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Résumé

Dans cette thése nous obtenons des approximations et les erreurs associées pour la
distribution de la statistique de scan discréte multi-dimensionnelle. La statistique
de scan est vue comme le maximum d’une suite de variables aléatoires station-
naires 1-dépendante. Dans ce cadre, nous présentons un nouveau résultat pour
I'approximation de la distribution de 'extremum d’une suite de variables aléatoire
stationnaire 1-dépendante, avec des conditions d’application plus larges et des er-
reurs d’approximations plus petites par rapport aux résultats existants en littéra-
ture. Ce résultat est utilisé ensuite pour 'approximation de la distribution de la
statistique de scan. L’intérét de cette approche par rapport aux techniques exis-
tantes en littérature est du & la précision d’une erreur d’approximation, d’une part,
et de son applicabilité qui ne dépend pas de la distribution du champ aléatoire
sous-adjacent aux données, d’autre part.

Les modéles considérés dans ce travail sont le modéle i.i.d et le modéle de dépen-
dance de type block-factor.

Pour la modélisation i.i.d. les résultats sont détaillés pour la statistique de scan
uni, bi et tri-dimensionnelle. Un algorithme de simulation de type "importance
sampling" a été introduit pour le calcul effectif des approximations et des erreurs
associées. Des études de simulations démontrent lefficacité des résultats obtenus.
La comparaison avec d’autres méthodes existantes est réalisée.

La dépendance de type block-factor est introduite comme une alternative a
la dépendance de type Markov. La méthodologie développée traditionnellement
dans le cas i.i.d. est étendue & ce type de dépendance. L’application du résultat
d’approximation pour la distribution de la statistique de scan pour ce modéle de
dépendance est illustrée dans le cas uni et bi-dimensionnel.

Ces techniques, ainsi que celles existantes en littérature, ont été implémentées
pour la premiére fois a I’aide des programmes Matlab® et une interface graphique.






Abstract

In this thesis, we derive accurate approximations and error bounds for the proba-
bility distribution of the multidimensional scan statistics.

We start by improving some existing results concerning the estimation of the
distribution of extremes of 1-dependent stationary sequences of random variables,
both in terms of range of applicability and sharpness of the error bound. These
estimates play the key role in the approximation process of the multidimensional
discrete scan statistics distribution.

The presented methodology has two main advantages over the existing ones
found in the literature: first, beside the approximation formula, an error bound is
also established and second, the approximation does not depend on the common
distribution of the observations. For the underlying random field under which the
scan process is evaluated, we consider two models: the classical model, of indepen-
dent and identically distributed observations and a dependent framework, where the
observations are generated by a block-factor.

In the i.i.d. case, in order to illustrate the accuracy of our results, we consider
the particular settings of one, two and three dimensions. A simulation study is
conducted where we compare our estimate with other approximations and inequal-
ities derived in the literature. The numerical values are efficiently obtained via an
importance sampling algorithm discussed in detail in the text.

Finally, we consider a block-factor model for the underlying random field, which
consists of dependent data and we show how to extend the approximation method-
ology to this case. Several examples in one and two dimensions are investigated.
The numerical applications accompanying these examples show the accuracy of our
approximation.

All the methods presented in this thesis leaded to a Graphical User Interface
(GUI) software, implemented in Matlab®.
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Introduction

There are many fields of application where an observed cluster of events could have
a great influence on the decision taken by an investigator. To know if such an
agglomeration of events is due to hazard or not, plays an important role in the
decision-making process. For example, an epidemiologist observes over a predefined
period of time (a week, a month, etc.) an accumulation of cases of an infectious
disease among the population of a certain region. Under some model for the distri-
bution of events, if the probability to observe such an unexpected cluster is small,
with respect to a given threshold value, then the investigator can conclude that an
atypical situation occurred and can take the proper measures to avoid a pandemic
crisis. The problem of identifying accumulations of events that are unezpected or
anomalous with respect to the distribution of events belongs to the class of cluster
detection problems. Depending on the application domain, these anomalous ag-
glomeration of events can correspond to a diversity of phenomena: for example one
may want to search for clusters of stars, deposits of precious metals, outbreaks of
disease, batches of defective pieces, brain tumors and many other possibilities.

A general class of testing procedures, used by practitioners to evaluate the likelihood
of such clusters of events, are the tests based on scan statistics. These statistics,
considered for the first time in the work of Naus in the 60s, are random variables
defined as the maximum number of observations in a scanning window of predefined
size and shape that is moved in a continuous fashion over all possible locations
of the region of study. The tests based on scan statistics are usually employed
when one wants to detect a local change (a hot spot) in the distribution of the
underlying random field via testing the null hypothesis of uniformity against an
alternative hypothesis which favors clusters of events. The importance of the tests
based on scan statistics have been noted in many scientific and technological fields,
including: DNA sequence analysis, brain imaging, distributed target detection in
sensors networks, astronomy, reliability theory and quality control among many
other domains.

To implement these testing procedures, one needs to find the distribution of the
scan statistics. The main difficulty in obtaining the distribution of the scan random
variable, under the null hypothesis, resides in the high dependent structure of the
observations over which the maximum is taken. As consequence, several approxima-
tions have been proposed, especially for the case of one, two and three dimensional
scan statistics.

In this thesis, we consider the multidimensional discrete scan statistics into a gen-
eral framework. Viewed as maximum of some 1-dependent sequences of random
variables, we derive accurate approximations and error bounds for its distribution.
Our methodology applies to a larger class of distributions and extends the i.i.d. case
to some new dependent models based on block-factor constructions.

This manuscript is organized into four chapters as follows.



2 Introduction

In Chapter 1, we review some of the existing approaches used to develop exact and
approximate results for the distribution of the unconditional discrete scan statistics.
We consider, separately, the cases of one, two and three dimensional scan statis-
tics. In the one dimensional setting, we include, along various approximations and
bounds, three general methods used for determining the exact distribution of the
scan statistics over a sequence of i.i.d. binary trials: the combinatorial method, the
finite Markov chain imbedding technique and the conditional probability generating
function method. A new upper bound for the distribution of the two dimensional
scan statistics is presented. We should mention that most of the results presented
in this chapter are given in their general form, extending thus their corresponding
formulas that appear in the literature.

Chapter 2 introduces a series of results concerning the approximation of the distri-
bution of the extremes of 1-dependent stationary sequences of random variables. We
improve some existing results in terms of error bounds and range of applicability.
Our new approximations will constitute the main tools in the estimation of the dis-
tribution of the multidimensional discrete scan statistics derived in the subsequent
chapters.

The general case of d dimensional discrete scan statistics, d > 1 for independent
and identically distributed observations, is considered in Chapter 3. Employing
the results derived in Chapter 2, we present the methodology used for obtaining
the approximation of the probability distribution function of the multidimensional
dimensional discrete scan statistics. The main advantage of the described approach
is that, beside the approximation formula, we can also establish sharp error bounds.
Since the quantities that appear in the approximation of the scan statistics for-
mula are usually evaluated by simulation, two types of errors are considered: the
theoretical error bounds and the simulation error bounds. We give detailed expres-
sions, based on recursive formulas, for the computation of these bounds. Due to the
simulation nature of the problem, we also include a general importance sampling
procedure to increase the efficiency of the proposed estimation. We discuss differ-
ent computational aspects of the procedure and we compare it with other existing
algorithms. We conclude the chapter with a series of examples for the special cases
of one, two and three dimensional scan statistics. In these frameworks, we explicit
the general formulas obtained for the d dimensional setting and we investigate their
accuracy via a simulation study.

In Chapter 4, we consider the multidimensional discrete scan statistics over a
random field generated by a block-factor model. This dependent model generalizes
the i.i.d. model presented in Chapter 3. We extend the approximation methodology
developed for the i.i.d. case to this model. We provide recurrent formulas for
the computation of the approximation, as well as for the associated error bounds.
In the final section, we present several examples for the special cases of one and
two dimensional scan statistics to illustrate the method. In particular, we give an
estimate for the length of the longest increasing run in a sequence of i.i.d. random
variables and we investigate the scan statistics for moving average of order ¢ models.
Numerical results are included in order to evaluate the efficiency of our results.



Introduction 3

To illustrate the efficiency and the accuracy of the methods presented in this thesis,
we developed a Graphical User Interface (GUI) software, implemented in Matlab®.
This software application provides estimates for the distribution of the discrete scan
statistics for different scenarios. In this GUI, the user can choose the dimension of
the problem and the distribution of the random field under which the scan process
is performed. We consider the cases of one, two and three dimensional scan statis-
tics over a random field distributed according to a Bernoulli, binomial, Poisson or
Gaussian model. In the particular situation of one dimensional scan statistics, we
have also included a moving average of order ¢ model. A more detailed description
of this GUI application is given in Appendix C.






CHAPTER 1

Existing methods for finding the

distribution of discrete scan
statistics

In this chapter, we review some of the existing methods used in the study of the un-

conditional discrete scan statistics. In Section 1.1, we consider the one dimensional

case and describe some of the approaches used to determine the exact distribution

of scan statistics along with various approximations and bounds. In Section 1.2 and

Section 1.3, we focus on the two and three dimensional scan statistics, respectively.

Contents

1.1 One dimensional scan statistics . . . ... ... ........ 5
1.1.1 Exact results for binary sequences . . . ... ... ...... 7
1.1.1.1 The combinatorial approach . . .. ... ... ... 7

1.1.1.2  Markov chain imbedding technique. . . . . . . . .. 9

1.1.1.3 Probability generating function methodology . . . . 12

1.1.2 Approximations. . . . . . . .. . ... 15
1.1.3 Bounds . . . ... . ... 17

1.2 Two dimensional scan statistics . . . ... ... ........ 19
1.2.1 Approximations . . . . . . . .. ... 20
1.2.2 Bounds . .. ... . ... 22

1.3 Three dimensional scan statistics . . . ... .......... 24
1.3.1 Product-type approximation . ... .. ... ... ... .. 26

1.1 One dimensional scan statistics

There are many situations when an investigator observes an accumulation of events

of interest and wants to decide if such a realisation is due to hazard or not. These

type of problems belong to the class of cluster detection problems, where the basic

idea is to identify regions that are unexpected or anomalous with respect to the

distribution of events. Depending on the application domain, these anomalous ag-

glomeration of events can correspond to a diversity of phenomena: for example one
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may want to find clusters of stars, deposits of precious metals, outbreaks of disease,
minefield detections, defectuous batches of pieces and many other possibilities.

If such an observed accumulation of events exceeds a preassigned threshold, usually
determined from a specified significance level corresponding to a normal situation
(the null hypothesis), then it is legitimate to say that we have an unexpected cluster
and proper measures has to be taken accordingly.

Searching for unusual clusters of events is of great importance in many scientific
and technological fields including: DNA sequence analysis ([Sheng and Naus, 1994],
[Hoh and Ott, 2000]), brain imaging (|[Naiman and Priebe, 2001]), target detection
in sensors networks ([Guerriero et al., 2009], [Guerriero et al., 2010b]), astronomy
(|Darling and Waterman, 1986], [Marcos and Marcos, 2008]), reliability theory and
quality control ([Boutsikas and Koutras, 2000]|) among many other domains. One of
the tools used by practitioners to decide on the unusualness of such agglomeration of
events is the scan statislics. Basically, the tests based on scan statistics are looking
for events that are clustered amongst a background of those that are sporadic.

Let 2 < my <17 be two positive integers and X,..., X7, be a sequence of inde-
pendent and identically distributed random variables with the common distribution
Fy. The one dimensional discrete scan statistics is defined as

T) = Y; 1.1
Sm(T1) =, x| Yoo 1)

where the random variables Y;, are the moving sums of length m; given by

i1+mi1—1

Y= Y, X (1.2)

=11

Usually, the statistical tests based on the one dimensional discrete scan statistics
are employed when one wants to detect a local change in the signal within a se-
quence of T observations via testing the null hypothesis of uniformity, Hy, against
a cluster alternative, H; (see |Glaz and Naus, 1991] and |Glaz et al., 2001]). Under
Hj, the random observations Xi,..., Xp, are i.i.d. distributed as Fy, while under
the alternative hypothesis, there exists a location 1 < ¢g < T7 — m1 + 1 where Xj,
i € {ig,...,i0 + my — 1}, are distributed according to F; # Fy and outside this
region X; are distributed as Fj.

We observe that whenever S,,, (T1) exceeds the threshold 7, where the value of 7 is
computed based on the relation Pr, (Sm, (T1) > 7) = aeand « is a preassigned signif-
icance level of the testing procedure, the generalized likelihood ration test rejects the
null hypothesis in the favor of the clustering alternative (see |Glaz and Naus, 1991]).
It is interesting to note that most of the research has been done for Fy being bi-
nomial, Poisson or normal distribution (see [Naus, 1982], [Glaz and Naus, 1991],
|Glaz and Balakrishnan, 1999], [Glaz et al., 2001] or [Wang et al., 2012]).

In Chapter 3, we present a new approximation method for the distribution of the
discrete scan statistics, following the work of [Haiman, 2000], that can be evaluated
no matter what distribution we have under the null hypothesis.
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In this section, we revisit some of the existing methods used to obtain the exact
values or the approximation of the distribution of the one dimensional discrete scan
statistics.

1.1.1 Exact results for binary sequences

In this section, we consider that the random variables X, Xo, ..., X7, are i.i.d.
binary trials (Bernoulli model). From the best of our knowledge, there are three
main approaches used for investigating the exact distribution of the one dimensional
discrete scan statistics: the combinatorial method, the Markov chain imbedding
technique (MCIT) and the conditional probability generating function method. We
will give a short description of each method in the subsequent sections.

1.1.1.1 The combinatorial approach

Let Xi,..., X7, be a sequence of i.i.d. 0 — 1 Bernoulli random variables of pa-
rameter p. The combinatorial method is based on a consequence of a Markov pro-
cess result of [Karlin and McGregor, 1959], used for solving the ballot problem (see
[Barton and Mallows, 1965, page 243|) and is briefly described in the following.
The probability distribution function of the one dimensional discrete scan statistics
can be obtained, using the law of total probability, from the relation

T
> X = k) (1.3)
=1

where in the last relation we used the fact that X; € {0,1} with P(X; = 1) = p and
i X, follows a binomial distribution with parameters 77 and p.

EEI[Naus, 1974, Theorem 1| (see also [Glaz et al., 2001, Chapter 12]), the author
presented a combinatorial formula for the conditional distribution of Sy, (T1) given
the total number of realisations in T} trials, i.e. iXZ- = k.

Assuming that T7 = mq L and partitioning the toitzj number of trials into L disjoint

Ty
P(Sm, (T1) <n) = Z <7];1>pk(1 — p)TrkP (Sml(ﬂ) <n

k=0

groups of size mj, we have

P (Srm (Tl) S n

T
S X = k) (Tl Z det|d; ], (1.4)
=1 k

O'EF’VL

where o denote a partition of the k realisations (successes) into L numbers

(n1,...,nr) such that n; > 0 represents the number of realisations in the ith
group. The set I'), denote the collection of all the partitions ¢ such that for each
i € {l,...,L} we have n; < n. The L x L matrices d;; are determined based on

the formulas
d‘,j _ { O, if Cij <0 or Ci j > mq (15)

1 .
m s otherwise
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with
7j—1
(j—i)(n+1)—2nk+ni, fori <y
Cij = =1 (1.6)
(=) n+1)+ Y ng, fori>j.
I=j

It is important to emphasize that the evaluation of P (Sy,, (T1) < n) via the combi-
natorial method is complex and requires excessive computational time. The problem
arises from the large number of terms in the set I'), and from the fact that for each
element in such a set one needs to evaluate the determinant of a L x L matrix.
As [Naus, 1982] noted, the expression in Eq.(1.3) can only be evaluated for small
window sizes and moderate L.

We include, for completeness, the formulas for the particular cases of T7 = 2my
and 71 = 3m;. [Naus, 1982] using the relations in Eq.(1.3) and Eq.(1.4), gave the
following closed form expressions for the distribution of the discrete scan statistics:

P(Sm,(2my) <n) = F2(n;m1,p) —nb(n+ 1;my,p)F(n—1;m,p)
+mapb(n + 1;m1, p)F(n —2,my — 1), (1.
P (S, (3m1) < n) = F3(n;my,p) — Ay + Ag + Az — Ay, (1.

—_ =
oo
R e

with

A1 = 2b(n + 1;ma, p)F(nyma, p)[nF (n — 1;mq, p) — mipF(n — 2;my — 1, p)],

Ay = 0.5b%(n + 1;my, p) [n(n — 1)F(n — 2;my, p) — 2(n — 1)m1 F(n — 3;mq — 1, p)
+my (ml - 1)p2F(TL - 47 m1 — Qap)] ;

A3 = Zb(Q(n + 1) - ml,p)FZ(’r - 1;mlap)7

r=1

Ay =) b(2(n+1) = r;my, p)b(r + 1;ma,p) [FF(r — 1;ma,p)
r=2
—mipF(r — 2;m — 1,p)], (1.9)

and where b(s;t,p) and F(s;t,p) are the probability mass function and cumulative
distribution function of the binomial random variable B(t, p), that is

st = )t (110

F(s;t,p) = Y _blist,p). (1.11)
=0

As we will see in Section 1.1.2, the foregoing relations are successfully used in the
product type approximation of the scan statistics over a Bernoulli sequence.
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1.1.1.2 Markov chain imbedding technique

In this section, we present succinctly the second approach used for finding the exact
distribution of the one dimensional discrete scan statistics for binary trials, namely
the Markov Chain Imbedding Technique (for short MCIT). The method was devel-
oped by |Fu, 1986] and [Fu and Koutras, 1994| and successfully employed to derive
the exact distribution associated with several runs statistics in either independent
and identically distributed or Markov dependent trials. The two monographs of
[Fu and Lou, 2003] and [Balakrishnan and Koutras, 2002] give a full account of the
development and the applications of the method and also provide a lot of references
in this research area.

The main idea behind the MCIT method, as the name suggests, is to imbed the ran-
dom variable of interest into a Markov chain with an appropriate state space. Using
the Chapman-Kolmogorov equation, the desired probability can be computed via
multiplication of the transition probability matrices of the imbedded Markov chain.
To know if the studied random variable is Markov chain embeddable is not an easy
task. For some particular classes of runs in multistate trials (number of occurrences
of pattern, waiting time variables associated with a pattern, etc.) a general proce-
dure, called the forward-backward principle, was introduced in [Fu, 1996] (see also
[Fu and Lou, 2003, Chapter 4]). This procedure systematically shows how to imbed
the random variable of interest into a Markov chain that carry all the necessary
information.

In [Koutras and Alexandrou, 1995, Section 4c|, the authors showed that the scan
statistics Sp,, (T1) is Markov chain embeddable, thus, its distribution function,
P (Sm,(T1) <n), can be evaluated in terms of the transition probability matrix
of the imbedded chain. The imbedded Markov chain is defined on a state space
that, at each step ¢ > mq, keeps track of the number of the occurrences of the event
{Sm,(t) < n} in the first ¢ trials and of the last m; realisations of the sequence
Xt—my+1s---,X¢. A similar methodology was adopted by [Wu, 2013], where the
author defined the imbedded chain on the state space of all tuples containing the
locations of the successes (1’s) counting backward in a window of size my at each
time ¢. The drawback of both of their approaches is that the state space of the
imbedded chain is rather large (is equal with 271), so the transition matrix becomes
quickly intractable even for moderate window sizes.

[Fu, 2001] (see also [Fu and Lou, 2003, Section 5.9]) suggested a different approach
for finding the distribution of the scan statistics which involves a smaller state
space for the imbedded chain. The author expressed the distribution function
P (Sm,(T1) < n) as the probability of the tail of a waiting time variable associ-
ated to a compound pattern. This type of random variable was extensively studied
and has been shown to be Markov chain embeddable (see [Fu and Chang, 2002] or
[Fu and Lou, 2003, Chapter 5]).

We will describe succinctly both the approach proposed by [Fu, 2001] and the one
in [Wu, 2013], in order of publication.

For simplicity, we consider only the case of i.i.d. two state Bernoulli trials, the
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case of homogeneous Markov trials being similar. Let Xi,..., X7 beiid. 0 -1
Bernoulli random variables with success probability P(X; = 1) = p.

For a given window size my and n, with 0 < n < my, we consider the following set
of simple patterns:

mi
[P
Fovm ={MNiJA1=1... 1Ay =101...1,...,A;=1...10...01} (1.12)

n n—1 n—1

that is the set of all the simple patterns that start and end with a success (1),
contain exactly n symbols of 1 and with length at most mj. As [Fu, 2001| showed,
the number of elements in F,,, , is given by the formula:

l:min ("_2,+j>. (1.13)

j=0 J

l
Considering the compound pattern A,,, , = U A;, we observe that the scan statis-
i=1
tics Spm, (T1) and the waiting time W (A, ») to observe one of the simple patterns

Ay ..., Ay, are related by the following relation:
P (Sp, (Th) <n) =P (W(Apyn) >T1). (1.14)

The state space of the imbedded chain can be written as

l
Q={0,1} | J S(A), (1.15)

i=1

where S(A;) is the set of all sequential subpatterns of A;.

[Chang, 2002] (see also [Fu and Chang, 2002]) showed that the transition matrix of
the Markov chain that corresponds to the waiting time W (A,,, ») variable has the
form

- NA(Npn C
M= < i I>d (1.16)
xd
where Q) is the state space of the chain and has d elements, A = {ay,...,qq}

denote the set of the absorbing states corresponding to the simple patterns Ay ..., A;
respectively, Ny, » is an (d — 1) x (d — ) matrix called essential matriz, O is an
I x (d—1) zero matrix and I is an [ x [ identity matrix. Given u,v € 2, the transition
probabilities of the imbedded chain {Z;} are computed via

q,if Xy =0, u e O\A and v = [u,0]q,
p, if Xy =1, u e ONA and v = [u, 1]q,
1,ifue Aand v=u,

0, otherwise,

Pupy = P(Zt = U’Zt—l = U) = (117)



1.1. One dimensional scan statistics 11

where the notation v = [u,alq, a € {0,1}, means that v is the longest ending
subsequence of observations that determines the status of forming the next pattern
A; from X;_pyy 41, .., X: (see [Fu and Lou, 2003, Theorem 5.2]).

It follows from [Fu, 2001, Theorem 2| that the probability of the tail of the waiting
time W (A, ») is given by:

P(W(Apmyn) > T1) = ENL 1T, (1.18)

mi,n

where £ = (¢, p,0,...,0) is the initial distribution (¢ = 1 —p), Ny, » is the essential
matrix and 17 is the transpose of the vector (1,...,1).

The methodology proposed by [Wu, 2013] is different from the foregoing procedure
and is worth mentioning since it leads to a recurrence relation for the distribution of
the one dimensional scan statistics. As pointed out at the beginning of the section,
the idea is to construct a Markov chain that keeps track of the locations of the
successes counting backward in the window of size m; at each moment ¢. Hence,
the state space of the imbedded chain {Z;} is

Q:{O}U{wl...wj\wj:1,...,m1,w1<---<wj,j:1,...,m1}. (119)

Assume that at time ¢ the Markov chain takes the value Z; = wy ... w)j, then the
myp—ws+1,s € {1,...,7}, element of the realisation of Xy, +1,..., X; is a success.
Employing a base-2 relabeling of the state space (2,

J
v:wl...wj—>vL222wrl+l, (1.20)
i=1

the author showed (|[Wu, 2013, Theorem 1]) that the distribution function of the
scan statistics variable Sy, (71) can be evaluated via

P(Sﬂu (Tl) < n) = E P(ZT1 = ’U) = E ary (UL)v (1'21)
'UZ'ZL v EAR
v n

where A, is the set of labels associated with the states that corresponds to less than
n successes within the my trailing observations and where ar, (vy) are computed by
the following recurrence relations:

oy { 10 () g (271 5.
L) = pai—1 (%L) + pag—1 (2m1_1 + %L) , UL even,

with ¢ € {1,..., 71}, v, € {1,...,2™} and the initial conditions ap(1) = 1,
ap(vp) =0if vp # 1, and ay(vy) =0 if v ¢ A,.

We note that in the above relations both the size of the scanning window and the
size of the sequence play an important role. In the approach presented by [Fu, 2001],
only the size of the window influenced the transition matrix. Nevertheless, due to
the recursive aspect, the second method seems to compute faster the distribution of
the scan statistics for small-moderate values of my (m; < 30) and moderate values
of T (11 < 500). For long sequences (77 > 1000) and small-moderate window sizes,
the first method is desirable.
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Remark 1.1.1. Recently, [Nuel, 2008a] and [Nuel, 2008b] proposed a new approach
for constructing the optimal state space of the imbedded Markov chain. The method,
called Pattern Markov Chain, is based on the theory of formal language and au-
tomata (deterministic finite automata) and was successfully applied in the context
of biological data.

1.1.1.3 Probability generating function methodology

Another method used for determining the exact distribution of the one dimensional
discrete scan statistics is the conditional probability generating function (pgf) ap-
proach. This method provides a way of deriving the probability generating function
for the variable of interest and then, by differentiating it a number of times, yield the
probability distribution function. The pgf method was introduced by [Feller, 1968,
Chapter XIII] in the context of the theory of recurrent events and has been inten-
sively used in research and education since then. This method is also one of the
main tools for investigating the exact distribution of runs and scans statistics and,
as in the case of the Markov chain imbedding technique, can be applied in both the
case of independent and identically distributed or Markov dependent trials.

For example, [Ebneshahrashoob and Sobel, 1990| applied the method for determin-
ing the exact distribution of the sooner and later waiting time of some succession
of events in Bernoulli trials, [Aki, 1992] (see also [Uchida, 1998]) used the same ap-
proach to generalize this problem to independent nonnegative integer value random
variables and [Uchida and Aki, 1995] extended the results to the Markov dependent
binary case. [Balakrishnan et al., 1997] successfully applied the method for start-up
demonstration tests under Markov dependence.

The basic idea behind the pgf approach is to construct a system of recurrent relations
of conditional probability generating functions of the desired random variable by
considering the condition of one-step ahead from every condition. Then, by solving
the resulted system of equations with respect to the conditional generating functions,
we can get the (unconditional) probability generating function (see for example
[Han and Hirano, 2003| or [Chaderjian et al., 2012]). It is interesting to note that
[Feller, 1968, Chapter XIV] exploited this idea for finding the generating function for
the first passage time in the classical ruin problem. Even if in some cases the system
of recurrent relations cannot be solved symbolically, due to the large dimension of
the problem, in many cases the conditional probability generating functions can be
written explicitly (for example in [Aki, 1992] or [Uchida and Aki, 1995]).

Recently, [Ebneshahrashoob et al., 2004] and [Ebneshahrashoob et al., 2005], by
utilizing sparse matrix computational tools, enlarged the range of applicability of
the pgf method.

In [Ebneshahrashoob et al., 2005], the authors applied the method of conditional
probability generating functions to derive the exact distribution of the one di-
mensional discrete scan statistics over a sequence of i.i.d. or Markov binary tri-
als. In what follows, we give an outline of their results. We consider, for sim-
plicity, the case of i.i.d. observations. As we will see, both the pgf approach of
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|Ebneshahrashoob et al., 2005] and the MCIT given by |Fu, 2001| require roughly
the same computational effort.

Let 2 < m; < T be positive integers and Xi,..., X7, be a sequence of i.i.d. 0 —1
Bernoulli of parameter p random variables. Let Wy, », n < my, denote the waiting
time until we first observe at least n successes in a window of size my. Clearly (see
|Glaz et al., 2001, Chapter 13|), the random variables S,,, (T7) and Wy, , satisfy
the relation

P (Sp, (T1) > n) = P (Wi, < T1). (1.23)

Thus, finding the exact distribution of the waiting time W,,, ,, automatically gives
the exact distribution of the scan statistics Sy, (11) via Eq.(1.23). To derive the
distribution of Wy,, », we employ the pgf methodology.

Let G(t) be the probability generating function of the waiting time variable,

G(t) =E [tWmr] = itkP (Winym = k) (1.24)
k=0

and denote with G1(t) and Gy(t),

o

Gr(t) = 3 1B (Winyn X1 = 1) = B), (1.25)
k=0

Got) = S P (Winy X1 = 0) = k), (1.26)
k=0

the pgf’s of the conditional distribution of the waiting time given that the first trial
was a success or a failure, respectively. We immediately observe (see [Feller, 1968,
Chapter XIV, Section 4]), that between the probability generating functions G(t),
G1(t) and G(t) the following recurrence relation holds

G(t) = ptG1(t) + qtGo(t), (1.27)

where ¢ = 1 — p is the failure probability. To take into account the realisations of
Wiy n, we condition on the positions of the successes in the last m; trials. If £ <n
and 1 <z <9 < -+ < <my, let Gy, 4, (t) denote the probability generating
function of the waiting time given that there was a success x1, X2, ..., T Steps
back, respectively and no other in the last m; trials. As in the case of Eq.(1.27),
the pgf’s Gy, ..z, (t) verify the following recurrences

G$17--~7Ik (t) = ptG17$1+17.--,Ik+1(t) + th$1+1,-..7xk+1(t)' (128)

We should note that the above approach resembles the procedure proposed by
[Wu, 2013] in the Markov chain imbedding context.

Note that the Eqgs.(1.27) and (1.28) lead to a system of linear equations consisting
of conditional probability generating functions whose solution determines the pgf of
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the waiting time W,,, . If the pgf G(¢) can be computed, then the distribution of
the waiting time can be evaluated by differentiation via

G™®)(0)

P(Wml,n — k) — T,

kel 2, ... (1.29)
We remark that among the conditional pgf’s that satisfy Eq.(1.28) there are several
which are redundant and need to be eliminated. For example, if m; — a1 <n — 1,
then G, (t) = Go(t), since the success occurred z; steps back can no longer influence
the outcome of the waiting time variable (from the definition of W,,, ). Similarly
we have

len--»lk (t) = Gﬂﬁl,...,wk71(t)7 if mp — Tk <n-— k:, (130)
Gay,o (1) = 1, i k= n. (1.31)

Since for large values of the scanning window m; the resulted system of equations
cannot be solved symbolically, [Ebneshahrashoob et al., 2005] proposed an alterna-
tive method to overcome this difficulty. The idea is to write the system in matrix
form and to employ sparse matrix tools for the evaluation. Let G(t) be the N x 1
vector of pgf’s

G(t) = (G(t)7 Go(t), Gl (t)v s 7Gm1—n+17...,m1—1(t)).r s (1.32)

where N is the number of non constant pgf’s G, . . (t) after applying the re-
duction rules in Eqs.(1.30) and (1.31). It is not hard to verify (see for example
|[Ebneshahrashoob et al., 2005] or [Gao and Wu, 2006]), that this number is equal
with

N=1+ (n"ill) (1.33)

Note that in the expression of G(t), the pgf G, ... 4. (t), k > 1, occupy the position
given by the index

mi—n+k+1 mi—n+k—x mi—n-+k—x
Nyowy =1 - -
17..‘7k +< k > < k > ( k_l >

_..._<m1_”jk_“>_ (1.34)

We observe that the system of recurrence relations given by Eqs.(1.27) and (1.28),
can be written in matrix form

G(t) = tAG(t) + th, (1.35)

where A is a N x N matrix and bis a N x 1 vector.

The entries in the matrix A and the vector b are determined based on the recurrence
relations in Eq.(1.28) and the elimination rules from Egs.(1.30) and (1.31), used in
order to verify if a generated pgf is new, constant or equivalent with a previous one.
For example, in Eq.(1.28), consider Ny, ., the position of the pgf G, . 4, (t) in
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the vector G(t). If after applying the reduction rules Gy 4,41, z,+1(t) = 1, then
the Ny, .. 4.’s component of the vector b is equal with p. By contrary, if none of the
pel’s G141, 2,+1(t) and Gy 41, 2. +1(t) is constant and after the application of
the reduction rules are transformed in Gy, ., (t) and G, .. ..(t), respectively, then

A(N11,~~-,$k7Ny17~-~7yz) =D (1.36)
A(NCC1,...,IkaNZ1,...,zT) =4dq, (137)

and A(7,j) = 0 otherwise. We note that the matrix A has at most two non zero
values on each row thus its sparse character. It is interesting to observe that, as the
authors pointed out, the matrix A and the matrix IN,,, ,, obtained from the MCIT
by [Fu, 2001] are similar.

Simple calculation show that

G®)(0)
k!

= AF1p, (1.38)

hence P (W, » = k) is the first component of A*~1p.

Remark 1.1.2. [Shinde and Kotwal, 2008] derived the exact distribution of the one
dimensional scan statistics in a sequence of binary trials in a different fashion. They
employed the conditional probability generating functions method to determine the
joint distribution of (M, my1s-- -, M7, mym,), where My, 1 is the number of
overlapping mi-tuples which contain at least k successes in a sequence of Ty tri-
als. Then the distribution of the scan statistic Sy, (T1) can be obtained from the
relation

P(Sm,(T1) =n) =P (MT17m1,n+1 =0)-P (MTl,m1,n =0). (1.39)

Since their formulas are rather long we will not include them here.

1.1.2 Approximations

Due to the high complexity and the limited range of application of the exact
formulas, a considerable number of approximations and bounds have been devel-
oped for the estimation of the distribution of the one dimensional discrete scan
statistics, for example [Naus, 1982], [Glaz and Naus, 1991], [Chen and Glaz, 1997]
or [Wang et al., 2012]. A full treatment of these results is presented in the reference
books of [Glaz and Balakrishnan, 1999] and [Glaz et al., 2001]. In this section, we
choose to describe the class of product type approximations since, in most cases, are
the most accurate ones.

Let Xy,..., X7 be a sequence of independent and identically distributed random
variables with the common distribution Fy. Assume that T3 = Lmq +1, with L > 3,
mp > 2and 0 < I < my — 1, and denote the distribution function of the scan
statistics by

Qmy (T1) =P (S, (T1) < 1) . (1.40)
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[Naus, 1982] showed that the following product type approximation

le (Bml) :| =2
Qm (2m1) 7
is highly accurate for the entire range of the distribution. A slightly different product
type approximation is given by

P Sy, (T1) < 1) ~ Quay (2my + 1) [ (1.41)

Ty —2m1+1
@y (21) ] . (1.42)

le (2m1 — 1)

The foregoing relation is especially useful when one can evaluate Q,,, (T") only for

P (S (1) < 1) = Quoy (21 — 1) [

T < 3m;. The intuition behind the approximation formula given by Eq.(1.41)

arise from writing the distribution of the scan statistics as the intersection of L

1-dependent events. Applying the product rule, we have
L

P (S, (T1) <n) =P <ﬂ E) =P (E))P(Ey|Ey)---P (EL
- t—1
N Ei>IP’ <EL

a0

i=1

L—1 L—-1
=P (E; N E») H P (Et ﬂ E) , (1.43)
=1

t=3 i=1
where
{ max Yilgn},forlgtgL—l
E, = (t—1)m1+1<i; <tmi+1 (1.44)
max Y;lgn},fort:L.
(L—1)m1+1<i1 <(L—1)mq +1+1

As in |Naus, 1982], we use the Markov like approximation for the conditional prob-

abilities of the form
t—1
IP’(Et ﬂE) ~P(Fi|F;1), 3<t<L-1. (1.45)
i=1
Since for 3 <t < L — 1 the intersections F; N F;_1 are stationary, due to exchange-
ability, we conclude that

P (Sm1 (Tl) < TL) ~ P(El N E2) [w] b w

P(E,) P(EL_1)
B Qum, 3m1) 1572 Qm, (2m1 + 1)
B le (gml) [le(le)] Qm1 (le) (1.46)

We observe that in order to use the product type approximations in Eqs.(1.41)
and (1.42) we need to evaluate Qm,, (2m; — 1), Qm,(2m1) and Qp,(3m1). For
the particular case when Fp is a Bernoulli distribution, [Naus, 1982] derived exact
formulas for Qp,, (2m1) and @y, (3m1) as we saw in Section 1.1.1.1 Eqs.(1.7)-(1.9).
For the case of binomial and Poisson distribution, [Karwe and Naus, 1997], based
on a generating function approach, gave recursive formulas for the computation of
Qm,(T) up to T < 3my. For completeness, we include in Section A.1 of Appendix A
the algorithm of [Karwe and Naus, 1997| for the evaluation of Q,, (2m; — 1) and

le (le)
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Remark 1.1.3. Other approzimations for the distribution of the one dimensional
discrete scan statistics have been developed by [Haiman, 2007]. These results are
presented in detail in Chapter 3.

1.1.3 Bounds

Several bounds have been proposed for the estimation of P (Sy,,(T1) < n). Basi-
cally these inequalities can be divided into two classes, depending on the method
employed in their derivation: product type bounds and Bonferroni type bounds. It
is important to note that the inequalities in the first category are tighter than the
ones provided by the Bonferroni approach, since the method of proof in this case
takes into account the dependence structure of the moving sums Y;,. A detailed
comparison between the two methodologies was given in [Glaz, 1990].

|Glaz and Naus, 1991], in the case of discrete variables, and later
[Wang et al., 2012|, for the continuous case, developed the following product
type bounds for the distribution of the one dimensional scan statistics (see also
[Glaz et al., 2001, Chapter 13]):

a) Lower bounds

Qm, (2m1)
Qm (2m1_1)_Qm (2771,1) Ti=2ma?
|:1 + Qril (2m1—1)Qm11(2m1) i|
le (37711)

Qumy (2m1—1)—Qumy (2my) 1131
[1+ S G }

]P)(Snu (Tl) § n) > T1 Z 2m1 (147)

Y

s T1 Z 3m1. (14:8)

b) Upper bounds

P (S, (T1) < 1) < Quay (2m1) [1 = Qo (2m1 — 1) + Qg (2ma)] 7™ Ty > 2my
(1.49)

< Qm1 (3m1) [1 - le (2m1 - 1) =+ le (2m1)]T173m1 5 Tl > 3my.
(1.50)

The quantities that appear in the above lower and upper bounds can be eval-
uated, in the case of discrete random variables, via the recurrence relations of
|[Karwe and Naus, 1997 (see Section A.1).

We now describe briefly the Bonferroni type bounds for Q,,, (7). Since, in general,
Bonferroni inequalities deal with union of events, the first step is to express the
event of interest {Sy,, (71) < n} as a union of events. Employing the notations used
in Section 1.1.2 we can write

L L
P (S, (T1) §n):IP’<ﬂ E,—) :1—IP’<U E) (1.51)
=1

=1
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where 77 = Lmy + | and E; are given in Eq.(1.44). [Hunter, 1976] (see also
[Worsley, 1982]), using graph theory arguments (spanning tree structure), derived
the following upper bound for the union of events:

L L
P (UE) <> P(E) - Z]P’ (BN ES)
i=1 i=1
=(L-1[- IP’(El)] — (L —2)[1-2P(E1) + P(E1 N E)]
+P(Ef) ~ P (B5_, NEf), (1.52)
which substituted into Eq.(1.51) gives the following lower bound for the distribution
Ofs%“(]ﬁy

P (S, (Th) < n) <1 = (L = 2) [Qmy (2m1) = @y (3m1)] + Qm,y (2ma +1). (1.53)

In Eq.(1.52) and Eq.(1.53), based on the stationarity of the events F;, we used the
relations P(E;) = P(E1) = Qm,(2m1), P(E; N Eiy1) = P(E1 N E2) = Qum, (3my) for
1<i<L—1and P(E,_1NEL) = Qm, (2m1 +1).

For the upper bound, we employ the inequality in [Dawson and Sankoff, 1967] to

get
P (S, (T1) < n) < 12u&+U(3§—21)’ (1.54)
where
L
S1=Y P(Ef) =14 (L = 2) [1 = Quy (2m1)] = @, (ma + 1), (1.55)
=1
L j—1
Spo= > PENE)=) D [1- — P(E;) + P(E; N Ej)]
1<i<j<L =2 i=1
L j—1 L-1
> [1—2P(Ey) + P(E;NEj)+ > [1—P(E) — P(EL) + P(E; N EL)|
j=2 i=1 i=1
- %(L 1)L 2) [ 2Qun, (2m)] 4 (L~ 1) [1 @y (2m1) — Qo (a4 1)
L-1j—-1 L-1
+ P(E;NE;)+ > P(E:NEL)
§=2 i=1 i=1
= 2L = 1)L~ 2) [1 — 2Qy (2m)] + (L~ 1)[1 ~ Qo (2m1) — Qy (1 + 1)
1

+5(L=2)(L=3) [@umy (2m1)]? + (L = 2) [Qumy (2m1) Qg (11 + 1) + Qrmy (3m1)]

+ Qm, (2m1 +1) (1.56)
and where u is the integer part of 2 + 2%. In the derivation of S; and Sy we used
the one dependence and stationarity property of the events E;.

In [Kwerel, 1975] (see also |Galambos and Simonelli, 1996, Inequality I7]) it is shown
that the bound in Eq.(1.54) is the best possible in the class of linear inequalities of
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the form a151 + a2S2. A slightly better result can be attained if one employs the
recent inequality of [Kuai et al., 2000]

L
P(Sm, (T1) <n)=1-P (U E)
=1

L
0:P(E5)° (1 - 6:)P(E;)?

S 1 - Z L + L 9

ISP (BENES) + (1 - 0)P(ES) S P (ES N ES) — 0,P(EY)

Lj=1 j=1 ]
(1.57)
where
> P(EfNES) | P(EFNEY)
A |

S T P(E7) (1:58)

and |z] is the integer part of x.

[Kuai et al., 2000] showed that the bound in Eq.(1.57) is tighter than the one in
Eq.(1.54) of [Dawson and Sankoff, 1967| and involves basically the same computa-
tional complexity.

As before, we have

1= Quuy (2m1), i i # L

P(E7) = { 1—=Qmy(mi+1),ifi=1L (1.59)
and
(L - 3) [Qm1 (le)]Q + Qm1 (le) [1 + Qm1 (ml + l)]
+Qm, (3mq), for i = 1
L 2
e ey _ ) (L =4)[Qmy (2m1)]” + Qumy (2m1) [1 + Qy (M1 + 1))
;P (BN ) = +2Qum, (3mq), for 2<i < L —1

(L - 2)Qm1 (le)Qﬂn (ml + l) + Qm1 (ml + l)
+Qm, (2my + 1), for i = L.

(1.60)
All the unknown quantities that appear in Eqs.(1.55), (1.56), (1.59) and (1.60) can
be evaluated via [Karwe and Naus, 1997] algorithm, for discrete variables, or by
simulation.

1.2 Two dimensional scan statistics

The two dimensional discrete scan  statistics was introduced in
[Chen and Glaz, 1996] and extends, in a natural way, the one dimensional
case.
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Let Ty, T» be positive integers, R = [0,71] x [0,T>] be a rectangular region
and {X;; | 1 <i<Tj,1<j<T} be a family of independent and identically dis-
tributed random variables. In many applications, the practitioners have at their
disposal only the counts of the observed events of interest in smaller subregions
within the studied region. In such situations, the random variables X;; take non-
negative integer values and one can interpret them as representing the number of
events observed in the elementary square sub-region [i — 1,4] x [j — 1, j].

Let mj, mo be positive integers such that 2 < m; < 11, 2 < mg < T,. For
1<i1<Ty—mp+1,1<iy <Toh —mo+ 1 define

i1+mi1—1122+mo—1

Yiy iy = Yiy i (M1, ma) = Z Z Xij (1.61)

=11 J=t2

to be the random variables which counts the number of the observed events in the
rectangular region R(i1,i2) = [i1 — 1,41 +mq — 1] X [ig — 1,42 + mg — 1], comprised
of myme adjacent elementary sub-regions.

The two dimensional discrete scan statistic is defined as the largest number of events
in any rectangular scanning window R (i1, i2), within the rectangular region R, i.e.

S, T1,15) = max Yi - 1.62
(T T) = | max Vi, (1.62)
1<ia<To—ma+1

We denote the distribution of two dimensional scan statistic over the region [0, 77] x
[07 TZ] by

le,mg (T17T2) =P (Sm1,m2(T17T2) < n) .

When the parameters mj, mg and n are clearly understood, we abbreviate the
notation to Q(711,71»).

The aim of this section is to review some of the existing formulas used in the esti-
mation of Qum, m,(T1,T2). We will consider the particular cases of i.i.d. Bernoulli,
binomial and Poisson observations. For an overview of the methods and the potential
application of the two dimensional scan statistics one can refer to the monographs
of |Glaz et al., 2001, Chapter 16| and more recently the one of |Glaz et al., 2009,
Chapter 6].

1.2.1 Approximations

In this section, we present a series of product-type approximations for the distri-
bution of two dimensional scan statistics. These approximations are accurate and
can be employed for all parameters 71, T, m1, me and n. Although many of the
formulas that appear bellow were given in the particular situation when 77 = T5
and m1 = me, we include them here in their general form.

Consider the case when X;; are i.i.d. 0 — 1 Bernoulli random variables of param-
eter p. In [Boutsikas and Koutras, 2000], the authors derived, using the Markov
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Chain Imbedding Technique, the following approximation for the distribution of two
dimensional scan statistics:

Q(m17 m2)(T1 —m1—1)(T2—m2—1)

Q(my, mg + 1)(T1—m1=1)(Ta—m2)
Q(my + 1,ma + 1)(T1=m)(To=m2)
Q(ml + 1,m2)(T1—m1)(T2_m2_1) .

P(Sml,mg (Tla T2) < n) ~

(1.63)

We employ the same notation as in Section 1.1.1 for the pmf and cdf of the binomial
with parameters k, m, p, namely

b(s;n,p) = (Z)ps(l -p)"°
F(s;n,p) = > _ b(isn, p).
1=0

The quantities that appear in the approximation given by Eq.(1.63) can be computed

via
Q(my,m2) = F (n;mima,p), (1.64)
Q(ml + 11 m?) = ZF2 (n -5 m?vp) b (S; (ml - 1)m27p)1 (165)

s=0

n n 1
Qimi+1,me+1)= Z Z Z b(s1;my — 1,p)b(s2;my — 1,p)

81,52=011,t2=0141,12,i3,i14=0
X b(t1;ma — 1, p)b(te; ma — 17P)Pzij(1 - p)4_zij
X F(u; (my — 1)(m3 — 1), p), (1.66)

where in the last relation u is given by
u:min{n—sl—tl—il,n—SQ—tl—ig,n—sl—tg—ig,n—SQ—tQ—z};}.

In the case of independent and identically distributed nonnegative integer val-
ued observations, based on [Boutsikas and Koutras, 2000] approach and a Markov
type approximation (see |Glaz et al., 2001, Section 16.1.6] for the Bernoulli case),
[Chen and Glaz, 2009] proposed the following product-type approximation:

Q(m1+1,me + 1)(T1*m1)(T27m2)
Q(my + 1, myg)Tr—m1)(Ta=ma—1)
Q(my, 2mg — 1)(Ti—mi—1)(T2—2m>)
Q(m1,2m2)(T1—m1—1)(T2—2m2+1) .

P (Sml,mg (TlaTZ) < 7’L) ~

(1.67)

In the framework of binomial and Poisson model for the underlying random field,
the probabilities Q(m1,2mg — 1) and Q(m1,2my) can be evaluated by adapting the
algorithm developed by [Karwe and Naus, 1997] (see Section A.1). The other two
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unknown quantities, Q(m; + 1, mg) and Q(m1 + 1,m2 + 1), can be computed via a
conditioning argument as the one presented in [Guerriero et al., 2009] for the Poisson
distribution. For completeness we have included in Section A.2.1 of Appendix A
these formulas.

Remark 1.2.1. In [Chen and Glaz, 1996] and [Glaz et al., 2001, Section 16.1.4],
the authors included two Poisson type approximations and a compound Poisson ap-
proximation. Their simulation study showed that the most accurate estimate, be-
tween the four compared, was the product type approrimation.

We should mention that despite the fact that these approxzimations are accurate, none
of them give an order of this accuracy, that is there are no error bounds corresponding
to these formulas. Expressing the scan statistics Spm, m, (11, T2) as the mazimum of
a 1-dependent sequence of random wvariables, [Haiman and Preda, 2006] derived an
accurate approzimation formula as well as associated error bounds. We present these
results in a larger context in Chapter 3.

1.2.2 Bounds

Bounds for the distribution of the two dimensional discrete scan statistics can be
found only for particular situations. In [Boutsikas and Koutras, 2003], based on
specific techniques used in reliability theory, the authors developed a series of bounds
for the special case of Bernoulli observations. Their results are summarized in the
following. If X; ; are i.i.d. Bernoulli random variables of parameter p, then

a) Lower bound

Q(T1, Tp) > (1 — Q) Trmm)@mm2) (1 p)T=m (1 — Q3)2 7™ (1 - Qu) (1.68)
b) Upper bound

T1—m1—1)(To—mao—1
Q(Tl,TQ) < (1 o Al) [1 o q(ml—l)(3m2—2)+(2m1—1)(m2—1)A1}( 1 1—1)(T 2—1)

Ti—m1—1

X [1 — qm1(m2—1)Al]T2*m271 {

1— q(ml—l)(2m2—1)+(m1—1)(m2—1)A1}

« [1 _ q(m1—1)(2m2—1)+m1(m2_1)A2} Ty —m1 [1 _ q(m1_1)(2m2—1)+m1(m2—1)A4}
X |:]_ — q(ml*1)(3m272)+m1(m271)+(m171)(m271)A3i| To—mg ’ (169)
where ¢ =1 — p and
A = Flg+1,m1m2 - qm2Fl§+1,(m1—1)m2 - qm1F15+1,m1(m2_1) (170)
+ qml+m271Fl§+1,(m171)(m271)7 (17]_)
Ay = F’§+17m1m2 - qm2F15+1,(m171)mg7 (1-72)
A3 = Fl§+1,m1m2 - qm1 F]§+1yml(m2_1)7 (173)
A4 = Fl$+1,m1m27 (174)

Ff, = 1—F(i - Lim,p).
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We should note that similar bounds were obtained by [Akiba and Yamamoto, 2005].
In the general case, [Chen and Glaz, 1996] proposed a Bonferroni type inequality
for the lower bound of the distribution of the scan statistics. As their simulations
showed, these bounds are not as sharp as one expect. Using [Hoover, 1990] Bonfer-
roni type inequality of order r > 3

—mi+1 To—mo+1 —mi+1T— m2+1
U U Ai i S E > Aiiz)

11=1 io=1 11=1 io=1
—mi1+1T5—mo Tr—ma
E E 21 i 1 Ai17i2+1) - § P (Ai171 N Ai1+1,1)
11=1 12=1 11=1

—mi1+1r—1To—mo+1-1

Z Z Z P (Ai17i2 N Agl,ig-‘rl e Agl,i2+[71 N Ai17’52+l)

i1=1 io=1

(1.75)
with A;, i, = {Yi, i, > n} and r =4, we have

P (Sml’m2(T1,T2) < n) > (Tl — ml) [Q(m1 + 1,m2) — 2Q(m1,m2)]
— (Tl —mi + 1)(T2 — Mo — 3)Q(m1,m2 + 2)
+(T1 —m1+1)(Tg—m2—2)Q(m1,mg+3). (1.76)

The unknown probabilities in Eq.(1.76): Q(m1,m2), Q(mi+1,m2), Q(mi,ma+2),
Q(mq,mg + 3) are evaluated via a conditional argument (see Section A.2.1) or an
adaptation of the algorithm of [Karwe and Naus, 1997].

For the upper bound we propose to adapt the inequality of [Kuai et al., 2000] to the
two dimensional framework. Using the events A;, ;,, defined above, we can write

T1—m1+1To—mo+1
P(SMLmQ(TlvT?) <n)=1- ( U U AZMz)
i1=1 i9=1

Ti—mi1+1To—mao+1

3 3 { 0i, i, P (A, i,)?
(i1, i2) + (1 — 04y 5,)P(Asy 4y)

7:1:1 12:1
(1 - 9i1,i2)P(Ai1,i2)2 :|
(i1, i2) — 0,0, P(Ai 4,) ]

(1.77)

where
—mi+1To—mo+1

X(i1,i2) = Z Z Air i mAjl:jQ) (1.78)

J1=1 Je=1
and 6;, ;, can be computed from

0. . _ (i, i) {E(il,lé)J
e P(Aihm) P(Aihh)

(1.79)



24 Chapter 1. Existing methods for discrete scan statistics

We observe that if [i; — ji| > mq or |ig — jo| > mo, then the events A;, ;, and Aj, j,
are independent, thus

P (Aiy iy N Aj, ) = [1 = Q(my,ma)]?. (1.80)
On the other hand, if |iy — j1| < m; and iy — ja2| < ma, then
]P)(Aimé N AjlujQ) =1- QQ(mla m2) +P (Yim'z <n, Yj1,j2 < n) . (1-81)

The last term in Eq.(1.81) can be evaluated via a conditioning argument. For
example, in the case of a binomial model with parameters r and p, denoting with Z
the random variable

(i1+m171)/\(j1+m171) (i2+m271)/\(j2+m271)

Z = Z Z Xs,ta (182)

s=11VJj1 t=1i2Vja

we have, due to the independence of Y}, ;, — Z and Y}, ;, — Z, that

n
P(Yiiy <1, Y55 <n) =Y P(Z=k)P(Yiys — Z <n— k). (1.83)
k=0

In Eq.(1.83), the random variables Z, Y, ;, — Z are binomially distributed with
parameters r(mi —|i; —ji|)(ma —|ia — ja|), p and r|i; — j1||ia — j2| and p, respectively.
Hence, to calculate the upper bound in Eq.(1.77), it is enough to pre compute the
my X my matrix with the entries given by the probabilities P (A4;, 4, N Aj, j,), found
above, for |i; — j1| < mq and |ig — jo| < ma.

Remark 1.2.2. A different upper bound can be obtained from Eq.(1.77) if one con-
sider the events F;, ;, given by

Eiy iy = max Ysiso <10 (1.84)
(i1—1)m1+1<s1<iymy+1
(i2—1)m2+1<s2<iama+1
instead of the events A;, ;,. This approach generalizes the upper bound in the one
dimensional case presented in Section 1.1.8. Details about this alternative margin
are given in Section A.2.2 of Appendix A.

1.3 Three dimensional scan statistics

In this section, we extend the notion of the two dimensional discrete scan statis-
tics defined in Section 1.2, to the three dimensional case. The three dimensional
discrete scan statistics was introduced in [Guerriero et al., 2010a], where the au-
thors derived a product-type approximation and three Poisson approximations for
the 0 — 1 Bernoulli model. As the authors mention in the cited article, the most
accurate estimate within the four is the product-type approximation. Based on
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this observation, we include bellow the formula for the product type estimate in a
somewhat general framework. Detailed expressions of the unknown quantities that
appear in this formula are presented in Section A.3 of Appendix A.
Let Ty, Ts, T3 be positive integers, R = [0, T1]x [0, T2] x [0, T3] be a rectangular region
and {X; x|l <i <Ty,1 <j<Tp,1 <k < T3} be afamily of independent and
identically distributed integer valued random variables from a specified distribution.
For each [ € {1,2,3}, consider the positive integers m; such that 1 < m; < T, and
define the random variables
11+mi1—1124+mo—113+ms3—1
Yiisis = 2, >, >, Xijg 1< <Ti—m+1. (1.85)
i=i1 j=io k=i3

If the random variables X ;. are interpreted as the number of events observed in
the elementary square subregion [i — 1,4] x [j — 1, j] x [k — 1, k], then Y, ;, ;, counts
the events observed in the rectangular region

R(il,ig,ig) = [il — 1,491 +m1 — 1} X [ig—l,ig—i—ﬂlg—l] X [ig— 1,43 +mg — 1},

comprised of mimoms adjacent elementary square subregions and with the south-
west corner at the point (i3 — 1,49 — 1,43 — 1).
The three dimensional discrete scan statistic is defined as the maximum number of
events in any rectangle R (i1, 72, 43) within the region R,

Sma,ma,ms (11, To, Ts) = max Yis jiois- (1.86)

1§ij Sijmj+1
je{1,2,3}

The distribution of the scan statistic,

Qm1,m2,m3 (T17 TQ) T3) =P (Sml,mQ,mg (Tlu T27 T3) < n) )

was successfully used in astronomy (|Darling and Waterman, 1986]), image analysis
([Naiman and Priebe, 2001]), reliability theory ([Boutsikas and Koutras, 2000]) and
many other domains. An overview of the potential application of space-time scan
statistics can be found in the monograph [Glaz et al., 2009, Chapter 6].

From a statistical point of view, the scan statistic Sp, my,ms (11, T2, T3) is used for
testing the null hypothesis of randomness that X;;;’s are independent and iden-
tically distributed according to some specified distribution. Under the alternative
hypothesis there exists one cluster location where the X;;;’s have a larger mean than
outside the cluster. As an example, in the Poisson model, the null hypothesis, Hy,
assumes that X;;;’s are 1.i.d. with X, ~ Pois(\) whereas the alternative hypoth-
esis of clustering, Hy, assumes the existence of a rectangular subregion R (i, jo, ko)
such that for any ig < i <ig+mi1—1, jo < j < jo+mo—1land kg < k < kg+ms—1,
Xijr are i.i.d. Poisson random variables with parameter N > X Outside the region
R(io, jo, ko), Xijr are iid. distributed according to the distribution specified by
the null hypothesis. The generalized likelihood ratio test rejects Hy in favor of the
local change alternative Hy, whenever Sy, my ms (11, T2, T3) exceeds the threshold 7
determined from P (Sp, mo,ms (11,12, T3) > T7|Hp) = « and where o represents the
significance level of the testing procedure ([Glaz et al., 2001, Chapter 13]).
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1.3.1 Product-type approximation

Consider that X ; ;. are independent and identically distributed nonnegative integer
valued random variables. When the parameters involved in the distribution of the
three dimensional scan statistics are clearly understood we abbreviate the notation
to Q(Tl, TQ, Tg)

Following the approach proposed in [Guerriero et al., 2010a] for the i.id. 0—1
Bernoulli model, we obtain the following product-type estimate:

QUma + 1,my + 1,my + 1) (T (T ma)(Ty )
Q(my, ma, m3)(T1—m1—1)(T2—m2—1)(T3—m3—1)
Q(my + 1,mg, mg) Tt —m=D(Ta=ma)(Ts=ms)

Q(m1,ma + 1,mg + 1)(T1=m1)(Te=mz=1)(Ts—ms—1)

) T1—m1)(To—ma—1)(T5—ms3)

)

P(Sm17m2,m3(T17T27T3) < n) ~

Q(m1,ma +1,m3
Q(m1 +1,m2,m3 +1
Q(m1,ma, m3 + 1)

Q(my + 1,ma + 1, mg)L—m1—1)(Ta=ma—1)(T5—m3) "
(1.87)

(T1—m1—1)(T2—m2)(T3—m3—1)
Ti—m1)(Ta—m2)(T3—m3z—1)

(
)t
1)(
)

Particularizing, for 71 = T = T3 = N and m; = mg = m3g = m we get the same
approximation formula as in [Guerriero et al., 2010a, Eq. 6]. Explicit expressions
for the unknown quantities in Eq.(1.87) are given in Section A.3 of Appendix A for
the binomial and Poisson model.

Remark 1.3.1. As far as we know, the only result on bounds for the distribution
of the three dimensional scan statistics is the one of [Akiba and Yamamoto, 2004].
The authors, using techniques from reliability theory, obtained closed form lower and
upper bounds for the Bernoulli model. Their formulas are complex and, even for
moderate scanning window sizes, requires excessive computational time. We should
mention that alternative bounds can be obtained extending the approach presented in
Section 1.2.2 to the three dimensional setling.



CHAPTER 2

Extremes of 1-dependent
stationary sequences of random
variables

In this chapter, we present some results concerning the approximation of the dis-
tribution of the maximum and minimum of the first n terms of a 1-dependent sta-
tionary sequence of random variables. These approximations extend the original
ones developed in [Haiman, 1999|, both in terms of range of applicability and in
sharpness of the error bounds. We begin in Section 2.1 with some definitions and
remarks concerning the m-dependent sequences of random variables. Next, we give
the formulation of the problem and the intuition behind the proposed method. The
description of the main results and some numerical aspects are presented in Sec-
tion 2.2. We conclude the chapter with the proofs of the results in Section 2.3.
Parts of the work considered in this chapter appeared in [Amarioarei, 2012] and
make the object of an article submitted for publication.
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2.1 Introduction

We consider the problem of approximating the distribution of the extremes (maxima
and minima) of 1-dependent stationary sequences of random variables.

2.1.1 Definitions and notations

We say that a sequence of random variables is m-dependent if observations separated
by m units are stochastically independent and is stationary (in the strong sense)
whenever its finite dimensional distributions are invariant under time shifts. To be
more precise we have the following definitions:

Definition 2.1.1. The sequence (Wy)r>1 of random variables is m-dependent, m >
1, if for any h > 1 the o-fields generated by {W1,..., Wi} and {Whpims1,...} are
independent.

Definition 2.1.2. The sequence (Wy)i>1 of random variables is stationary (in the
strong sense) if for all n > 1, for all h > 0 and for all t1, ..., t, the families

{Wt17Wt27 R th} and {Wt1+h7 Wt2+h7 cee th+h}
have the same joint distribution.

A large class of m-dependent sequences is constructed based on the block-factor
terminology. The following definition describes the notion of [ block-factor (see also
|Burton et al., 1993|):

Definition 2.1.3. The sequence (Wy)i>1 of random variables with state space Sy
is said to be I block-factor of the sequence (Yi)r>1 with state space Sy if there is a
measurable function f : Sg/ — Sw such that

Wi =f Ve, Yigr1, oo Yeqio1)

for all k.

2.1.2 Remarks about m-dependent sequences and block-factors

The study of m-dependent sequences can be regarded as a different model for depen-
dence besides the well known Markov model. Even if the later has been investigated
thoroughly for a long time, not so much can be said about the former model.

Maybe the most common examples of m-dependent sequences are obtained from
(m + 1) block-factors of independent and identically distributed sequences of ran-
dom variables. In [Ibragimov and Linnik, 1971], the authors conjectured that the
converse is not true; they affirmed (without giving an example) that there are m-
dependent sequences which are not (m + 1) block-factor of any i.i.d. sequence.
Progress in this direction was made by [Aaronson et al., 1989], who showed that
there exist two valued 1-dependent processes which cannot be expressed as a 2
block-factor of an i.i.d. sequence. In [Aaronson and Gilat D., 1992] it is shown that
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a stationary 1-dependent Markov chain with no more than four states can be rep-
resented by a 2 block-factor. Their result is sharp in the sense that there is an
example of such a sequence with five states which is not a 2 block-factor. In par-
ticular, [de Valk, 1988| proved that a two valued Markov chain becomes an i.i.d.
sequence if in addition it is stationary and 1-dependent. This result was extended
by [Matus, 1998, Lemma2| who gave a characterization of binary sequences which
are Markov of order n and m-dependent. The author also presented a necessary and
sufficient condition for the existence of a m-dependent Markov chain with a finite
state space (see [Matus, 1998, Proposition 1]). In [Burton et al., 1993|, the authors
gave an example of a four state 1-dependent process which is not a [ block-factor for
any [ > 2, thus confirming the conjecture. More details about 1-dependent processes
can be found in [de Valk, 1988] and [Goulet, 1992].

To ask whether a sequence of m-dependent random variables is a (m + 1) block-
factor or not, seems to be a natural question. From the best of our knowledge there
is no general result concerning this problem. Nevertheless, some partial answers
can be found in the literature. In [de Valk and Ruschendorf, 1993] was obtained
a regression representation for a particular class of m-dependent sequences. In the
same paper, the authors presented a constructive method to check if such a sequence
can be viewed as a monotone (m+1) block-factor. In [Broman, 2005] it is shown that
1-dependent trigonometric determinantal processes are 2 block-factors. Another
class of processes that can be expressed as a (m + 1) block-factor is represented
by stationary m-dependent Gaussian sequences. The following proposition justifies
this affirmation:

Proposition 2.1.4. Let (Wy)kez be a stationary m-dependent Gaussian sequence
of random variables such that EWy = p. Then there exists a sequence (ay)j’, such

that
d
(Wh)kez = <M +) az’ﬂk—i) ; (2.1)
kez

i=0
where (n;)jez are i.4i.d. standard normal random variables.

Generalizations of the foregoing result, concerning m-dependent stationary infinite
divisible sequences, can be found in [Harrelson and Houdre, 2003].
2.1.3 Formulation of the problem and discussion

The problem that we treat in this chapter can be formulated as follows. Let (Xp,,)n>1
be a strictly stationary sequence of 1-dependent random variables with marginal
distribution function F'(z) = P(X; < x) and take z such that

inf{u|F(u) > 0} < z < sup{u|F(u) < 1}.
For each n > 1, we define the sequences

pn = pn(z) = P(min{ Xy, Xo,..., Xp} > ), (2.2)
Gn = qn(r) = P(max{ X1, Xo,..., X} < x).
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Our aim in this work is to find good estimates for p, and ¢, together with the corre-
sponding error margins. Asymptotic results for extremes of m-dependent sequences
of random variables were obtained by many authors among which we can mention
[Watson, 1954], [Newell, 1964], [Galambos, 1972] and [Flak and Schmid, 1995].

The approach we are using to attain these estimates differs from the ones presented
in the cited papers and it has its origin in the paper of [Haiman, 1999]. To get the
intuition behind the method presented in this work, consider g_1 = gg = 1 and take

D(2) = Du(2) = > qp12* (2.4)
k=0

the generating function of the sequence (gx)r>0. We observe that this generating
function depends on z, since the sequence (gx)xr>0 does. Suppose that, for example,
the function D(z) has the following expression:

Az

-5

D(z) =14 22 A#0. (2.5)

Then it is easy to see that

ZW Z A kn (2.6)

and therefore ¢, = The following example shows that there are situations where

)\VL .
the assumption made in Eq.(2.5) is valid.

Example 2.1.5. Let (X,)n>1 be a sequence of i.i.d. random variables. In particu-
lar, the sequence is 1-dependent. Then one can eastly show that

D(z) = 1+—1—(1—p1)z

which gives A = —1 and g, = (1 —p1)" = /\n.
Of course that the situation presented in Example 2.1.5 is an extreme one and such
an assumption is not feasible in the general context. Perhaps, the next best thing

that we can hope for is to have an asymptotic relation in the neighborhood of the
singularity A, namely

D(z) ~1+ = (2.7)
D)
In which case, one can wish to obtain a relation of the form
A
 ~ —. 2.8
™~ 1 (2.8)

The above observations lead to the problem of showing that the generating function
D(z) has a nice singularity. It is obvious that the problem of studying the singu-
larities of D is related to the analysis of the zeros of the function %. Now, if we

consider the generating function associated to the sequence {(—1)*px_1}x>0,

C(z)=C —HZ )epr—12F (2.9)
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where p_1 = pgp = 1, one can prove that (see Lemma 2.3.5)

(2.10)

This last relation gives us the means to analyze the singularity of D by focusing our
attention on the zeros of the generating function C(z). As it turns out, to analyze
the zeros of the function C' is much easier because of two aspects: an elementary
upper bound for the probabilities p, (given in Eq.(2.25)) and the fact that C' is an
alternating series. We will finish this section with an example that illustrates the
above ideas:

Example 2.1.6. Let (Uy)n>1 be a sequence of i.i.d. 0—1 Bernoulli random variables
with P(U, = 1) = p. We define for each n > 1 the random variables X,, = U,Up41.
It is clear that the sequence (Xy)n>1 is stationary and 1-dependent, since is defined
as a 2 block-factor of an i.1.d. sequence. Clearly
pn=PX;1=1,Xo=1,...,X,=1)
=P(U; =1,Us=1,...,Upy1 = 1) = p",

so the generating function in Eq.(2.9) becomes

C(z)=—z+pz+ 5o

Solving the equation C(z) = 0 we obtain the value of the zero

1 4p
A=—[—14+,/1+—).
2p< " +1—p>

Notice that X\ belongs to an interval of the form (1,14wu), which will be in accordance
with the result presented in Theorem 2.2.3. To get the value of qn, we first notice
that according to Lemma 2.3.5 we have
n
= ()" Fpp_pqe_1, n>0, pp=qg1=q =1
k=0

n

By writing b, = q,p~" and using the fact that p, = p"t!, we obtain the following
second order recurrence:

1—p2

p

1_
bpy1 = Tp (by +bn-1), bo=1,b1 =

which, after solving for gy, leads to the solution

1 1
an :Cﬁ+(1—c)n77

S PO R
T 1—p
— n+l

and c perl For p small enough, it can be seen that the value of n~' decrease much

where

faster than of A\, so the main contribution to the value of q, is made by the first
term.
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In the next section we will see that there exists a zero A\, of C in an interval of the
form (1,14 w) and the result in Theorem 2.2.3 will give an estimate of this zero. We
will conclude the section with an approximation and the corresponding error bound
for the value of g,.

2.2 Main results

Starting from the results obtained by [Haiman, 1999] and presented in Section 2.2.1
bellow, we extend these results by enlarging their range of applicability and provid-
ing sharper error bounds. These new expressions will constitute the main tools in
finding the approximation of the distribution of the scan statistics as it will be seen
in the next chapters.

2.2.1 Haiman results

In [Haiman, 1999], the author presented a series of results concerning the approx-
imation of the distribution of the maxima of a stationary 1-dependent sequence
of random variables. He started by showing that if the tail probability p; is small
enough, then the series given in Eq.(2.9) has an unique zero in the interval (1, 1+2p;)
and gave explicit an estimate of its value. The next theorem illustrates this result:

Theorem 2.2.1. For x such that 0 < p1(x) < 0.025, Cy(2) has a unique zero A(z),
of order of multiplicity 1, inside the interval (1,1 + 2py), such that

A — (14 p1 — pa +p3 — pa + 207 + 3p3 — 5pipa)| < 87pi. (2.11)

The relation between the zero A found in the foregoing result and the probability
of the maximum of the first n elements of the sequence (X,),>1 is given by the
following theorem:

Theorem 2.2.2. We have
@ =1-p, @=1-2p1+p2, qs=1-3p1+2ps+p;—ps
and for n > 3 if p1 < 0.025,
|gn A" — (1 — p2 + 2p3 — 3ps + p} + 6p3 — 6p1p2)| < 561p3. (2.12)

These theorems were successfully employed in a series of applications: the
distribution of the maximum of the increments of the Wiener process
(|[Haiman, 1999]), extremes of Markov sequences (|[Haiman et al., 1995|), the distri-
bution of scan statistics, both in one dimensional (see [Haiman, 2000, Haiman, 2007,
Haiman and Preda, 2013|) and two dimensional case (see |[Haiman and Preda, 2002,
Haiman and Preda, 2006]).
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2.2.2 New results

In this section, we extend the theorems presented in Section 2.2.1 but we keep their
initial form. The reason behind this approach is that we want to have a reference
for comparison. The results presented in subsequent will have parameterized error
coefficients depending on the tail probability p1, which will prove to be much smaller
than the initial ones. The advantage of the parameterized error coefficients over the
fixed ones presented above become clear when the value of p; decreases toward zero
and lead to sharper bounds. The following statement gives a parametric form of the
Theorem 2.2.1, improving both the range of pi(x), from 0.025 to 0.1, and the error
coefficient:

Theorem 2.2.3. For x such that 0 < pi(z) < 0.1, Cy(2) has an unique zero
A= A(z), of order of multiplicity 1, inside an interval of the form (1,14 Ip1), such
that

IAN— (14 p1 — pa + p3 — pa + 2pT + 3p3 — 5p1p2)| < K (p1)p3, (2.13)

where 1 = I(p1) > t3(p1), ta(p1) is the second root in magnitude of the equation
p1t? —t+1=0 and K(py) is given by

11-3p 243lp1 —p1(2—Ip1) (1+1p1)*
p1) = 21 (1+ip1) : :

C [=p (11p1)2P?

Using the stationarity and the one dependence of the sequence (X,)n>1, we have
the following:

Corollary 2.2.4. Let X\ be defined as in Theorem 2.2.3, then

A= (1+p1—p2+2(p1 — p2)*)| < (14 p1K (p1))pl. (2.15)

The choice between the estimate of A given in Theorem 2.2.3 and in Corollary 2.2.4
is made according to the information available about the random sequence. If one
does not have enough information to compute (or simulate) the values of p3 and py,
then the obvious estimate is the one given in Corollary 2.2.4.

To get a better grasp of the bounds in Theorem 2.2.3 and Corollary 2.2.4, we present
in Table 2.1, for selected values of py, the values taken by the coefficients in Eq.(2.13)
and Eq.(2.15):

Notice that for p; = 0.0025 we are in the hypothesis of Theorem 2.2.2 and Theo-
rem 2.2.3. The corresponding value for K(0.0025) in Table 2.1 shows that the error
bound in Eq.(2.13) is almost five times smaller then the one in Eq.(2.11). Figure 2.1
presents the behaviour of the error coefficient function K(p;) as p; varies between
0 and 0.1. The fixed value of the coefficient in Theorem 2.2.1 (= 87) is also plotted,
but only between 0 and 0.025.

Before presenting the parametric extension of Theorem 2.2.2, we should stop for a
little to illustrate the estimate of the zero A in the context of Example 2.1.6.
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P1 l K(p1) 14piK(p1)
0.100 1.5347 38.6302 4.8630
0.050 1.1893 21.2853 2.0642

0.025 1.0835 17.5663 1.4391
0.010 1.0313 15.9265 1.1592

Table 2.1: Selected values for the error coefficients in Theorem 2.2.3 and Corol-
lary 2.2.4

90 T T T

Fe-======= = = = Haiman error coefficient = 87
: = = = Our error coefficient

80 : b

w S o o ~
o o =] =] o
T T T T T

\
\
L L L L L

Value of the error coefficient

N
o
T

-
-
-
-

-
-——

10 : 1

O L L L L L L L L L
0 001 002 003 004 005 006 007 008 009 0.1
Tail probability (p1)

Figure 2.1: The behaviour of the function K (p;)

Example 2.2.5 (Continuation of Example 2.1.6). As we have shown previously, the
value of the zero X\ is equal with

1 4p
A=— -1+ /14—
2p< " +1p>

and it belongs to an interval of the form (1,1 + w). It is not hard to see that if one
takes u = tp with t > £, then X € (1,1 +tp).
We will verify only the estimate in Corollary 2.2.4, as it involves less computations.

First, observe that the approzimation of \ in FEq.(2.15) can be rewritten as

v=1+p —p2+2(p1 —p2)?
=1+p*(1—p)+2p*(1—p)?

since pn = p" T forn > 1.
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Using Taylor’s formula with Lagrange form of the remainder for the function v/1 + x,
we have

11 1 . 5 7

v 1 — ]y g2 — 3 Ay ~9/2,.5

o=l gz - grtt gert - et b o (1O
4p

Substituting the above expansion in the expression of X for x = T We obtain

1 2p? 5p3 14p*
A= - 5 T . 3 - iy . 5
I1-p (1-p? (1-p3 @Q-p* (1-p)

(1+€)7%2,

where € € <0, 14—_pp). Elementary calculations give us that
—11+10p — 5p% + p°

1
(1-p)® (1-p)*

We can see that |\ — v| is a multiple of p% = p*, which is in accordance with our
result. Notice that the difference between the estimate in Theorem 2.2.3 and the one
in Corollary 2.2.4 is of the order p*(1 — p)?, but the first result gives an accuracy of
order pb, while the second only of p*.

(1+&)72 —2(1-p)?*+

/\—V:p4|:

An analogue result to the one presented in Theorem 2.2.2 is given bellow:

Theorem 2.2.6. Assume that x is such that 0 < pi(x) < 0.1 and definen = 1+1p;
with | = 1(p1) > t3(p1) and ta(p1) the second root in magnitude of the equation
pit> —t+1 =0. If \ = \x) is the zero obtained in Theorem 2.2.3, then the
following relation holds:

|gnA™ — (1 — pa + 2p3 — 3pa + pi + 6p5 — 6pipa)| < T'(p1)pd, (2.16)
where T'(p1) = 36.1 + (1 — p1)2P(p1) + E(p1), K(p1) is given by Eq.(2.14) and

P(p1) = 3K (p1)(1 + p1 + 3p1)[1 + p1 + 3p; + K(p1)pi] + pP K> (p1)

+ 9p1 (4 + 3p1 + 3p?) + 19, (2.17)

7% [1+ (1 —2p)n]* [L+pi(n —2)] [1+n+ (1 — 3p1)n?]
2(1 = pin®)* [(1 = p1n?)? — pin*(1 + 0 — 2p1n)?]

As an immediate consequence of Theorem 2.2.6 we have the following corollary

E(p1) = (2.18)
which involves only the values of p; and ps:

Corollary 2.2.7. In the conditions of Theorem 2.2.6 we have

gn A" — (1 = p2)| < (3+ pal'(p1))pi. (2.19)

From Table 2.2 we can see that for p; = 0.0025, the coefficient in the error bound
given by Eq.(2.16) is about three times smaller then the one from Eq.(2.12).

We continue the exposition with two theorems that answer the problem proposed
in Section 2.1.3, namely finding an estimate for the maxima ¢,. The first result
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p1 L(p1) 3+ pil(p1)

0.100  480.696 51.0696
0.050  180.532 12.0266
0.025 145.202 6.6300
0.010 131.438 4.3143

Table 2.2: Selected values for the error coefficients in Theorem 2.2.6 and Corol-
lary 2.2.7

presents an estimate for ¢, in terms of g1, g2, g3 and g4, while for the second
only the expressions of ¢; and ¢o are involved. These two statements, especially
the second one, constitutes the cornerstone for the approximation developed in the
following chapter. As we will see, the estimates are very sharp for those values of z
for which the tail probability is small.

Combining the results obtained in Theorem 2.2.3 and Theorem 2.2.6, we get the
following approximation:

Theorem 2.2.8. Let x such that g1(x) > 1 —p1(x) > 0.9. IfT(-) and K(-) are the
same as in Theorem 2.2.6, then

6(q1 — g2)* + 4q3 — 3q4
l+q—q2+q3—q1+2¢ +3¢2 — 5q1q2)"

an = <nA(1—q)®  (2.20)
with
F(l — ql)

Aq :Al(ql,n) :K(l—ql)—i-T. (221)

In the same fashion, combining the results from Corollary 2.2.4 and Corollary 2.2.7,
we get

Theorem 2.2.9. If x is such that gi(x) > 1 —pi(x) > 0.9, then

2q1 — q2 ‘ 2
n — = <nAy(l— , 2.22
¢ l+q —q+2(q1 —q2)? 2(1=a1) (222
with
3 I'(1 —
Ag = As(qr,n) =1+ + [K(l—m)*'(nql)} (I—aq) (2.23)

and T'(-) and K(-) are as in Theorem 2.2.6.

We should mention that in [Haiman, 1999, Theorem 4], the author obtained a similar
formula for the error bound in Eq.(2.22), the only difference being that As is replaced
by A where

9 561

Af ==+ 21— 1) +33[1+4.7n(1 - q1)?]. (2.24)
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Value of the coefficients

1 I I I I I I I I I
0 50 100 150 200 250 300 350 400 450 500

Length of the sequence (n)

Figure 2.2: The relation between Ag and Ay when 1 — ¢; = 0.025 and n varies

As can be seen from Figure 2.2, when 1 — ¢; is fixed and takes the value 0.025 (the
upper limit in Haiman’s results) and the length of the sequence (n) increases, the
value of Ag increases with n, while the value of Ay decreases. Also, one can note
that the new error coefficient is much smaller than the old one. In Figure 2.3 we
present the behaviour of the coefficient function Ag; in Figure 2.3(a) we illustrate the
three dimensional plot and in Figure 2.3(b) we include the level curves for different
values of 1 — ¢q;.

Figure 2.3: Tllustration of the coefficient function Aq for different values of p; and n
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2.3 Proofs

In this section, we present the proofs for the results described in this chapter. The
proofs for the main results described in Section 2.2.2 rely on a series of technical
lemmas which will be stated in Section 2.3.1. We conclude the section by giving the
proof of Proposition 2.1.4 presented at the end of Section 2.1.2.

2.3.1 Technical lemmas

We consider the framework described in Section 2.1.3. We begin by giving the
following key upper bound for the probabilities of the minimum of the first n terms
of the sequence (X,),>1. Using the stationarity and 1-dependence properties of the
sequence we have
pn=PX1 >z, Xo>z,.... X, >2) <P(X; >z,X3>zx,...,X, > 1)
= ]P)(Xl > w)P(Xg >z, X, > m)
= P1Pn-2,

which gives the basic inequality

(2]
Pn < Py . (2.25)

This bound will be used over and over again in our results. Recall that in Eq.(2.9)
we have defined the generating function

Cz)=C —1+2 epra 2" (2:26)

The following lemmas will provide various estimates on the function C(z).

Lemma 2.3.1. The function C,(z) has a zero A = X\(x) in the interval (1,14 Ip1),
where | = 1(p1) = t3(p1) + &, € > 0 arbitrarily small and ta(py) is the second root in
magnitude of the equation pit3 —t+1=0.

Proof. To show that C(z) has a zero in the interval (1, 1+4Ip;) it is enough to verify
that C'(1) > 0 and C(1+Ip1) < 0. It easy to see that C'(1) > 0, since

=14 (=1)*pe—1 = (pr — p2) + (p3 — pa) +--- > 0. (2.27)
= >0 >0

For C(1+ ip1) we have:

C(l+1p) =1+ ) (=) pea(1+1p1)*
k=1

= —lp1 + Z +1p1)* [pak—1 — par(1 + Ip1))]
k=1

<pop—1<pk

< —lpr+ Y [(1+1p)*pi)" (2.28)
k=1
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From the definition of [ and the relation 1 < ta(p1) < t2(p1) + ¢ < \/%, we obtain
(t2 = ta(p1))

Bttt +e+ (183 +¢) <B3+tats+2) + (ta+¢)°

1 1 1 1

3p1  3p1 3m m

which implies to — {/t3 + ¢ + p1e < 0. Combining this last relation with the fact
that t5 is a root of the equation p1t3 —t 4+ 1 = 0, we conclude that

pi(ts+e)— BB +e+1<0.

The foregoing relation can be rewritten as (1 + Ip1)® < [ and since p1(1 + Ip1)? <
ljﬂlpl < 1, the series in Eq.(2.28) is convergent and we have C'(1 + Ip;) < 0.
Notice that the choice of [ in the statement of the lemma was made such that the

inequality (1 + Ip1)® < holds. W

Lemma 2.3.2. Consider the series

R=> 2kpoyp_1— »  (2k+ 1)pa. (2.29)
k=2 k=2
The following inequality holds:
1 1
R| < 2p? + ] : 2.30
‘ ’— P1 |:(1_p1)2 1_p1 ( )

Proof. To approximate R, we observe that since pog_1 — pog > 0, the series can be
bounded by

o0 o0
- ZP% <SR< Z% (P2k—1 — P2k)-
k=2 k=2

With the help of Eq.(2.25), we obtain

2 00 0

p1 k k—1 2 1 1

_ = — py < R < 2p; kp =2p [ + , (2.31)
1—m kZZQ ! ; ! Ha-p)2  1-p

which implies the desired estimate for |R|. W

Lemma 2.3.3. Take C"(z2), the second derivative of the function C(z). Then for
all z € (1,1 + lp1), we have

1+ 3p1(1 + Ip1)?

[1—pi(1+1p)2*
(2.32)

1 1 2 4py (1
—oip? + 3p1(1 + Ip1) . p1(1+ip1) <) <
[1—pi(1+1Ip1)?°  [1—pi(1+1p1)?]

where | = 1(p1) is defined in Lemma 2.5.1.
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Proof. After derivation we have

C"(z) =2p1 —2-3paz + 3 -dp3z® —4-5py2® +5-6pszt — ..

= (2k+1)(2k + 2parr12™ = Y (2k + 2)(2k + 3)pars2z™ . (2.33)
k=0 k=0

Based on the estimate in Eq.(2.25) and using the fact that z € (1,1 + Ip;), we find
the upper bound

[e.o]

C"(z Z 2k + 1)(2k + 2)(24/p1)**

k=
1 + 3p1(1 + lp1)2

< 2p; . (2.34)
[1—pi(1+ip1)?)°
Similarly, we obtain the following lower bound:
C"(2) = —Ip1 > (2k + 1)(2k + 2)parr22™ — 4~ (b + 1)popsaz™ !
k=0 k=0
>—lplz (2k + 1)(2k + 2)(2/p1)? —4plzz (k+1)(p12?)
1 141 dp1(1 +1
olp? +3P1( +ip1)? p1(1+ pl) N (2.35)
M-p+ )2 [ —pi(1+ lpr)?]

From the upper and lower bounds in Eq.(2.34) and Eq.(2.35), respectively, we have
the estimate

o1p? 1+ 3p1(1+1p1)? 4p1 (1 + Ip1)
[1 —pi(L+1p)2° 1= pi(L+ip1)?)?

Lemma 2.3.4. Let C'(z) be the first derivative of the function C(z). For all z €
(1,14 Ip1), we have the bounds

10" ()] < .. (2.36)

2 1 1 2
O'z) < 14 2Ly o LA 3P FIp)” (2.37)
(1—p1) [1—p1(1+1p1)?
() ] (2.38)
1—p(1 +lp1)2]2 7

where | = 1(p1) is defined in Lemma 2.3.1.

C'(2)| 7" <

Proof. We will derive first the upper bound for C’(z) given by (2.37). Using La-
grange theorem on the interval [1,1 + a] with a < Ip;, we get for 6 € (0,1):

C'(1+a)=C'(1) 4+ aC"(1 + 6a). (2.39)
We observe that

C'(1) = —1+2p; — 3pa + 4p3 — 5py + 6p5 — Tp + . ..
= —1+2p —3ps+ R, (2.40)
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where R is defined in Lemma 2.3.2.
Applying the estimate in Lemma 2.3.2 for R and the upper bound for C”(z), derived
in Lemma 2.3.3, we deduce
2 14 3p1(1+p1)?
C'(z) < -1+ —PL 5 + 2Ip] +3m 1+ pl)g.
(1—p1) [1—p1(1+1p1)?

Notice that for the derivation of the foregoing expression we have also used the fact
that a < Ipy.
To derive the second estimate, observe that

(2.41)

IC"(2)| 7 = |1 — (2p12 — 3paz? + Ap32® — Spyzt + .. )|

I

< ’1 — 12p1z — 3p22? + 4psz® — Bpazt + ... , (2.42)

where we used the inequality |1 — x| > |1 — |z||. Taking into account that z €
(1,1 + Ip1) and denoting the expression inside the second absolute value in the
denominator of Eq.(2.42) with T, we have the upper margin

T= Z% Poak—1 — P2k2)% szkz

k=1
> 2p1z
E( —_— 2.4
Z;; ) =T-pP (243)

In the same way,

o0 o0
T> =Y po2™ —2p1 Y kpo2™ !

o0 oo
> = phe? = 2lpia Y k(pr2?)h !
k=1 k=1
21 1 —p122 2
> Pt +2(1-p1z°) _ P12 (2.44)

(1 7p122)2 (1 _plz2)2.
Combining the bounds in Eq.(2.43) and Eq.(2.44) along with z < 1+ Ipy, leads to

2p1(1 +Ip1)

Tl < 5- (2.45)
(1 —p1(1+1p1)?]
Substitute the bound from Eq.(2.45) in Eq.(2.42) to obtain the estimate
1
! -1
|IC'(2)|7" < T [ | (2.46)

[1—p1(1+1p1)2])°

The following results will be used in the proof of Theorem 2.2.6. Recall, from
Section 2.1.3, that

D() = Da(z) = 3 grs2. (2.47)
k=0
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The next lemma presents the relation between the generating functions D(z) and
C(z). As we saw in Section 2.1.3, this formula will constitute the key idea behind
our approach.

Lemma 2.3.5. Let C(z) and D(z) be the generating functions defined by Eq.(2.26)
and Eq.(2.47), respectively. The following relation holds:

1

D(z) = ——. 2.48
®)= a5 (2.45)
Proof. We define the following series:
- 1 >
D(z) = —— =Y d2", (2.49)
ZERPP

which exists since the free term in the series C is equal to 1. Based on the relation
C(z)D(z) = 1, we deduce that dy = 1 and

n

> (=1)"pu_jadj =0, n>1. (2.50)
j=0

Define for each k = {0,1,...,n} the events
A ={X1 <z,.... X <2, Xp31 >2,..., X, >z}
We observe that P(Ag) = pn, P(4,) = ¢, and
P(Ag) + P(Ax-1) = pp—rqr—1, k> 1. (2.51)

Multiplying Eq.(2.51) with (—1)*~! and summing over k gives

n

=) (D" "pukge—1, n>0, ¢1=q=1 (2.52)
k=0

Notice that from the above relation and Eq.(2.50), after using mathematical in-
duction, we obtain dy,11 = ¢,. From the definition of the series D we conclude
that

oo
D(z) =) a2, ¢1=q=1, (2.53)
k=0
which is exactly the generating function D(z) and the proof is complete. W
In the following lemma, we assume that the result in Theorem 2.2.3 is known.
Lemma 2.3.6. We have
g3A* =1 —py + 2p3 — 3ps + pi + 6p5 — 6p1p2 + O(L(p1)p}), (2.54)

where O(z) is a function such that |O(z)| < |z|, L(p1) = 36 + (1 — p1)?2P(p1) and
P(p1) has the form

P(p1) = 3K (p1)(1 + p1 + 3p])[1 + p1 + 3p7 + K (p1)pi] + pi K3 (p1)
+ 9p1(4 4 3p1 + 3p3) + 19. (2.55)
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Proof. From Eq.(2.13) of Theorem 2.2.3 we can write
A=1+p1—p2+ps—ps+2p; +3p5 — 5pip2 + O(K (p1)p?) (2.56)
and raising to the third power we get

A= (1+¢+ )P +3(01+ ¢+ Q)POK (p)p?) + OK3 (p1)pipt)+
+3(1+ G+ G)O(K2 (p1)pip}).- (2.57)

In the above formulas we have used the notations

(1 =p1 — pa, (2.58)
(o = p3 — pa + 2p7 + 3p3 — 5p1pa. (2.59)

From the definitions of ¢; and (2, it is not hard to see that (; = O(p1) and
(2 < p1(p1 — p2) + 2(p1 — p2)® — pa(p1 — p2) = O(3p}).
From these observations we deduce that
X — (14 ¢+ () = O(S(p1)pd), (2.60)
with S(p1) given bellow by
S(p1) = 3(1 +p1 +3p1)* K (p1) + 3p1 (1 +p1 + 3p1) K2 (p1) + P K7 (p1). (2.61)
Now observe that by expanding (1 4 (1 + (2)3, we can write

I+G+G)P=1+3(G+ G+ ) +606 + 3G + 306 + 3¢

+G+6
=1+43(C + & + () + O(18p}) + O(27p1pT) + O(27pip})
+ O9p1p}) + O(p}) + O(27pip}), (2.62)

which along with Eq.(2.60) and Eq.(2.61) gives an expression for A3,
N =143(C+ G+ F) + OP(p)p?). (2.63)
The function P(p1), in Eq.2.63 above, is computed by the formula

P(p1) = 3K(p1)(1+p1 + 3p1)[1 + p1 + 3p7 + K(p1)p] + Y K> (p1)
+ 9p1(4 4 3p1 + 3p3) + 19. (2.64)

Recall, from the previous lemma, that we have the recurrence

n

Qn = Z (_1)nikpn7qu717 n Z 07 q_l = qO = 1,
k=0
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which for n = 3 implies that
g3 =1—p1—2(p1 —pa) +pi —p3 = O((1 —p1)”). (2.65)
Now it is clear that from Eq.(2.63) and Eq.(2.65) we obtain
X = @31+ 3(C + G+ ) + O(P(p1) (1 — p1)*p3). (2.66)

The last step in our proof is to find an approximation for the first term on the right
in Eq.(2.66). If we write

@[1+3(G+ G+ ()] =1—p2+2ps — 3ps +pi +6p3 — 6pipa + H,  (2.67)
then H verifies
_ 2 2 2
H =3(p1 — p2) {(p1 — p3)[3(p1 — p2) + 1 — pa] + p5 — I(p1 — p2)°}

—3(ps — pa)[p1 + 2(p1 — p2) — (P} — p3)]
= O(36p3). (2.68)

Finally, combining Eq.(2.66), Eq.(2.67) and Eq.(2.68) leads to

@3A° =1 — py + 2ps — 3ps + p} + 6p5 — 6p1p2 + O(L(p1)p}), (2.69)
where we used the notation

L(p1) = 36+ (1 —p1)°P(p1). W (2.70)

2.3.2 Proof of Theorem 2.2.3

We saw from Lemma 2.3.1 that the series C'(z) has a zero A = A\(x) in the interval
(1,1 4 Ip1), where I = I(p1) = t3(p1) + &, € > 0 arbitrarily small and t3(p;) is the
second root in magnitude of the equation p;t> — ¢t + 1 = 0. To show that this zero
is unique, we will prove that C(z) is strictly decreasing on the interval (1,1 + Ipy),
ie. C'(z) <0. In Lemma 2.3.4, we found the following upper bound for C’(z):

2p1 2 1—|—3p1(1+lp1)2

P .
(1—p1)? ! [1—pi(1+ip1)?)°

We observe that the expression of the bound in the above relation is increasing in
p1 and since for p; = 0.1, [ < 1.1535, we get

C'(z) < -1+

C'(2) < —0.7,

which proves that C' is strictly decreasing.

Now we try to approximate the zero A\. From Lagrange theorem applied on the
interval [1, A], we have C(\) — C(1) = (A — 1)C"(u), with u € (1,\) C (1,1 + Ip1).
Since C'(A) = 0, we get

(2.71)
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and taking p = py — pa + p3 — pa + 2p? + 3p3 — 5p1p2 as in [Haiman, 1999], we obtain

C(1) + pC'(w)

A—(1+up)=— o)

(2.72)

Applying Lagrange theorem one more time for C’, as in the proof of Lemma 2.3.4,
on the interval [1,1 4+ a] with a <p;, we get for 6 € (0,1)

C'(14a)=C'(1) +aC"(1 + ba).
Recall that
C'(1) = —1+2p; — 3p2 + R,

with R defined by Lemma 2.3.2. After the proper substitutions, the relation in
Eq.(2.72) becomes

C(1) + pu(—=1+ 2p1 — 3p2) + p(R 4+ aC”(1 4 ba))

A= +p)=- ') ;

(2.73)

where a =u — 1 and 0 € (0, 1).
If we denote A = C(1) + pu(—1 + 2p1 — 3p2), then

A= (p1—p2+p3—ps+ps—p6+...)—p+ (2p1 — 3p2)p
=(ps —p6+-..)+ (p1 —p2)(2p1 — 3p2)* + 2(p1 — p2)(p3 — pa)
— pa(p3 — pa). (2.74)

Applying the inequality from Eq.(2.25) in Eq.(2.74), we have
oo
—p} < —pa(ps —pa) S A<D pitt +4pi + 2p,
k=2

which gives us the estimate

1
O+ u(—1 + 21 — 3p2)] <} {6 ne _pj . (2.75)

Notice that ¢ > 0 and

— p2)(p1 — p2) + p3 — pa + 2(p1 — pa)?
— p2)(p1 — p2) + p1(p1 — p2) + 2(p1 — pa)?
(p1 — p2)* +p1 — p2 < pr(1+ 3p1). (2.76)

I 1
1

IN

(
(
3

Recall that, from Lemma 2.3.4, we have the following bound for |C”(2)|~*

2p1(1 +Ip1)
[1—pi(1+1p1)?)?
Also, the bounds in Lemma 2.3.3 lead to the estimate

') < |-

2p 21+3P1(1+lpl) n 4p1(1 4+ Ip1)

1C7(2)] < "Mopi(L+ )2 L= pi(1+p)2

(2.77)
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Substituting the estimate for |R| derived in Lemma 2.3.2, along with the bounds in
Eqgs.(2.75), (2.76), (2.38) and (2.77) in Eq.(2.73) and using that a < Ip;, gives the

approximation

[C(1) + (=14 2p1 = 3pa)| + [pl(IR] + |al[C"(1 + Oa)[)

A= (1+p)| <
€7 (u))|
< K(pu)sh (27%)
where 2431 (2—Ip1) (1+1p1)?
11-3p, oo (2 py) Ut
K(py) = (1—p1)2 +2U(1+3p1) [1—p1 (1+1p1)?]° (2.79)
p1) = | — _2pi(i+ip) ' '

[1—p1 (1+1p1)2]?

2.3.3 Proof of Corollary 2.2.4

From Theorem 2.2.3 we have

A= (14 p1 —p2+ps — pa+ 203 + 3p5 — 5pip2)| < K (p1)pi.
To prove the statement in Corollary 2.2.4, we first observe that
14p1—p2+ps—pa+2p+3p3—5p1pa = 1+p1—pa+2(p1—p2)*+[ps—pa—p2(p1—p2)].
Using the 1-dependence of the sequence X, we notice that

ps—pa=P(X1 >2,Xo>2,X3>2,X4 <x)
<piP(X1 > 2, Xo < z) = pl(p1 — p2), (2.80)

which leads to the bound
[p3 — pa — p2(p1 — p2)| < ps — pa+ pa(p1 — p2) < pi.
Combining the above relations, we conclude that

A= (L+p1—p2+2(p1 — p2)?)| < pI(L+ K(p1)p1) < (1 +p1K(p1))pl. A

2.3.4 Proof of Theorem 2.2.6

From Lemma 2.3.5 we know that

Taking A to be zero defined in Theorem 2.2.3, we can write C(z) = U(z) (1 — %)

n
and observe that if we put U(z) = Zukzk, then
k=0

<Z ukzk> (1 - ;) =1+ (~Drpa, (2.81)
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which shows that

=(—1)"pp—1, up=1, n>1. (2.82)

Multiplying Eq.(2.82) with A" and summing over n gives

L4+ (—1)Fpe_gAF
k=1

Up = W , n>1. (2.83)
oo
If we denote with T'(z) = U%Z) = Ztkzk, then
k=0
D(2) (1 - §> = T(2) (2.84)
and using the same arguments as in Lemma 2.3.5 we get to = 1 and
to= a1 — 52 n 21, (2.85)
S0
g N =to A+ A+t AT (2.86)
To obtain the desired result, we begin by giving an approximation of u,,:
n oo
1+ (—DfppogAf > (=) pro A
. k=1 C(A)=0 |k=n+1
)\n—i—l 9
< 7 ’pn — Pnt1A + PrpaA” — pn+3)\3 + ... }
< A(|pn = Pr1 A + [Prsz — PrasAIA 4.0, (2.87)
Since A € (1,1 + Ip1), we have
Pn _pn+1(1+lp1) < pn _anrl)\ < Pn — Pntl, (2'88)
which shows that
|Pn — Prt1Al < pr — Pat1 (1 — Ip1). (2.89)

Let h = 1—1Ip;. Using in Eq.(2.87) the fact that the sequence of probabilities (py)n
is decreasing and the bound from Eq.(2.89), we obtain

U
Junl < pn = Prs1h + (Pns2 — Possh) A2 + ...

A

= (pn +pn+2/\2 + pn+4>‘4 + ... ) - h(pn—i-l +pn+3>\2 + pn+5)\4 + ... )
< W = hpnt2 + PasaX’ + pger + ...
h h

h
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where, based on the estimate from Eq.(2.25),

ntl
< p£2 +p; ? pl)\2+p£2}p%)\4+...
(5] 2 244 pg%l]
= 21 A A )= . 2.91
pi P (P A +piAt +.) 1— A2 (2.91)
From Eq.(2.90) and Eq.(2.91), we conclude that
un| (2] [ 1 h 1
el ple ) . -~ =
 —h T2 T2 1= A2
L-pih [25]
= — . 2.92
1 _pl)\Qpl ( )

Until now we have an approximation for u,, but we still need one for ¢,, and to solve
this aspect let us write

1 1 nerr q\n
T(z) = 05 S 1000 => (-)MU -1, (2.93)

n>0

which is true since the convergence of C'(z) implies |z| < \/% and in turn gives

)‘(1 _plh) ZP?M” < ‘Z|/\\/}Tl[1 _pl(l - lpl)]

1-U| <
L 2 (L= p®) (1~ [2[v/p1)
VPRI +ip1)(1 + Ip1)? (2.04)
T L =p @+ 1p)?) [ = /pi(L + ip))]
Since ug = 1, we have U — 1 = Zunz” and
n>1
(U -1k = Z Z Wi w2 (2.95)
I>1 i+ Aip=l

Combining Eq.(2.93) with Eq.(2.95), we obtain

D a2 = (=DFY b, (2.96)
k=0

n>0 =1
where
i1t =l
i;>1,j=Lk

Identifying the coefficients in Eq.(2.96) shows that ¢ = 1 and

n

th=>_ (=D > wy .oy, k=1 (2.98)

k=1 i1+tig=n
i;>1,j=1k
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Notice that the coefficients b, ;, can be bounded by

o
bl <65 > pr T e T (2.99)
114 +ig=n
i;>1,j=1,k
where § = 20=P1)
1—p1A2 -
By induction, one can easily check the validity of the identity
i1+ 1 i+ 1 i1+ +ip+1 n+1
e > = . 2.100
o R U G e ol [

We observe that the number of terms in the sum of Eq.(2.99) is equal with the
number of different positive integers solutions of the equation iy + --- 4+ i = n and
is given by (Zj) (see for example |Yaglom and Yaglom, 1987, Problem 31]). This
shows that

1) i — 1
il < )2 }<n )5’“. (2.101)
’ k—1
Now, from Eq.(2.98) and Eq.(2.101), we have
(%21 [3]-1
[#5+] n—1\ oo [*$+] n—1Y\ i1
- 4] <t, < ) T 2.102
SN S D 2% + 1 (2.102)
k=0 k=0
which lead to the bound
0 [HT-H] n—1 n—1
Itn] < P (40" +(1—-6)""]. (2.103)

We observe that from Eq.(2.86) and Eq.(2.103), the difference |g, A" — g3A3| can be
bounded by

n+1 4
s s
DA =D N
|qn>\n _ q3)\3| _ s=0 : s=0 _ Zts)\s—l
s=5

R e PO (2.104)

600
Sizp

If we denote by o1 = (1+0)A, 02 = (1—-9)A and by V the upper bound in Eq.(2.104),
it is not hard to see that

Vv

314 4
_opd [01(1+01) o3(1 + 02) (2.105)

2 1 —plaf 1 —plag

Recalling that h = 1 —Ip1, A € (1,1 + Ip1) and p; < 0.1, we observe that oy is
bounded by

i1+ 2p1 (14 Ipy)] <02<_lp%(1+lp1)
L=pi(1+ip)* = 7 I—m
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Soa(1+02)
2—piod) < 0.1.
Substituting the last relation in Eq.(2.105), we can rewrite the bound in Eq.(2.104)

as

which gives |o2| < 0.5 and

g A" — g3 A3 < E(p1)p} (2.106)

where, if we denote by n =1+ Ip1,

n° (14 (1= 2p1)n)* 1+ p1(n — 2)] [1+n+ (1 — 3p1)n?]
2(1 = p1n?)* [(1 = p1n?)? — p1n*(1 +n — 2p1n)?]

We saw in Lemma 2.3.6 that

E(p)) = 0.1+ (2.107)

@3\3 =1 — po + 2p3 — 3pa + p? + 6p3 — 6p1pa + O(L(p1)p3),

where L(p1) = 36+ (1—p1)2P(p1) and P(p1) is given by Eq.(2.55). Using Eq.(2.106)
and the above estimate, we conclude that

|gn A" — (1 — pa + 2p3 — 3ps + p? + 6p3 — 6p1p2)| < T(p1)p3, (2.108)

with I'(p1) = 36 + (1 — p1)2P(p1) + E(p1) and this ends the proof of the theorem.
Remark that in the statement of Theorem 2.2.6 we gave E(p;) without the 0.1 term,
but we have added it to the constant term 36.

2.3.5 Proof of Corollary 2.2.7
We know from Theorem 2.2.6 that the following relation holds:
|an A" = (1 = po + 2p3 — 3pa + pT + 6p5 — 6p1pa)| < T(p1)p3.
Based on this bound, we can write
|gn A" = (1 = p2)| < T(p1)p} + |2p3 — 3pa + pi + 6p3 — 6p1pal. (2.109)

Observe that
0 < p? + 2p3 — 3ps = p} — pa +2(p3 — pa) < 3p}
— < _—

<p? <p?

and that
—3p} < 6p3 — 6p1p2 < 0.

By adding these two set of inequalities, we have the bound
2 2 2
|pT + 2p3 — 3pa + 6p3 — 6p1p2| < 3pT,
which substituted in Eq.(2.109) implies

g A" — (1= p2)| < B+ p1l(p1))p}. M (2.110)
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2.3.6 Proof of Theorem 2.2.8
Denoting by

p1 =1 —po+2p3 — 3ps + p? + 6p3 — 6p1po,
p2 =14 p1 — pa + p3 — pa + 2p7 + 3p3 — 5pip2

we observe that
o<t <1
M2
and that
po =1+ (p1 — p2)(1 — pa2) +p3s — pa+ 2(p1 — p2)° > 1. (2.111)

>0

With the help of Eq.(2.13) and Eq.(2.16), we get

RN P Y B V%
Ha A" ATy
< T(e)pi + | % - :2 Anlfl ot Anl%. ot ugl—l
<1
< [C(p1) + nK (p1)] pi- (2.112)

To express 1 and po in terms of ¢’s, we have to observe first that

nm=1—-aq

p2=1-2q+q

ps=1-3q +2¢2+qf — g3
p1=1—4q1 +3¢2 — 2q1g2 + 3¢ — 2q3 + qu

and after the proper substitutions, we get

pr=1+q —q+q3—q1+2q; + 3¢5 — 51 (2.113)
p2 = 6(q1 — q2)° + 443 — 3qu. (2.114)

To conclude the proof of Theorem 2.2.8, it is enough to replace the above relations
in Eq.(2.112). We obtain

6(q1 — q2)? +4q3 — 3@
14+q1— g2+ g3 — q4 + 262 + 3¢2 — 5q1¢2)"™

an = <nA(1—q)®,  (2.115)

where A is given by

Al = Al(ql,n) = K(l —pl) + —
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2.3.7 Proof of Theorem 2.2.9

For the proof of Theorem 2.2.9, we use the same approach as in Theorem 2.2.8.
From Eq.(2.15) and Eq.(2.19), we get

"
In— — | < |¢
vy

4!

"

V1 V1

n n
A vy

|)\ — I/2|
AVQ
< [B+T(p1)p1 +n(l+p1K(p1))] o1, (2.116)

< 3+ pL(p1))p: +nwn

where 11 = 1 —pg and vy = 1+ p1 — p2 +2(p1 — p2)?. We express v1 and v in terms
of ¢’s using the relations for p; to ps from the proof of Theorem 2.2.8; so

vy = 2q1 —q2 (2.117)
vo=1+q —q@+2(q — @) (2.118)

Substituting these formulas in Eq.(2.116), we obtain

2q1 — @2

—| <nAs(1—q1)?, 2.119
1+ —@+2(a —e)?"| — 2(1—q1) ( )

qTL - [
where

AQZAQ(Ql,n):1+%+ |:K<1_q1)+F(1;Q1):| (1—(]1). [ |

2.3.8 Proof of Proposition 2.1.4

From the stationarity of the sequence (Wy)kez, we know that the autocovariance
function

c(j) = Cov(Wy, W) (2.120)

is nonnegative definite. Using that E[W] = 0 and the m-dependence property, we
obtain that ¢(j) = 0 for all |j| > m.

We associate to the sequence of autocovariances {c(j) ;j_nm the trigonometric poly-
nomial
m
tO) = > c(j)e’. (2.121)
Jj=—m

From the above observations we have that ¢(0) takes only positive real values for all
0. This remark will constitute the key behind the proof. The following lemma, due
to Fejér and Riesz (see [Riesz and Nagy, 1990, pag 117] for a proof), will elucidate
this statement:

Lemma 2.3.7 (Fejér-Riesz). Let the trigonometric polynomial
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If p(x) > 0 for all values of x, then there exists a sequence {b]}izg such that

2

n
x) = Z be"?*
J=0

Since the trigonometric polynomial ¢ defined in Eq.(2.121) verifies the hypothesis of
Fejér-Riesz lemma, there is a sequence {a; };26" such that we can write

m .. m . 2
Z c(j)e? = Zakezke (2.122)
j=—m k=0

By expanding Eq.(2.122) and identifying the coefficients of ¢¥? we obtain for each
je{0,1,...,m}

m—j
= akpg;. (2.123)
k=0

Now consider the sequence of moving averages of order m
m
V=3 aun. (2.121)

where n; ~ N(0,1) are i.i.d. standard normal random variables. Clearly (Y;)jez
is a stationary, m-dependent Gaussian sequence. Since (Wj)gez is in addition a
Gaussian sequence, it remains to verify that

m—j
Cov(Yp, Y] Z gt ;- (2.125)
k=0

But it is an exercise to observe that

Cov(Yo,Y;) Zakam k-1

=> GkalE[U—km—z]

= QG4 (2.126)

and the proof is complete. B






CHAPTER 3

Distribution of scan statistics
viewed as maximum of
l-dependent stationary sequences

In this chapter we consider the general case of the discrete scan statistics in d di-
mensions, d > 1. After introducing the principal notions in Section 3.1, we present
in Section 3.2 the methodology used for finding the approximation for the distribu-
tion of the d dimensional discrete scan statistics. The advantage of the described
method is that we can also establish sharp error bounds for the estimation. Sec-
tion 3.3 shows how to evaluate these errors. Since the simulation process plays
an important role in our approach, in Section 3.4 we present a general importance
sampling algorithm that increase the efficiency of the proposed approximation. To
investigate the accuracy of our estimation, in Section 3.5 we explicit the formulas for
the approximation and the error bounds for the special cases of one, two and three
dimensional scan statistics and perform a series of numerical applications. We also
compare our approximation with some of the existing ones presented in Chapter 1.
The work presented in this chapter, for the particular case of three dimensional scan
statistics, makes the object of the article [Amarioarei and Preda, 2013a).
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3.1 Definitions and notations

Let Ty, T, ..., Ty be positive integers with d > 1 and consider the d-dimensional
rectangular region, Ry, defined by

Ra=1[0,T1] x [0, Tp] x -+ x [0,Ty]. (3.1)

For 1 <s; <Tj, j €{1,2,...,d}, we can associate to each elementary rectangular
region

Ta(81,82,...,84) = [s1 — 1,51] X [sa — 1,89] X -+ X [sq — 1, 54] (3.2)

a real valued random variable X, , . Notice that one can imagine the region

-8d*
Rq as a d-dimensional lattice (characterized by the centers of the elementary sub-
regions), such that to each point of the lattice it corresponds a random variable.

Let 2 <m; <T},1<j <d, be positive integers and define the random variables

i1+mi1—1i2+mo—1 tg+mg—1
nhig,...,id = E E to E XS1,82,...,Sda (33)
S1=11 So=12 Sqa=1q

where 1 <4; <T; —m; +1,1 <[ <d. The random variables Y;, ;, . ;, associate to

each rectangular region comprised of myms ... mg adjacent elementary subregions,
R(il,i27...,id) = [il — 1,41 +mq — 1] X e X [id —1,ig+mg— 1], (34)

a numerical value equal with the sum of all the attributes in that region.

For example, consider the case when the random variables X, , . are 0 — 1

Sd
Bernoulli of parameter p. The value 1 can correspond to the situation when in the

elementary rectangular region 74(s1,s2,...,4), an event of interest has been ob-
served and the value 0, otherwise. In this framework, the random variables Y;, ;, . s,
give the number of events observed in the rectangular region R (i1, 42, .. ,%q)-
We define the d-dimensional discrete scan statistics as the maximum number of
events in any rectangular region R(i1,42,...,%g) within the region Ry,
Sm(T) = max Yiiioiss 3.9
w(T) = omex Vi, (35)
je{1,2,...,d}

where m = (ml, ma,... ,md) and T = (Tl,TQ, ce ,Td).

Remark 3.1.1. The random variable Sm(T) defined in Eq.(3.5) can be viewed as an
extension of the one dimensional scan statistics presented in [Glaz et al., 2001] (d =
1), the two dimensional scan statistics introduced in [Chen and Glaz, 1996] (d = 2)

and of the three dimensional scan statistics studied in [Guerriero et al., 2010a] and
[Amdarioarei and Preda, 2013a] (d = 3).

The distribution of the scan statistics,

Qm(T) =P (Sm(T) < n) ) (36)
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has been used in [Chen and Glaz, 1996] and |Guerriero et al., 2009] for the two di-
mensional case and in |Guerriero et al., 2010a] and [Amarioarei and Preda, 2013a]
for the three dimensional one, to test the null hypothesis of randomness against
an alternative of clustering. Under the null hypotheses, Hy, it is assumed that the
, are independent and identically distributed according
to some specified distribution. For the alternative hypothesis of clustering, one

random variables X, 5, . s

can specify a region R(i1,12,...,iq) where the random variables X, 5, . s, have
a larger mean than outside this region. As an example, consider d = 2 and the
binomial model. The null hypothesis, Hy, assumes that X, 5,’s are i.i.d. with
Xs,,s5 ~ Bin(r,p) whereas the alternative hypothesis of clustering, H;, assumes the
existence of a rectangular subregion R (i, jo) such that for any 79 < s1 < ig+m;—1
and jo < s < jo+ma —1, X, s, are i.i.d. binomial random variables with parame-
ters r and p’ > p. Outside the region R (ig, jo), Xs, s, are i.i.d. distributed according
to the distribution specified by the null hypothesis. The generalized likelihood ratio
test rejects Hy in favor of the local change alternative H;, whenever Sy, (T) exceeds
the threshold 7, determined from P (Sm(T) > 7|Hp) = « and where « represents
the significance level of the testing procedure (|Glaz et al., 2001, Chapter 13]).

3.2 Methodology

As noted in Chapter 1 (see also [Cressie, 1993, pag 313]), finding the exact distribu-
tion of the d-dimensional scan statistics for d > 2 has proved elusive. In this section,
we present an alternative method, based on the results derived in Chapter 2, for
finding accurate approximations for the distribution Qm(T) of the d-dimensional
scan statistics generated by an i.i.d. sequence. One of the main features of this
approach is that, besides the approximation formula, it also provides sharp error
bounds. It is also important to mention that the method can be applied for any dis-
tribution, discrete or continuous, of the random variables X, 5, . s,. In Section 3.5,
we include numerical results to emphasize this remark.

This approach is not new and was successfully used to approximate the distribution
of scan statistics, both in discrete and continuous cases, in a series of articles: for
one-dimensional case in [Haiman, 2000] and [Haiman, 2007|, for two-dimensional
case in |[Haiman and Preda, 2002] and [Haiman and Preda, 2006| and for the three-
dimensional case in [Amarioarei and Preda, 2013a.

Consider the framework described in Section 3.1 and let the sequence of random
variables X, s, . s, be independent and identically distributed according to a spec-
ified distribution. The key idea behind the approximation method is to express
the scan statistic random variable Sy, (T) as maximum of a 1-dependent station-
ary sequence of random variables and to employ the estimate from Theorem 2.2.9,
Chapter 2. The approximation will be carried out in a series of steps.

Assume that L; = %, j€{1,2,...,d}, are positive integers and define for each
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k1 €{1,2,...,L; — 1} the random variables

A= max Y ;. 3.7
k1 (k1—1)(m1—1)+1<i1 <ky (my—1) "2 (3.7)
1<i;<(Ly=1)(m;—1)
jef2,...d}
We observe that the random variable Z, defined in Eq.(3.7) corresponds, in fact,
to the d-dimensional discrete scan statistics over the multidimensional rectangular
strip

(k1 — 1)(mq — 1), (k1 + 1) (mq — 1)] x [0, To] x -+ x [0, Ty

We claim that the set of random variables {Zi,...,Z,—1} forms a 1-dependent
stationary sequence according to Definition 2.1.1 and Definition 2.1.2. Indeed, from
Eq.(3.7) we notice that for k1 > 1

U(Zl7 T 7Zk31) - U({Xsl,sz,...,sd|1 S S1 é (kl + 1)(m1 - 1)7 1 S Sj é T]y] 2 2})
and
U(Zk1+27 o ) Co ({Xsl,SQ,...,dekl + 1)(m1 - 1) +1 < S1, 1 < Sj < T‘jaj > 2}) .

The independence of the sequence Xy, 4, . s, implies that the o-fields o(--- , Zy,)
and o(Zy, o, -+ ) are independent, so the 1-dependence of the set of random vari-
ables {Z1,...,Zr,_1} is verified. The stationarity is immediate since the random
variables X, , s, are also identically distributed.
For a better understanding, we consider the three dimensional setting (d = 3) to
exemplify our approach. In Figure 3.1 we illustrate the sequence (Zkl)éllz_l1 , empha-
sizing its 1-dependent structure.
Notice that from Eq.(3.7) and the definition of the d-dimensional scan statistics in
Eq.(3.5) we have the following identity
Sm(T) = 1o X 1Yil,i2,...,z‘d
je{1,2,....d}

max max Yil,i2,~-~7id
1<k1<L1-1 (klfl)(m1fl)+1§i1§k1(mlfl)
1<ij<(L;—1)(m;—1)

Ge{2,...d}

= A 3.8
1§1§?[ﬁ—1 k1 (3.8)

The above relation shows that the scan statistic random variable can be expressed as
the maximum of a 1-dependent stationary sequence and gives us the proper setting
for applying the estimates developed in the previous chapter.

Recall from Chapter 2 that given a 1-dependent stationary sequence of random
variables (Wj)k>1, if the tail distribution P(W; > z) is small enough, then we have
the following estimate for the distribution of the maximum of the first m terms:

2q1 — g2

= <mF(q,m)(1 — 2, 3.9
1+q1 — g+ 2(q1 — ¢2)?] (g1,m)(1 = 1) (3.9)

Qm_[
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Figure 3.1: Tlustration of Z, in the case of d = 3, emphasizing the 1-dependence

where ¢, = P (max{W1,...,W,} <=z),

] 1-a). (3.10)

and I'(-) and K (-) are as in Theorem 2.2.6 (see Theorem 2.2.9). Notice that F'(x,n),
described above, corresponds to the error coefficient Ag(z,n), defined by Eq.(2.23).
Define for t; € {2,3},

t1—1
Qtl N Qtl (n) =F ( r] {Zkl = n}) =F (1<Zl<(glnal}§(m11) ml’i%'“’id =ml

(3.11)
It is clear that @y, coincides with Qp ((¢1(mq —1),Th, ..., T4)), the distribution of
the d-dimensional scan statistics over the rectangular region [0, t1(m1—1)] x [0, T5] x
.-+ x [0,Ty] (see also Figure 3.1 when d = 3).
For n such that Q2(n) > 0.9, we can apply the result in Theorem 2.2.9 (enounced
above) to obtain the first step approximation

2Q2 — Q3

14 Q2 — Q3 +2(Q2 — Q3)2+ ! < (L1 — 1)F(Qa, L1 — 1)(1 — Q2)*.

(3.12)

Qm(T) -
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In order to evaluate the approximation in Eq.(3.12), one has to find suitable esti-
mates for the quantities Q2 and (3. To simplify the results of the presentation, in
what follows we abbreviate the approximation formula by

2z —y

o) = oy ol

(3.13)

The second step in our approximation consists in defining two new sequences of
1-dependent stationary random variables, such that each )¢, can be expressed as
the distribution of the maximum of the variables in the corresponding sequence.
We define, as in Eq.(3.7), for t; € {2,3} and k2 € {1,2,..., Ly — 1} the random

variables

Z(tl) _

ko T }/;1,i2,...,id‘ (314)

max
1§i1§(t1—1)(m1—1)
(kg71)(m271)+1§i2§k2(m271)
1§ij§(Lj—1)(mj—1)
JEL3,.d)}

Observe that the random variables Z ,gt;) coincide with the d-dimensional scan statis-
tics across the overlapping strips of size t1(m; — 1) x 2(mg — 1) x T3 x -+ x Ty

[O,tl(ml — 1)] X [(kz — 1)(m2 — 1), (kg + 1)(m2 — 1)] X o+ X [O,Td].

Based on similar arguments as in the case of (Zkl)éll;ll, the random variables in the
sets {Zitl),Zitl), . .,Z(Ltgzl} are 1-dependent and stationary. Moreover, for each
t1 € {2,3} we have
— (tl) <
@n =F <1<k?3i(21 Zrp < n> ' (3.15)
Set for t1,t2 € {2,3},
to—1 ( )
= =P 7,1 < =P Vi o oia <
Qtl,tz chtz (n) kql{ ky = n} 1§z’1§(t11nj11)§(m171) 11,02, 0g ST
2= 1<io<(t2—1)(ma—1)
1Sij§(Lj—1)(mj—1)
jE{3,....d}
(3.16)

and observe that Qy, ¢, = Qm ((ti(m1 — 1),ta(me —1),...,Ty)).
Whenever n is such that Q¢ 2(n) > 0.9, we are in the hypothesis of Theorem 2.2.9
and for each t; € {2,3}, we approximate @, with

|Qt1 - H(Qt1,27Qt1,37L2)’ S (L2 - 1)F(Qt1,27L2 - 1)(1 - Qt1,2)2‘ (317)

Combining the estimate in Eq.(3.12) with the ones in Eq.(3.17), we obtain an expres-
sion for the approximation of Qm(T) depending on the four distribution functions
(22, @32, Q23 and Q3 3.

Depending on the dimension of the problem, the above procedure can be repeated for
a number of steps (at most d) to get simpler terms in the approximation formula. In



3.2. Methodology 61

general, at the s step, 1 < s < d, the problem is to approximate for each t; € {2, 3},
je{l,...,s—1}, the distribution function of the d-dimensional scan statistics over
the rectangular region

[0,t1(mq — 1)] % ... [0, ts_1(mg_1 — 1)] x [0, T4] -~ x [0, T2).

We adopt the following notation for these distribution functions:

= n)=1P max Y i <nl|. 3.18
Qt17t2,---7t571 Qtlyt%---ytsfl( ) 1<i <(t~1)(my—1) 11,8250d — ( )
le{1,...,s—1}
1§’ij§(Lj—1)(m‘j—1)
je{s7"'7d}

As described in the first two steps, the idea is to define for each point (t1,...,ts-1) €
{2,3}*~! a set of stationary and 1-dependent random variables such that Qy, +,...+. ,
corresponds to the distribution of the maxima of these variables. We will focus on
reducing the size of the s-th dimension.

Define for t; € {2,3}, 1 € {1,...,s — 1} and ks € {1,2,...,Ls — 1} the random
variables

gt = i . 3.19
a 1§iz§(trzn—al}){(ml—1) 11,02,-50d ( )
1e{1,2,...s—1}

(ks—1)(ms—1)+1<is<ks(ms—1)
1< <(L;j—1)(m;—1)
JE{S+177d}

Based on the same arguments as for the first and the second step, the random

Z(tl,th--vtsfl) Z(tlyt2>~~~:t871)
1 9

variables { L1 } form a 1-dependent stationary sequence

PR

and verify the following relation

_ (t15t2,05ts—1)
Q1 to,te, =P <1Skrsngaz<31Z%1 2 V< n) ) (3.20)

Clearly, from Eq.(3.18) and Eq.(3.19) we have

ts—1
b1t 0t —
Qty tarte = Qty ty,t.(n) =P ﬂ {Z,g: 2 V< n}l. (3.21)
ks=1
If we take n such that Q...+, ,2(n) > 0.9, that is we can apply Theorem 2.2.9,
then the s step approximation is given by

Quuvtes = H (@t 20 Qutts 190 L) < (Be = DF(Quyty 10 L — 1)
X (1= Quyter2)” (3.22)

Substituting for each s € {2,...,d}, the Egs. (3.21) in Eq. (3.12), we get an approx-
imation formula for the distribution of the d-dimensional scan statistics depending
on the 24 quantities Qy, ... ¢,, that we propose to be evaluated by simulation. To get
a better filling of the approximation process described above, we include in Fig. 3.2
a diagram that illustrates the steps involved in the approximation of @) for the
three dimensional scan statistics.
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Figure 3.2: Illustration of the approximation of ()2 in three dimensions

Remark 3.2.1. If there are indices j € {1,2,...,d} such that T; are not multiples
of mj — 1, then we take L; = [m?_lj Based on the inequalities

P(Sm(M1) < n) < Qm(T) < P(Sm(Mz) < n), (3.23)
with

M, = ((Ll + 1)(m1 - 1)5 R (Ld + 1)(md - 1)):
M; = (Ll(ml - 1)7' . 7Ld(md - 1))7

we can approzimate the distribution of the scan statistics Qm(T) by the following
multi-linear interpolation procedure:

Suppose that we have a functiony = f(x1,...,xq) and we are given 2¢ points 15 <
x2s, s € {1,...,d}, that are the vertices of a right rectangular polytope. We also
assume that the values of the function in the vertices,

Viy,...iig = f(mil,la ce axid,d)a 7/j € {172}7 ] € {1a B 7d}7

are known. Given a point (ZT1,...,Tq) in the interior of the polytope, we can ap-
prozimate the value of v = f(Z1,...,Z4) based on the following formula:
v = Z Uil,...,id‘/il,...,idv
150500 €{1,2}
where the normalized volume Vi, . ;. is given by

a(if, 1)+ afig,d)
(zo1 —w11) - (T2,0 — T1,0)

Vit yoosia =
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and

. Tas —Ts ifis =1
olig, 8) = .
(7, 5) {i"s—:vl,s L if is = 2.

Observe that in the particular case of one dimension (d = 1), if we are given x; <
T < wo, y1 = f(x1) and yo = f(x2) then, for y = f(&), the foregoing relations

reduces to
To — T r — I

y=mn + Y2 )
Tr9 — T1 Tro — T

which is exactly the linear interpolation formula.

3.3 Computation of the approximation and simulation
errors

In this section, we present the derivation of the errors resulted from the approxi-
mation process described in Section 3.2. To see from where the errors appear, it is
convenient to introduce some notations.

Let viy,. 0y = Quy,..ty, With t; € {2,3}, j € {1,...,d}, and define for 2 < s <d

Vt1,ests—1 — H (7t17---,ts—1,277t1,...,t571,37 LS) . (324)

Since there are no exact formulas available for the computation of Q, . ¢, for d > 2,
these quantities will be estimated by Monte Carlo simulation. Denote with Q¢, . ¢,

the estimated value of @), .. ;, and define for 2 < s <d

Qtl,...,tsfl =H (Qt1,...,t371,27 Qtl,...,tsfl,f}a LS) ) (325)

the estimated value of Q¢ .. ¢, ;.

Our goal is to approximate Qm(T) with H (Qg, Qs, Ll) and to find the correspond-
ing error bounds. We observe that

Qu(T) = H (Q2,Qs, L) | < 1Qun(T) — H (12,75, L1)|

+ )H (v2,73,L1) — H (Q2,Q3,L1> ; (3.26)

which shows that the error bound has two components: an approximation error
resulted from the first term in the right hand side of Eq.(3.26) and a simulation
error associated with the second term (the simulation error corresponding to the
approximation formula). Notice also that the approximation error is of a theoretical
interest since it involves only the true values of the quantities @y, +,. Due to the
simulation nature of the problem, this error is also bounded by what we call: the
simulation error corresponding to the approximation error.
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3.3.1 Computation of the approximation error

To simplify the presentation and the derivation of the approximation error formula,
we define for 2 < s < d,

Ftly-nytsfl =F (Qt17~--,t5—1,2? Ls— 1) (3-27)
and F = F(Q2,L1 — 1).
In practice, since the function F(gq,m) defined by Eq.(3.10) is slowly decreasing in
q, the values Fy, ;. , will be computed by F (ch.”?ts_hg,Ls - 1), and we treat
them as known values in the derivation process. Rigorously, these quantities can
be bounded above by F (Qt17.,.7t571,2 — Esim, Lis — 1), where &g, 18 the simulation
error that corresponds to Qtl,m’t‘g_hg.

The goal of this section is to find an error bound for the first term in the right hand
side of Eq.(3.26), namely for the difference

|Qm(T) — H (72,73, L1)] -
We have the following lemma (a proof is given in Appendix B):

Lemma 3.3.1. Let H(z,y,m) = [1+xfy+2;(;gy)2]m_1' If y; <z, i € {1,2}, then:

(m—1)[|lz1 —z2| + |1 —w2l], 3<m <5
H(x1,y1,m) — H(z2,y2,m)| <
L N i DA A A

(3.28)

Hereinafter, we employ the result from Lemma 3.3.1 (first branch) without restric-
tions whenever is necessary. This is in agreement with the numerical values consid-
ered in Section 3.5. We begin by observing that

|Qm(T) — H (72,73, L1)| < |Qm(T) — H (Q2,Qs, L1)|
+ |H (Q2,Q3, L1) — H (72,73, L1)]
SLi—DF(1=Q)*+(Li—1) > |Qu —ul-
t1€{2,3}
(3.29)

Similarly, |Q¢, — ¢, | for t1 € {2,3} is bounded by
1Qt, — vl < 1Qe — H (Qry 2, Q1 3, L2)| + |H (Qty 2, @ty 3, L2) — H (V11,2, 711,35 L2)|
< (Le—1)F, (1- ch?)z + (L2 —1) Z |Qt1,t2 - 7151052" (3.30)
t2€{213}
Continuing this process, at the s step, with 2 < s < d, we have
}ch---ﬂfs—l _’7t17---,ts—1‘ < ‘Qt17---,ts—1 - H (Qt1,---7ts—1727 Qt17~~-7ts—173’ LS)‘
+ ‘H (Qt1,...,t571,27 Qtl,...,t571,37 LS) -H (’Ytl ..... ts—1,29 Vt,..., ts—1,39 LS) ‘

2
< (LS - 1) Ft1,~~-,ts—1 (1 - Qtl:-~~:ts—172) + Z |Qt1,~~-7ts - 7t17--~7ts|
ts€{2,3}
(3.31)
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Substituting at each step s € {2,...,d}, the corresponding Eq.(3.31) into Eq.(3.29),
we obtain

d
|Qm( ) (727735L1 Z Ll - 1 L — 1)

X Z Ft1,...,ts_1 (]- - Qtl,...,ts_l,Q)Qa (332)

t1,.ry t5716{2,3}

where we adopt the convention that Z x =z, Fy 4y = F and Q¢ 492 = Qo,
t1,t0€{2,3}

which implies that the first term in the sum is (L; — 1)F (1 — Qy)%.

To express the bound in Eq.(3.32) only in terms of v, . ;. , with 1 < s < d, we

introduce the following variables.

Let By, ..t, = 0,

2
Bt1~--,td71 = (Ld - 1)Ft17---7td71 (1 - Qtl:--~7td—1:2)
2
= (Ld - I)Ftlymatdfl (1 —Vr,ta—r 2 T Bt1~~-¢d—1»2) (3.33)

and for 2 < s < d — 1 define

2
Biy.otees = (Ls = 1) |Foppty (1= Mates2 T Buta2) + ) Bheew,

ts€{2,3}
(3.34)
It can be easily verified that
|Qt1,...,td - ’Ytl,...,td‘ =0 S Btl...,td (335)
and
‘Qtl,.‘.,td71 - ’ytl,..‘,td,1’ S Btl‘..,td,17 (336)
from the definition of By, ;, and By, . 4, ,
Since
1- Qtlw-)tdfl <1- Veryeosta1 T ‘chm,tdq - 7t17--~7td—1| ) (3'37)

we deduce, by substituting Eq.(3.36) and Eq.(3.37) into Eq.(3.31) and from the
recurrence given in Eq.(3.34), that

2
|Qt1 ..... ta—o — 7t1,...,td_2‘ S (Ldfl - 1) |:Ft1,...,td_2 (1 — V1, tg—2,2 + Btl...,td_g,Q)
+ Z Bt1,~--7td—1 = Btlv---vtd—Q' (3'38)
td_1€{2,3}

Using mathematical induction and noticing that the relation in Eq.(3.37) remains
valid for 2 < s < d, we can verify that

|Qty,te — Yervotel < Biytes s €4{1,...,d}. (3.39)
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A simple computation, similar with the one used to obtain Eq.(3.32), lead us to

d
Btl,---,ts—1 = Z (LS - 1) ce (Lh - 1)
h=s

2
X Z Ftlv--wth—l (1 = Vtretno1,2 T Bt17~--’th7172) ) (3'40)
t57~-~7th71€{273}

for 2 < s < d and with the convention: Z T =x.

t57t571€{273}
Substituting Eqs.(3.37) and (3.39) in Eqgs.(3.32), we derive the formula for the the-

oretical approximation error

d
Eapp(d) =Y (L1 = 1)-+- (Ls — 1)
s=1

2
X E Ftl7--~7ts—1 (1 = Vtr,ests—1,2 T Bt17---7ts—172) )
t1,---,ts—1€{273}

(3.41)

where for s = 1: E =2, Fy 1o = F, Vi, 00,2 = 72 and By, 42 = Bo.
t17t0€{2,3}

3.3.2 Computation of the simulation errors

In this section, we deal with the computation of the simulation errors that appear
in our approximation. We employ the notations introduced in Eq.(3.25) for the
simulated values corresponding to Q... for s € {1,...,d} and t; € {2,3}, j €
{1,...,d}. As we remarked before, there are two simulation errors resulting from
the approximation process: the simulation error associated with the approximation
formula (bounding the second term of the right hand side of Eq.(3.24)) and the
simulation error due to the theoretical approximation error (Eqp,(d)). We treat
these errors separately.

Suppose that we have a simulation method to estimate the values of Q¢, . ,. Then,
between the true and the estimated values, one can always find a relation of the
form

Qt17-~~7td - Qt17~~~,td < Btl:uwtd? tj € {27 3}’ VES {17 s d}' (3-42)

If, for example, ITER is the number of iterations used in the Monte Carlo sim-
ulation algorithm for the estimation of Q.. ,, then one can consider the naive
bound provided by the Central Limit Theorem with a 95% confidence level (see

[Fishman, 1996])
- .
G106 \/ Q1= Ont) .

We assume in subsequent that these values are known. To find the simulation
error that corresponds to the approximation formula, we observe that, by applying
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successively Lemma 3.3.1 to the second term of Eq. (3.30), we get

|H (72,73, L1) — H (Q2,Q3,L1>’ < (Li—1) Z "Ytl —Qu

t1€{2,3}
=(L1-1) Y ‘H(7t1,277t1,37L2) - H (Qt1,27Qt1,37L2>’
t1€{2,3}
S@-DEa=1) 3 s —Que
t1,t2€{2,3}

<(Li=1). (Lar—1) Y ‘th,...,tdfl — Quyotas
t1,...,ta—1€{2,3}

S (L1 — 1) e (Ld - 1) Z ‘Qtl,...,td - Qtl,...,td . (344)

t1,....ta€{2,3}

Combining Eq.(3.42) and Eq.(3.44), we obtain the simulation error associated with
the approximation formula

By(d)=(L1-1)...(La=1) > Bu.ta (3.45)

t1,..,ta€{2,3}

As we will see in the numerical section, this simulation error has the largest contri-
bution to the total error.

In order to find the simulation error corresponding to the approximation error bound
given by Eq.(3.41), we need to introduce some notations. Set Ay, ;, = B+, and
take for 2 < s <d

Aty =La=1) o (La—1) DY Bt (3.46)
ts,...,ta€{2,3}

Based on similar arguments as for obtaining Eq.(3.44), we deduce that

<Ay .5 e{l,...,d} (3.47)

Qtl,...,ts — Vi1, ts

Let Cy,...1, = 0 and for 2 < s < d, define

A 2
Ct1~~-,t571 = (LS - 1) [Ftlw,tsq (1 - Qtl,m,tsq,? + At1~~,ts—1,2 +Ct1...,t5,1,2)

+ Z Ch ..t
ts€{2,3}
(3.48)

We observe that replacing s = d in Eq.(3.48)

~ 2
Ctlmatdfl = (Ld - 1)Ft17-~~7td—1 (1 - chm,tdfl,? + /Btl--~7td—172) ) (3-49)
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since Cty. 1y, = 0and Ay 1y 4,2 = Byt 1,2-
As in Eq.(3.37),

1- fytl,...7td_1 S 1— Qtl ..... ta—1 + Qtl,...,td_l - ’Ytl,...,td_l ) (350)
so one can deduce from Eqs.(3.33) and (3.49), that
Bty Cty - (3.51)

From the definition of By, ;. , and Cy, ¢, , in Eq.(3.34) and Eq.(3.48) respectively,
we conclude, using mathematical induction, that

Btl._,7ts_1 < Ctln-yts—l? S € {2, . ,d} (352)
Clearly, from Eqs.(3.50), (3.47) and (3.52), we have
1- V1,ets—1 + Btlvm:tsfl <1l- Qtlw--’tsfl + Atl»watsfl + Ctlw--’tsfl (3-53)

and the simulation error corresponding to the approximation error follows from
Eq.(3.51) and the foregoing equation

d
SCLPP Z Ll - 1 L - 1) Z Ft17-~~7ts—1 (1 - Qt1,~~~,t5—172
s=1

t17..‘7t‘g_1€{2,3}

2
F At 12+ Ctte 12)

(3.54)

where for s = 1: g x=x, Frow=F, Qui2 = Q2, At 1p2 = Az and
t1,t0€{2,3}
Cti o2 = Ca.

The total error is obtained by adding the two simulation error terms from Eq.(3.45)
and Eq.(3.54)

Etotal(d) = Esf(d) + Esapp(d)~ (355)

To efﬁciently evaluate Eq.(3.55), one needs to find suitable values for the error
bounds B, ..+ . The bounds from Eq.(3.43), provided by the Central Limit Theo-
rem, have been used in [Haiman and Preda, 2006| for the two dimensional case. As
the authors pointed out, the main contribution to the total error is due to the simu-
lation error Es¢(d), especially for small sizes of the window scan with respect to the
scanning region. Our numerical study shows that these error bounds are not feasible
for the scan problem in more than three dimensions, the simulation error associated
with the approximation formula Ef(d) being too large with respect to the other
error Egqpp(d). Thus, for the simulation of Qtl’_“,t 4> We use an importance sampling
technique introduced in [Naiman and Wynn, 1997]. Next section illustrates how to
adapt this simulation method to our problem.
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3.4 Simulation using Importance Sampling

Usually, the scan statistic-based tests are employed when dealing with the detec-
tion of an unusually large cluster of events (for example detection of a bioterrorist
attack, brain tumor, minefield reconnaissance etc.). Normally, in such problems,
the practitioner wants to find p values that involve small tail probabilities (smaller
than 0.1). Therefore, the problem is to estimate the high order quantiles of the
d-dimensional scan statistics. To solve this problem, we propose the approximation
developed in Section 3.2. To check the accuracy of our proposed approximation, we
need to find a suitable method to estimate the quantities involved in our formula,
namely to estimate Q¢ .. ¢,, t; € {2,3} and j € {1,...,d}. For comparison reasons,
we also want to find an alternative method to evaluate the scan statistics over the
whole region.

A direct approach to this problem is to use the naive hit-or-miss Monte Carlo,
as described bellow. Let X = {XS(?SQWWSd, sje{l,....,T;},5 €{1,... ,d}}, with
1 <i¢ < ITER, be I'TER independent realizations of the underlying random field
(under the null hypothesis). For each realization, we compute the d-dimensional
scan statistics S5, (T) and we define

1 ITER
PMC = TTER ; Liser)=r) (3.56)

and

puc(l — puc)
ITER

the unbiased direct Monte Carlo estimate of p = P (Sm(T) > 7) and its consistent
standard error estimate. As we will see from the numerical results, this approach

seqc = (3.57)

is computationally intensive since just a fraction of the generated observations will
cause a rejection and thus many replications are necessary in order to reduce the
standard error estimate to an acceptable level (especially for d > 2).

In general, there are many variance reduction techniques (see for example
[Ross, 2012, Chapters 9 and 10]) that can be used to improve the efficiency of
the naive Monte Carlo approach. In the following, we present a variance reduction
method based on importance sampling that will provide more accurate estimates.

3.4.1 Generalities on importance sampling

In this subsection, we introduce some basic theoretical aspects of the importance
sampling technique. This simulation method is usually employed when dealing
with rare event probabilities and often lead to substantial variance reduction (see
[Rubino and Tuffin, 2009]). Expositions on importance sampling can be found in
[Ross, 2012], [Rubinstein and Kroese, 2008] or [Fishman, 1996].

Suppose that we want to estimate, by Monte Carlo methods, the expectation of a
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function G(W) of a random vector W having a joint density function f. Let

6= E; [G(W)) = / G(x) f(x)dx (3.58)

be the expectation to be determined. Observe that in Eq.(3.58) we used the notation
E; with the subscript f to emphasizes that the expectation is taken with respect to
the density f.

The naive Monte Carlo approach suggests to draw N independent samples w,
W@, WW) from the density f(x) and to take

N
Orrc = JbZ;G (W@), (3.59)

as an estimate for 6. This approach may prove to be ineffective in many situations.
One possible cause can be that we cannot simulate random vectors from the distri-
bution of W, another is that the variance of G(W) is too large (see [Ross, 2012] for
further discussion).

To overcome such problems, it may be useful to introduce another probability den-
sity function g such that G f is dominated by g, that is if g(x) = 0 then G(x)f(x) =0
(to keep the estimator unbiased) and to give the following alternative expression for

Consequently, if now we draw N iid. samples WO, W@ WO from the
density g(x), then

1 i G (W) f (W)

(3.61)
i=1
is an unbiased estimator for 6. If the density function ¢ can be chosen such that

the random variable % has a small variance (the likelihood ratio f/g < 1),

then @ is an efficient estimator. In the particular case when one wants to estimate
the probability ¢ = P (W € A), that is G(W) = 1yecay, a good choice of g is such
that g > f on the set A. To see this, we consider the comparison between the exact
variances of the estimators in the direct (%) and IS approach (6?/;9)

Var [9};} - %Varg [1{% A}gggf/” - % [Eg [1{% A}M} - 92]
< % [Eg [qu%} — 02} = % V Liweayf(x)dx — 92]

1 _—
= NVarf [1{WeA}J =Var [GMC} .

In general, finding a good change of measure g that leads to an efficient sampling
process can be difficult (see [Rubino and Tuffin, 2009]). Fortunately, for our problem
at hand, there are efficient change of measures and we discuss one of them in the
next subsection.
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3.4.2 Importance sampling for scan statistics

As we saw in the foregoing section, the general idea behind the importance sam-
pling technique is to change the distribution to be sampled from in such a way
that the new estimator to remain unbiased. In this subsection, we present an
importance sampling approach for the estimation of the significance level of hy-
pothesis tests based on d-dimensional scan statistics. This method was introduced
by [Naiman and Priebe, 2001] and was successfully used to solve the problem of
exceeding probabilities, that is, the probability that one or more tests statistics
exceeds some given threshold. Their methodology builds upon a procedure intro-
duced by [Frigessi and Vercellis, 1984| to solve the union count problem (see also
[Fishman, 1996, pag 261]).

Assume that we are in the framework of the d-dimensional scan statistics described
in Section 3.1. As we previously saw, the scan statistics Sy (T) random variable
is usually employed for testing the null hypothesis of randomness (Hp) against a
clustering alternative (H;p). By the generalized likelihood ratio test, the null hy-
pothesis Hy is rejected in favor of the local change alternative H; whenever Sy, (T)
is sufficiently large (see [Glaz and Naus, 1991, Section 3] for an outline of the proof
for d =1 or [Glaz et al., 2001, Chapter 13]). If 7 denotes the observed value of the
test statistic from the actual data, then we want to find the p-value

p="Pn, (Sm(T) > 7). (3.62)

The main idea behind the importance sampling approach in the scan statistics set-
ting is to sample only data such that the rejection of Hy occurs, and then to de-
termine the collection of all the locality statistics that generate a rejection. We
describe this method in what follows.

Let Ej, i, for 1 <i; <T; —mj+1, j € {l,...,d}, denote the event that Y;
exceeds the threshold 7. We are interested in evaluating the probability

1yeeeld

Tr—mi+1 Tg—mg+1
Puy (Sm(T)>7) =P |J - |J FBiia]- (3.63)
ig=1

i1=1

Under the notations made in the preceding section, the above equation can be
rewritten as

0= /G(x)f(x)dx, (3.64)

T1—mq+1 Tg—mqg+1

where 6 = Py, (Sm(T) > 7), G(x) = 1g(x), E = U U Ei, ..., and
i1=1 ig=1

f is the joint density of Y;, . ;, under the null hypothesis.

Let

T1—ma+1 Tq—mg+1

B(d) = Z Z P(E; . i) (3.65)

i1=1 ig=1
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denote the usual Bonferroni upper bound for P(£). Under the null hypothesis, due

to stationarity, this bound becomes
B(d) = (T1 —m1 + 1) cee (Td — mgqg + 1)IP) (El,mJ) .
The probability in Eq.(3.63) can be expressed as

Ti—mi+1 Tg—mg+1

Puy (Sm (T)27)=P| () - |J PFBi.a :/1EdIP>HO

i1=1 iq=1

Ti—mi+1 Tqg—mag+1

- )RR D!
o Tr—mi+1 Tag—mgaq+1 E'il
1 i1=1 ig=1
E E Eij, .. ig

i1=1 iq=1

Ti—mi+1 Tg—mg+1

— - 1g.
Z Z Ty —m1+1 Tg—mg+1 Ejl
=1 ja=1 o 1
Eil,..ig

i1=1 ig=1

T1—mi+1 Tg—mg+1 1

S S Sy
n=1 Ja=1

T1—mi+1 Tg—mg+1

1 1E']'1 ,,,,, Jd
_ Z Z P(Ejl,...,jd)/C(Y)P(E dPp,

j1=1 jq=1 jlv"'7jd)
Ti—mq+1 Tg—mg+1

=B@) Y - Y P(%E&')"jd)/C(;)dPHo('!Ejl,.

j1=1 Ja=1

T1—mq+1 Tag—mqg+1

= B(d) Z Z pj17~~-7jd/C(le)dPHo("Ejl,m,jd)a

Jj1=1 Ja=1

(3.66)

(3.67)

where, by stationarity, pj,,. ;, defines an uniform probability distribution over

{1,...,T1—m1+1}><---><{1,...,Td—md+1},

pA J— ]P)(E]177]d)
Jesdd “ Py g1 Ty—mg+1

Z R Z P(Eil,...,id)

=1 ig=1
1
(Tl—ml—i—l)---(Td—md—i—l)

and where C(Y) represents the number of d-tuples (i1, ..., iq) for which
(Yi, ..., > T) occurs, that is

T1—mi+1 Tg—mg+1

CY)= > - > 1g, .

i1=1 ig=1

(3.68)

exceedance

(3.69)
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Remark that from the above identity in Eq.(3.67), the importance sampling change
of measure g is a mixture of conditional distributions and is given by

ot Tt (p g (1, ()
o= Y Y {H )}{I§<Ej1,...,jd>}' 10

J1=1 Ja=1

From Eq.(3.62) and Eq.(3.67), we observe that our p-value can be expressed as the
Bonfferoni conservative bound B(d) times a correction factor p(d) between 0 and 1,
with

Ti—mi1+1 Tqg—mg+1

CUEED SERTED SRy | (j(ldeHo<-|Eﬁ,...,jd>- (3.71)

Ji1=1 Ja=1

Notice that one can define a larger class of importance sampling algorithms based
on higher order inclusion-exclusion identities, generalizing the foregoing procedure,
as provided in [Naiman and Wynn, 1997, Section 4].

The correction factor that appears Eq.(3.71) can be estimated from the following
algorithm:

Algorithm 1 Importance Sampling Algorithm for Scan Statistics

Begin
Repeat for each k from 1 to ITER (iterations number)

1: Generate uniformly the d-tuple (igk), . ,i((f)) from the set {1,...,77 — m; +
1} x - x{1,...,Tqg — mg + 1}.

2: Given the d-tuple (igk), e ,i&k)), generate a sample of the random field X&) =
{)N(gf,)327,,,75d}, with s; € {1,...,T;} and j € {1,...,d}, from the conditional

distribution of X given {Yz‘““) ) = T}.
1 oty

3: Take ¢ = C(X®) the number of all d-tuple (iy,...,iq4) for which Y;, _;, > 7
and put pg(d) = clk.
End Repeat
| ITER
Return p(d) = TER kzl Pr(d).
End
Clearly, p(d) is an unbiased estimator for p(d) with estimated variance
1 ITER | ITER 2
Var [pd)] = ——=—— pi(d) — pr(d) | - 3.72
RS =Y <p<> 175E 2 A >> (3.72)

For ITER sufficiently large, as a consequence of Central Limit Theorem, the error
between the true and the estimated value of the tail P (Sm(T) > 7), corresponding
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to a 95% confidence level, is given by

Var [p(d)]

=1.96B(d . )
8 96B(d) TTER (3.73)
Notice that for the simulation of Qy, . ,, we substitute 71, ..., T; in the above
algorithm with ¢;(my — 1), ..., tg(mg — 1), respectively. Therefore, we obtain the

.ty as described by Eq.(3.73).
In Figure 3.3, we present the difference between the naive Monte Carlo and the Im-

corresponding values for 3, .

portance Sampling method in the particular case of a three dimensional scan statis-
tics. We evaluate the simulation error corresponding to IP (S5 5 5(60,60,60) < 2) in
the Bernoulli model with p = 0.0001. For the Monte Carlo approach, we used repli-
cations in the range {106,...,107}, while for the Importance Sampling algorithm
the range was {10°,...,10%}. We observe that in the case of hit and miss Monte
Carlo approach the simulation error is rather large, even for 107 iterations.

0.12-
- Importance Sampling (IS)
@ Naive Monte Carlo (MC)
0.1F
) =
V1 0.08
] m
D( 0.06 -
= =]
ey =]
3 =]
3 5]
9 004t =
R Boom
0.02+
0 . EESTION NSNS VRN NUUWN  NEDINN Y RN
0 1 2 3 4 5 6 7 8 9 10 11

Number of iterations - MC: Iter x 109, IS: Iter x 10°

Figure 3.3: The evolution of simulation error in MC and IS methods

3.4.3 Computational aspects

The algorithm discussed in the previous section presents two implementation dif-
ficulties: first, it assumes that one is able to efficiently generate the underlying
random field X from the required conditional distribution (see Step 2) and sec-
ond, the number of locality statistics that exceed the predetermined threshold is
supposed to be found in a reasonable time. We address these problems separately.
The problem of sampling from the conditional distribution in Step 2 of the algo-
rithm depends on the initial distribution of the i.i.d. random variables X, s, . s,
sj € {1,...,T;} and j € {1,...,d}. To illustrate the procedure we consider two
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examples for the random field distribution: binomial of parameters v and p and

Gaussian with known mean p and variance o2.

Example 3.4.1 (Binomial model). In this ezample we consider that X, s,... s, are

i.i.d. binomial B(v,p) random variables. Clearly, the random variables Y;, .

enig QTE

also binomially distributed with parameters w = vmy ---myg and p.
The main idea is to generate a sample not from the conditional distribution given

{}/;(k) ) = T} as described in Step 2 of the algorithm, but from the conditional

ety

distribution given {}/;.(k) ) = t}, for some wvalue t > 7. This can be achieved
1 oty

since, if we define the events Gj, _;,(t) = {Y}  j, =t}, fort € {r,...,w} and
1<45 <Ti—mi+1,i€{l,...,d}, then we observe that the events Ej, ... j, can be
expressed as

.]17 wJd T U G]l» 7.]d t

and the Eq.(3.67) can be rewritten as

Ti—mq+1 —mg+1

By (ST 2 1) = BW) 30 3 B / g7 1B )
Ji1=1 Ja=1
Ti—mi+1 ettt e g, o)
:B(d) Z Z Pjy,.. Jd T]h Jd C (t))d]P)HO
=1 ja=1 RET
Ti—mi+1 —mg+1
:B(d) Z Z Pjy,.. ,sz Tj1,.. Jd /C dPHo |GJ17 Jd(t))
J1=1 Ja=1

(3.74)

The weights rj, .. ;,(t) do not depend on the indices (j1,...,jq), due to the station-
arity of the random field and are computed from the relation
]P)(}/}l, oJd — t) P(Yl 1= t)

= _ oW =0 3.75
r]la--w]d( ) P (Y]1 > 7_) P(Y17,,,71 2 7_) ( )

To generate a sample from the conditional distribution that appears in Eq.(3.74),
reduces to show how one can sample uniformly a vector u = (uy,...,u;) of size
I = mq---mgq satisfying up + - +u; =t and 0 < u; < v, from the set of all
such vectors denoted by T'(I,t,v). This later aspect can be achieved by the use of
urn models. Assume that we have | urns with v balls each and a null vector u of
length | and we take t (an integer) draws without replacement. At the i-th step
(i <'t), we choose uniformly an wrn (from the remaining ones, that is the ones that
are not empty at this step) and draw a ball without replacement. We add one to
the component of the vector u that corresponds to the index of the chosen urn. We
repeat the procedure t steps and we obtain a vector u whose components take values
between 0 and v and have the sum equal with t.

According to the above observations, the second step in Algorithm 1 can be rewritten
in the following way
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Step 2a Generate a threshold value t > T from the distribution

Step 2b Conditionally, given t and the d-tuple (igk), e ,i((ik)), generate Xs(f,)sh.,}sd for

i§k) <s; < i;k)erjfl, { e {1,...,d}, uniformly from the set T'(my - - mgq, t,v)
and take the remaining X, 5, .. s, distributed according to the null distribution
P, .

It s interesting to remark that the foregoing procedure can be applied, with small
modifications, to a larger class of discrete integer valued random variables: Poisson,
geometric, negative binomial etc..

Example 3.4.2 (Gaussian model). In this ezample we consider that the underlying
random field is generated by independent and identically distributed normal random
variables with known mean pu and variance o® (Xs, s, ~ N(u,0?)). Since the

random variables Y, . ;, are sums of i.i.d. normals, clearly they follow a multivari-

yid
ate normal distribution with mean and covariance matriz, giwen by the next lemma

(whose proof can be found in Appendiz B):

Lemma 3.4.3. Let X, 5, ~ N(u,02) be i.i.d. random wvariables for all 1 <
s; <Tj, j€{l,...,d}. The random variables Y;, . ;, defined by Eq.(3.3) follow a
multivariate normal distribution with mean L = my - - - mgp and covariance matric
%= (CovYi,.ias Yii,.jal), given by

(my —lix = j1]) -~ (ma = lia = jal) 0, lis — js| < ms
CovlYi,, iz Yir,.ja) = sef{l,...,d},
0 , otherwise.
(3.76)

Notice that Step 2 of Algorithm 1 requires one to sample Yi<k) ) from the tasil
1 oeenlg
distribution P (}/;.(k) ) = 7') and, for the other indices, from the conditional dis-
1 eenlg

tribution given {Yz‘““) ) = r},
1

For generating a sarripiedfrom the tail of a normal variable, we use the acceptance-
rejection algorithm proposed in the classical paper of [Marsaglia, 1963] (see also
[Devroye, 1986, pag. 380] for a faster alternative based on exponential random vari-
ables). For the second part, we propose two alternative methods (only the second
one can be successfully applied for d > 2).

The first variant, which can be viewed as a direct approach, is to use the stan-
dard method of sampling from the posterior normal distribution of the unobserved
components given the observed ones, of a multivariate Gaussian vector partitioned
i observed and unobserved elements. To apply this method in our context, we

need first to rewrite all the random wvariables Y, i an ordered sequence,

id

that is to give a bijection between the set of all d-tuples (i1,...,iq) and the set
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{1,...,(Th—my+1) - (Ty—mgq+1)}.1 For such a bijection, we denote the formed
sequence by Z = (Z1,...,Zn), where N = (T1 —mi +1)--- (Ty — mg + 1). If we
(k) (k)

consider that (zl AN ) — [, then to generate Z given Z; > T, we partition it

into Z = (W1, Z;, Wa), where the observed component is Z; and the unobserved are
W] = (Zl, ‘e Zl—l) and W2 = (Zl+1, ceuy ZN)

It is easy to establish (see for example [Tong, 1990, Chapter 3]) that given Z; = t,
for some t > 7 (obtained by sampling from the tail distribution of Z;), we have

W1 = Wl’(Zl = t) ~N (Mw1|tv Ewl\t) and WQ = W?‘(Zl = t) ~N (/’Lw2|t7 ng\t)

(3.77)
where for i € {1,2},
s = E[Wi] + Va:[ 77 Con Wi Z)(t ~ BZ1), (3.78)
Syt = Cou(W) — Va:[ 77 Con Wi ZICo" (W, Z). (3.79)

The covariance matrices that appear in the above equations can be computed using
the result in Lemma 3.4.5. Notice that, in order to sample from N(uw”t,Ew”t),
one has to consider the Cholesky decomposition of ¥, ; and take

with U; ~ N (0, 1) vectors of independent standard normal random variables.

Since computing the Cholesky decomposition at each iteration step can be time con-
suming, we propose an alternative method for sampling from the posterior of the
Gaussian vector Z. This method was introduced by [Hoffman and Ribak, 1991] (see
also the note of [Doucet, 2010]) and requires only to be able to simulate a random
vector from the prior distribution. The algorithm can be summarized as follows

e Generate Z ~ N (i, X)
o Take W; = W, + mcov[wi, Z(t — 7))

The validity of the foregoing algorithm is presented in Appendiz B. We remark that
i the above procedure we need to compute the Cholesky decomposition of ¥ only
once, thus reducing the execution time of Algorithm 1.

The foregoing approach can be successfully applied in the case of one dimensional
discrete scan statistics. Nevertheless, for higher dimensions (d > 2), the covariance
matriz is very large and to store it will require o large memory space. Take, for
example, the two dimensional setting with Th = Ty = 200 and m; = mo = 10.
Clearly, the covariance matrixz will be of size 36481 x 36481 and to store it in Matlab,
for example, would be necessary almost 10 Gb of (RAM) space. Increasing the

d—1
!Such a bijection is given by f(i1,...,iq) = Z (1s = 1)Log1 -+ La+ia, Lo = 1.
s=1
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dimensions of the problem and/or the sizes of the region Rq to be scanned, shows
that this approach is unfeasible for d > 2.
To overcome the above difficulties, we present a second method for generating the

random field X = {Xs(f7)527_,_73d}, with s; € {1,...,T;} and j € {1,...,d}, from

the conditional distribution given the d-tuple (igk),...,i((ik)) and {}/;(k’) o = T}.
®),...i{

The idea behind this method is to directly generate the underlying random field and

not the random wvariables Y;, as in the previous approach and is based on the

yeensld?
following result:

Lemma 3.4.4. In the usual d dimensional setting, let Xy, s, . s,, for all s; €
{1,...,7;} and j € {1,...,d}, be iid. N(u,0?) random variables. If w =

my - -mg, then conditionally given the d-tuple (igk), .. ,igk)) and {Y;(k) ) = t},
1 ety
the random variables X, s, 5,5 (S1,...,84) # (igk), e ,igk)), are jointly dis-
tributed as the random variables X317327,.,,3d, ($1,...,84) # (igk), e ,iék)), where
~ t — puy/w 1 1
X817527---»3d = w - w— 1 <1 B ’U)) (%gk),.“ﬂ'g@) - Xigk)“_,i(dk)) + X51732»---75d
(3.81)
for (s1,...,840) €Ty iy
1 ety
Xs1,82,...,sd = X51752,...,5d7 fOT (517 cee an) ¢ Fl(lk) i&k) (382)
and
Xy s =t= > Xoy 5905 (3.83)
(s1,8a)€L (k) (k)
®
and where

Lo 0= {(rl, cera) £ G ) <y < pmy 11 < < d} .

The result in Lemma 3.4.4 leads to the following modification of the second step in

Algorithm 1:

Step 2a Given the d-tuple (igk)7 . ,igc)), generate a value Y,y oo =1 from the tail
1 enlg

,,,,,,
Step 2b Conditionally, given the d-tuple (igk), - ,ir(lk)) and Y, ) = t, generate the
®) 6l
random ﬁeldf( = {X%SZ,___M}, with s; € {1,...,T;} and j € {1,...,d}, based
on the Eqs.(3.81)-(3.83) from Lemma 3.4.4

The advantage of this method is that we don’t need to compute any covariance malrix,
the memory problem being solved. It is also important to notice the scalability of
these formulas to higher dimensions.
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We conclude by mentioning that there are other methods to sample from the dis-
cussed conditional distribution: for example in [Malley et al., 2002], the authors use
a discrete fast Fourier transforms approach to solve this problem. However, their
methodology make use of the covariance matriz, so it cannot be scaled to higher
dimensions due to the memory problem described above.

Concerning the problem of efficiently searching for the locality statistics that ex-
ceed a given threshold 7, we adopt a technique based on cumulative counts (see
[Neil, 2006]). This method searches the d-dimensional region R, in constant time
(see Figure 3.4(a)). We illustrate this method in the two dimensional setting, taking
a square region and scanning the region with a square window (d =2, Th =T, =T
and my = mg = m). The idea is to precompute a matrix of cumulative counts using
dynamic programming, step that takes about O(T?) operations (such a function is
implemented in almost all computational softwares: Matlab, R, Maple, Mathemat-
ica etc.). If we denote by M this matrix, then the element from the i-th line and

7-th column is given by
i J
M, §) =YY X,
k=1 I=1

so the locality statistic, Y;, ;, can be found by the relation

Yiiy =My +m—1ig+m—1) — M(iy + m — 1,ig — 1)
— M (i1 — 1,ig +m — 1) + M(iy — 1,33 — 1).

The last computation can be done in O(1), which shows that if ITER is the number
of replicas made by our algorithm, then the required time for finding the number of
locality statistics superior to a given 7 is about O(ITER x T?).

In Figure 3.4, we considered two scenarios: on the left (see Figure 3.4(a)), we fixed
the region and the scanning window sizes at 17 = T5 = 2500 and m; = me = 50,
respectively and for 102 replicas we plotted the run time necessary to find the number
of locality statistics exceeding 7 = 23; on the right side (see Figure 3.4(b)), for the
same values of m; = mgy and 7, we illustrate the run time of the algorithm given
that the size of the region increases from Ty = To = 300 to 77 = T5 = 10000.
One advantage of this method is that can be easily scaled to d-dimensions?. In
this situation, the computational time is about O(ITER x T?) for d-dimensional
hypercubes. We should also mention that there are other methods, some of them
faster (see for example |Neill et al., 2005] and |Neil, 2012]), that can be used to solve
our problem. Nevertheless, their implementations are more difficult and involve
advanced programming skills.

1 va v1 Ya
’In general, if M (y1,...,y4) = Z Z Xoy,.s, and WL Md = Z Z D, CHP

s1=1 sq=1 s1=x1 Sq=xq

d

then W7} 34 :M(yl,...7yd)+z Z (—1)kM(y17...7fL'j1_17...7$jk_1,...,yd).
E=11<j1<--<jp<d

To compute Y5, ..., it is enough to take z, =4, and y, = ¢ +m, — 1,17 € {1,...,d} in the above

formula.

,,,,,
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Figure 3.4: Illustration of the run time using the cumulative counts technique

3.4.4 Related algorithms: comparison for normal data

In this subsection, we present another importance sampling algorithm for the es-
timation of the significance level of hypothesis tests based on d-dimensional scan
statistics. The algorithm was introduced by [Shi et al., 2007] and applied in the
context of genetic linkage analysis. The idea behind the algorithm is to imbed the
probability measure under the null hypothesis into an exponential family. We de-
scribe the algorithm in the context of an underlying random field generated by i.i.d.
N (u,0?) random variables, but we should mention that it can be extended to any

exponential families of distributions.

Consider the usual d-dimensional setting in which X, g, ~ N (g, 02),1< s; < Ty,
j € {l,...,d}. As we saw in the Example 3.4.2, the random variables Y;, ;.
1<i; <Tj—m;+1,je{l,...,d}, follow a multivariate normal distribution with
mean and covariance matrix given by Lemma 3.4.3.

We define the new probability measure

dP s 3.84
&(r1yesma) = o [65YT1 ‘‘‘‘‘ Td} Ho (3.84)
for a given £ and d-tuple (71,...,74). We observe that under the defined measure,

the random field remains Gaussian and has the mean and the covariance matrix

given by

ES?(Tlv-"vrd) [Elvnwid] = gCO’UH() [Kl,...,id7 Y;'ly---ﬂ"d] + miy---mgqgu, (385)
COUE,(TL-..,M) [YZ'1,~~-,id>Yj1,-~Jd] = Covgy, [n1,~-,id>le,-~~7jd] . (3.86)
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The importance sampling algorithm is build based on the following identity:

1 N 1{5 (T)27}
Py, (Sm(T) >7) = — E ,
Ho ( m( ) - T) N Z §7(k17“"kd) Z eé.}/]:l """ log]EHo[ 3 Tlseees ]d]
jl?"'7jd
(3.87)
with N = (Tl—ml—i—l)--'(Td—md—i—l).
This relation can be deduced from the following argument:
Py, (Sm(T) > 1) = 1 dPp,
Yiioi, >
1§ij§r§l“?§mj+1 i102,000d = T
je{1,2,....d}
Ti—mi+1 Tg—mg+1
Z . Z e&Yi1da
_ =1 ja=1
T1—mi+1 Tg—mg+1 1{Sm(T)ZT}dPHO
Z e Z e&Yi1da
J1=1 Ja=1
Z Yk, kg ) P
= oy Z €§YJ1 """ ia {Sm(T)>7}4 Ho
J1yeeesdd
1{5 T)>r}
Ll dP
Z / S ja—log By [ itia] - lkLokd)
J1yeeesdd
1 N
== ——— 15 (T)>71 P (k1. ky)s
e L
jl""7jd
(3.88)
where the log moment generating function is equal with
2&-2
logEgy, |e [ £V jd} =my - < £+ > (3.89)
Ty —mi+1 Tg—mg+1
and where we have adopted the shorthand notation Z = Z Z
E1,eekd k1=1 kg=1

The choice of the parameter ¢ in the above relation should satisfy the following
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equation (see [Shi et al., 2007, Appendix B| for an heuristic argument):

Ee (r1ora) Yriral = 7y (3.90)

which leads to the solution § ~ ———5 — L.

Based on the identity in Eq.(3.87), we have the following importance sampling
algorithm:

Algorithm 2 Second Importance Sampling Algorithm for Scan Statistics
Begin
Repeat for each k from 1 to ITER (iterations number)

1: Generate uniformly the d-tuple (igk), e ,iék)) from the set {1,...,77 — my +
1} X - X {1,...,Td—md—|—1}.
2: Given the d-tuple (igk),...,i((ik)), generate a sample of the Gaussian process

Yi, .4, according to the new measure dIP’€ (), iy
)\l by

3: Compute pi(d) based on

5e(d) al 1
Pk = : B Sm(T)>
Z 65361 """" ig logEy |:€§Yj71 AAAAA Jd] { ( ) T}
j17"'7jd
End Repeat
1 ITER
Return p(d) = TTER kZ_l pr(d).
End

In order to illustrate the efficiency of the foregoing algorithm and Algorithm 1 de-
scribed in Section 3.4.2%, we consider the problem of estimating the distribution of
one dimensional scan statistics over a standard Gaussian random field. In our simu-
lation study we include, for comparison, another two approaches for estimating the
desired p value: the direct Monte Carlo method given at the beginning of Section 3.4
and a method based on the quasi Monte Carlo algorithm of [Genz and Bretz, 2009]
for numerically approximate the distribution of a multivariate normal.

To evaluate the efficiency of the algorithms, we define the measure of relative effi-
ciency between two algorithms, to be equal with the ratio between the computation
time that is required by each algorithm to achieve a given error variance. This mea-
sure of efficiency has been used, in a slightly general form, in [Wu and Naiman, 2005]
and [Priebe et al., 2001], where the authors considered the ratio between the com-
putation time times the variance of the estimator.

In Tables 3.1-3.3, we present a comparison study between the four methods. We took
as the reference point the importance sampling algorithm presented in Section 3.4.2.

3 Actually, in the second step of the algorithm, we take the first approach presented in Exam-
ple 3.4.2 for fair comparison, since both methods use the covariance matrix of the process.



3.5. Examples and numerical results 83

We have evaluated the distribution of the one dimensional discrete scan statistics
for selected values of the length of the sequence T7 € {200,500, 750,800} and of
the scanning window m; € {15,25,30,40}. The last column gives the value of the
relative efficiency measure for each compared method (Genz, direct Monte Carlo
and the new importance sampling algorithm) with respect to Algorithm 1. It can
be observed that Algorithm 1 is the most efficient between the four, in some cases
the differences being huge, especially in comparison with the direct Monte Carlo
method and the algorithm proposed by |Genz and Bretz, 2009] (in some cases the
importance sampling method is 600 times faster).

Tn mp n Genz Err Genz IS Algo1 Err Algo1 Rel Eff

200 15 12 0.932483 0.000732  0.933215 0.000743 7

500 25 18 0.976117 0.000460 0.975797  0.000425 518
750 30 24 0.998454 0.000125  0.998493  0.000024 688
800 40 30 0.999752 0.000029  0.999742 0.000004 617

Table 3.1: A comparison of the p values as evaluated by simulation using
[Genz and Bretz, 2009] algorithm (Genz), importance sampling (Algo 1) and the relative
efficiency between the methods (Rel Eff)

T mi1 n MC Err MC IS Algo1 Err Algo1l Rel Eff

200 15 12 0.932624 0.000694 0.933215 0.000743 15
500 25 18 0.975880 0.000425 0.975797 0.000425 33
750 30 24 0.998515 0.000061  0.998493 0.000024 101
800 40 30 0.999741 0.000009 0.999742 0.000004 602

Table 3.2: A comparison of the p values as evaluated by naive Monte Carlo (MC), impor-
tance sampling (Algo 1) and the relative efficiency between the methods (Rel Eff)

v m1 n ISAlgo2 Err Algo2 IS Algol Err Algo1l Rel Eff

200 15 12 0.932744  0.000839  0.933215 0.000743 3

500 25 18 0.976105  0.000448  0.975797  0.000425 3.5
750 30 24 0.998508  0.000032 0.998493  0.000024 3.5
800 40 30 0.999740  0.000006  0.999742 0.000004 3.6

Table 3.3: A comparison of the p values as evaluated by the two importance sampling
algorithms (Algo 2 and Algo 1) and the relative efficiency between the methods (Rel Eff)

3.5 Examples and numerical results

To illustrate the accuracy of our approximations, we consider in this section the
particular cases of one, two and three dimensional discrete scan statistics. We
compare our results with the existing ones presented in Chapter 1.
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Figure 3.5: The evolution of simulation error in IS Algorithm 1 and IS Algorithm 2

3.5.1 One dimensional scan statistics

Based on the methodology presented in Section 3.2 and Section 3.3, we have the
following approximation for the one dimensional scan statistics:

2Q2 — Q3

P (S, (T1) < ) ~ . 3.91
(Smi (T1) <) 11 Qs — Qs 1 2(Qs — QP (3.91)

From Eq.(3.41), the theoretical error bound is
Eapp(1) = (L1 — 1)F (Q2, L1 — 1) (1 — @2)*, (3.92)

while the simulation errors, according to Eq.(3.45) and Eq.(3.54), are given by

~ ~ 2
Esapp(l) = (L1 —-1)F (QQ, Ly — 1) (1 — Q2+ ﬁQ) , (3.93)
Egp(1) = (L1 — 1)(B2 + B3). (3.94)

For selected values of mi, T1 and n and selected values of the parameters of the
binomial, Poisson and normal distributions, we evaluate the accuracy of the ap-
proximation in Eq. (3.91), as well as the sharpness of the error bounds given above.
In Table 3.4, we compare our approximation with the exact value (column Exact
Value), the product type approximation and the lower and upper margins of the
distribution of the scan statistics presented in Chapter 1. The exact values were ob-
tained using the Markov chain imbedding methodology described in Section 1.1.1.2.
Numerical values for the distribution of Sy, (71) in the case of binomial and Pois-
son models are illustrated in Table 3.5. To evaluate the two models, we considered
a sequence of length 77 = 5000, distributed according to a binomial distribution
with parameters r = 5 and p = 0.01 and a Poisson of mean A = rp, respectively
and scanned with a window of size m; = 50. We have also included the simulated
value, the product type approximation (Eq.(1.46)) and the lower and upper bounds
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n  Exact AppH Eqopp(1) AppPT LowB UppB
Value  Eq.(3.91) Eq.(3.92) Eq.(1.46) Eq.(1.47) Eq.(1.49)
4 0.853857 0.853949 0.000673 0.853861 0.853583  0.853982
5 0.983090 0.983092 0.000007 0.983091 0.983087  0.983092
6 0.998628 0.998628 0.000000 0.998628  0.998628  0.998628
7 0.999916 0.999916 0.000000 0.999916 0.999916  0.999916

Table 3.4: Approximations for P(S,,, (71) < n) in the Bernoulli B(0.05) case: m; = 15,
T, = 1000, ITER = 10°

(Egs.(1.47) and (1.49)) for comparison reasons. For the simulated value (Sim) and
our approximation (AppH), we used the importance sampling algorithm 1, as ex-
plained in Example 3.4.1, with ITER;,, = 10* and ITERqpp
The Gaussian model with mean ¢ = 0 and variance o2 = 1

= 10°, respectively.

is presented in Ta-

n AppH Esapp(1) Esf(1) Total Sim AppPT LowB UppB
Eq.(3.91) Eq.(3.93) Eq.(3.94) Error Eq.(1.46) Eq.(1.47) Eq.(1.49)
Bin(5,0.01)
8 0.612778 0.004227 0.014486  0.018712  0.612987  0.605202 0.602589 0.605584
9 0.872277 0.000284 0.003811 0.004095 0.875072  0.870080 0.869625 0.870115
10  0.966629 0.000016 0.000904  0.000920 0.967064  0.966169 0.966095 0.966171
11 0.992442 0.000001 0.000193  0.000193  0.992507  0.992359 0.992346 0.992359
12 0.998485 0.000000 0.000037  0.000037  0.998465  0.998447 0.998445 0.998447
13 0.999716 0.000000 0.000007  0.000007  0.999718  0.999711 0.999711 0.999711
Poiss(0.05)
8 0.587242 0.004974 0.015845  0.020819  0.585250  0.587028 0.584203 0.587451
9 0.859921 0.000350 0.004239  0.004589  0.860858  0.859601 0.859087  0.859643
10 0.962599 0.000021 0.001029  0.001050 0.961894  0.962222 0.962137 0.962225
11 0.991108 0.000001 0.000228  0.000229  0.991120  0.991167 0.991152 0.991167
12 0.998140 0.000000 0.000046  0.000046  0.998126  0.998135 0.998132 0.998135
13 0.999642 0.000000 0.000008  0.000008  0.999635  0.999639 0.999638 0.999639

Table 3.5: Approximations for P(S,,, (71) < n) for binomial and Poisson cases: m; = 50,
Ty = 5000, ITE Ry, = 10°, ITER,;,, = 10%

ble 3.6. For the evaluation of our approximation and of the simulation, we applied
the method described in Example 3.4.2, where we used 10° replicas of the algorithm

for the approximation and 10* replicas for the simulation.

We observe from the numerical results that our proposed approximation is quite

accurate. Moreover, we see that the main contribution to the overall error is given by

the simulation error associated with the approximation formula (E,¢(1)). Increasing

the number of iterations of our algorithm can solve this aspect.
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=

AppH Esapp(1) Esf(1) Total Sim AppPT LowB UppB
Eq.(3.91) Eq.(3.93) Eq.(3.93) Error Eq.(1.46) Eq.(1.47) Eq.(1.49)

17 0.657701 0.022872 0.011252  0.034124 0.665150  0.655664 0.630177  0.638129
18  0.759762 0.008325 0.007202  0.015527  0.754713  0.756074 0.755434 0.759405
19  0.838230 0.003112 0.004488  0.007600  0.836921  0.836993 0.846807  0.848582
20  0.893662 0.001119 0.002751  0.003871  0.893977  0.892007 0.882018 0.882768
21 0.933325 0.000390 0.001632  0.002022  0.933530  0.934386 0.929999 0.930284
22 0.959535 0.000132 0.000948  0.001080  0.959285  0.960504 0.962083 0.962185
23 0.976400 0.000044 0.000538  0.000582  0.976006  0.976686 0.976825 0.976860
24 0.986511 0.000014 0.000297  0.000311 0.986695  0.986749 0.985801 0.985812
25 0.992579 0.000004 0.000159  0.000163  0.992463  0.992358 0.992754 0.992757
26 0.996014 0.000001 0.000083  0.000084  0.995919  0.995792 0.996078 0.996079
27 0.997884 0.000000 0.000042  0.000043  0.997879  0.998012 0.997835 0.997835
28 0.998927 0.000000 0.000021  0.000021  0.998905  0.999349 0.998962 0.998962
29  0.999467 0.000000 0.000010  0.000010  0.999456  0.999428 0.999480 0.999480
30 0.999741 0.000000 0.000005  0.000005  0.999740  1.000017 0.999754 0.999754

Table 3.6: Approximations for P(S,,, (71) < n) in the Gaussian N(0,1) case: m; = 40,
Ty =800, ITER,,, = 10°, ITER;,, = 10*

3.5.2 Two dimensional scan statistics

The distribution of the two dimensional discrete scan statistics can be approximated
via Eq.(3.26) by

P (Sm(T) < 1) ~

2Q2 — Q
Lt — (3.95)

[1 + Q2 — Q3 +2(Q2 — Q3)2}
where
Qx=H (ng, Q23 L2)
Qs =H (Qs,z, Q3,3,L2) .
The simulation errors follow from Eq.(3.45) and Eq.(3.54) and can be expresses as
Egp(2) = (L1 — 1)(L2 — 1) (Ba2 + Paz + B3z + B33) (3.96)

. 2 ) 2
Egapp(2) = (L1 — 1) [F <1 — Q2+ Az + CQ) + (L2 — 1) I3 (1 — Q22+ 52,2)
Hm—b&@—@u+m@1, (3.07)

where F = F (QQ,L1 . 1), B = F (QZ,Q,L2 . 1) and Fy = F (CQS,Q,L2 - 1),
based on Eq.(3.27). The value of Ay and Cy can be computed, according to
Eqgs.(3.46) and (3.48), by the following formulas:

Ag = (La — 1) (B22+ Ba3),
Cy=(Ly—1)F (1 — Qa2+ 52,2)2~
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Notice that, from Eq.(3.41), the theoretical error becomes

Bapp(2) = (L1 — 1)F (1 — 7 + By)® + (L1 — 1)(Ly — 1) [FQ (1 - Qa2)?

+F5(1—Q32)%|, (3.98)

Where Y2 = H (QZQ, Q273, LQ) and B2 = (L2 — 1)F2 (1 — QQ’Q)Q.

To investigate the accuracy of the approximation and of the error bounds, described
by Egs.(3.95), (3.96) and (3.97), for the two dimensional discrete scan statistics,
we present a series of numerical results. We evaluate the distribution of the scan
statistics for selected values of the parameters of the binomial, Poisson and Gaussian
models.

In Table 3.7, we include numerical values for two models: the binomial model with
parameters r = 10 and p = 0.001 and the Poisson model with mean A = rp =
0.01. To compare our results, we have included the product type approximation
(AppPT) developed by [Chen and Glaz, 1996] (Eq.(1.67)) and the lower (LowB)
and upper (UppB) bounds discussed in Section 1.2.2. The second column (AppH),
that corresponds to our proposed approximation given by Eq.(3.95) and the sixth
column (Sim), which corresponds to the simulated value, are evaluated via the
importance sampling Algorithm 1 developed in Section 3.4, with ITER,,, = 104
and ITER;,, = 10 replications, respectively. We observe that our approximation
is quite accurate (see also Figure 3.6).

n AppH Esapp(2) Esf(2) Total Sim AppPT LowB UppB
Eq.(3.95) Eq.(3.96) Eq.(3.97) Error Eq.(1.67) Eq.(1.76) Eq.(1.77)

Bin(10,0.001)
19 0.875746  0.002681  0.049130  0.051811 0.870224 0.751860  0.582136  0.963836
20 0.958078  0.000281  0.015167 0.015448 0.952038  0.918137  0.875687  0.987744
21 0.987112  0.000022  0.004277  0.004299 0.984329  0.975919  0.964797  0.996133
22 0.996120  0.000002  0.001158  0.001159  0.996326  0.993379  0.990489  0.998849
23 0.998895  0.000000  0.000311  0.000311 0.998958  0.998269  0.997543  0.999675
24 0.999715  0.000000  0.000076  0.000076  0.999721  0.999567  0.999392  0.999912

Poiss(0.01)
19 0.870181 0.002964 0.051728  0.054692  0.871521  0.748912 0.576146 0.963406
20  0.956632 0.000290 0.016027  0.016317  0.956656  0.916879 0.873615 0.987569
21 0.986116 0.000024 0.004496  0.004520  0.986791 0.975478 0.964122 0.996069
22 0.995983 0.000002 0.001207  0.001209  0.995806  0.993239 0.990281 0.998827
23 0.998936 0.000000 0.000317  0.000317  0.998850  0.998228 0.997483 0.999668
24 0.999707 0.000000 0.000078  0.000078  0.999707  0.999556 0.999375 0.999910

Table 3.7: Approximations for P(Spy,(T) < n) for binomial and Poisson models: m; = 20,
my = 30, Ty = 500, Ty = 600, ITER,y, = 10, ITER,;, = 103

Numerical values for the Gaussian model of mean p = 1 and variance o2 = 0.5 are
illustrated in Table 3.8. An extension to the two dimensional case of the importance
sampling procedure presented in Example 3.4.2 was used to obtain the simulated
values (Sim) and our approximation (AppH). We used ITER,,, = 10* replications
of the algorithm for approximation and ITFE Rgm = 103 for simulation.



88 Chapter 3. Scan statistics and 1-dependent sequences

1,005 " 1.005 -
0.9835 1 B E S E 0983£ 8 B E
0.962 B E' R 0.961 ] A
0.9405 ] 0939
0919} L R | 0917
0.8975 H : 0.895 H
0.876- gm 0.873 e |
0.8545 ] 0.851
0.833 |- ; 0.829
08115} | 0.807
079 | 0.785
0.7685 - | 0763
0747 A 0.741
07255 0719
0.704F ; 0.697
0.6825[- AppH 0675 AppH
0661} 5 Sim 0653 B Sim
06395 --m--- AppPT 0631 ---m--- AppPT
0618} B LowB 0.609 = LowB
0.5965 - = UppB 0.587, . . = UppB
0575 L . . . . . n n . 0.565 n . . . . . n n .
19 195 20 205 21 215 22 225 23 235 24 19 195 20 205 21 215 22 225 23 235 24
(a) Binomial model (b) Poisson model

Figure 3.6: The empirical cumulative distribution function for the binomial and Poisson
models in Table 3.7

n AppH Esapp(2) Esf(2) Total Sim AppPT LowB UppB
Eq.(3.95) Eq.(3.96) Eq.(3.97) Error Eq.(1.67) Eq.(1.76) Eq.(1.77)

244 0.791513 0.011671 0.052791  0.064462  0.794643  0.777919 0.599404 0.918219
245  0.856678 0.004354 0.033828  0.038181  0.858459  0.847748 0.743415 0.943556
246 0.904917 0.001847  0.021621  0.023469  0.902215  0.895243 0.837316 0.961718
247 0.936329 0.000742 0.013350  0.014092  0.936598  0.932676 0.897894 0.974514
248  0.957904 0.000277  0.008174  0.008451 0.959433  0.957042 0.936562 0.983322
249  0.975042 0.000113 0.004976  0.005090  0.974738  0.972970 0.960985 0.989204
250  0.983983 0.000042 0.003014  0.003056  0.982867  0.982776 0.976247 0.993119
251  0.989632 0.000017  0.001805  0.001821 0.990106  0.989496 0.985685 0.995678
252 0.993801 0.000006 0.001067  0.001073  0.993643  0.993734 0.991460 0.997298
253 0.996329 0.000002 0.000631  0.000633  0.996193  0.996150 0.994956 0.998341
254 0.997863 0.000001 0.000359  0.000360  0.997922  0.997716 0.997051 0.998998
255  0.998689 0.000000 0.000205  0.000205 0.998708  0.998720 0.998294 0.999393
256 0.999264 0.000000 0.000118  0.000118  0.999259  0.999222 0.999022 0.999638

Table 3.8: Approximations for P(Sy,(T) < n) in the Gaussian A (1,0.5) model: m; = 10,
my = 20, Ty = 400, Ty = 400, ITER,,, = 10, ITER,;, = 10°

3.5.3 Three dimensional scan statistics

Following the methodology presented in Section 3.2 and the notations introduced
in Section 3.3, we observe that in the three dimensional setting, the approximation
formula for the distribution of the three dimensional discrete scan statistics is given
by

P (Sm(T) < ) ~ e o

— : (3.99)
[1 + Q2 — Q3 +2(Q2 — Q3)?

where for 1,12 € {2,3} we have
Qt1 = H <Qt1,27 Qt1,37 LQ)
Qtl,tz =H (Qt17t272’ Qt1,t2,37 L3)

with H given in Eq.(3.13).
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It follows from Eq.(3.54) that the simulation error corresponding to the approxima-
tion formula is given by

) = (=D)L - D=0 [ Y Buians | (3.100)
t1,t2 ,t3€{2,3}

The second simulation error, which is associated with the approximation error, re-
sults from Eq.(3.45) and is expressed as

Boapp(3) = (L1 = DF (1= Q2+ 4+ o) (L1 = (L2 = 1) [B (1= Qs

. 2
+A55 +Ca2)* + F3 (1 — Q32+ Az2 + Cs,z) ] + (L1 —1)(L2— 1)
X 2 . 2
x (L3 —1) [FQ,Q (1 — Q222+ 52,2,2) + Fo3 (1 — Q232+ 52,372)
. 2 N 2
+F39 <1 — Q322+ 53,2,2) + F33 (1 — Q332+ 53,3,2) } . (3.101)

Notice that, based on Eq.(3.27), for all ¢1,t2 € {2,3}, the coefficients F, F;, and
F}, +, are computed as F (Qg,Ll — 1), F (chQ,LQ — 1) and F <Qt1’t272,L3 - 1),
respectively.

From Eq.(3.46), we have

Ago = (Lz—1)(B222+ P223),
Az = (L3 —1)(B322+ B323)
Ay = (Lo —1)(L3 — 1) (B222 + P2,23 + 2,32 + £2.33)

while from Eq.(3.48)

P
Coo= (L3 —1)Fy2(1— ,2,2+5222> ;

2
Coz = ( 3—1F2,3(1 32+/3232),
2
C30 = L3—1F32<1 Q322+53,2,2) ,

. 2
Cy=(La—1) [Fz (1 — Q22+ A2z + 02,2> + Coo + 02,3] :

For selected values of the parameters of the binomial, Poisson and normal distri-
butions, we evaluate the approximation introduced in Section 3.2 and provide the
corresponding error bounds. We show the contributions of the simulation errors
(Esapp(3) and E,¢(3)) in the overall error.

For all our simulations we used the importance sampling algorithm with ITER =
10° replications. We compare our results with those existing in literature, see
|Guerriero et al., 2010a| for the Bernoulli model and with the simulated value of
the scan statistics obtained by scanning the whole region R3, denoted by I@’(S < n).
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The scanning of R3 being more time consuming than the scanning of the subregions
corresponding to Q¢ ¢,,¢,, We used 103 repetitions of the algorithm.

In Table 3.9, we compare the results obtained by our approximation with the prod-
uct type approximation presented by [Guerriero et al., 2010a] (see also Chapter 1,
Eq.(1.87)). We observe that our approximation is very sharp. Table 3.10 presents

n I@’(S <mn) AppPT AppH Esopp Eg¢ Total
Eq.(1.87) Eq.(3.99) Eq.(3.101) Eq.(3.100) Error
p = 0.00005
1 0.841806 0.841424 0.851076 0.011849 0.064889  0.076738
2 0.999119 0.999142  0.999192 0.000000 0.000170  0.000170
3 0.999997  0.999998  0.999997  0.000000 3x1077 3x1077
p = 0.0001
2 0.993294 0.993241  0.993192 0.000010 0.001367  0.001377
3 0.999963 0.999964  0.999963 0.000000 0.000005  0.000005
4 0999999 0.999999  0.999999  0.000000 2x107% 2x107°

Table 3.9: Approximations for P(Sp,(T) < n) in the Bernoulli model: m; = mq = mg3 = 5,
Ty =Ty = Ts = 60, ITERyy, = 105, ITERm, = 10°

the numerical results obtained by scanning the region R3 of size 60 x60x 60, with two
windows of the same volume but different sizes, first a cubic window of size 4 x 4 x 4
and second a rectangular region of size 8 X 4 x 2. We observe that the results are
closely related, but significantly different. In Table 3.11, we have included numer-

n P(S<n) AppH Esapp(3) E.+(3) Total

Eq.(3.99) Eq.(3.101) Eq.(3.100) Error
mip = Mo = M3 — 4

5 0961691  0.963506 0.000038 0.003622  0.003660

6 0.999006 0.999023 0.000000 0.000071  0.000071

7 0.999980  0.999980 0.000000 0.000001  0.000001

8 0.999999  0.999999 0.000000 2x107% 2x107°

mi = 8,m2 = 4,m3 =2

5 0969189 0.969110 0.000007 0.003387  0.003395

6 0.999297  0.999228 0.000000 0.000071  0.000071

7 0.999984  0.999984 0.000000 0.000001  0.000001

8 0.999999  0.999999 0.000000 2x107%  2x107°

Table 3.10: Approximation for P(Sm(T) < n) over the region R with windows of the same
volume by different sizes: T} = Ty = T3 = 60, p = 0.0025, ITER,,, = 10°, ITE Ry, = 103

ical values emphasizing the situation described by Remark 3.2.1. We consider the
Bernoulli model of parameter p = 0.0001 over the region R3 of size 185 x 185 x 185
and scan it with a cubic window of length 10. The second and forth columns gives
the values corresponding to the bounds described in Eq.(3.23), while in the third
column we presented the simulated values for P (S10,10,10(185, 185,185) < n).
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P(S(Ly +1,Ly+1,Ls+1)<n) P(S<n) P(S(Ly,Ls L3)<n)

n
0.97524633 0.97465263 0.97491935
(£0.00754004) (£0.00618987) (£0.00643099)
5 0.99931055 0.99935163 0.99938629
(£0.00015833) (£0.00014759) (£0.00013490)
6 0.99998641 0.99998632 0.99998784
(£0.00000272) (£0.00000326) (£0.00000230)

Table 3.11: Approximation for P(Sm(T) < n) based on Remark 3.2.1: m; = mg = m3 =
10, Ty =Ty, =T3 =185, Ly = Ly = L3 = 20, ITER,,, = 10°, ITER;,, = 10°

In order to compare the binomial and Poisson models, in Table 3.12 we have evalu-
ated the distribution of the scan statistics over a region of size 84 x 84 x 84, scanned
with a 4 X 4 X 4 cubic window, in the two situations. In the first case, we have a
binomial random field with parameters m and p, that is X, s, 5 ~ B(m, p), while in
the second we considered that X, s, 55 ~ P(X), with A = mp. We observe that the

n  P(S<n) AppH Esapp(3) Esr(3) Total
Eq.(3.99) Eq.(3.101) Eq.(3.100) Error

Bin(10,0.0025)
10 0.726386 0.723224  0.007763  0.032197  0.039960
11 0.954605 0.955417  0.000123  0.003079  0.003202
120993938  0.993906  0.000001  0.000331  0.000333
13 0.999289  0.999284  0.000000  0.000033  0.000033
14 0999923  0.999921  0.000000  0.000003  0.000003
15 0.999992  0.999992  0.000000 3 x 107 3 x 107

Poiss(0.025)
10 0.713184 0.708481  0.009211 0.035294  0.044506
11 0.950947  0.950197 0.000143 0.003345  0.003488
12 0.993624 0.993452 0.000002 0.000365  0.000367
13 0.999218  0.999210  0.000000 0.000038  0.000038
14 0.999912  0.999911  0.000000 0.000003  0.000003
15 0.999990  0.999990 0.000000 3x1077 3 x1077

Table 3.12: Approximation for P(Sm(T) < n) in the binomial and Poisson models: m; =
me =mz=4,T) =Ty =Ts =84, ITER,p, = 10°, ITER;, = 10°

cumulative function, in the two models, are close to each other (see also Figure 3.7).

Lastly, we have consider a numerical example for the Gaussian model. In Table 3.13,
we present numerical values for the distribution of the three dimensional discrete
scan statistics over a region of size 256 x 256 x 256, scanned with a cubic window
of size 10 x 10 x 10. The underlying random field is taken here to be formed
of i.i.d. random variables distributed according to a N(0,1) law. We compare
our results with the simulated value (ITERgim = 10?) and with the product type
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Figure 3.7: The empirical cumulative distribution function for the binomial and Poisson
models in Table 3.12

approximation introduced in [Guerriero et al., 2010a| for the Bernoulli case (see also
Chapter 1, Eq.(1.87)).

n  P(S<n) AppPT. AppH Esapp(3) Er(3) Total
Eq.(1.87) Eq.(3.99) Eq.(3.101) Eq.(3.100) Error
175 0.894045 0.886580 0.893375  0.000775  0.017527  0.018302
176  0.901135 0.903979 0.909782  0.000528  0.014624  0.015152
177 0.922387 0.917918  0.923584  0.000368 0.012175  0.012543
178 0.930162 0.930604 0.935843  0.000257  0.010126  0.010383
179 0.950977  0.941291 0.945966  0.000183  0.008422  0.008605
180 0.947742  0.950626  0.954560  0.000122 0.006977  0.007099
181  0.958603 0.958162  0.962098  0.000086 0.005797  0.005883
182 0.968953  0.965074 0.968498  0.000059  0.004815  0.004874
183 0.968504 0.970581 0.973523  0.000041 0.003974  0.004015
184 0.973949 0.975465 0.977604  0.000029 0.003282  0.003311
185 0.981032 0.979428 0.981513  0.000019  0.002716  0.002736
186 0.984730 0.982610 0.984792  0.000013  0.002244  0.002258
187 0.986089  0.985640  0.987422 0.000009 0.001846  0.001855
188 0.987624 0.987935 0.989483  0.000006  0.001522  0.001529
189 0.989902  0.989956 0.991301  0.000004  0.001251  0.001255
190 0.992026 0.991744  0.992910  0.000003 0.001031  0.001034
191 0.993535 0.993126  0.994085 0.000002 0.000848  0.000850
192 0.994097 0.994416 0.995122  0.000001 0.000696  0.000697
193 0.995560 0.995346  0.995966  0.000001 0.000569  0.000570
194  0.996642 0.996142 0.996707  0.000001 0.000467  0.000468
195 0.997113  0.996809 0.997288  0.000000  0.000382  0.000382

Table 3.13: Approximations for P(Sy,(T) < n) in the Gaussian N (0,1) model: m;

my =mg =10, T1 =Ty = T3 = 256, ITER,p, = 10°, ITE Ry, = 103
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Figure 3.8: The empirical cumulative distribution functions (AppH = Our Approximation,
AppPT = Product Type Approximation) for the Gaussian model in Table 3.13

Notice that the contribution of the approximation error (Fyqpp,) to the total error
is almost negligible in most of the cases with respect to the simulation error (Fsy).
Thus, the precision of the method will depend mostly on the number of iterations
(ITER) used to estimate Q¢, 1, ¢5-






CHAPTER 4

Scan statistics over some
block-factor type dependent
models

In this chapter, we present an estimate for the distribution of the multidimensional
discrete scan statistics over a random field generated by a block-factor type model.
This dependent model generalizes the i.i.d. model studied in Chapter 3 and is
introduced in Section 4.1. The approximation process, as well as the associated error
bounds, are described in Section 4.2. Section 4.3 includes examples and numerical
applications for particular block-factor models in one and two dimensions. Some of
the results presented in this chapter appeared in [Amarioarei and Preda, 2014], for
the special case of two dimensions (see also [Amarioarei and Preda, 2013b]).
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4.1 Block-factor type model

Most of the research devoted to the one, two or three dimensional discrete scan
statistic considers the independent and identically distributed (i.i.d.) model for the
random variables that generate the random field which is to be scanned. In this
section, we define a dependence structure for the underlying random field based on
a block-factor type model. Throughout this chapter, we adopt the definitions and
the notations introduced in Section 3.1 for the d dimensional setting.
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Recall from Definition 2.1.3 (see also [Burton et al., 1993]), that a sequence (W});>1
of random variables with state space Sy is said to be a k block-factor of the sequence
(I/T/l)lzl with state space Sy, if there is a measurable function f : SI’}/ — Sy such
that

W,=Ff (VT/l, Wist, -« Wl+k—1)

for all .

Our block-factor type model is defined in the following way. Let Ty, To, ..., Ty
be positive integers, d > 1 and {)N(Sl,m,sd | 1< 55 < Tj, 1<5< d} be a family of
independent and identically distributed real valued random variables over the d
dimensional rectangular region Ry = [0,71] X - - - x [0, Ty] in such a way that to each
rectangular elementary subregion 74(s1, S2,...,84) = [s1 —1,81] X -+ - X [s4— 1, 84] it
corresponds a variable )~(817..,7Sd. As we saw in Chapter 3, it is customary to interpret
these random variables as the number of some events (of interest) that occurred in
the subregion 74(s1,s2,...,84)-

For j € {1,2,...,d}, let xgj), xgj) be nonnegative integers such that ng) +£Uéj) +1<
Tj. Define ¢; = acgj) —|—x§7) +1 aqd take T = Tj —cj+1. To each d-tuple (s1,...,sq),
with s; € {xgj) +1,...,7T; — xm}, j€{l,...,d}, we associate a d-way (or of order
d) tensor (see |Kolda and Bader, 2009]) X, . s, € R*"*% whose elements are
given by

xsl,...,8d<j17 s 7jd) =X (41)

81—.775”—1+j1,...78d—af}gd)—1+‘jd7

where (j1,...,74) € {1,...,c1} x---x{1,...,¢cq}. We observe that for the particular
cases of one and two dimensions, the d-way tensor X,  ,, reduces to a vector (a
tensor of order one) and a matrix (a tensor of order two), respectively.

If IT: Ra* > — R is a measurable real valued function defined on the set of the
tensors X, s, (measurable with respect to the usual Borel o-fields of R > *¢d
and R), then we define the block-factor type model by

Xop,sg =11 (I)C (1) <d>) ; (4.2)

sitay’,..,8qa+xy

forall 1 <s; <Tj,1 <5 <d.
To illustrate the intuition behind the above definition, we consider the special case
of two dimensional block-factor model (d = 2). In this setting, the underlying

random field is defined as X, 5, = II <x81+x§1)782+x§2)

which encapsulates the dependence structure, takes the matrix form

), where the tensor X, g,

& @ 0 X @)

S1—xy ,82—T s1+xy ,82—Ty

x81752 = . (4-3)

317131),32#1&2) sl+zél),32+zé2)

Figure 4.1 illustrates the construction of the block-factor model: on the left (see
Figure 4.1(a)) is presented the configuration matrix defined by Eq.(4.3) and the
resulted random variable after applying the transformation II; on the right (see
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Figure 4.1(b)) is exemplified how the i.i.d. model Xj, 4, is transformed into the
block-factor model X, ..

Ty !
X X s
5171‘51),52«#1&2) sl+wél>,52+zg2) cl
- (2)
To —wy :
Kar o
5(31782 : et
:EEQ) + 1
X X ’
e pa® IR CONN ) .
1 2D 11 T — 7:<21) T
T :
: Ty v
< X
(1) (2)
Xsl—mﬁl),sz—w?’ slﬂb}mizﬂl
Ll
1 T
(a) (b)

Figure 4.1: Tlustration of the block-factor type model in two dimensions (d = 2)

It is clear, due to the overlapping structure, that {Xs, 5, | 1 <51 <T7,1 < 59 < T}
forms a dependent family of random variables (see Figure 4.2) and the same is true
for the general case.

Recall from Definition 2.1.1 that a sequence (W;);>1 is m-dependent with m > 1
(see [Burton et al., 1993]), if for any h > 1 the o-fields generated by {W1,..., Wy}
and {Wp1m+1,...} are independent. Thus, from the definition of the block-factor
model in Eq.(4.2), we observe that the sequence (Xsl,m,shil78,“5,1“7._,7%)ISShSTh is
(cp, — 1)-dependent, for each 1 < h < d. In Figure 4.2 we illustrate, for the two
dimensional case, the dependence structure of the field X, 5, emphasizing its (¢; —1)
and (cy — 1)-dependent character.

Remark 4.1.1. Notice that if c; = -+ = ¢q = 1 (that is xgj) = a:éj) =0 for
je{1,...,d}) and 11 is the identity function, then X, . s, = Xsh_,,sd and we are
in the i.i.d. sttuation. In this case, an approzimation method for the distribution of
the d-dimensional discrete scan statistics was studied in Chapter 3.

Remark 4.1.2. If we take d = 1, we find ourselves in the particular situation of one
dimensional discrete scan statistics over a (c¢y — 1)-dependent sequence. The distri-
bution of one dimensional scan statistics over this type of dependence was studied by
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Xy —eq+1s0tea—1 ) Xsq4ep—1,sp4cg—1
cy —1
} cp —1 H Xoq 00 cp—1 }
co — 1
Xsi—ci+1,59—co+1 W Xsj4ep—1,s9=co+1

Figure 4.2: The dependence structure of X, 4, in two dimensions

[Haiman and Preda, 2013] in the particular case of Gaussian stationary 1-dependent
sequences Wi ~ N(0,1) of random variables generated by a two block-factor of the
form

Wi =aU; +bU;11, 12> 1,

where a®> +b? = 1 and (U;);>, is an i.i.d. sequence of N'(0,1) random variables.
Clearly, their model can be obtained from the one described in this section by putting
CCEI) =0, xgl) = 1, which implies c; = 2, and choosing I1(a1, a2) = aay + bas.

Applications of the one dimensional discrete scan statistics over a sequence of moving
average of order q (c1 = q + 1) was recently given by [Wang and Glaz, 2013] (see
also [Wang, 2013, Chapter 4[). We include in Section 4.3, a numerical example in

which we compare their results with the ones obtained by our method.

Based on the dependent model introduced in this section, in Section 4.2 we give an
approximation for the distribution of the d-dimensional discrete scan statistic over
the random field generated by the random variables X, . s, and the corresponding
error bounds.

4.2 Approximation and error bounds

In this section, we give an estimate for the distribution function, @m(T), of the d-
dimensional discrete scan statistics evaluated over a random field generated by the
block-factor model introduced in the foregoing section. The methodology used for
the derivation of the approximation formula follows closely the approach adopted
in Chapter 3 for the i.i.d. model.
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4.2.1 The approximation process

Let us consider that we are in the framework of the block-factor model introduced in
Section 4.1 and we scan the generated random field with a window of size mj x - - - X
mg, 2 <m; <Tj,j€{l,...,d}. Asin the case of the i.i.d. model (see Section 3.2),
the main idea behind the estimation process is to express the scan statistics random
variable, Sy, (T), m = (mq,...,mq), T = (T1,...,T;), as the maximum of a 1-
dependent stationary sequence of properly selected random variables.

Assume that for each j € {1,...,d}, T] = Lj(m; + ¢j — 2), where Ly, ..., Lqg
are positive integers and observe that the generated region R,, after applying the
transformation II, has the sides of length

Tj:(Lj—l)(mj—ch—Q)—ij—l. (4.4)

We define for each k; € {1,2,...,L; — 1} the random variables

Ly, = max Yiiiniss 4.5
BT (- (it 2+ 1< <k e —2) (45)
1< <(Lj—1)(mj+¢;—2)
jef2,...d}
and we claim that {Z1,..., 21,1} forms a 1-dependent and stationary sequence of

random variables in the view of Definition 2.1.1 and Definition 2.1.2. To see this, we
first remark that Zj, s represent the d-dimensional scan statistics on the overlapping
rectangular strips

[(kl — 1)(m1 +c1 — 2),k1(m1 +c1 — 2) +mq — 1] X [O’TQ] X -+ X [O,Td}, (4.6)

of size (2my +¢; —3) X Ty x -+ x Ty. In Figure 4.3 we illustrate, in the particular
situation of two dimensions (d = 2), the overlapping structure of Z;, Zo and Z3

emphasizing the 1-dependent character of the sequence.
The one dependence structure of {Z1,...,Zr,-1} follows immediately from

Zkl—l c J({Xsl,...,sd‘(kl - 2)(m1 +c1 — 2) +1 S S1 S (kl — 1)(m1 “+c1 — 2) +mq — 1})
€o ({Xsl,...,sd (k1 =2)(m1+c1 —2)+1< s <ki(mi+e1— 2)})

and similarly

Zy, €0 ({Xd (k1 —D(mi4+c1—2)+1<s3 < (k1 +1)(m1+c1 — 2)}) ,

Zk1+1 co ({Xsl,..qu

kl(ml +c —2) +1<s5 < (]{/‘1 +2)(m1 +c1 — 2)})

and the independence of the family {Xsl,,,_7sd |1<s; < Tj,l <j< d} of random

variables. Moreover, since X s1,...s, are identically distributed, the stationarity of
the random variables Z, is verified.
We observe that from the definition of the sequence (Zy, ),y <1, 1 the scan statis-
tics random variable can be written as

Sm(T) = ax Yiiio,ig = Mmax  Zy,. (4.7)

= m =
1§ij STJ‘ 7mj+1 lfkl SLl—l
je{1,2,...,d}
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.
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Figure 4.3: Ilustration of Zj, emphasizing the 1-dependence

The foregoing relation is the key identity in the approximation process since it shows
that Sm(T) is the maximum of a 1-dependent stationary sequence. Tools for the
estimation of the distribution of this type of random variables were developed in
Chapter 2. Similar with the methodology used in the previous chapter for the i.i.d.
model, for the approximation process we employ the estimate from Theorem 2.2.9,
repeatedly.

If, for t1 € {2,3}, we take

t1—1
= =P Zy, < =P Yiiiooi <
Qtl Qtl (n) kﬂl{ ki = TL} 1§i1§(t13?€7{n1+c1—2) Bizta =T
1=

1< <(Lj—1)(mj+c;—1)
GE{2,d}
(4.8)
and n is such that Q2(n) > 0.9, then, based on Theorem 2.2.9, we get the first step
estimate

1Qu(T) — H(Q2,Q3,L1)| < (L1 — 1)F(Q2, L1 — 1)(1 — Q2)?, (4.9)

where H(x,y,m) and F(x, m) are evaluated via Eqgs.(3.13) and (3.10), respectively.
Observe that, even if we employed the same notations as in Section 3.2, QQ2, Q3 and
L1, Ly in the above equations differs from the corresponding ones in the i.i.d. case.
For example, here Qy,’s represents the distribution of the d-dimensional discrete
scan statistics over the strip

[0, (tl - 1)(m1 +c— 2) +my1 — 1] X [O,TQ] s X [O,Td],
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as opposed to the i.i.d. model where we scanned the smaller region
[0,751 (m1 — 1)] X [O,TQ] e X [O,Td].

In order to derive an approximation expression for Qum(T), that involves simpler
quantities, we need to iterate the above procedure at most d steps. In the subse-
quent, we present the general s-step, 1 < s < d, routine. In this phase, the goal is
to find an estimate for the distribution of the d-dimensional discrete scan statistics
evaluated over the multidimensional rectangular regions

[07 (tl—l)(m1+cl—2)+m1—1] X... [0, (t571—1)(m571+03,1—2)+m5,1—1] X [07 TS] e X [07 Td].

These distribution functions are denoted, for (t1,...,ts_1) € {2,3}*7!, by

= n)="P max Yiiio..i,<n|. (4.10
Qtr bt 1 = Qi to,ts 1 (1) Lyt T gy Yitizia S (4.10)
le{l,...,s—1}
1< <(Lj—1)(mj+¢;—2)
jG{S,...,d}

To reduce the s dimension, we take for t; € {2,3}, [ € {1,...,s — 1} and ks €
{1,2,...,Ls — 1} the random variables

(t1,t2,sts—1)
ij = . max Yvil,iz,...,idv (411)
s 1§zl§(tl—1)(ml+cl—2)
le{1,2,...,s—1}
(ks—1)(ms+cs—2)+1<is<ks(ms+cs—2)
1< <(Lj—1)(mj+c;—2)
JE{S+177d}
which form, based on the same arguments as in step one, a 1-dependent stationary

sequence. Moreover, these random variables satisfy the relation

p— (t 7t ’” 7& )
Q1 o, 1 —P<1<k1;ﬂgi_12kj el < ) (4.12)

Notice that, from Eq.(4.10) and Eq.(4.11), we get the distribution function

ts—1

Qty tarte = Qty ty,t.(n) =P ﬂ{Z ftzeteot) <y ) (4.13)

If we take n such that Q...+, ,,2(n) > 0.9 then, applying the estimate from
Theorem 2.2.9, we deduce the s step approximation

‘Qtl’""ts*l -H (Qtl""’tsfl’% Qt,tem1.3: LS)‘ < (Ls — 1)F(Qt1,...,t571,27Ls -1)
x (11— Qtl,...,ts,l,z)Z- (4.14)

Depending on the problem dimension, by substituting repeatedly, for each s €
{2,...,d}, the estimate from Eq.(4.14) in Eq.(4.9), we obtain an approximation
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Figure 4.4: Tlustration of the approximation process for d = 2

formula for the distribution of the d-dimensional scan statistics depending on the
2¢ quantities Q+,,...,t,» which will be evaluated by Monte Carlo simulation. To get a
better understanding of the approximation process described above, we consider the
particular case of two dimensional scan statistics. Figure 4.4 illustrates the diagram
that summarizes the steps involved in this process.

Remark 4.2.1. We should point out that if X, . s, = )N(sl7...7sd, that isc; = -+ =
cqg = 1 and (x) = x, then all of the above formulas reduces to the ones given in
Section 3.2.

Remark 4.2.2. Notice that if there are indices j € {1,2,...,d} such that Tj are

T, .
J
m]-+c]-_2J , we can approzimate the

distribution of the scan statistics Qm(T) by the multi-linear interpolation procedure
described in Remark 3.2.1.

not multiples of m;j+c; —2 then, by taking L; = {

4.2.2 The associated error bounds

Since in the estimation process described in Section 4.2.1, by adopting the notations
introduced in Section 3.1, we have obtained exactly the same type of relations as
in the i.i.d. case, the resulted error bounds will also take the same expressions as
those from Section 3.3. Such being the case, in this section we include only their
formulas and not their derivation. As mentioned in Section 3.3, there are three
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errors involved: the theoretical approximation error (FEqp,(d)), the simulation error
that corresponds to the approximation error (Egqp,(d)) and the simulation error
associated to the approximation formula (Esf(d)). Their expressions are given in
the subsequent.

a) The theoretical approximation error

Following the methodology described in Section 3.3.1 for the i.i.d. model, we have

d
Bapp(d) => (L1 —1)-++(Ls — 1)
s=1

2
X E : Fiotes (1 = Vtiyts—1,2 T Btlw-’tsfl:Q) )
t1,....ts—1€{2,3}

(4.15)
where
H (’Ytl st 29 Vt1,.ts 37L8+1) 3 for 1 S S S d—1
= oS e 4.1
’Ytl, , { Qtl,...,tda for s = d, ( 6)
chm’ _ If (Qtl,...,ts,% Qtl,...,t5,3aLs+1) yfor1<s<d-1 (4.17)
Qt17~--atd7 fOI’ S = d
and where for 2 < s <d
Fth---,ts—l =F (Qt1,---7ts—1727 Ls— 1) ’ (4'18)

2
Btlu-vts—l = (LS - 1) Ftlyw:ts—l (1 = Vt1,ets—1,2 + Btl--~7ts—1»2) + Z Btlm:ts

ts€{2,3}
(4.19)
with F = F (Qg, Ly — 1) and By, = 0.
Observe that in Eq.(4.15) we adopted the following convention for s = 1:
Z T =, Fiy 10 = F, V1,02 = 72 and By, 42 = Bo.
t1,t0€{2,3}

b) The simulation error that corresponds to the approzimation error

If the error between the true value of ¢, . ;, and the estimated value ch“

td Stds

resulted from a simulation methodology, is denoted by 3 . :, then, the simula-
tion error that appears from the approximation error given by Eq.(4.15) has the
expression

d
Sapp Z Ll - 1 L - 1) Z Ftl:-~~7ts—1 (1 - Qtl,n-,ts—h2
s=1

tlv---7ts—1e{273}

2
+At17~~~7ts—172 + Ct17-~~7ts—172) )
(4.20)
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where for s = 1: E x = Fp =F, Q2 = @2, Aty 492 = Az and

t17t0€{2,3}
Ct1 40,2 = C2. The quantities A;, . ¢, and Cy,

are computed via

Aty =Ls =1 (La—1) D> B, (4.21)
ts,...,td€{2,3}

+., that appear in the above formula,

-----

and

A 2
Ct1---7t571 = (LS - 1) [Ftl ----- ts—1 (1 - Qt17---,tsf1,2 =+ Atl---7tsf1,2 +Ct1---,t57172)

+ Z Chits | >

ts€{2,3}
(4.22)
for 2 < s < d while for s = d we have Ay, ;, = B4,,..t, and Cy, 4, = 0.
¢) The simulation error associated to the approximation formula
This simulation error arise from the difference
H(v2,73,L1) — H (Q%Q&M)‘
and is given by the relation
EBy(d)=(L1—1)...(La=1) > Bu..ta (4.23)

t1,..,ta€{2,3}

The total error is obtained by adding the two simulation error terms from Eq.(4.20)
and Eq.(4.23)
Eiotal(d) = Esf(d) + Esqpp(d). (4.24)

4.3 Examples and numerical results

In order to illustrate the efficiency of the approximation and the error bounds ob-
tained in Section 4.2, in this section we present several examples for the particular
cases of one and two dimensional discrete scan statistics.

4.3.1 Example 1: A one dimensional Bernoulli model

We start this section with an example of a one dimensional block-factor model,
for which we can compute exactly the distribution functions that appear in our
proposed approximation: Q2 and (3. This model is based on the parametrization
introduced by [Haiman, 2012] (see also [Haiman and Preda, 2013]).

In the block-factor framework introduced in Section 4.1, we take d = 1, xgl) =0,
:cgl) =1 and we have ¢y =2 and T1 = Tl — 1.
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Let, for 1 < ¢t < Ty, Wy, W] ~ B(p), with 0 < p < 1 and W}" ~ B (1) be three
sequences of 0 — 1 Bernoulli random variables such that (I/Vt,I/Vt)1 <t<fy are In-
dependent random variables satisfying P (W; =i, W/ = j) = q(i,j) and W/"’s are
independent and independent of (W, W), <t<T- The joint probabilities ¢(i,j) are
evaluated via the relation

1= 2p, if (i,5) = (0,0)
q(i,j) = q p, if (4, J) (0,1) or (i,5) = (1,0) (4.25)
0,if (2,7) = (1,1).

Let X, = (W, W,

817

Ws”l) for 1 < s; < Ty, which forms an ii.d. sequence of
random variables and observe that the 1-way tensor that encapsulates the block-
factor model is given by

X, = (Xsl , X51+1) . (4.26)

We define, for 1 < s1 < T3, our dependent model by

. W, 41, if W =0
X, =11 (XS X +1) = { Lan sitl (4.27)
! e W, Wl =1

and we notice that X, ’s, being expressed as a 2 block-factor, form a 1-dependent,
stationary sequence of 0 — 1 Bernoulli of parameter p random variables. This type
of 1-dependent sequence was studied in [Haiman, 2012]. The author showed (see
[Haiman, 2012, Lemma 3|) that the joint distribution of (X, X3) satisfies the equa-
tion

P(Xl :i7X2:j):p(i7j)7 (428)

where
1—-2p + if (4,7) =
p(i,j) =3 p— 307 if (1 Jj) = (0,1) ( j) = (1,0) (4.29)
8p2,if (4,5) = (1,1).

Moreover, from [Haiman, 2012, Theorem 1|, we have that the joint distribution of
the sequence (X, );<,, <7, verifies the recurrence formula

P(X) =a1,..., Xpp1 = ap1) =P (X1 =a1,..., Xg = ap) P(Xpq1 = ag41)
+P (X1 =a1,..., Xp—1 = ar—1) [P (Xi = ap, Xip1 = ap41)
—P (X = ar) P (X, = az)], (4.30)

for 2 < k < Ty — 1 and (ay,...,ax11) € {0,1}**! which gives the proper
tools for finding the exact values of Q2 and Q3. Following the approach from
[Haiman and Preda, 2013, Section 2|, let K > 2 be a positive integer and denote
with

t+mi1—1
VK(b):{a:(al,...,aK)E{O,l}K max > a,:b}, (4.31)

t=1,....K—mi+1 -
1=t



106 Chapter 4. Scan statistics over some block-factor type models

the set of all binary sequences of length K for which the scan statistics with window
of size my takes the value b. Therefore, the value of the distribution function @, (K)
is computed by

Qi (K) =P (S, (K)<n)=>_ > P(X1=a1,..., Xx =ag), (432
b=0 acVk (b)

where the last quantity is evaluated via the recurrence formula from Eq.(4.30).
Particularizing for K = 2mj; —1 and K = 3mj — 1 in Eq.(4.32), we obtain the exact
values of Q2 and Q3, respectively.

To show the accuracy of the proposed approximation for the one dimensional scan
statistics distribution P(S,,, (71) < n) and the sharpness of the error bounds, we
present in Table 4.1, a numerical study for m; = 8, 77 = 1000 and selected values of
the parameter p. The second and third column gives the exact values of Q2 and Qs3,
while the next two columns show the approximation and the corresponding error

bound?.

n Q2 Q3 AppH  Eup(1) LowB UppB

Eq.(4.32) Eq.(4.32) Eq.(4.15) Eq.(4.35) Eq.(4.36)
p=0.1

3 0.985914 0.974354 0.231796 0.031264  0.225598 0.236072

4 0.998911 0.997931 0.885221 0.000153  0.885081  0.885340

5 0.999958 0.999917 0.995014 0.000000 0.995014  0.995014

6 0.999999 0.999999 0.999914 0.000000 0.999914  0.999914

7 1.000000 1.000000 1.000000 0.000000  1.000000  1.000000

p=20.2

5 0.997750  0.995697 0.774337 0.000667 0.773801  0.774784
6 0.999915 0.999834 0.989987 0.000001  0.989986  0.989988
7 0.999999  0.999998 0.999890 0.000000  0.999890  0.999890
8 1.000000 1.000000 1.000000 0.000000 1.000000  1.000000
p=0.3
5 0.980187 0.963136 0.113912 0.067341  0.107535  0.118347
6 0.998801 0.997676 0.869460 0.000186 0.869288  0.869611
7 0.999981 0.999963 0.997748 0.000000 0.997748  0.997748
& 1.000000 1.000000 1.000000 0.000000  1.000000  1.000000

Table 4.1: One dimensional Bernoulli block-factor model: m; = 8, T3 = 1000

Notice that, for comparison reasons, we have also included a lower (LowB) and
an upper bound (UppB). These margins are derived from the following re-
sult, which extends the inequalities developed by [Glaz and Naus, 1991] (see also
[Wang et al., 2012|), presented in Section 1.1.3.

'Here we only have one error bound, namely the theoretical one, since the values of Q2 and Q3
are computed exactly
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Proposition 4.3.1. Let Y1,Ys,... be a sequence of associated® (see
[Esary et al., 1967]) and [-dependent random wvariables generated by a (I + 1)
block-factor. If we denote the distribution of the maximum of the sequence with

Q(M):IP’< max Yt§n>, then for M > 1+ 2 we have

1<t<M
QU +2)
QM) > [1 qtyou T (4.33)
QUIQI+2)
QM) <QU+2)[1—Q(+1)+Q(+2))M 2. (4.34)

In the particular case of one dimensional discrete scan statistics over the block-
factor model from Section 4.1, we have, in accordance with Remark 4.1.2, that X§, is
(c1—1) dependent so the sequence of moving sums Y7, ..., Y 41181 = my+c¢;—2
dependent. Thus, the distribution function Q,,,(T}), for T4 > 2m; + c¢; — 1, is
bounded by

le (2m1 + c1 — 1)

my (11) 2> , 4.35
Q 1( 1) [1 N Qmy (2m1+¢1-2)—Qm; (2m1+61_1)]T17(2m1+0171) ( )
Qmq (2m1+c1—2)Qmq (2mi1+c1—1)
Qm,(T1) < Qm,(2m1+c1 —1)[1 = Qpm, (2my +¢1 —2)
FQm, (2my + ¢ — 1)1 Gmate—1) (4.36)

We observe that, if in the foregoing relations we take ¢; = 1, that is we consider the
i.i.d. model, then we get exactly the bounds presented in Section 1.1.3. From the
numerical values in Table 4.1, we see that these bounds are very tight and also that
our estimate is very accurate.

Remark 4.3.2. Notice that in the text of Proposition 4.3.1 we assumed that the
random variables Y1,Ys, ... are associated and generated by a (I + 1) block-factor.
To construct such sequences, it is enough to take the function that defines the

block-factor to be increasing (or decreasing) in each arqument (see for example
[Oliveira, 2012, Chapter 1] or [Esary et al., 1967, Theorem 2.1 and property (Py)]).

Remark 4.3.3. The proof of Proposition 4.3.1, due to the additional hypothesis
of associated random variables, follows closely the proof steps of the corresponding
result in [Glaz and Naus, 1991] and will be omitted here.

?We say that the random variables Y1,Ys,..., Y, are associated if, given two coordinatewise
nondecreasing functions f, g : R™ — R then Cov [f (}71, Ya,..., }7,1) g (}71, Ya,..., Yn)] > 0, when-
ever the covariance exists.
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4.3.2 Example 2: Length of the longest increasing run

We continue our list of examples with one that belongs to the class of runs statistics.
In the subsequent we employ the notations introduced in Section 4.1.

Let X1, Xo, ..., XT] be a sequence of independent and identically distributed
random variables with the common distribution F'. We say that the subsequence
<Xk, . ,Xkﬂ,l) forms an increasing run (or ascending run) of length [ > 1, start-

ing at position k > 1, if it verifies the following relation
Xk:—l > Xk < Xk-i—l < < Xk+l—1 > Xk—&—l‘ (4.37)

We denote the length of the longest increasing run among the first T} random vari-
ables by My . This run statistics plays an important role in many applications
in fields such computer science, reliability theory or quality control. The asymp-
totic behaviour of My has been investigated by several authors depending on the
common distribution, F. In the case of a continuous distribution, [Pittel, 1981] (see
also [Frolov and Martikainen, 1999]|) has shown that this behaviour does not depend
on the common law. For the particular setting of uniform ([0, 1]) random vari-
ables, this problem was addressed by [Révész, 1983], [Grill, 1987 and [Novak, 1992].
Under the assumption that the distribution F' is discrete, the limit behaviour of
My, depends strongly on the common law F', as [Csaki and Foldes, 1996] (see also
|Grabner et al., 2003] and [Eryilmaz, 2006]) proved for the case of geometric and
Poisson distribution. In [Louchard, 2005], the case of discrete uniform distribution
is investigated, while in [Mitton et al., 2010], the authors study the asymptotic dis-
tribution of Mz when the variables are uniformly distributed but not independent.
In this example, we evaluate the distribution of the length of the longest increasing
run using the methodology developed in this chapter. The idea is to express the
distribution of the random variable Mz in terms of the distribution of the scan
statistics random variable. In the block-factor setting described in Section 4.1, we
take d =1, CL‘gl) =0, xél) =1and Ty =T) — 1. Tt follows that, for 1 < s; < T, the

1-way tensor X, is Xsl,Xsl+1> and if we define the block-factor transformation
II:R?— R by

Lifz <y
IT = ’ 4.
(@,y) { 0, otherwise (4.38)
then, our block-factor model becomes
X, = 1)251<X51+1' (4.39)
Clearly, the foregoing equation shows that X, ..., X7, form a 1-dependent and

stationary sequence of random variables.
Notice that the distribution of My and the distribution of the length of the longest
run of ones®, Ly, , among the first T} binary random variables X, , are related and

3This statistic is also known as the length of the longest success run or head run
and was extensively studied in the literature. One can consult the monographs of
[Balakrishnan and Koutras, 2002] and [Fu and Lou, 2003] for applications and further results con-
cerning this statistic.
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satisfy the following identity
P (Mf’l < m1) =P(Ly, <my), for my > 1. (4.40)

Moreover, the random variable Ly, can be interpreted as a particular case of the
scan statistics random variable and between the two we have the relation

P(Lp, >m1) =P (S, (T1) > my) =P (S, (Th) =mq). (4.41)

Hence, combining Eq.(4.40) and Eq.(4.41), we can express the distribution of the
length of the longest increasing run as

P (MT1 < m1> = P (S, (T}) < m1) . (4.42)

Thus, we can estimate the distribution of My using the foregoing identity and the
approximations developed in this chapter for the discrete scan statistics random
variable.

We should also note that [Novak, 1992] studied the asymptotic behaviour of Lz
over a sequence of m-dependent binary random variables. The author showed that,
given a stationary m-dependent sequence of random variables with values 0 and 1,
(Wk)j>1, if there exist positive constants ¢, C' such that

1
PWip =Wy =---=W;=1) > W,for all k > C, (4.43)
then, as N — oo
h
_ —Nr(k)) _ (InN)
| max, P(Ly <k)—e (@] <N , (4.44)
where r(k) =PWy=--- =W =1)-P(Wy=---=Wjy1=1) and h=mt V 1.

In order to illustrate the accuracy of the approximation of MT1 based on scan statis-
tics, using the methodology developed in Section 4.2.1, we consider that the random
variables X;,’s have a common uniform U ([0,1]) distribution. Simple calculations

show that P(Xlz---:szl)Zﬁ and

1 1
— >
k+2 7 2k
thus C' =2,¢t =1 and h = 1. In the context of our particular situation, the result
of [Novak, 1992] in Eq.(4.44) becomes:

PXpr1=1X1==X,=1)= (4.45)

lnT1
P(L _ o~ ir(m1)| 4.4
1 <my 2T} (Lry <m) = e O( T >’ (446
where r(m1) =P (X1 = =Xp, =1) —P(X1 = =Xppp1=1) = (7’7’;11:21)!.

In Table 4.2, we consider a numerical compared study between the simulated value
(column Sim), the approximation based on scan statistics (column AppH) and
the limit distribution (column LimApp) of the distribution of the length of the
longest increasing run, P (MT1 < my1 ), in a sequence of T = 10001 random variables
distributed uniformly over [0,1]. The results show that both our method and the
asymptotic approximation in Eq.(4.43) are very accurate.
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mi Sim AppH Eiotar(1) LimApp L i et St
Eq(4.24) Bq(4.43) 08

5 0.00000700 0.00000733 0.14860299 0.00000676 08 ooa

6 0.17567262 0.17937645 0.01089628 0.17620431 —~ 07

7 0.80257424 0.80362353 0.00110990 0.80215088 E os

8 0.97548510 0.97566460 0.00011579 0.97550345 e

9 0.99749821 0.99751049 0.00001114 0.99749792 éo}

10 0.99977074 0.99977183 0.00000098 0.99977038 e

11 0.99998075 0.99998083 0.00000008 0.99998073 08 ‘

12 0.99999851 0.99999851 0.00000001 0.99999851 02 - _

13 0.99999989 0.99999989 0.00000000 0.99999989 o1 i T Aoprox

14 0.99999999 0.99999999 0.00000000 0.99999999 ol ok ‘ ‘ A Limit Distioution

15 1.00000000 1.00000000 0.00000000 1.00000000 4 6 8 10 2 14 16

my

Table 4.2: The distribution of the length of the Figure 4.5: Cumulative distribution func-
longest increasing run: 77 = 10001, ITERg;,, = tion for approximation, simulation and limit
10%, ITER,,, = 10° law

Remark 4.3.4. For the simulated values and the estimation of the distribution
functions Q2 and Qs that appear in the scan approzimation formula (see Eq.(3.91)),
we employed the importance sampling algorithm (Algorithm 1) presented in the
context of i.e.d. random wvariables in Section 3.4.2, with ITERg, = 10* and
ITER., = 10° dterations of the algorithm, respectively. We see that in our set-
ting, the Bonferroni bound can be easily computed via B(1) = % The second
step wn the algorithm 1s similar to the one described in Erample 5.4.1 and s im-
plemented using a simple sorting procedure of my + 1 independent U ([0, 1]) random

variables.

4.3.3 Example 3: Moving average of order ¢ model

In this third example, we consider the particular situation of the one dimensional
discrete scan statistics over a M A(q) model. In the block-factor model introduced
in Section 4.1 we take d = 1, xgl) =0, acgl) = q for ¢ > 1 a positive integer and
X1, Xo, ..., XT~1 a sequence of independent and identically distributed Gaussian
random variables with known mean p and variance o2, We observe that, based on
the notations used in Section 4.1, ¢; = ¢ + 1, T} = T} — ¢ and for s; € {1,...,T}},

the 1-way tensor X, becomes
xs1 = <X81>XS1+D SRR XS1+Q) : (447)

Let a = (a1,...,a4+1) € RIT! be a fixed non null vector and take IT : RIT! — R,
the (measurable) transformation that defines the block-factor model, to be equal
with

H(xl, . >'Tq+1) =a1x1 +agxo + -+ Aq4+1Tg+1- (4.48)

Following Eq.(4.2), our dependent model is defined by the relation

X, =11 (DCSI) = alel + CL2X51+1 + -+ aq+1X31+q, 1 <5 <1Th. (44:9)
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Clearly, from Eq.(4.49), the random variables X1, ..., X7, form a moving average
of order ¢q. Notice that the moving sums Y;,, 1 <43 <717 —my + 1 can be expressed
as

i1+mi1—1
Yi= Y Xo=bXi +bXii1+ -+ by X fmi— 144, (4.50)
S1=11
where the coefficients by, ..., by, 44 are evaluated by

a) For my > q,

k
Z(Ij ,k‘E{l,...,q}
j=1
q+1
be=14 Y aj Jke{g+1,...,m} (4.51)
’ 1Q+1
Z a; ,ke{m1+1,...,m1+q}
j=k—mi+1
b) For my < ¢,
k
> a, Cke{l,...,m}
j=1
k
by, = Y e ske{mi+1,...,q} (4.52)
j=k—mi+1
g+1
Z aj ,ke{g+1,....,m +q}.
j=k—m1+1

Therefore, for each iy € {1,...,71 — my + 1}, the random variable Y;, follows a
normal distribution with mean E [Y; ] = (b1 + - - - + by1¢) it and variance Var [Y;, ] =
(b% +- 4 b%qu) o2. Moreover, it is not hard to see (one can use the same type of
arguments as in Lemma 3.4.3) that the covariance matrix ¥ = {Cov [Y;, Ys]} has

the entries

mi1+q—|t—s|
biby—si4j | 07 L It—s| < ~1
]:
0 , otherwise.
Given the mean and the covariance matrix of the vector (Y1,...,Yr _m,+1), one

can use the importance sampling algorithm of [Naiman and Priebe, 2001] (see
also [Malley et al., 2002]) detailed in Section 3.4.2 (Example 3.4.2) or the one of
[Shi et al., 2007] presented in Section 3.4.4 to estimate the distribution of the one
dimensional discrete scan statistics Sy, (71). Another way is to use the quasi-Monte
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Carlo algorithm developed by |[Genz and Bretz, 2009] to approximate the multivari-
ate normal distribution. Following the comparison study presented in Section 3.4.4,
in this example we adopt the first importance sampling procedure.

In order to evaluate the accuracy of the approximation developed in Section 4.2.1,
we consider ¢ = 2, T = 1000, m; = 20, X; ~ N(0,1) and the coefficients of the
moving average model to be (a1, a2,a3) = (0.3,0.1,0.5). We compare our approx-
imation with the one (column AppPT) given in [Wang and Glaz, 2013| (see also
[Wang, 2013, Chapter 4]). In Table 4.3, we present numerical results for the set-
ting described above. In our algorithms we used ITER,,, = 10° iterations for the
approximation and ITE Ry, = 10° replicas for the simulation.

n Sim AppPT AppH Egapp(1) Esr(1) Total
Eq.(1.46) Eq.(4.20) Eq.(4.23) Error

11 0.582252 0.589479 0.584355 0.011503  0.003653 0.015156
12 0.770971 0.773700 0.771446 0.002319 0.001691 0.004010
13 0.889986  0.890009 0.889431 0.000434 0.000733 0.001167
14 0.951529 0.954536  0.951723  0.000073  0.000297  0.000370
15 0.980653 0.982433 0.980675 0.000011  0.000113 0.000124
16 0.992827 0.993690 0.992791  0.000001  0.000040  0.000042
17 0.997486  0.995471 0.997499 0.000000  0.000013 0.000014
18 0.999186 0.999411 0.999188  0.000000  0.000004 0.000004
19 0.999754 0.999717 0.999754 0.000000  0.000001  0.000001
20 0.999930 1 0.999930  0.000000  0.000000  0.000000

Table 4.3: MA(2) model: m; = 20, Ty = 1000, X; = 0.3X; + 0.1X;;1 + 0.5X;40,
ITER,,, = 105, ITER;,, = 10°

In Figure 4.6, we illustrate the cumulative distribution functions obtained by ap-
proximation and simulation. For the approximation we present also the correspond-
ing lower and upper bounds (computed from the total error of the approximation
process, the last column in Table 4.3).

4.3.4 Example 4: A game of minesweeper

This example draws its motivation (and name) from the well known computer game
of Minesweeper, whose objective is to detect all the mines from a grided minefield in
such a way that no bomb is detonated. Our two dimensional model can be described
as follows.

Let d = 2, Tl, Tz be positive integers and {X51,52 |1 <35 < Tl, 1 <s9< TQ} be a
family of i.i.d. Bernoulli random variables of parameter p. We interpret the random
variable Xy, s, as representing the presence (X, 5, = 1) or the absence (Xj, s, = 0)
of a mine in the elementary square subregion 72(s1,s2) = [s1 — 1, s1] X [s2 — 1, s2],
within the region Ry = [0, T3] x [0, T3).

In this example, we consider :1:51) = :rgl) =1 and mgz) = xg) = 1. Based on the
notations introduced in Section 4.1, we observe that ¢; = co =3, T} = Tl — 2 and
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Figure 4.6: Cumulative distribution function for approximation and simulation along with
the corresponding error under M A model

Ty = Ty — 2. For each pair (s1,s2) € {2,...,T1 — 1} x {2,..., Ty — 1}, the 2-way
tensor X, o, is given by

Xy 50 (J1,J2) = Xsi4j1—2,50+jo—2, where 1< j; <¢;, i€ {1,2}. (4.54)

Since the elements of the tensor X, s, are arranged in a 3 x 3 matrix, we define the
block-factor real valued transformation II on the set of matrices M3 3(R), such that
it verifies the relation

ailp a2 ais
11 a21 agy as3 = E Qg — A29. (455)
asl asz ass 1<s,t<3

From Eq.(4.2) and Eq.(4.55), our dependent model is defined as

Xsrso = H(Xsy41,0041) = Z X51+i782+j' (4.56)
(4,)€{0,1,2}2
(6,5)#(1,1)

From the foregoing relation, we can interpret the random variable X, ,, as the
number of neighboring mines associated with the location (s1, s2). In Figure 4.7, we
present a realization of the introduced model. On the left, we have the realization
of the initial set of random variables where a gray square represents the presence of
a mine, while the white square signifies the absence of a mine. On the right side, we
have the realization of the X, 5, according to the transformation II from Eq.(4.55),
that is the corresponding number of neighboring mines associated to each site.
We present numerical results (Table 4.4-Table 4.11) for the described block-factor
model with Ty = Ty = 44 (that is T} = Th = 42), m; = mg = 3 and the underlying
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Figure 4.7: A realization of the minesweeper related model

T -1 T,

T

random field generated by i.i.d. Bernoulli random variables of parameter p (X5, s, ~
B(p)) in the range {0.1,0.3,0.5,0.7}. We also include numerical values for the
corresponding i.i.d. model: T = T5 = 42, m; = mg = 3 and X, 4, ~ B(8,p).

n Sim AppH Esapp(2) Esf(2) Total
Eq.(4.20) Eq.(4.23) Error

29 0.828763  0.813457 0.018678 0.024528 0.043205
30 0.886702 0.875875  0.006135 0.010670  0.016805
31 0.930094  0.922997 0.001912 0.005374 0.007286
32 0.957297  0.953079  0.000628 0.003290  0.003918
33 0.974541 0.971980  0.000204 0.002239  0.002443
34 0.985523  0.984022 0.000063 0.001588 0.001651
35 0.991524 0.990718  0.000020 0.001171  0.001191
36 0.995301  0.994885 0.000006 0.000854 0.000860
37 0.997492  0.997253  0.000002 0.000617  0.000619
38 0.998668  0.998547  0.000000 0.000447  0.000447
39 0.999313  0.999272 0.000000 0.000319 0.000319
40 0.999653  0.999629  0.000000 0.000231  0.000231
41 0.999826  0.999808 0.000000 0.000164 0.000164
42 0.999916  0.999911  0.000000 0.000116  0.000116
43 0.999963  0.999959  0.000000 0.000079  0.000079
44 0.999981  0.999979 0.000000 0.000054 0.000054
45 0.999991  0.999993  0.000000 0.000037  0.000037
46 0.999995  0.999997 0.000000 0.000022 0.000022
47 0.999999  0.999999  0.000000 0.000017  0.000017
48  1.000000  0.999999 0.000000 0.000009 0.000009

Table 4.4: Block-factor: mi =mo=3,Ty =T =44, T) = T» = 42, p = 0.1, ITER = 108

For all of our results presented in the tables we used Monte Carlo simulations with
108 iterations for the block-factor model and with 10° replicas for the i.i.d. model.
Notice that the contribution of the simulation error that corresponds to the approx-

imation error (Esqpp) to the total error is almost negligible in most of the cases with

respect to the other simulation error (Egf). Thus, the precision of the method will
depend mostly on the number of iterations (ITER) used to estimate Q, +,. The cu-
mulative distribution function and the probability mass function for the block-factor

and i.i.d. models are presented in Figure 4.8 and Figure 4.9.
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n Sim AppH Esapp(2) Esf(2) Total
Eq.(3.97) Eq.(3.96) Error

17 0.789376  0.788934  0.005813 0.011393  0.017206
18 0.925456  0.925186  0.000529 0.002095  0.002625
19 0.976889 0.976763  0.000045 0.000455  0.000500
20 0.993444  0.993447  0.000003 0.000105  0.000108
21 0.998288  0.998287  0.000000 0.000023  0.000024
22 0.999584 0.999583  0.000000 0.000005  0.000005
23 0.999905 0.999905  0.000000 0.000001  0.000001
24 0.999980 0.999980  0.000000 0.000000  0.000000

Table 4.5: Independent: m; = mg =3, T} =Ty = 42, B(r = 8,p=0.1), ITER = 10°

n Sim AppH Esapp(2) Ef(2) Total
Eq.(4.20) Eq.(4.23) Error

48 0.768889  0.749275  0.046577 0.053831  0.100408
49  0.844717 0.829918  0.014207 0.019702  0.033908
50  0.899398  0.889501  0.004574 0.008810  0.013384
51 0936771 0.930795  0.001499 0.004769  0.006269
52 0.961836  0.958113  0.000485 0.002988  0.003472
53 0977672 0.975326  0.000152 0.002045  0.002197
54 0.987307 0.985922  0.000047 0.001463  0.001510
55 0.993022 0.992251  0.000014 0.001056  0.001070
56 0.996333 0.995917  0.000004 0.000761  0.000765
57 0.998151  0.997954  0.000001 0.000539  0.000540
58 0.999091 0.998992  0.000000 0.000381  0.000381
59 0.999576  0.999522  0.000000 0.000265  0.000265
60  0.999794  0.999802  0.000000 0.000178  0.000178
61  0.999908 0.999920  0.000000 0.000115  0.000115
62 0.999965 0.999973  0.000000 0.000077  0.000077
63 0.999993 0.999991  0.000000 0.000044  0.000044
64 0.999999  0.999998  0.000000 0.000028  0.000028
65 1.000000 0.999999  0.000000 0.000017  0.000017

Table 4.6: Block-factor: m; =ms =3,y =To =44, T, =T, = 42, p = 0.3, ITER = 108

n Sim AppH Esapp(2) Esf(2) Total
Eq.(3.97) Eq.(3.96) Error

35 0.716804 0.716395  0.012836 0.021243  0.034079
36 0.867167 0.866643  0.001951 0.005093  0.007044
37 0.943946  0.944024  0.000285 0.001409  0.001694
38 0.978505 0.978400  0.000039 0.000419  0.000457
39 0.992274 0.992262  0.000005 0.000126  0.000131
40 0.997395  0.997399  0.000001 0.000037  0.000037
41 0999176  0.999178  0.000000 0.000010  0.000010
42 0.999753  0.999754  0.000000 0.000003  0.000003
43 0.999931 0.999931  0.000000 0.000001  0.000001
44 0.999982 0.999982  0.000000 0.000000  0.000000
45 0.999995  0.999995  0.000000 0.000000  0.000000

Table 4.7: Independent: m; =my =3, Ty = Tp =42, B(r =8,p=0.3), ITER = 10°
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n Sim AppH Esapp(2) Er(2) Total
Eq.(4.20) Eq.(4.23) Error

61 0.725109 0.701781  0.085110 0.093544  0.178654
62  0.828019 0.888902  0.004453 0.008665  0.013118
63  0.899560 0.888902  0.004453 0.008665  0.013118
64  0.945304 0.939436  0.001049 0.004054  0.005103
65 0.972203 0.969026  0.000235 0.002334  0.002569
66  0.986999  0.985439  0.000047 0.001460  0.001507
67 0.994506 0.993814  0.000008 0.000927  0.000935
68  0.997851 0.997605  0.000001 0.000572  0.000573
69  0.999326  0.999230  0.000000 0.000320  0.000320
70 0.999826  0.999786  0.000000 0.000171  0.000171
71 0.999968  0.999952  0.000000 0.000083  0.000083
72 1.000000 1.000000  0.000000 0.000000  0.000000

Table 4.8: Block-factor: mi =mo=3,T) =T, =44, T) =T, = 42, p = 0.5, ITER = 108

n Sim AppH Esapp(2) Esf(2) Total
Eq.(3.97) Eq.(3.96) Error

50  0.741089 0.735210 0.010514 0.018002  0.028516
51  0.882209 0.880827  0.001499 0.004196  0.005695
52 0.952545 0.952389  0.000200 0.001098  0.001299
53 0.982842  0.982891  0.000024 0.000307  0.000331
54 0.994328 0.994337  0.000002 0.000084  0.000087
55 0.998282  0.998278  0.000000 0.000022  0.000022
56 0.999517  0.999518  0.000000 0.000005  0.000005
57 0.999876  0.999876  0.000000 0.000001  0.000001
58 0.999971  0.999971  0.000000 0.000000  0.000000
59 0.999994 0.999994  0.000000 0.000000  0.000000
60 0.999999  0.999999  0.000000 0.000000  0.000000

Table 4.9: Independent: m; =my =3, Ty = Tp =42, B(r =8,p=0.5), ITER = 10°

n Sim AppH Esapp(2) Ef(2) Total
Eq.(4.20) Eq.(4.23) Error

70 0.729239 0.705944  0.074290 0.082392  0.156682
71 0.876484 0.864370  0.006976 0.011623  0.018600
72 1.000000 1.000000  0.000000 0.000000  0.000000

Table 4.10: Block-factor: m; =mo =3, Ty =T =44, Ty =T, = 42, p = 0.7, ITER =
108

n Sim AppH Esapp(2) Esf(2) Total
Eq.(3.97) Eq.(3.96) Error

62  0.620295 0.611819  0.030328 0.042319  0.072646
63  0.847421 0.846730  0.002591 0.005851  0.008442
64  0.952524 0.952588  0.000194 0.000978  0.001172
65 0.987854  0.987887  0.000011 0.000168  0.000179
66  0.997472  0.997460  0.000000 0.000026  0.000027
67 0.999568  0.999568  0.000000 0.000003  0.000003
68  0.999943  0.999943  0.000000 0.000000  0.000000
69  0.999994 0.999994  0.000000 0.000000  0.000000

Table 4.11: Independent: m; = mg =3, Ty =Ty, = 42, B(r = 8,p = 0.7), ITER = 10°
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Figure 4.8:

Figure 4.9: Probability mass function for blockaLS-factor and i.i.d. models
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Conclusions and perspectives

In this thesis, we provide a unified method for estimating the distribution of the
multidimensional discrete scan statistics based on a result concerning the extremes
of 1-dependent sequences of random variables. This approach has two main advan-
tages over the existing ones presented in the literature: first, it includes, beside an
approximation formula, expressions for the corresponding error bounds and second,
the approximation can be applied no matter what the distribution of the observa-
tions under the null hypothesis is. We consider two models for the underlying dis-
tribution of the random field over which the scan process is performed: the widely
studied i.i.d. model and a new dependent model based on a block-factor construc-
tion. For each of these models we give detailed expressions for the approximation,
as well as for the associated error bounds formulas. Since the simulation process
plays an important part in the estimation of the multidimensional discrete scan
statistics distribution, we present, for the particular case of i.i.d. observations, a
general importance sampling algorithm that increases the efficiency of the proposed
approximation. From the numerical applications conducted in both, the i.i.d. and
the block-factor models, we conclude that our results are accurate especially for the
high order quantiles.

Currently, we are working on adapting the methodology developed for the multidi-
mensional discrete scan statistics to the continuous scan statistics framework. One
of the main challenge in this problem is to develop fast and efficient algorithms
for the simulation of the continuous scan statistics, in more than three dimensions.
Deriving accurate approximations for the distribution of the scan statistics over
a random field generated by independent but not identically distributed random
variables, constitutes a problem of future interest. Another future direction of re-
search, is to consider, in the multidimensional discrete scan statistics problem, that
the scanning window has a general convex shape and to study the influence of this
shape in the scanning process. We should mention that for the multidimensional
continuous scan statistics for Poisson processes, this problem was already addressed
by [Alm, 1998].






APPENDIX A
Supplementary material for
Chapter 1

A.1 Supplement for Section 1.1

In this section, we outline the algorithm of [Karwe and Naus, 1997|, used for finding
the distribution function of the one dimensional scan statistics over a sequence of
ii.d. discrete random variables of length at most 3m;. Based on the notations
introduced in Section 1.1, we define

O3(my) () = B (S, 2ma) <1, Yoy 11 =),
fly) =P(X1=y),
Qmy =P (Sm, (2m1) <n).

We have the following recurrence relations for Qu,, (2m; — 1) and Q,, (2my):

2(1 Zf fW),

n—y+n

O im) Z Yy —mfw)f ),

n=0 v=0

Qomy—1 = Z f(z m1 1)

For the computation of Qp,, (3m1 — 1) and Qm, (3m1), we take bkz’ )( z,y) = 0 if
x > k1 A ko or y > ko and for the other cases as

2m1
Vi (,9) ﬂ {Yi<k}n{Yma =2} (] (Y <k} 0 {Yom 1 =y}
i=1 J=mi1+2
Counsidering that the random variables X; take values in the set {0, ..., c}, we have

the following recurrences (see |[Karwe and Naus, 1997, Appendix| for closed form
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formulas):

Bt Z Z Z it —oka=B (e — By — ) f()f(B)f (7).

aOBO'yO

ngl Z Z bg(ml) z,y),

=0 y=0
n n—zrin—z; [n—x3

Qg1 =D, D > Daimoy (@1, 24) | f(22) f(23)-

x1=0 2x2=0 x3=0 Lxg=0

A.2 Supplement for Section 1.2

Some supplementary materials for the results presented in Section 1.2 are given in
this section.

A.2.1 Supplement for Section 1.2.1

In this section, we include the formulas for the unknown quantities that appear
in the computation of the product-type approximation given in Eq.(1.64) in the
case of binomial and Poisson observations. These formulas were presented in
[Glaz et al., 2009, Chapter 5], for the case of 71 = T and m; = ma.
J1 J2
The following notation, VVZJ1 1;322 Z Z X j, will be used throughout this section.
i=i1 j=io

a) X;; are i.i.d. binomial random variables with parameters r and p

We have
n/\(m1—1)m27’
Q(my +1,mz) = Z (Wll M2 <y — y) P (ng’mQ = y)
y=0
and

nA(mi1—1)(m2—1)r (n—y1)A(ma2—1)r (n—y1)A(ma2—1)r

)
Q(m1+1,me+1) = Z Z Z
y1=0

y2=0 y3=0
[n—y1—y2Vys]A(m1—1)r [n—y1 —y2Vys]A(mi1—1)r

> > <)

y4=0 y5=0
<P (Wit <o) P (Wit <ag) P (Wrimet! < ay)
< B (W = g0 ) P (W15 =) P (W5 = )

x P <W2m711’1 = y4> (W;ﬁ;:flﬂ = il/5> ;
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where

a1 =MnN—Y1 — Y2 — Y4, A2 =01 —Y1 — Y2 — Ys,
a3 =mn—yY — Y3 — Y4, a4 =N —Y1 — Y3 — Ys.

1,ma—+1 mi+1,ma+1 . . o .
The random variables VV1 1 Wimst1s Wini+1.ms+1 are binomial distributed with

m - . .
parameters 7 and p, W,5 "™ is a binomial random variable with parameters

(m1 —1)(mg —1)r and p, I/V1 )'? and W,Z”:llgm are binomial random variable with

1 R :
parameters (mz—1)r and p and Wml’ and Wy, o271 are binomial random variable

with parameters (m; — 1)r and p.
b) X ; are i.i.d. Poisson random variables of parameter A

We have

Q(mi + 1,mg) = ZIP’2 (Wi <n—y)P(Wypm =y)

)

and

n  N—Y1 n—yYy1 n—Y1—Y2Vys n—y1—y2Vy3

Q(m1+1,ma+1) = Z Z Z Z Z P<W1111 Sal)

y1=0 y2=0 y3=0 ya=0 y5=0
1,mao+1 mi1+1,1 mi1+1,mao+1
<P (Wit < ao) P (Wil < ag) P (Wil < )

P (W3 =y ) P (W15 = ) P (W15 = us)
< P ( ml, — y4> <W2mn11727i21+1 — y5> 7
where

ay =n—Y1 —Y2 — Y4, G2 =N —Y1 — Y2 — Y5,

a3 =mn—Yir — Y3 — Y4, G4 =N —Y1 — Y3 —Ys.

1,ma+1 mi+1,ma+1
W17m2+1 ) Wm1+1 mo+1

rameter A, W)™ is a Poisson random variable of mean (mq —1)(ma —1)A, I/V1 pi

m1+1 m2 . m1, mi,ma+1
and W, '/ 5™ are Poisson of mean (mg—1)A and Wy 1" and Wy 74" are P01sson

random variable of mean (mj — 1)\

The random variables I/V1111 , are Poisson distributed of pa-

A.2.2 Supplement for Section 1.2.2

Following the methodology presented in Section 1.1.3 for finding the upper bound
of the one dimensional scan statistics, in this section we extend the results to the
two dimensional case. Assume, for simplicity, that 177 = Lym; and T = Loms.
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Applying [Kuai et al., 2000] inequality, we can write

Li—1Ls—-1
P(Sml,mg (T17T2) < 77, =1- ( U U 11,12>

i1=1 12=1

! 921,1'1 ( ; )2

P Ei1 io
S 1- Z Z L1—1Ls—-1
=1 ig—1
nee Z Z ]P) z1 g [ EJC1 32) + (1 - HilviZ)P(EZCNQ)

L j1=1 j2=1

(1 - 9i1,i2)P(EC )

01,12 .
+L1—1 Lo—1 — UB’
Z Z ]P) 11 ip 1 EJC1 J2) - 9i17i2P(Ef1 12)
Jj1=1 jao=1 i

where for 1 <43 < L; —1and 1 <y < Ly — 1, the events £}, ;, are defined by

Eiyiy = . max Ys1 60 <
(i1—1)m1+1<s1<i1mi+1
(i2—1)m2+1<s2<iama+1

and where
L1—1Ls—-1 Li—1Ls—1
DD P(ELLNE ) | X D P(EL,NES )
9"2111J21 | =1 =1
e ]P)(Eiclﬂé) P(Eiclﬂé)

To simplify the results, we adopt the notations M = (L; — 1)(Ly — 1) and

Li—1Ly—1

1112_2 Z 1112DEJCIJ2)'

J1=1 jo=1

We observe, from the definition of Ej, ;,, that if |i1 — j1| > 2 or |ig — j2| > 2, then
E;, i, and Ej, ;, are independent and, since the events are also stationary, we have

P(ES ;) =1—P(F; ) =1 — Q(2my,2my),

11,22

and

P(Ezcl io N E]cl 32) =1- P(Eimé) - P(Eimé) + IED(Eilﬂ'z N Ejl,jz)
=1- 2@(27’)’11, 2m2) + P(Eil,ig N Ejl,j2)'
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Simple calculations lead to

4 — 7@(27711, 2m2) + Q(le, 3m2) + Q(Sml, ng) -+ Q(3m1, 3m2)
+(M —4) [1 — Q(2m1,2m2)}2, if i1 € {1,L1 —1},ig € {l,Lg -1}

6 — 11Q(2m1, ng) + Q(2m1, 377’L2) + 2@(37711, 2m2) + 2@(37711, 377’L2)
+(M —6)[1 —Q(2my,2my))*, if 2<iy < L1 — 2,49 € {1, Ly — 1}
i1, —
6 — 11@(27711, 2m2) + QQ(le, 3m2) + Q(3m1, 2m2) + 2Q(3m1, 3TTL2)
+(M —6)[1 — Q(2m1,2my)]?, if iy € {1,L1 — 1}, 2 <'ig < Ly — 2

9 — 15Q(2my,2mg) + 2 [Q(th 3ma) + Q(3my,2ms) + Q(3my, 3m2)]
+(M —9)[1 —Q(2m1,2ms)],if 2<iy < L1 —2,2<iy < Ly — 2.

Hence, the upper bound becomes
UB=1—-4By —2(L1 — 3)By — 2(Lga — 3)B3 — (L1 — 3)(Ly — 3) By,
where for i € {1,2,3,4},

0; [1 — Q(2m1, 2my))? N (1—6,)[1—Q(2my,2ms)]?
Zi + (1 — 91) [1 — Q(le, 2m2)] EZ — (91 [1 — Q(le, ng)] ’
0: — 27, . Ez
" 1—Q(2m1,2ma) 1 —Q(2my,2my) |’
and Xq, X9, X3 and X4 correspond to the first, second, third and fourth

branch, respectively of ¥;, ;, given above. The unknown quantities Q(2my,2ma),
Q(2my,3ma), Q(3m1,2mse) and Q(3my,3ms) are evaluated by simulation.

B; =

A.3 Supplement for Section 1.3

Using the same approach as in [Guerriero et al., 2010a] for the case of T1 = T = T3,
my1 = mg = mg and where X, ;, were Bernoulli random variables, we present
computational expressions for the unknown quantities involved in the approximation
formula given in Eq.(1.87). We consider detailed formulas only for the situation of
binomial observations, the Poisson case being similar (see Remark A.3.1).
Throughout this section, we will use the following shorthand notation:

S Jj1 J2 Js
J1,72,J3 __ ..
vvihiz,is - Z Z Z le],k'
=iy j=ig k—i3

Assume that X ;; are i.i.d. binomial random variables with parameters r and p.

e Q(my,ma,m3)
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It is clear that

Q(my,ma,m3) = <W1m7117,1m2,m3 < n)

nAmimsomsr (

Y

1=0

mimomasr

7 1— m1m2m3r—i.
) )p( p)

e Q(my+ 1,ma,m3), Q(m1,ma+ 1,ms3), Q(my, ma, mg+1)

We have
n/\(ml—l)mgmgr
my + 17m27m3 - Wl n2.ms S n—=Ii P ‘/‘/Tnl”m%m'3 =z,
1,1,1
x1=0
nAmi(ma—1)msr
my,mg + 1,m3) = P2 (Wmhbms < — gq | P We "™ =1 ) |
17171 7 7
x1=0
nAmimsa(ms—1)r
my,mg,m3+ 1) = P2 (W23 < — gy ) P W™ =1y ).
3 ) 1,1,1 1,1,2

x1=0

e Q(my,ma+1,m3+1)

We can write

Y1 Y2 Y3  Ya  Ys 5
Qm1,ma +1,mz +1) = ZZZZZ(H ) [1dit)) ),
j=1

x1=022=023=02x4=02x5=0

where
y1 =nAmi(mg —1)(ms — 1),
y2 = (n—x1) Amy(mg — 1)r,
= (n—z1) Ama(mz — 1)r,
yas = [n—x1 — (2 Vx3)] Ami(ms — 1)r,
=[n—x1 — (x2 Vx3)] Amy(ms — 1)r
and

11
W1m1 n—:z:l—xg—a:4)

m1,l,m3+1
W1,1,m3+1 <n—x;—x2— l“5> )

m1,m2+1 m3+1
1,ma+1,m3+1 <n—x;—x3— 965)

o =P
P( T%ﬁ21+111<n—9€1—$3—9€4>7
o =P (
]P’(
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and

o Q(m1+1,ma,ms

difan) = B (W]H3™"™ = 1),
do(ws) = P (W{g{vlm?’l = xg) :
ds(rs) = B (WYt = )
dy(zs) = P (Wﬂ{’;’m?’ = x4) :
ds(z5) =P ( 17717;1{:12121’7”3 = 9”5) :
+1)

Similarly, we can write

Q(ml + 1, m9, ms3 + 1

where

Y1 Y2 Y3 Ya Ys

DIDIDIDIP

r1=0x2=023=0 24=0 x5=0

(112)

y1 =nA (mp — 1)ma(mz — 1)r,

Y2 =
= (n—x1) Ami(mg — 1)r,

y4—[n—x1—
=

and

and

(n —x1) A (m1 — 1)mar,

(x2 V x3)] Ama(ms — 1)r,

n—x1 — (2 V 23)] Ama(msg — 1)r

1
P (lelmf’ <n-—x—T9— x4>
1,mgo,m3+1
P <W1,1,m3+1 <n—x;—x3— 904)
m1+1 ,ma,1
P ( mi+l L1 ST T = T2 — 955)
P ( m1+1 ma,m3+1

mi1+1,1,m3+1 <n—x —x3— 335)

dir) = B (Wg3™" =),
do(z2) = P (W;ﬁ{im%l - a;Q) ,
ds(z3) = P (Wﬂ{ﬁfﬂ““ - xg) ,
dafea) = B (W™ = ),
ds(as) = P (Wil ™ = as)

5
[T diz)) |

j=1
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e Q(my+1,mg+1,m3)

As before,
Y1 Y2 Y3 Y4 Ys 4 5
Qo ot iy = 3 37 332 3 ([T ) Tl ten |
r1=022=023=02x4=0 x5=0 j=1

where

y1 =nA(mp —1)(ma — 1)mar,

y2 = (n—x1) A (m1 — 1)mar,

= (n—x1) A (myg — 1)mgr,
ys = [n—x1 — (22 V 23)] A (mg — 1)mgr,
=[n—x1 — (x2 Vx3)] A (m2 — 1)mar

and

:]P’(W:ng Sn—azl—xg—u),

:P(Wfﬁjﬁf{m <n—m1—1:3—3:4),

1,1
:P(nglj__ll{n:” <n—m1—x2—x5>,
+1,ma+1,

:P( $11+1$22+1lms <n-—x —553—965>

and
d1 xr1) = Wle MM2M3 .%'1),
do(x2) = W;ff,lm:g z2 ),

WITE™ =),

ﬂly+17n2ﬂn3
mi+1,2,1 =Z5) -

(
(
(WQm %’27121+11 = x3> ;
(
(v

° Q(m1+1,m2+1,m3+1)

We have

Y1 Y2 Y3 Y4 Y5 Y6 yr Yg Y9

Q(m1+1,m2+1,m3+1)%2 Z Z Z Z Z Z Z ZAlAg

x1=0x2=02x3=0 24=0 z5=0 =0 x7=0 x3=0 x9=0

9
[T diC=)) |,
j=1
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with
y1 =nA(my —1)(mg — 1)(m3z — D)r,
Y2 = (n—x1) A (mg — 1)(ma — 1)r,
ys=(n—x1) A (mp —1)(mg — 1)r,
ya=[n—x1 — (2 Vaz)| A (mg —1)(ms — 1)r,
ys = [n—x1 — (xa Va3)] A (m1 — 1)(ms — 1)r,
Y6 = (n — 1 — 22 — x4) A (my — 1)1,
yr=(n—x1 —x2 —x5) A (M1 — )1,
ys = (n—x1 —x3 —x4) A (mq — 1)1,
yg = (n—x1 —x3 —x5) A (mq — D)7,
and
dl(xl) =P (W;jglj’gm%m:% = 1’1) ,
do(xe) =P (Wgnﬂl,’lm%l — 19),
dy(ws) = B (Wggme ™ = os)
d5(x5) =P (Wgﬁzﬁﬂl’mg = 305) ;
d7(:L‘7) =P (Wg%ﬁﬁiﬁl’l = :L‘7) R
dy(z9) =P (W%ﬁﬁﬁﬁ“ = 569) .

The unknown A; is computed by

Y10 Y11 Y12 Y13 Y14 4 14
n= 355505 S (I Tl

210=02x11=02x12=02x13=02x14=0 \i= j=10

with

Y10 =(n—x1 —x9 — x4 — x6) A\ (M2 — 1)(M3 — 1),

Y11 = [n— 21 — x4 — 10 — (T2 + 36) V (23 + 28)] A
912:[”—1’1—355—5610—(w2+a:7)\/(ac3+x9)]/\
Y13 = [n — 21 — 22 — @10 — (T4 + T6) V (5 + 27)] A
y1a = [n— 21 — 23 — 210 — (4 + 28) V (25 + 29)] A
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and where
=P (W} <
a1 = 111 SN—T1—T2— T4 —T6— T10 — T11 — 13 ),
1,1,ms+1
ag =P (Wl,l,m3+1 <n—x] —x3—T4—Tg— T10 — T11 — 3314) )
1,mo+1,1
azg =P (W17m2+171 <n-—x1—Ty—T5—T7—T10 — T12 — 9613) ;
—P Wl,m2+1,m3+1 <
a4 = Lmotl,matl ST —T1— T3 — X5 —Tg — T10 — T12 — T14
and
1,mo,ms __
dio(z10) =P (WLQ,Q $10> ,
d =P (W13 =
11(z11) = st =),
1,mo+1m3 __
di2(712) = P (Wl,m2+1,2 = 3512) ,
d =P (W) =
13(713) = 1,210 T %13/,
_ 1,ma,ms+1 __
d14(x14) =P (W1,2,m3+1 = .%'14) .

Similarly, to compute Ao, we use

Y15 Y16 yi7 Y18 Y19 8

L= 3 3 3 ¥ Lo ﬁdj(wj) :

x15=0x16=02x17=02x18=02x19=0 \i= 7=15

with
Y15 = (n — X1 — T2 — T4 — IE6) A (m2 - 1)(m3 B 1)T,
Y16 = [n — Tl — X4 — T15 — (332 + «Tﬁ) V (-’1/'3 + $8)] A (777,3 - 1)T’
yi7 = [n—x1 — x5 — 215 — (x2 + x7) V (3 + 29)] A (M3 — 1)1,
Y18 = [n— 1 — 22 — 215 — (84 + 6) V (25 + 27)] A (M2 — )7,
Y19 = [n — 21 — 23 — 215 — (T4 + 28) V (T5 + T9)] A (M2 — 1)1
and where

mi+1,1,1
Wiit111 Sn—21— 22 — T4 — T — Ti5 — T16 — 176‘18) )

Wm1+1m’L2+1,1 <

mi+lmotl,l SN —T1 — T2 — T — L7 — L15 — T17 — L18 )

mi+1,ma+1,m3+1

P(

—P Wm1+1,1,m3+1 < o o o _ _ _ _

ag = mi1+1,1,mz+1 = n T €3 T4 Tsg T15 T16 z19 ),
P ( )
P ( mi1+1,ma+1,ms3+1

Sn—xl—363—3?5—969—9015—9017—3619)7
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and

m1+1,1,2

mi1+1mo+1lms
mi1+1,ma+1,2 =217,

mi+1,1,m3 __
W = 1'16) s

mi1+1,ma,1 _
Wm1+1,2,1 = 5'318) )

mi1+1lma,mg+1 _
Wm1+1,27m3+1 = $19> .

Remark A.3.1. The above expressions remain valid in the i.i.d. Poisson model,
the only difference is that the upper bounds that appear in the sums (the y;’s) do not
contain the minimum part. For example, consider the case of Q(myi, ma+1,m3+1).
The upper bounds y1 to ys that appear in the formula, now become

Yy =n,

Yo =n — a1,

Yy =n-—2r,

ys =n—x1 — (22 V x3),

ys =n —x1 — (x2 V x3).






APPENDIX B
Supplementary material for
Chapter 3

B.1 Proof of Lemma 3.3.1

From the mean value theorem in two dimensions we have

OH (z*,y") OH (z*,y*)

H(l’hyl)—H(JEz,yz) = O Ay

(1 —w2) + (Y1 — ¥y2), (B.1)

where (z*,y*) is a point on the segment (z1,y1) — (z2,y2). Notice that

OH(z,y) 2[1+z—y+2x—y)?| —(m—1)2z—y)[1+4(z —y)]

or ltz—y+2@—y" ,  (B.2)
OH (z,y) _ - [1+x—y+2(m—y)2] +(m—1)2z —y)[1+4(x — y)] (B.3)
Ay 1+z—y+2z-y?" '

and that when y; < z; for i € {1,2}, we have y* < x* (since both points, (z1,y1)
and (z2,y2), are lying between (0z and the first bisector the same is true for any
point on the segment determined by them). Applying Bernoulli inequality to the
denominator in Egs.(B.2) and (B.3)

[1+x—y+2(m—y)2]m21+(m—1) [z —y+2(x—y)?], (B.4)

we see, by elementary calculations (study of the sign of the equation of degree 2),
that

OH (x,y) 4z —y)2(m—2)+ (x —y) [4z(m — 1) + m — 3] + (mz — x — 2)
Ox - I+mlz—y+2x—1y)?
m—1,for3<m<5
{ m — 2, for m > 6. (B.5)
In the same way,
‘8H(x,y)’ 2(x —y)?2(2m —3) + (x —y) [dx(m — 1)+ m — 2] + (mz —z — 1)
oy - IL+mz—y+2(x—y)?
m—1,for3<m<5
< ’ - - .
- {m—2,form26. (B.6)

and in combination with Eq.(B.5), we obtain the requested result. W
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B.2 Proof of Lemma 3.4.3

Obviously, the random variables Y;, ;. follow a multivariate normal distribution
since are equal, by definition, with a sum of i.i.d normals (X, s, ~ N(u,0?),
1<s; <Tj,je{l,...,d}). Thus, the mean is, clearly, equal with @ =mq---mgqpu.
We show that the covariance matrix is given by the formula

(m1 = liv = j1]) -+ (ma — lia = jal) 0%, lis — js| < ms

Cov[Yi, ivs Yir,ja) = s€{l,...,d},
0 , otherwise.
(B.7)
Take ug = |ig — jq|, for each ¢ € {1,...,d}, and observe that if there is an index
r € {1,...,d} such that u, > m,, then the random variables Y;, _;, and Y}, _ j, are
independent (they do not share any random variable X, ,), so the covariance is
ZETO.
Assume now that uqs < mg — 1, for all ¢ € {1,...,d}. We observe that the two
random variables, Y;, ;. and Y}, ;.. can be rewritten as
Yiiia = Zfll ”fdd + X, (B.8)
le:mdd = Zfll,’ ,fdd +Y, (B.9)
where
‘ ‘ 11 Aj1+m1—1 g \jag+mag—1
Zivdi= > ) X (B.10)
s1=t1/Aj1+u1 Sq=1tqN\Jjq+ud
and X =Y, i, — lel’ ij and Y =Y, Zfl’ ’fj, respectively.
Since X, sy ~ N (1,0 %) are independent, 1 < s; < T}, j € {1,...,d}, the random
variables ZJ Ledd X and Y oare pairwise independent. The result now follows from

g ?

the followmg sunple property:

Fact B.2.1. Assume that Wi and Wy are two random variables such that Wi =
X+Y, W = X+Z, where X, Y and Z are pairwise independent random variables.
Then, the covariance between W1 and Wy satisfies

Cov [Wy, W] = Var [X]. (B.11)
From the foregoing relation and since the variance of Zfllfdd is given by
Var [Z13¢) = (mi = w) -+ (ma = ug)o?, (B.12)
we conclude that if ug < my —1for all ¢ € {1,...,d}, then

COU[ Y, ] = (m1 - |i1 —j1|) te (md — ’id —jd’)O'Z. | (B.13)

Ulsestd? L J15e50d



B.3. Validity of the algorithm in Example 3.4.2 135

B.3 Validity of the algorithm in Example 3.4.2

To verify the validity of the algorithm proposed by [Hoffman and Ribak, 1991], re-
duces to show that Wi ~ N (|, Xy, |¢), Where

ot = EIW] + i Cou[ Wi Z) (¢ — {21, (B.14)
sz‘|t = CO’U(WZ') — Va:[Zl]COU[WZ', ZI]CO’UT[WZ', Zl]. (B.15)

Clearly, from the definition, the random vector W; follow a multivariate normal
distribution and satisfies the relation

Wi =W, + i, — E[W4|Z]. (B.16)
By conditioning with Z; in Eq.(B.16), we have
E [Wi|Zi] = E[Wi|Z)] + pr,p — E[WilZ)] = iyt (B.17)
hence, by taking the mean,
E[W;] =E [E [Wi|Z]] = ftu, - (B.18)
For the covariance matrix, we notice that

Cov [WilZ;] = Cov [W; + i, — E [Wi|Z)] | Z]
=Cov [W; — E[W,|Z]|Z] (B.19)
and considering the (7, q) element, we have
Cov [Wi|Z] (r,q) = E[(Z, — E[Z:|2)]) (2, - E[Z,| Z1)) | Z1]
—E[Z. —E[Z|Z]| 2] E[Z, - E[Z,| 2] | Z1]
= E[Z, 24| 2] - E[Z,|Z2]E[Z4| 2] — E[Z,| Z1|E[Z,| Z)]
+E[Z:|Z1|E[Z4| Z1]
= E[Z,Z,|Z)] — E[Z:|Z]E[Zy| Z)] = o1 (7, 0), (B.20)
since the posterior covariance is independent of the specific observations from

Eq.(B.15).
By taking the average in Eq.(B.19) and using the last relation, we get

Cov [W] = Zy, 1. (B.21)

B.4 Proof of Lemma 3.4.4

The result in Lemma 3.4.4 is a direct consequence of the following proposition (by
an extension to the d-dimensional setting):
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Proposition B.4.1. Let 2 < m < N — 1 be positive integers and Xi,...,Xn be

independent and identically distributed normal random wvariables with mean p and
i+m—1

variance 0. If i € {1,...,N —m + 1}, then conditionally given Z X; =1, the
j=i
random variables X, s # i, are jointly distributed as the random variables

i+m—1
. t— py/m 1 1 '
X = m T 1 (1 - \/m) jzi;_l X; 1{i+1,...,i+m—1}(5) + X,

(B.22)
where 1 4(x) is the indicator of the set A, i.e. 14(x) =1 if x € A and zero otherwise.

For simplicity, we will prove the result for standard normal (X; ~ N(0, 1)) random
variables, since the general case will be straightforward after the usual change of
variable X; — u + 0 Xj.

Thus, we consider Xi,..., Xy be ii.d. standard normal random variables and we
want to show that

i ; ) . irm—1
Xs=|—— (1 - ) Z X || Ygigr,iem—13(8) + X5, (B.23)
j=it1

i+m—1
are jointly distributed as ¢ (X1,..., Xi_1, Xi1,...,. Xn)| > X;=t
Jj=t

To simplify the notations, let fg and gx be the joint density functions corre-
sponding to the random vectors X = (f(l,...,Xi_l,XiH,...,XN) and X =
(X1,..., X1, Xi41, ..., XN), respectively. Also, denote by ®(x) the density func-
tion of a standard normal random variable.

By the change of variable in N — 1 dimensions formula, we have

fx(ul, cee s U1, Ugp1y - - uN) = gx (h_l(ul, cee s U1, Ug41y - - UN)) \det(th)\ s
(B.24)
where the function h is given by
i+m—1
h(vla'"7Ui*17vi+1a"'7vN): Ulw"yviflaa_ﬁ Z Vj + Vit1,-- -,
J=i+1
i+m—1
a—pf Z Vi | + Vitm—1,Vitm,---,UN |, (B.25)
j=it1

with o = %, g =1 (1 — ﬁ) and where the Jacobian matrix of h~! is equal

with )
Ooh~
7a (). (B.26)

Jh—l (l’) =
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From Eq.(B.25), we obtain that h~! has the form

i+m—1

h1 (U ey Wi, Ui 1y - -, UN) = ul,...,ui_l,—\/tm + \/77&1+1 j;l u;j
¢ 1 itm—1
+uz'+1,.‘.,—\/ﬁ + NOES! j;l Uj | + Uitm—1, Yitm,--->,UN |,
(B.27)
hence, by simple calculations, the Jacobian is equal with
|det(Jp,—1)| = v/m. (B.28)
Since the random variables X1, ..., X are independent, the joint density function

gx is the product of the standard normal densities, that is
gx<'l)1, vy Ui—1,Vi41y - - - ,UN) = (I)(?}l) oo @(vi_l)q)(viﬂ) oo (I)('UN), (B29)
thus, from Egs.(B.24), (B.27) and (B.28), we obtain

fx(ul, N 7y P PR 7UN) = \/ﬁ@(ul) e (b(ul_l)i)(uz+m) oo (I)(U,N)

i+m—1 " 1 i+m—1
X H D — + Z uj | + us
s=i+1 Vim o ym+1 j=i+1

(B.30)

Taking the exponent of the joint density function fg (denoted with Exp ( ff())a we
can write

. N i+m—1 ; ) itm—1 2
Exp (ff() Y Z ug + Z Us — + Z Uj .
2 s=1 s=i+1 \/ﬁ \/ﬁ +1 Jj=i+1
s&{i,...,i+m—1}
(B.31)
, , 2
i+m—1 + 1 H—i—l
We have, by denoting with S = Z Ug — + uj and
s=i+1 vm o ym+1 j=i+1
+m—1
with A = Z uj,
J=i+1
i+m—1 + 1 2
S = Ug — + A—t
s:;l[s vm(ym+1) \/m+1( )}

_ierfl o 2 2A—1t) ) . (41
-z [(“s ) g ( veeD) )
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Since
i+m—1 A )2 —_ 1
2 i A B
iHm-1, t _2(A - 1)? 2H(A —t)
s;rl \ﬁ ( \/ﬁ(\/ﬁ+1)> RN CES +\/m(\/ﬁ+1) (B.34)
and
i+m—1 i+m—1 t) t2(m_1)
sgrl <us_ \/>(\/>+1 > S;rl s~ f_}. 1)+\/M(\/m+l), (B35)

we deduce, by substituting Eqs.(B.33), (B.34) and (B.35) in Eq.(B.32) , that

i+m—1 i+m—1 2 )
§ : 2 § :
s=i+1 Jj=i+1

so exponent Ezp ( ff() becomes
2

Exp (fg) = —; (B.37)

\
]
£
_|_

\:M
£
|
|
S|

Combining Eqs.(B.30) and (B.37), we get that the density function fg is given by

N-1
1 .
f)'((ul, U1, Ui 1y, UN) = vm <\/ﬂ> eEIp(fX)- (B.38)
We note that the joint density function f of the random variables Xj, s # 4, condi-
i+m—1
tionally given Z X =t, is by definition
j=i
3 1Yty -y A—atv i+1s -+ YN
f(?/ly--~73/i—1;yi+1a-~-73/N): f(y Yirl yl+ i )7 (B39)
fa(t)
+m—1
where f; is the density function of | Xy,..., X; 1, Z X, Xit1,...,Xn | and fo
j=i
i+m—1 i+m—1
is the density of Z X;. Since Z X; ~N(0,m), we have
j=i j=i
fat) = ——e i (B.40)
= e 2m, .
2 V2mm

The density f; is given by, after applying the change of variable,

fl(yla s Yie1, b Yit+1,- - - 7yN) = g(ﬁ_l(ylﬂ s 7yN)) |d€t(¢]}’171)| ) (B41)
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where g is the density of the vector (Xi,..., Xy) and

i+m—1

R ynsun) = | Wi vie 1, Ui — Z Yjs Yit1, - YN | - (B.42)
J=i+1

We can easily see that |det(J;-1)| = 1 and, from the independence of X,
g(’Ul,...,'UN) = @(vl)...@(w\/). (B43)
Substituting Eqs.(B.40)-(B.43) in (B.39), we obtain

i+m—1

(yr).. Byic)® [t— Dy | 2(wir1) . Byn)
- j=i+1

1
2mm

e 2m

2

:m@%)wg G L B

which is exactly the formula in Eq.(B.38), what we needed to show. W

Remark B.4.2. [t is interesting to notice that the result in Proposition B.4.1 can
be generalized by conditioning with a linear combination instead of just the sum. The
proof follows the lines of the above proof and we will omit it.






APPENDIX C

A Matlab graphical user interface

for discrete

scan statistics

We present here a graphical user interface (GUI), developed in Matlab®, that per-
mits to estimate the distribution of the discrete scan statistics for different scenar-

ios. The purpose of this GUI application is to illustrate the accuracy of the existing
methods used for the approximation process of the scan statistic variable. We con-
sider the cases of one, two and three dimensional scan statistics over a random field

distributed according to a Bernoulli, binomial, Poisson or Gaussian law. In the par-

ticular situation of one dimensional scan statistics, we have also included a moving

average of order ¢ model.

We should emphasize that almost all of the numerical results included in this thesis

were obtained with the help of this GUI program.

C.1 How to use the interface
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(a) The Input Window

Figure C.1: The Scan Statistics

(b) The Output Window

Simulator GUI
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Once the program is executed, the user interface window from Figure C.1(a) appears.
This window, denoted in the subsequent as Input Window, is divided into three main
panels: Model, Parametlers and Options, which are interconnected. The Options
panel becomes active only after the first two panels are correctly filled in, the same
being true for the Computation Button.

From the Model section, the user can choose the dimension of the problem and the
distribution of the model that needs to be evaluated. The following table illustrates
the available options for each dimension.

1 dimensional 2 dimensional 3 dimensional

Bernoulli v v v
Binomial vV vV vV
Poisson vV vV v/
Gaussian vV vV vV
Moving Average vV

Table C.1: Scan Dimension versus Random Field

Based on the values selected for the Scan Dimension, the first section of the Pa-
rameters panel activates accordingly. The first line gives the size of the region to be
scanned (at most N1 X Ny x N3), while the second line shows the size of the scan-
ning window. The Random Field Parameters section change in accordance with the
selection made in the Random Field panel. For example, if we select the Bernoulli
distribution, then we get the possibility to insert only the success probability value
.

If all the values in the Parameters panel are correctly inserted, the Options panel is
activated. This panel is composed of three sections: Margins, Number of Iterations
and Methods. In the Margins section, we insert the values in-between we need to
evaluate the distribution of the discrete scan statistics. For example, if k&1 = 1 and
ko = 4, the distribution P (Sym(T) < k) is computed for k € {1,2,3,4}. In the case
of a Gaussian model, we also can choose the step. As the name mention, the Number
of Iterations section permits the user to select the number of replications needed to
run the algorithms for both simulation (IterSim) or approximation (lterApp).

The Methods section is probably the most important. This section lets the user
to choose between different methods used in the estimation of scan statistics dis-
tribution. There are two approximation methods, the Haiman type approximation
developed in Chapter 3 and the product type approximation presented in Chap-
ter 1, a method used for the simulation of the distribution and lower and upper
bounds (when there are available). For the simulated value and the Haiman type
approximation we used the importance sampling algorithms described in Chapter 3.
Table C.2 summarizes the approaches used for evaluating the distribution of the
discrete scan statistics implemented in the program.

As soon as the computation button is pushed and the calculations are done, a
second window pops-up, namely the Output Window. This window, as we can see
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AppH Esapp Es¢ AppPT LowB UppB

Eq.(1.47) Eq.(1.49)
Eq.(1.76)  Eq.(1.77)

1d Eq.(3.91
Bernoulli 2d Eq.(3.95
3d Eq.(3.99

Eq.(3.92) - Eq.(1.46
Eq.(3.96) Eq.(3.97) Eq.(1.67
Eq.(3.101) Eq.(3.100) Eq.(1.87

1d Eq.(3.91
Binomial 2d Eq.(3.95
3d Eq.(3.99

Eq.(3.93) Eq.(3.94) Eq.(1.46
Eq.(3.96) Eq.(3.97)  Eq.(1.67
Eq.(3.101) Eq.(3.100) Eq.(1.87

Eq.(1.47) Eq.(1.49)
Eq.(1.76)  Eq.(1.77)

3d  Fq.(3.99) Fq.(3.101) Eq.(3.100) Eq.(1.87 -

1d Eq.(3.91
Gaussian 2d  Eq.(3.95
3d  Eq.(3.99

Eq.(3.93) Eq.(3.94) Eq.(1.46
Eq.(3.96) Eq.(3.97) Eq.(1.67
Eq.(3.101)  Eq.(3.100) Eq.(1.87

Eq.(1.47) Eq.(1.49)
Eq.(1.76)  Eq.(1.77)

) )
(3.95) (1.67)
(3.99) (1.87)
(3.91) (1.46)
(3.95) (1.67)
(3.99) (1.87)
1d Eq.(3.91) Eq.(3.93) Eq.(3.94) Eq.(1.46) Eq.(1.47) Eq.(1.49)
Poisson 2d  Eq.(3.95) Eq.(3.96) Eq.(3.97) Eq.(1.67) Eq.(1.76) Eq.(1.77)
(3.99) (1.87)
(3.91) (1.46)
(3.95) (1.67)
(3.99) (1.87)
(3.91) (1.46)

Moving 1d Eq.(3.91
Average

Eq.(4.20) Eq.(4.23) Eq.(1.46 Eq.(4.35) Eq.(4.36)

Table C.2: Relations used for estimating the distribution of the scan statistics

from Figure C.1(b), is partitioned into two parts: Plots and Results.

The Plots section is divided in three subsections: Azes, Options and Status. The
main part (the Azes) shows the graphical representation of the distribution functions
selected from the Option panel. The figure is plotted in accordance to the given
computation parameters (bounds, methods, etc.) from the Input Window.

The Options panel is in one to one correspondence with the Methods panel from
the Input Window. Notice that there are active only the options that are conform
to the methods previously selected by the user. By checking an active option, on
the Axes panel it is drawn the distribution function associated with the method.
We should mention that the obtained image can be saved, by right clicking on the
figure, in several formats: .bmp, .jpeg, .png or .pdf.

On the bottom of the Output Window, the user can find the Results panel. Here
it is displayed the numerical information obtained from the algorithms. The table
contains, for each method selected by the user, a different number of columns as
follows: for the Product Type Approximation method one column with "AppT"
caption, for the Lower and Upper Bounds method two columns entitled "LowB" and
"UppB", for the Importance Sampling Simulation method two columns "Sim" and
"ErrSim" (the simulation error) and for the Haiman Type Approximation (IS) four
columns "AppH", "EsappH", "EsfH" and "EtotalH" (these captions corresponds
to Approximation, Approximation Error, Simulation Error, Total Error; for more
details see Table C.2). The resulted values can be saved, by right clicking on the
table, in .txt, .xlsx and even .tex formats.

C.2 Future developments

This graphical user interface is just a part of a larger project that will include also
the estimation of the distribution of the multidimensional continuous scan statistics.
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