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Solutions singulieres en commande optimale :
conditions du second ordre et
un algorithme de tir

Résumé : Dans ce travail on étudie le probleme de commande optimale avec
un systeme affine dans une partie de la commande. On considere un nombre
fini de contraintes d’égalité et d’inégalité sur les valeurs initiales et finales de
I’état. Omn étudie des solutions singulieres pour cette famille de problemes.
Premierement on donne des conditions nécessaire et suffisante du second ordre
pour optimalité faible. Ensuite, on propose un algorithme de tir et on montre
que la condition suffisante mentionnée garantit que cet algorithme converge
localement quadratiquement.

Mots-clés : commande optimale, commande singuliere, algorithme de tir,
conditions d’optimalité du second ordre, optimalité faible, algorithme de Gauss-
Newton



Singular solutions in optimal control 3

1 Introduction

The purpose of this paper is to investigate optimal control problems governed by
ordinary differential equations that are affine in one part of the control variable.
This class of system includes both the totally affine and the nonlinear cases.

Many models that correspond to this framework can be found in practice
and, in particular, in the existing literature. Among these we can mention: the
Goddard’s problem [24] in 3 dimensions analyzed in Martinon et al. [I0], other
models concerning the motion of a rocket in Lawden [37], Bell and Jacobson [§],
Goh [26] [30], Oberle [45], Azimov [7] and Hull [32]; an hydrothermal electricity
production problem studied in Bortolossi et al. [I2] and Aronna et al. [5],
the problem of atmospheric flight considered by Oberle in [47], and an optimal
production process in Cho et al. [16] and Maurer at al. [40].

The subject of second order optimality conditions for these partially affine
problems have been studied by Goh in [27] 28] 26] [30], Dmitruk in [20], Dmitruk
and Shishov in [2I], Bernstein and Zeidan [9], and Maurer and Osmolovskii [41].
The first works were by Goh, who introduced a change of variables in [27] and
used it to obtain optimality conditions in [27, 25, 26], always assuming unique-
ness of the multiplier. The necessary conditions we present imply those by Goh
[25] when there is only one multiplier. Recently, Dmitruk and Shishov [2]
analysed the quadratic functional associated with the second variation of the
Lagrangian function and provided a set of necessary conditions for the nonneg-
ativity of this quadratic functional. Their results are consequence of a second
order necessary condition we present. In [20] Dmitruk proposed, without proof,
necessary and sufficient conditions for a problem having a particular structure:
the affine control variable applies to a term depending only on the state variable,
i.e. the affine and nonlinear controls are ‘uncoupled’. This hypothesis is not
used in our work. The conditions established here coincide with those suggested
in Dmitruk [20] when the latter are applicable. In [9], Bernstein and Zeidan de-
rived a Riccati equation for the singular linear-quadratic regulator, which is a
modification of the classical linear-quadratic regulator where only some compo-
nents of the control enter quadratically in the cost function. All of these four
articles use Goh’s Transformation to derive their conditions; we use this trans-
formation as well. On the other hand, in [41] Maurer and Osmolovskii gave a
sufficient condition for a class of problems having one affine control subject to
bounds and such that it is bang-bang at the optimal solution. This structure
is not studied here since no control constraints are considered, i.e. our optimal
control is suppose to be totally singular.

Regarding second order optimality conditions, we provide a pair of necessary
and sufficient conditions for weak optimality of totally singular solutions. These
conditions are ‘no gap’ in the sense that the sufficient condition is obtained from
the necessary one by strengthening an inequality. We do not assume uniqueness
of multiplier.

Among the applications of the shooting method to the numerical solution
of partially affine problems we can mention the articles Oberle [44, 47] and
Oberle-Taubert [48]. In these articles the authors use a generalization of the
algorithm that Maurer [38] suggested for totally affine systems. These works
present interesting implementations of a shooting-like method to solve partially
affine control problems having bang-singular or bang-bang solutions and, in
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4 M.S. Aronna

some cases, running-state constraints are considered. No result on convergence
is given in these articles.

In this paper we propose a shooting algorithm which can be also used to
solve problems with bound on the controls. Our algorithm is an extension of
the method for totally affine problems in Aronna et al. [6]. We give a theoretical
support to this method, by showing that the second order sufficient condition
above-mentioned ensures the local quadratic convergence of the algorithm.

The article is organised as follows. In Section Bl we present the problem,
the basic definitions and first order conditions. In Section Bl we give the tools
for second order analysis and establish a second order necessary condition. We
introduce Goh’s Transformation in Section [l In Section Bl we show a new nec-
essary condition, and in Section [6] we give a sufficient one. A shooting algorithm
is proposed in Section [ and in Section [8 we prove that the sufficient condition
above-mentioned guarantees the local quadratic convergence of the algorithm.

Notations. We denote by h; the value of function h at time ¢ if h is a function
that depends only on ¢, and by h; ; the ith component of h evaluated at ¢. Partial
derivatives of a function h of (¢, z) are referred as D;h and Dyh. When dealing
with derivatives of higher order we may use the notation of type h;; since it is
not ambiguous. By R* we denote the k—dimensional real space, i.e. the space
of column real vectors of dimension k; and by R¥* its corresponding dual space,
which consists of k—dimensional row real vectors. By LP(0,7T;R¥) we mean the
Lebesgue space with domain equal to the interval [0, 7] C R and with values in
R*. The notation W%*(0, T; R¥) refers to the Sobolev spaces (see Adams [I] for
further details on Sobolev spaces).

2 Statement of the problem and assumptions

2.1 Statement of the problem.
We study the optimal control problem (P) given by

J = ¢o(xo, z7) — min, (1)

Iy = Zvi,tfi(act,ut), a.e. on 0,77, (2)
i=0

nj(xo,xr) =0, forj=1...,d,, (3)

wi(zo,z7) <0, fori=1,...,d,. (4)

Here f; : R — R" for i = 0,...,m, ¢; : R? = R for i = 0,...,dy,, n; :
R s Rforj=1,..., d, and we put, in sake of simplicity of notation, vg =1
which is not a variable. The nonlinear control u belongs to U := L>(0,T;R!),
while by V := L*°(0,T; R™) we denote the space of affine controls v, and X :=
W122(0, T; R™) refers to the state space. When needed, we write w = (x,u,v)
for a point in W := X x U x V. The hypothesis below is considered along all
the article.

Assumption 2.1. All data functions have Lipschitz-continuous second deriva-
tives.

INRIA



Singular solutions in optimal control 5

A trajectory is an element w € W that satisfies the state equation [2]). If in
addition, constraints (@) and (@) hold, we say that w is a feasible trajectory of
problem (P).

Definition 2.2. A feasible trajectory o = (Z,4,0) € W is a weak minimum of
(P) if there exists € > 0 such that the cost function attains at W its minimum
in the set of feasible trajectories w = (x,u,v) satisfying

2 =2l <&, flu—ille <&, |v—15]e<e.

In the sequel, we study a nominal feasible trajectory w = (Z,4,0) € W.
An element dw € W is termed feasible variation for w if w + dw is feasible
for (P). Take A = (a, 3,p) in RIFeHL* x Rdn* x Wheo (0, T;R™*). Define the

pre-Hamiltonian function

H[)‘](xa U’U’t) =Pt Z’Uifi(xau),

=0

the terminal Lagrangian function ¢ : R>® — R by

d, dy
(N(g) =Y aigi(a) + > Bim;(a),
i=0 j=1
and the Lagrangian function

T m
LIN(w) = L[\ (x0, 27) +/0 De <Z it fi(e, ur) :'ct> dt. (5)

i=0

We assume, in sake of simplicity, that whenever some argument of f;, H, ¢, L or
their derivatives is omitted, they are evaluated at w. Without loss of generality
we suppose that

(,01‘(,%0,@'1“):0, for alli:l,...,dw. (6)

2.2 Lagrange multipliers

We introduce here the concept of multiplier. The second order conditions that

we prove in this article are expressed in terms of the second variation of the

Lagrangian in () and the set of Lagrange multipliers associated with @ that

we define below.

Definition 2.3. An element A = (a, 8,p) € RéeTh* x Rdn* x Whoo(0, T; R™¥)

is a Lagrange multiplier associated with w if it satisfies the following conditions,
lal + 8] =1, (7)
a=(a,1,...,0q,) >0, (8)

the function p is solution of the costate equation
_pt :DEH[)\](:%taataﬁtat)a (9)
and it satisfies the transversality conditions

po = —Dao [N (%0, &),

pr = Doy l[N (&0, 27), (10)
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6 M.S. Aronna

and the stationarity conditions

{ Dy HA(&(t), a(t), (t), 1)
Dy HA|(2(t), a(t), 0(t), t)

3

=0

_ 0 a.e. on [0,7], (11)

hold true. Denote by A the set of Lagrange multipliers associated with .
Recall the following well-known result.

Theorem 2.4. If w is a weak minimum, the set A is non empty and compact.

Proof. Regarding the existence of a Lagrange multiplier the reader is referred
to [3L B6], [43, Thm. 2.1]. In order to prove the compactness, observe that
p may be expressed as a linear continuous mapping of («, ). Thus, since the
normalization (7)) holds, A is a finite-dimensional compact set. [l

In view of previous result, note that A can be identified with a compact
subset of R*, where s :=d, +d, + 1.
Given (Zg,@,0) € R™ x U x V, consider the linearized state equation

i't = At.ft + Etﬂt + Bt’l_)t, a.e. on [0, T], (12)
Z(0) = Zo, (13)

where . .
At = Zﬁllel(i')’&)) Et = ZﬁzDufz(‘%aa)a (14)

i=0 i=0

and B : [0,T] = My xm(R) such that for every v € R™,
B = Zvifi(i't;ﬁt)' (15)
i=1

Here M, xm(R) refers to the space of n x m—real matrices. Hence, the ith.
column of B is f;(#,4). The solution  of (I2)-(13) is called linearized state

variable.

2.3 Critical cones

We define now the sets of critical directions associated with w, both in the L>°—
and the L?2—mnorm. Even if we are working with control variables in L>™ and
hence the control perturbations are naturally taken in L°°, the second order
analysis involves quadratic mappings and it is useful to extend them continu-
ously to L2.

Set Ay := W12(0,T;R"), Uy := L2(0,T;R!) and V, := L?(0,T;R™). Put
Ws = Xy X Uy X Vo for the corresponding product space. Given w € Wy
satisfying (I2)-(I3)), consider the linearization of the endpoint constraints and
cost function,

Dﬁj(ii'o,i'T)(fo,fT):O, fOI‘j:L...,dn, (16)
D(pi(i'o,i'T)(fo,i'T) <0, fori=0,..., dy. (17)

Define the critical cones in W and W5 by

C:={weWw: [{2)-03), @a-0 hold}, (18)
Cy = {’LTJ c Wy (]IZ)-(B), m-m hOld} (19)

INRIA



Singular solutions in optimal control 7

Lemma 2.5. The critical cone C is a dense subset of Cs.

In order to prove previous lemma, recall the following technical result (see
e.g. Dmitruk [I9] Lemma 1] for a proof).

Lemma 2.6 (on density of cones). Consider a locally convex topological space
X, a finite-faced cone Z C X, and a linear manifold Y dense in X. Then the
cone ZNY is dense in Z.

Proof. [of Lemma [27]

Set X := {w € Wy : [@)-@3) hold}, Y := {w € W : ([2)-(I3) hold}, and
7 := Cy and apply Lemma 2.6 O

3 Second order analysis

We begin this section by giving an expression of the second derivative of the
Lagrangian function £, in terms of the derivatives of ¢ and H. We denote it
by €. All the second order conditions we present are established in terms of
either (2 or some transformed form of 2. The main result of the current section
is the necessary condition in Theorem [3.9] which is applied in Section [l to get
Theorem [5.3]

3.1 Second variation
Let us consider the quadratic mapping

Q(z, 4, 0) == 1D*([N(&0, &7)(Z0, ZT1)?

T (20)
+ / [AzTQNz +a FNz +9' C[Nz+ 4a' Ro[Na+ o' K[\a]dt,
0
where the involved matrices are, omitting arguments,
Q:=Hgy, F:=Hy, C:=H,, Ry=Hu K:=H,. (21)

Recall the following notation: given two functions h : RV — RM and k : RN —
R, we say the h is a big-O of k around 0 and denote it by

h(z) = O(k(x)),

if there exists positive constants § and M such that |h(x)| < M|k(z)| for |z| < 4.
It is a small-o if M goes to 0 as |z| goes to 0. Denote this by

h(z) = o(k(x)).

Lemma 3.1 (Lagrangian expansion). Let w = (x,u,v) € W be a solution of
@, and set dw = (dx, du, dv) := w — . Then for every multiplier X € A,

LIN(w) = LIN(w) + Q] (dz, du, dv) + T[N](0x, du, 0v) + R(dx, du, dv), (22)

where the time variable is omitted in the sake of simplicity, T is a cubic mapping
given by

TP‘]((;SC, 5’&, 51}) =

T
/ [Hywz [N (0, 62, 6v) + 2H yua [N (02, du, §0) + Hypuu [N (0w, du, dv)] dt,
0

RR n° 7764



8 M.S. Aronna

and R satisfies the estimate
R(6z, 6u, 6v) = O(|(8zo, 627) ) + (1 + [[0]11)l|(8z, 5u) [ O([| (6, du)13).

Proof. Omit the dependence on A for the sake of simplicity. In order to achieve
the expression (22)) consider the second order Taylor representations below, writ-
ten in a compact form,

(zo,xT) = €+ D530, dT) + %D2€(5SE0, Sxr)* + O(|(6x0, 6x7)|?),(23)
filxe,u) = fir + Dfi(0my, du) + %Din(&rt, Sug)? + O(|| (52, 6u)||3),24)

where, whenever the argument is missing, the corresponding function is evalu-
ated on the reference trajectory w. Observe that the transversality conditions
(I0) and the costate equation (@) yield

T m
0 i=0

Recall the expression of the Lagrangian given in (B). Replacing ¢(zo, zr) and
fi(z,u) in @) by their Taylor expansions (23)-([24) and using the identity (23]
we get

T
L(w) = L(w) + /O [H,6u + H,ov]dt + Q(5x, du, 6v)
T
—|—/ [Hyzo (0,82, 60) + 2H pe (02, 1, 50) + Hyppo, (O, du, 60)] dt
0

+ 0(I(5woa5wT)l3)+H(MM)HW/ pY_ v O(|| (62, 6u)|[3)dt.
0 =0

Finally, to obtain (22]) use stationarity condition (IIJ) and the compactness of
A. O

Remark 3.2. The last lemma yields the equality
QM (w) = %DQE[)\](ﬁ))QQ. (26)

3.2 Second order necessary condition
Recall the second order condition below.

Theorem 3.3 (Classical second order necessary condition). If @ is a weak
minimum of problem (P), then

T,U,V) > .
max Q\(Z,a,v) >0, onC (27)

A proof of Theorem B3 can be found in Osmolovskii [49]. Nevertheless, for
the sake of completeness, we give a proof here.

We shall write problem (P) in an abstract form and, therefore, we consider
the functions

7 R xU XV =R, 7(zxo,u,v) :=n,(xo, x7), (28)
@i :R" xU XV =R, @i(xo,u,v) := @;i(xo, 27), (29)

INRIA



Singular solutions in optimal control 9

where z € W is the solution of (2)) associated with (z¢,u,v). Hence, (P) can be
written as the following problem in the space R™ x U x V,

min @g(zo, u, v);
s.t. j(zo,u,v) =0, for j =1,...,d,, (AP)
@i(zo,u,v) <0, for j=1,...,d,.

Notice that if @ is a weak solution of (P) then (&g, 4, ?) is a local solution of
(AP).

Definition 3.4. We say that the endpoint equality constraints are qualified if
Dij(zo, 1, d) is onto from R™ x U x V to R, (30)
When [B0Q) does not hold, the constraints are not qualified.

The proof of Theorem [3.3is divided in two cases: qualified and not qualified
endpoint equality constraints. In the latter case the condition ([27) follows easily
and it is shown in Lemma below. The proof for the qualified case is done
by means of an auxiliary problem written in an abstract form and its dual.

Lemma 3.5. If the equality constraints are not qualified then 7)) holds.

Proof. Observe that since D7(&o,1, ) is not onto there exists 3 € R%* with
|8| =1 such that ijl B;D7j; (%0, 4, ) = 0 and consequently,

dTI
> BiDnj; (o, é7) = 0.

j=1

Set A := (p,a, B) with p =0 and o = 0. Then both A and —X are in A. Observe

that
dn

QN(z,ua,0) = 5 Z@D n; (20, 27)(Zo, T1)?.
j=1
Thus, either Q[A|(Z,u,v) or Q[—A|(Z, 4, V) is nonnegative. The desired result
follows. 0

Let us now deal with the qualified case. Take a critical direction w = (Z, @, )
and consider the problem in the variables ¢ € Rand r = (14,74, ) € R"XUXV
given by

min ¢

st Do, @ 8)r + D*i(io, i@, )(To, 7, 7)? = 0, (QP.)
Dg;(Zo &ﬁr—i—D(pz(xo, 0)(Zo, @, ) <¢ 1=0,...,d,.
Proposition 3.6. Assume that W is a weak solution of (P) such that the end-

point equality constmmts are qualified at w. Let w € C be a critical direction.
Then the problem (Q is feasible and has nonnegative value.

RR n° 7764



10 M.S. Aronna

Proof. Step L. Let us first show feasibility. Since D7j(Zo, @, ¥) is onto, there exists
r € R™ x U x V such that the equality constraint in (QPg)) is satisfied. Set

2
Ci= max {Dii(i0, 0, 8)r + D*pi(d0, ,) (0., )%}

Then (¢, r) is feasible for (QPz)).
Step II. Let us now prove that (QPg)) has nonnegative value. Suppose on

the contrary that there is ({,7) € R x R™ xU x V feasible for (QP z]) with ¢ < 0.
We look now for a family of feasible solutions of (P) that we will denote by
{r(0)}o. It shall be defined for small positive o and satisfy

T(O’) - (‘%Oa'&aﬁ)a ()50( ( )) < (pO(‘% ﬁ’aﬁ) (31)

The existence of {r(0)}, will contradict the local optimality of (2o, @, ?). Con-
sider hence
(o) == (%0, 1,) + 0 (Zo, u,v) + S0°r.

Let 0 < ¢ < d, and observe that

i(7(0)) = pi(Zo, 0, 0) + o D@; (20,0, 0)(Zo, U, D)
+% [ (20,0, 0)r + D*@;i (20, 0, ) (To, U, D) ] +o(c®)  (32)
< @i(&o, 0, 0) + $0°¢ + o(a?).
Analogously,

i(7(0)) = o(a?). (33)
Since D#)(Zo, @, ) is onto, there exists r(o) such that ||r(c) — 7#(0)||c = 0(c?)
and 7(r(c)) = 0. This follows by applying the Implicit Function Theorem to the
mapping
(r,o) — 7 ((fco,d, 0) 4+ o(Zo,w,v) + %0’27“) = 7j(7(0)).
On the other hand, by taking o sufficiently small in estimate ([B2]), we can obtain

@Z(T(U)) < @i(iba ﬁa {))ﬂ (34)

since ¢ < 0. Hence r(o) is feasible for (AP) and verifies (31). This contradicts
the optimality of (%o, %, ?). We conclude then that all the feasible solutions of
QP ) have ¢ > 0, and therefore its value is nonnegative. O

We shall now go back to the proof of Theorem [3.3

Proof. [of Theorem B3] The not qualified case is covered by Lemma above.
Hence, for this proof, assume that (30) holds.

Given w € C, Proposition implies that there cannot exist (¢,r) € R x
R™ x U x V such that

Dij(io, @, 0)r + D*(io, @, 0) (%o, @, 7)* = 0,
D(,Oi( ’& f))T+D 901(3307’“ ’U)(i‘ ﬁv’D)Q < Cv i:()v'-'adtpa
¢<o.

INRIA



Singular solutions in optimal control 11

Therefore, the Dubovitskii-Milyutin Theorem (see [22]) guarantees the existence
of (a, B) € R1FTdetdn satisfying,

d d

> aiD@;(&0,0,0) + > B; D7 (o, i1, D) =0,

=0 j=1
d, 'a, (35)
> D@, (i, @, 0)(Z0, 1, 0)* + Y B;D%;(&0, 4, ) (%0, 4, D)” > 0
i=0 j=1

Let p be the solution of ([@)-(I0) associated with («, ). Let us show that A :=
(o, B,p) is a Lagrange multiplier for . In fact, observe that

dy dy,
0= ZaiDQi(j()va; ’lA))(.fo,’a,’L_)) + Z,B]Dﬁj(jo,ﬂ, ﬁ)(jo,ﬂ,’[})
i=0 j=1
= DU(Zo, &71)(Zo, Tr) = —poZo + prIr

T T
= / (b7 + pz)dt = / (DyH u+ D, H v)dt,
0 0

where we used (@)-(I0) and (I2]). Hence, necessarily one has
D,H=0, D,H=0, ae. onl0,T] (36)

This implies that A € A. On the other hand, simple computations yield that the
second line of (BH]) is equivalent to

Q[N (z,q,0) >0, (37)
and, therefore, the result follows. O

Remark 3.7. Observe that condition (1) can be extended to the cone Co by
the continuity of QN and the compactness of A.

In the sequel we aim to strengthen previous necessary condition by proving
that the maximum in (27) remains nonnegative when taken in a smaller set of
multipliers. We shall first give a description of the subset of Lagrange multipliers
we work with. Set

Ho = {(Z,q,v) € Wy : (12) holds}, (38)
and consider the subset of A given by
A* = {\ € A: Q) is weakly-Ls.c. on Ha}.

Lemma 3.8 below provides a characterization of A# and Theorem 3.9 after gives
a new necessary optimality condition. Recall first the definitions of Ry and K

given in (21]).

Lemma 3.8.
A* ={NeA: R[N = 0 and K[\ = 0}. (39)

RR n° 7764



12 M.S. Aronna

Theorem 3.9 (Strengthened second order necessary condition). If W is a weak
minimum of problem (P), then

QM (z,u,v) > . 4
;Ieli); [](SC,’U,,’U)_O, on Co (0)

In order to prove Lemma B.8 notice that Q[A] can be written as the sum of
two terms: the first one being a weakly-continuous function on the space Hs
given by

T
(2,1,0) = SDN(To, 71)? + / [AzTQ\z +a  FNz +0' C[\Nz]dt, (41)
0
and the second one being the quadratic operator
T
(@, 7) / [LaT Ro[Na + o7 K [Naldr. (42)
0

The weak-continuity of the mapping in (@I is a consequence of Hestenes [31]
Theorem 5.1]. On the other hand, in view of [31] Theorem 3.2] the following
characterization holds.

Lemma 3.10. The mapping in [@2) is weakly-lower semicontinuous on U x V

if and only if the matrix .
()

is positive semidefinite a.e. on [0,T].

Remark 3.11. The matriz in [@3) is nothing but the second derivative of H
with respect to the control (u,v). Therefore, the fact that this matriz is positive
semidefinite is known as the Legendre-Clebsch necessary optimality condition
for the extremal (1, X) (see e.g. [T4),[2] or Corollary [ZI3 below).

Notice now that Lemma follows from the decomposition given by (@I])-
[#2) and previous Lemma BI0 On the other hand, Theorem B9l is a conse-
quence of Remark B.7] Lemma [3.8 and the following result on quadratic forms.

Lemma 3.12. [I8, Theorem 5] Given a Hilbert space H, and a1,aq,...,ap in
H, set
K:={reH:(a,2) <0, fori=1,...,p}. (44)

Let M be a convex and compact subset of R®, and let {Q¥ : ¢ € M} be a family
of continuous quadratic forms over H, the mapping 1 — Q¥ being affine. Set
M# .= {yp € M: QY is weakly-l.s.c. on H} and assume that

max Q¥ (x) > 0, for all 2 € K. (45)
YeM
Then
Y(x) >0, for all z € K. 46
Jg%Q(w)_ , for all z (46)

We finish this section with the following Corollary.

INRIA
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Corollary 3.13 (Legendre-Clebsch condition). Ifw is a weak minimum of prob-
lem (P) with a unique associated multiplier A, then (w0, A) satisfies the Legendre-
Clebsch condition. In order words, the matriz in [@3) is positive semidefinite

and, consequently, . R
Ro[A] = 0 and K[\] = 0. (47)

Proof. Tt follows easily from Theorem[3.9l In fact, the inequality in (40 1mphes
that A% # (), and since there is only one multiplier A, it follows that A# = {\}
and hence (@) necessarily holds. O

4 Goh Transformation

In this section we introduce a change of variables which consists of a linear
transformation of (Z, @, 7). The motivation of this change of variables is the
following. In previous section we were able to provide a necessary condition
involving the nonnegativity of the maxQ[A] on C3. The next step is to find a
sufficient condition and, in order to achieve this, one would usually strengthen
the inequality ([@0) to convert it into a condition of strong positivity. But since
no quadratic term on ¥ appears in 2, the latter cannot be strongly positive.
The technique we employ to find the desired sufficient condition is transforming
Q) into a new quadratic mapping that may result strongly positive on an ap-
propriate transformed critical cone. For historical interest, we recall that Goh
introduced this change of variables in [27] and employed it to derive necessary
conditions in [27, 25]. Afterwards, Dmitruk in [I7] stated a second order suffi-
cient condition for control-affine systems (case | = 0) in terms of the uniform
positivity of max 2 in the corresponding transformed space of variables.
Consider hence the linear system in (I2)) and the change of variables

t
Uy = vsds,

?it /0 for t € [0, 7). (48)
&t := Tt — By,

This change of variables can be done in any linear system of differential equa-
tions, and it is often called Goh’s transformation. Observe that £ defined in
that way satisfies the linear equation

£=AE+ Bu+ Biy, & = o, (49)
where A and E were given in (I4), and

d
By :=A¢By — &Bt (50)

The i—th. column of B is given by
Z@] fja fz + Dufz ’[}La
7=0

where [f;, f;]% := (Dy f;)fi — (Dxfi) f;. Hence, we make the following hypothesis
of regularity of the controls.

RR n° 7764
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Assumption 4.1. The controls 4. and ¥ are smooth.

In fact, a procedure of derivation of the controls as a function of the state
and costate is done in Section [7] afterwards. It is proved that under Assumption
[C3 (@, 9) can be written as a smooth function of (&, \).

4.1 Tranformed critical cones

In this paragraph we present the critical cones obtained after Goh’s transfor-
mation. Recall the linearized endpoint constraints in ([8)-(I7) and the critical
cones given by (I8)-([@). Let (z,%,v) € C be a critical direction. Define (¢, )
by transformation (@) and set h := gr. Note that (I6)-(I7) yield

D?’]j(i‘o,i‘T)(go,ET-i-BTiL) =0, fOI‘j = 1""’d7l’ (51)
D(pi(,fo, jT)(gO;ET + BTB) <0, fori=0,..., d:,a- (52)

Recall the definition of the linear space W5 in paragraph Denote by Y the
space W1°°(0,T;R™), and consider the cones

P = {(g,ﬁ,g,ﬁ) EW X R™: gO = 07 gT = Ea (m)v (m)_(m) hOld}v (53)

P2 = {(& a,5,h) € Wo x R™ : @), BI)-(E2) hold}. (54)
Remark 4.2. Notice that P consists of the directions obtained by transformat-

ing the elements of C via transformation ([@8).

The next result shows the density of P in Ps. This fact is useful afterwards to
extend a necessary condition in P to the bigger cone P> by continuity arguments,
as it was done for C and Cy in Section [3

Lemma 4.3. P is a dense subspace of P in the Wa x R™—topology.

Proof. Notice that the inclusion is immediate. In order to prove the density,
consider the linear spaces

X = {(&,4,7,h) € Wy x R™: (@J) holds}, (55)

Y :={(u,7,h) €W xR™: 5(0) =0, §(T) = h, and {@I) holds},  (56)
and the cone ~ ~

Z={(€a5.h) € X : EI)-E holds). (57)

Notice that Y is a dense linear subspace of X (by Lemma 6 in [21I] or Lemma

8.1 in [M]), and Z is a finite-faced cone of X. The desired density follows by
Lemma [Z.6l O

4.2 Transformed second variation

Here we prove that performing the Goh’s transformation in § yields the new
quadratic operator Qp in variables (£, 4,7, 9, h) defined below and give a new
necessary condition in terms of Qp. Recall the definitions in (ZI) and set, for
A e A

Qp[N(E @ 5.5,5) = g[\ (&, Er,T) + / (LETQINE +a" FINE

+7 MNE+ 3" Ro[Na+5" JINu+ 35 R[Ny + 0" V[Ng) dt,
INRIA

(58)
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where
M:=B'Q-C- C’A, J:=B'F'" - CE, (59)
S:=i(CB+(CB)"), =1(CB-(CB)"), (60)
R, :=B'QB - (031 +(CBy)") - S, (61)
9[N(Co, ¢ h) == 30" (Co, G + Brh)? + B (Crr + $Srh). (62)

Observe that, in view of Assumptions2.Iland 1] all the function defined above
are continuous in time. Note that easy computations yield

Vij = plfi, 51" (63)

Theorem 4.4. Let (Z,u,0) € Ha (given in B8)) and (§,9) defined by the
transformation [{@8). Then

QN(z, u,0) = Qp[N(&, @, 9,9, 7). (64)

Proof. First recall that the term o' K[\ @ in Q[\] vanishes since we are taking
A € A* and, in view of Lemma 3.8, K[\] = 0. In the remainder of the proof
we omit the dependence on A for the sake of simplicity. Replacing Z in the
definition of © in equation (20) by its expression in (@8] yields

T
Qz,u,0) = 30" (20, %7)( 0, &r + Brir)? + /0 [3(£+ By)"Q(¢ + By)

+u"F(£+ By)+0"C(E+ By) + su" Rou] dt.
(65)
Integrate by parts the first term containing @ in previous equation and use (@)
to get

T T
/ ol Cédt = [y Celf — / 7 {CE+ C(A + Bu+ Biy)}dt. (66)
0 0

The decomposition of C'B introduced in (G0) followed by an integration by parts
leads to

T T
/ ETC’Bgdt:/ o' (S + V)gdt
0 0 . (67)
= 3[5" Sl + / (39" Sy+o'Vy)dt.
0

Combining (63]), (66) and (67), the identity (64]) follows. O

Finally recall Theorem Observe that by performing Goh’s transforma-
tion in (@0) and in view of Remark 421 we obtain the following form of the
second order necessary condition.

Corollary 4.5. If @ is a weak minimum of problem (P), then

Qp[N (&, 1, 5,9, h) > .
;Ieliﬁ 73'[ ](§7u5y5y7 )-07 on P (68)
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5 New second order necessary condition

We aim to remove the dependence on ¥ in the formulation of the second order
necessary condition of Corollary Note that in (G8]) v appears only in the
term o' V[\]g. Next we prove that we can restrict the maximum in (68) to the
subset of Af consisting of the multipliers for which V[A] vanishes.

Denote the convex hull of A# by coA# and let G(coA#) be the subset of
co A# for which V[)\] vanishes, i.e.

G(coA*) := {\ € coA” : V[\] = 0}. (69)
The following optimality condition holds.

Theorem 5.1 (New necessary condition). If W is a weak minimum of problem
(P), then
AECIJI(liXA#) Qp[N(, 4, 5,9, 97) >0, onP. (70)

Theorem 51 is an adaptation of very similar results given in Dmitruk [17]
and Milyutin [42], that were employed recently in Aronna et al. [4]. The proof
given in [4, Theorem 4.6] holds for Theorem [B.1] with minor modifications and
hence we do not include it in the present article.

Notice that when w has a unique associated multiplier, from Theorem 5.1
we deduce that G(co A#) is not empty, and since the latter is a singleton, we
get the corollary below. This corollary is one of the necessary conditions stated
by Goh in [25].

Corollary 5.2. Assume that W is a weak minimum having a unique associated
multiplier. Then the following conditions holds.

(i) V =0 or, equivalently, the CB is symmetric or, in view of (G3),
plfi, fi]* =0, fori,j=1,...,m,

where p s the unique associated adjoint state.

Ry JT
( E Rl) (1)
is positive semidefinite.

Observe that for A € G(co A#), the quadratic form Q[\] does not depend on
¥ since its coefficients vanish. We can then consider its continuous extension to
P>, given by

(i) The matriz

T
Op, (€, ,5,B) == 9N (€0, Er, ) + / (2ETQNE+a EINE
+y T MNE+ 2aTRoNu+ 5T JNa+ 15T Ri[\]y) dt,

where the involved matrices were defined in (I4)-(135), @2I)), and (GI)-([62). From
Theorem [B.1] and previous definition, it follows:

(72)

Theorem 5.3. If @ is a weak minimum of problem (P), then

Qp,N(E, @, 5, h) > .
pediax PN @, 5,h) >0, on Py (73)

Remark 5.4. The latter optimality condition does not involve v. It is stated in
the variable (§,4, 7, h).

INRIA
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6 Second order sufficient condition
for weak minimum

This section provides a second order sufficient condition for strict weak optimal-
ity. Its proof is an adaptation of the proof of [4, Theorem 5.5] with important
simplifications due to the absence of control constraints, but with some new
difficulties owed to the presence of the nonlinear control variable.

Define the y—order by

T
o (F0, 1,5, 1) = |Zo|? + | + / (a2 + 1ge?)dt, (74)
0

for (Zo,u, Y, h) € R™ x Uy x Vo x R™. Tt can also be considered as a function of
u,0) € R™ X Us X Vo by setting

Y(Zo,u,v) := v(Zo, 4, Y, Y1), (75)

with g being the primitive of ¢ defined in ([Eg]).
Notation: We write 7 to refer to either v or 7.

Definition 6.1. [y—growth] We say that W satisfies y—growth condition in the
weak sense if there exist €,p > 0 such that

J(w) > J(@) + py(xo — To,u — 4,0 — D), (76)
for every feasible trajectory w with ||w — W]|e < &.

Theorem 6.2 (Sufficient condition for weak optimality). (i) Assume that there
exists p > 0 such that

Qp, N(E,a,7,h) > py(&o, a7, h :
)\ECI?I(lgz)XA#) 732[ ](gauayv )—p’Y(gOvuvya )a on PQ (77)

Then w is a weak minimum satisfying v— growth in the weak sense.

(i1) Conversely, if W is a weak solution satisfying y— growth in the weak sense
and such that ag > 0 for every A\ € G(co A#), then (TT) holds for some
p > 0.

Corollary 6.3. If W satisfies (TQ) and it has a unique associated multiplier,
then necessarily the matriz in ((8) is uniformly positive definite, i.e.

Ry JT
—
<J R1>_p1, on [0,T7, (78)

where I refers to the identity matri.

Remark 6.4. Another consequence of the condition (1) is stated in Remark[82
afterwards, where we link it with the strengthened generalized Legendre-Clebsch
condition.

The remainder of this section is devoted to the proof of Theorem We
shall start by establishing some technical results that will be needed for the
main result. For the lemma below recall the definition of the space Hs in (B8).
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Lemma 6.5. There exists p > 0 such that
|Zol* + 12113 + [27* < pv(0, 4, D), (79)

for every linearized trajectory (T,u,v) € Ha. The constant p depends on || A||so,
[Blloo: [ Ellsc and || B oo

Proof. Throughout this proof, whenever we put p; we refer to a positive constant
depending on || Al|se, | Bllsos || Elec, and/or || By ||ee. Let (Z,%,7) € Ho and (€, 7)
be defined by Goh’s Transformation (@8)). Thus (£,%,%) is solution of (@9).
Gronwall’s Lemma and Cauchy-Schwartz inequality yield

I€lloe < pr (€0l + 1Tl3 + 17113)* < p17v(To, @, 7, 57) "/, (80)

with p1 = p1([[All1, | Elloo, [ B1lleo). This last inequality together with the rela-
tion between ¢ and Z provided by (@8] imply

1212 < 1Ellz + I1Bllocl[Fll2 < p2y(Zo. 1 5. 7)" /2, (81)
for p2 = p2(p1, || Bllec). On the other hand, @8] and estimate (&) lead to
27| < [&r] + 1Blloclgr| < pry(To, .5, 57)" + | Blloclyr |-

Then, in view of Young’s inequality ‘2ab < a? + b?’ for real numbers a, b, one
gets

|21 |* < psy(To, %, 7, 5r), (82)
for some p3 = p3(p1, || B|leo)- The desired estimate follows from (I and (82).
O

Notice that Lemma 6.5 above gives an estimate of the linearized state in the
order . The following result shows that the analogous property holds for the
variation of the state variable as well.

Lemma 6.6. Given C' > 0, there exists p > 0 such that
[6z0]* + [|62[13 + 827]* < py(dz0, 6u, 60), (83)

for every (x,u,v) solution of the state equation @) having |v|2 < C, and where
dw = w — w. The constant p depends on C, ||Blloo, ||Bllec and the Lipschitz
constants of f;.

Proof. In order to simplify the notation we omit the dependence on ¢. Consider
(z,u,v) solution of @) with |lv]2 < C. Let dw = w — @, dy := [dv, and
¢ :=0x — Bdy, with B given in (8] and y; := f(f vsds. Note that

[vi fi(a, u) — 0 fi(&,4)] — Boy — 25% fi(@, )

ot

z:O i=1 (84)
=>_uilfilw,u) = fi(#, @)] - Boy,
i=0
where vg = 1. In view of the Lipschitz-continuity of f;,
[fi(z,u) = fi(&, @)| < L(|0x] + |0u]) < L] + [ Blloo|y| + [dul), (85)
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for some L > 0. Thus, from (84) it follows
€1 < LIE| + | Blloo|8y| + [6ul)(1 + [v]) + 1Bl |0y]
= LA[EI(1 + [v]) + [ Blloo|0y| + [6ul + [| Bllo|dy][v] + [dul[v]} + [| Bllo |5yl

Applying Gronwall’s Lemma and Cauchy-Schwartz inequality to previous esti-
mate yields

[€llce < pr(I€0] + [16yllx + lloulls + l0yll2llv]l2 + [|6ull2]v][2), (86)

for p1 = p1(L, C, || Bllos, || Blloo). Hence, since [[6z[la < [[€]|2 + || Blloc|Idy]2, by
previous estimate and Cauchy-Schwartz inequality, the desired result follows.
O

Finally, the following lemma gives an estimate for the difference between the
variation of the state variable and the linearized state.

Lemma 6.7. Consider C > 0 and w = (z,u,v) € W a feasible trajectory with
|lw — ] < C. Set (§z,u,7) := w — W and let T be the linearization of &
associated with (dxo, @, ). Define

¥ :=dx — T (87)

Then, 9 is solution of the differential equation

§ =S 0D+ > 0D )60, ) 4,
1=0

=1 (88)
J9 =0,
where the remainder ¢ satisfies the estimates
IClloe < P15 lICll2 < P27, (89)

where p1,p2 depend on C, |D?f|lo and the Lipschitz constant of D?f. If in
addition, ||u||2 + ||7||2 — 0, the following estimates for ¥ hold

9]l < o(v),  19ll2 < o(v/3). (90)

Proof. Let us begin by observing that the variation of the state variable satisfies
the differential equation

00 = 3 wilfilw,w) — fi(#, 0)] + 30 fild, @) (o)

Consider the following Taylor expansions for f;,
filz,u) = fi(&,4) + Dfi(2,a)(0x,a) + LD f;(2, ) (52, a)* + po|(dz, @)%, (92)

where pg is a function of the Lipschitz constant of D?f;. Combining (@1 and

@2) yields
(Sx = Zlefl(fc,ﬂ)(éx,a) +Z’szl(i"’a) +§a (93)

=0 i=1
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with the remainder being given by
Ci=3> wilD*fi(#, )5z, 0)* + pol (5, 1), (94)
1=0

The linearized equation (I2)) together with (@3)) lead to (B8], and, in view of ([04),
it can be seen that the estimates in (89)) hold. Applying Gronwall’s Lemma in
(B8], and using Cauchy-Schwartz inequality afterwards lead to

[Ploc < p3 < pallvll2(

1

|0ll2 + [|ull2) + [ICl2]

> D fi(#, 0)(0x,a) + ¢
=1

for some positive p3, ps depending on C and || D f||«. Finally, using the estimate
in Lemma [6.6] and (8Y) just obtained, the inequalities in (@0) follow. O

In view of Lemmas [3.1] .5, and [6.7 we can justify the following technical
result that is an essential point in the proof of the sufficient condition of Theorem
0.2l

Lemma 6.8. Let w € W be a feasible solution. Set (0x,u,?) := w — W, and T
its corresponding linearized state, i.e. the solution of (I2)-{3) associated with
(6x0,a, D). Assume that ||w — W]|ec — 0. Then

LN (w) = LIN(w) + QA(Z,a,0) + o(y). (95)

Proof. Omit the dependence on A for the sake of simplicity. Recall the expansion
of the Lagrangian function given in Lemma [B.Il Notice that by Lemma [6.6]
L(w) = L(w) + Q(x, 1, D) + o(y). Hence,

L(w) = L(w) + QzZ,u,0) + AQ + o(v), (96)

with AQ := Q(0z, @, v) — Q(Z, @, v). The next step is using Lemmas [6.5] [6.6] and
[6.77 to prove that
AQ = o(y). (97)

Note that Q(a,a) — Q(b,b) = Q(a + b,a — b), for any bilinear mapping Q, and
any pair a, b of elements in its domain. Set ¥ := dx — T as it is done in Lemma

6.7 Hence,
T

AQ = 20"((6z0+Zo, 6z7 +TT), (o,ﬂT))Jr/ [L(0z+z)"QU+u' EY+v' CY]dt.
0

The estimates in Lemmas[6.5 and [6.6] yield AQ = fOT o CYdt+o(7). Integrating
by parts in the latter expression and using ([@0) lead to

T T
/ aTCvdt = [T ool — / 3T (C9+ Ch)dt = o(y),
0 0

and hence the desired result follows. O

Proof. [of Theorem [6.2] We shall prove that if ({7) holds for some p > 0,
then w satisfies y—growth in the weak sense. By the contrary assume that the

INRIA
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~v—growth condition (76)) is not satisfied. Consequently, there exists a sequence
of feasible trajectories {wy} converging to  in the weak sense, such that

J(wy) < J(0) + o(yk), (98)

with dwy := w, — @ and v, = Y(0zy 0, Uk, V). Let (Ek, Tk, Jr) be the trans-
formed directions defined by [8). We divide the remainder of the proof in two
steps.

(I) First we prove that the sequence given by
(S Ty Gies ) = (€ Wk Tk i) / v/ T (99)

contains a subsequence converging to an element (5 S Uy Y, ﬁ) of Ps in the
weak topology, i.e. (ig,Jx) — (4,9) in the weak topology of Us x Vo and
&k, hi) = (€, h) in the strong sense of Xy x R™.

(II) Afterwards, employing the latter sequence and its weak limit, we show
that (T7) together with (@8] lead to a contradiction.

We shall begin by Part (I). For this we take an arbitrary Lagrange multiplier
Ain Af. By multiplying the inequality (@8)) by «p, and adding the nonpositive
term

d, dy
Zaisﬁi(zk,mxk,ﬂ + Zﬂjﬁj(xk,mxk,T)a (100)
=0 =1

to its left-hand side, the inequality follows
LN (wr) < LA (@) + o(i)- (101)

Let us now recall the expansion (@8] given in LemmalG.8 Note that the elements
of the sequence (gk,o, Uk, Uk, ﬁk) have unit R™ xUs x Vo x R™ —norm. The Banach-
Alaoglu Theorem (see e.g. [I3l Theorem III.15]) implies that, extracting if
necessary a subsequence, there exists (§~0, U, 7, iz) € R™ x Uz x Vo x R™ such that

o — &0, U —a, G —F, hi—h (102)

where the two limits indicated with — are taken in the weak topology of Us
and Vs, respectively. The solution of equation [#9]) associated with (Eo,a,g)
is denoted by §~, which is the limit of ék in X5. For the aim of proving that
(5 , U, U, iL) belongs to Pa, we shall check that the initial-final conditions (&II)-
(B2) are verified. For each index 0 < i < d,, one has

(103)

. - , NN TR
Dyi(&o,27) (&0, + Brh) = klglolo Dyi(Zo,21) (M) .

\/’Y_k

In order to prove that the right hand-side of (I03]) is nonpositive, we consider
the following first order Taylor expansion of function ¢; around (Zo, Z7) :

@i(Tr,0, Tk,1) = 0i(To, 21) + Dpi(Zo, 21)(0xk 0, 01k, 1) + 0(|(028,0, 0T T)|)-
Previous equation and Lemmas and [6.77] imply

©i(xk,0,Tk,1) = 0i(Z0, Z7) + Dpi(Zo, 27)(Tk,0, Tr,7) + 0(\/Tk)-
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Thus, the following approximation for the right hand-side in (I03]) holds,

A A T 7:E, iz,7x, - Zi'ﬂi'
Dgai(zo,zT)< k’f/%kT> _ £ildko k%w( 087) o). (104)

Since wy, is a feasible trajectory, it satisfies (@) and, therefore, equations (I03)
and (I04)) yield, for 1 < i < d,, Dy;(&o,Z1)(€0,&r + Brh) < 0. For ¢ = 0 use
inequality (@8] to get the corresponding inequality. Analogously,

Dn;(#0, @7) (€0, &0 + Brh) =0, for j=1,...,d,. (105)

Thus (&, @, 3, h) satisfies (5I)-(5Z), and hence it belongs to Py.
Let us deal with Part (IT). Notice that from (@5) and (I0I) we get

Qp, (N (Ek, T, iy ) < 0(1), (106)
and thus R R
liminf Qp, A&k, @k, Gr. he) < 0. (107)
— 00

Consider the subset of G(co Af) defined by
AP = (X e GcoAT) : Qp, [\ — py is weaklyLs.c.on Hg x R™}.  (108)
By applying Lemma to the inequality ({7) one has

max Qp, (N u,5,h) > py(&o, 4, §,h), on Py. (109)
EAT?

We shall take \ € Af’p that attains the maximum in (I09)) for the direction
(&,@,9,h). Hence we get

0 <Qp,NE % 7.h) — pr(Eo, @G, h) (10)
< liminfy o0 Qp, [Nk, Uk, Trs i) — 0V (Ek,05 Uk, Uiy hie) < —p,
since Qp, [:\] —py is weakly-l.s.c., y(ék,o, Uk, Uk fzk) = 1 for every k and inequality
(I07) holds. This leads us to a contradiction since p > 0. Therefore, the desired
result follows.
(ii) Let us now prove the second statement. Assume that w is a weak solution
satisfying y—growth in the weak sense for some constant p’ > 0, and such that
ap > 0 for every multiplier A € G(co A#). We consider the modified problem

J(w) — p'y(w — @) — min, .

P
s.t. (@)-@) (P)
and rewrite it in the Mayer form
J(w) = p'(lzo — 2ol? + |yr — 9r|* + w17 + T2, r) — min,
st. @) — @),
y=v, z
P
71 = (u— )3, (P)
7:[.2 = (y - Q)Qa

=0, m0=0, mg=0.
Yo y T1,0 , 72,0 INRIA
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We aim to apply the second order necessary condition of Theorem (.3 to (IEI) at
the point (w = w,y = §, 71 = 0,72 = 0). Simple computations show that at this
solution each critical cone of (B3] is the projection of the corresponding critical
cone of (@) and that the same holds for the set of multipliers. Furthermore,

the second variation of (IEI) evaluated at a multiplier \ € G(co A#) is given by

Qp, N(&, 4,7, Y1) — c0p'¥(To, 0, J, §r), (111)

where A € G(coA#) is the correspondlng multiplier for problem (G3]). Hence,
the necessary condition in Theorem [5.3] implies that for every (§,a,,h) € P
there exists A € G(coA#) such that

Qp, (N(&, 1, 7, Y1) — aop’v(Zo, 4, 7, Jr) > 0.

Setting p 1= ming .o a#) app’ > 0 yields the desired result. This completes the
proof of the theorem. O

7 Shooting algorithm

The purpose of this section is to present an appropriate numerical scheme to
solve the problem given by equations ([Il)-(Bl), which we denote (SP). Notice that
no inequality endpoint constraints are considered. More precisely, we investi-
gate the formulation and the convergence of an algorithm that approximates an
optimal solution provided an initial estimate.

We shall consider an hypothesis concerning the endpoint conditions. With
this end recall Definition 3.4l The following holds throughout the rest of the
article.

Assumption 7.1. The endpoint equality constraints are qualified or, equiva-
lently, the derivative of 7 at (&g, a, ) is onto.

It is a well-known result that in this case w is normal and has a unique
associated multiplier (see e.g. Pontryagin et al. [51]). Therefore, without loss
of generality, we can consider ap = 1. The unique multiplier associated with w
is denoted by A = (3, ).

7.1 Optimality system

In what follows we use the first order optimality conditions ([I]) to provide a set
of equations from which we can determine w. We obtain an optimality system
in the form of a two-point boundary value problem (TPBVP).

We shall recall that for the case where all the control variables appear non-
linearly (m = 0), the classical technique is using the stationarity equation

H, N (@) =0, (112)

to write @ as a function of (&) (this is done in e.g. [I5, 139, 1T} 53]). One
is able to do this by assuming, for instance, the strengthened Legendre-Clebsch
condition

Hou[N (@) = 0. (113)
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The latter condition comes from strengthening the inequality in the necessary
optimality condition mentioned in Remark B.11] which is verified by @ in view of
Corollary[3I3l In this case, due to the Implicit Function Theorem, we can write
@ = U[\(#) with U being a smooth function. Hence, replacing the occurrences
of @ by U[A](#) in the state and costate equations yields a two-point boundary
value problem.
On the other hand, when the system is affine in all the control variables (I =
0), we cannot eliminate the control from the equation H, = 0 and, therefore, a
different technique is employed (see e.g. [38] [46] 50, 1T} [6, 53]). The idea is to
consider an index 1 < i < m, and to take d™: Hv/dtMi to be the lowest order
derivative of H, in which 0; appears with a coefficient that is not identically
zero. Kelley [33], Goh [27 26], Kelley et al. [34] and Robbins [52] proved that
M; is even when the investigated extremal is normal. This implies that HU
depends only on & and A and, consequently, it is differentiable in time. Thus
the expression
[N (@) = 0 (114)

is well-defined. The control ¥ can be retrieved from (II4]) provided that, for
instance, the strengthened generalized Legendre-Clebsch condition

f%[}](w) =0 (115)
holds (see Goh [26, 29, B30]). In this case, we can write & = V[\](2) with V
being differentiable. By replacing © by V[A](2) in the state-costate equations,
we get an optimality system in the form of a boundary value problem.

In the problem studied here, where [ > 0 and m > 0, we aim to use both
equations (I12) and (II4)) to retrieve the control (i, 9) as a function of the state
2 and the multiplier A. We next describe a procedure to achieve this elimination
that was proposed in Goh [29] [30]. Let us show that H, can be differentiated
two times in the time variable, as it was done in the totally affine case. Observe
that (IIZ) may be used to write @ as a function of (A, ). In fact, in view of

Corollary [3.13]
Hyy =0, (116)

and hence the coefficient of 4 in H, is zero. Consequently,

and, if the strengthened Legendre-Clebsch condition (II3) holds, % can be elim-
inated from (II7)) yielding
i = T[N (2, 4, 0). (118)

Take now an index i = 1,...,m and observe that
. d . 2 AN N PO /A o~
0=H,, :Epfi— ZU [fj5 fil*(2, 1) + Hy,ut = P [ fo, fi]*(2,4),  (119)
j=0

where Corollary and ([[I6) are used in the last equality. Therefore, H, =
H,[\|(%,4). We can then differentiate one more time H,,, replace the occurrence
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of 4 by I' in ([I8) and obtain ([II4) as it was desired. See that (14 together
with the boundary conditions

H, [N (o) = 0, (121)

guarantee the second identity in the stationarity condition (II]).
Notation: Denote by (OS) the set of equations consisting of @)-@), (@), @)-

(I0), (I12), I4) and the boundary conditions (I20)-(TZ).

Remark 7.2. Instead of (I20)-(I2I)), we could choose another pair of endpoint
conditions among the four possible ones: H,o = 0, H,7 = 0, H,o = 0 and

H, r =0, always including at least one of order zero. The choice we made will
simplify the presentation of the result afterwards.

H
Observe now that the derivative of the mapping (u,v) — ( 5 ) is given
— 4o
by

H’IJ/U. H’U.’U
J=| o0H, 0H,]|. (122)
Ju v

On the other hand, if (II3) and (II5) are verified, J is definite positive and

consequently, nonsingular. In this case we may write & = U[N () and © =

VIAl(&) from (I12) and (I14]). Thus (OS) can be regarded as a TPBVP whenever
the following hypothesis is verified.

Assumption 7.3. The conditions (I13) and ([II3) hold along .
Summing up we get the following result.

Proposition 7.4 (Elimination of the control). If Assumption [7.3 holds, then
one has

a=UN(@), o=VI[A(),
for smooth functions U and V.

Remark 7.5. When the linear and nonlinear controls are uncoupled, this elim-
ination of the controls is much simpler. An example is shown in Oberle [17]
where a nonlinear control variable can be eliminated by the stationarity of the
pre-Hamiltonian, and the remaining problem has two uncoupled controls, one
linear and one nonlinear.

The rest of this article is very close to what was done in Aronna et al. [0].
The main difference between the totally affine case and the mixed case treated
here lies on the derivation of the system (OS). The proof of the convergence in
Section [ is an extension of the proof of Theorem 5 in [6]. The presentation
here is then more concise, and the reader is referred to the mentioned article for
further details.
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7.2 The algorithm

The aim of this section is to present a numerical scheme to solve system (OS).
In view of Proposition [[4] we can define the following mapping.

Definition 7.6. Let S : R" x R"tdn* = D(S) — R x R2+2mx pe the
shooting function given by

U(zovch)
po + Day [N (z0, 1)
(zo,po,ﬂ) =v = SW):=|pr— Dy l[N(xo,27) |, (123)
Hy[N(wr)
Hv(wO)

where (x,p) is a solution of [@)),@),[I12),[ITd) with initial conditions xo and
po, and X = (p,B), and where the occurrences of u and v were replaced by
u=U[N(z) and v =V [N(z).

Note that solving (OS) consists of finding © € D(S) such that
S() = 0. (124)

Since the number of equations in (I24]) is greater than the number of unknowns,
the Gauss-Newton method is a suitable approach to solve it. The shooting
algorithm we propose here consists of solving the equation ([I24]) by the Gauss-
Newton method. A more extensive description of this algorithm is presented
in [6]. There it is observed that the method is applicable provided that S'(¥)
is one-to-one, with ¥ := (&, po, B) Furthermore, since the right hand-side of
system (I24)) is zero, it converges locally quadratically if the function S has
Lipschitz continuous derivative. The latter holds true here given the regularity
hypotheses on the data functions (in Assumption [ZT]). This convergence result
is stated in the proposition below. See e.g. Fletcher [23] for a proof.

Proposition 7.7. If §'(0) is one-to-one then the shooting algorithm is locally
quadratically convergent.

8 Convergence of the shooting algorithm:
application of the second order sufficient con-
dition

The main result of this last part of the article is the theorem below that gives a
condition guaranteeing the quadratic convergence of the shooting method near
an optimal local solution.

Theorem 8.1. Suppose that W is such that ([[Q) holds. Then the shooting
algorithm s locally quadratically convergent.

The idea is linking the sufficient condition ([77) to the derivative S’ (). Notice
that (7)) is expressed in the variables after Goh’s Transformation, while S is in
the original variables. The procedure to achieve Theorem [B1] has three stages
that are described in the paragraphs 81l and [8.3] below. The proof of 81l is
at the end of B3
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Remark 8.2. In view of a result in [26, Section 4.8] the positive definiteness in
[@8) implies both (II3)) and ([[IH). Therefore, in Theorem [81] the Assumption
[73 is guaranteed by the condition (TT).

8.1 Linearization of (OS)

We write the linearized system associated with (OS), which gives the derivative
of §. A definition of linearized differential algebraic system can be found in
e.g. Kunkel-Mehrmann [35] or Aronna et al. [6]. We denote by Lin F the
linearization of function F, i.e.

Lin F [(0,00) (Gty @) = F'(¢F, 08) (G, G, (125)

The technical result below will simplify the computation afterwards. Its proof
is immediate (or see [39]).

Lemma 8.3 (Commutation of linearization and differentiation). Given G and
F as in the previous definition, it holds:

d _. . d d _. . d
Eng—Lm&g, &Lm}'—Lm&]—". (126)

Recall the definitions in ([4]), (I5) and (2I). Notice that, since H, = pB,
LinH, =pB+z'C". (127)

Here whenever the argument of a function is missing, assume that it is evalu-
ated on (i, \). The linearization of system (OS) at point (Z, i, 0, \) consists of
the linearized state equation (I2)) with endpoint condition (I6]), the linearized
costate equation

—pr =i Ay + 3, Qi + 0} Ey + 9] C, a.e. on [0,T], (128)

with boundary conditions

d'”
po=— |7 D2l + 2L D2, 0+ BiDuyny , (129)
j=1 o
(®0,2T)
d”
j=1 .
(®0,2T)

and the algebraic equations

0 = LinH,=pD+z E' +a'Ry, (131)
0 = Lin H, = —d—;(ﬁB +z'CT), a.e. on0,T), (132)
0 = (Lin H))r = prBr + #2507, (133)
0 = (Lin H,)=— % . (B +z'CT), (134)
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where we used equation (I27)) and the commutation property of Lemma [83]
Observe that (I32) -(I34) and Lemma [83] yield

0=Lin H,=pB+z'C", a.e. on|0,T). (135)

Notation: denote by (LS) the set of equations consisting of (I2)), (I6]), (I28)-
(@34).

Proposition 8.4. The differential S'(¥7) is one-to-one if the only solution of
@@, @28), @31, [I32) with the initial conditions (Tg,po) = 0 and with 5 =10

is (Z,u,v,p) = 0.
8.2 Auxiliary linear-quadratic problem

Now we introduce the following linear-quadratic control problem in the variables
(&,1,7, h). Denote by (LQ) the problem given by

Qp, (€, @, 7, h) — min, (136)
{9, D), (137)
h=0. (138)

Here @ and § are the control variables, £ and h are the state variables, and Qp,
is the quadratic mapping defined in (72)) associated with A

Let x and xj be the costate variables corresponding to £ and h, respec-
tively. Note that the qualification hypothesis in Assumption [T1] implies that
{Dn;(Zo, :%T)}?ll are linearly independent. Hence any weak solution (£, 4,9, h)
of (LQ) has a unique associated multiplier A*? := (¥, X, 8%?) solution of the
system that we describe next. The pre-Hamiltonian for (LQ) is

HIAEQ)(E, 4, §) == X(AE + Eu + Byj)

i _ _ 139
+(3ETQE+u " EE+ T ME+ SuT Rou+ 1y Ju+ 2yT Riy), (139)
and the endpoint Lagrangian is given by
dTI
(RINERY (&, Er, hr) o= (&0, &r, hr) + Y B Dn;(Eo,€r + Brhr).  (140)
j=1
The costate equation for y is
Xt =DeHN P =xA+{TQ+a E+y' M, (141)
with the boundary conditions
Xo= —Dg "9 A
_ _ p 142
kR [ D2+ G+ BeW)T DR, o] - S, 529D,

Xr = D t"9N9]
= @& D2 purl+ (& + Brh) D2, (] + BT Cr 4+ 557, 87 Doy
(143)
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For the costate variable y; we get the equation and endpoint conditions

Xn =0, (144)
Xnh,0 =0, (145)
Xnr = DpfERNLQ). (146)

Hence, x =0 and thus (I46) yields

d

n
0= p? & D2, By + (Er + Brh) (D2 ¢ By + C)| + 3 859D, n; Br.
j=1
(147)
The stationarity with respect to the control (a,y) implies
0=Hs=xD+E¢'E" +a"Ro+9' J, (148)
O=Hy=xB1+& "M +a"J" +§"Ry. (149)

Notation: Denote by (LQS) the set of equations consisting of (I31)-(I38),

Note that if the uniform positivity (77) holds, then (LQ) has a unique opti-
mal solution (&, @, 7, h) = 0. Besides, in view of Corollary B3 the strengthened
Legendre-Clebsch condition holds for (LQ) at (,, 7, h) = 0. Hence, the unique
local optimal solution of (LQ) is characterized by its first order optimality sys-
tem (LQS). This leads to the following result.

Proposition 8.5. If the uniform positivity in ([7) holds, the system (LQS) has
a unique solution (£, @, g, h) = 0.

8.3 The transformation

Given (Z,1,7,p, B) € W x W1 x R¥* define
t - - . -
U= / Tyds, €:=T—Bj, Y :=p+7 C, Xn =0, h:=gr, 8% := ;. (150)
0

Lemma 8.6. The one-to-one linear mapping
(@,3,0,7,8) = (§ 4.7, h, X, Xn, 659) (151)
defined by (IBQ) converts each solution of (LS) into a solution of (LQS).

Proof. It is an easy extension of Lemma 7.1 in [6]. O

We shall now go back to the convergence Theorem [R.1]

Proof. [of Theorem B1] Let (Z,u,v,p, 3) be a solution of (LS), and let
(€, 4,7, hy X, Xn, BEQ) be defined by the transformation in (I50). Hence we know
by Lemma that (£,, 7, h, X, Xn, BF9) is solution of (LQS). As it has been
already shown in Proposition83] condition (T7) implies that the unique solution
of (LQS) is 0. Hence (§,a,7,h, X, Xn, B*¢) = 0 and thus (Z,a,7,p,3) = 0.
Conclude that the unique solution of (LS) is 0. This yields the injectivity of &’
at 7, and hence the result follows.

([l
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Remark 8.7 (The shooting algorithm for the control constrained case). We
claim that the formulation of the shooting algorithm above and the proof of its
local convergence can be done also for problems where the controls are subject
to bounds of the type

0<u<1, 0<v <1, ae onl01]. (152)

This extension should follow the procedure in Section 8 of [6].

9 Conclusion

We studied optimal control problems in the Mayer form with systems that are
affine in some components of the control variable. A set of ‘no gap’ necessary
and sufficient second order optimality conditions is provided. These conditions
apply to a weak minimum and do not assume the uniqueness of multipliers. For
qualified solutions, we proposed a shooting algorithm and proved that its local
convergence is guaranteed by the sufficient condition above-mentioned.

There are several issues in this direction of investigation that remain open.
For instance, one can think of the study of other type of minimum, like Pontrya-
gin or strong. Other possible task is the optimality of bang-singular solutions,
that had not yet been deeply looked into but show to be useful in practice.
Therefore, the results presented can be pursued by many interesting extensions.
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