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Abstract

We consider the problem of stratified sampling for Monte-Carlo integration.
We model this problem in a multi-armed bandit setting, where the arms
represent the strata, and the goal is to estimate a weighted average of the
mean values of the arms. We propose a strategy that samples the arms
according to an upper bound on their standard deviations and compare
its estimation quality to an ideal allocation that would know the standard
deviations of the strata. We provide two regret analyses: a distribution-

dependent bound O(n~3/2) that depends on a measure of the disparity of
the strata, and a distribution-free bound O(n~=%/3) that does not.

1 Introduction

Consider a polling institute that has to estimate as accurately as possible the average income
of a country, given a finite budget for polls. The institute has call centers in every region in
the country, and gives a part of the total sampling budget to each center so that they can
call random people in the area and ask about their income. A naive method would allocate
a budget proportionally to the number of people in each area. However some regions show
a high variability in the income of their inhabitants whereas others are very homogeneous.
Now if the polling institute knew the level of variability within each region, it could adjust
the budget allocated to each region in a more clever way (allocating more polls to regions
with high variability) in order to reduce the final estimation error.

This example is just one of many for which an efficient method of sampling a function with
natural strata (i.e., the regions) is of great interest. Note that even in the case that there
are no natural strata, it is always a good strategy to design arbitrary strata and allocate
a budget to each stratum that is proportional to the size of the stratum, compared to a
crude Monte-Carlo. There are many good surveys on the topic of stratified sampling for
Monte-Carlo, such as (Rubinstein and Kroese, 2008)[Subsection 5.5] or (Glasserman, 2004).

The main problem for performing an efficient sampling is that the variances within the
strata (in the previous example, the income variability per region) are usually unknown.
One possibility is to estimate the variances online while sampling the strata. There is
some interesting research along this direction, such as (Arouna, 2004) and more recently
(Etoré and Jourdain, 2010, Kawai, 2010). The work of Etoré and Jourdain (2010) matches
exactly our problem of designing an efficient adaptive sampling strategy. In this article they
propose to sample according to an empirical estimate of the variance of the strata, whereas
Kawai (2010) addresses a computational complexity problem which is slightly different from
ours. The recent work of Etoré et al. (2011) describes a strategy that enables to sample
asymptotically according to the (unknown) standard deviations of the strata and at the same
time adapts the shape (and number) of the strata online. This is a very difficult problem,
especially in high dimension, that we will not address here, although we think this is a very
interesting and promising direction for further researches.



These works provide asymptotic convergence of the variance of the estimate to the targeted
stratified variance! divided by the sample size. They also prove that the number of pulls
within each stratum converges to the desired number of pulls i.e. the optimal allocation
if the variances per stratum were known. Like Etoré and Jourdain (2010), we consider a
stratified Monte-Carlo setting with fixed strata. Our contribution is to design a sampling
strategy for which we can derive a finite-time analysis (where 'time’ refers to the number of
samples). This enables us to predict the quality of our estimate for any given budget n.

We model this problem using the setting of multi-armed bandits where our goal is to estimate
a weighted average of the mean values of the arms. Although our goal is different from a usual
bandit problem where the objective is to play the best arm as often as possible, this problem
also exhibits an exploration-exploitation trade-off. The arms have to be pulled both in
order to estimate the initially unknown variability of the arms (exploration) and to allocate
correctly the budget according to our current knowledge of the variability (exploitation).

Our setting is close to the one described in (Antos et al., 2010) which aims at estimating
uniformly well the mean values of all the arms. The authors present an algorithm, called
GAFS-MAX, that allocates samples proportionally to the empirical variance of the arms,
while imposing that each arm is pulled at least y/n times to guarantee a sufficiently good
estimation of the true variances.

Note though that in the Master Thesis (Grover, 2009), the author presents an algorithm
named GAFS-WL which is similar to GAFS-MAX and has an analysis close to the one of
GAFS-MAX. It deals with stratified sampling, i.e. it targets an allocation which is propor-
tional to the standard deviation (and not to the variance) of the strata times their size®.
Some questions remain open in this work, notably that no distribution independent regret
bound is provided for GAFS-WL. We clarify this point in Section 4. Our objective is similar,
and we extend the analysis of this setting.

Contributions: In this paper, we introduce a new algorithm based on Upper-Confidence-
Bounds (UCB) on the standard deviation. They are computed from the empirical standard
deviation and a confidence interval derived from Bernstein’s inequalities. We provide a
finite-time analysis of its performance. The algorithm, called MC-UCB, samples the arms
proportionally to an UCB? on the standard deviation times the size of the stratum. Note
that the idea is similar to the one in (Carpentier et al., 2011). Our contributions are the
following:

o We derive a finite-time analysis for the stratified sampling for Monte-Carlo setting
by using an algorithm based on upper confidence bounds. We show how such a
family of algorithm is particularly interesting in this setting.

e We provide two regret analysis: (i) a distribution-dependent bound O(n=3/2)* that
depends on the disparity of the stratas (a measure of the problem complexity), and
which corresponds to a stationary regime where the budget n is large compared to
this complexity. (ii) A distribution-free bound O(n=%/3) that does not depend on
the the disparity of the stratas, and corresponds to a transitory regime where n is
small compared to the complexity. The characterization of those two regimes and
the fact that the corresponding excess error rates differ enlightens the fact that a
finite-time analysis is very relevant for this problem.

The rest of the paper is organized as follows. In Section 2 we formalize the problem and
introduce the notations used throughout the paper. Section 3 introduces the MC-UCB algo-
rithm and reports performance bounds. We then discuss in Section 4 about the parameters
of the algorithm and its performances. In Section 5 we report numerical experiments that

!The target is defined in [Subsection 5.5] of (Rubinstein and Kroese, 2008) and later in this
paper, see Equation 4.

2This is explained in (Rubinstein and Kroese, 2008) and will be formulated precisely later.

3Note that we consider a sampling strategy based on UCBs on the standard deviations of the
arms whereas the so-called UCB algorithm of Auer et al. (2002), in the usual multi-armed bandit
setting, computes UCBs on the mean rewards of the arms.

4The notation 5() corresponds to O(-) up to logarithmic factors.



illustrate our method on the problem of pricing Asian options as introduced in (Glasserman
et al., 1999). Finally, Section 6 concludes the paper and suggests future works.

2 Preliminaries

The allocation problem mentioned in the previous section is formalized as a K-armed bandit
problem where each arm (stratum) k=1,...,K is characterized by a distribution v}, with
mean value py, and variance o3. At each round t > 1, an allocation strategy (or algorithm) .4
selects an arm k; and receives a sample drawn from v, independently of the past samples.
Note that a strategy may be adaptive, i.e., the arm selected at round ¢ may depend on
past observed samples. Let {wy}x=1,. . x denote a known set of positive weights which sum
to 1. For example in the setting of stratified sampling for Monte-Carlo, this would be the
probability mass in each stratum. The goal is to define a strategy that estimates as precisely
as possible p = ZkK:l wi pg using a total budget of n samples.

Let us write T, = 2221 I{ks = k} the number of times arm k has been pulled up to time

Tt

t, and fig,; = ﬁ ZXk s the empirical estimate of the mean p; at time ¢, where X o
t

denotes the sample received when pulling arm k for the s-th time.

After n rounds, the algorithm A returns the empirical estimate fij , of all the arms. Note
that in the case of a deterministic strategy, the expected quadratic estimation error of the

weighted mean p as estimated by the weighted average fi,, = Zszl Wy fl, n, satisfies:
N 2 K A 2 K ~ 2
[ — )" = B[ (S ws G~ )] = S wfBw [ — )]
We thus use the following measure for the performance of any algorithm A:

Ln(A) = $4C, 03B [(n — fin)?] (1)

The goal is to define an allocation strategy that minimizes the global loss defined in Equa-
tion 1. If the variance of the arms were known in advance, one could design an optimal
static® allocation strategy A* by pulling each arm k proportionally to the quantity wyoy.
Indeed, if arm k is pulled a deterministic number of times 7}, , then

* K o2
La(A%) = S, wi )

By choosing T}, such as to minimize L, under the constraint that Zi;l Ty, = n, the

optimal static allocation (up to rounding effects) of algorithm A* is to pull each arm k,
* WEO|
Tf, = ®)
Zi:l w;0;
times, and achieves a global performance
22
A*) = , 4
Ly(A7) = 2 ()
where X, = ZZK 1 w;o;. In the following, we write A\, = % = —E—& the optimal allocation
proportion for arm k and Amin = mini<g<g Ap. Note that a small Amin Means a large
disparity of the wgoy and, as explained later, provides for the algorithm we build in Section
3 a characterization of the hardness of a problem.

However, in the setting considered here, the o), are unknown, and thus the optimal allocation
is out of reach. A possible allocation is the uniform strategy .A“, i.e., such that T} =
wi—n. Its performance is

=1
Ly (A") = Zk 1“’sz Wkak = 2272’

®Static means that the number of pulls allocated to each arm does not depend on the received
samples.




where ¥, 0 = Zszl wyoz. Note that by Cauchy-Schwartz’s inequality, we have ¥2 < 3, o
with equality if and only if the (ok) are all equal. Thus A* is always at least as good as
A*. In addition, since >, w; = 1, we have £2, — ¥, o = — Y, wy (o) — £,y)%. The difference
between those two quantities is the weighted quadratic variation of the oy around their
weighted mean ¥,,. In other words, it is the variance of the (oj)i1<p<k. As a result the
gain of A* compared to A grow with the disparity of the oy.

We would like to do better than the uniform strategy by considering an adaptive strategy A
that would estimate the o at the same time as it tries to implement an allocation strategy
as close as possible to the optimal allocation algorithm A*. This introduces a natural
trade-off between the exploration needed to improve the estimates of the variances and the
exploitation of the current estimates to allocate the pulls nearly-optimally.

In order to assess how well A solves this trade-off and manages to sample according to the
true standard deviations without knowing them in advance, we compare its performance to
that of the optimal allocation strategy A*. For this purpose we define the notion of regret
of an adaptive algorithm A as the difference between the performance loss incurred by the
algorithm and the optimal algorithm:

Rn(A) = Ln(A) = Ln(A"). (5)

The regret indicates how much we loose in terms of expected quadratic estimation error

2
by not knowing in advance the standard deviations (o). Note that since L, (A*) = ET‘“,
a consistent strategy i.e., asymptotically equivalent to the optimal strategy, is obtaine
whenever its regret is neglectable compared to 1/n.

3 Allocation based on Monte Carlo Upper Confidence Bound
3.1 The algorithm

In this section, we introduce our adaptive algorithm for the allocation problem, called Monte
Carlo Upper Confidence Bound (MC-UCB). The algorithm computes a high-probability
bound on the standard deviation of each arm and samples the arms proportionally to their
bounds times the corresponding weights. The MC-UCB algorithm, Ay;c—ycoB, is described
in Figure 1. It requires three parameters as inputs: ¢; and ¢y which are related to the
shape of the distributions (see Assumption 1), and § which defines the confidence level of
the bound. In Subsection 4.2, we discuss a way to reduce the number of parameters from
three to one. The amount of exploration of the algorithm can be adapted by properly tuning
these parameters.

C O, C: n1/2
Input: c1, c2, 8. Let b= 2,/2log(2/8)+/c1log(c2/5) + ¥ 2e18(tlos(c2/9)) .

(1-9)
Initialize: Pull each arm twice.
fort=2K+1,...,ndo

Compute By, = Tkwt’il (a'k:,t—l + b,/ﬁ) for each arm 1 < k< K

Pull an arm k; € arg maxi<w<rk B
end for
Output: /iy for each arm 1 <k < K

Figure 1: The pseudo-code of the MC-UCB algorithm. The empirical standard deviations
0r,t—1 are computed using Equation 6.

The algorithm starts by pulling each arm twice in rounds ¢t = 1 to 2K. From round ¢t = 2K+1
on, it computes an upper confidence bound By, ; on the standard deviation oy, for each arm
k, and then pulls the one with largest By ;. The upper bounds on the standard deviations
are built by using Theorem 10 in (Maurer and Pontil, 2009)° and based on the empirical
standard deviation &y -1 :

1 Th,t—1
Ghi1 = (Xki — fik—1)°, (6)
Thi—1—1

i=1

SWe could also have used the variant reported in (Audibert et al., 2009).



where X, ; is the i-th sample received when pulling arm k, and T} ;1 is the number of pulls
allocated to arm k up to time ¢t — 1. After n rounds, MC-UCB returns the empirical mean
fig.n for eacharm 1 <k < K.

3.2 Regret analysis of MC-UCB

Before stating the main results of this section, we state the assumption that the distributions
are sub-Gaussian, which includes e.g., Gaussian or bounded distributions. See (Buldygin
and Kozachenko, 1980) for more precisions.

Assumption 1 There exist c1,co > 0 such that for all 1 < k < K and any € > 0,
Px o, (X — | 2 €) < cxexp(—€?/er) . (7)

We provide two analyses, a distribution-dependent and a distribution-free, of MC-UCB,
which are respectively interesting in two regimes, i.e., stationary and transitory regimes, of
the algorithm. We will comment on this later in Section 4.

A distribution-dependent result: We now report the first bound on the regret of MC-
UCB algorithm. The proof is reported in (Carpentier and Munos, 2011). and relies on
upper- and lower-bounds on Ty — T}, i.e., the difference in the number of pulls of each

arm compared to the optimal allocation (see Lemma 3).

Theorem 1 Under Assumption 1 and if we choose co such that co > 2Kn~%/2, the regret
of MC-UCB run with parameter 6 = n~"/? with n > 4K is bounded as

log(n)ci(ca +2)

<
Ry (Amc-ven) < YL

19
(1122w + 6K) + 5 (Kzfu £720¢1(ea+1) 1og(n)2) .

Note that this result crucially depends on the smallest proportion Ay, which is a measure
of the disparity of the standard deviations times their weight. For this reason we refer to it
as “distribution-dependent” result.

A distribution-free result: Now we report our second regret bound that does not depend
on Amin but whose rate is poorer. The proof is reported in (Carpentier and Munos, 2011)
and relies on other upper- and lower-bounds on Tj; — T}, detailed in Lemma 4.

Theorem 2 Under Assumption 1 and if we choose co such that co > 2Kn~%/2, the regret
of MC-UCB run with parameter 6 = n~"/? with n > 4K is bounded as

200,/c1(cz + 2)8 K 365
Ry (Ayc-ven) < ﬁ(ni vE ) log(n) + 7 (129c1(c2 +2)2K?log(n)* + KE?U).

This bound does not depend on 1/A\pin. Note that the bound is not entirely distribution
free since ¥, appears. But it can be proved using Assumption 1 that X2 < cjcp. This is

obtained at the price of the slightly worse rate O(n=%/3).

4 Discussion on the results
4.1 Distribution-free versus distribution-dependent

=5/2,,-3/2

Theorem 1 provides a regret bound of order 6()\min ), whereas Theorem 2 provides a

bound in O(n_4/3) independently of Anin. Hence, for a given problem i.e., a given Api,, the
distribution-free result of Theorem 2 is more informative than the distribution-dependent
result of Theorem 1 in the transitory regime, that is to say when n is small compared to
A1 . The distribution-dependent result of Theorem 1 is better in the stationary regime i.e.,
for large n. This distinction reminds us of the difference between distribution-dependent
and distribution-free bounds for the UCB algorithm in usual multi-armed bandits”.

"The distribution dependent bound is in O(K logn/A), where A is the difference between the
mean value of the two best arms, and the distribution-free bound is in O(y/nK logn) as explained
in (Auer et al., 2002, Audibert and Bubeck, 2009).



Although we do not have a lower bound on the regret yet, we believe that the rate n=3/2

cannot be improved for general distributions. As explained in the proof in Appendix B
of (Carpentier and Munos, 2011), this rate is a direct consequence of the high probability
bounds on the estimates of the standard deviations of the arms which are in O(1/y/n), and
those bounds are tight. A natural question is whether there exists an algorithm with a regret
of order O(n_?’/ 2) without any dependence in )\r_niln. Although we do not have an answer
to this question, we can say that our algorithm MC-UCB does not satisfy this property. In
Appendix D.1 of (Carpentier and Munos, 2011), we give a simple example where Ay = 0

and for which the rate of MC-UCB cannot be better than O(n~%/3). This shows that our
analysis of MC-UCB is tight.

The problem dependent upper bound is similar to the one provided for GAFS-WL in
(Grover, 2009). We however expect that GAFS-WL has for some problems a sub-optimal
behavior: it is possible to find cases where R, (Agars—wr) = Q(1/n), see Appendix D.1
of (Carpentier and Munos, 2011). Note however that when there is an arm with 0 standard
deviation, GAFS-WL is likely to perform better than MC-UCB, as it will only sample this

arm O(y/n) times while MC-UCB samples it O(n?/3) times.
4.2 The parameters of the algorithm

Our algorithm takes three parameters as input, namely ¢1, ¢ and §, but we only use a com-
bination of them in the algorithm, with the introduction of b = 2,/21og(2/3)+/c1 log(c2/8)+

\/2c16(1+log(ca/8))nt/?

=) . For practical use of the method, it is enough to tune the algorithm
with a single parameter b. By the choice of the value assigned to d in the two theorems,
b should be chosen of order clog(n), where ¢ can be interpreted as a high probability
bound on the range of the samples. We thus simply require a rough estimate of the mag-
nitude of the samples. Note that in the case of bounded distributions, b can be chosen as

b= 4\/50\/1055(71) where c¢ is a true bound on the variables. This result is easy to deduce

by simplifying Lemma 1 in Appendix A of (Carpentier and Munos, 2011) for the case of
bounded variables.

5 Numerical experiment: Pricing of an Asian option

We consider the pricing problem of an Asian option introduced in (Glasserman et al., 1999)
and later considered in (Kawai, 2010, Etoré and Jourdain, 2010). This uses a Black-Schole
model with strike C' and maturity T. Let (W (t))o<i<1 be a Brownian motion that is
discretized at d equidistant times {i/d}1<;<q, which defines the vector W € R¢ with com-
ponents W, = W(i/d). The discounted payoff of the Asian option is defined as a function
of W, by:

F(W) = exp(—rT) max [é 2?21 Soexp |(r— %53)% + sox/TWi] - C, 0], (8)

where Sy, r, and sg are constants, and the price is defined by the expectation p = Ey F(W).

We want to estimate the price p by Monte-Carlo simulations (by sampling on W =
(Wi)i<i<d). In order to reduce the variance of the estimated price, we can stratify the
space of W. Glasserman et al. (1999) suggest to stratify according to a one dimensional
projection of W, i.e., by choosing a projection vector u € R? and define the strata as the set
of W such that u - W lies in intervals of R. They further argue that the best direction for
stratification is to choose u = (0,---,0,1), i.e., to stratify according to the last component
Wy of W. Thus we sample W, and then conditionally sample W7, ..., W;_1 according to a
Brownian Bridge as explained in (Kawai, 2010). Note that this choice of stratification is also
intuitive since Wy has the largest exponent in the payoff (8), and thus the highest volatility.
Kawai (2010) and Etoré and Jourdain (2010) also use the same direction of stratification.

Like in (Kawai, 2010) we consider 5 strata of equal weight. Since Wy follows a N(0,1),
the strata correspond to the 20-percentile of a normal distribution. The left plot of Figure
2 represents the cumulative distribution function of Wy and shows the strata in terms of



percentiles of Wy. The right plot represents, in dot line, the curve E[F(W)|Wy = z] versus
P(W, < x) parameterized by x, and the box plot represents the expectation and standard
deviations of F(WW) conditioned on each stratum. We observe that this stratification pro-
duces an important heterogeneity of the standard deviations per stratum, which indicates
that a stratified sampling would be profitable compared to a crude Monte-Carlo sampling.

Expectation of the payoff in every strata for W, with C=90

Cdf of W 4 (Normal distribution) 1000 .
900r [ _E[F(W) TW ;=x] 1
o soor | g E[F(W)IW [ strata] ..' 1
7001 'n 4
— 600~
0.6 i
© 500
z
o 400+
0.4 2
= 300F
=
2001
0.2
1001 T
OF ]
% B 5 2 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘

-100 * :
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

P(W ;<x)

a1 stiatag, O
Strata 1 Strata

gt(}'gta a' stratas
Figure 2: Left: Cdf of W, and the definition of the strata. Right: expectation and standard
deviation of F(W) conditioned on each stratum for a strike C' = 90.

We choose the same numerical values as Kawai (2010): So = 100, r = 0.05, s = 0.30, T =1
and d = 16. Note that the strike C' of the option has a direct impact on the variability of
the strata. Indeed, the larger C, the more probable F(W) = 0 for strata with small Wy,
and thus, the smaller Any.

Our two main competitors are the SSAA algorithm of Etoré and Jourdain (2010) and GAFS-
WL of Grover (2009). We did not compare to (Kawai, 2010) which aims at minimizing the
computational time and not the loss considered here®. SSAA works in K, rounds of length
N where, at each round, it allocates proportionally to the empirical standard deviations
computed in the previous rounds. Etoré and Jourdain (2010) report the asymptotic consis-
tency of the algorithm whenever Nik goes to 0 when k goes to infinity. Since their goal is
not to obtain a finite-time performance, they do not mention how to calibrate the length
and number of rounds in practice. We choose the same parameters as in their numerical
experiments (Section 3.2.2 of (Etoré and Jourdain, 2010)) using 3 rounds. In this setting

where we know the budget n at the beginning of the algorithm, GAFS-WL pulls each arm

a+/n times and then pulls at time ¢ + 1 the arm k; 1 that maximizes w;&’“"’ We set a = 1.

kot

As mentioned in Subsection 4.2, an advantage of our algorithm is that it requires a single
parameter to tune. We chose b = 10001og(n) where 1000 is a high-probability range of the
variables (see right plot of Figure 2). Table 5 reports the performance of MC-UCB, GAFS-
WL, SSAA, and the uniform strategy, for different values of strike C'i.e., for different values

of A\_! and Y2/ = S ZWRTL e total budget is n = 10°. The results are averaged

min = o wron)®
on 50000 trials. We notice that MC-UCB outperforms SSAA, the uniform strategy, and
GAFS-WL strategy. Note however that, in the case of GAFS-WL strategy, the small gain
could come from the fact that there are more parameters in MC-UCB, and that we were
thus able to adjust them (even if we kept the same parameters for the three values of C).

In the left plot of Figure 3, we plot the rescaled regret R,n%/?, averaged over 50000 trials,
as a function of n, where n ranges from 50 to 5000. The value of the strike is C' = 120.
Again, we notice that MC-UCB performs better than Uniform and SSAA because it adapts

8In that paper, the computational costs for each stratum vary, i.e. it is faster to sample in some
strata than in others, and the aim of their paper is to minimize the global computational cost while
achieving a given performance.



[ C [ s& [®u2/>2 | Uniform | SSAA | GAFS-WL | MC-UCB

60 6.18 1.06 2521072 [ 5871073 | 8.2510~% | 7.2910~%
90 15.29 1.24 33210721 6.141073 | 8.5810~% | 8.071074
120 || 744.25 3.07 3561072 ]6.221073 | 9.8910~% | 9.28 10~

Table 1: Characteristics of the distributions (AL}, and ¥,,2/%2) and regret of the Uniform,
SSAA, and MC-UCB strategies, for different values of the strike C.

faster to the distributions of the strata. But it performs very similarly to GAFS-WL. In
addition, it seems that the regret of Uniform and SSAA grows faster than the rate n3/2,
whereas MC-UCB, as well as GAFS-WL, grow with this rate. The right plot focuses on the
MC-UCB algorithm and rescales the y—axis to observe the variations of its rescaled regret
more accurately. The curve grows first and then stabilizes. This could correspond to the
two regimes discussed previously.

Rescaled regret w.r.t. n for C=120

;  Rescaled Regret w.r.t. n for C=120 120007
X
3

—MC-UCB 11000F
257 | —=+~Uniform Allocation

100001

~4-SSAA
| |- - GAFS-WL

N < 9000t
@ o
mg 15 CH
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-7 A 8000
. VIVYY. A AAAARAN vy 7000
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= C e . —~ 6000
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n 5000

. . . . . . . . . .
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n

Figure 3: Left: Rescaled regret (R,n*'?) of the Uniform, SSAA, and MC-UCB strategies.
Right: zoom on the rescaled regret for MC-UCB that illustrates the two regimes.

6 Conclusions

We provided a finite-time analysis for stratified sampling for Monte-Carlo in the case of
fixed strata. We reported two bounds: (i) a distribution dependent bound O(n=3/2A~2/2)
which is of interest when n is large compared to a measure of disparity )\;ﬂln of the standard
deviations (stationary regime), and (i) a distribution free bound in O(n~%/3) which is of

interest when n is small compared to )\I;iln (transitory regime).

Possible directions for future work include: (i) making the MC-UCB algorithm anytime
(i.e. not requiring the knowledge of n), (ii) investigating whether their exists an algorithm
with O(n=3/2) regret without dependency on A !  and (iii) deriving distribution-dependent
and distribution-free lower-bounds for this problem.
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Supplementary material for the paper :
Finite-Time Analysis of Stratified Sampling for
Monte Carlo

A Main tools

A.1 The main tool: a high probability bound on the standard deviations

Upper bound on the standard deviation: The upper confidence bounds By ; used
in the MC-UCB algorithm is motivated by Theorem 10 in (Maurer and Pontil, 2009) (a
variant of this result is also reported in (Audibert et al., 2009)). We extend this result to
sub-Gaussian random variables.

Lemma 1 Let Assumption 1 hold and n > 2. Define the following event

t

t
§=Ekn(d) = ﬂ | %Z(Xk,i*%ZXk,j)2*Uk
j=1

1<k<K, 2<t<n i

< 2R8I |

9)

=1

where a = \/2cq log(ca/0) + \/?167((1;;_\721?(;/25/)6))n1/2' Then Pr(€) > 1 — 2nK§.

Note that the first term in the absolute value in Equation 9 is the empirical standard
deviation of arm k computed as in Equation 6 for ¢ samples. The event £ plays an important
role in the proofs of this section and a number of statements will be proved on this event.

Proof:

Step 1. Truncating sub-Gaussian variables. We want to characterize the mean and
variance of the variables X} given that |Xp: — pr| < /c1log(cz/d). For any positive
random variable Y and any b > 0, E(YI{Y > b}) = [[“P(Y > €)de + bP(Y > b). If we take
b = c1log(ca/d) and use Assumption 1, we obtain:

—+o0
E|:|Xk7t — ,LLk|2H {|Xk,t — [Lk|2 > b}:| = / P(|Xk7t — ,LLk|2 > €)d€+ bP(|Xk7t — ,LLk|2 > b)
b

+oo
< / co exp(—e€/c1)de + bea exp(—b/cy)
b

S 615 +c1 IOg(62/5)5
S 615(1 + 10g(62/5))

We have E[|Xk,t — P Xy — a2 > b}} + E[|Xk,t — P Xy — el < b}} = o2,
which, combined with the previous equation, implies that
‘E[((Xkyt — ,Ltk>2 — 0’]3)]1{|Xk,t — /Lk|2 > b} ] ‘
P(| X — il < b)

c16(1 + log(ca/d)) + b0
1-4 '

‘E[|Xk,t —u® | | Xk — ] < b} — U;%‘

(10)

10



Note also that Cauchy-Schwartz inequality implies

[ [(Xew = o ) T{1 Xos = il > 0} ]| < \/E[<Xk,t — )| X = uel? > b} |

< Ve16(1 + log(ca/9)).

Now, notice that E| Xyl {| X — uxl? > b} | + B[ X T{| X — > < b} | = g, which,

combined with the previous result and using n > K > 2, implies that

’E[(Xk,t - Mk)ﬂ {|Xk,t — pg|* > b}} ‘ < \/015(1 + log(ca/d)) (11)
P(| X — il < b) - 1=9

|k — px| =

E[Xk,tﬂ{\xk,t—ukﬁsza}}

where fix “E[ Xy | [Xpo — pnf? < 0] =
P(\Xk,t*#kpﬁb)

o def -
We note 62 V[ X | [Xeo— gl <b] = B[1X—pul® | X = pal? <] = o),
From Equations 10 and 11, we derive
E“Xk,t — el | [ Xk — ) < b} - o,%‘ + | g — e |?
- c16(1 4 log(c2/d)) + o} N c16(1 + log(ca/9))

6% — o] <

- 1-9§ (1-9)2
- 2¢16(1 + log(c2/8)) + b0

from which we deduce, because o3 < cco

V/2¢16(1 + ¢o + log(c2/6))
1-4

|U~k_0'k| < . (12)

Step 2. Application of large deviation inequalities.
Let & = &1,k,n(0) be the event:
&= ﬂ {|Xk,t —ug) < Ve 1Og(c2/6)} .
1<k<K, 1<t<n

Under Assumption 1, using a union bound, we have that the probability of this event is at
least 1 — nKJ.

We now recall Theorem 10 of (Maurer and Pontil, 2009):

Theorem 1 (Maurer and Pontil (2009)) Let (Xi,...,X:) be t > 2 i.i.d. random vari-
ables of variance o and mean u and such that Vi < t,X; € [a,a+ c]. Then with probability
at least 1 —§:

< 90/ 108(2/0).
t—1

1 < 1< 2
‘ T (Xmirw) e
=

i=1

On &, the {Xy}i, 1 <k < K, 1 <4 <t aret iid. bounded random variables with
standard deviation oy.

Let & = &2, x.n(0) be the event:

S 2 C1 IOg(CQ/(S) 105(_@

= N

1<k<K, 1<t<n

‘ 1 t




Using Theorem 10 of (Maurer and Pontil, 2009) and a union bound, we deduce that Pr(&; N
£) > 1— 2nKSs.

Now, from Equation 12, we have on {3 N&, forall 1 <k < K, 2<t<n:

log(2/4)

t
< 24/cq11og(ca/0)

t
()
j=1

i=1

4 \/2615(1 + co + 10g(02/5))

1-6
log(2/6
< 24/2¢1 log(ca/0) %
V/2¢16(1 + ¢o + log(c2/6))
+ )
1-6
from which we deduce Lemma 1 (since & N& C & and 2 <t < n). O

We deduce the following corollary when the number of samples T}, ; are random.

Corollary 1 For any k = 1,...,K and t = 2K,...,n, let {Xp;}: be n iid. random
variables drawn from vy, satisfying Assumption 1. Let Ty be any random variable taking
values in {2,...,n}. Let 6,%7t be the empirical variance computed from Equation 6. Then,
on the event &, we have:

log(2/6
|6kt — ox] < 2a % . (13)

k.t

A.2 Other important properties

A stopping time problem: We now draw a connection between the adaptive sampling
and stopping time problems. We report the following proposition which is a type of Wald’s
Theorem for variance (see e.g. Resnick (1999)).

Proposition 1 Let {F;} be a filtration and X: a Fi-adapted sequence of i.i.d. random
variables with variance 0. Assume that F; and the o-algebra generated by {X; :i >t + 1}
are independent and T is a stopping time w.r.t. F; with a finite expected value. IfE[X?] < oo

then
T 2
E l(ZX T u)
1=1

= E[T] 0. (14)

Bound on the regret outside of £&. The next lemma provides a bound for the loss
whenever the event ¢ does not hold.

Lemma 2 Let Assumption 1 holds. Then for every arm k:

E[|ftkn — mi*T{€°}] < 210> K (1 + log(ca/2nK79)) .

Proof:  Since the arms have sub-Gaussian distribution, for any 1 < k < K and 1 <t < n,
we have

P(|Xee — ml? 2 €) < caexp(—c/ea) |

and thus by setting € = ¢1 log(c2/2nK§)?, we obtain

P(|Xk7t —ul? > log(cQ/2nK5)) < 2nKé¢ .

9Note that we need to choose c2 such that co > 2nK§ = 2Kn~%/2 if § = n~7/2,

12



We thus know that

B[ X — pux[2T{Q

Q/IP’(gl)i);nKzi “ ke — T H

S/ coexp(—e/c1)de + 1 1og(02/2nK5)]P’(Q)
c1 log(ca/2nK§)

= 2¢1nK (1 + log(ca/2nKJ))

Since the event ¢ has a probability at most 2nK 4, for any 1 < k < K and 1 <t < n, we
have

E[| Xk — ]I {éc}} E[| Xkt — P T{Q} ] < 2c1nK8(1 + log(c2/2nKS6)) .

Q/IP’(Q) K

The claim follows from the fact that E [|f,n — |1 {gc} | <Y B[ Xen — )T {gc} | <
2c1n?K6(1 + log(ca/2nK6)). O

A.3 Technical inequalities

Upper and lower bound on a: If § = n_7/2, withn > 4K > 8

— /26, 1og(c2/9) + Vero(1 + 2 +1og(c2/9)) 15

(1=96)/21og(2/9)
< \/Tei1(ea + 1) log(n) + # c1(24 ¢2)
< 2y/2¢1 (e + 2) log(n).

We also have by just keeping the first term and choosing ¢y such that ¢y > ed = en~7/2

\/015(1 +c2 + 1og(02/5))n1/2

2c¢; log(cz/d) + (1 —46)/2log(2/4)

> V21 > (/e

Lower bound on ¢(§) when § =n~7/2:  Since the arms have sub-Gaussian distribution,
forany 1 <k < K and 1 <t < n, we have

P(|Xk7t — px)? > e) < coexp(—€/c1) ,
We then have

E“Xk,t - ;Lkm < / coexp(—e/c1)de = cacy
0
We then have >, < /cacq.

If 6 = n~"/2, we obtain by using the lower bound on a that

=72 Viog(2/5) 2/3
(0 =n" (E +4a 1og(2/5)K)
:( Y )2/3
QKE + 4a+/log(2/9)
S ( 1 Yw )2/3
- 2Kz +44/c1 log(n)

>(x) (5255 2GR ()

by using ¥, < /cacy for the last step.

13



Upper bound on E[|fit, — e’ 1{¢°} ] when 6 = n~7/2:  We get from Lemma 2 when
5 =n~"/? and when choosing ¢y such that co > 2enKé = 2Ken=5/2

E[| ik — pkPT{€} ] < 2e1n*K6(1 + log(co /2nK )
<20 K(1+ g(CQ +1) log(n))n_3/2

< 61K (e +1) log(n)n_?’/Q.

B Proof of Theorem 1

In this section, we first provide the proof for the following Lemma and then use the result
to prove Theorem 1.

Lemma 3 Let Assumption 1 hold. Let 0 < § < 1 be arbitrary and and n > 4K. The
difference between the allocation T, , implemented by the MC-UCB algorithm described in
Figure 1 and the optimal allocation rule T}, has the following upper and lower bounds, on
¢ (and thus with probability at least 1 — 2nKJ), for any arm 1 <p < K:

V10g(2/3) V10g(2/3)
—12a, Ogg/2 Vi — AR\, < Ty — T, < 12a ;g)\g/2 Va+4K . (15)

w min W 'min

Verd(1+eatlog(cz/9)) 172
(1-8)4/210g(2/6)

where a = +/2c; log(ca/d) +

. is bounded with O(y/n). This is directly linked

to the parametric rate of convergence of the estimation of o, which is of order 1/y/n. Note
that Equation 15 also shows the inverse dependency on the smallest proportion Apyip-

In Equation 15, the difference T}, ,, — T,

Proof: [Lemma 3] The proof consists of the following three main steps.

Step 1. Properties of the algorithm. Recall the definition of the upper bound used in
MC-UCB when t > 2K:

wy (. log(2/0)
B =4 2 —_— 1<g< K.
q,t+1 Tyt (Uq,t +2a Ty ) Sq=
From Corollary 1, we obtain the following upper and lower bounds for By 11 on &:
log(2/d
Za% < Bgt41 < ;—q (Uq +4a %) (16)
q,t q,t q,t

Let ¢ +1 > 2K be the time at which a given arm k is pulled for the last time, i.e., T} =
Tgn—1and Ty (441) = Tk,n- Note that asn > 4K, there is at least one arm k such that this
happens, i.e. such that it is pulled after the initialization phase. Since Ap;c_ycp chooses
to pull arm k at time t + 1, we have for any arm p

Byit1 < By - (17)
From Equation 16 and the fact that T} ; = T} , — 1, we obtain

log(2/9) wy log(2/9)
B < — 4a = 4 —]. 18
kt+1 T <U + T Tom —1 o +4a Tom — 1 (18)

Using the lower bound in Equation 16 and the fact that 7, < T} ,, we may lower bound
Bp,tJrl as

WpOp _ WpOp
By i1 2> T > T (19)
p,t p;n

14



Combining Equations 17, 18, and 19, we obtain

Wpop Wi, log(2/9)
< da, | 280 20
Tyn = Thn—1 (‘T’“ L (20)

Note that at this point there is no dependency on t, and thus, the probability that Equa-
tion 20 holds for any p and for any k such that arm k is pulled after the initialization phase,
i.e., such that Ty, > 2, is at least 1 — 2nK ¢ (probability of event &).

Step 2. Lower bound on 7),,. If an arm p is under-pulled compared to its optimal
allocation without taking into account the initialization phasei.e., Ty, —2 < Ap(n — 2K),
then from the constraint ), (Tx, —2) = n—2K and the definition of the optimal allocation,
we deduce that there exists at least another arm & that is over-pulled compared to its optimal
allocation without taking into account the initialization phase, i.e., Ty —2 > Ag(n — 2K).
Note that for this arm, T, — 2 > Ap(n — 2K) > 0, so we know that this specific arm is
pulled at least once after the initialization phase and that it satisfies Equation 20. Using
the definition of the optimal allocation Ty, = nwiok /Sy, and the fact that T, > Ag(n —

2K) + 2, Equation 20 may be written as for any arm p

WpOp _ Wk n 4 log(2/6)
Tpw — Ty, (n —2K) (‘7’“ TN —2K) 11

V1og(2
<E” = 4 8v2a 08(2/9)

- n n3/2)\ 3/2

)

because n > 4K. The previous Equation, combined with the fact that Ay > Anin, may be
written as

S VIog(2/0)  4KS,
W _ Bu gy, V108(2/0) . (21)
Tpon n n3/2\32 n?

By rearranging Equation 21, we obtain the lower bound on T},

V108(2/9)
Ty > YpTp 12an, V1B Sk, (22)

) y/log(2/4) 4 4Ky BN
Tw +12a 3/2)\3/2 n? W)\mm

where in the second inequality we use 1/(1 4+ x) > 1 — z (for z > —1). Note that the lower
bound holds on ¢ for any arm p.

Step 3. Upper bound on 7}, ,. Using Equation 22 and the fact that >, Ty, = n, we
obtain

T =n=> Ten < (n= D T0,) + 3 (1203, V10g(2/9) Vi AR, ) |

o \3/2
k#p k#p k#p ZwAmin

And we deduce because Zk;ﬁp A <1

J1og(2/3)
Ty < Tp + 12a Ogg/Q Vi 44K (23)

W min

The lemma follows by combining the lower and upper bounds in Equations 22 and 23. O

We are now ready to prove Theorem 1.

15



Theorem 1 Under Assumption 1 and if ¢y is chosen such that co > 2Kn=5/2, the regret
of MC-UCB run with parameter § = n~"/% with n > 4K is bounded as

lo 19
Rn(Anc—vep) < /gig/z (1122 Vei(ea +2) + 6e1(ca + 2) K) + (Kzi + 7201 (¢ + 1)1og(n)2) .

Proof: [Theorem 1] The proof consists of the following two steps.

Step 1. T}, is a stopping time. Consider an arm k. At each time step ¢ + 1, the
MC-UCB algorithm decides which arm to pull according to the current values of the
upper-bounds { By :41}x. Thus for any arm &, Ty (¢41) depends only on the values {7k ¢}
and {6yt }x. So by induction, T}, 441y depends on the sequence { X4 1,..., Xk 7, ,}, and on
the samples of the other arms (which are independent of the samples of arm k). We deduce
that T}, is a stopping time adapted to the process (X ¢)t<n.

Step 2. Regret bound. By definition, the loss of the algorithm writes

n—zwkE[ukn Mk:| Zwk]E[ukn k) H{E}}+ZwkE[ukn uk)Q]I{éc}}

k=1 = =

Using the definition of fix , and Proposition 1 we bound the first term as

K
0‘ Tk n
k=1 k=1 =k
where T . is the lower bound on T}, on the event &.
Note that as Y, Tk,n = n, we also have >, E[T} ] = n

Using Equation 24 and Equation 21 for wioy /T, ,, (which is equivalent to using a lower
bound on T} ,, on the event &), we obtain

K K
Tk n] 10g(2/3) 4K ,\2
kz —k n ]; ( E’)/Q)\S’H/IQn + n2 ) E[Tk,n] (25)

Equation 25 may be bounded using the fact that ), E[T} ] =n as

i w,% 70131;[2711@@] < (& + 12a 1og(2526) 4K§w)2n
k=1 =k.n " n32 N i K
< ((E—nw)2 + 2443, n;’fgg ) 8i§i + 28842 10%;23:1? + 81(:4231)71
Zo L ouax, 1<;g§§> S s, et/ S
< %ﬁj 4 94ay, Y1820 /\316 _ (KZ%U +18a? 1og(2/5)).

3/2
n3/2)\m/in min’?
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From Lemma 2, we have E{(ﬂkm - ,uk)Q]I{fc}} < 2¢1n?K§(1 + log(ca/2nKd)). Thus using

the previous equation, we deduce

22 log(2/6) 16 2 2 2
Ly <~ + 24a%, I (K2 +18a10g(2/6) ) + 2e1n* K6(1 + log(cz/2n K 6))
5 log(n) 16 2 2 —3/2
L vree 7 t (sz +90a log(n)) +6c1K (cz + 1) log(n)n
¥2 lo 19
<=ty 3/55\3/2 (1280 Ver(e2 +2) + 6ea(ea + 2K ) + R (K22 + 720c1(cz + 1) log(n)?)

m

where we use a < 2\/201(CQ+2)10g(n) and EHﬂkn — uk|2]l{§c}] < 61K (eq +
1)log(n)n=3/2. Those bounds are made explicit in A.3.

The Theorem follows by expressing the regret.

C Proof of Theorem 2

Again, we first state and prove the following Lemma and then use this result to prove
Theorem 2.

Lemma 4 Let Assumption 1 hold. For any 0 < § < 1 and for n > 4K, the algorithm
MC-UCB satisfies on &, and thus with probability at least 1 — 2nK§6, for any arm p,

1 log(2/96)
> T 2/3 2/3
Ty = Ty, — (240K s e " +12K),), (26)
and
1 [log(2/9)
T,, <T* (24 K23 — [ 223 12sz) 2
p,n —= p,n+ a zw C((S) n + ) ( 7)

_ 2a4/log(2/8) 1 2/3 . \/515(1+62+10g(¢22/5)) 1/2
where () = (—Ew+4a\/m K) and a = \/2c¢11log(ca/0) + (1—0)y/21o8(2/5) nt/2.
Unlike the bounds proved in Lemma 3, the difference between 7}, ,, and T ,, is bounded by

6(712/ 3) without any inverse dependency on Amin.-
Proof:

Step 1. Lower bound of order 5(n2/3). Let k be the index of an arm such that Ty , > 2
(this implies Tj , > 3 as n > 4K, and arm k is thus pulled after the initialization) and let
t + 1 < n be the last time at which it was pulled W ie., Tt =Tkn — 1 and Ty 111 = Tk n-

From Equation 13 and the fact that Ty, > ¢, we obtam on &

KX, + 4a+/log(2/6
By < ;—k<‘7k+4a log(2/ 5)> < (5t C7%) (28)

)
k.t k,t n

where the second inequality follows from the facts that T, > 1, wior < Xy, and wy <
> xwr = 1. Since at time ¢ 4 1 the arm & has been pulled, then for any arm ¢, we have

Byt < By (29)

10Note that such an arm always exists for any possible allocation strategy given the constraint

n=7>3,Ton
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From the definition of B, and also using the fact that T, ; < Ty ., we deduce on £ that

By > 2awq7'10g(2/5) > 2awq7'10g(2/5) ) (30)

T3/2 T3/2

q,t q,n

Combining Equations 28-30, we obtain on &

oa@/5) _ I((2L04—4a/ 1og(2/5))
2awy 3/2 < .
73 n

Finally, this implies on & that for any ¢,
2awg+/log(2/6) n )2/3
Y + 4ay/log(2/6) K/

In order to simplify the notation, in the following we define

o(8) = ( QGW 1)2/37

nmz( (31)

Y +4ay/log(2/6) K

thus the lower bound on T} ,, on & writes T}, > wy’ >c(86)n2/3.

Step 2. Properties of the algorithm. We follow a similar analysis to Step 1 of the proof
of Lemma 3. We first recall the definition of By ;11 used in the MC-UCB algorithm

w, R log(2/6
Bytt1 = T_qt (Uq,t + 2a %) .
a,

q,t

Using Corollary 1 it follows that, on &

WqOy Wy 1og(2/6)
<B < —|os+4ay/ ——= . 32
qut B 1q,t< ! jq,t ( )

Let t+ 1 > 2K + 1 be the time at which an arm ¢ is pulled for the last time, that is
Tyt =Tyqn—1. Note that there is at least one arm such that this happens as n > 4K. Since
at t + 1 arm q is chosen, then for any other arm p, we have

Bp,t+1 < Bq7t+1 : (33)

From Equation 32 and T}, ; = T » — 1, we obtain on &

w log(2/4) w log(2/4)
B <L 4 = 1 day | =—=—"—=]. 34
%”1—7¢<%*'“ Tyt Tymn—1 7q T 20 Ty —1 (34)
Furthermore, since T}, ; < T} », then on &
WpOo WpOo
B > Y9 - WpTp

Pt = Tp,t N Tp,n (35)

Combining Equations 33-35, we obtain on &

Wyo log(2/9)
ﬁ(Tq’nil) qu <0q+4a m .

Summing over all ¢ such that the previous Equation is verified, i.e. such that 75, > 3, on
both sides, we obtain on &

Wp9p Z (Tyn — 1) < Z wq<aq+4a M)

T ., —1
1n 1n
P Ty n>3 A Tgn>3 1

18



This implies
K
wpap log(2/6)
E 4a .
Tpn e e (Jq + Tyn—1 (36)

Step 3. Lower bound. Plugging Equation 31 in Equation 36,

WpOp log(2/6
T—(n—SK)ﬁqu<aq+4a %)

p,n q q,n

21og(2/9)
< ;wq (O'q + 4a W)

log(2/6) log log(2/6)

2/3 2/3

SZerE 4awq/ 2(5) 2/3<Z + 6aK? n2/37
q

on &, since ), wi® < K?/3 by Jensen inequality and because Tyn — 1> Toen (as Tyn > 2).
Finally as n > 4K, we obtain on ¢ the following bound

W o By oggc2ss, [L08R/0) —aps | 12Ty (37)
Tpn n c(9) n?

We now invert the bound and obtain on ¢ the final lower-bound on 7}, ,, as follows:

Tyn > WpTp > T* f24aK2/3i)\ M

C Zw 4 94qK2/3 /%n—zxm_’_% = “pn Yo 7 c(9)

Note that the above lower bound holds with high probability for any arm p.

n*2-12K\,.

Step 4. Upper bound. An upper bound on 7}, , on § follows by using T}, ,, = n_quﬁp Tyn
and the previous lower bound, that is

* 1 flog(2/9)
Tpm <n= Y T+ Y (12K7 + 240K, an)
a#p a#p v

1 [log(2/9)
< * 2/3_ — 7
< Ty, + (20K 3

w c

n2/3 4 12K),

because >, Aq < 1.

We are now ready to prove Theorem 2.
Theorem 2 Under Assumption 1 and by ensuring that co > 2Kn=5/2, the regret of MC-
UCB run with parameter 6 = n~"/2 with n > 4K is bounded as

200,/c1(c2 + 2)2 WK 365
R (Avc-ves) < ‘/T(ni/g ) log(n) + 7 (129c1(c2 +2)2K?log(n)* + KE?U).

Proof: [Theorem 2]

We decompose the loss on ¢ and its complement:

=S B[ — 7] = 3 02 (n — i HE] + 5w [ — ]

k=1 k=1 k=1
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Using the definition of [Lk » and Proposition 1 we bound the first term as

X)ﬁEp%n p)1(e)] < 3 up Skl (39)

k=1 Ik,n
where T’ . is the 1ower bound on Ty, on €.

Note also that as ), Ty, = n, we also have ), E[T} ] = n. Using Equation 38 and
Equation 37 which provides an upper bound on £ on %ﬂ (and thus a lower bound on & on

T, n) we deduce

K 2
ZwkE[ fuke,n — Huk) H{é}} Z(—+24 K%/ %n‘l/ngmi{iQ&U) E[T},n)-
k=1

(39)

Using the fact that >, E[T ] = n, Equation 39 may be rewritten as

K

. Yo log(2/6) _ 12K5,\ 2
Zw/%E[(uk,n 7,Uk)2]1{§}} < (7 + 24aK?/3 %n 48 4 72) n
k=1

n
Yw.o  A4A8%,aK?? [log(2/6)
< (G0 + =7 «©

)
12K%2  1152a2K%/3log(2/5)  288K?%2,
+ + )n

n3 n8/3 c(9) n4
= N 48%,,aK?/3  [log(2/0)
on n4/3 c(9)
N 12K%2  1152a2K*/3 log(2/6) N 288 K2%2

n? nb/3 c(9) n3

Y2 48%,aK?%/3 1og(2/5) 300 1 5 4/3l0g(2/0)

< =W w KY3 =20 L k32 ).
S T Tan c(0) 7 (4a o0 )

From Lemma 2, we have E[(ﬂkn - uk)QH{fc}} < 2c1n?K§(1 + log(cz/2nK6)). Thus using
the last equation and the fact that & = n=7/2, the loss is bounded as
o | 488wk log(2/6) | 300 (10255 log(2/9)

L, <= K¥2) + 2en? K6(1 + log(cz/2n K6
~n n4/3 c(d) n? c(0) KRy ) + 2ein” KL+ log(cz/2nK0))
%2 96%,aK 1/3 300 91,9 2/3 9
S 7 + W log(n) (\/CQ + 1) + — (16 K 10g( )(\/CQ + 1) + sz)

+ 6¢1 K (¢ 4 1) log(n)n=3/2

¥2 0 2004y/ci(c2 + 2)E, K
< g T T IR (o) (v + 1)

n

365
+ 55 (16a2K2 log(n)(vez + 1) + K32 + ¢1(cz + 2)K log(n)

2:2 200,/c1(c2 +2) X K 365 - ) ,
=57 nA/3 log(n) + 3—/2(12901(02—1—2) K*log(n) +K§]w) _

2/3 2/3
where we use a < 2./2ci(c2 +2)log(n), c(6) = (%) (\/éﬂ) and E[|fgn —
1] ?L{€€} ] < 61K (c2 + 1) log(n)n=2/2. Those bound are made explicit in A.3.

O
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D Comments on problem independent bounds for MC-UCB and
GAFS-WL

D.1 Note on the problem independent bound for MC-UCB

An interesting question is whether it is possible to obtain a regret bound of order n=3/2
without the dependency on )\;iln. We provide a simple example that demonstrates that
MC-UCB does not possess this property.

Consider a problem with K = 2 arms with 0y = 1 and 092 = 0 and w; = we = 0.5. The
optimal allocation strategy for this problem is 77, =n -1, T3, =1 (we need only one
sample of the second arm to estimate its mean). Since Apin = 0 the bound in Theorem 1
is meaningless (although MC-UCB is still able to minimize the regret as demonstrated by
Theorem 2). Indeed, the definition of the upper-confidence bound on the standard deviation

forces the algorithm to pull each arm at least 9] (n?/3) times, including those arms with zero

variance. Hence in this example, arm 2 will be pulled O(n2/3) times, which results in under-
pulling arm 1 by the same amount, and thus, in worsening its estimation. It can be shown

that the resulting regret is 0] (n=%/3), which still decreases to zero faster than 1/n but with
a poorer rate. A sketch of the proof of this argument is as follows. Using the definition of
By, and Equation 18 (see Appendix B), since 62 = 0, we have that at any time ¢t +1 > 2

1 1 1
1 b) A Bojig = — (b1 /—). 40
2T1,t( + an 2,t+1 2Ty, Tos (40)

Let t+1 < n be the last time that arm 1 was pulled, i.e., T1 s = T1,, —1 and By 141 > Bo¢41.
From Equation 40, we have

Bii41 <

b 1
Bopi1 = —2 < By, < 7(1 b). 1
S g = T T AT, - * (41)

Now consider the two possible cases: 1) Ty, < n/2, in which case obviously T, > n/2
and 2) Ty, > n/2, in this case Equation 41 implies that Tb, > Th; = 6(712/3). Thus
in both cases, we may write T, = 6(712/3), which indicates that arm 2 (resp. arm 1) is
over-sampled (resp. under-sampled) by a number of pulls of order O(n%/3). By following
the same arguments as in the proof of Theorem 2, we deduce that the regret in this case is
of order 6(n_4/ 3). Note that this poorer rate is the result of over-sampling the arm with

the smaller variance (and as a consequence under-sampling at least one arm with a larger
variance).

Thus in the case of an arm with 0 standard deviation, the regret of MC-UCB is at least
O(n=4/3).

D.2 Note for a problem independent bound for GAFS-WL

Let n > 4 be the budget. We face a two-arms bandit problem with w; = wq = % and such

that (i) the distribution of the first arm is a Bernoulli of parameter p = # with € such
that 1/6 > ¢ > 0 and that (ii) the distribution of the second arm is such that oo = 1 and
bounded by c.

Note that

1 1
opl/Ate/2 So1s 1/Ate/2 and o2 =1,

because o1 = /p(1 — p) and that thus

—1/4—¢/2)2 —1/4—¢/2
(1+4+n ) < 1+3n < 1 n 1

L < —_— 4 —.
n= 4dn - 4dn ~ 4n = nb/Ate/2
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We run algorithm GAFS-WL on that problem. Note that algorithm GAFS-WL pull each
arm |ay/n] times and then pull the arms according to =z *.
We call {Xp,u}pzl,Z;uzl

Note that:

» the samples of the arms.

.....

1 ay/n
P(Xlﬁlzo,...,lel_a\/ﬁJZO)2(17n1/2+6)\/_
an” ¢

ay/n

> (1 —an")exp(—an~°) > (1 —an™)%

> (1- )V

Note on the other hand, that P(|65, 5 — 1| > 27”\/—2%&/(”) < §. This means that with

probability at least 1 — 2 exp(—ay/n/4), we have 65 , /m > 0.
The probability that &, , 7 = 0 goes to 1 when n goes to +oo. The probability that
09,aym > 0 goes to 1 when n goes to +0c0. This means that the probability that GAFS-WL

stops pulling arm 1 after ay/n pulls goes to 1 when n goes to +00, and arm 1 is under-pulled
if € < 1/2 (it should be pulled n3/4=¢/2).

Note that on the event such that (Xl,l =0,.... Xy |ayn) = 0), we know that iy .5 = 0.

Note also that we know that as arm 2 is gaussian, we have E(fi2, — pu2)? < L The

4an
performance of GAFS-WL then verifies

1 . ) BVRRY
Ln(Agars-wr) > i P(61 aym = 0)P(9 4 ym > 0) (n 1/2 )

> ﬁ + (1~ 2exp(—ay/i/4)(1 —an~)? (n%)
1 8 a 1
Zﬂ‘F(l—m)(l— E)W
1 1 8 2a
= 4n + nlt2e  gp3/2+2  pl+3e
1 1 10max(a,1/a)
~ 4n n1+26 n1+36 ’

where the last line is obtained using the fact that ¢ < 1/6.

The loss thus verifies

1 10 max(a,1/a) 1
R, (Agars-—wr) > T 113 T 5/Ate/2
1 11 max(a,1/a)
= plt2e nl+3e ’

again because € < 1/6. This implies that for n such that n > (%@m/a))l/e’ we have

1

Ru(Acars-wr) 2 5550

with e arbitrarily close to 0.
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