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Abstract: We study optimal stochastic control problems with jumps under model
uncertainty. We rewrite such problems as (zero-sum) stochastic differential games
of forward-backward stochastic differential equations. We prove general stochastic
maximum principles for such games, both in the zero-sum case (finding conditions
for saddle points) and for the non-zero sum games (finding conditions for Nash
equilibria). We then apply these results to study optimal portfolio and consumption
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by the stochastic maximum principles with Malliavin calculus to obtain a set of
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Jeux différentiels stochastiques et controle
stochastique avec ambiguité de modéles

Résumé : On étudie des problémes de contrble stochastique de diffu-
sions avec sauts avec ambiguité de modéles, que 1'on réécrit comme des jeux
différentiels stochastiques & somme nulle d’équations différentielles stochas-
tiques “forward-backward”. On démontre des principes du maximum sto-
chastiques généraux pour de tels jeux, & la fois dans le cas & somme nulle
(conditions d’existence de points selles) et dans le cas général (conditions
pour un équilibre de Nash). Ces résultats sont appliqués a ’étude de prob-
lémes de portefeuilles et consommation optimale avec ambiguité de modéle.
En combinant les conditions d’optimalité obtenus par les principes du maxi-
mum stochastiques avec des techniques de calcul de Malliavin, on obtient la
caractérisation des stratégies optimales.

Mots-clés : Equations différentielles stochastiques forward et rétrogrades,
jeux différentiels stochastiques, principes du maximum stochastique, incerti-
tude de modéle, portefeuille optimal, diffusions avec sauts
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1 Introduction

One of the aftereffects of the financial crisis is the increased awareness of the
need for more advanced modeling in mathematical finance, and a focus of
attention is on the problem of model uncertainty. This paper is motivated
by a topic of this type. We consider a stochastic system described by a gen-
eral [t6-Lévy process controlled by an agent. The performance functional is
expressed as the (Q-expectation of an integrated profit rate plus a terminal
payoff, where @) is a probability measure absolutely continuous with respect
to the original probability measure P. We may regard () as a scenario mea-
sure controlled by the market or the environment. If () = P the problem
becomes a classical stochastic control problem of the type studied in [I5]. If
(@ is uncertain, however, the agent might seek the strategy which maximizes
the performance in the worst possible choice of (). This leads to a stochastic
differential game between the agent and the market. Our approach is the fol-
lowing: We write the performance functional as the value at time ¢t = 0 of the
solution of an associated backward stochastic differential equation (BSDE).
Thus we arrive at a (zero sum) stochastic differential game of a system of
forward-backward SDEs (FBSDEs) that we study by the maximum principle
approach.

There are several papers of related content. Stochastic control of forward-
backward SDEs (FBSDEs) has been studied in [I6] and in [2] a maximum
principle for stochastic differential g-expectation games of SDEs is developed.
The papers [I1], [I8] and [19] also study optimal portfolio under model un-
certainty by means of BSDEs, but the approaches there are strongly linked
to the exponential utility case. A key feature of the current paper is that it
applies to general utility functions and also general dynamics for the state
process.

Our paper is organised as follows: in Section 2| we state general stochas-
tic maximum principles for stochastic differential games, both in the zero-
sum case (finding conditions for saddle points) and for the non-zero sum
games (finding conditions for Nash equilibria). The proofs are given in Ap-
pendix [A] In Section [3] we consider stochastic control problems under un-
certainty. We formulate these problems as (zero sum) stochastic differential
games of forward-backward SDEs (FBSDEs) and we study them by the maxi-
mum principle approach of Section [2} In Section [4] we apply these techniques
to study an optimal portfolio and consumption problem under model un-
certainty. Using the solution for linear Malliavin—differential type equations
given in [16] we arrive at a set of equations which determine the optimal port-
folio and consumption of the agent and the corresponding optimal portfolio
scenario measure of the market.

RR n® 7776
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2 Maximum principles for stochastic differen-
tial games of forward-backward stochastic dif-
ferential equations

In this section, we formulate and prove a sufficient and a necessary maximum
principle for general stochastic differential games (not necessarily zero-sum
games) of forward-backward SDEs. Let (2, {F;}+>0, P) be a filtered proba-
bility space. Consider a controlled forward SDE of the form

dX (t) = dX“(t) = b(t, X (t),u(t))dt + o(t, X (t),u(t))dB(t)
- /Rv(t,X(t),u(t),C)N(dt,d() ; X(0)=xz€R. (2.1)

where B is a Brownian motion, and N(dt,d¢) = N(dt,d¢) — v(d¢)dt is an
independent compensated Poisson random measure where v is the Lévy mea-
sure of N such that [, (*v(d¢) < oo. We assume that IF' = {F;,t > 0} is
the natural filtration associated with B and N. Here u = (uy,us), where
u;(t) is the control of player i ; i = 1,2. We assume that we are given two
subfiltrations

representing the information available to player ¢ at time ¢ ; ¢+ = 1,2. We let
A; denote a given set of admissible control processes for player ¢, contained
in the set of S,fl)-predictable processes ; i = 1,2, with values in 4; ¢ R,
d > 1. Denote U = A; x A,.

We consider the associated backward SDE’s (i.e. BSDESs) in the un-
knowns Y;(t), Z;(t), K;(t, () of the form

+ Z;(t)dB(t) + / Ki(t,O)N(dt,d¢) ; 0<t<T
Yi(T) = hi(X(T)) 5 i = 1,2. (2.3)

Here g;(t,y,z,k,u) : [0,T] X RXxR xR XxU — R and h; : R — R are
given functions such that the BSDEs have unique solutions.

Let fi(t,z,u) : [0,T] x Rx U — R, p;(z) : R — R and ¢;(z) : R — R
be given profit rates, bequest functions and ‘risk evaluations” respectively,
of player i ; ¢ = 1,2. Define

Ji(u) =E [/0 Fit, X (@), u(®)dt + (X (D)) + ¢5(Yi(0) | 5 i=1,2,
(2.4)

RR n® 7776
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provided the integrals and expectations exist. We call J;(u) the performance
functional of player i ; i =1, 2.

A Nash equilibrium for the FBSDE game (2.1)-(2.4) is a pair (a1,a) €
A1 x Ay such that

Jl(ul,ﬁ2> S Jl(?ll,’ag) for all U € Al (25)
and
Jg(ﬁl, Ug) S Jg(ﬁl, ﬁ,g) for all Uy € AQ. (26)

Heuristically this means that player ¢ has no incentive to deviate from
the control @;, as long as player j (j # i) does not deviate from @, ; i =
1,2. Therefore a Nash equilibrium is in some cases a likely outcome of a
game. We now present a method to find it, based on the maximum principle
for stochastic control. Our result may be regarded as an extension of the
maximum principles for FBSDEs in [I6] and for (forward) SDE games in [2].

Define the Hamiltonians

Hi(t,x,y, z, k,ug, ug, A\, p, g, 1) = [0, TIXRXRXRXRXA; X Agx RXRXRXR — R
of this game by
Hi<t7x7ya Z, k7u17u2a )‘7p7Q7r> - fi(t7x7u17u2) + Agi<t)x7y727 kauhu?) —l—pb(t,x,ul,uQ)

+ qa(ta T, U, u?) + / T(C)"Y(t, T, Uy, ug, C)V(dC) ; = 17 27
R
(2.7)

where R is the set of functions from Ry into R such that the integral in ([2.7)
converges.

We assume that H; is Fréchet differentiable (C') in the variables z, y, 2, k, u
i=1,2.

In the following, we are using the shorthand notation

and similarly for the other partial derivatives of H;.
To these Hamiltonians we associate a system of FBSDEs in the adjoint
processes \;(t), p;(t), q;(t) and r;(t, () as follows:

(i) Forward SDE in X;(t):
10
MO = ul(vi0) (- ‘;‘Z (Y;<0)>)

dhi(t)

/ka t,O)N(dt,d(); 0<t<T

(2.8)

RR n® 7776
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(ii) Backward SDE in p;(t), ¢;(t), :(t, ():

() =~ Ot + OB + [ n6ON @) 0<e<T

pi(T) = i(X(T)) + Ry (X(T))N(T).
(2.9)

See Appendix [A| for an explanation of the gradient operator V,H;(t,() =
Vi H;(t, ¢)(-).

Theorem 2.1 (Sufficient maximum principle for FBSDE games) Let
(i1, G1g) € Ay x Ay with corresponding solutions X (t), Y;(t), Zi(t), Ki(t), Mi(t), pi(t), ¢ (1), 7:(t, ¢)

of equations (| -, -, . and . 2.9) for i = 1,2. Suppose that the fol-

lowing holds:

o (Concavity I) The functions v — hi(z),x — ¢i(x),x — P;(z) are
concave, 1 = 1,2.

e (The conditional maximum principle)

mazoe s, {E[H (t, X (£), Yi(t), Z1(£), Ky (¢, ), 0, (), M (E), br(2), @a (1), 71 (2, ) | €] 5

— E[H, (t, X (1), Vi(£), Z1(£), Ky (£, ), (), da(2), A (£), P (1), @(t)(,;ll (55 ) | Y]

and similarly

e (Concavity I1I) (The Arrow conditions). The functions

ill(ilf,y,Z,k) ‘= Inax E[Hl(taxayaZakavlaa2(t)7j\l(t)vﬁl(t%dl(t)alfl(ta')) ’ gt(l)]?

v1€A1

and

iLQ(ZL‘,y,Z,/{?) ‘= Inax E[Hz(t r,Y, %, k U1( ) U275‘2<t)7]52(t)7@2(t)7f2(t7')) | 515(2)]

v2 €A2

are concave for allt, a.s.

RR n® 7776
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e Moreover, assume the following growth conditions hold:

gy ' {00 - a7+ [ 0.0 - #tt.)via0)
(X(1) - X(0)? }ﬁ(t) + [ ov(do]

2

v(dC)

+ (Yi(t) = Yil0))? <83H> 0+ [ [veo

+A2(1) [(Zi(t) - ZL@))? v /R (K(t,¢) — Kilt, g))%(dg)} } dt} < o0 fori=1,2.
(2.12)

Then u(t) = (u1(t), uz(t)) is a Nash equilibrium for (2.1])-(2.4).

Remark 2.2 Above we have used the following shorthand notation:

Ifi =1, then X (t) = X" (t) and Yi(t) = Yl(ul’ﬁz)(t) are the processes
corresponding to the control u(t) = (uy(t), Gs(t)), while X(t) = X@(t) and
Yit) = Yl(ﬂ)(t) are those corresponding to the control u(t) = (u1(t), us(t)).
An analogue notation is used for i = 2.

Moreover, we put

OH,
ox

(t) = %(tX(t)vﬁ(t% Ai<t)a Ki(ta ')7ﬂ(t)7 j‘i(t)vﬁi(t)v(ji(t)vfi(t ))

H. .
and similarly with %(t) and Vi H;(t,(),i=1,2.
z

Proof.  See Appendix [A] O

It is also of interest to prove a version of the maximum principle which
does not require the concavity conditions. One such version is the following
necessary mazximum principle (Theorem [2.3]) which requires the following

RR n® 7776
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assumptions:

e For all ty € [0, 7] and all bounded, Et(i)—measurable random variables o;(w),
the control 5;(t) := x,1)(t)ai(w) belongs to A; ; i = 1,2 (2.13)

e For all u;, 5; € A; with §; bounded there exists §; > 0 such that the control

w;(t) == u;(t) + sGi(t) ; t € [0,T] belongs to A; for all s € (=d;,9;) ; i =1,2.

(2.14)
e The following derivative processes exist and belong to L*([0,T] x ) :
(2.15)
na(0) = XTI | ) = V) |y
ds T ds ! =
d U1-T8sP1,u2 d U1TSP1,U2
at) = 220 o s ka(6,0) = KT () |

d
and, similarly z5(t) = d—X(ul’“2+5ﬁ2)(t) |s=0 etc.
s

Note that since X (0) = z for all u we have 2;(0) = 0 for i = 1, 2.
In the following we write

ob ob
5 (1) for = (t, X(t), u(?)) ete.

By (2.1) and (2.3 we have

dr,(t) = {%(t)xl(t) + %(t)ﬁl (t)} dt + {%(t)xl(t) + g—;(t)ﬁl (t)} dB(t)
+ /R {%(zﬁ, Qar(t) + %(t,()ﬂl(t)} N(dt, d¢), (2.16)

in(0) =~ { T On0) + Z2Omo) + 2000

+ [ Vit b1, ) + 2215, <t>} i

T 2(1)dB () + / B (6, ON(dEdC); 0< t < T,
1 (T) = hy (X (T)) (T), (2.17)

and similarly for dxs(t), dys(t).

We are now ready to state a necessary maximum principle, which is an
extension of Theorem 3.1 in [2] and Theorem 3.1 in [I6]. In the sequel, 2£
means V,H.

RR n® 7776
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Theorem 2.3 (Necessary maximum principle) Suppose u € A with cor-
responding solutions X( ), Yi(t), Zi(t), K;(t, C) ( ) (t),qi(t),ri(t, () of equa-

tions ( . . and (| . Suppose (2 , and hold.

Moreover, assume that

[ {p?@ [(g—g@m(w -2 i)

ri(t, Qv(d]))

FROE + [ K00n0)
#20) (1O + [ 190l a0 ) |

Then the following are equivalent:

+
&
=N
i~y
=
<
R
=
_l_

%\%\

dt < oo fori=1,2.

(2.18)

(1)
iJ(u + 501, ug) | —iJ(u Ug + 5P3) |s=0=10
75 1w 1 Ug) |s=0= —= /ot Uy 2) |s=0=
for all bounded (5, € Ay, (2 € As.
(ii)

E{%Hl(t X0,V (0), 20 (8), K (£, )00, un(8). M (), pr (D) ()7 h-))\&‘”} B

—F {E;ngiz(t,)((t)7}a(t),232(t),f(é(t,');ul(t)7v2;A2(t),p2(t)aQ2(t)7T2(ta’))| 6§2’]

=0.

v2=u2 (t)

Proof.  See Appendix [A] O

The zero-sum game case. In the zero-sum case we have

Jl(ul, UQ) —+ JQ(ul, u2) =0. (219)

RR n® 7776
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Then the Nash equilibrium (u4, 49) € A; X Aj satisfying ([2.5)-(2.6) becomes
a saddle point for J(uy,us) := Ji(ug,uz). To see this, note that (2.5))-(2.6)
imply that

Ji(ur,Gg) < Ji(Qg, Ue) = —Jo(ty, ta) < —Jo(Uy, ug)

and hence
J(uy, tg) < J(Uy, us) < J(Uy,uy) for all uy, us.

From this we deduce that

inf  sup J(ug,uz) < sup J(ug,s) < J(Uy,us)

u2€A2 4y e Ay u; €A1
< inf J(Gy,ug) < sup inf J(ug,us). (2.20)
uz€A2 ul €A, u2€A2

Since we always have inf sup > supinf, we conclude that

inf - sup J(ur,uz) = sup J(uy, ) = J(t1, Uo)

u2€A2 4y c Ay ur €A1
= inf J(ty,ug) = sup inf J(uq,us). (2.21)
uz €A u €A, W2€A2

Le. (Gy,09) € Ay X Ay is a saddle point for J(uy,us).
We now state the necessary maximum principle for the zero sum game
problem:

Choose g; = g,hi = h, f1 = [ = —fo, 01 = 0o = —pp and ¢, = ¢ =
—1g ; 1 =1,2. For u = (u1,us) € Ay x Ay define

J(ur,uz) = [/ F, X (1), ult))dt + o(X(T)) + (Y0 ))}, (2.22)

where X (t),Y(t) = Y;(t), Z(t) = Z;(t) and K(t,{) = K;(t,() are defined
by (2.1)) and (2.3). In this case only one Hamiltonian is needed, namely (see
(2.7)):

H(taxmya Z, k7u17u27/\7p7QaT> = f(t7x7u17u2) + /\g<t7x7y727 k7u17u2) —l—pb(t,x,ul,uQ)
+q0_(t>x7ulau2) +/T(C)’y(t,x,ul,ug,C)V(dC)-
R
(2.23)
Let A\= X\, p=pi, q=¢q;and r =r; i = 1,2 be as in (2.8)-(2.9).

Theorem 2.4 (Necessary maximum principle for zero-sum forward-backward games)
Assume the conditions of Theorem [2.3 hold. Then the following are equiva-
lent:

RR n® 7776
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(1)
%J(ul + 561, 2) lo=o= %J(ul,w + 502) |s=0= 0 (2.24)
for all bounded By € Ay, 35 € As.
(ii)
E L%H(t X(1),Y (1), Z(t), K(t,-), v1, us(t), A(t), p(t), q(t), r(t,)) | Et(”} »
—F [a%ﬂ(t X (1), Y (t), Z(t), K(t,-),us (1), v2, \(1), p(t), q(t), (L, -)) | é’fﬂ »
- (2.25)

Proof.  The proof is similar to the proof of Theorem [2.3] and is omitted. OJ

Corollary 2.5 Let u = (uj,us) € Ay X As be a Nash equilibrium (saddle
point) for the zero-sum game in Theorem [2.4. Then (2.25)) holds.

Proof.  This follows from Theorem by noting that if u = (uy,us) is a
Nash equilibrium, then (2.24)) holds by (2.21). d

Similarly we get

Theorem 2.6 [Sufficient maximum principle for zero-sum forward-backward
games]/
Let H(t,z,y,2, k,ui,u2, A\, p,q,7) be as in Let (t1,109) € Ay X
Ay, with correspondmg solutzons X( ), Y (1), (t),K(t A1), (1), (1), 7#(t,€)
hi =h

of equation (2.1)), 2.2), (2.8) and [2.9) for g; = g, Jfi=f,0i = ¢ and

W = 1. Suppose the followmg holds

(2

e The functions
r — h(z), z — p(x) and x — P(x) (2.26)
are affine.

e (The conditional mazimum principle)

~

max E[H(t, X (1), Y(t), Z(t), K(t, ), v1, @a(t), \(£), p(t), 4(t), (£, ) | EV]

v1€A1

= BEH(t, X(1), Y (1), Z(t), K(t,-), a1 (1), @a(t), \(t), 5(1), 4(£), 7(t,-)) | €]
(2.27)

RR n® 7776
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and

min E[H(t, X (), Y (t), Z(t), K(t,-), @ (t), v, A(t), p(t), (1), 7 (¢, ) | E]

V2 €A2

= BE[H(t, X(t),Y (t), Z(t), K(t,), 0 (t), aa(t), (), p(t), 4(t), 7 (2, ) | £7].
(2.28)

e (The Arrow conditions) The function

h(z,y, 2, k) == max E[H(t,z,y, 2,k v1, (), (), p(t), 4(t), 7 (£, -)) | €]

v1€AL

is concave, and the function

V ~
h(z,y,2 k) = min E[H(t,x,y, 2,k @1(t), ve, Nt), p(t), 4(1), 7(t, ) | €2

va€As
is convez, for allt € [0,T], a.s.
e The growth condition holds with p; = p etc.
Then a(t) = (u1(t), ua(t)) is a saddle point for J(uy,us).

Proof.  The proof is similar to the proof of Theorem [2.1] and is omitted. [

3 Stochastic control under model uncertainty
Let X(t) = X(t) be a controlled Ito-Lévy process of the form
dX(t) = b(t, X(t),v(t))dt +o(t, X(t),v(t))dB(t)
+/R’y(t,X(t),v(t),C)N(dt,d(); 0<t<T
X(0)=z€R (3.1)

where v(+) is the control process.
We consider a model uncertainty setup, represented by a probability mea-
sure Q = QY which is equivalent to P, with the Radon-Nikodym derivative

on F; given by
d(Q | F)

arrr) ¢ .

RR n® 7776
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where, for 0 <t < T, G°(t) is a martingale of the form

4GP (t) = G¥(1) B0 (£)AB(E) + / 01 (t, Q)N (dt, dC))
GY(0) = 1. (3.3)

Here 0 = (0o, 6,) may be regarded as a scenario control. Let A; denote a
given family of admissible controls v and A; denote a given set of admissible

scenario controls 6 such that E[fOT{|03(t)| + [o 03(t, Qv (d¢)}dt] < oo and
61(t,() > —14-¢ for some € > 0. Let ESQKT and Séi)KT be given subfiltrations
of Fy<i<r, representing the information available to the controllers at time ¢.
It is required that v € A; be £!-predictable, and 6 € A, be E-predictable.
We consider the stochastic differential game to find (,60) € A; x Ay such
that

sup inf Ego (W(v,0)] = EqslW(0,0)] = inf sup Fgo (W(v,0)], (3.4)

where

W (v, 0) = Us(X*(T)) + /0 Un(s, XV (s),v(s))ds + /0 p(O(t))dt. (3.5

Here, Uy : [0,T]xRxV — Rand U; : R — R are given functions, concave and
increasing with a str1ctly decreasing derivative, and p is a convex function.
The term A(0) := Ege fo (t))dt] can be seen as a penalty term, penalizing
the difference between QQ? and the original probability measure P.

Put

F(t,z,u) = U (t,z,v) + p(0); u= (v,0) = (c,7,00,6). (3.6)
Then
Eqo[W (v,0)] = B[G*(T)Us(X¥(T)) +/ G(s)F(s, X"(s),u(s))ds]. (3.7)

0
We now define Y () = Y%(¢) by

G(T) v T Gs) v .
&) Uy (X(T)) +/ a0 F(s, X (s),u(s))ds | F]; te€][0,T].

t
(3.8)
Then we recognize Y (t) as the solution of the linear BSDE (see Lemma B.1)

AV (0) = ~[P(X(0.0(0) + 00)Z0) + | 00 OK (. OvidoNat

Y(t) = E|

/th (dt,d¢);0<t<T (3.9)
Y(T) = Uy(X*(T

RR n® 7776
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Note that
Y (0) = Y(0) = Ego[W (v, 0)]. (3.10)

Therefore the problem (3.4)) can be written

v,0 _ ’ﬁ,é _ v,0
vs;l}l)l aleri Y9(0) =Y*%(0) = elenfi Useuj)l Y*?(0), (3.11)

where Y??(t) is given by the forward-backward system (3.1 & (3.9). This is
a zero-sum stochastic differential game (SDG) of forward-backward SDEs of

the form (2.22) with f = ¢ =0 and ¢ = Id.
Proceeding as in Section [2] define the Hamiltonian

H: 0TI XxRXxRXRyXxRXxA x A xRxRxRxR —=R
by
H(t,x,y,z, k0,0, \,p,q,r) = [F(t,z,u) + Oz + /R@l(g)k:(g)y(d()])\
+b(t,x,v)p~|—0(t,a:,v)q+/V(t,x,v,g)r(g)u(d@.
’ (3.12)

where R is the set of functions r : Ry — R such that (3.12) converge. Define
a pair of FBSDEs in the adjoint processes A(t), p(t), ¢(t), (¢, () as follows:
Forward SDE for A(¢):

dA(t) = %ZI (t )dt+ - / Vo H(t, O)N(dt, d¢)
— ABB()AB(E) + A1) / 0u(1,C) ()N (dt, dC); t € [0,T)
A0) =1 (3.13)

Backward SDE for p(t), ¢(t), r(t,():

dplt) = =S O + 0B + [ r(8.) N at, )

= (G0 4 )5 0+ aOF20 + [ r(t. O Ovlde) )

+q(t)dB(t) + / r(t,O)N(dt,d¢); te0,T]
p(T) = MT)Uy(X(T)). (3.14)
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Here we have used the abbreviated notation

Gy (0= G0 X O,V (0, 20, K (0., 0(0), 00, M), 1), 1), (2,

and similarly for the other partial derivatives. We now present a necessary
maximum principle for the forward-backward stochastic differential game

(13-1), (3.9), (3.11) by adapting Theorem to this case.

Theorem 3.1 Suppose that the conditions of Theorem. hold Let (v, 9)
A1 x Ay, with correspondmg solutzons X(t),Y(t), Z(t), K(t, -), (), pt), 4(t), 7(t, )

of equations ( , , and - Suppose (3.11)) holds, together

with (2.12)). Then the followmg holds:

BAW G 6, X (0, 000) + p(e) . (6, X (0), 09
()5 X (0),5(0) + it QT4 X(0), 0(0), w(dc) | £ =0
BN (o ((0) + 2(0) | €)= 0
BIN)(Vo, F(t, X (1), (1)) + / (Kt Qud)) | €] =
Note that both Vg, I and [, (-)K (¢, ¢)v(d() are linear functionals, the latter

being defined by the action

s0—>/ v(dc)

for all bounded continuous functions ¢ : Ry — R.

4 Portfolio and consumption problem under model
uncertainty

We now apply this to the following portfolio and consumption problem under
model uncertainty. Consider a financial market consisting of a bond with unit
price So(t) =1; 0 <t <T, and a stock, with unit price S(t) given by

dS(t) = S(t7)[bo(t)dt + oo(t)dB(t) + / Wt ON@L A, (41)

RR n® 7776



Forward-backward SDE games and stochastic control under model uncertainty 16

where by(t) = bo(t,w), oo(t) = oo(t,w) and 4o(t,{) = (¢, (,w) are given
{F:}-predictable processes such that 7y > —1 + € for some € > 0 and

B[ (m(0)]+ o30) + [ 536 0Ov(de)}at) < o

Note that this system is non—Markovian since the coefficients are random
processes.
We introduce the state price density I'(¢) defined by

Iww:wqf—%@%M@—%A7M@ﬂw. (4.2)

o 0o(s) oo(s)

Let X (t) = X"(t) be the wealth process corresponding to a portfolio 7(t)
and a consumption rate c(t), i.e.

dX(t) = 7(t)[bo(t)dt + oo(t)dB(t) + [uv0(t, Q)N (dt,d()] — c(t)dt, t € [0,T)
X(0) ==zeR,
(4.3)
and put v = (m,c). We consider the stochastic differential game ([3.4)-(3.5).
For i = 1,2, I; will denote the inverse of U/, in the sense that

Liy) = { (()Ui,)_l(y% 2 i ZS . (4.4)

where y; = lim, o+ U/(x). We assume that p’(€) has an inverse.
We have seen in Section |3| that the problem (3.4)-(3.5) can be written as

inf Y*(0) = Y*(0) = inf sup V"’ 4.
sup nf (0) (0) Anf, sup (0), (4.5)

where Y (t) = Y"?(t) is given by equation (3.9) and (4.3).
We now apply the necessary maximum principle given by Theorem [3.1]
The Hamiltonian for the problem (4.5)) is, by (3.12]),
H(t, T,Y,z, k: v, 97 >\ap7 q, T) = [Ul(t7 C) + p(e) + 902 + / 91(()k(()y<d<)]>\
R

+w%@—wW+W%@q+¢4%@xw«wwo
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The forward SDE for A(t) = Ag(¢) and the BSDE for p(t), q(¢), (¢, ¢) are (see
EI)- E11)

A = AOIB(OAB() + [ (6, ON O t € [0.7)

M0) =1 (4.6)

dp(t) = g(O)aB0) + [ (6Nt dz); t€ 0.7
R
p(T) = MT)U(X(T)). (4.7)
Maximizing H with respect to (¢, 7) gives the following first order conditions:

B | 6T 1 e0) = Bl | €] (48)

Elbo(t)p(t) + oo(t)q(t) + / Wt Ort,Qrdd) [ Y] =0 (4.9)

Minimizing H with respect to § = (6p,0;) gives the following first order
conditions:

%p(e(t)) +E[Z1t) | EP) =0 (4.10)
Vo p(6(6))() + E| / (YKt OrdC) | 2] = 0 (4.11)

We now restrict ourselves to the case when there are no jumps, i.e. N =
v=K =10, =0and 5t(1) = 5t(2) = F;. For simplicity of notation, we write
instead of #y. Then equations (4.6))-(4.11) simplify to:

t t 1

MO = exp( | 0(s)aB(s) — | 50°(s)ds) (4.12)
plt) = EINT)UY(X(T)) | i (4.13)
MO DLt cl1) = o) (4.14)
bolt)p(t) + oo(t)a(t) = 0 (4.15)
J(08) + Z(t) = 0 (4.16)
and by the generalized Clark-Ocone formula [I],
lt) = EID(NT)UL(X(T))) | 7, (.17)
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where D; denotes the Malliavin derivative at ¢ with respect to B(-). (See e.g.
I7l)-
The FBSDEs (4.3))-(3.9) simplify to:

dX (1) = 7(t)[bo(t)dt + oo(t)dB(t)] — c(t)dt, 0<t<T

X(0)=x2>0 (4.18)
dY (t) = =[Us(t,c(t)) + p(0(t)) + 0(t) Z(t)|dt + Z(t)dB(t); 0 <t <T
Y (T) = Uy(X(T)). (4.19)
Put
R = p(T) = NT)UYX(T)) (420)
Then (4.15) can be written
W(t)E[R | ] + oo(t) E[DR | F] = 0. (121)

Following [16] we call this a Malliavin-differential type equation in the un-
known random variable R. By Theorem A.1 in [I6], the general solution of
this equation is R = Rg(T); where

Rs(t) = BL(t); 0<t < T, (4.22)

for some constant [, where I'(¢) is defined in (4.2]). Note that Rs(t) is a
martingale. Hence since p(T") = Rs(T'), we get by (4.13) that

p(t) = Rs(t); 0 <t <T. (4.23)
Modulo the unknown constant [ we can now find the optimal terminal wealth
T) by (4.20) as follows:
BL(T)
X3(T)=1 4.24
A7) = L), (1.21)
Similarly the optimal consumption rate is, by -
r
c(t) = ca(t) = Li(t, ﬁ_@))’ 0<t<T (4.25)
A(t)
The optimal scenario parameter is, by ({4.16))
0(t) =0°(t) = (p) " (=Zs(t); 0<t<T (4.26)

where (Yj(t), Zs(t)) is the solution of the corresponding BSDE (4.19)), i.e.
dYp(t) = —[Ur(t, cs(t)) + p(0(2)) + 0(t) Zs(t)]dE + Zp(t)dB(t); 0 <t <T

BL(T)
) (4.27)

Ys(T) = Us(I(
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Let us consider the case when
Uy = ¢ =0 (no consumption) and p(f) = %02. (4.28)

Substituting into , we get
dYs(t) = %Hg(t)dt —0(t)dB(t); 0<t<T

Ys(T) = U2(f2(ﬂf((TT))))-

Integrating (4.29)), and using (4.12) at ¢t = T', we get

(4.29)

—%/0 92(s)ds+/0 0(s)dB(s) = Y3(0) = Do), (430

Taking exponentials in (4.30) we obtain

T T
MT) = exp ( / 0(s)dB(s) — / 92(3)(13) .. 27 1) -
0 2 Jo exp(Us(I(5)))
(4.31)
Therefore A(t) is given as the solution of the BSDE (or more precisely SDE
with terminal condition)

dX(t) = AXt)0t)dB(t); 0<t<T
(1) = ADIWABE) 0 <1 < wa
M) =L
where L = L([3,Y5(0)) is the solution of the equation:
T
Lesp(Ua(L(TT)) = o) (4.33)
By the generalized Clark-Ocone formula [I] this gives
A0)O(t) = EIDL | F]; 0<t<T. (4.34)
By and (4.34)), we have:
d\(t) = FE|D,L dB(t); 0<t<T
(1) = EIDL| F)B{): 0<t < .
A0) =1
and E\D.L | F
o(t) [ ;(t)| d L 0<t<T. (4.36)
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Note that E[L] =1 by the martingale property of A(¢).
It remains to determine $ and Y3(0). To this end, we consider the equa-
tion (4.18]) for X (¢) as a BSDE as follows:

Put 3
Z5(t) = w(oolt).

Then ~ ®

_ Zslt
(t) = 22 (4.37)

and becomes, using ([4.24),

dX(t) = 30—8Zﬁ(t)dt + Zg(t)dB(t); (4.38)
X(1) = 1,2 FL(T)). (4.39)

The solution of this linear BSDE is

L 2 00(s) oo(s)
— B[’ FL(T))FF% | 7). (4.40)
In particular, putting ¢ = 0, we get
x = E[Ig(ﬁ FL(T))F(T)] (4.41)

Finally, by taking expectation in (4.30), we deduce that

0) = B [P0 - [ e (1.42)

which, together with (4.41) gives the value of # and the solution Yj3(0) =
Y79(0) of (3.11).

We summarize what we have proved

Theorem 4.1 Consider the problem to find (7, 6) such that

sup inf Ege[W(v,0)] = E

reA; 0€A2 Qo [W(ﬂ-’ 9)] = inf Sup EQ9 [W(’]T, 9)]’ (443)

0cAa ye Ay
with .
W(m, 0) = Uy(X™(T)) + / 0(t)*dt (4.44)
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where

dX (t) = 7()[bo(t)dt + oo(t)dB(t)], 0<t<T
X(0) =z > 0. (4.45)

This problem is equivalent to

. 7,0 — fr,é — v,0
:él,zeleriy (0) = Y™%(0) elenfi:élAplY (0), (4.46)

where Y = Y™ is given by
Y (t) = —[%9@)2 +0(t)Z(t)|dt + Z(t)dB(t); 0 <t <T
Y(T) = Usy(X(T)). (4.47)

Then, the optimal scenario parameter is
t
0 = E[D.L | F](1 —1—/ E[D,L | F,JdB(s))"".
0

The optimal portfolio 7 is given by

DX (1)
Uo(t)

T =

where X (t) is the optimal state process given by ([£.40), with 3 and Y3(0) given
by (4.41)-(4.42) with 0 =60, and hence L = L(3,Y3(0)) given by (4.33)).

Proof. = The argument above shows that, by the necessary maximum prin-
ciple (Theorem , if there is an optimal pair (7, é), then it is given as in
the theorem.

Conversely, if we define (#, ) as in the theorem, we can show that (7, 6)
must be optimal, as follows:

Fix an arbitrary # € A; in the BSDE (4.47)). Then, proceeding as in
[19], by the comparison theorem for BSDEs, we obtain the minimal value
Y”’é(O) and its minimizer  simply by minimizing the driver of (@.47), ie.
by minimizing for each ¢ and w the function:

1
6 — 502 +07Z(t).

This gives
0(t) = —2Z(t), (4.48)

RR n°® 7776



Forward-backward SDE games and stochastic control under model uncertainty 22

which is identical to (4.16)). Substituting this into (4.47), we have reduced
the original game problem to the following FBSDE control problem:
Find © € A; such that

sup Y™ (0) = Y™(0), (4.49)

TeA
where
dY™(t) = %Z(t)th + Z(t)dB(t); 0<t<T
Y™ (T) = Up(X™(T)) (4.50)

and X™(t) given in (4.45]). This problem is of the type discussed in [16]. If we
apply the sufficient maximum principle (Theorem 2.3) of that paper, we get
that the optimal 7 is given as the maximizer 7 of the associated Hamiltonian:

1
H()(ta x,Y,z,m, )‘7p7 Q) = _§>\Z2 + ﬂ-(p b0<t) + qo—O(t)) (451>
This gives the equation

p(t) bo(t) +q(t)oo(t) = 0, (4.52)

which is (4.15)). Moreover, again by Theorem 2.3 in [16], the equation for the
associated process A(t) is

dN(t) = —Z(H)A(H)dB(t) = ANB)O(t)dB(t), (4.53)
A0) =1 (4.54)

which is ([£.12). We conclude that, since the pair (#,6) of Theorem
does indeed satisfy the sufficient conditions (4.48)), (4.52)), and (4.53)), it also

satisfies all the conditions of the sufficient maximum principle of Theorem
2.3 in [16] and hence the pair is optimal. O
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The logarithmic utility case. In this case, substituting U(z) = Inz and
L(z) = % in the general formulas above, we get:

3= é (4.55)
F(T)l/Z

L= EINGIE (4.56)

0 = E[D,L | F](1+ / t E[D,L | F,JdB(s))™* (4.57)

Y5(0) =Inz+ E UO (%(gz(é)))? — 0%(s))ds (4.58)

o E[D(T)'? | 7]

X(0) = g (4.59)

The case with no model uncertainty. In this case, § = 0 and A = 1
and the problem reduces to maximizing

WWZMAUNﬂmﬁ+%W@m

which is a classical optimal portfolio/consumption problem. Then the opti-
mal terminal wealth X (7") is given by :

Xp(T') = L(BL(T))
and by (4.25)), and the optimal consumption rate ¢(t) is given by
s(t) = 1(1, BT(0).

To find the unknown [, we consider the equation (4.18)) for X (¢) as a BSDE
as follows: Put

Zs(t) = n(t)o(r).
Then ~
(t) = fﬁg; (4.60)
and becomes, using ([4.24),
dX(t) = (32—826(75) — I(t, BU()))dt + Zs(t)dB(t); (4.61)
X(T) = L3 (T)) (162)
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The solution of this linear BSDE is

X(t) = E[IQ(B.F(T))% + /t ?8 L(s, 3.0(s))ds | F.

Putting t = 0, we get

z = E[L(BT(T)I(T) + /O [(s) Ly (s, BT (s))ds]

and this equation determines 3. We thus recover by a completely different
method the results obtained by the classical martingale method, (see e.g. [5],
Chapter 3).

A Proofs of the maximum principles for FB-
SDE games

We first recall some basic concepts and results from Banach space theory. Let
V be an open subset of a Banach space X with norm |- || and let F': V' — R.

(i) We say that F' has a directional derivative (or Gataux derivative) at
x € X in the direction y € X if

D,F(r) = lim ~(F(x +<y) - F(x)

exists.

(ii) We say that F' is a Fréchet differentiable at x € V if there exists a

linear map
L=X—R
such that !
lim T|F(x +h)— F(x) — L(h)| = 0.
1 ]

In this case we call L the gradient (or Fréchet derivative) of F' at « and
we write

L=V,FI.

(iii) If F is Fréchet differentiable, then F' has a directional derivative in all
directions y € X and

DyF(z) = V. F(y).
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Proof of Theorem (Sufficient mazimum principle). We first
prove that

J1<U1,ﬂ2) < Jl(al,@@) for all u; € .Al.

To this end, fix u; € A; and consider

A= Jl(ul,ﬂg)—Jl(th’ag) :Il+]2+13, (Al)
where .
L=E [ /O (R X (), ut)) — fi(t, X (1), a(t)) ydt (A.2)
Iy = E[p1(X(T) — 21 (X(T))] (A-3)
I = E[1(Yi(0)) — (Y1 (0))] (A4)
By we have

T

L =E { ; {Hi(t) = Hi(t) = M ()(91(t) = §1(8)) = pi(t)(b(t) — b(1))

~a(0e(0) -~ 5(0) ~ [ 71000 -6 <>>u<d<>} dt] (A5)
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By concavity of ¢1, (2.9) and the Itd formula,

— E[M(T)hy (X (D) (X(T) — X(T))]. (A.6)
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By concavity of 11, (2.8]), and concavity of ¢; :

Ren
Al

) 0z
; / [ Vet o 6.0 - Kate, <>>”<d<>‘“} }

= B[(h(X(T)) = (X (T)))M(T)]

OH, ~
—{E[ By (OO0~ Ti(e)ar

+ / Sa(t)(—gn () + du ()t
T 9H,
0 (92

/ / Ve (1 OE(LC) — Br (L) <dc>dt]}
3 (7)1, (X (T)) (X (T) — X(T))]
{ [ aHl Vi)t

/ 1( (—91 (t) + g1(t))dt

- 21(0))d

" / / VeI (1, O (Kt ©) — R, <>>v<d<>dt] } . (A7)
0 R
Adding , and we get

+ ()(Z1(t) — Z:(t))dt
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A=5L+ 1L+ 13

‘A{waJNw—%§maw—X@>

8H1 > aHl 7
5y OO0 =Yi() = Z=O(Z() ~ Z1(0)

<F

—Awmmomw@—&moM@@ﬂ (A8)

Since hy (x,y, z, k) is concave, it follows by a standard separating hyper-
plane argument (see e.g. [21], Chap.5, Sect. 23) that there exists a super-
gradient a = (ag, a1, ag, a3(-)) € R* x R for h(z,y, 2, k) at z = X(t),y =
Yi(t),z = Zy(t7) and k = K, (t~,-) such that if we define

~

901($7y727k) = hl(mvy7zak)_hl(X(t_)aYAi(t )aZ( )’K( ))
— [ao(a = X(1) + ar(y = Yi(£)) + az(z — Z1(1))

+

then
o1(x,y, 2z, k) <0 for all x,y, z, k.

On the other hand we clearly have

~

Qol(X(t)v}}(tLZA(t)aKl(t, )) =0.
It follows that
O (1) — O (R0, a0), 2400, s 6,9) = ao
OH, Ohy o )
=y =7, KON, Z(0), Kalt, ) =
O 1y — M (R0, a o), 2400, i 0,9) =

A

Vi Hi(t, ) = Vihi (X (1), Yi(t), Z1(t), K1 (t, ) = as.

Combining this with (A.8) we get

RR n°® 7776



Forward-backward SDE games and stochastic control under model uncertainty 29

_%gmmmmzwkﬁwmm—MW
_Q%@@ﬁ@z@ﬁ@»mw—mm
_ %(X(t),f/l( ), Z1(t), K1 (t, ) (Zi(t) — Z1(1))

—Aw%@wx@zﬁumnmmmO—&wmwm
< 0 since ﬁl is concave.

Hence
Jl(ul,ftg) < Jl(ﬂl,ﬁg) for all u; € Al.

The inequality
Jg(ﬁl, U,Q) S Jg(ﬁl, 122) for all U € ./42

is proved similarly. This completes the proof of Theorem O

Proof of Theorem (Necessary maximum principle) Consider

d
D, = EJI(UI + 501, u2) |s=o

T (‘3f1 8f1 , i ,
=K {/0 {%(t)l“l(t) + a—ul(t)ﬁl(t)} dt + ' (X @92)(T)) 2, (T) +<¢1(1>/1(0))y1(0) .
A9

By (2.9), (2.12)) and the It6 formula,
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B[y (X ) (T)):vl(T)]
Elpi(T)ar(T)] = By (X2 (T)) Ay (T)]

ayl { as(8)+ () ) + 06) | G010 + 500 a

= [nte c)[ (t.0)e <>+§—;<t,<>ﬁl<t,<>} u<d<>dt}]
B[ (X0 (1) (T)]

~[f ! {0 | 0m 0+ 5050

v (<2 0) + i) %(t)xl(t) b o)

+/Rr1(t () [3 (t, Q)x1(t) + Iy 1(@@51(@4)} I/(dC)}dt}
= Bl (Xt ()M ()] (A.10)

By (2.8), (2.12) and the It6 formula

E[1(Y1(0))y1(0)] = E[Ai(0)y1(0)]

_ E(T(T)] — E [ [ 1) + (e )ano

+ Pyt [ otk i)

= B (T)hy (X “2)(T)))

5[ {A1<t> [—%@mw =2 ) - 2 00

AL v(d0) - 22 ()]
+aa—h;(t)y1(t) + 8(9—Z(t)zl(t) + /R V. Hi(t, C)kl(t7g)y(dc)} dt] _

(A.11)

Adding (A.10) and ( - we get, by (A.9 -
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[ {[%(twl(t)%@) a2 1)

# [ R OFE0va) - G+ M FE )| ()

N [%u) i) o (1) + 0 0) o 1)

+ [ n0gwomta + 520| s

-e[[ %Z%)m() ]

=E [ /0 E {g—i(tml ) | 5}”] dt} . (A.12)

If D; = 0 for all bounded 3; € A, then this holds in particular for 3; of
the form in (al), i.e.
ﬁl( ) X(to, T]<t) (w)v

where oy (w) is bounded and 5t0 -measurable. Hence

T ToH, )
E B = =0.
{ / [aul 0 € ]aldt} 0

Differentiating with respect to ty we get

%

0H,
E {3% (to)cx } = 0 for a.a. to.

Since this holds for all bounded St(ol ) measurable random variables oy we
conclude that

E {%(t) | Et(l)] =0 for a.a. t € [0,T].
aul
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A similar argument gives that
0H,
E 5
e =0

provided that

d
Dy = d_JQ(ul,uQ + 5033) |s=0= 0 for all bounded 3, € A,.
s
This shows that (i) = (ii). The argument above can be reversed, to give that
(ii) = (i). We omit the details. O

B Linear BSDEs with jumps

Lemma B.1 [Linear BSDEs with jumps|. Let F be a Fr-measurable and
square-integrable random variable. Let 3 and & be bounded predictable pro-
cesses and & a predictable process such that & (t,() > Cy with C; > —1 and
1&1(t,¢)] < 02(1 /\ |C]) for a constant Cy > 0. Let ¢ be a predictable process

such that E| fo (t)dt] < co. Then the linear BSDE
AV () = ~[e(0) + 8OV () + SO0 + [ 6t K uldOL
/Kt( (dt,d¢);0<t<T
Y(T)=F (B.1)
has the unique solution
Y(t) = E[F Y(t,T) + /tTT(t, Se(s)ds | Fl: 0<t<T,  (B2)
where Y(t,s):0 < t < s < T; is defined by
AT (t5) = Xt B(s + 6o(B(s) + [ 65 ON (s, e <5< T
T(t,t) =1 (B.3)

Y(t,s)= exp(/s{ﬁ(u) - 1fg(u)}alu + /S &o(u)dB(u)

—1—/:/R{ln(1+§1(u — & (u) v (dC) du+/ /ln L+ & ()N (du, dC)).
(B.4)
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Hence

T(t,s) = . Y(t,T) =

Proof.  For completeness we give the proof, but it is also given in [22]. Ex-
istence and uniqueness follow by general theorems for BSDEs with Lipschitz
coefficients. See e.g. [22]. Hence it only remains to prove that if we define
Y (t) to be the solution of (B.I]), then holds. To this end, define

T(s) = (0, s).
Then by the Ito formula (see e.g. [I5], Ch.1)
AT ()Y (1)) =Y(¢)dY (£) + Y (£7)dY(t) + d[TY](t)
=T (t7)[—{e(t) + BOY () + &o(t) /&1 (t, QK (¢, Q)w(dC) bt + Z(t)dB(t)

/Ktc (dt,dC)] + Y ()L () {B(E)dt + &o(t) /&tc (dt, dC))

nmwwww+4rwmwo (t, Q)N (dt, dC)
= T()plt)dt + (Z() + &t)Y (1) Y ($)AB(H)
/&tc V(1) + K (1, Q)N (dt, dC).

Hence, Y(t )+ fo s)ds is a martingale and therefore

T ()Y (t) —|—/0 T(s)p(s)ds = E[FY(T) —i—/o T(s)p(s)ds | F

or

Y(t) = E[F% —|—/t %w(s)ds | Fil,

as claimed.
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