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Optimal control problems of BV trajectories with pointwise
state constraints®

N. Forcadel® 7. Rao* H. Zidani®

Abstract

This paper deals with some optimal control problems governed by ordinary differential equa-
tions with Radon measures as data and with pointwise state constraints. We study the properties
of the value function and obtain its characterization by means of an auxiliary control problem of
absolutely continuous trajectories. For this, we use some known techniques of reparametrization
and graph completion.

We are also interested in the characterization of the value function as the unique constrained
viscosity solution of a Hamilton-Jacobi equation with measurable time dependant Hamiltonians.

1 Introduction

In this paper, we study a state constrained optimal control problem with a Radon measure term in
the dynamics using a Hamilton-Jacobi-Bellman approach.
Consider the following control system:

Y0 = 0o, Y (0, + 3% i, Y (D) 1€ (,T] "
Y(r) =X, -

where X € R™, 7 > 0, the measurable control a : (0,+00) — R™ takes values in a compact set
A C R™, and {pi}i=1,... m is a given family of Radon measures. Let ¢ : R — R be a Lipschitz
continuous function, and consider the following state-constrained control problem:

o(r, ) = a(ir)lefA {o(Y§ (T)),Y% ,(-) solution of (1.1), Y¥ . (t) € K for t € [r,T]}, (1.2)

where IC C R™ is a closed set of state constraints. Due to the presence of the Radon measures, the
definition of solution for the state equation (1.1) is not classical. We refer to the definition introduced
by Bressan and Rampazzo [5] and Dal Maso and Rampazzo 7] using the technique of graph completion.
Formally by a suitable change of variable in both time and primitive of Radon measures, we can reduce
(1.1) to a usual controlled ordinary differential equation with a measurable time-dependent dynamics
which is called the reparameterized system. We will prove that the initial trajectory stays in /C if and
only if the reparameterized trajectory stays in ' under suitable assumptions on the fields g;.

The new value function associated with this reparameterized system is then characterized by
a Hamilton-Jacobi-Bellman equation. But due to the double presence of an only time-measurable
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Hamiltonian and state constraints, the definition of viscosity solution is not classical. We will then
introduce a new definition of L!-constrained viscosity solution for HJB equations on closed domains
and with time-measurable Hamiltonians. Then, we will check that this definition is suitable to obtain
a characterization of the value function.

Let us note that HJB equations on an open set with time-measurable Hamiltonians has been
already studied by Ishii in [10]. On the other hand, state-constrained control problems with continuous
Hamiltonians have been studied by many authors, see [12, 9, 4] and the references therein.

Notations. For each r > 0, x € R", we denote by B(xz,r) the closed ball with center  and
radius 7. For a function f : [a,b] — R™ we denote by V’(f) the total variation of f on [a,b] and by
BV ([0, T];R™) the set of functions f : [0, 7] — R™ with bounded total variation on [0, T].

In the sequel, we also use the notations: f(t1) := lim,_+ f(s), f(t7) := lim,_;~ f(s) and [f]; :=
f(T) = f(t7). And finally, we denote by AC([0,1];R™) the set of absolutely continuous functions
from [0,1] to R™.

2 Problem with discontinuous dynamics

In this section, we recall the definition of solution for the state equation (1.1) introduced by Dal
Maso and Rampazzo [7] and we recall the graph completion construction, which allows to obtain an
auxiliary system with measurable dynamics.

In the sequel, we consider the following assumption on the admissible controls:

(Hco) The set of controls A := L>°((0,T); A) where A C R™ is a compact set, m > 1.

2.1 The state equation

Let T be a fixed final time, X € K be an initial data. Let {u;};=1,. s be a family of Radon measures,
and a € A be an admissible control variable. We denote by Y,?, () : Rt — R" the controlled trajectory
solution of (1.1) in the sens of the Definition 2.1.

On the functions g;,i = 0,--- , M, we assume that:

(Hgl) go(t,Y,a) : RT x R" x A — R™ and ¢;(¢,Y) : Rt x R® - R", (i = 1,..., M) are continuous,
and go(-, Y, a) € L} (RY).

(Hg2) Jko(-) € L®°(RT;RT) such that VY, Z € R",a € A,t € RT,

M
l90(t. Y, a) = go(t, Z,a)[ + Y 1gi(t,Y) = gi(t, Z2) < ko(1)]Y — Z].

i=1
(Hg3) Vie{l,...,M}, 3 L >0 such that
lgo(t,Y,a)| < L,|g;(t,Y)| <L, VY €R" ac AtcR".
Following [7], we introduce the canonical graph completion for the measure p = (1, ..., par). Let
B be the left continuous primitive of u, i.e. B € BV([0,T];R") and its distributional derivative B
coincides with g on [0,T). In all the sequel, we will denote by 7 the set of all the discontinuity points

of B:
T := {ti,i S N}

Furthermore, we introduce the functions:

Yy, (0) == B(t;) + o(B(t]) — B(t;)), for 0 €[0,1], i € N.



We will denote by ¢ the solution of:

M j o )
dfl(:) = Zgj(a,é(o))dwés_ ), for o € (0,1], £(0) =&, (2.3)
j=1

and we set £(&,v;) = £(1) — &, Now we are ready to state the definition of solution introduced by
Dal Maso and Rampazzo in [7].

Definition 2.1 Fiz an initial position and time (X,7) and control variable a € A, the function
Y =Yg, € BV([r,T];R") is a solution of (1.1) if for each Borel subset B of |7, T[ we have

/ () - / g0t Y (8), a(t))dt
B B

M
+ ;/B\Tgi(t,Y(t))dlui+ Z V() ),

t,eBNT
and Y (77) = X. Moreover, if T € T we have Y (71) = &(X, ;).

Remark 2.2 In the case when g;(t,Y) = ¢; € R, u; = 6, (Dirac measure at t;) fori=1,..., M, we
have E(Y (7 ),%¢,) = ¢i.

We now use the graph completion technique to construct a reparameterized system which has a unique
absolutely continuous solution. In order to do that, we define W : [0,T] — [0, 1] as follows:

W(t) = t+ V{(B)

= WOT‘(B), for ¢ S [071—‘}7 (24)

then W is continuous on [0, T]\7. The canonical graph completion of B corresponding to the family
of linear functions (¢;):e7 is then defined by:

B(s) = (6% 6", 0M)(s)
| &B®) it s=W(t),t € [0, T\{t1,...,tm}
T\ G Cgt)) i s € V() W), i€ T

3

(2.5)

For any control a € A, any initial data X € K, and any o € (0, 1), we denote by Z% , : [0,1] — R"
the solution of

C(s) = g&(¢°(s),2(s),a(¢0(s)))%
+ 2 9i(¢°(s), Z(S))(N?WO(S))MO;SS)(S) + %) for s € (0, 1], (2.6)
Z0) = X,

where p® is the absolutely continuous part of the measure p with respect to the Lebesgue measure,
fe. p(t) = p(t)dt 4+ p°.

Theorem 2.3 Assume (Hco) and (Hgl)-(Hg3), then Y3 . € BV ([,T|;R") is a solution of (1.1) if
and only if there erists a solution Z% , € AC([o,1;R") of (2.6) corresponding to the graph completion
O defined in (2.5) such that

Z% ,(W(t) =Yx . (t), VtelrT] (2.7)

where o = W(T), and W is given by (2.4).



Proof. It is the same proof as in [[6], Theorem 2.2] by adapting the proof given for M = N =1 in
[[3], Theorem 2.8].

Remark 2.4 We point out that the definition of the reparameterized system depends on the family
(¢)teT, unless the vector fields satisfy some commutative assumptions. However, in this paper, the
dependency on the choice of 1 does not imply any specific difficulty in the sequel. We chose here to
use the linear reparameterization in order to simply the presentation of the main ideas.

2.2 State constrained problems

Now we consider the same problem with state constraints. The equality (2.7) always holds true, but
here the problem is to make sure that the reparameterization of a state constrained solution also
satisfies the state constraints. Consider a set of state constraints I defined by:

K= m{x,hj(x) <0}, K= m{x,hj(z) <0} (2.8)

for a finite family of C!*! functions {h; : R" — R},—; ;. We also denote by

the active set of index values at a point = € JK.
We say that a trajectory Y _, solution of (1.1), is admissible if for every ¢ € [7,T1], Y} () € K. Here
in order to make sure that the "fictive" part of the trajectories of reparameterized system satisfies
the state constraints, we need to consider the following viability condition: V¢ >0, VY € 0K, Vj €
I(Y), Vi=1,...,M,

Gi(t,Y) - Vahy (V) < 0. (2.9)

We then have the following theorem:

Theorem 2.5 Assume that the assumption of Theorem 2.3 are satisfied and that the viability con-
dition (2.9) holds. Then Y3 (t) € K for every t € [1,T] if and only if Z% ,(s) € K for every
s € W(r),1].

Proof. Assume Z(-) € K. Since we have Y (-) = Z(W(+)), and for each t € [r,T], W(t) € [o,1], then
we get Z(W(t)) € K by the definition of Z(-), which implies

Y(t)e K, Vie[r,T). (2.10)
If Y(-) € K, let us prove that Z(s) € K for each s € [0, 1], where

{ Y (t), if s = W(t), t € [0,T\T

Z(s) = exp {(s — W) [[v'ii]]z gz} Y(t), ifse W)W, i=1,...,M,

If t € [0,T]\7 s.t. s =W(t), we have

On the other side, if Jt; € 7 s.t. s € [W(t;), W(t])], we have Z(s) = exp[(s — W(t)) [[5;}]?_ gi|Y (1:)).

As Y (t;) € K, by the boundary condition (2.9), the dynamics [[VB\’]]]? 9i(s, Z) is a contingent direction

to IC at every Z € K. Therefore, by using Viability Theorem 3.3.5 in [1], we get that

Z(s) € K, for s € W(t;), W(t])].



Remark 2.6 In case a more general family of Lipschitz continuous maps for {1 e is considered,
these maps should be increasing, i.e.

Pi(0) > 0,Yo € [0,1]

in order to ensure the viability property (2.9).

2.3 The control problem

Let ¢ : R® — R be a given bounded uniformly continuous function and 7" be a final time. Our aim is
to characterize the following value function

o(r, X) :=inf {@(Y¥ (1)) |a € A, Y%, (t) € K on [, T]} (2.11)

where Y§ _(+) is the solution of equation (1.1).
Formally, we derive an HJB equation satisfied by v:

—v(t, X)+ H(t,X,Dv(t,X)) =0 for (t,X) e (0,T) x K, (2.12)
(T, X) = p(X) for X e K ’
where the Hamiltonian is
M
H(thap) = SU‘E{ —p- (90(t7X7 a) + Zgz(ta X):U/z)} (213)
ac i=1

The problem here is that the product Duv - u; is not well defined, since p; is a measure and v is not
differentiable. In view of Theorem 2.3, it is then natural to consider the auxiliary control problem
governed by trajectories Z% , solutions of the reparameterized system 2.6. Then the corresponding
value function is defined as follows:

50, X) = inf {p(Z%4(1)), Z%,(s) € K on [0,1]}. (2.14)

Theorem 2.7 Letv and v be defined respectively by (2.11) and (2.14). For each X € K and T € [0,T],
we have
(1, X) =09(W(r), X) (2.15)

where W is given by (2.4).
Proof. By Theorem 2.3 we have

Y- (T) = Z% wiryW(T)) = 2% (1),

then (2.15) holds by the definition of v and o. O
According to this theorem, we can turn our attention to the HJB equation for the function v to avoid
dealing with the Radon measures in the dynamics.

The dynamic programming principle satisfied by v leads to the following HJB equation:

{ —v4(s,X)+ H(s,X,Dv(s,X)) =0 (s5,X) € (0,1) x K, 916
(1, X) = o(X) for X e K (2.16)
where the Hamiltonian is
X = s { =9 (0066, 20,00 ) “2)
M O(s)(s ‘(s
F D0 0i(6°(5), 2060 (i (0 (s)) L) A0 (2.17)

Note that K is a closed set. Moreover, the derivatives of ¢° and ¢’ are just measurable functions,
we should first make precise the definition of the constrained L!-viscosity solution of (2.16).



3 State constrained optimal control problems with measurable
time-dependent dynamics

In this section, we introduce the definition of viscosity solution for the HJB equation with a time
measurable Hamiltonian and state constraints. To simplify the presentation, we set

0 M 0 ;
£(6,90) = 90005, + 3 060, 0) (620 S+ 210

dt dt

(3.18)

which is measurable in ¢, Lipschitz continuous in y and continuous in a. Equation (2.6) then read

{ ZE?)Z];(L y(t)a a(t))v for t € (T7 1) (319)

Remark 3.1 Let us recall that under assumptions (Hco), (Hgl)-(Hg3), for every a € A, the differ-
ential equation (3.19) admits an absolutely continuous solution.

Let K be the closed subset of R™ defined in (2.8) which is an intersection of finite smooth manifolds.
For each initial time and position (7,z) € [0,1) x K, we define the set of admissible trajectories by

S[If’l] (z) := {y§ , solution of (3.19), y& (s) € K for s € [r,1]}.

Let ¢ : R™ — R be a given function satisfying:
(Hid) The function ¢ : R™ — R is uniformly continuous and bounded.
The optimal value function ¥ : R™ x R™ — R associated to this problem is defined by:

I(r,z) = inf {o(y7 - (1)), v5., € Sfrq(2)}- (3.20)

Remark 3.2 We adopt the convention 9(7,x) = ||¢|| k) +1, when the set of admissible trajectories
15 empty: S[E,l] () = 0. Of course this value can be replaced by any other constant bigger than
¢l L= k), and eventually by +oc. But we need to take a finite constant in order to deal with finite
valued functions.

The following boundary condition "Inward Pointing Condition", introduced by Soner [12] will be
considered
(HK) 36 >0, Vte[0,1], y € OK, Vj € I(y)

Jae As.t. f(t,y,a) Vih;(y) < —p5. (3.21)

Remark 3.3 If gy satisfies (3.21) and g; satisfies (2.9), then the field f defined in (3.18) satisfies the
assumption (HK) for some 3 > 0.

Our first aim is to characterize the function ¥ in (3.20) as the unique L' viscosity solution (see the
definition below) of the following HJB equation:

—u(t,x) + H(t,z, Du(t,z)) =0 for (t,z) € (0,1) x K, (3.22)
u(l,z) = p(x) zek )
where the Hamiltonian is
H(t,z,p) = sug{—p - f(t,z,a)}. (3.23)
a€c



3.1 Uniform continuity of the value function
We recall the dynamic programming principle for ¢(7, X):

Proposition 3.4 Assume (Heo), (Hgl)-(Hg3), (Hid) and (HK). Then the value function ¥ satisfies
the following:

i) for allz € K,
I, z) = p(x).

it) Dynamic programming principle: for all x € K, 7 € [0,1] and h € [0,1 — 7], we have:

Ir,x)=  inf O +hyl(T+h), (3.24)

Yg.r 65{2,1] (z)
We will prove the continuity of the value function on (0,1) x K.

Remark 3.5 From [9, Theorem 3.1], we note that for any xy € IOC, there exists an admissible
trajectory x on [to, 1] such that

2(to) = o, 2(t) € K, Vt € [to, 1].
In fact, there exists a small enough € > 0 such that

xo € Ke 1= ﬂ{:z:,hj(x) +¢e <0},

j=1
@
i hj(x) - —— oK., t€[0,1
et R VI @) v < g O 1 1)

by the continuity of Vh; and x — f(t,x, A). Then by this theorem there exists an admissible trajectory

(e}
contained in IC. which is in K.

Proposition 3.6 Assume (Heo), (Hgl)-(Hg3), (Hid) and (HK), the value function 9(-,-) is contin-
uous on (0,1) X K.

In order to prove the continuity of the value function on the boundary, we use the relaxation
method. The following proposition is a result of relaxation of state constraints:

Proposition 3.7 Assume (Hco), (Hgl)-(Hg3), (Hid) and (HK). Consider (K).s0 a sequence of
subsets of R™ such that

K= ﬁ{m,hj(x) —e <0},

and we denote by 9. the value function associated to the control problem (3.20) with state constraints
in K¢ (instead of IC). Then

lir% Ve (t, ) = 9(t, ) uniformly on (0,1) x K.
Proof. By the definition of K¢, for every 2 € K, every ¢ > 0 and 7 € (0,£) we have
K cK"cCKe, lin% d(z, R"\K®) =0, (3.25)

then, for t € (0,1) and = € K given, we have

Ie(t, ) < V(¢ ). (3.26)



Let us set [ := lim inf. o ¥.(¢,2). For k € N large enough, 5 > 0 such that ¢ — 0 and
1
ﬁsk(tﬂx) < I+ %a

then by the definition of the value function ¥, , there exists a trajectory 35" € S[’feﬁ (7) such that

: 1 1
P(¥ar(1) < ey (t2) + o < U+ 7 (3.27)

By remark 3.1, we can extract from yi’“t a convergent subsequence towards some trajectory vy, : €
S[’fsﬁ' (x) for every k > 0. We then obtain that y, € S[’f 1] (x) by using (3.25). Let k tend to 400 in
(3.27) and use the fact that ¢ is continuous, we prove that

P(ye(1)) < 1.
Then we have
W(t,z) < o(yz (1)) <1 =lim inf0 Ve (t, x). (3.28)
E—
Combining (3.26) and (3.28), we get that

It z) < lim inf0 P (t, ) < lim sup 9. (¢, z) < 9(¢, x),

e—0

which implies lim._g 9. (¢, z) = 9(¢,v).
For each € > 0, let y; , € S[’gsl] (w) such that J.(t,z) = p(y5 4(1)). By [9, Theorem 3.1], there exist a
Yz, € Sl y)(x) and a constant K such that

92t — Ya.illwra(qemny < Ke.
Then we have
0 <9It z) —Ve(t,z) < 0(r,e(1) — @Yz, (1))
<mglfat — Yz ellwra <myKe,

where m(-) is the Lipshitz constant of . Let ¢ — 0, we get that ¥, — ¢ uniformly on (0,1) x . O
Now we get the theorem:

Theorem 3.8 Assume (Hco) (Hgl)-(Hg3) (Hid) and (HK), the value function ¥(-,-) is uniformly
continuous and bounded on (0,1) x K.

Proof. We only need to prove that V7 € (0,1), ¥(r,-) is continuous on K. For every 7 € (0,1) and
every x € KC, define K¢ and 9. as in proposition 3.7. Then we have

IHr,x) = ;li% Y (7, 2) uniformly on (0,1) x K.

According to (HK), by the continuity of Vh;(x) and f(¢,z,p) on z, for small €, we have V¢ € [0,1], y €
oKe,j € I(y),

da € Ast. f(t,y,a)  Vzh,(y) < —g. (3.29)
Using (3.25) and proposition 3.6, we get that ¥.(7,-) is continuous on K C K¢ and bounded, then by
the uniform convergence of 9., the limit 9(7, ) is continuous on K.
Then V7 € (0,1), Va,z € K, without loss of generality we suppose that ¥(r,z) > 9(r,2). Let
Ysr € 5[15,1] such that J(7, z) = y¢ (1), then we have

0 <d(r,2) —9(r,2) < oy - (1)) — (yz (1))

Then by the uniform continuity of ¢ and Gronwall lemma, we deduce the uniform continuity of 4.
Finally, since ¢ is bounded, we obtain that ¥ is bounded on (0,1) x K. O



3.2 Definition of L!'-viscosity solutions of HIB equations

This section is devoted to the definition of the L!-viscosity solutions of the HJB equation (3.22) and
the characterization of the value function . The following definition can be seen as the combination
of the definition of L!-viscosity solutions for the HJB equations with a time measurable Hamiltonian
introduced in [11, 10, 6] and the definition of constrained viscosity solutions introduced in Soner [12].

Definition 3.9 (L!-viscosity solution) Let u : (0,1] x K — R be a bounded Lipschitz continuous
function.

- We say that u is a L'-viscosity super-solution if Vb 6 Ll(O,l), ¢ € CYR™) and (to,x0) €
(0,1) x K local minimum point of u(t,x) fo s)ds — ¢(z), we have

lim esssup sup {H(t,z,p) —b(t)} > 0.
0—=0% |t—t0|<5 2€B(20,6)NK,pe B(Do(0),5)
- We say that u is a L'- viscosity sub-solution ibe € L'(0,1), ¢ € CYH(R") and (ty, o) € (0,1) %K
local mazimum point of u(t,x) fo s)ds — ¢(x), we have

li f inf H(t —b(t)} <O0.
Bl L AP

- We say that u is a L'-viscosity solution if it is both a L'-viscosity super-solution and a L'-
viscosity sub-solution and the final condition is satisfied:

u(l,z) = p(x) in K.

Remark 3.10 In fact, there are many more formulations. For exzample we may replace ¢ € C by
¢ €C? C®,... We may also replace local mazimum by global, or local strict, or global strict. We can
also give another equivalent formulation of definition by generalizing the definition introduced by Ishii
[10] to a closed subset K. For more details, see Lions and Perthame [11].

Remark 3.11 If the Hamiltonian H is continuous, this definition is the same motion of viscosity
solutions introduced in Soner [12].

Theorem 3.12 Suppose (Hco), (Hgl)-(Hg3), (Hid), (HK) hold. Then the value function ¥ is a
L -viscosity solution of (3.22).

Proof. We first prove that ¥ is a L!-viscosity super solution. Let b e LY0,1), ¢ € C*(R") and
(to,xo) € (0,1) x K local minimum point of ¥(¢, x) fo s)ds — ¢(x). Without loss of generality, we
suppose that

to
(o, x0) — / b(s)ds — d(z0) = 0, (3.30)
0
then we have 36 > 0 small enough such that for ¢ € [tg — d,t9 + J], x € B(zo,d) NK,
t
It x) — / b(s)ds — d(z) > 0. (3.31)
0

By the DPP, Ve > 0, 3a € As.t. Vh € [0,1 — 1],
I(to + h, Y, Io to (to+ h)) < I(to, z0) +&. (3.32)

Let h small enough (h < §), by (3.31) we get

to+h
B(to + Y2, (fo + h)) > / b(s)ds + S(YE . (to + h). (3.33)
0



By (3.30), (3.32) and (3.33), we have

to+h to
[ weids o0z, (to 4 ) < [ bls)ds + oao) +
0 0

then roth
o(x0) — (Y2 1, (b0 + h)) — / b(s)ds + = > 0,

to
i.e.

to+h
- / [DO(Y2 . (5) - [(5, Y2 1. (), 0) + b(s)]ds + & >0,

to

then by the definition of the Hamiltonian, we have Ve > 0

to+h
| T2 160, DO 1, (1) = bs) s+ 2 =0,

and we deduce that

to+h
/ [H(s, Y2 , (). Do(Y2 . (5))) — b(s)]ds > 0. (3.34)
to
By contradiction, if
lim esssup sup {H(t,x,p) —b(t)} <0,

6—07F |t—to| <5 2€B(20,6)NK,pe B(D¢(z0),5)

then 36; > 0, £ C [to—él,t0+51} with m(E) = O such that Vt € [to—él,to—Fél}\E, x € B(Jio, 51) and
p € B(D¢(z0), 1), we have H(t,z,p) — b(t) < 0. By the continuity of Y, ;, (-), Do(-) and H(t,-,-), if
h is small enough, we get that for s € [to, to + A\ E,

H(57 Yza;),to(s)a D(b(Yx‘z,to (S))) - b(S) < 07 (335)

which is a contradiction with (3.34).
By the similar arguments, we can prove that ¢ is a L'-viscosity sub-solution. Finally, by the definition
of ¥, we have J(1,z) = ¢(x) because Y (1) = z. O

4 Uniqueness of the L' constrained viscosity solutions of HJB
equations

Consider the following Hamilton-Jacobi-Bellman equation

{ —ug(t,z) + H(t,xz, Du(t,z)) =0 for (t,z) € (0,1) x K,

u(l,z) = p(z) x € K. (4.36)

We prove the comparison principle from which we can deduce the uniqueness of L!-viscosity solution
of (3.22) on K satisfying the following property as in Soner [12]:

(A1) There exists positive constants h,r and an R™-valued bounded, uniformly continuous map 7 of
K satisfying
B(z + tn(z),rt) C 1%7 V2 e K and t € (0, h].
Theorem 4.1 (Comparison Principle) Assume that (Hco), (Hgl)-(Hg3), (Hid) and (A1) hold,
let uy, us be two bounded uniformly continuous functions. Suppose that u is a L' -viscosity sub-solution

of the HJB equation (3.22), uy is a L'-viscosity super-solution of (3.22), and uy,us satisfy the final
condition uy(1,2) < p(r) < us(l,z) for every x € K. Then for every t € [0,1] and x € K, we have

ur(t, z) < wusl(t, ).

10



Proof. Let vi = uie? and vy = usget, then vy, vy is respectively the L'-viscosity sub-solution and
L'-viscosity super-solution of the HJB equation

—v(t,z) +v(t,z) + H(t,z, Dv(t,z)) =0, for t € (0,1), = € K.
Let 7,7, h be as in the assumption (A1) in Soner [12], pick p > 0 such that

, Ve,y € K and |z — y| < p. (4.37)

N =

In(z) = n(y)| <
We will prove that for all (¢,2) € [0,1] x K by contradiction. Suppose that

M = sup {vi(t,z) —va(t,2)} > 0. (4.38)
(t,z)€[0,1]x K

For all o € (0, M), let t, € (0, M) and z, € K such that
v1(to, 26) —Vo(ty, 20) > M — o > 0. (4.39)

The proof of the Theorem uses the classical techniques of doubling of variables and it is similar to the
proof of Theorem 2.2 in Soner [12]. But here the function of doubling of variables should be adapted
to the definition 3.9 which is new. We define @< : [0, 1] x [0, 1] x I x K — R as follows:
-y 2 5

¥~ Zn(z)

i L1 B Lk
14 (87

p
t’ s’
+ / bE(T)dT—l—/ be(T)dr,
0 0

where b (-) € L}(RT) is positive and b — 0 in L'(R™) when € — 0. Note that 2z, + (2¢/r)n(2,) is in
KC for small e, we have

(I)S(t/,sl7l'/,y/) — o (t',x') _ U2(5/7y/) _ |

D= (to, to, 20 + 20(20), 20) = v1(to, 20 + ZE1(25)) — va(to, 20) + 2 [} be(7)dT
> v1(to, 26 ) — v2(to, 20) — wi(c1e) + 2 foto b (7)dT, (4.40)

where wq(+) is the modulus of continuity of vi(tg,-) in a neighborhood of z, and ¢; is a positive
constant. Let v be small enough such that Va,y € IC, ®°(-, -, x,y) achieves its maximum at (o, to)-
Suppose that ¢ achieves its maximum at (¢, to, Zo, o), we have

2e
< (to, to, 0, y0) = P°(to, to, 2o + 777(20)7 25), (4.41)

then by (4.39) and (4.40), we obtain

|900—y0

Yo _ZO'|2
3

2
- ;Tl(zo)|2+| <wi(ere) +willzo — yol) + o, (4.42)

v1(to, Zo) — v2(to, o) = vi(to, zs) — v2(to, 20) — wi(cie). (4.43)
Since w; is bounded, (4.42) yields that for small €, p,

w0 = Yol < c2e, [yo — 26| < p, wilc18) +wi(cze) +0 <1, (4.44)
where ¢y is a positive constant. Then by (4.37) and (4.42) we obtain

|330—yo 2

[nyo) = n(zo)| < 5 2% = =) < 1, (4.45)
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combining these yields

2e 2e
o € B(yo + —~1(20),€) C Blyo + fn(yo) r). (4.46)
Thus, (A1) implies xg € I% for small . Now consider the maps:
_ T—Y 2 2 Yo — Zo |9 t% fo
¢1(z) = wva(to, o) +| - —;77(20)\ +|T| e | be(7)dr,
2
bi(t) = ;(t*to) —be(1),
B To—y 2 o Y— 2o 13 fo
p2(y) = wvi(to, o) — | . —;n(za)l —|T| et ; be(7)dr,
2
bi(s) = ﬁ(s—to) + b:(8).

Then v (¢, 7) fo by (7)dT — ¢1(z) has a maximum at (to, zo) € (0,T) x K, and va(s,y) — [ ba(7)dr —
@2(y) has a minimum at (to,y0) € (0,T) x K, by the definition of L!-viscosity solutions we have

li inf inf H(t t,z) —bi(t)} <0, 4.47
3 S e im0 ) ) < o

lim esssup sup {H(s,y,q) +va(s,y) —ba(s)} > 0, (4.48)
0=0% |s—t0| <6 y€ B(y0,0)NK,q€ B(pe+4<.,9)

where D¢y (x9) = pe, Dp2(yo) = pe + q- with

2, x0—yo 2
SR Zh(z,), g = 2
8( . rn(Z)) qe 5

Yo — Zo

DPe = )

(4.42) yields that |g-| < h(e,o0), where h(-,-) denotes a continuous positive function which has the
value zero at the origin. For any € > 0, let (. € C°(R) be a standard mollifier, and we define H. by
H.(-,xz,p) =+~ H(-,z,p) for (z,p) € K x R™. For small ¢, p, 0, setting

be(t) = sup |He(t,z,p) — H(t, z,p)| (4.49)
z€B(z5,1),peB(0,2/e+1)

for t € (0,T), and we check that b. — 0 in L*(0,T) as ¢ — 0. Thus, we deduce from (4.47) and (4.48)
that

2
li inf inf H.(t,z, t,x) — —(t—1to)} <0, 4.50
55& Ifﬁollnﬁé xeB(:vmél)I}peB(p&é){ etz p) + it ) 1/2( o)} < ( )

2
lim esssup sup {H:(s,y,q) + va(s,y) — (s —to)} > 0. (4.51)
0=07 |s—t0| <6 y€B(y0,0)NK € B(pe+4e.0)

Then by the continuity of H., v; and vg, (4.50) and (4.51) are equivalent to
H,(to, 0, pe) + v1(to, o) < 0, (4.52)

Hc(to, Y0, p + q) + va(to, ¥o) > 0. (4.53)
Subtract (4.53) from (4.52),

v1(to, ®0) — va(to,yo) < He(to,Yo,pe + qe) — He(to, To,pe)
< Hs(thyOape+QE) — Hc(to, Yo, pe)
+H5(t07y0;pa) - He(t(]; ‘T07p6)
< (e xm(to, h(e,0) + c2), (4.54)
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where m(t,-) is the continuous modulus of H(¢,-,p). Using (4.39), (4.43) and (4.54) we have

r;lea)é({vl (to, z) — va(to, )} < wvi(to, 26) — va(to, 26) + 0

< v1(to, 2o) — v2(to, yo) +wi(cie) + o
< o xm(to, h(e, o) + cae) + wi(cre) + 0.

Now send first € then o to zero, we get

_ <0.
r;lea]g{m(to,x) va(to, )} <0

As uq(tg, z) = etovy (tg, x) and uz(tg, z) = e vy (tg, z), we obtain

mea’é({ul (to,z) — ua(to, )} <0, Vig € (0,7T),

which ends the proof.

5}

Conclusion

In this paper, we have dealt with state-constrained optimal control problems of discontinuous tra-
jectories by means of a reparameterized method. We have proved that the value function of the
reparameterized system with state constraints is characterized as the unique L!-viscosity solution
of an Hamilton-Jacobi-Bellman equation with a time-measurable dependent Hamiltonian. However,
there are still some interesting work that we could continue to investigate. We can consider a control
system with control terms in the measure which is more complicated and can describe some real appli-
cations. The same problem with other kinds of boundary conditions is also interesting to investigate.
Finally, the numerical simulations are also interesting and necessary.
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