛t✐st✐❝s ✇✐t❤ ✇✐♥❞♦✇

♦❢ s✐③❡m1 t❛❦❡s t❤❡ ✈❛❧✉❡ b✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥Qm1(K)

✐s ❝♦♠♣✉t❡❞ ❜②

Qm1(K) = P (Sm1(K) ≤ n) =
n∑

b=0

∑

a∈VK(b)

P (X1 = a1, . . . , XK = aK), ✭✹✳✸✷✮

✇❤❡r❡ t❤❡ ❧❛st q✉❛♥t✐t② ✐s ❡✈❛❧✉❛t❡❞ ✈✐❛ t❤❡ r❡❝✉rr❡♥❝❡ ❢♦r♠✉❧❛ ❢r♦♠ ❊q✳✭✹✳✸✵✮✳

P❛rt✐❝✉❧❛r✐③✐♥❣ ❢♦r K = 2m1−1 ❛♥❞ K = 3m1−1 ✐♥ ❊q✳✭✹✳✸✷✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡①❛❝t

✈❛❧✉❡s ♦❢ Q2 ❛♥❞ Q3✱ r❡s♣❡❝t✐✈❡❧②✳

❚♦ s❤♦✇ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥

st❛t✐st✐❝s ❞✐str✐❜✉t✐♦♥ P(Sm1(T1) ≤ n) ❛♥❞ t❤❡ s❤❛r♣♥❡ss ♦❢ t❤❡ ❡rr♦r ❜♦✉♥❞s✱ ✇❡

♣r❡s❡♥t ✐♥ ❚❛❜❧❡ ✹✳✶✱ ❛ ♥✉♠❡r✐❝❛❧ st✉❞② ❢♦r m1 = 8✱ T1 = 1000 ❛♥❞ s❡❧❡❝t❡❞ ✈❛❧✉❡s ♦❢

t❤❡ ♣❛r❛♠❡t❡r p✳ ❚❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ❝♦❧✉♠♥ ❣✐✈❡s t❤❡ ❡①❛❝t ✈❛❧✉❡s ♦❢ Q2 ❛♥❞ Q3✱

✇❤✐❧❡ t❤❡ ♥❡①t t✇♦ ❝♦❧✉♠♥s s❤♦✇ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡rr♦r

❜♦✉♥❞✶✳

n Q2 Q3 ❆♣♣❍ Eapp(1) ▲♦✇❇ ❯♣♣❇
❊q✳✭✹✳✸✷✮ ❊q✳✭✹✳✸✷✮ ❊q✳✭✹✳✶✺✮ ❊q✳✭✹✳✸✺✮ ❊q✳✭✹✳✸✻✮

p = 0.1

✸ ✵✳✾✽✺✾✶✹ ✵✳✾✼✹✸✺✹ ✵✳✷✸✶✼✾✻ ✵✳✵✸✶✷✻✹ ✵✳✷✷✺✺✾✽ ✵✳✷✸✻✵✼✷
✹ ✵✳✾✾✽✾✶✶ ✵✳✾✾✼✾✸✶ ✵✳✽✽✺✷✷✶ ✵✳✵✵✵✶✺✸ ✵✳✽✽✺✵✽✶ ✵✳✽✽✺✸✹✵
✺ ✵✳✾✾✾✾✺✽ ✵✳✾✾✾✾✶✼ ✵✳✾✾✺✵✶✹ ✵✳✵✵✵✵✵✵ ✵✳✾✾✺✵✶✹ ✵✳✾✾✺✵✶✹
✻ ✵✳✾✾✾✾✾✾ ✵✳✾✾✾✾✾✾ ✵✳✾✾✾✾✶✹ ✵✳✵✵✵✵✵✵ ✵✳✾✾✾✾✶✹ ✵✳✾✾✾✾✶✹
✼ ✶✳✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵

p = 0.2

✺ ✵✳✾✾✼✼✺✵ ✵✳✾✾✺✻✾✼ ✵✳✼✼✹✸✸✼ ✵✳✵✵✵✻✻✼ ✵✳✼✼✸✽✵✶ ✵✳✼✼✹✼✽✹
✻ ✵✳✾✾✾✾✶✺ ✵✳✾✾✾✽✸✹ ✵✳✾✽✾✾✽✼ ✵✳✵✵✵✵✵✶ ✵✳✾✽✾✾✽✻ ✵✳✾✽✾✾✽✽
✼ ✵✳✾✾✾✾✾✾ ✵✳✾✾✾✾✾✽ ✵✳✾✾✾✽✾✵ ✵✳✵✵✵✵✵✵ ✵✳✾✾✾✽✾✵ ✵✳✾✾✾✽✾✵
✽ ✶✳✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵

p = 0.3

✺ ✵✳✾✽✵✶✽✼ ✵✳✾✻✸✶✸✻ ✵✳✶✶✸✾✶✷ ✵✳✵✻✼✸✹✶ ✵✳✶✵✼✺✸✺ ✵✳✶✶✽✸✹✼
✻ ✵✳✾✾✽✽✵✶ ✵✳✾✾✼✻✼✻ ✵✳✽✻✾✹✻✵ ✵✳✵✵✵✶✽✻ ✵✳✽✻✾✷✽✽ ✵✳✽✻✾✻✶✶
✼ ✵✳✾✾✾✾✽✶ ✵✳✾✾✾✾✻✸ ✵✳✾✾✼✼✹✽ ✵✳✵✵✵✵✵✵ ✵✳✾✾✼✼✹✽ ✵✳✾✾✼✼✹✽
✽ ✶✳✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵

❚❛❜❧❡ ✹✳✶✿ ❖♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❇❡r♥♦✉❧❧✐ ❜❧♦❝❦✲❢❛❝t♦r ♠♦❞❡❧✿ m1 = 8✱ T1 = 1000

◆♦t✐❝❡ t❤❛t✱ ❢♦r ❝♦♠♣❛r✐s♦♥ r❡❛s♦♥s✱ ✇❡ ❤❛✈❡ ❛❧s♦ ✐♥❝❧✉❞❡❞ ❛ ❧♦✇❡r ✭LowB✮ ❛♥❞

❛♥ ✉♣♣❡r ❜♦✉♥❞ ✭UppB✮✳ ❚❤❡s❡ ♠❛r❣✐♥s ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡✲

s✉❧t✱ ✇❤✐❝❤ ❡①t❡♥❞s t❤❡ ✐♥❡q✉❛❧✐t✐❡s ❞❡✈❡❧♦♣❡❞ ❜② ❬●❧❛③ ❛♥❞ ◆❛✉s✱ ✶✾✾✶❪ ✭s❡❡ ❛❧s♦

❬❲❛♥❣ ❡t ❛❧✳✱ ✷✵✶✷❪✮✱ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✶✳✸✳

✶❍❡r❡ ✇❡ ♦♥❧② ❤❛✈❡ ♦♥❡ ❡rr♦r ❜♦✉♥❞✱ ♥❛♠❡❧② t❤❡ t❤❡♦r❡t✐❝❛❧ ♦♥❡✱ s✐♥❝❡ t❤❡ ✈❛❧✉❡s ♦❢ Q2 ❛♥❞ Q3

❛r❡ ❝♦♠♣✉t❡❞ ❡①❛❝t❧②



✹✳✸✳ ❊①❛♠♣❧❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✵✼

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✳ ▲❡t Ȳ1, Ȳ2, . . . ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❛ss♦❝✐❛t❡❞✷ ✭s❡❡

❬❊s❛r② ❡t ❛❧✳✱ ✶✾✻✼❪✮ ❛♥❞ l✲❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❣❡♥❡r❛t❡❞ ❜② ❛ (l + 1)

❜❧♦❝❦✲❢❛❝t♦r✳ ■❢ ✇❡ ❞❡♥♦t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ s❡q✉❡♥❝❡ ✇✐t❤

Q(M) = P

(
max

1≤t≤M
Ȳt ≤ n

)
✱ t❤❡♥ ❢♦r M ≥ l + 2 ✇❡ ❤❛✈❡

Q(M) ≥ Q(l + 2)
[
1 + Q(l+1)−Q(l+2)

Q(l+1)Q(l+2)

]M−l−2
, ✭✹✳✸✸✮

Q(M) ≤ Q(l + 2) [1−Q(l + 1) +Q(l + 2)]M−l−2 . ✭✹✳✸✹✮

■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ♦✈❡r t❤❡ ❜❧♦❝❦✲

❢❛❝t♦r ♠♦❞❡❧ ❢r♦♠ ❙❡❝t✐♦♥ ✹✳✶✱ ✇❡ ❤❛✈❡✱ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ❘❡♠❛r❦ ✹✳✶✳✷✱ t❤❛tXs1 ✐s

(c1−1) ❞❡♣❡♥❞❡♥t s♦ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♠♦✈✐♥❣ s✉♠s Y1✱ . . . ✱ YT1−m1+1 ✐s l = m1+c1−2

❞❡♣❡♥❞❡♥t✳ ❚❤✉s✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ Qm1(T1)✱ ❢♦r T1 ≥ 2m1 + c1 − 1✱ ✐s

❜♦✉♥❞❡❞ ❜②

Qm1(T1) ≥
Qm1(2m1 + c1 − 1)

[
1 +

Qm1 (2m1+c1−2)−Qm1 (2m1+c1−1)

Qm1 (2m1+c1−2)Qm1 (2m1+c1−1)

]T1−(2m1+c1−1)
, ✭✹✳✸✺✮

Qm1(T1) ≤ Qm1(2m1 + c1 − 1) [1−Qm1(2m1 + c1 − 2)

+Qm1(2m1 + c1 − 1)]T1−(2m1+c1−1) . ✭✹✳✸✻✮

❲❡ ♦❜s❡r✈❡ t❤❛t✱ ✐❢ ✐♥ t❤❡ ❢♦r❡❣♦✐♥❣ r❡❧❛t✐♦♥s ✇❡ t❛❦❡ c1 = 1✱ t❤❛t ✐s ✇❡ ❝♦♥s✐❞❡r t❤❡

✐✳✐✳❞✳ ♠♦❞❡❧✱ t❤❡♥ ✇❡ ❣❡t ❡①❛❝t❧② t❤❡ ❜♦✉♥❞s ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✶✳✸✳ ❋r♦♠ t❤❡

♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ✐♥ ❚❛❜❧❡ ✹✳✶✱ ✇❡ s❡❡ t❤❛t t❤❡s❡ ❜♦✉♥❞s ❛r❡ ✈❡r② t✐❣❤t ❛♥❞ ❛❧s♦ t❤❛t

♦✉r ❡st✐♠❛t❡ ✐s ✈❡r② ❛❝❝✉r❛t❡✳

❘❡♠❛r❦ ✹✳✸✳✷✳ ◆♦t✐❝❡ t❤❛t ✐♥ t❤❡ t❡①t ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶ ✇❡ ❛ss✉♠❡❞ t❤❛t t❤❡

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Ȳ1, Ȳ2, . . . ❛r❡ ❛ss♦❝✐❛t❡❞ ❛♥❞ ❣❡♥❡r❛t❡❞ ❜② ❛ (l + 1) ❜❧♦❝❦✲❢❛❝t♦r✳

❚♦ ❝♦♥str✉❝t s✉❝❤ s❡q✉❡♥❝❡s✱ ✐t ✐s ❡♥♦✉❣❤ t♦ t❛❦❡ t❤❡ ❢✉♥❝t✐♦♥ t❤❛t ❞❡✜♥❡s t❤❡

❜❧♦❝❦✲❢❛❝t♦r t♦ ❜❡ ✐♥❝r❡❛s✐♥❣ ✭♦r ❞❡❝r❡❛s✐♥❣✮ ✐♥ ❡❛❝❤ ❛r❣✉♠❡♥t ✭s❡❡ ❢♦r ❡①❛♠♣❧❡

❬❖❧✐✈❡✐r❛✱ ✷✵✶✷✱ ❈❤❛♣t❡r ✶❪ ♦r ❬❊s❛r② ❡t ❛❧✳✱ ✶✾✻✼✱ ❚❤❡♦r❡♠ ✷✳✶ ❛♥❞ ♣r♦♣❡rt② ✭P4✮❪✮✳

❘❡♠❛r❦ ✹✳✸✳✸✳ ❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✱ ❞✉❡ t♦ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❤②♣♦t❤❡s✐s

♦❢ ❛ss♦❝✐❛t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ❢♦❧❧♦✇s ❝❧♦s❡❧② t❤❡ ♣r♦♦❢ st❡♣s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

r❡s✉❧t ✐♥ ❬●❧❛③ ❛♥❞ ◆❛✉s✱ ✶✾✾✶❪ ❛♥❞ ✇✐❧❧ ❜❡ ♦♠✐tt❡❞ ❤❡r❡✳

✷❲❡ s❛② t❤❛t t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Ȳ1, Ȳ2, . . . , Ȳn ❛r❡ ❛ss♦❝✐❛t❡❞ ✐❢✱ ❣✐✈❡♥ t✇♦ ❝♦♦r❞✐♥❛t❡✇✐s❡

♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s f, g : Rn → R t❤❡♥ Cov
[

f
(

Ȳ1, Ȳ2, . . . , Ȳn

)

, g
(

Ȳ1, Ȳ2, . . . , Ȳn

)]

≥ 0✱ ✇❤❡♥✲

❡✈❡r t❤❡ ❝♦✈❛r✐❛♥❝❡ ❡①✐sts✳



✶✵✽ ❈❤❛♣t❡r ✹✳ ❙❝❛♥ st❛t✐st✐❝s ♦✈❡r s♦♠❡ ❜❧♦❝❦✲❢❛❝t♦r t②♣❡ ♠♦❞❡❧s

✹✳✸✳✷ ❊①❛♠♣❧❡ ✷✿ ▲❡♥❣t❤ ♦❢ t❤❡ ❧♦♥❣❡st ✐♥❝r❡❛s✐♥❣ r✉♥

❲❡ ❝♦♥t✐♥✉❡ ♦✉r ❧✐st ♦❢ ❡①❛♠♣❧❡s ✇✐t❤ ♦♥❡ t❤❛t ❜❡❧♦♥❣s t♦ t❤❡ ❝❧❛ss ♦❢ r✉♥s st❛t✐st✐❝s✳

■♥ t❤❡ s✉❜s❡q✉❡♥t ✇❡ ❡♠♣❧♦② t❤❡ ♥♦t❛t✐♦♥s ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳

▲❡t X̃1✱ X̃2✱ . . . ✱ X̃T̃1
❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ t❤❡ ❝♦♠♠♦♥ ❞✐str✐❜✉t✐♦♥ F ✳ ❲❡ s❛② t❤❛t t❤❡ s✉❜s❡q✉❡♥❝❡(
X̃k, . . . , X̃k+l−1

)
❢♦r♠s ❛♥ ✐♥❝r❡❛s✐♥❣ r✉♥ ✭♦r ❛s❝❡♥❞✐♥❣ r✉♥✮ ♦❢ ❧❡♥❣t❤ l ≥ 1✱ st❛rt✲

✐♥❣ ❛t ♣♦s✐t✐♦♥ k ≥ 1✱ ✐❢ ✐t ✈❡r✐✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥

X̃k−1 > X̃k < X̃k+1 < · · · < X̃k+l−1 > X̃k+l. ✭✹✳✸✼✮

❲❡ ❞❡♥♦t❡ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❧♦♥❣❡st ✐♥❝r❡❛s✐♥❣ r✉♥ ❛♠♦♥❣ t❤❡ ✜rst T̃1 r❛♥❞♦♠ ✈❛r✐✲

❛❜❧❡s ❜② MT̃1
✳ ❚❤✐s r✉♥ st❛t✐st✐❝s ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s

✐♥ ✜❡❧❞s s✉❝❤ ❝♦♠♣✉t❡r s❝✐❡♥❝❡✱ r❡❧✐❛❜✐❧✐t② t❤❡♦r② ♦r q✉❛❧✐t② ❝♦♥tr♦❧✳ ❚❤❡ ❛s②♠♣✲

t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ MT̃1
❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ❜② s❡✈❡r❛❧ ❛✉t❤♦rs ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡

❝♦♠♠♦♥ ❞✐str✐❜✉t✐♦♥✱ F ✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ❞✐str✐❜✉t✐♦♥✱ ❬P✐tt❡❧✱ ✶✾✽✶❪ ✭s❡❡

❛❧s♦ ❬❋r♦❧♦✈ ❛♥❞ ▼❛rt✐❦❛✐♥❡♥✱ ✶✾✾✾❪✮ ❤❛s s❤♦✇♥ t❤❛t t❤✐s ❜❡❤❛✈✐♦✉r ❞♦❡s ♥♦t ❞❡♣❡♥❞

♦♥ t❤❡ ❝♦♠♠♦♥ ❧❛✇✳ ❋♦r t❤❡ ♣❛rt✐❝✉❧❛r s❡tt✐♥❣ ♦❢ ✉♥✐❢♦r♠ U([0, 1]) r❛♥❞♦♠ ✈❛r✐✲

❛❜❧❡s✱ t❤✐s ♣r♦❜❧❡♠ ✇❛s ❛❞❞r❡ss❡❞ ❜② ❬❘é✈és③✱ ✶✾✽✸❪✱ ❬●r✐❧❧✱ ✶✾✽✼❪ ❛♥❞ ❬◆♦✈❛❦✱ ✶✾✾✷❪✳

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ F ✐s ❞✐s❝r❡t❡✱ t❤❡ ❧✐♠✐t ❜❡❤❛✈✐♦✉r ♦❢

MT̃1
❞❡♣❡♥❞s str♦♥❣❧② ♦♥ t❤❡ ❝♦♠♠♦♥ ❧❛✇ F ✱ ❛s ❬❈s❛❦✐ ❛♥❞ ❋♦❧❞❡s✱ ✶✾✾✻❪ ✭s❡❡ ❛❧s♦

❬●r❛❜♥❡r ❡t ❛❧✳✱ ✷✵✵✸❪ ❛♥❞ ❬❊r②✐❧♠❛③✱ ✷✵✵✻❪✮ ♣r♦✈❡❞ ❢♦r t❤❡ ❝❛s❡ ♦❢ ❣❡♦♠❡tr✐❝ ❛♥❞

P♦✐ss♦♥ ❞✐str✐❜✉t✐♦♥✳ ■♥ ❬▲♦✉❝❤❛r❞✱ ✷✵✵✺❪✱ t❤❡ ❝❛s❡ ♦❢ ❞✐s❝r❡t❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥

✐s ✐♥✈❡st✐❣❛t❡❞✱ ✇❤✐❧❡ ✐♥ ❬▼✐tt♦♥ ❡t ❛❧✳✱ ✷✵✶✵❪✱ t❤❡ ❛✉t❤♦rs st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ❞✐s✲

tr✐❜✉t✐♦♥ ♦❢ MT̃1
✇❤❡♥ t❤❡ ✈❛r✐❛❜❧❡s ❛r❡ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ❜✉t ♥♦t ✐♥❞❡♣❡♥❞❡♥t✳

■♥ t❤✐s ❡①❛♠♣❧❡✱ ✇❡ ❡✈❛❧✉❛t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❧♦♥❣❡st ✐♥❝r❡❛s✐♥❣

r✉♥ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞♦❧♦❣② ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❡①♣r❡ss t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ MT̃1
✐♥ t❡r♠s ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❛♥

st❛t✐st✐❝s r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ■♥ t❤❡ ❜❧♦❝❦✲❢❛❝t♦r s❡tt✐♥❣ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✱ ✇❡

t❛❦❡ d = 1✱ x
(1)
1 = 0✱ x

(1)
2 = 1 ❛♥❞ T1 = T̃1 − 1✳ ■t ❢♦❧❧♦✇s t❤❛t✱ ❢♦r 1 ≤ s1 ≤ T1✱ t❤❡

1✲✇❛② t❡♥s♦r Xs1 ✐s
(
X̃s1 , X̃s1+1

)
❛♥❞ ✐❢ ✇❡ ❞❡✜♥❡ t❤❡ ❜❧♦❝❦✲❢❛❝t♦r tr❛♥s❢♦r♠❛t✐♦♥

Π : R2 → R ❜②

Π(x, y) =

{
1✱ ✐❢ x < y

0✱ ♦t❤❡r✇✐s❡
✭✹✳✸✽✮

t❤❡♥✱ ♦✉r ❜❧♦❝❦✲❢❛❝t♦r ♠♦❞❡❧ ❜❡❝♦♠❡s

Xs1 = 1X̃s1<X̃s1+1
. ✭✹✳✸✾✮

❈❧❡❛r❧②✱ t❤❡ ❢♦r❡❣♦✐♥❣ ❡q✉❛t✐♦♥ s❤♦✇s t❤❛t X1✱ . . . ✱ XT1 ❢♦r♠ ❛ 1✲❞❡♣❡♥❞❡♥t ❛♥❞

st❛t✐♦♥❛r② s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳

◆♦t✐❝❡ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ MT̃1
❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❧♦♥❣❡st

r✉♥ ♦❢ ♦♥❡s✸✱ LT1 ✱ ❛♠♦♥❣ t❤❡ ✜rst T1 ❜✐♥❛r② r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Xs1 ✱ ❛r❡ r❡❧❛t❡❞ ❛♥❞

✸❚❤✐s st❛t✐st✐❝ ✐s ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❧♦♥❣❡st s✉❝❝❡ss r✉♥ ♦r ❤❡❛❞ r✉♥

❛♥❞ ✇❛s ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❖♥❡ ❝❛♥ ❝♦♥s✉❧t t❤❡ ♠♦♥♦❣r❛♣❤s ♦❢

❬❇❛❧❛❦r✐s❤♥❛♥ ❛♥❞ ❑♦✉tr❛s✱ ✷✵✵✷❪ ❛♥❞ ❬❋✉ ❛♥❞ ▲♦✉✱ ✷✵✵✸❪ ❢♦r ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ ❢✉rt❤❡r r❡s✉❧ts ❝♦♥✲

❝❡r♥✐♥❣ t❤✐s st❛t✐st✐❝✳



✹✳✸✳ ❊①❛♠♣❧❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✵✾

s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t②

P
(
MT̃1

≤ m1

)
= P (LT1 < m1) ✱ ❢♦r m1 ≥ 1. ✭✹✳✹✵✮

▼♦r❡♦✈❡r✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ LT1 ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤❡

s❝❛♥ st❛t✐st✐❝s r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❛♥❞ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✇❡ ❤❛✈❡ t❤❡ r❡❧❛t✐♦♥

P (LT1 ≥ m1) = P (Sm1(T1) ≥ m1) = P (Sm1(T1) = m1) . ✭✹✳✹✶✮

❍❡♥❝❡✱ ❝♦♠❜✐♥✐♥❣ ❊q✳✭✹✳✹✵✮ ❛♥❞ ❊q✳✭✹✳✹✶✮✱ ✇❡ ❝❛♥ ❡①♣r❡ss t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡

❧❡♥❣t❤ ♦❢ t❤❡ ❧♦♥❣❡st ✐♥❝r❡❛s✐♥❣ r✉♥ ❛s

P
(
MT̃1

≤ m1

)
= P (Sm1(T1) < m1) . ✭✹✳✹✷✮

❚❤✉s✱ ✇❡ ❝❛♥ ❡st✐♠❛t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ MT̃1
✉s✐♥❣ t❤❡ ❢♦r❡❣♦✐♥❣ ✐❞❡♥t✐t② ❛♥❞ t❤❡

❛♣♣r♦①✐♠❛t✐♦♥s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ❢♦r t❤❡ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s r❛♥❞♦♠

✈❛r✐❛❜❧❡✳

❲❡ s❤♦✉❧❞ ❛❧s♦ ♥♦t❡ t❤❛t ❬◆♦✈❛❦✱ ✶✾✾✷❪ st✉❞✐❡❞ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ LT1

♦✈❡r ❛ s❡q✉❡♥❝❡ ♦❢ m✲❞❡♣❡♥❞❡♥t ❜✐♥❛r② r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ❛✉t❤♦r s❤♦✇❡❞ t❤❛t✱

❣✐✈❡♥ ❛ st❛t✐♦♥❛r② m✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ✈❛❧✉❡s 0 ❛♥❞ 1✱

(Wk)k≥1✱ ✐❢ t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts t✱ C s✉❝❤ t❤❛t

P (Wk+1 = 1|W1 = · · · = Wk = 1) ≥ 1

Ckt
✱ ❢♦r ❛❧❧ k ≥ C, ✭✹✳✹✸✮

t❤❡♥✱ ❛s N → ∞

max
1≤k≤N

∣∣∣P (LN < k)− e−Nr(k)
∣∣∣ = O

(
(lnN)h

N

)
, ✭✹✳✹✹✮

✇❤❡r❡ r(k) = P (W1 = · · · = Wk = 1)− P (W1 = · · · = Wk+1 = 1) ❛♥❞ h = mt ∨ 1✳

■♥ ♦r❞❡r t♦ ✐❧❧✉str❛t❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ MT̃1
❜❛s❡❞ ♦♥ s❝❛♥ st❛t✐s✲

t✐❝s✱ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞♦❧♦❣② ❞❡✈❡❧♦♣❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳✶✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ r❛♥❞♦♠

✈❛r✐❛❜❧❡s X̃s1 ✬s ❤❛✈❡ ❛ ❝♦♠♠♦♥ ✉♥✐❢♦r♠ U ([0, 1]) ❞✐str✐❜✉t✐♦♥✳ ❙✐♠♣❧❡ ❝❛❧❝✉❧❛t✐♦♥s

s❤♦✇ t❤❛t P (X1 = · · · = Xk = 1) = 1
(k+1)! ❛♥❞

P (Xk+1 = 1|X1 = · · · = Xk = 1) =
1

k + 2
≥ 1

2k
, ✭✹✳✹✺✮

t❤✉s C = 2✱ t = 1 ❛♥❞ h = 1✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ♦✉r ♣❛rt✐❝✉❧❛r s✐t✉❛t✐♦♥✱ t❤❡ r❡s✉❧t

♦❢ ❬◆♦✈❛❦✱ ✶✾✾✷❪ ✐♥ ❊q✳✭✹✳✹✹✮ ❜❡❝♦♠❡s✿

max
1≤m1≤T1

∣∣∣P (LT1 < m1)− e−T1r(m1)
∣∣∣ = O

(
lnT1

T1

)
, ✭✹✳✹✻✮

✇❤❡r❡ r(m1) = P (X1 = · · · = Xm1 = 1)− P (X1 = · · · = Xm1+1 = 1) = m1+1
(m1+2)! ✳

■♥ ❚❛❜❧❡ ✹✳✷✱ ✇❡ ❝♦♥s✐❞❡r ❛ ♥✉♠❡r✐❝❛❧ ❝♦♠♣❛r❡❞ st✉❞② ❜❡t✇❡❡♥ t❤❡ s✐♠✉❧❛t❡❞ ✈❛❧✉❡

✭❝♦❧✉♠♥ Sim✮✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❜❛s❡❞ ♦♥ s❝❛♥ st❛t✐st✐❝s ✭❝♦❧✉♠♥ AppH✮ ❛♥❞

t❤❡ ❧✐♠✐t ❞✐str✐❜✉t✐♦♥ ✭❝♦❧✉♠♥ LimApp✮ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡

❧♦♥❣❡st ✐♥❝r❡❛s✐♥❣ r✉♥✱ P
(
MT̃1

≤ m1

)
✱ ✐♥ ❛ s❡q✉❡♥❝❡ ♦❢ T̃1 = 10001 r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

❞✐str✐❜✉t❡❞ ✉♥✐❢♦r♠❧② ♦✈❡r [0, 1]✳ ❚❤❡ r❡s✉❧ts s❤♦✇ t❤❛t ❜♦t❤ ♦✉r ♠❡t❤♦❞ ❛♥❞ t❤❡

❛s②♠♣t♦t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ ❊q✳✭✹✳✹✸✮ ❛r❡ ✈❡r② ❛❝❝✉r❛t❡✳



✶✶✵ ❈❤❛♣t❡r ✹✳ ❙❝❛♥ st❛t✐st✐❝s ♦✈❡r s♦♠❡ ❜❧♦❝❦✲❢❛❝t♦r t②♣❡ ♠♦❞❡❧s

m1 ❙✐♠ ❆♣♣❍ Etotal(1) ▲✐♠❆♣♣
❊q✭✹✳✷✹✮ ❊q✭✹✳✹✸✮

✺ ✵✳✵✵✵✵✵✼✵✵ ✵✳✵✵✵✵✵✼✸✸ ✵✳✶✹✽✻✵✷✾✾ ✵✳✵✵✵✵✵✻✼✻
✻ ✵✳✶✼✺✻✼✷✻✷ ✵✳✶✼✾✸✼✻✹✺ ✵✳✵✶✵✽✾✻✷✽ ✵✳✶✼✻✷✵✹✸✶
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✶✵ ✵✳✾✾✾✼✼✵✼✹ ✵✳✾✾✾✼✼✶✽✸ ✵✳✵✵✵✵✵✵✾✽ ✵✳✾✾✾✼✼✵✸✽
✶✶ ✵✳✾✾✾✾✽✵✼✺ ✵✳✾✾✾✾✽✵✽✸ ✵✳✵✵✵✵✵✵✵✽ ✵✳✾✾✾✾✽✵✼✸
✶✷ ✵✳✾✾✾✾✾✽✺✶ ✵✳✾✾✾✾✾✽✺✶ ✵✳✵✵✵✵✵✵✵✶ ✵✳✾✾✾✾✾✽✺✶
✶✸ ✵✳✾✾✾✾✾✾✽✾ ✵✳✾✾✾✾✾✾✽✾ ✵✳✵✵✵✵✵✵✵✵ ✵✳✾✾✾✾✾✾✽✾
✶✹ ✵✳✾✾✾✾✾✾✾✾ ✵✳✾✾✾✾✾✾✾✾ ✵✳✵✵✵✵✵✵✵✵ ✵✳✾✾✾✾✾✾✾✾
✶✺ ✶✳✵✵✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵✵✵

❚❛❜❧❡ ✹✳✷✿ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡
❧♦♥❣❡st ✐♥❝r❡❛s✐♥❣ r✉♥✿ T̃1 = 10001✱ ITERsim =

104✱ ITERapp = 105
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Limit Distribution

❋✐❣✉r❡ ✹✳✺✿ ❈✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝✲
t✐♦♥ ❢♦r ❛♣♣r♦①✐♠❛t✐♦♥✱ s✐♠✉❧❛t✐♦♥ ❛♥❞ ❧✐♠✐t
❧❛✇

❘❡♠❛r❦ ✹✳✸✳✹✳ ❋♦r t❤❡ s✐♠✉❧❛t❡❞ ✈❛❧✉❡s ❛♥❞ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥

❢✉♥❝t✐♦♥s Q2 ❛♥❞ Q3 t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ s❝❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛ ✭s❡❡ ❊q✳✭✸✳✾✶✮✮✱

✇❡ ❡♠♣❧♦②❡❞ t❤❡ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ❛❧❣♦r✐t❤♠ ✭❆❧❣♦r✐t❤♠ ✶✮ ♣r❡s❡♥t❡❞ ✐♥ t❤❡

❝♦♥t❡①t ♦❢ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳✷✱ ✇✐t❤ ITERsim = 104 ❛♥❞

ITERapp = 105 ✐t❡r❛t✐♦♥s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ s❡❡ t❤❛t ✐♥ ♦✉r s❡t✲

t✐♥❣✱ t❤❡ ❇♦♥❢❡rr♦♥✐ ❜♦✉♥❞ ❝❛♥ ❜❡ ❡❛s✐❧② ❝♦♠♣✉t❡❞ ✈✐❛ B(1) = T1−m1+1
(m1+1)! ✳ ❚❤❡ s❡❝♦♥❞

st❡♣ ✐♥ t❤❡ ❛❧❣♦r✐t❤♠ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❞❡s❝r✐❜❡❞ ✐♥ ❊①❛♠♣❧❡ ✸✳✹✳✶ ❛♥❞ ✐s ✐♠✲

♣❧❡♠❡♥t❡❞ ✉s✐♥❣ ❛ s✐♠♣❧❡ s♦rt✐♥❣ ♣r♦❝❡❞✉r❡ ♦❢ m1 + 1 ✐♥❞❡♣❡♥❞❡♥t U ([0, 1]) r❛♥❞♦♠

✈❛r✐❛❜❧❡s✳

✹✳✸✳✸ ❊①❛♠♣❧❡ ✸✿ ▼♦✈✐♥❣ ❛✈❡r❛❣❡ ♦❢ ♦r❞❡r q ♠♦❞❡❧

■♥ t❤✐s t❤✐r❞ ❡①❛♠♣❧❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣❛rt✐❝✉❧❛r s✐t✉❛t✐♦♥ ♦❢ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧

❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ♦✈❡r ❛ MA(q) ♠♦❞❡❧✳ ■♥ t❤❡ ❜❧♦❝❦✲❢❛❝t♦r ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞

✐♥ ❙❡❝t✐♦♥ ✹✳✶ ✇❡ t❛❦❡ d = 1✱ x
(1)
1 = 0✱ x

(1)
2 = q ❢♦r q ≥ 1 ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r ❛♥❞

X̃1✱ X̃2✱ . . . ✱ X̃T̃1
❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ●❛✉ss✐❛♥

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ❦♥♦✇♥ ♠❡❛♥ µ ❛♥❞ ✈❛r✐❛♥❝❡ σ2✳ ❲❡ ♦❜s❡r✈❡ t❤❛t✱ ❜❛s❡❞ ♦♥

t❤❡ ♥♦t❛t✐♦♥s ✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✱ c1 = q + 1✱ T1 = T̃1 − q ❛♥❞ ❢♦r s1 ∈ {1, . . . , T1}✱
t❤❡ 1✲✇❛② t❡♥s♦r Xs1 ❜❡❝♦♠❡s

Xs1 =
(
X̃s1 , X̃s1+1, . . . , X̃s1+q

)
. ✭✹✳✹✼✮

▲❡t a = (a1, . . . , aq+1) ∈ Rq+1 ❜❡ ❛ ✜①❡❞ ♥♦♥ ♥✉❧❧ ✈❡❝t♦r ❛♥❞ t❛❦❡ Π : Rq+1 → R✱

t❤❡ ✭♠❡❛s✉r❛❜❧❡✮ tr❛♥s❢♦r♠❛t✐♦♥ t❤❛t ❞❡✜♥❡s t❤❡ ❜❧♦❝❦✲❢❛❝t♦r ♠♦❞❡❧✱ t♦ ❜❡ ❡q✉❛❧

✇✐t❤

Π(x1, . . . , xq+1) = a1x1 + a2x2 + · · ·+ aq+1xq+1. ✭✹✳✹✽✮

❋♦❧❧♦✇✐♥❣ ❊q✳✭✹✳✷✮✱ ♦✉r ❞❡♣❡♥❞❡♥t ♠♦❞❡❧ ✐s ❞❡✜♥❡❞ ❜② t❤❡ r❡❧❛t✐♦♥

Xs1 = Π(Xs1) = a1X̃s1 + a2X̃s1+1 + · · ·+ aq+1X̃s1+q, 1 ≤ s1 ≤ T1. ✭✹✳✹✾✮



✹✳✸✳ ❊①❛♠♣❧❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✶✶

❈❧❡❛r❧②✱ ❢r♦♠ ❊q✳✭✹✳✹✾✮✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s X1✱ . . . ✱ XT1 ❢♦r♠ ❛ ♠♦✈✐♥❣ ❛✈❡r❛❣❡

♦❢ ♦r❞❡r q✳ ◆♦t✐❝❡ t❤❛t t❤❡ ♠♦✈✐♥❣ s✉♠s Yi1 ✱ 1 ≤ i1 ≤ T1−m1+1 ❝❛♥ ❜❡ ❡①♣r❡ss❡❞

❛s

Yi1 =

i1+m1−1∑

s1=i1

Xs1 = b1X̃i1 + b2X̃i1+1 + · · ·+ bm1+qX̃i1+m1−1+q, ✭✹✳✺✵✮

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts b1✱ . . . ✱ bm1+q ❛r❡ ❡✈❛❧✉❛t❡❞ ❜②

❛✮ ❋♦r m1 ≥ q✱

bk =





k∑

j=1

aj ✱ k ∈ {1, . . . , q}

q+1∑

j=1

aj ✱ k ∈ {q + 1, . . . ,m1}

q+1∑

j=k−m1+1

aj ✱ k ∈ {m1 + 1, . . . ,m1 + q}

✭✹✳✺✶✮

❜✮ ❋♦r m1 < q✱

bk =





k∑

j=1

aj ✱ k ∈ {1, . . . ,m1}

k∑

j=k−m1+1

aj ✱ k ∈ {m1 + 1, . . . , q}

q+1∑

j=k−m1+1

aj ✱ k ∈ {q + 1, . . . ,m1 + q}.

✭✹✳✺✷✮

❚❤❡r❡❢♦r❡✱ ❢♦r ❡❛❝❤ i1 ∈ {1, . . . , T1 − m1 + 1}✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Yi1 ❢♦❧❧♦✇s ❛

♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♠❡❛♥ E [Yi1 ] = (b1+ · · ·+ bm+q)µ ❛♥❞ ✈❛r✐❛♥❝❡ V ar [Yi1 ] =(
b21 + · · ·+ b2m+q

)
σ2✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ♥♦t ❤❛r❞ t♦ s❡❡ ✭♦♥❡ ❝❛♥ ✉s❡ t❤❡ s❛♠❡ t②♣❡ ♦❢

❛r❣✉♠❡♥ts ❛s ✐♥ ▲❡♠♠❛ ✸✳✹✳✸✮ t❤❛t t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Σ = {Cov [Yt, Ys]} ❤❛s

t❤❡ ❡♥tr✐❡s

Cov [Yt, Ys] =








m1+q−|t−s|∑

j=1

bjb|t−s|+j


σ2 ✱ |t− s| ≤ m1 + q − 1

0 ✱ ♦t❤❡r✇✐s❡✳

✭✹✳✺✸✮

●✐✈❡♥ t❤❡ ♠❡❛♥ ❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ✈❡❝t♦r (Y1, . . . , YT1−m1+1)✱ ♦♥❡

❝❛♥ ✉s❡ t❤❡ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ❛❧❣♦r✐t❤♠ ♦❢ ❬◆❛✐♠❛♥ ❛♥❞ Pr✐❡❜❡✱ ✷✵✵✶❪ ✭s❡❡

❛❧s♦ ❬▼❛❧❧❡② ❡t ❛❧✳✱ ✷✵✵✷❪✮ ❞❡t❛✐❧❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳✷ ✭❊①❛♠♣❧❡ ✸✳✹✳✷✮ ♦r t❤❡ ♦♥❡ ♦❢

❬❙❤✐ ❡t ❛❧✳✱ ✷✵✵✼❪ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳✹ t♦ ❡st✐♠❛t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦♥❡

❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s Sm1(T1)✳ ❆♥♦t❤❡r ✇❛② ✐s t♦ ✉s❡ t❤❡ q✉❛s✐✲▼♦♥t❡



✶✶✷ ❈❤❛♣t❡r ✹✳ ❙❝❛♥ st❛t✐st✐❝s ♦✈❡r s♦♠❡ ❜❧♦❝❦✲❢❛❝t♦r t②♣❡ ♠♦❞❡❧s

❈❛r❧♦ ❛❧❣♦r✐t❤♠ ❞❡✈❡❧♦♣❡❞ ❜② ❬●❡♥③ ❛♥❞ ❇r❡t③✱ ✷✵✵✾❪ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ♠✉❧t✐✈❛r✐✲

❛t❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ❝♦♠♣❛r✐s♦♥ st✉❞② ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳✹✱

✐♥ t❤✐s ❡①❛♠♣❧❡ ✇❡ ❛❞♦♣t t❤❡ ✜rst ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ♣r♦❝❡❞✉r❡✳

■♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡✈❡❧♦♣❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳✶✱

✇❡ ❝♦♥s✐❞❡r q = 2✱ T1 = 1000✱ m1 = 20✱ X̃i ∼ N (0, 1) ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡

♠♦✈✐♥❣ ❛✈❡r❛❣❡ ♠♦❞❡❧ t♦ ❜❡ (a1, a2, a3) = (0.3, 0.1, 0.5)✳ ❲❡ ❝♦♠♣❛r❡ ♦✉r ❛♣♣r♦①✲

✐♠❛t✐♦♥ ✇✐t❤ t❤❡ ♦♥❡ ✭❝♦❧✉♠♥ ❆♣♣P❚ ✮ ❣✐✈❡♥ ✐♥ ❬❲❛♥❣ ❛♥❞ ●❧❛③✱ ✷✵✶✸❪ ✭s❡❡ ❛❧s♦

❬❲❛♥❣✱ ✷✵✶✸✱ ❈❤❛♣t❡r ✹❪✮✳ ■♥ ❚❛❜❧❡ ✹✳✸✱ ✇❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ s❡t✲

t✐♥❣ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ■♥ ♦✉r ❛❧❣♦r✐t❤♠s ✇❡ ✉s❡❞ ITERapp = 106 ✐t❡r❛t✐♦♥s ❢♦r t❤❡

❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ITERsim = 105 r❡♣❧✐❝❛s ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥✳

n ❙✐♠ ❆♣♣P❚ ❆♣♣❍ Esapp(1) Esf (1) ❚♦t❛❧
❊q✳✭✶✳✹✻✮ ❊q✳✭✹✳✷✵✮ ❊q✳✭✹✳✷✸✮ ❊rr♦r

✶✶ ✵✳✺✽✷✷✺✷ ✵✳✺✽✾✹✼✾ ✵✳✺✽✹✸✺✺ ✵✳✵✶✶✺✵✸ ✵✳✵✵✸✻✺✸ ✵✳✵✶✺✶✺✻
✶✷ ✵✳✼✼✵✾✼✶ ✵✳✼✼✸✼✵✵ ✵✳✼✼✶✹✹✻ ✵✳✵✵✷✸✶✾ ✵✳✵✵✶✻✾✶ ✵✳✵✵✹✵✶✵
✶✸ ✵✳✽✽✾✾✽✻ ✵✳✽✾✵✵✵✾ ✵✳✽✽✾✹✸✶ ✵✳✵✵✵✹✸✹ ✵✳✵✵✵✼✸✸ ✵✳✵✵✶✶✻✼
✶✹ ✵✳✾✺✶✺✷✾ ✵✳✾✺✹✺✸✻ ✵✳✾✺✶✼✷✸ ✵✳✵✵✵✵✼✸ ✵✳✵✵✵✷✾✼ ✵✳✵✵✵✸✼✵
✶✺ ✵✳✾✽✵✻✺✸ ✵✳✾✽✷✹✸✸ ✵✳✾✽✵✻✼✺ ✵✳✵✵✵✵✶✶ ✵✳✵✵✵✶✶✸ ✵✳✵✵✵✶✷✹
✶✻ ✵✳✾✾✷✽✷✼ ✵✳✾✾✸✻✾✵ ✵✳✾✾✷✼✾✶ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✵✹✵ ✵✳✵✵✵✵✹✷
✶✼ ✵✳✾✾✼✹✽✻ ✵✳✾✾✺✹✼✶ ✵✳✾✾✼✹✾✾ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✶✸ ✵✳✵✵✵✵✶✹
✶✽ ✵✳✾✾✾✶✽✻ ✵✳✾✾✾✹✶✶ ✵✳✾✾✾✶✽✽ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✹ ✵✳✵✵✵✵✵✹
✶✾ ✵✳✾✾✾✼✺✹ ✵✳✾✾✾✼✶✼ ✵✳✾✾✾✼✺✹ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✵✵✶
✷✵ ✵✳✾✾✾✾✸✵ ✶ ✵✳✾✾✾✾✸✵ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵

❚❛❜❧❡ ✹✳✸✿ ▼❆✭✷✮ ♠♦❞❡❧✿ m1 = 20✱ T1 = 1000✱ Xi = 0.3X̃i + 0.1X̃i+1 + 0.5X̃i+2✱
ITERapp = 106✱ ITERsim = 105

■♥ ❋✐❣✉r❡ ✹✳✻✱ ✇❡ ✐❧❧✉str❛t❡ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s ♦❜t❛✐♥❡❞ ❜② ❛♣✲

♣r♦①✐♠❛t✐♦♥ ❛♥❞ s✐♠✉❧❛t✐♦♥✳ ❋♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✇❡ ♣r❡s❡♥t ❛❧s♦ t❤❡ ❝♦rr❡s♣♦♥❞✲

✐♥❣ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ✭❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ t♦t❛❧ ❡rr♦r ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥

♣r♦❝❡ss✱ t❤❡ ❧❛st ❝♦❧✉♠♥ ✐♥ ❚❛❜❧❡ ✹✳✸✮✳

✹✳✸✳✹ ❊①❛♠♣❧❡ ✹✿ ❆ ❣❛♠❡ ♦❢ ♠✐♥❡s✇❡❡♣❡r

❚❤✐s ❡①❛♠♣❧❡ ❞r❛✇s ✐ts ♠♦t✐✈❛t✐♦♥ ✭❛♥❞ ♥❛♠❡✮ ❢r♦♠ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❝♦♠♣✉t❡r ❣❛♠❡

♦❢ ▼✐♥❡s✇❡❡♣❡r✱ ✇❤♦s❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ❞❡t❡❝t ❛❧❧ t❤❡ ♠✐♥❡s ❢r♦♠ ❛ ❣r✐❞❡❞ ♠✐♥❡✜❡❧❞ ✐♥

s✉❝❤ ❛ ✇❛② t❤❛t ♥♦ ❜♦♠❜ ✐s ❞❡t♦♥❛t❡❞✳ ❖✉r t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞

❛s ❢♦❧❧♦✇s✳

▲❡t d = 2✱ T̃1✱ T̃2 ❜❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ❛♥❞
{
X̃s1,s2 | 1 ≤ s1 ≤ T̃1, 1 ≤ s2 ≤ T̃2

}
❜❡ ❛

❢❛♠✐❧② ♦❢ ✐✳✐✳❞✳ ❇❡r♥♦✉❧❧✐ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦❢ ♣❛r❛♠❡t❡r p✳ ❲❡ ✐♥t❡r♣r❡t t❤❡ r❛♥❞♦♠

✈❛r✐❛❜❧❡ X̃s1,s2 ❛s r❡♣r❡s❡♥t✐♥❣ t❤❡ ♣r❡s❡♥❝❡ ✭X̃s1,s2 = 1✮ ♦r t❤❡ ❛❜s❡♥❝❡ ✭X̃s1,s2 = 0✮

♦❢ ❛ ♠✐♥❡ ✐♥ t❤❡ ❡❧❡♠❡♥t❛r② sq✉❛r❡ s✉❜r❡❣✐♦♥ r̃2(s1, s2) = [s1 − 1, s1] × [s2 − 1, s2]✱

✇✐t❤✐♥ t❤❡ r❡❣✐♦♥ R̃2 = [0, T̃1]× [0, T̃2]✳

■♥ t❤✐s ❡①❛♠♣❧❡✱ ✇❡ ❝♦♥s✐❞❡r x
(1)
1 = x

(1)
2 = 1 ❛♥❞ x

(2)
1 = x

(2)
2 = 1✳ ❇❛s❡❞ ♦♥ t❤❡

♥♦t❛t✐♦♥s ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✱ ✇❡ ♦❜s❡r✈❡ t❤❛t c1 = c2 = 3✱ T1 = T̃1 − 2 ❛♥❞



✹✳✸✳ ❊①❛♠♣❧❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✶✸

11 12 13 14 15 16 17 18 19 20
0.555

0.5775

0.6

0.6225

0.645

0.6675

0.69

0.7125

0.735

0.7575

0.78

0.8025

0.825

0.8475

0.87

0.8925

0.915

0.9375

0.96

0.9825

1.005

n

P
(S

m
1
(T

1
)
≤

n
)

 

 

Error

Bound

App

Sim

❋✐❣✉r❡ ✹✳✻✿ ❈✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ s✐♠✉❧❛t✐♦♥ ❛❧♦♥❣ ✇✐t❤
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡rr♦r ✉♥❞❡r MA ♠♦❞❡❧

T2 = T̃2 − 2✳ ❋♦r ❡❛❝❤ ♣❛✐r (s1, s2) ∈ {2, . . . , T̃1 − 1} × {2, . . . , T̃2 − 1}✱ t❤❡ 2✲✇❛②

t❡♥s♦r Xs1,s2 ✐s ❣✐✈❡♥ ❜②

Xs1,s2(j1, j2) = X̃s1+j1−2,s2+j2−2, ✇❤❡r❡ 1 ≤ ji ≤ ci, i ∈ {1, 2}. ✭✹✳✺✹✮

❙✐♥❝❡ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ t❡♥s♦r Xs1,s2 ❛r❡ ❛rr❛♥❣❡❞ ✐♥ ❛ 3× 3 ♠❛tr✐①✱ ✇❡ ❞❡✜♥❡ t❤❡

❜❧♦❝❦✲❢❛❝t♦r r❡❛❧ ✈❛❧✉❡❞ tr❛♥s❢♦r♠❛t✐♦♥ Π ♦♥ t❤❡ s❡t ♦❢ ♠❛tr✐❝❡s M3,3(R)✱ s✉❝❤ t❤❛t

✐t ✈❡r✐✜❡s t❤❡ r❡❧❛t✐♦♥

Π




a11 a12 a13
a21 a22 a23
a31 a32 a33


 =

∑

1≤s,t≤3

ast − a22. ✭✹✳✺✺✮

❋r♦♠ ❊q✳✭✹✳✷✮ ❛♥❞ ❊q✳✭✹✳✺✺✮✱ ♦✉r ❞❡♣❡♥❞❡♥t ♠♦❞❡❧ ✐s ❞❡✜♥❡❞ ❛s

Xs1,s2 = Π(Xs1+1,s2+1) =
∑

(i,j)∈{0,1,2}2
(i,j) 6=(1,1)

X̃s1+i,s2+j . ✭✹✳✺✻✮

❋r♦♠ t❤❡ ❢♦r❡❣♦✐♥❣ r❡❧❛t✐♦♥✱ ✇❡ ❝❛♥ ✐♥t❡r♣r❡t t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Xs1,s2 ❛s t❤❡

♥✉♠❜❡r ♦❢ ♥❡✐❣❤❜♦r✐♥❣ ♠✐♥❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❧♦❝❛t✐♦♥ (s1, s2)✳ ■♥ ❋✐❣✉r❡ ✹✳✼✱ ✇❡

♣r❡s❡♥t ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ✐♥tr♦❞✉❝❡❞ ♠♦❞❡❧✳ ❖♥ t❤❡ ❧❡❢t✱ ✇❡ ❤❛✈❡ t❤❡ r❡❛❧✐③❛t✐♦♥

♦❢ t❤❡ ✐♥✐t✐❛❧ s❡t ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇❤❡r❡ ❛ ❣r❛② sq✉❛r❡ r❡♣r❡s❡♥ts t❤❡ ♣r❡s❡♥❝❡ ♦❢

❛ ♠✐♥❡✱ ✇❤✐❧❡ t❤❡ ✇❤✐t❡ sq✉❛r❡ s✐❣♥✐✜❡s t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ ♠✐♥❡✳ ❖♥ t❤❡ r✐❣❤t s✐❞❡✱ ✇❡

❤❛✈❡ t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ Xs1,s2 ❛❝❝♦r❞✐♥❣ t♦ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ Π ❢r♦♠ ❊q✳✭✹✳✺✺✮✱

t❤❛t ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥✉♠❜❡r ♦❢ ♥❡✐❣❤❜♦r✐♥❣ ♠✐♥❡s ❛ss♦❝✐❛t❡❞ t♦ ❡❛❝❤ s✐t❡✳

❲❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✭❚❛❜❧❡ ✹✳✹✲❚❛❜❧❡ ✹✳✶✶✮ ❢♦r t❤❡ ❞❡s❝r✐❜❡❞ ❜❧♦❝❦✲❢❛❝t♦r

♠♦❞❡❧ ✇✐t❤ T̃1 = T̃2 = 44 ✭t❤❛t ✐s T1 = T2 = 42✮✱ m1 = m2 = 3 ❛♥❞ t❤❡ ✉♥❞❡r❧②✐♥❣



✶✶✹ ❈❤❛♣t❡r ✹✳ ❙❝❛♥ st❛t✐st✐❝s ♦✈❡r s♦♠❡ ❜❧♦❝❦✲❢❛❝t♦r t②♣❡ ♠♦❞❡❧s

X̃s1,s2 :
Xs1,s2 :

1

2

...

T̃2 − 1

T̃2

1 2 . . . T̃1 − 1 T̃1

1

2

...

T2

1 2 . . . T1

2 2 1 2 2 2 3 2

4 5 5 3 2 2 2 2

2 2 3 2 1 1 2 1

3 4 4 4 3 1 2 1

1 2 2 1 2 0 1 0

3 2 1 1 2 1 1 0

2 0 0 0 0 0 1 1

4 4 1 2 1 1 1 0

Π

❋✐❣✉r❡ ✹✳✼✿ ❆ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠✐♥❡s✇❡❡♣❡r r❡❧❛t❡❞ ♠♦❞❡❧

r❛♥❞♦♠ ✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② ✐✳✐✳❞✳ ❇❡r♥♦✉❧❧✐ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦❢ ♣❛r❛♠❡t❡r p ✭X̃s1,s2 ∼
B(p)✮ ✐♥ t❤❡ r❛♥❣❡ {0.1, 0.3, 0.5, 0.7}✳ ❲❡ ❛❧s♦ ✐♥❝❧✉❞❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ❢♦r t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ✐✳✐✳❞✳ ♠♦❞❡❧✿ T1 = T2 = 42✱ m1 = m2 = 3 ❛♥❞ Xs1,s2 ∼ B(8, p)✳

n ❙✐♠ ❆♣♣❍ Esapp(2) Esf (2) ❚♦t❛❧
❊q✳✭✹✳✷✵✮ ❊q✳✭✹✳✷✸✮ ❊rr♦r
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✹✼ ✵✳✾✾✾✾✾✾ ✵✳✾✾✾✾✾✾ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✶✼ ✵✳✵✵✵✵✶✼
✹✽ ✶✳✵✵✵✵✵✵ ✵✳✾✾✾✾✾✾ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✾ ✵✳✵✵✵✵✵✾

❚❛❜❧❡ ✹✳✹✿ ❇❧♦❝❦✲❢❛❝t♦r✿ m1 = m2 = 3✱ T̃1 = T̃2 = 44✱ T1 = T2 = 42✱ p = 0.1✱ ITER = 108

❋♦r ❛❧❧ ♦❢ ♦✉r r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤❡ t❛❜❧❡s ✇❡ ✉s❡❞ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥s ✇✐t❤

108 ✐t❡r❛t✐♦♥s ❢♦r t❤❡ ❜❧♦❝❦✲❢❛❝t♦r ♠♦❞❡❧ ❛♥❞ ✇✐t❤ 105 r❡♣❧✐❝❛s ❢♦r t❤❡ ✐✳✐✳❞✳ ♠♦❞❡❧✳

◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦r t❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❛♣♣r♦①✲

✐♠❛t✐♦♥ ❡rr♦r ✭Esapp✮ t♦ t❤❡ t♦t❛❧ ❡rr♦r ✐s ❛❧♠♦st ♥❡❣❧✐❣✐❜❧❡ ✐♥ ♠♦st ♦❢ t❤❡ ❝❛s❡s ✇✐t❤

r❡s♣❡❝t t♦ t❤❡ ♦t❤❡r s✐♠✉❧❛t✐♦♥ ❡rr♦r ✭Esf ✮✳ ❚❤✉s✱ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ ✇✐❧❧

❞❡♣❡♥❞ ♠♦st❧② ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✭ITER✮ ✉s❡❞ t♦ ❡st✐♠❛t❡ Qt1,t2 ✳ ❚❤❡ ❝✉✲

♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❛ss ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❜❧♦❝❦✲❢❛❝t♦r

❛♥❞ ✐✳✐✳❞✳ ♠♦❞❡❧s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✽ ❛♥❞ ❋✐❣✉r❡ ✹✳✾✳



✹✳✸✳ ❊①❛♠♣❧❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✶✺

n ❙✐♠ ❆♣♣❍ Esapp(2) Esf (2) ❚♦t❛❧
❊q✳✭✸✳✾✼✮ ❊q✳✭✸✳✾✻✮ ❊rr♦r
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❚❛❜❧❡ ✹✳✺✿ ■♥❞❡♣❡♥❞❡♥t✿ m1 = m2 = 3✱ T1 = T2 = 42✱ B(r = 8,p = 0.1)✱ ITER = 105

n ❙✐♠ ❆♣♣❍ Esapp(2) Esf (2) ❚♦t❛❧
❊q✳✭✹✳✷✵✮ ❊q✳✭✹✳✷✸✮ ❊rr♦r
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✺✾ ✵✳✾✾✾✺✼✻ ✵✳✾✾✾✺✷✷ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✷✻✺ ✵✳✵✵✵✷✻✺
✻✵ ✵✳✾✾✾✼✾✹ ✵✳✾✾✾✽✵✷ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✶✼✽ ✵✳✵✵✵✶✼✽
✻✶ ✵✳✾✾✾✾✵✽ ✵✳✾✾✾✾✷✵ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✶✶✺ ✵✳✵✵✵✶✶✺
✻✷ ✵✳✾✾✾✾✻✺ ✵✳✾✾✾✾✼✸ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✼✼ ✵✳✵✵✵✵✼✼
✻✸ ✵✳✾✾✾✾✾✸ ✵✳✾✾✾✾✾✶ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✹✹ ✵✳✵✵✵✵✹✹
✻✹ ✵✳✾✾✾✾✾✾ ✵✳✾✾✾✾✾✽ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✷✽ ✵✳✵✵✵✵✷✽
✻✺ ✶✳✵✵✵✵✵✵ ✵✳✾✾✾✾✾✾ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✶✼ ✵✳✵✵✵✵✶✼

❚❛❜❧❡ ✹✳✻✿ ❇❧♦❝❦✲❢❛❝t♦r✿ m1 = m2 = 3✱ T̃1 = T̃2 = 44✱ T1 = T2 = 42✱ p = 0.3✱ ITER = 108

n ❙✐♠ ❆♣♣❍ Esapp(2) Esf (2) ❚♦t❛❧
❊q✳✭✸✳✾✼✮ ❊q✳✭✸✳✾✻✮ ❊rr♦r

✸✺ ✵✳✼✶✻✽✵✹ ✵✳✼✶✻✸✾✺ ✵✳✵✶✷✽✸✻ ✵✳✵✷✶✷✹✸ ✵✳✵✸✹✵✼✾
✸✻ ✵✳✽✻✼✶✻✼ ✵✳✽✻✻✻✹✸ ✵✳✵✵✶✾✺✶ ✵✳✵✵✺✵✾✸ ✵✳✵✵✼✵✹✹
✸✼ ✵✳✾✹✸✾✹✻ ✵✳✾✹✹✵✷✹ ✵✳✵✵✵✷✽✺ ✵✳✵✵✶✹✵✾ ✵✳✵✵✶✻✾✹
✸✽ ✵✳✾✼✽✺✵✺ ✵✳✾✼✽✹✵✵ ✵✳✵✵✵✵✸✾ ✵✳✵✵✵✹✶✾ ✵✳✵✵✵✹✺✼
✸✾ ✵✳✾✾✷✷✼✹ ✵✳✾✾✷✷✻✷ ✵✳✵✵✵✵✵✺ ✵✳✵✵✵✶✷✻ ✵✳✵✵✵✶✸✶
✹✵ ✵✳✾✾✼✸✾✺ ✵✳✾✾✼✸✾✾ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✵✸✼ ✵✳✵✵✵✵✸✼
✹✶ ✵✳✾✾✾✶✼✻ ✵✳✾✾✾✶✼✽ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✶✵ ✵✳✵✵✵✵✶✵
✹✷ ✵✳✾✾✾✼✺✸ ✵✳✾✾✾✼✺✹ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✸ ✵✳✵✵✵✵✵✸
✹✸ ✵✳✾✾✾✾✸✶ ✵✳✾✾✾✾✸✶ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✵✵✶
✹✹ ✵✳✾✾✾✾✽✷ ✵✳✾✾✾✾✽✷ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵
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❚❛❜❧❡ ✹✳✼✿ ■♥❞❡♣❡♥❞❡♥t✿ m1 = m2 = 3✱ T1 = T2 = 42✱ B(r = 8,p = 0.3)✱ ITER = 105



✶✶✻ ❈❤❛♣t❡r ✹✳ ❙❝❛♥ st❛t✐st✐❝s ♦✈❡r s♦♠❡ ❜❧♦❝❦✲❢❛❝t♦r t②♣❡ ♠♦❞❡❧s

n ❙✐♠ ❆♣♣❍ Esapp(2) Esf (2) ❚♦t❛❧
❊q✳✭✹✳✷✵✮ ❊q✳✭✹✳✷✸✮ ❊rr♦r

✻✶ ✵✳✼✷✺✶✵✾ ✵✳✼✵✶✼✽✶ ✵✳✵✽✺✶✶✵ ✵✳✵✾✸✺✹✹ ✵✳✶✼✽✻✺✹
✻✷ ✵✳✽✷✽✵✶✾ ✵✳✽✽✽✾✵✷ ✵✳✵✵✹✹✺✸ ✵✳✵✵✽✻✻✺ ✵✳✵✶✸✶✶✽
✻✸ ✵✳✽✾✾✺✻✵ ✵✳✽✽✽✾✵✷ ✵✳✵✵✹✹✺✸ ✵✳✵✵✽✻✻✺ ✵✳✵✶✸✶✶✽
✻✹ ✵✳✾✹✺✸✵✹ ✵✳✾✸✾✹✸✻ ✵✳✵✵✶✵✹✾ ✵✳✵✵✹✵✺✹ ✵✳✵✵✺✶✵✸
✻✺ ✵✳✾✼✷✷✵✸ ✵✳✾✻✾✵✷✻ ✵✳✵✵✵✷✸✺ ✵✳✵✵✷✸✸✹ ✵✳✵✵✷✺✻✾
✻✻ ✵✳✾✽✻✾✾✾ ✵✳✾✽✺✹✸✾ ✵✳✵✵✵✵✹✼ ✵✳✵✵✶✹✻✵ ✵✳✵✵✶✺✵✼
✻✼ ✵✳✾✾✹✺✵✻ ✵✳✾✾✸✽✶✹ ✵✳✵✵✵✵✵✽ ✵✳✵✵✵✾✷✼ ✵✳✵✵✵✾✸✺
✻✽ ✵✳✾✾✼✽✺✶ ✵✳✾✾✼✻✵✺ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✺✼✷ ✵✳✵✵✵✺✼✸
✻✾ ✵✳✾✾✾✸✷✻ ✵✳✾✾✾✷✸✵ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✸✷✵ ✵✳✵✵✵✸✷✵
✼✵ ✵✳✾✾✾✽✷✻ ✵✳✾✾✾✼✽✻ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✶✼✶ ✵✳✵✵✵✶✼✶
✼✶ ✵✳✾✾✾✾✻✽ ✵✳✾✾✾✾✺✷ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✽✸ ✵✳✵✵✵✵✽✸
✼✷ ✶✳✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵

❚❛❜❧❡ ✹✳✽✿ ❇❧♦❝❦✲❢❛❝t♦r✿ m1 = m2 = 3✱ T̃1 = T̃2 = 44✱ T1 = T2 = 42✱ p = 0.5✱ ITER = 108

n ❙✐♠ ❆♣♣❍ Esapp(2) Esf (2) ❚♦t❛❧
❊q✳✭✸✳✾✼✮ ❊q✳✭✸✳✾✻✮ ❊rr♦r

✺✵ ✵✳✼✹✶✵✽✾ ✵✳✼✸✺✷✶✵ ✵✳✵✶✵✺✶✹ ✵✳✵✶✽✵✵✷ ✵✳✵✷✽✺✶✻
✺✶ ✵✳✽✽✷✷✵✾ ✵✳✽✽✵✽✷✼ ✵✳✵✵✶✹✾✾ ✵✳✵✵✹✶✾✻ ✵✳✵✵✺✻✾✺
✺✷ ✵✳✾✺✷✺✹✺ ✵✳✾✺✷✸✽✾ ✵✳✵✵✵✷✵✵ ✵✳✵✵✶✵✾✽ ✵✳✵✵✶✷✾✾
✺✸ ✵✳✾✽✷✽✹✷ ✵✳✾✽✷✽✾✶ ✵✳✵✵✵✵✷✹ ✵✳✵✵✵✸✵✼ ✵✳✵✵✵✸✸✶
✺✹ ✵✳✾✾✹✸✷✽ ✵✳✾✾✹✸✸✼ ✵✳✵✵✵✵✵✷ ✵✳✵✵✵✵✽✹ ✵✳✵✵✵✵✽✼
✺✺ ✵✳✾✾✽✷✽✷ ✵✳✾✾✽✷✼✽ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✷✷ ✵✳✵✵✵✵✷✷
✺✻ ✵✳✾✾✾✺✶✼ ✵✳✾✾✾✺✶✽ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✺ ✵✳✵✵✵✵✵✺
✺✼ ✵✳✾✾✾✽✼✻ ✵✳✾✾✾✽✼✻ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✵✵✶
✺✽ ✵✳✾✾✾✾✼✶ ✵✳✾✾✾✾✼✶ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵
✺✾ ✵✳✾✾✾✾✾✹ ✵✳✾✾✾✾✾✹ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵
✻✵ ✵✳✾✾✾✾✾✾ ✵✳✾✾✾✾✾✾ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵

❚❛❜❧❡ ✹✳✾✿ ■♥❞❡♣❡♥❞❡♥t✿ m1 = m2 = 3✱ T1 = T2 = 42✱ B(r = 8,p = 0.5)✱ ITER = 105

n ❙✐♠ ❆♣♣❍ Esapp(2) Esf (2) ❚♦t❛❧
❊q✳✭✹✳✷✵✮ ❊q✳✭✹✳✷✸✮ ❊rr♦r

✼✵ ✵✳✼✷✾✷✸✾ ✵✳✼✵✺✾✹✹ ✵✳✵✼✹✷✾✵ ✵✳✵✽✷✸✾✷ ✵✳✶✺✻✻✽✷
✼✶ ✵✳✽✼✻✹✽✹ ✵✳✽✻✹✸✼✵ ✵✳✵✵✻✾✼✻ ✵✳✵✶✶✻✷✸ ✵✳✵✶✽✻✵✵
✼✷ ✶✳✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵

❚❛❜❧❡ ✹✳✶✵✿ ❇❧♦❝❦✲❢❛❝t♦r✿ m1 = m2 = 3✱ T̃1 = T̃2 = 44✱ T1 = T2 = 42✱ p = 0.7✱ ITER =

108

n ❙✐♠ ❆♣♣❍ Esapp(2) Esf (2) ❚♦t❛❧
❊q✳✭✸✳✾✼✮ ❊q✳✭✸✳✾✻✮ ❊rr♦r

✻✷ ✵✳✻✷✵✷✾✺ ✵✳✻✶✶✽✶✾ ✵✳✵✸✵✸✷✽ ✵✳✵✹✷✸✶✾ ✵✳✵✼✷✻✹✻
✻✸ ✵✳✽✹✼✹✷✶ ✵✳✽✹✻✼✸✵ ✵✳✵✵✷✺✾✶ ✵✳✵✵✺✽✺✶ ✵✳✵✵✽✹✹✷
✻✹ ✵✳✾✺✷✺✷✹ ✵✳✾✺✷✺✽✽ ✵✳✵✵✵✶✾✹ ✵✳✵✵✵✾✼✽ ✵✳✵✵✶✶✼✷
✻✺ ✵✳✾✽✼✽✺✹ ✵✳✾✽✼✽✽✼ ✵✳✵✵✵✵✶✶ ✵✳✵✵✵✶✻✽ ✵✳✵✵✵✶✼✾
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❚❛❜❧❡ ✹✳✶✶✿ ■♥❞❡♣❡♥❞❡♥t✿ m1 = m2 = 3✱ T1 = T2 = 42✱ B(r = 8,p = 0.7)✱ ITER = 105
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ECDF for block−factor and i.i.d. model
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❋✐❣✉r❡ ✹✳✾✿ Pr♦❜❛❜✐❧✐t② ♠❛ss ❢✉♥❝t✐♦♥ ❢♦r ❜❧♦❝❦â❼➆✲❢❛❝t♦r ❛♥❞ ✐✳✐✳❞✳ ♠♦❞❡❧s





❈♦♥❝❧✉s✐♦♥s ❛♥❞ ♣❡rs♣❡❝t✐✈❡s

■♥ t❤✐s t❤❡s✐s✱ ✇❡ ♣r♦✈✐❞❡ ❛ ✉♥✐✜❡❞ ♠❡t❤♦❞ ❢♦r ❡st✐♠❛t✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡

♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ❜❛s❡❞ ♦♥ ❛ r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ t❤❡ ❡①tr❡♠❡s

♦❢ 1✲❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡s ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❤❛s t✇♦ ♠❛✐♥ ❛❞✈❛♥✲

t❛❣❡s ♦✈❡r t❤❡ ❡①✐st✐♥❣ ♦♥❡s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✿ ✜rst✱ ✐t ✐♥❝❧✉❞❡s✱ ❜❡s✐❞❡ ❛♥

❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛✱ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡rr♦r ❜♦✉♥❞s ❛♥❞ s❡❝♦♥❞✱

t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ♥♦ ♠❛tt❡r ✇❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦❜s❡r✈❛✲

t✐♦♥s ✉♥❞❡r t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ✐s✳ ❲❡ ❝♦♥s✐❞❡r t✇♦ ♠♦❞❡❧s ❢♦r t❤❡ ✉♥❞❡r❧②✐♥❣ ❞✐s✲

tr✐❜✉t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ✜❡❧❞ ♦✈❡r ✇❤✐❝❤ t❤❡ s❝❛♥ ♣r♦❝❡ss ✐s ♣❡r❢♦r♠❡❞✿ t❤❡ ✇✐❞❡❧②

st✉❞✐❡❞ ✐✳✐✳❞✳ ♠♦❞❡❧ ❛♥❞ ❛ ♥❡✇ ❞❡♣❡♥❞❡♥t ♠♦❞❡❧ ❜❛s❡❞ ♦♥ ❛ ❜❧♦❝❦✲❢❛❝t♦r ❝♦♥str✉❝✲

t✐♦♥✳ ❋♦r ❡❛❝❤ ♦❢ t❤❡s❡ ♠♦❞❡❧s ✇❡ ❣✐✈❡ ❞❡t❛✐❧❡❞ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥✱

❛s ✇❡❧❧ ❛s ❢♦r t❤❡ ❛ss♦❝✐❛t❡❞ ❡rr♦r ❜♦✉♥❞s ❢♦r♠✉❧❛s✳ ❙✐♥❝❡ t❤❡ s✐♠✉❧❛t✐♦♥ ♣r♦❝❡ss

♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t ♣❛rt ✐♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥

st❛t✐st✐❝s ❞✐str✐❜✉t✐♦♥✱ ✇❡ ♣r❡s❡♥t✱ ❢♦r t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ✐✳✐✳❞✳ ♦❜s❡r✈❛t✐♦♥s✱ ❛

❣❡♥❡r❛❧ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ❛❧❣♦r✐t❤♠ t❤❛t ✐♥❝r❡❛s❡s t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♣r♦♣♦s❡❞

❛♣♣r♦①✐♠❛t✐♦♥✳ ❋r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❝♦♥❞✉❝t❡❞ ✐♥ ❜♦t❤✱ t❤❡ ✐✳✐✳❞✳ ❛♥❞

t❤❡ ❜❧♦❝❦✲❢❛❝t♦r ♠♦❞❡❧s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ♦✉r r❡s✉❧ts ❛r❡ ❛❝❝✉r❛t❡ ❡s♣❡❝✐❛❧❧② ❢♦r t❤❡

❤✐❣❤ ♦r❞❡r q✉❛♥t✐❧❡s✳

❈✉rr❡♥t❧②✱ ✇❡ ❛r❡ ✇♦r❦✐♥❣ ♦♥ ❛❞❛♣t✐♥❣ t❤❡ ♠❡t❤♦❞♦❧♦❣② ❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ ♠✉❧t✐❞✐✲

♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s t♦ t❤❡ ❝♦♥t✐♥✉♦✉s s❝❛♥ st❛t✐st✐❝s ❢r❛♠❡✇♦r❦✳ ❖♥❡

♦❢ t❤❡ ♠❛✐♥ ❝❤❛❧❧❡♥❣❡ ✐♥ t❤✐s ♣r♦❜❧❡♠ ✐s t♦ ❞❡✈❡❧♦♣ ❢❛st ❛♥❞ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s

❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s s❝❛♥ st❛t✐st✐❝s✱ ✐♥ ♠♦r❡ t❤❛♥ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✳

❉❡r✐✈✐♥❣ ❛❝❝✉r❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❛♥ st❛t✐st✐❝s ♦✈❡r

❛ r❛♥❞♦♠ ✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② ✐♥❞❡♣❡♥❞❡♥t ❜✉t ♥♦t ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ r❛♥❞♦♠

✈❛r✐❛❜❧❡s✱ ❝♦♥st✐t✉t❡s ❛ ♣r♦❜❧❡♠ ♦❢ ❢✉t✉r❡ ✐♥t❡r❡st✳ ❆♥♦t❤❡r ❢✉t✉r❡ ❞✐r❡❝t✐♦♥ ♦❢ r❡✲

s❡❛r❝❤✱ ✐s t♦ ❝♦♥s✐❞❡r✱ ✐♥ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ♣r♦❜❧❡♠✱ t❤❛t

t❤❡ s❝❛♥♥✐♥❣ ✇✐♥❞♦✇ ❤❛s ❛ ❣❡♥❡r❛❧ ❝♦♥✈❡① s❤❛♣❡ ❛♥❞ t♦ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤✐s

s❤❛♣❡ ✐♥ t❤❡ s❝❛♥♥✐♥❣ ♣r♦❝❡ss✳ ❲❡ s❤♦✉❧❞ ♠❡♥t✐♦♥ t❤❛t ❢♦r t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧

❝♦♥t✐♥✉♦✉s s❝❛♥ st❛t✐st✐❝s ❢♦r P♦✐ss♦♥ ♣r♦❝❡ss❡s✱ t❤✐s ♣r♦❜❧❡♠ ✇❛s ❛❧r❡❛❞② ❛❞❞r❡ss❡❞

❜② ❬❆❧♠✱ ✶✾✾✽❪✳





❆♣♣❡♥❞✐① ❆

❙✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧ ❢♦r

❈❤❛♣t❡r ✶

❆✳✶ ❙✉♣♣❧❡♠❡♥t ❢♦r ❙❡❝t✐♦♥ ✶✳✶

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♦✉t❧✐♥❡ t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❬❑❛r✇❡ ❛♥❞ ◆❛✉s✱ ✶✾✾✼❪✱ ✉s❡❞ ❢♦r ✜♥❞✐♥❣

t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ♦✈❡r ❛ s❡q✉❡♥❝❡ ♦❢

✐✳✐✳❞✳ ❞✐s❝r❡t❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦❢ ❧❡♥❣t❤ ❛t ♠♦st 3m1✳ ❇❛s❡❞ ♦♥ t❤❡ ♥♦t❛t✐♦♥s

✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✶✱ ✇❡ ❞❡✜♥❡

bn2(m1)
(y) = P (Sm1(2m1) ≤ n, Ym1+1 = y) ,

f(y) = P(X1 = y),

Qn
2m1

= P (Sm1(2m1) ≤ n) .

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s ❢♦r Qm1(2m1 − 1) ❛♥❞ Qm1(2m1)✿

bn2(1)(y) =




n∑

j=0

f(j)


 f(y),

bn2(m1)
(y) =

y∑

η=0

n−y+η∑

ν=0

bn−ν
2(m1−1)(y − η)f(ν)f(η),

Qn
2m1

=
n∑

y=0

bn2(m1)
(y),

Qn
2m1−1 =

n∑

x=0

f(x)Qn−x
2(m1−1).

❋♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ Qm1(3m1 − 1) ❛♥❞ Qm1(3m1)✱ ✇❡ t❛❦❡ bk1,k23(m1)
(x, y) = 0 ✐❢

x > k1 ∧ k2 ♦r y > k2 ❛♥❞ ❢♦r t❤❡ ♦t❤❡r ❝❛s❡s ❛s

bk1,k23(m1)
(x, y) = P




m1⋂

i=1

{Yi ≤ k1} ∩ {Ym1+1 = x}
2m1⋂

j=m1+2

{Yj ≤ k2} ∩ {Y2m1+1 = y}


 .

❈♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Xi t❛❦❡ ✈❛❧✉❡s ✐♥ t❤❡ s❡t {0, . . . , c}✱ ✇❡ ❤❛✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❝✉rr❡♥❝❡s ✭s❡❡ ❬❑❛r✇❡ ❛♥❞ ◆❛✉s✱ ✶✾✾✼✱ ❆♣♣❡♥❞✐①❪ ❢♦r ❝❧♦s❡❞ ❢♦r♠



✶✷✷ ❆♣♣❡♥❞✐① ❆✳ ❙✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧ ❢♦r ❈❤❛♣t❡r ✶

❢♦r♠✉❧❛s✮✿

bk1,k23(m1)
(x, y) =

c∑

α=0

c∑

β=0

c∑

γ=0

bk1−α,k2−β
3(m1−1) (x− β, y − γ)f(α)f(β)f(γ),

Qn
3m1

=

n∑

x=0

n∑

y=0

bn,n3(m1)
(x, y),

Qn
3m1−1 =

n∑

x1=0

n−x1∑

x2=0

n−x1∑

x3=0

[
n−x3∑

x4=0

bn−x2,n−x3

3(m1−1) (x1, x4)

]
f(x2)f(x3).

❆✳✷ ❙✉♣♣❧❡♠❡♥t ❢♦r ❙❡❝t✐♦♥ ✶✳✷

❙♦♠❡ s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧s ❢♦r t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✷ ❛r❡ ❣✐✈❡♥ ✐♥

t❤✐s s❡❝t✐♦♥✳

❆✳✷✳✶ ❙✉♣♣❧❡♠❡♥t ❢♦r ❙❡❝t✐♦♥ ✶✳✷✳✶

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥❝❧✉❞❡ t❤❡ ❢♦r♠✉❧❛s ❢♦r t❤❡ ✉♥❦♥♦✇♥ q✉❛♥t✐t✐❡s t❤❛t ❛♣♣❡❛r

✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝t✲t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❣✐✈❡♥ ✐♥ ❊q✳✭✶✳✻✹✮ ✐♥ t❤❡

❝❛s❡ ♦❢ ❜✐♥♦♠✐❛❧ ❛♥❞ P♦✐ss♦♥ ♦❜s❡r✈❛t✐♦♥s✳ ❚❤❡s❡ ❢♦r♠✉❧❛s ✇❡r❡ ♣r❡s❡♥t❡❞ ✐♥

❬●❧❛③ ❡t ❛❧✳✱ ✷✵✵✾✱ ❈❤❛♣t❡r ✺❪✱ ❢♦r t❤❡ ❝❛s❡ ♦❢ T1 = T2 ❛♥❞ m1 = m2✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✱ W j1,j2
i1,i2

=

j1∑

i=i1

j2∑

j=i2

Xi,j ✱ ✇✐❧❧ ❜❡ ✉s❡❞ t❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥✳

❛✮ Xi,j ❛r❡ ✐✳✐✳❞✳ ❜✐♥♦♠✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ♣❛r❛♠❡t❡rs r ❛♥❞ p

❲❡ ❤❛✈❡

Q(m1 + 1,m2) =

n∧(m1−1)m2r∑

y=0

P2
(
W 1,m2

1,1 ≤ n− y
)
P
(
Wm1,m2

2,1 = y
)

❛♥❞

Q(m1 + 1,m2 + 1) =

n∧(m1−1)(m2−1)r∑

y1=0

(n−y1)∧(m2−1)r∑

y2=0

(n−y1)∧(m2−1)r∑

y3=0

[n−y1−y2∨y3]∧(m1−1)r∑

y4=0

[n−y1−y2∨y3]∧(m1−1)r∑

y5=0

P
(
W 1,1

1,1 ≤ a1

)

× P
(
W 1,m2+1

1,m2+1 ≤ a2

)
P
(
Wm1+1,1

m1+1,1 ≤ a3

)
P
(
Wm1+1,m2+1

m1+1,m2+1 ≤ a4

)

× P
(
Wm1,m2

2,2 = y1

)
P
(
W 1,m2

1,2 = y2

)
P
(
Wm1+1,m2

m1+1,2 = y3

)

× P
(
Wm1,1

2,1 = y4

)
P
(
Wm1,m2+1

2,m2+1 = y5

)
,



❆✳✷✳ ❙✉♣♣❧❡♠❡♥t ❢♦r ❙❡❝t✐♦♥ ✶✳✷ ✶✷✸

✇❤❡r❡

a1 = n− y1 − y2 − y4, a2 = n− y1 − y2 − y5,

a3 = n− y1 − y3 − y4, a4 = n− y1 − y3 − y5.

❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s W 1,1
1,1 ✱ W

1,m2+1
1,m2+1 ✱ W

m1+1,m2+1
m1+1,m2+1 ❛r❡ ❜✐♥♦♠✐❛❧ ❞✐str✐❜✉t❡❞ ✇✐t❤

♣❛r❛♠❡t❡rs r ❛♥❞ p✱ Wm1,m2
2,2 ✐s ❛ ❜✐♥♦♠✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ♣❛r❛♠❡t❡rs

(m1 − 1)(m2 − 1)r ❛♥❞ p✱ W 1,m2
1,2 ❛♥❞ Wm1+1,m2

m1+1,2 ❛r❡ ❜✐♥♦♠✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤

♣❛r❛♠❡t❡rs (m2−1)r ❛♥❞ p ❛♥❞ Wm1,1
2,1 ❛♥❞ Wm1,m2+1

2,m2+1 ❛r❡ ❜✐♥♦♠✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡

✇✐t❤ ♣❛r❛♠❡t❡rs (m1 − 1)r ❛♥❞ p✳

❜✮ Xi,j ❛r❡ ✐✳✐✳❞✳ P♦✐ss♦♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦❢ ♣❛r❛♠❡t❡r λ

❲❡ ❤❛✈❡

Q(m1 + 1,m2) =
n∑

y=0

P2
(
W 1,m2

1,1 ≤ n− y
)
P
(
Wm1,m2

2,1 = y
)

❛♥❞

Q(m1 + 1,m2 + 1) =

n∑

y1=0

n−y1∑

y2=0

n−y1∑

y3=0

n−y1−y2∨y3∑

y4=0

n−y1−y2∨y3∑

y5=0

P
(
W 1,1

1,1 ≤ a1

)

× P
(
W 1,m2+1

1,m2+1 ≤ a2

)
P
(
Wm1+1,1

m1+1,1 ≤ a3

)
P
(
Wm1+1,m2+1

m1+1,m2+1 ≤ a4

)

× P
(
Wm1,m2

2,2 = y1

)
P
(
W 1,m2

1,2 = y2

)
P
(
Wm1+1,m2

m1+1,2 = y3

)

× P
(
Wm1,1

2,1 = y4

)
P
(
Wm1,m2+1

2,m2+1 = y5

)
,

✇❤❡r❡

a1 = n− y1 − y2 − y4, a2 = n− y1 − y2 − y5,

a3 = n− y1 − y3 − y4, a4 = n− y1 − y3 − y5.

❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s W 1,1
1,1 ✱ W

1,m2+1
1,m2+1 ✱ W

m1+1,m2+1
m1+1,m2+1 ❛r❡ P♦✐ss♦♥ ❞✐str✐❜✉t❡❞ ♦❢ ♣❛✲

r❛♠❡t❡r λ✱ Wm1,m2
2,2 ✐s ❛ P♦✐ss♦♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♦❢ ♠❡❛♥ (m1−1)(m2−1)λ✱ W 1,m2

1,2

❛♥❞ Wm1+1,m2
m1+1,2 ❛r❡ P♦✐ss♦♥ ♦❢ ♠❡❛♥ (m2−1)λ ❛♥❞ Wm1,1

2,1 ❛♥❞ Wm1,m2+1
2,m2+1 ❛r❡ P♦✐ss♦♥

r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♦❢ ♠❡❛♥ (m1 − 1)λ✳

❆✳✷✳✷ ❙✉♣♣❧❡♠❡♥t ❢♦r ❙❡❝t✐♦♥ ✶✳✷✳✷

❋♦❧❧♦✇✐♥❣ t❤❡ ♠❡t❤♦❞♦❧♦❣② ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✶✳✸ ❢♦r ✜♥❞✐♥❣ t❤❡ ✉♣♣❡r ❜♦✉♥❞

♦❢ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s✱ ✐♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❡①t❡♥❞ t❤❡ r❡s✉❧ts t♦ t❤❡

t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳ ❆ss✉♠❡✱ ❢♦r s✐♠♣❧✐❝✐t②✱ t❤❛t T1 = L1m1 ❛♥❞ T2 = L2m2✳



✶✷✹ ❆♣♣❡♥❞✐① ❆✳ ❙✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧ ❢♦r ❈❤❛♣t❡r ✶

❆♣♣❧②✐♥❣ ❬❑✉❛✐ ❡t ❛❧✳✱ ✷✵✵✵❪ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❝❛♥ ✇r✐t❡

P (Sm1,m2 (T1, T2) ≤ n) = 1− P

(
L1−1⋃

i1=1

L2−1⋃

i2=1

Ec
i1,i2

)

≤ 1−
L1−1∑

i1=1

L2−1∑

i2=1




θi1,i1P(E
c
i1,i2

)2

L1−1∑

j1=1

L2−1∑

j2=1

P
(
Ec

i1,i2 ∩ Ec
j1,j2

)
+ (1− θi1,i2)P(E

c
i1,i2)

+
(1− θi1,i2)P(E

c
i1,i2

)2

L1−1∑

j1=1

L2−1∑

j2=1

P
(
Ec

i1,i2 ∩ Ec
j1,j2

)
− θi1,i2P(E

c
i1,i2)



=: UB,

✇❤❡r❡ ❢♦r 1 ≤ i1 ≤ L1 − 1 ❛♥❞ 1 ≤ i2 ≤ L2 − 1✱ t❤❡ ❡✈❡♥ts Ei1,i2 ❛r❡ ❞❡✜♥❡❞ ❜②

Ei1,i2 =





max
(i1−1)m1+1≤s1≤i1m1+1
(i2−1)m2+1≤s2≤i2m2+1

Ys1,s2 ≤ n





❛♥❞ ✇❤❡r❡

θi1,i2 =

L1−1∑

j1=1

L2−1∑

j2=1

P
(
Ec

i1,i2 ∩ Ec
j1,j2

)

P(Ec
i1,i2

)
−



L1−1∑

j1=1

L2−1∑

j2=1

P
(
Ec

i1,i2 ∩ Ec
j1,j2

)

P(Ec
i1,i2

)


.

❚♦ s✐♠♣❧✐❢② t❤❡ r❡s✉❧ts✱ ✇❡ ❛❞♦♣t t❤❡ ♥♦t❛t✐♦♥s M = (L1 − 1)(L2 − 1) ❛♥❞

Σi1,i2 =

L1−1∑

j1=1

L2−1∑

j2=1

P
(
Ec

i1,i2 ∩ Ec
j1,j2

)
.

❲❡ ♦❜s❡r✈❡✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Ei1,i2 ✱ t❤❛t ✐❢ |i1 − j1| ≥ 2 ♦r |i2 − j2| ≥ 2✱ t❤❡♥

Ei1,i2 ❛♥❞ Ej1,j2 ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞✱ s✐♥❝❡ t❤❡ ❡✈❡♥ts ❛r❡ ❛❧s♦ st❛t✐♦♥❛r②✱ ✇❡ ❤❛✈❡

P(Ec
i1,i2) = 1− P(Ei1,i2) = 1−Q(2m1, 2m2),

❛♥❞

P(Ec
i1,i2 ∩ Ec

j1,j2) = 1− P(Ei1,i2)− P(Ei1,i2) + P(Ei1,i2 ∩ Ej1,j2)

= 1− 2Q(2m1, 2m2) + P(Ei1,i2 ∩ Ej1,j2).



❆✳✸✳ ❙✉♣♣❧❡♠❡♥t ❢♦r ❙❡❝t✐♦♥ ✶✳✸ ✶✷✺

❙✐♠♣❧❡ ❝❛❧❝✉❧❛t✐♦♥s ❧❡❛❞ t♦

Σi1,i2 =





4− 7Q(2m1, 2m2) +Q(2m1, 3m2) +Q(3m1, 2m2) +Q(3m1, 3m2)

+(M − 4) [1−Q(2m1, 2m2)]
2 ✱ ✐❢ i1 ∈ {1, L1 − 1}✱ i2 ∈ {1, L2 − 1}

6− 11Q(2m1, 2m2) +Q(2m1, 3m2) + 2Q(3m1, 2m2) + 2Q(3m1, 3m2)

+(M − 6) [1−Q(2m1, 2m2)]
2 ✱ ✐❢ 2 ≤ i1 ≤ L1 − 2✱ i2 ∈ {1, L2 − 1}

6− 11Q(2m1, 2m2) + 2Q(2m1, 3m2) +Q(3m1, 2m2) + 2Q(3m1, 3m2)

+(M − 6) [1−Q(2m1, 2m2)]
2 ✱ ✐❢ i1 ∈ {1, L1 − 1}✱ 2 ≤ i2 ≤ L2 − 2

9− 15Q(2m1, 2m2) + 2 [Q(2m1, 3m2) +Q(3m1, 2m2) +Q(3m1, 3m2)]

+(M − 9) [1−Q(2m1, 2m2)]
2 ✱ ✐❢ 2 ≤ i1 ≤ L1 − 2✱ 2 ≤ i2 ≤ L2 − 2.

❍❡♥❝❡✱ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ❜❡❝♦♠❡s

UB = 1− 4B1 − 2(L1 − 3)B2 − 2(L2 − 3)B3 − (L1 − 3)(L2 − 3)B4,

✇❤❡r❡ ❢♦r i ∈ {1, 2, 3, 4}✱

Bi =
θi [1−Q(2m1, 2m2)]

2

Σi + (1− θi) [1−Q(2m1, 2m2)]
+

(1− θi) [1−Q(2m1, 2m2)]
2

Σi − θi [1−Q(2m1, 2m2)]
,

θi =
Σi

1−Q(2m1, 2m2)
−
⌊

Σi

1−Q(2m1, 2m2)

⌋
,

❛♥❞ Σ1✱ Σ2✱ Σ3 ❛♥❞ Σ4 ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✜rst✱ s❡❝♦♥❞✱ t❤✐r❞ ❛♥❞ ❢♦✉rt❤

❜r❛♥❝❤✱ r❡s♣❡❝t✐✈❡❧② ♦❢ Σi1,i2 ❣✐✈❡♥ ❛❜♦✈❡✳ ❚❤❡ ✉♥❦♥♦✇♥ q✉❛♥t✐t✐❡s Q(2m1, 2m2)✱

Q(2m1, 3m2)✱ Q(3m1, 2m2) ❛♥❞ Q(3m1, 3m2) ❛r❡ ❡✈❛❧✉❛t❡❞ ❜② s✐♠✉❧❛t✐♦♥✳

❆✳✸ ❙✉♣♣❧❡♠❡♥t ❢♦r ❙❡❝t✐♦♥ ✶✳✸

❯s✐♥❣ t❤❡ s❛♠❡ ❛♣♣r♦❛❝❤ ❛s ✐♥ ❬●✉❡rr✐❡r♦ ❡t ❛❧✳✱ ✷✵✶✵❛❪ ❢♦r t❤❡ ❝❛s❡ ♦❢ T1 = T2 = T3✱

m1 = m2 = m3 ❛♥❞ ✇❤❡r❡ Xi,j,k ✇❡r❡ ❇❡r♥♦✉❧❧✐ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ✇❡ ♣r❡s❡♥t

❝♦♠♣✉t❛t✐♦♥❛❧ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ✉♥❦♥♦✇♥ q✉❛♥t✐t✐❡s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥

❢♦r♠✉❧❛ ❣✐✈❡♥ ✐♥ ❊q✳✭✶✳✽✼✮✳ ❲❡ ❝♦♥s✐❞❡r ❞❡t❛✐❧❡❞ ❢♦r♠✉❧❛s ♦♥❧② ❢♦r t❤❡ s✐t✉❛t✐♦♥ ♦❢

❜✐♥♦♠✐❛❧ ♦❜s❡r✈❛t✐♦♥s✱ t❤❡ P♦✐ss♦♥ ❝❛s❡ ❜❡✐♥❣ s✐♠✐❧❛r ✭s❡❡ ❘❡♠❛r❦ ❆✳✸✳✶✮✳

❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❤♦rt❤❛♥❞ ♥♦t❛t✐♦♥✿

W j1,j2,j3
i1,i2,i3

=

j1∑

i=i1

j2∑

j=i2

j3∑

k=i3

Xi,j,k.

❆ss✉♠❡ t❤❛t Xi,j,k ❛r❡ ✐✳✐✳❞✳ ❜✐♥♦♠✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ♣❛r❛♠❡t❡rs r ❛♥❞ p✳

• Q(m1,m2,m3)



✶✷✻ ❆♣♣❡♥❞✐① ❆✳ ❙✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧ ❢♦r ❈❤❛♣t❡r ✶

■t ✐s ❝❧❡❛r t❤❛t

Q(m1,m2,m3) = P
(
Wm1,m2,m3

1,1,1 ≤ n
)

=

n∧m1m2m3r∑

i=0

(
m1m2m3r

i

)
pi(1− p)m1m2m3r−i.

• Q(m1 + 1,m2,m3)✱ Q(m1,m2 + 1,m3)✱ Q(m1,m2,m3 + 1)

❲❡ ❤❛✈❡

Q(m1 + 1,m2,m3) =

n∧(m1−1)m2m3r∑

x1=0

P2
(
W 1,m2,m3

1,1,1 ≤ n− x1

)
P
(
Wm1,m2,m3

2,1,1 = x1

)
,

Q(m1,m2 + 1,m3) =

n∧m1(m2−1)m3r∑

x1=0

P2
(
Wm1,1,m3

1,1,1 ≤ n− x1

)
P
(
Wm1,m2,m3

1,2,1 = x1

)
,

Q(m1,m2,m3 + 1) =

n∧m1m2(m3−1)r∑

x1=0

P2
(
W 1,m2,m3

1,1,1 ≤ n− x1

)
P
(
Wm1,m2,m3

1,1,2 = x1

)
.

• Q(m1,m2 + 1,m3 + 1)

❲❡ ❝❛♥ ✇r✐t❡

Q(m1,m2 + 1,m3 + 1) ≈
y1∑

x1=0

y2∑

x2=0

y3∑

x3=0

y4∑

x4=0

y5∑

x5=0

(
4∏

i=1

ai

)


5∏

j=1

dj(xj)


,

✇❤❡r❡

y1 = n ∧m1(m2 − 1)(m3 − 1)r,

y2 = (n− x1) ∧m1(m2 − 1)r,

y3 = (n− x1) ∧m1(m2 − 1)r,

y4 = [n− x1 − (x2 ∨ x3)] ∧m1(m3 − 1)r,

y5 = [n− x1 − (x2 ∨ x3)] ∧m1(m3 − 1)r

❛♥❞

a1 = P
(
Wm1,1,1

1,1,1 ≤ n− x1 − x2 − x4

)
,

a2 = P
(
Wm1,m2+1,1

1,m2+1,1 ≤ n− x1 − x3 − x4

)
,

a3 = P
(
Wm1,1,m3+1

1,1,m3+1 ≤ n− x1 − x2 − x5

)
,

a4 = P
(
Wm1,m2+1,m3+1

1,m2+1,m3+1 ≤ n− x1 − x3 − x5

)



❆✳✸✳ ❙✉♣♣❧❡♠❡♥t ❢♦r ❙❡❝t✐♦♥ ✶✳✸ ✶✷✼

❛♥❞

d1(x1) = P
(
Wm1,m2,m3

1,2,2 = x1

)
,

d2(x2) = P
(
Wm1,m2,1

1,2,1 = x2

)
,

d3(x3) = P
(
Wm1,m2,m3+1

1,2,m3+1 = x3

)
,

d4(x4) = P
(
Wm1,1,m3

1,1,2 = x4

)
,

d5(x5) = P
(
Wm1,m2+1,m3

1,m2+1,2 = x5

)
.

• Q(m1 + 1,m2,m3 + 1)

❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ ✇r✐t❡

Q(m1 + 1,m2,m3 + 1) ≈
y1∑

x1=0

y2∑

x2=0

y3∑

x3=0

y4∑

x4=0

y5∑

x5=0

(
4∏

i=1

ai

)


5∏

j=1

dj(xj)


,

✇❤❡r❡

y1 = n ∧ (m1 − 1)m2(m3 − 1)r,

y2 = (n− x1) ∧ (m1 − 1)m2r,

y3 = (n− x1) ∧m1(m2 − 1)r,

y4 = [n− x1 − (x2 ∨ x3)] ∧m2(m3 − 1)r,

y5 = [n− x1 − (x2 ∨ x3)] ∧m2(m3 − 1)r

❛♥❞

a1 = P
(
W 1,m2,1

1,1,1 ≤ n− x1 − x2 − x4

)
,

a2 = P
(
W 1,m2,m3+1

1,1,m3+1 ≤ n− x1 − x3 − x4

)
,

a3 = P
(
Wm1+1,m2,1

m1+1,1,1 ≤ n− x1 − x2 − x5

)
,

a4 = P
(
Wm1+1,m2,m3+1

m1+1,1,m3+1 ≤ n− x1 − x3 − x5

)

❛♥❞

d1(x1) = P
(
Wm1,m2,m3

2,1,2 = x1

)
,

d2(x2) = P
(
Wm1,m2,1

2,1,1 = x2

)
,

d3(x3) = P
(
Wm1,m2,m3+1

2,1,m3+1 = x3

)
,

d4(x4) = P
(
W 1,m2,m3

1,1,2 = x4

)
,

d5(x5) = P
(
Wm1+1,m2,m3

m1+1,1,2 = x5

)
.



✶✷✽ ❆♣♣❡♥❞✐① ❆✳ ❙✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧ ❢♦r ❈❤❛♣t❡r ✶

• Q(m1 + 1,m2 + 1,m3)

❆s ❜❡❢♦r❡✱

Q(m1 + 1,m2 + 1,m3) ≈
y1∑

x1=0

y2∑

x2=0

y3∑

x3=0

y4∑

x4=0

y5∑

x5=0

(
4∏

i=1

ai

)


5∏

j=1

dj(xj)


,

✇❤❡r❡

y1 = n ∧ (m1 − 1)(m2 − 1)m3r,

y2 = (n− x1) ∧ (m1 − 1)m3r,

y3 = (n− x1) ∧ (m1 − 1)m3r,

y4 = [n− x1 − (x2 ∨ x3)] ∧ (m2 − 1)m3r,

y5 = [n− x1 − (x2 ∨ x3)] ∧ (m2 − 1)m3r

❛♥❞

a1 = P
(
W 1,1,m3

1,1,1 ≤ n− x1 − x2 − x4

)
,

a2 = P
(
W 1,m2+1,m3

1,m2+1,1 ≤ n− x1 − x3 − x4

)
,

a3 = P
(
Wm1+1,1,m3

m1+1,1,1 ≤ n− x1 − x2 − x5

)
,

a4 = P
(
Wm1+1,m2+1,m3

m1+1,m2+1,1 ≤ n− x1 − x3 − x5

)

❛♥❞

d1(x1) = P
(
Wm1,m2,m3

2,2,1 = x1

)
,

d2(x2) = P
(
Wm1,1,m3

2,1,1 = x2

)
,

d3(x3) = P
(
Wm1,m2+1,m3

2,m2+1,1 = x3

)
,

d4(x4) = P
(
W 1,m2,m3

1,2,1 = x4

)
,

d5(x5) = P
(
Wm1+1,m2,m3

m1+1,2,1 = x5

)
.

• Q(m1 + 1,m2 + 1,m3 + 1)

❲❡ ❤❛✈❡

Q(m1 + 1,m2 + 1,m3 + 1) ≈
y1∑

x1=0

y2∑

x2=0

y3∑

x3=0

y4∑

x4=0

y5∑

x5=0

y6∑

x6=0

y7∑

x7=0

y8∑

x8=0

y9∑

x9=0

A1A2

×




9∏

j=1

dj(xj)


 ,



❆✳✸✳ ❙✉♣♣❧❡♠❡♥t ❢♦r ❙❡❝t✐♦♥ ✶✳✸ ✶✷✾

✇✐t❤

y1 = n ∧ (m1 − 1)(m2 − 1)(m3 − 1)r,

y2 = (n− x1) ∧ (m1 − 1)(m2 − 1)r,

y3 = (n− x1) ∧ (m1 − 1)(m2 − 1)r,

y4 = [n− x1 − (x2 ∨ x3)] ∧ (m1 − 1)(m3 − 1)r,

y5 = [n− x1 − (x2 ∨ x3)] ∧ (m1 − 1)(m3 − 1)r,

y6 = (n− x1 − x2 − x4) ∧ (m1 − 1)r,

y7 = (n− x1 − x2 − x5) ∧ (m1 − 1)r,

y8 = (n− x1 − x3 − x4) ∧ (m1 − 1)r,

y9 = (n− x1 − x3 − x5) ∧ (m1 − 1)r,

❛♥❞

d1(x1) = P
(
Wm1,m2,m3

2,2,2 = x1

)
,

d2(x2) = P
(
Wm1,m2,1

2,2,1 = x2

)
,

d3(x3) = P
(
Wm1,m2,m3+1

2,2,m3+1 = x3

)
,

d4(x4) = P
(
Wm1,1,m3

2,1,2 = x4

)
,

d5(x5) = P
(
Wm1,m2+1,m3

2,m2+1,2 = x5

)
,

d6(x6) = P
(
Wm1,1,1

2,1,1 = x6

)
,

d7(x7) = P
(
Wm1,m2+1,1

2,m2+1,1 = x7

)
,

d8(x8) = P
(
Wm1,1,m3+1

2,1,m3+1 = x8

)
,

d9(x9) = P
(
Wm1,m2+1,m3+1

2,m2+1,m3+1 = x9

)
.

❚❤❡ ✉♥❦♥♦✇♥ A1 ✐s ❝♦♠♣✉t❡❞ ❜②

A1 =

y10∑

x10=0

y11∑

x11=0

y12∑

x12=0

y13∑

x13=0

y14∑

x14=0

(
4∏

i=1

ai

)


14∏

j=10

dj(xj)


,

✇✐t❤

y10 = (n− x1 − x2 − x4 − x6) ∧ (m2 − 1)(m3 − 1)r,

y11 = [n− x1 − x4 − x10 − (x2 + x6) ∨ (x3 + x8)] ∧ (m3 − 1)r,

y12 = [n− x1 − x5 − x10 − (x2 + x7) ∨ (x3 + x9)] ∧ (m3 − 1)r,

y13 = [n− x1 − x2 − x10 − (x4 + x6) ∨ (x5 + x7)] ∧ (m2 − 1)r,

y14 = [n− x1 − x3 − x10 − (x4 + x8) ∨ (x5 + x9)] ∧ (m2 − 1)r,



✶✸✵ ❆♣♣❡♥❞✐① ❆✳ ❙✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧ ❢♦r ❈❤❛♣t❡r ✶

❛♥❞ ✇❤❡r❡

a1 = P
(
W 1,1,1

1,1,1 ≤ n− x1 − x2 − x4 − x6 − x10 − x11 − x13

)
,

a2 = P
(
W 1,1,m3+1

1,1,m3+1 ≤ n− x1 − x3 − x4 − x8 − x10 − x11 − x14

)
,

a3 = P
(
W 1,m2+1,1

1,m2+1,1 ≤ n− x1 − x2 − x5 − x7 − x10 − x12 − x13

)
,

a4 = P
(
W 1,m2+1,m3+1

1,m2+1,m3+1 ≤ n− x1 − x3 − x5 − x9 − x10 − x12 − x14

)

❛♥❞

d10(x10) = P
(
W 1,m2,m3

1,2,2 = x10

)
,

d11(x11) = P
(
W 1,1,m3

1,1,2 = x11

)
,

d12(x12) = P
(
W 1,m2+1,m3

1,m2+1,2 = x12

)
,

d13(x13) = P
(
W 1,m2,1

1,2,1 = x13

)
,

d14(x14) = P
(
W 1,m2,m3+1

1,2,m3+1 = x14

)
.

❙✐♠✐❧❛r❧②✱ t♦ ❝♦♠♣✉t❡ A2✱ ✇❡ ✉s❡

A2 =

y15∑

x15=0

y16∑

x16=0

y17∑

x17=0

y18∑

x18=0

y19∑

x19=0

(
8∏

i=5

ai

)


19∏

j=15

dj(xj)


,

✇✐t❤

y15 = (n− x1 − x2 − x4 − x6) ∧ (m2 − 1)(m3 − 1)r,

y16 = [n− x1 − x4 − x15 − (x2 + x6) ∨ (x3 + x8)] ∧ (m3 − 1)r,

y17 = [n− x1 − x5 − x15 − (x2 + x7) ∨ (x3 + x9)] ∧ (m3 − 1)r,

y18 = [n− x1 − x2 − x15 − (x4 + x6) ∨ (x5 + x7)] ∧ (m2 − 1)r,

y19 = [n− x1 − x3 − x15 − (x4 + x8) ∨ (x5 + x9)] ∧ (m2 − 1)r

❛♥❞ ✇❤❡r❡

a5 = P
(
Wm1+1,1,1

m1+1,1,1 ≤ n− x1 − x2 − x4 − x6 − x15 − x16 − x18

)
,

a6 = P
(
Wm1+1,1,m3+1

m1+1,1,m3+1 ≤ n− x1 − x3 − x4 − x8 − x15 − x16 − x19

)
,

a7 = P
(
Wm1+1,m2+1,1

m1+1,m2+1,1 ≤ n− x1 − x2 − x5 − x7 − x15 − x17 − x18

)
,

a8 = P
(
Wm1+1,m2+1,m3+1

m1+1,m2+1,m3+1 ≤ n− x1 − x3 − x5 − x9 − x15 − x17 − x19

)
,



❆✳✸✳ ❙✉♣♣❧❡♠❡♥t ❢♦r ❙❡❝t✐♦♥ ✶✳✸ ✶✸✶

❛♥❞

d15(x15) = P
(
Wm1+1,m2,m3

m1+1,2,2 = x15

)
,

d16(x16) = P
(
Wm1+1,1,m3

m1+1,1,2 = x16

)
,

d17(x17) = P
(
Wm1+1,m2+1,m3

m1+1,m2+1,2 = x17

)
,

d18(x18) = P
(
Wm1+1,m2,1

m1+1,2,1 = x18

)
,

d19(x19) = P
(
Wm1+1,m2,m3+1

m1+1,2,m3+1 = x19

)
.

❘❡♠❛r❦ ❆✳✸✳✶✳ ❚❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥s r❡♠❛✐♥ ✈❛❧✐❞ ✐♥ t❤❡ ✐✳✐✳❞✳ P♦✐ss♦♥ ♠♦❞❡❧✱

t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t t❤❡ ✉♣♣❡r ❜♦✉♥❞s t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ s✉♠s ✭t❤❡ yj✬s✮ ❞♦ ♥♦t

❝♦♥t❛✐♥ t❤❡ ♠✐♥✐♠✉♠ ♣❛rt✳ ❋♦r ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ Q(m1,m2+1,m3+1)✳

❚❤❡ ✉♣♣❡r ❜♦✉♥❞s y1 t♦ y5 t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ ❢♦r♠✉❧❛✱ ♥♦✇ ❜❡❝♦♠❡

y1 = n,

y2 = n− x1,

y3 = n− x1,

y4 = n− x1 − (x2 ∨ x3),

y5 = n− x1 − (x2 ∨ x3).





❆♣♣❡♥❞✐① ❇

❙✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧ ❢♦r

❈❤❛♣t❡r ✸

❇✳✶ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✸✳✶

❋r♦♠ t❤❡ ♠❡❛♥ ✈❛❧✉❡ t❤❡♦r❡♠ ✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s ✇❡ ❤❛✈❡

H(x1, y1)−H(x2, y2) =
∂H(x∗, y∗)

∂x
(x1 − x2) +

∂H(x∗, y∗)
∂y

(y1 − y2), ✭❇✳✶✮

✇❤❡r❡ (x∗, y∗) ✐s ❛ ♣♦✐♥t ♦♥ t❤❡ s❡❣♠❡♥t (x1, y1)− (x2, y2)✳ ◆♦t✐❝❡ t❤❛t

∂H(x, y)

∂x
=

2
[
1 + x− y + 2(x− y)2

]
− (m− 1)(2x− y) [1 + 4(x− y)]

[1 + x− y + 2(x− y)2]m
, ✭❇✳✷✮

∂H(x, y)

∂y
=

−
[
1 + x− y + 2(x− y)2

]
+ (m− 1)(2x− y) [1 + 4(x− y)]

[1 + x− y + 2(x− y)2]m
✭❇✳✸✮

❛♥❞ t❤❛t ✇❤❡♥ yi ≤ xi ❢♦r i ∈ {1, 2}✱ ✇❡ ❤❛✈❡ y∗ ≤ x∗ ✭s✐♥❝❡ ❜♦t❤ ♣♦✐♥ts✱ (x1, y1)

❛♥❞ (x2, y2)✱ ❛r❡ ❧②✐♥❣ ❜❡t✇❡❡♥ (0x ❛♥❞ t❤❡ ✜rst ❜✐s❡❝t♦r t❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r ❛♥②

♣♦✐♥t ♦♥ t❤❡ s❡❣♠❡♥t ❞❡t❡r♠✐♥❡❞ ❜② t❤❡♠✮✳ ❆♣♣❧②✐♥❣ ❇❡r♥♦✉❧❧✐ ✐♥❡q✉❛❧✐t② t♦ t❤❡

❞❡♥♦♠✐♥❛t♦r ✐♥ ❊qs✳✭❇✳✷✮ ❛♥❞ ✭❇✳✸✮

[
1 + x− y + 2(x− y)2

]m ≥ 1 + (m− 1)
[
x− y + 2(x− y)2

]
, ✭❇✳✹✮

✇❡ s❡❡✱ ❜② ❡❧❡♠❡♥t❛r② ❝❛❧❝✉❧❛t✐♦♥s ✭st✉❞② ♦❢ t❤❡ s✐❣♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❞❡❣r❡❡ 2✮✱

t❤❛t
∣∣∣∣
∂H(x, y)

∂x

∣∣∣∣ ≤ 4(x− y)2(m− 2) + (x− y) [4x(m− 1) +m− 3] + (mx− x− 2)

1 +m [x− y + 2(x− y)2]

≤
{

m− 1, ❢♦r 3 ≤ m ≤ 5

m− 2, ❢♦r m ≥ 6.
✭❇✳✺✮

■♥ t❤❡ s❛♠❡ ✇❛②✱

∣∣∣∣
∂H(x, y)

∂y

∣∣∣∣ ≤ 2(x− y)2(2m− 3) + (x− y) [4x(m− 1) +m− 2] + (mx− x− 1)

1 +m [x− y + 2(x− y)2]

≤
{

m− 1, ❢♦r 3 ≤ m ≤ 5

m− 2, ❢♦r m ≥ 6.
✭❇✳✻✮

❛♥❞ ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ ❊q✳✭❇✳✺✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ r❡q✉❡st❡❞ r❡s✉❧t✳



✶✸✹ ❆♣♣❡♥❞✐① ❇✳ ❙✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧ ❢♦r ❈❤❛♣t❡r ✸

❇✳✷ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✹✳✸

❖❜✈✐♦✉s❧②✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Yi1,...,id ❢♦❧❧♦✇ ❛ ♠✉❧t✐✈❛r✐❛t❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥

s✐♥❝❡ ❛r❡ ❡q✉❛❧✱ ❜② ❞❡✜♥✐t✐♦♥✱ ✇✐t❤ ❛ s✉♠ ♦❢ ✐✳✐✳❞ ♥♦r♠❛❧s ✭Xs1,...,sd ∼ N (µ, σ2)✱

1 ≤ sj ≤ Tj ✱ j ∈ {1, . . . , d}✮✳ ❚❤✉s✱ t❤❡ ♠❡❛♥ ✐s✱ ❝❧❡❛r❧②✱ ❡q✉❛❧ ✇✐t❤ µ̄ = m1 · · ·mdµ✳

❲❡ s❤♦✇ t❤❛t t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦r♠✉❧❛

Cov [Yi1,...,id , Yj1,...,jd ] =





(m1 − |i1 − j1|) · · · (md − |id − jd|)σ2 ✱ |is − js| < ms

s ∈ {1, . . . , d}✱
0 ✱ ♦t❤❡r✇✐s❡✳

✭❇✳✼✮

❚❛❦❡ uq = |iq − jq|✱ ❢♦r ❡❛❝❤ q ∈ {1, . . . , d}✱ ❛♥❞ ♦❜s❡r✈❡ t❤❛t ✐❢ t❤❡r❡ ✐s ❛♥ ✐♥❞❡①

r ∈ {1, . . . , d} s✉❝❤ t❤❛t ur ≥ mr✱ t❤❡♥ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Yi1,...,id ❛♥❞ Yj1,...,jd ❛r❡

✐♥❞❡♣❡♥❞❡♥t ✭t❤❡② ❞♦ ♥♦t s❤❛r❡ ❛♥② r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Xs1,...,sd✮✱ s♦ t❤❡ ❝♦✈❛r✐❛♥❝❡ ✐s

③❡r♦✳

❆ss✉♠❡ ♥♦✇ t❤❛t uq ≤ mq − 1✱ ❢♦r ❛❧❧ q ∈ {1, . . . , d}✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ t✇♦

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ Yi1,...,id ❛♥❞ Yj1,...,jd ✱ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

Yi1,...,id = Zj1,...,jd
i1,...,id

+X, ✭❇✳✽✮

Yj1,...,jd = Zj1,...,jd
i1,...,id

+ Y , ✭❇✳✾✮

✇❤❡r❡

Zj1,...,jd
i1,...,id

=

i1∧j1+m1−1∑

s1=i1∧j1+u1

· · ·
id∧jd+md−1∑

sd=id∧jd+ud

Xs1,...,sd ✭❇✳✶✵✮

❛♥❞ X = Yi1,...,id − Zj1,...,jd
i1,...,id

❛♥❞ Y = Yj1,...,jd − Zj1,...,jd
i1,...,id

✱ r❡s♣❡❝t✐✈❡❧②✳

❙✐♥❝❡ Xs1,...,sd ∼ N (µ, σ2) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ 1 ≤ sj ≤ Tj ✱ j ∈ {1, . . . , d}✱ t❤❡ r❛♥❞♦♠
✈❛r✐❛❜❧❡s Zj1,...,jd

i1,...,id
✱ X ❛♥❞ Y ❛r❡ ♣❛✐r✇✐s❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❚❤❡ r❡s✉❧t ♥♦✇ ❢♦❧❧♦✇s ❢r♦♠

t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡ ♣r♦♣❡rt②✿

❋❛❝t ❇✳✷✳✶✳ ❆ss✉♠❡ t❤❛t W1 ❛♥❞ W2 ❛r❡ t✇♦ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s s✉❝❤ t❤❛t W1 =

X+Y ✱ W2 = X+Z✱ ✇❤❡r❡ X✱ Y ❛♥❞ Z ❛r❡ ♣❛✐r✇✐s❡ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳

❚❤❡♥✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❜❡t✇❡❡♥ W1 ❛♥❞ W2 s❛t✐s✜❡s

Cov [W1,W2] = V ar [X] . ✭❇✳✶✶✮

❋r♦♠ t❤❡ ❢♦r❡❣♦✐♥❣ r❡❧❛t✐♦♥ ❛♥❞ s✐♥❝❡ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ Zj1,...,jd
i1,...,id

✐s ❣✐✈❡♥ ❜②

V ar
[
Zj1,...,jd
i1,...,id

]
= (m1 − u1) · · · (md − ud)σ

2, ✭❇✳✶✷✮

✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ✐❢ uq ≤ mq − 1 ❢♦r ❛❧❧ q ∈ {1, . . . , d}✱ t❤❡♥

Cov [Yi1,...,id , Yj1,...,jd ] = (m1 − |i1 − j1|) · · · (md − |id − jd|)σ2. ✭❇✳✶✸✮



❇✳✸✳ ❱❛❧✐❞✐t② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥ ❊①❛♠♣❧❡ ✸✳✹✳✷ ✶✸✺

❇✳✸ ❱❛❧✐❞✐t② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥ ❊①❛♠♣❧❡ ✸✳✹✳✷

❚♦ ✈❡r✐❢② t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ❜② ❬❍♦✛♠❛♥ ❛♥❞ ❘✐❜❛❦✱ ✶✾✾✶❪✱ r❡✲

❞✉❝❡s t♦ s❤♦✇ t❤❛t Wi ∼ N (µwi|t,Σwi|t)✱ ✇❤❡r❡

µwi|t = E[Wi] +
1

V ar[Zl]
Cov[Wi, Zl](t− E[Zl]), ✭❇✳✶✹✮

Σwi|t = Cov(Wi)−
1

V ar[Zl]
Cov[Wi, Zl]CovT [Wi, Zl]. ✭❇✳✶✺✮

❈❧❡❛r❧②✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥✱ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r Wi ❢♦❧❧♦✇ ❛ ♠✉❧t✐✈❛r✐❛t❡ ♥♦r♠❛❧

❞✐str✐❜✉t✐♦♥ ❛♥❞ s❛t✐s✜❡s t❤❡ r❡❧❛t✐♦♥

Wi = Wi + µwi|t − E [Wi|Zl] . ✭❇✳✶✻✮

❇② ❝♦♥❞✐t✐♦♥✐♥❣ ✇✐t❤ Zl ✐♥ ❊q✳✭❇✳✶✻✮✱ ✇❡ ❤❛✈❡

E
[
Wi|Zl

]
= E [Wi|Zl] + µwi|t − E [Wi|Zl] = µwi|t ✭❇✳✶✼✮

❤❡♥❝❡✱ ❜② t❛❦✐♥❣ t❤❡ ♠❡❛♥✱

E
[
Wi

]
= E

[
E
[
Wi|Zl

]]
= µwi|t. ✭❇✳✶✽✮

❋♦r t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✱ ✇❡ ♥♦t✐❝❡ t❤❛t

Cov
[
Wi|Zl

]
= Cov

[
Wi + µwi|t − E [Wi|Zl] |Zl

]

= Cov [Wi − E [Wi|Zl] |Zl] ✭❇✳✶✾✮

❛♥❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ (r, q) ❡❧❡♠❡♥t✱ ✇❡ ❤❛✈❡

Cov
[
Wi|Zl

]
(r, q) = E [(Zr − E [Zr|Zl]) (Zq − E [Zq|Zl]) |Zl]

− E [Zr − E [Zr|Zl] |Zl]E [Zq − E [Zq|Zl] |Zl]

= E[ZrZq|Zl]− E[Zr|Zl]E[Zq|Zl]− E[Zq|Zl]E[Zr|Zl]

+ E[Zr|Zl]E[Zq|Zl]

= E[ZrZq|Zl]− E[Zr|Zl]E[Zq|Zl] = Σwi|t(r, q), ✭❇✳✷✵✮

s✐♥❝❡ t❤❡ ♣♦st❡r✐♦r ❝♦✈❛r✐❛♥❝❡ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ s♣❡❝✐✜❝ ♦❜s❡r✈❛t✐♦♥s ❢r♦♠

❊q✳✭❇✳✶✺✮✳

❇② t❛❦✐♥❣ t❤❡ ❛✈❡r❛❣❡ ✐♥ ❊q✳✭❇✳✶✾✮ ❛♥❞ ✉s✐♥❣ t❤❡ ❧❛st r❡❧❛t✐♦♥✱ ✇❡ ❣❡t

Cov
[
Wi

]
= Σwi|t. ✭❇✳✷✶✮

❇✳✹ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✹✳✹

❚❤❡ r❡s✉❧t ✐♥ ▲❡♠♠❛ ✸✳✹✳✹ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✭❜②

❛♥ ❡①t❡♥s✐♦♥ t♦ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✮✿



✶✸✻ ❆♣♣❡♥❞✐① ❇✳ ❙✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧ ❢♦r ❈❤❛♣t❡r ✸

Pr♦♣♦s✐t✐♦♥ ❇✳✹✳✶✳ ▲❡t 2 ≤ m ≤ N − 1 ❜❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ❛♥❞ X1, . . . , XN ❜❡

✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ♠❡❛♥ µ ❛♥❞

✈❛r✐❛♥❝❡ σ2✳ ■❢ i ∈ {1, . . . , N −m + 1}✱ t❤❡♥ ❝♦♥❞✐t✐♦♥❛❧❧② ❣✐✈❡♥
i+m−1∑

j=i

Xj = t✱ t❤❡

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Xs✱ s 6= i✱ ❛r❡ ❥♦✐♥t❧② ❞✐str✐❜✉t❡❞ ❛s t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

X̃s =


 t− µ

√
m

m
− 1

m− 1

(
1− 1√

m

)


i+m−1∑

j=i+1

Xj




1{i+1,...,i+m−1}(s) +Xs,

✭❇✳✷✷✮

✇❤❡r❡ 1A(x) ✐s t❤❡ ✐♥❞✐❝❛t♦r ♦❢ t❤❡ s❡t A✱ ✐✳❡✳ 1A(x) = 1 ✐❢ x ∈ A ❛♥❞ ③❡r♦ ♦t❤❡r✇✐s❡✳

❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ r❡s✉❧t ❢♦r st❛♥❞❛r❞ ♥♦r♠❛❧ ✭Xj ∼ N (0, 1)✮ r❛♥❞♦♠

✈❛r✐❛❜❧❡s✱ s✐♥❝❡ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✇✐❧❧ ❜❡ str❛✐❣❤t❢♦r✇❛r❞ ❛❢t❡r t❤❡ ✉s✉❛❧ ❝❤❛♥❣❡ ♦❢

✈❛r✐❛❜❧❡ Xj → µ+ σXj ✳

❚❤✉s✱ ✇❡ ❝♦♥s✐❞❡r X1, . . . , XN ❜❡ ✐✳✐✳❞✳ st❛♥❞❛r❞ ♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛♥❞ ✇❡

✇❛♥t t♦ s❤♦✇ t❤❛t

X̃s =


 t

m
− 1

m− 1

(
1− 1√

m

)


i+m−1∑

j=i+1

Xj




1{i+1,...,i+m−1}(s) +Xs, ✭❇✳✷✸✮

❛r❡ ❥♦✐♥t❧② ❞✐str✐❜✉t❡❞ ❛s



(X1, . . . , Xi−1, Xi+1, . . . , XN ) |

i+m−1∑

j=i

Xj = t



✳

❚♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥s✱ ❧❡t f
X̃

❛♥❞ gX ❜❡ t❤❡ ❥♦✐♥t ❞❡♥s✐t② ❢✉♥❝t✐♦♥s ❝♦rr❡✲

s♣♦♥❞✐♥❣ t♦ t❤❡ r❛♥❞♦♠ ✈❡❝t♦rs X̃ =
(
X̃1, . . . , X̃i−1, X̃i+1, . . . , X̃N

)
❛♥❞ X =

(X1, . . . , Xi−1, Xi+1, . . . , XN )✱ r❡s♣❡❝t✐✈❡❧②✳ ❆❧s♦✱ ❞❡♥♦t❡ ❜② Φ(x) t❤❡ ❞❡♥s✐t② ❢✉♥❝✲

t✐♦♥ ♦❢ ❛ st❛♥❞❛r❞ ♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳

❇② t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ✐♥ N − 1 ❞✐♠❡♥s✐♦♥s ❢♦r♠✉❧❛✱ ✇❡ ❤❛✈❡

f
X̃
(u1, . . . , ui−1, ui+1, . . . , uN ) = gX

(
h−1(u1, . . . , ui−1, ui+1, . . . , uN )

)
|det(Jh−1)| ,

✭❇✳✷✹✮

✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ h ✐s ❣✐✈❡♥ ❜②

h(v1, . . . , vi−1, vi+1, . . . , vN ) =


v1, . . . , vi−1, α− β




i+m−1∑

j=i+1

vj


+ vi+1, . . . ,

α− β




i+m−1∑

j=i+1

vj


+ vi+m−1, vi+m, . . . , vN


 , ✭❇✳✷✺✮

✇✐t❤ α = t
m ✱ β = 1

m−1

(
1− 1√

m

)
❛♥❞ ✇❤❡r❡ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ h−1 ✐s ❡q✉❛❧

✇✐t❤

Jh−1(x) =
∂h−1

∂u
(x). ✭❇✳✷✻✮



❇✳✹✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✹✳✹ ✶✸✼

❋r♦♠ ❊q✳✭❇✳✷✺✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t h−1 ❤❛s t❤❡ ❢♦r♠

h−1 (u1 , . . . , ui−1, ui+1, . . . , uN ) =


u1, . . . , ui−1,−

t√
m

+
1√

m+ 1




i+m−1∑

j=i+1

uj




+ui+1, . . . ,−
t√
m

+
1√

m+ 1




i+m−1∑

j=i+1

uj


+ ui+m−1, ui+m, . . . , uN


 ,

✭❇✳✷✼✮

❤❡♥❝❡✱ ❜② s✐♠♣❧❡ ❝❛❧❝✉❧❛t✐♦♥s✱ t❤❡ ❏❛❝♦❜✐❛♥ ✐s ❡q✉❛❧ ✇✐t❤

|det(Jh−1)| =
√
m. ✭❇✳✷✽✮

❙✐♥❝❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s X1, . . . , XN ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ t❤❡ ❥♦✐♥t ❞❡♥s✐t② ❢✉♥❝t✐♦♥

gX ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ st❛♥❞❛r❞ ♥♦r♠❛❧ ❞❡♥s✐t✐❡s✱ t❤❛t ✐s

gX(v1, . . . , vi−1, vi+1, . . . , vN ) = Φ(v1) . . .Φ(vi−1)Φ(vi+1) . . .Φ(vN ), ✭❇✳✷✾✮

t❤✉s✱ ❢r♦♠ ❊qs✳✭❇✳✷✹✮✱ ✭❇✳✷✼✮ ❛♥❞ ✭❇✳✷✽✮✱ ✇❡ ♦❜t❛✐♥

f
X̃
(u1, . . . , ui−1, ui+1, . . . , uN ) =

√
mΦ(u1) . . .Φ(ui−1)Φ(ui+m) . . .Φ(uN )

×
i+m−1∏

s=i+1

Φ


− t√

m
+

1√
m+ 1




i+m−1∑

j=i+1

uj


+ us


.

✭❇✳✸✵✮

❚❛❦✐♥❣ t❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡ ❥♦✐♥t ❞❡♥s✐t② ❢✉♥❝t✐♦♥ f
X̃

✭❞❡♥♦t❡❞ ✇✐t❤ Exp
(
f
X̃

)
✮✱ ✇❡

❝❛♥ ✇r✐t❡

Exp
(
f
X̃

)
= −1

2




N∑

s=1
s 6∈{i,...,i+m−1}

u2s +
i+m−1∑

s=i+1


us −

t√
m

+
1√

m+ 1




i+m−1∑

j=i+1

uj






2

 .

✭❇✳✸✶✮

❲❡ ❤❛✈❡✱ ❜② ❞❡♥♦t✐♥❣ ✇✐t❤ S =
i+m−1∑

s=i+1


us −

t√
m

+
1√

m+ 1




i+m−1∑

j=i+1

uj






2

❛♥❞

✇✐t❤ A =
i+m−1∑

j=i+1

uj ✱

S =
i+m−1∑

s=i+1

[
us −

t√
m(

√
m+ 1)

+
1√

m+ 1
(A− t)

]2

=
i+m−1∑

s=i+1

[(
us −

t√
m(

√
m+ 1)

)2

+
2(A− t)√
m+ 1

(
us −

t√
m(

√
m+ 1)

)
+

(A− t)2

(
√
m+ 1)2

]
.

✭❇✳✸✷✮



✶✸✽ ❆♣♣❡♥❞✐① ❇✳ ❙✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧ ❢♦r ❈❤❛♣t❡r ✸

❙✐♥❝❡
i+m−1∑

s=i+1

(A− t)2

(
√
m+ 1)

=

√
m− 1√
m+ 1

(A− t)2, ✭❇✳✸✸✮

i+m−1∑

s=i+1

2(A− t)√
m+ 1

(
us −

t√
m(

√
m+ 1)

)
=

2(A− t)2√
m+ 1

+
2t(A− t)√
m(

√
m+ 1)

✭❇✳✸✹✮

❛♥❞

i+m−1∑

s=i+1

(
us −

t√
m(

√
m+ 1)

)2

=
i+m−1∑

s=i+1

u2s−
2t(A− t)√
m(

√
m+ 1)

+
t2(

√
m− 1)√

m(
√
m+ 1)

, ✭❇✳✸✺✮

✇❡ ❞❡❞✉❝❡✱ ❜② s✉❜st✐t✉t✐♥❣ ❊qs✳✭❇✳✸✸✮✱ ✭❇✳✸✹✮ ❛♥❞ ✭❇✳✸✺✮ ✐♥ ❊q✳✭❇✳✸✷✮ ✱ t❤❛t

S =
i+m−1∑

s=i+1

u2s +




i+m−1∑

j=i+1

uj − t




2

− t2

m
, ✭❇✳✸✻✮

s♦ ❡①♣♦♥❡♥t Exp
(
f
X̃

)
❜❡❝♦♠❡s

Exp
(
f
X̃

)
= −1

2




N∑

s=1

u2s +




i+m−1∑

j=i+1

uj − t




2

− t2

m


 . ✭❇✳✸✼✮

❈♦♠❜✐♥✐♥❣ ❊qs✳✭❇✳✸✵✮ ❛♥❞ ✭❇✳✸✼✮✱ ✇❡ ❣❡t t❤❛t t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ f
X̃

✐s ❣✐✈❡♥ ❜②

f
X̃
(u1, . . . , ui−1, ui+1, . . . , uN ) =

√
m

(
1√
2π

)N−1

eExp(f
X̃
). ✭❇✳✸✽✮

❲❡ ♥♦t❡ t❤❛t t❤❡ ❥♦✐♥t ❞❡♥s✐t② ❢✉♥❝t✐♦♥ f̄ ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s Xs✱ s 6= i✱ ❝♦♥❞✐✲

t✐♦♥❛❧❧② ❣✐✈❡♥
i+m−1∑

j=i

Xj = t✱ ✐s ❜② ❞❡✜♥✐t✐♦♥

f̄(y1, . . . , yi−1, yi+1, . . . , yN ) =
f1(y1, . . . , yi−1, t, yi+1, . . . , yN )

f2(t)
, ✭❇✳✸✾✮

✇❤❡r❡ f1 ✐s t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢


X1, . . . , Xi−1,

i+m−1∑

j=i

Xj , Xi+1, . . . , XN


 ❛♥❞ f2

✐s t❤❡ ❞❡♥s✐t② ♦❢
i+m−1∑

j=i

Xj ✳ ❙✐♥❝❡
i+m−1∑

j=i

Xj ∼ N (0,m)✱ ✇❡ ❤❛✈❡

f2(t) =
1√
2πm

e−
t2

2m . ✭❇✳✹✵✮

❚❤❡ ❞❡♥s✐t② f1 ✐s ❣✐✈❡♥ ❜②✱ ❛❢t❡r ❛♣♣❧②✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✱

f1(y1, . . . , yi−1, t, yi+1, . . . , yN ) = ḡ(h̄−1(y1, . . . , yN )) |det(Jh̄−1)| , ✭❇✳✹✶✮



❇✳✹✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✹✳✹ ✶✸✾

✇❤❡r❡ ḡ ✐s t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ✈❡❝t♦r (X1, . . . , XN ) ❛♥❞

h̄−1(y1, . . . , yN ) =


y1, . . . , yi−1, yi −

i+m−1∑

j=i+1

yj , yi+1, . . . , yN


 . ✭❇✳✹✷✮

❲❡ ❝❛♥ ❡❛s✐❧② s❡❡ t❤❛t |det(Jh̄−1)| = 1 ❛♥❞✱ ❢r♦♠ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ Xs✱

ḡ(v1, . . . , vN ) = Φ(v1) . . .Φ(vN ). ✭❇✳✹✸✮

❙✉❜st✐t✉t✐♥❣ ❊qs✳✭❇✳✹✵✮✲✭❇✳✹✸✮ ✐♥ ✭❇✳✸✾✮✱ ✇❡ ♦❜t❛✐♥

f̄ =

Φ(y1) . . .Φ(yi−1)Φ


t−

i+m−1∑

j=i+1

yj


Φ(yi+1) . . .Φ(yN )

1√
2πm

e−
t2

2m

=
√
m

(
1√
2π

)N−1

e

− 1
2











N∑

s=1

y2s +




i+m−1∑

j=i+1

yj − t




2

− t2

m











, ✭❇✳✹✹✮

✇❤✐❝❤ ✐s ❡①❛❝t❧② t❤❡ ❢♦r♠✉❧❛ ✐♥ ❊q✳✭❇✳✸✽✮✱ ✇❤❛t ✇❡ ♥❡❡❞❡❞ t♦ s❤♦✇✳

❘❡♠❛r❦ ❇✳✹✳✷✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t✐❝❡ t❤❛t t❤❡ r❡s✉❧t ✐♥ Pr♦♣♦s✐t✐♦♥ ❇✳✹✳✶ ❝❛♥

❜❡ ❣❡♥❡r❛❧✐③❡❞ ❜② ❝♦♥❞✐t✐♦♥✐♥❣ ✇✐t❤ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ✐♥st❡❛❞ ♦❢ ❥✉st t❤❡ s✉♠✳ ❚❤❡

♣r♦♦❢ ❢♦❧❧♦✇s t❤❡ ❧✐♥❡s ♦❢ t❤❡ ❛❜♦✈❡ ♣r♦♦❢ ❛♥❞ ✇❡ ✇✐❧❧ ♦♠✐t ✐t✳





❆♣♣❡♥❞✐① ❈

❆ ▼❛t❧❛❜ ❣r❛♣❤✐❝❛❧ ✉s❡r ✐♥t❡r❢❛❝❡

❢♦r ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s

❲❡ ♣r❡s❡♥t ❤❡r❡ ❛ ❣r❛♣❤✐❝❛❧ ✉s❡r ✐♥t❡r❢❛❝❡ ✭●❯■✮✱ ❞❡✈❡❧♦♣❡❞ ✐♥ ▼❛t❧❛❜❘©✱ t❤❛t ♣❡r✲

♠✐ts t♦ ❡st✐♠❛t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ❢♦r ❞✐✛❡r❡♥t s❝❡♥❛r✲

✐♦s✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ●❯■ ❛♣♣❧✐❝❛t✐♦♥ ✐s t♦ ✐❧❧✉str❛t❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❡①✐st✐♥❣

♠❡t❤♦❞s ✉s❡❞ ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❝❡ss ♦❢ t❤❡ s❝❛♥ st❛t✐st✐❝ ✈❛r✐❛❜❧❡✳ ❲❡ ❝♦♥✲

s✐❞❡r t❤❡ ❝❛s❡s ♦❢ ♦♥❡✱ t✇♦ ❛♥❞ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s ♦✈❡r ❛ r❛♥❞♦♠ ✜❡❧❞

❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❇❡r♥♦✉❧❧✐✱ ❜✐♥♦♠✐❛❧✱ P♦✐ss♦♥ ♦r ●❛✉ss✐❛♥ ❧❛✇✳ ■♥ t❤❡ ♣❛r✲

t✐❝✉❧❛r s✐t✉❛t✐♦♥ ♦❢ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s❝❛♥ st❛t✐st✐❝s✱ ✇❡ ❤❛✈❡ ❛❧s♦ ✐♥❝❧✉❞❡❞ ❛ ♠♦✈✐♥❣

❛✈❡r❛❣❡ ♦❢ ♦r❞❡r q ♠♦❞❡❧✳

❲❡ s❤♦✉❧❞ ❡♠♣❤❛s✐③❡ t❤❛t ❛❧♠♦st ❛❧❧ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✐♥❝❧✉❞❡❞ ✐♥ t❤✐s t❤❡s✐s

✇❡r❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤✐s ●❯■ ♣r♦❣r❛♠✳

❈✳✶ ❍♦✇ t♦ ✉s❡ t❤❡ ✐♥t❡r❢❛❝❡

✭❛✮ ❚❤❡ ■♥♣✉t ❲✐♥❞♦✇ ✭❜✮ ❚❤❡ ❖✉t♣✉t ❲✐♥❞♦✇

❋✐❣✉r❡ ❈✳✶✿ ❚❤❡ ❙❝❛♥ ❙t❛t✐st✐❝s ❙✐♠✉❧❛t♦r ●❯■



✶✹✷ ❆♣♣❡♥❞✐① ❈✳ ▼❛t❧❛❜ ●❯■ ❢♦r ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s

❖♥❝❡ t❤❡ ♣r♦❣r❛♠ ✐s ❡①❡❝✉t❡❞✱ t❤❡ ✉s❡r ✐♥t❡r❢❛❝❡ ✇✐♥❞♦✇ ❢r♦♠ ❋✐❣✉r❡ ❈✳✶✭❛✮ ❛♣♣❡❛rs✳

❚❤✐s ✇✐♥❞♦✇✱ ❞❡♥♦t❡❞ ✐♥ t❤❡ s✉❜s❡q✉❡♥t ❛s ■♥♣✉t ❲✐♥❞♦✇✱ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ t❤r❡❡ ♠❛✐♥

♣❛♥❡❧s✿ ▼♦❞❡❧✱ P❛r❛♠❡t❡rs ❛♥❞ ❖♣t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ✐♥t❡r❝♦♥♥❡❝t❡❞✳ ❚❤❡ ❖♣t✐♦♥s

♣❛♥❡❧ ❜❡❝♦♠❡s ❛❝t✐✈❡ ♦♥❧② ❛❢t❡r t❤❡ ✜rst t✇♦ ♣❛♥❡❧s ❛r❡ ❝♦rr❡❝t❧② ✜❧❧❡❞ ✐♥✱ t❤❡ s❛♠❡

❜❡✐♥❣ tr✉❡ ❢♦r t❤❡ ❈♦♠♣✉t❛t✐♦♥ ❇✉tt♦♥✳

❋r♦♠ t❤❡ ▼♦❞❡❧ s❡❝t✐♦♥✱ t❤❡ ✉s❡r ❝❛♥ ❝❤♦♦s❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ t❤❛t ♥❡❡❞s t♦ ❜❡ ❡✈❛❧✉❛t❡❞✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡ ✐❧❧✉str❛t❡s

t❤❡ ❛✈❛✐❧❛❜❧❡ ♦♣t✐♦♥s ❢♦r ❡❛❝❤ ❞✐♠❡♥s✐♦♥✳

1 ❞✐♠❡♥s✐♦♥❛❧ 2 ❞✐♠❡♥s✐♦♥❛❧ 3 ❞✐♠❡♥s✐♦♥❛❧

❇❡r♥♦✉❧❧✐
√ √ √

❇✐♥♦♠✐❛❧
√ √ √

P♦✐ss♦♥
√ √ √

●❛✉ss✐❛♥
√ √ √

▼♦✈✐♥❣ ❆✈❡r❛❣❡
√

❚❛❜❧❡ ❈✳✶✿ ❙❝❛♥ ❉✐♠❡♥s✐♦♥ ✈❡rs✉s ❘❛♥❞♦♠ ❋✐❡❧❞

❇❛s❡❞ ♦♥ t❤❡ ✈❛❧✉❡s s❡❧❡❝t❡❞ ❢♦r t❤❡ ❙❝❛♥ ❉✐♠❡♥s✐♦♥✱ t❤❡ ✜rst s❡❝t✐♦♥ ♦❢ t❤❡ P❛✲

r❛♠❡t❡rs ♣❛♥❡❧ ❛❝t✐✈❛t❡s ❛❝❝♦r❞✐♥❣❧②✳ ❚❤❡ ✜rst ❧✐♥❡ ❣✐✈❡s t❤❡ s✐③❡ ♦❢ t❤❡ r❡❣✐♦♥ t♦ ❜❡

s❝❛♥♥❡❞ ✭❛t ♠♦st N1 ×N2 ×N3✮✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❧✐♥❡ s❤♦✇s t❤❡ s✐③❡ ♦❢ t❤❡ s❝❛♥✲

♥✐♥❣ ✇✐♥❞♦✇✳ ❚❤❡ ❘❛♥❞♦♠ ❋✐❡❧❞ P❛r❛♠❡t❡rs s❡❝t✐♦♥ ❝❤❛♥❣❡ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡

s❡❧❡❝t✐♦♥ ♠❛❞❡ ✐♥ t❤❡ ❘❛♥❞♦♠ ❋✐❡❧❞ ♣❛♥❡❧✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ✇❡ s❡❧❡❝t t❤❡ ❇❡r♥♦✉❧❧✐

❞✐str✐❜✉t✐♦♥✱ t❤❡♥ ✇❡ ❣❡t t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ✐♥s❡rt ♦♥❧② t❤❡ s✉❝❝❡ss ♣r♦❜❛❜✐❧✐t② ✈❛❧✉❡

p✳

■❢ ❛❧❧ t❤❡ ✈❛❧✉❡s ✐♥ t❤❡ P❛r❛♠❡t❡rs ♣❛♥❡❧ ❛r❡ ❝♦rr❡❝t❧② ✐♥s❡rt❡❞✱ t❤❡ ❖♣t✐♦♥s ♣❛♥❡❧ ✐s

❛❝t✐✈❛t❡❞✳ ❚❤✐s ♣❛♥❡❧ ✐s ❝♦♠♣♦s❡❞ ♦❢ t❤r❡❡ s❡❝t✐♦♥s✿ ▼❛r❣✐♥s✱ ◆✉♠❜❡r ♦❢ ■t❡r❛t✐♦♥s

❛♥❞ ▼❡t❤♦❞s✳ ■♥ t❤❡ ▼❛r❣✐♥s s❡❝t✐♦♥✱ ✇❡ ✐♥s❡rt t❤❡ ✈❛❧✉❡s ✐♥✲❜❡t✇❡❡♥ ✇❡ ♥❡❡❞ t♦

❡✈❛❧✉❛t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ k1 = 1 ❛♥❞

k2 = 4✱ t❤❡ ❞✐str✐❜✉t✐♦♥ P (Sm(T) ≤ k) ✐s ❝♦♠♣✉t❡❞ ❢♦r k ∈ {1, 2, 3, 4}✳ ■♥ t❤❡ ❝❛s❡

♦❢ ❛ ●❛✉ss✐❛♥ ♠♦❞❡❧✱ ✇❡ ❛❧s♦ ❝❛♥ ❝❤♦♦s❡ t❤❡ st❡♣✳ ❆s t❤❡ ♥❛♠❡ ♠❡♥t✐♦♥✱ t❤❡ ◆✉♠❜❡r

♦❢ ■t❡r❛t✐♦♥s s❡❝t✐♦♥ ♣❡r♠✐ts t❤❡ ✉s❡r t♦ s❡❧❡❝t t❤❡ ♥✉♠❜❡r ♦❢ r❡♣❧✐❝❛t✐♦♥s ♥❡❡❞❡❞ t♦

r✉♥ t❤❡ ❛❧❣♦r✐t❤♠s ❢♦r ❜♦t❤ s✐♠✉❧❛t✐♦♥ ✭■t❡r❙✐♠✮ ♦r ❛♣♣r♦①✐♠❛t✐♦♥ ✭■t❡r❆♣♣✮✳

❚❤❡ ▼❡t❤♦❞s s❡❝t✐♦♥ ✐s ♣r♦❜❛❜❧② t❤❡ ♠♦st ✐♠♣♦rt❛♥t✳ ❚❤✐s s❡❝t✐♦♥ ❧❡ts t❤❡ ✉s❡r

t♦ ❝❤♦♦s❡ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♠❡t❤♦❞s ✉s❡❞ ✐♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ s❝❛♥ st❛t✐st✐❝s ❞✐s✲

tr✐❜✉t✐♦♥✳ ❚❤❡r❡ ❛r❡ t✇♦ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞s✱ t❤❡ ❍❛✐♠❛♥ t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥

❞❡✈❡❧♦♣❡❞ ✐♥ ❈❤❛♣t❡r ✸ ❛♥❞ t❤❡ ♣r♦❞✉❝t t②♣❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣✲

t❡r ✶✱ ❛ ♠❡t❤♦❞ ✉s❡❞ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❧♦✇❡r ❛♥❞ ✉♣♣❡r

❜♦✉♥❞s ✭✇❤❡♥ t❤❡r❡ ❛r❡ ❛✈❛✐❧❛❜❧❡✮✳ ❋♦r t❤❡ s✐♠✉❧❛t❡❞ ✈❛❧✉❡ ❛♥❞ t❤❡ ❍❛✐♠❛♥ t②♣❡

❛♣♣r♦①✐♠❛t✐♦♥ ✇❡ ✉s❡❞ t❤❡ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ❛❧❣♦r✐t❤♠s ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✸✳

❚❛❜❧❡ ❈✳✷ s✉♠♠❛r✐③❡s t❤❡ ❛♣♣r♦❛❝❤❡s ✉s❡❞ ❢♦r ❡✈❛❧✉❛t✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡

❞✐s❝r❡t❡ s❝❛♥ st❛t✐st✐❝s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ♣r♦❣r❛♠✳

❆s s♦♦♥ ❛s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❜✉tt♦♥ ✐s ♣✉s❤❡❞ ❛♥❞ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ❞♦♥❡✱ ❛

s❡❝♦♥❞ ✇✐♥❞♦✇ ♣♦♣s✲✉♣✱ ♥❛♠❡❧② t❤❡ ❖✉t♣✉t ❲✐♥❞♦✇✳ ❚❤✐s ✇✐♥❞♦✇✱ ❛s ✇❡ ❝❛♥ s❡❡



❈✳✷✳ ❋✉t✉r❡ ❞❡✈❡❧♦♣♠❡♥ts ✶✹✸

AppH Esapp Esf AppPT LowB UppB

1d ❊q✳✭✸✳✾✶✮ ❊q✳✭✸✳✾✷✮ ✕ ❊q✳✭✶✳✹✻✮ ❊q✳✭✶✳✹✼✮ ❊q✳✭✶✳✹✾✮
❇❡r♥♦✉❧❧✐ 2d ❊q✳✭✸✳✾✺✮ ❊q✳✭✸✳✾✻✮ ❊q✳✭✸✳✾✼✮ ❊q✳✭✶✳✻✼✮ ❊q✳✭✶✳✼✻✮ ❊q✳✭✶✳✼✼✮

3d ❊q✳✭✸✳✾✾✮ ❊q✳✭✸✳✶✵✶✮ ❊q✳✭✸✳✶✵✵✮ ❊q✳✭✶✳✽✼✮ ✕ ✕

1d ❊q✳✭✸✳✾✶✮ ❊q✳✭✸✳✾✸✮ ❊q✳✭✸✳✾✹✮ ❊q✳✭✶✳✹✻✮ ❊q✳✭✶✳✹✼✮ ❊q✳✭✶✳✹✾✮
❇✐♥♦♠✐❛❧ 2d ❊q✳✭✸✳✾✺✮ ❊q✳✭✸✳✾✻✮ ❊q✳✭✸✳✾✼✮ ❊q✳✭✶✳✻✼✮ ❊q✳✭✶✳✼✻✮ ❊q✳✭✶✳✼✼✮

3d ❊q✳✭✸✳✾✾✮ ❊q✳✭✸✳✶✵✶✮ ❊q✳✭✸✳✶✵✵✮ ❊q✳✭✶✳✽✼✮ ✕ ✕

1d ❊q✳✭✸✳✾✶✮ ❊q✳✭✸✳✾✸✮ ❊q✳✭✸✳✾✹✮ ❊q✳✭✶✳✹✻✮ ❊q✳✭✶✳✹✼✮ ❊q✳✭✶✳✹✾✮
P♦✐ss♦♥ 2d ❊q✳✭✸✳✾✺✮ ❊q✳✭✸✳✾✻✮ ❊q✳✭✸✳✾✼✮ ❊q✳✭✶✳✻✼✮ ❊q✳✭✶✳✼✻✮ ❊q✳✭✶✳✼✼✮

3d ❊q✳✭✸✳✾✾✮ ❊q✳✭✸✳✶✵✶✮ ❊q✳✭✸✳✶✵✵✮ ❊q✳✭✶✳✽✼✮ ✕ ✕

1d ❊q✳✭✸✳✾✶✮ ❊q✳✭✸✳✾✸✮ ❊q✳✭✸✳✾✹✮ ❊q✳✭✶✳✹✻✮ ❊q✳✭✶✳✹✼✮ ❊q✳✭✶✳✹✾✮
●❛✉ss✐❛♥ 2d ❊q✳✭✸✳✾✺✮ ❊q✳✭✸✳✾✻✮ ❊q✳✭✸✳✾✼✮ ❊q✳✭✶✳✻✼✮ ❊q✳✭✶✳✼✻✮ ❊q✳✭✶✳✼✼✮

3d ❊q✳✭✸✳✾✾✮ ❊q✳✭✸✳✶✵✶✮ ❊q✳✭✸✳✶✵✵✮ ❊q✳✭✶✳✽✼✮ ✕ ✕

▼♦✈✐♥❣ 1d ❊q✳✭✸✳✾✶✮ ❊q✳✭✹✳✷✵✮ ❊q✳✭✹✳✷✸✮ ❊q✳✭✶✳✹✻✮ ❊q✳✭✹✳✸✺✮ ❊q✳✭✹✳✸✻✮
❆✈❡r❛❣❡

❚❛❜❧❡ ❈✳✷✿ ❘❡❧❛t✐♦♥s ✉s❡❞ ❢♦r ❡st✐♠❛t✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❝❛♥ st❛t✐st✐❝s

❢r♦♠ ❋✐❣✉r❡ ❈✳✶✭❜✮✱ ✐s ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ t✇♦ ♣❛rts✿ P❧♦ts ❛♥❞ ❘❡s✉❧ts✳

❚❤❡ P❧♦ts s❡❝t✐♦♥ ✐s ❞✐✈✐❞❡❞ ✐♥ t❤r❡❡ s✉❜s❡❝t✐♦♥s✿ ❆①❡s✱ ❖♣t✐♦♥s ❛♥❞ ❙t❛t✉s✳ ❚❤❡

♠❛✐♥ ♣❛rt ✭t❤❡ ❆①❡s✮ s❤♦✇s t❤❡ ❣r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s

s❡❧❡❝t❡❞ ❢r♦♠ t❤❡ ❖♣t✐♦♥ ♣❛♥❡❧✳ ❚❤❡ ✜❣✉r❡ ✐s ♣❧♦tt❡❞ ✐♥ ❛❝❝♦r❞❛♥❝❡ t♦ t❤❡ ❣✐✈❡♥

❝♦♠♣✉t❛t✐♦♥ ♣❛r❛♠❡t❡rs ✭❜♦✉♥❞s✱ ♠❡t❤♦❞s✱ ❡t❝✳✮ ❢r♦♠ t❤❡ ■♥♣✉t ❲✐♥❞♦✇✳

❚❤❡ ❖♣t✐♦♥s ♣❛♥❡❧ ✐s ✐♥ ♦♥❡ t♦ ♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ t❤❡ ▼❡t❤♦❞s ♣❛♥❡❧ ❢r♦♠

t❤❡ ■♥♣✉t ❲✐♥❞♦✇✳ ◆♦t✐❝❡ t❤❛t t❤❡r❡ ❛r❡ ❛❝t✐✈❡ ♦♥❧② t❤❡ ♦♣t✐♦♥s t❤❛t ❛r❡ ❝♦♥❢♦r♠

t♦ t❤❡ ♠❡t❤♦❞s ♣r❡✈✐♦✉s❧② s❡❧❡❝t❡❞ ❜② t❤❡ ✉s❡r✳ ❇② ❝❤❡❝❦✐♥❣ ❛♥ ❛❝t✐✈❡ ♦♣t✐♦♥✱ ♦♥

t❤❡ ❆①❡s ♣❛♥❡❧ ✐t ✐s ❞r❛✇♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♠❡t❤♦❞✳

❲❡ s❤♦✉❧❞ ♠❡♥t✐♦♥ t❤❛t t❤❡ ♦❜t❛✐♥❡❞ ✐♠❛❣❡ ❝❛♥ ❜❡ s❛✈❡❞✱ ❜② r✐❣❤t ❝❧✐❝❦✐♥❣ ♦♥ t❤❡

✜❣✉r❡✱ ✐♥ s❡✈❡r❛❧ ❢♦r♠❛ts✿ ✳❜♠♣✱ ✳❥♣❡❣✱ ✳♣♥❣ ♦r ✳♣❞❢✳

❖♥ t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ ❖✉t♣✉t ❲✐♥❞♦✇✱ t❤❡ ✉s❡r ❝❛♥ ✜♥❞ t❤❡ ❘❡s✉❧ts ♣❛♥❡❧✳ ❍❡r❡

✐t ✐s ❞✐s♣❧❛②❡❞ t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❛❧❣♦r✐t❤♠s✳ ❚❤❡ t❛❜❧❡

❝♦♥t❛✐♥s✱ ❢♦r ❡❛❝❤ ♠❡t❤♦❞ s❡❧❡❝t❡❞ ❜② t❤❡ ✉s❡r✱ ❛ ❞✐✛❡r❡♥t ♥✉♠❜❡r ♦❢ ❝♦❧✉♠♥s ❛s
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❝❛♣t✐♦♥✱ ❢♦r t❤❡ ▲♦✇❡r ❛♥❞ ❯♣♣❡r ❇♦✉♥❞s ♠❡t❤♦❞ t✇♦ ❝♦❧✉♠♥s ❡♥t✐t❧❡❞ ✧▲♦✇❇✧ ❛♥❞

✧❯♣♣❇✧✱ ❢♦r t❤❡ ■♠♣♦rt❛♥❝❡ ❙❛♠♣❧✐♥❣ ❙✐♠✉❧❛t✐♦♥ ♠❡t❤♦❞ t✇♦ ❝♦❧✉♠♥s ✧❙✐♠✧ ❛♥❞

✧❊rr❙✐♠✧ ✭t❤❡ s✐♠✉❧❛t✐♦♥ ❡rr♦r✮ ❛♥❞ ❢♦r t❤❡ ❍❛✐♠❛♥ ❚②♣❡ ❆♣♣r♦①✐♠❛t✐♦♥ ✭■❙✮ ❢♦✉r

❝♦❧✉♠♥s ✧❆♣♣❍✧✱ ✧❊s❛♣♣❍✧✱ ✧❊s❢❍✧ ❛♥❞ ✧❊t♦t❛❧❍✧ ✭t❤❡s❡ ❝❛♣t✐♦♥s ❝♦rr❡s♣♦♥❞s

t♦ ❆♣♣r♦①✐♠❛t✐♦♥✱ ❆♣♣r♦①✐♠❛t✐♦♥ ❊rr♦r✱ ❙✐♠✉❧❛t✐♦♥ ❊rr♦r✱ ❚♦t❛❧ ❊rr♦r❀ ❢♦r ♠♦r❡
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