Abstract: e present the use of hyrid sttiGdynmi sheduling strtegy of the tsk dependeny grph for diret methods used in dense numeril liner lgerF his strtegy provides lne of dt lolityD lod lneD nd low dequeue overhedF e show tht the usge of this sheduling in ommuniE tion voiding dense ftoriztion leds to signi(nt performne ginsF yn RV ore ewh ypteron xwe mhineD our experiments show tht we n hieve up to TR7 improvement over version of gev tht uses fully dynmi shedulingD nd up to QH7 improvement over the version of gev tht uses fully stti shedulingF yn ITEore sntel eon mhineD our hyrid sttiGdynmi sheduling pproh is up to V7 fster thn the version of gev tht uses fully stti sheduling or fully dynmi shedulingF yur lgorithm leds to speedups over the orresponding routines for omputing v ftoriztion in well known lirriesF yn the RV ore ewh xwe mhineD our est implementE tion is up to IIH7 fster thn wuvD while on the IT ore sntel eon mhineD it is up to VP7 fster thn wuvF yur pproh lso shows signi(nt speedups ompred with vewe on oth of these systemsF Key-words: dynmi shedulingD ommunitionEvoidingD v ftoriztion Ordonnancement hybride statique/dynamique pour la factorisation deja optimisée des matrices denses Résumé : xous présentons une nouvelle strtégie d9ordonnnement hyride sttiqueGdynmique du grphe de dépendne de tâhes pour les méthodes diE retes utilisées en lgère linéire numérique denseF gette strtégie o're un équilire entre l lolité de donnéesD l9équilirge de l hrge des proessors et l rédution de l hrge de l9ordonnneur de thesF xous montrons que l9utilistion de ette tehnique d9ordonnnement ppliquée ux lgorithmes de rédution de ommunitions pour l ftoristion des mtries denses onduit à des gins de performne signi(tifsF ur une mhine xwe ewh opteron disposnt de RV oresD nos expérienes montrent que nous pouvons tteindre des gins de performne de TR7 pr rpport à l version de gev qui utilise un ordonnnement sttiqueD et jusqu9à QH7 pr rpport à un ordonnnement dyE nmiqueF ur une mhine sntel eon disposnt de IT oresD notre pprohe est jusqu9à V7 plus rpide que l version de gev qui utilise un ordonnnement sttique ou dynmiqueF xotre lgorithme montre des méliortions importntes pr rpport ux fontions orrespondntes à ftoristion v dns les lirires ien onnusF ur l mhine ewh ynt RV oresD l meilleur implémenttion est jusqu9à IIH7 plus rpide que wuvD tndis que sur l mhine sntel xeon ynt IT oresD elle est jusqu9à VP7 plus rpide que wuvF xotre pprohe monE tre ussi des élértions signi(tives pr rpport à vewe sur les deux mhinesF

Mots-clés : ordonnnement dynmiqueD redution des ommunitionsD fE toriztion v

1 Introduction yne of the most importnt gols in highEperformne omputing is the design nd development of e0ient lgorithms tht n e portle for diverse set of node rhitetures nd sle to emerging highEperformne lusters with n inresing numer of nodesF wny prllel sienti( pplitions re written using routines from numeril liner lger lirriesF everl methods hve een used to mke suh routines more tunle to prtiulr rhitetureD prtiulrly due to the sensitivity of rhiteturl prmetersF sn n e'ort to provide wellEoptimized fve P tht is portleD numeril lirries suh s qyyfve II or eve I detet prmeters of the user9s system during instlltionD nd tune the lirry for spei( on(gurtionF gheEolivious lgorithms WD PQ void tuning for mtrix omputtions y using the optiml dt lyout independent of the size of the heF hespite vrious optimiztions provided y vendorsD the performne of suh routines my still e drmtilly 'eted y rhiteturl hrteristis tht re hrd to tune ode forD prtiulrly hrteristis tht use dynmi perE formne vritions during exeution of the routineF sn order to e slle for future highEperformne lusters@iFeF exsleAD the ode running within node of luster must e tuned suh tht it hieves not simply highEperformneD ut lso performne onsisteny IRD ITF uh stti tuning tehniques proE vide few gurntees on performne onsistenyF he prolem eomes evident in pro(le of highly @sttilly sheduledA optimized ommunition voiding v @gevA ftoriztionF es n e seen in pigure ID there re severl pokets of thred idle time @shown through white spesAD inditing tht even sttilly optimized nd tuned ode still leds to idling ores during exeutionF his suggests tht the ode is not le to omE pletely hrness the true @or pekA performne of n rhitetureF sn dditionD there re lmost no ptterns seen for the pokets of idle timeD suggesting trnE sientD dynmi performne vrition of the rhiteture tht nnot neessrily e predited through stti tehniquesF pigure IX ro(le of gev using stti sheduling on IT ores of n ewh ypteron mhineF he emerging omplexities of multiE nd mnyEore rhitetures nd the need for performne onsisteny suggests mking odes more selfEdptive to the wide vriety of di'erent rhiteturl hrteristis tht re di0ult to preditF ixmples of suh selfEdptive tehniques re workEsteling TD S nd openw guided selfEsheduling PHF hese selfEdptive strtegies llow work to e dynamically scheduled to ores @during exeution of the liner lger routineAD rther thn to e statically scheduled @efore exeution of the routineAF sing suh dynmi shedulE ing tehniques in numeril lirry routines gives the dvntge tht ville threds exeute tsks s soon s they re redyF iven if one thred eomes slow or intive due to trnsient performne vrition indued y system events suh
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Hybrid static/dynamic scheduling for already optimized dense matrix factorizationR s sGy or y demonsD the other threds will not e 'etedF he fundmentl disdvntges of dynmi sheduling re the dequeue overhed nd loss of dt lolity tht these strtegies introdueY the onventionl stti sheduling would not hve used overheds for suh lod lningF he dequeue overhed to pull tsk from work queue n eome nonEnegligile espeilly on n rhiE teture with lrge numer of oresF hynmi sheduling provides no gurntee for threds to reuse dt resident in their lol heF he t of suh dynmi migrtion of dt hs signi(nt ostD espeilly on rhitetures with lrge di'erenes in ess time etween he nd min memoryF husD due to these potentilly lrge sheduling overhedsD it my seem more pproprite to simply ontinue to use onventionl stti sheduling for these sesF ht is needed for suh odes is tunle sheduling strtegy tht minE tins lod lne ross ores while lso mintining dt lolity nd low dequeue overhedF o hieve thisD we use strtegy tht omines stti nd dynmi shedulingF his pproh ws shown to e suessful on regulr mesh omputtions ITF his tunle sheduling strtegy llows us to )exily ontrol the perentge of tsks tht n e sheduled dynmillyY this gives to kno to ontrol lod lning so tht it ours only t the point in omputtion when the ene(ts it provides outweighs the osts it induesF yn xwe mE hines where remote memory ess is ostlyD the perentge of work sheduled dynmilly should e smll enough to void exessive he missesD ut lrge enough to keep the ores usy during idle times in the stti prtF sn this workD we show the e'etiveness of this method in the ontext of lE redy highlyEoptimized dense mtrix ftoriztionsF e fous in prtiulr on ommunition voiding v @gevAD reently introdued lgorithm whih o'ers miniml ommunition IPF e hoose v euse of its tight synE hroniztion nd ommunition onstrintsF wost of the disussion pplies to other routines in dense numeril liner lger lsoF yur prior work on multiE threded gev V ws sed on dynmi shedulingF he lgorithm performed well on tll nd skinny mtriesD ut eme less slle on squre mtries with inresing numers of proessorsF hen the input mtrix is tll nd skinnyD the fst ftoriztion of the pnel usully surpsses the vrious types of shedE uler optimiztionsF roweverD when the mtrix is lrgeD it eomes importnt to modify the properties of the sheduler to tke into ount memory ndwidth ottleneks nd dt lolityF sn our hyrid sheduling pprohD the perentge of omputtion tht llotE ted to e dynmi sheduled n e tuned sed on the underlying rhiteture nd the input mtrix sizeF en importnt ftor tht impts performne is the dt lyout of the input mtrixF reneD we lso investigte three dt lyoutsX lssi olumn mjor formtD lok yli lyoutD nd two level lok lyE outF le I desries the design spe we exploreF fy voiding lod lning until it is solutely neededD we re le to heive signi(ntly higher perforE mne gins over fully stti or fully dynmi sheduling strtegyD nd lso n provide etter performne ompred to two wellEknown numeril liner lger lirriesD wuv nd veweF hile the pper fouses spei(lly on gevD most of the disussion pplies to other methods of ftoriztion suh s D rnkEreveling D nd to ertin degree the gholesky nd LDL T ftoriztionsF his pper is orgnized s followsF sn the setion PD we rie)y give kE ground of v nd gev ftoriztionF sn the setion QD we show how to omE
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PElevel lok lyout @PlEfvA √ √ √ golumn mjor lyout @gwA √ le IX hesign speF sn the hyrid versionD numer7 represents the perentE ge of the dynmi prt ine stti nd dynmi sheduling to hieve good performne in numeril liririesF sn setion RD we disuss the dt lyout we use for the mtriesF sn setion SD we present experimentl resultsF sn setion TD we present theoretil nlysisF sn setion UD we present disussion nd roder impt to future mE hines@eFgF exsleAF sn setion VD we disuss relevnt relted workF sn setion WD we onlude the pper nd disuss future workF 2 Direct methods in dense linear algebra sn this setion we rie)y introdue the diret methods of ftoriztionD nd in prtiulr the v ftoriztion nd its ommunition voiding vrintD gevF he v ftoriztion deomposes the input mtrix A of size m × n into the produt of L • U D where L is lower tringulr mtrix nd U is n upper trinE gulr mtrixF sn lok lgorithmD the ftoriztion is omputed y iterting over loks of olumns @pnelsAF et eh itertionD the v ftoriztion of the urrent pnel is omputedD the U ftor of the urrent lok row is determinedD nd then the triling mtrix is updtedF his lst step is omputtionlly the most expensive prt of the lgorithmF st n e performed e0iently sine it exploits fve Q opertionsD nd it exposes prllelismF he pnel ftoriztionD even if it does not dominte the omputtion in terms of )opsD is ottlenek in terms of prllelism nd ommunitionF his is euse the updte of the triling mtrix n e performed only one the pnel is ftoredF reneD it is importnt to perform the pnel ftoriztion s fst s possileF por exmpleD the multithreded veegu Q performs the pnel ftoriztion sequentillyD nd this leds to poor performneD even if the updte is performed in prllelF roweverD due to prtil pivotingD its prlleliztion is not n esy tskF he pnel ftoriztion requires ommunition @or synhroniztion in shred memory environmentA for the omputtion of eh olumnD nd this leds to n lgorithm whih ommunites symptotilly more thn wht the lower ounds on ommunition requireF en e0ient sequentil lgorithm is the reursive v ftoriztion PQD IQF roweverD prlleliztion of this pproh will likely hve sliltity limits due to the reursive formultion of the lgorithmF gommunition voiding lgorithms introdued in the lst yers provide solution to this prolemF sn the se of the v ftoriztionD its ommunition voiding version gev IP uses di'erent pivoting strtegyD tournment pivE otingD whih is shown to e s stle s prtil pivoting in prtieF ith this strtegyD the pnel ftoriztion n e e0iently prllelizedD nd the overll lgorithm is shown to provly minimize ommunitionF he pnel ftorizE
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Hybrid static/dynamic scheduling for already optimized dense matrix factorizationT tionD refered to s vD is omputed in two stepsF he (rst preproessing step identi(esD with low ommunition ostD pivots tht n e used for the ftoriztion of the entire pnelF hese pivots re permuted into the digonl positionsD nd the seond step omputes the v ftoriztion with no pivoting of the entire pnelF he preproessing step is performed s redution operE tionD with v ftoriztion with prtil pivoting eing the opertor used t eh step of the redutionF e use inry tree for the redutionD whih is known to minimize ommunitionF sn gevD the pnel ftoriztion remins on the ritil pthF roweverD urrent reserh indites tht this is required for otining stle pivoting strtegy nd stle ftoriztionF e di'erent pivoting strtegy known s lok pirwise pivoting removes the pnel ftoriztion from the ritil pthD ut this strtegy requires more investigtion in terms of stilityF his pproh ws explored in previous versions of vewe U nd pvewi PIF he sheduling strtegy tht we present in the following setion relies on the tsk dependeny grph of gevF e onsider tht the input mtrix A is prtitioned into loks of size b × b s

A =      A 11 A 21 . . . A 1N A 21 A 22 . . . A 2N F F F F F F F F F A M 1 A M 2 . . . A M N     
, where M = m/b nd N = n/bF he tsk dependeny grph is otined y onsidering tht the omputtion of eh lok A ij is ssoited with tskF e distinguish the following tsksX task PX prtiiptes in the preproessing step of the pnel ftoriztion vF task LX omputes prt of the L ftor of the urrent pnelD y using the pivots identi(ed in tsk F task UX omputes lok of the U ftor in the urrent rowF task SX updtes lok of the triling mtrixF ith these nottionsD mtrix prtitioned into 4 × 4 loks is showed in pigure PD nd its tsk dependeny grph @heqA is displyed in pigure QF 3 Scheduling based on a hybrid static/dynamic strategy sn this setionD we desrie our hyrid sttiGdynmi sheduling strtegy tht ims t exploiting dt lolityD ensuring good lod lneD reduing sheduling overhedD nd eing le to dpt to dynmi hnges in the systemF he hyrid sheduling is otined y spliting the tsk dependeny grph into two prtsD (rst prt whih is sheduled sttillyD nd seond prt whih is sheduled dynmillyF qiven prmeter N static D tsks tht operte on loks elonging to the (rst N static pnels re sheduled sttillyD while tsks tht operte on RR n°7775

pigure PX ixmple of exeution of gev stti@PH7A dynmi on mtrix prtitioned into 4 × 4 loks using a4 thredsF pigure QX sk dependeny grph of gev sttiGdynmi of mtrix prtiE tioned into 4 × 4 loksF he red rrows indite the ritil pth of the stti setion of the lgorithmD while the green rrows indite the ritil pth of the dynmi setion of the lgorithmF
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Hybrid static/dynamic scheduling for already optimized dense matrix factorizationV loks elonging to the lst (N -N static ) pnels re sheduled dynmillyF reneD the tsks tht lie on the ritil pth of the lgorithm re sheduled sttillyF huring the ftoriztionD eh thred exeutes in priority tsks from the stti prtD to ensure progress in the ritil pth of the lgorithmF hen there re no redy stti tsksD then the thred piks up tsk from the dynmi prtF husD the two prts of the tsk dependeny grph re not independentF elgorithm I desries gev with hyrid sttiGdynmi shedulingF sn the stti prt of the heqD the mtrix is distriuted to threds using lssi twoE dimensionl lokEyli distriutionF he lgorithm proeeds s followsF por the (rst N static itertionsD one the pnel K is ftored sttillyD severl tsks eome redyF hese tsks re grouped into two distint setsF he (rst set is formed y tsks tht updte loks A :,J D with K + 1 ≤ J ≤ N static F hese tsks re sheduled sttillyF hey re inserted into the queue of redy tsks of the thred whih owns the loks A :,J F he seond set is formed y tsks tht operte on loks A :,J with N static < J ≤ N F hese tsks re sheduled dynmillyD they re inserted in shred glol queue of redy tsksF por lrity of the presenttionD the lgorithm does not present the insertion of redy tsks in the dynmi queueF por the lst N -N static itertionsD the lgorithm uses fully dynmi shedE ulerF hile the sme pttern of exeution is used s in the stti prtD the min di'erene is tht now the tsks re sheduled dynmilly when they re redyF he stti prt of elgorithm I uses the routine 4dynmitsks@A4D whih is desried in elgorithm PF his routine selets one tsk in the dynmi prt of the mtrix when thred requests itF he tsk is seleted y trversing the heq ssoited with the dynmi prt using depthE (rst serh pprohF ith this pprohD the olumns re updted from left to rightF his ensures tht the exeution follows in priority the ritil pth when the lgorithm will reh the dynmi setionF he tsks seleted y the routine re removed from the glol queueF e note tht sttiGdynmi pproh mkes two ritil pths pperF he (rst pth orresponds to the ritil prt of the tsk dependeny sugrph sheduled sttillyF sn our seD this orresponds to the ritil pth of the whole tsk dependeny grph of gevF he seond pth orresponds to the ritil pth of the tsk dependeny sugrph sheduled dynmillyF he two pths re displyed in pigure Q on our tsk dependeny grph exmpleF he seond pth is exeuted in prllel with the (rst oneF e onsider the seond pth s importnt s the (rst oneY otherwiseD the lgorithm n stgnte when it rrives t the dynmi setionF e use the following nottion nd routines in elgorithm IX I_Own(panel(K))X returns true if the thred exeuting this instrution owns lok of pnel KF I_Own(block-row(K))X returns true if the thred exeuting the instrution owns lok of lokErow KF task PX eh thred exeuting this tsk performs redution opertion to identify b pivots tht will e used for the pnel ftoriztion of the urrent pnelF he redution opertor is qussin elimintion with prtil pivotingD nd for this the est ville sequentil lgorithm n e usedF sn our experiments we use reursive v PQF
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Hybrid static/dynamic scheduling for already optimized dense matrix factorizationW 4do task L @on L K:M,K A in parallel4X omputes the L ftor of pnel K in prllelF sn the stti setionD eh thred omputes the loks of L of pnel K tht it ownsF sn the dynmi setionD ville threds ompute loks of L of pnel K until the whole pnel is (nishedF 4do task S @on A K+1:M,J A in parallel4X pnel J is updted in prllelF sn the stti setionD eh thred updtes the loks of pnel J tht it owns @if nyAF sn the dynmi setionD ville threds updte loks of pnel J until the whole pnel is (nishedF e show n exmple of exeution of our lgorithm on the sme mtrix formed y 4 × 4 loks from pigure P nd its tsk dependny grph from pigure QF sn pigure PD the exponent indites the thred whih exeutes the tskF et steps S nd TD we oserve tht insted of eoming idle while witing for the ompletion of the ftoriztion of the third pnelD two threds exeute tsk from the dynmi setionF his voids unneessry idle timeF sn our urrent workD the perentge of the dynmi prt d ratio is tuning prmeterD whih determines the numer of pnels tht will e exeuted sttE illy @N static A or dynmilly @N -N static AF st is therefore possile to swith from IHH7 stti version to IHH7 dynmi versionF sn prtieD prtiulr sheduling tehnique n e highly e0ient on one rhitetureD ut less e0E ient on notherF sn the experiementl setionD we show tht the est sheduling strtegy depends not only on the rhiteture on whih it is exeutedD ut lso on the size of the mtrixD the dt lyout of the mtrixD nd the numer of proessorsF he )exiility to hoose the perentge of the dynmi setion in our lgorithm will llow it to dpt on di'erent rhiteturesF es explined in setion PD for ftoriztions tht use some form of pivoting s gev or qussin elimintion with prtil pivotingD the pnel ftoriztion lies on the ritil pthF sn fully stti pprohD this n e ottlenek nd my use intivity due to lk of tsksF he omined sttiGdynmi sheduling helps to overome this prolemF hreds tht re idle witing for the ompletion of the pnel ftoriztion perform tsks from the dynmi prtF his is illustrted in pigure R where stti @PH7 dynmiA sheduling is used to ftor mtrix of size 5000 × 5000F he red tsks represent the pnel ftorE iztions nd the green tsks represent the updting omputtionF e oserve tht some of the threds (nish erlier thn others the pnel ftoriztionF sn fully stti pprohD they would eome idleF sn the hyrid pprohD they exeute tsks from the dynmi setionD nd there is lmost no idle time in this exmpleF pigure RX pirst steps of the ftoriztion of mtrix of size 5000 × 5000 using stti @PH7 dynmiA sheduling everl other optimiztions re used in our lgorithm tht re importnt for its performneD ut we do not desrie them in detil in this pperF por
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Hybrid static/dynamic scheduling for already optimized dense matrix factorizationIH Algorithm 1 gev with hyrid sttiGdynmi sheduling 1: Input: m × n matrix A, block size b, percentage of dynamic section dratio 2: 

Nstatic = N * (1 -dratio) 3: /*

33:

Let ΠKK be the permutation performed for panel

K such that ΠKK A 1:b,1:b = LKK UKK 34: do task L LK:M,K = AK:M,K U -1
KK in parallel and dynamically 35: for J = K + 1 to N do in parallel and dynamically 36:

do task U AK,J = L -1 KK AK,J 37: end for 38:

for J = K + 1 to N do in parallel and dynamically 39:

do task S AK+1:M,J -= LK+1:M,K UK,J in parallel 40: Hybrid static/dynamic scheduling for already optimized dense matrix factorizationII Algorithm 2 dynmitsk 1: vet K 0 e the pnel urrently omputed in the stti setionF 2: for J a N ST AT IC + 1 to N do 3:

for K a 1 to K 0 -1 do 4:

if U K,J not omputed 5: exmpleD the stti setion employs lookEhedD tehnique used in dense ftorE iztions to llow the pnel ftoriztions to e performed s quikly s possileF he grnulrity of the tsks used during the updte of the triling mtrix hs diret impt on the performne of fve Q opertions @dgemm or gemm in our seAF he est grnulrity is trdeEo' etween prllelism @there should e enough tsks to sheduleA nd fve Q performneF sn the stti setionD thred n updte the loks it owns one y oneD or it n group them together nd updte using one single ll to fve QF he ltter option leds to etE ter performne of fve QD nd lso to redution in the numer of messges trnsfered @if n pproprite dt lyout is usedAF rowever the numer of words trnsfered stys the smeF sn our experimentsD the threds updte the triling mtrix y using loks of size kb, k ≥ 1D with k = 3F 4 Data Layout glssi lirries suh s vpk nd lpk store the mtries using olumn mjor lyoutF roweverD novel lgorithms tht minimize ommunition suh s gev require the usge of novel dt lyoutsD sed on loking or reursive lokingF sn this pperD we investigte the impt on performne of two dt lyouts tht re dpted to our lgorithmF e desrie them in the followingF 4.1 Block cyclic layout (BCL) his lyout ims t enling dt lolity in the stti setion of our lgorithmF he stti setion onsiders tht the mtrix is distriuted using Ph lok yli lyout over Ph grid of thredsF henD during the lgorithmD eh thred modi(es the loks tht it ownsF he lok yli lyout stores ontigously in memoryD for eh thredD the loks tht it ownsF sn other wordsD the mtrix is prtitioned into s mny sumtries s thredsF ih sumtrix is stored in memory using olumn mjor lyoutF xote tht sumtrix is formed y loks issued from the Ph lok yli lyoutY tht isD their olumn indies nd row indies re not ontiguous @exept inside the smll loks of size b × bAF he lok yli lyout is displyed t the left of (gure SF he mtrix ws prtitioned into loks of size 2 × 2 whih were distriuted using the Ph

do task U U K,J = L -1 KK A K,J 6 
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Hybrid static/dynamic scheduling for already optimized dense matrix factorizationIP lok yli lyout over grid of R thredsF he min vntge of this storge ompred to full olumn mjor lyout s implemented in veegu is tht in the stti setionD the dt of eh thred is stored ontiguously in its lol memoryF enother vntge is the possiility of improving fve Q performneD desried in the previous setionF ih thred n simply ll dgemm @or gemmA on lok whih n e lrger thn b × bF 4.2 Two level block layout (2l-BL) his lyout n e seen s reursive lok lyoutD with the reursion eing stopped t depth two @with the exeption tht t the (rst levelD the mtrix is prtitioned using lok yli lyoutAF et the seond level of the reursionD the sumtrix elonging to eh thred is further prtitioned into loks of size b × b nd eh lok is stored ontigously in memoryF his prtitioning is shown t the right of pigure SF he min vntges of this storge is thtD with n pproprite vlue of bD the lok @sometimes refered s tileA n (t in he t some level of the hierrhyF rene ny opertion on the lok n e performed with no extr memory trnsferF roweverD with this lyoutD it is not strightforwrd to inrese the size of the loks used during the updte of the triling mtrix using fve QF his would require opy of the dtD whih ould dd extr timeF e do not explore this option in this pperF pigure SX ht lyoutF he (gure t left displys the prtitioning of the mtrix into four loks using Ph lok yli lyout @fgvA sed on loks of size b × bF ih of the four loks is stored ontiguously in memoryF he (gure t right displys the two level lok lyout @PlEfvA lyoutD whih further stores ontigously in memory loks of size b × b for eh of the four loksF 5 Experimental results sn this setion we evlute the performne of our lgorithms on fourEsoketD qudEore mhine sed on sntel eon iwTR proessor nd on n eightE soketD sixEore mhine sed on ewh ypteron proessor running on vinuxF he sntel mhine hs theoretil pek performne of VSFQ q)opsGseond in doule preisionF ih ore hs frequeny of PFTUqrzD privte vI he of size QP uytesD n vP he of size SIP uytesD nd n vQ he of size VIWP uytes shred with the others oresF he ewh mhine hs theoretil pek performne of SQWFS q)opsGseond in doule preisionF ih ore hs
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Hybrid static/dynamic scheduling for already optimized dense matrix factorizationIQ frequeny of PFI qrzD privte vI he of size TR uytesD privte vP he of size SIP uytesD nd n vQ he of size SIIV uytes shred with the other ores of the sme soketF e (rst present the performne of the hyrid sttiGdynmi sheduling ompred to fully stti nd fully dynmi shedulingD while lso disussing the impt of the dt lyout on performneF e then ompre the perforE mne with the orresponding routines from wuv IHFQFP vendor lirry nd vewe PFQFIF 5.1 Performance of static/dynamic scheduling sn the followingD CALU static refers to the version of gev sed on fully stti shedulingD while CALU dynamic refers to the version of gev sed on fully dynmi shedulingF gev sttiGdynmi refers to the version of gev sed on omined stti nd dynmi shedulingF hen we wnt to identify the perentge of the dynmi prtD we use gev stti@number% dynmiAD where number% spei(es the perentge of the omputtion sheduled dynmillyF 5.1.1 Comparison with static and dynamic scheduling using block cyclic layout e (rst disuss the performne of gev using lok yli lyoutF es explined erlierD one of the dvntges of this lyout is tht during the updte of the triling mtrixD we n ll dgemm on lrger loks y grouping together loks tht re stored in the sme memoryF hile we n group together loks tht shre the sme rows or the sme olumnsD we hoose the ltter option suh tht the lgorithm n mke progress on its ritil pthF pigure T shows the performne of gev sttiD gev dynmi nd gev sttiGdynmi with vrying the perentge of the dynmi sheduled work on the IT ore sntel eon mhineF e oserve tht hyrid sttiGdynmi shedulE ing is more e0ient thn either of stti or dynmi shedulingF sn prtiulrD gev stti@IH7 dynmiA is VFPH7 fster thn gev sttiD nd is IFR7 fster thn gev dynmiF roweverDthe di'erene otined y vrying the perentge of the dynmi setion is not signi(ntF yn this mhineD the stti sheduling is the lest e0ientD while the dynmi sheduling is loser to the est performne otined y the sttiGdynmi pprohF his performne is explined y the ft tht the sheduler overhed nd the he miss penlties of the dynmi pproh re less signi(nt thn the idle time introdued y lod imlne in the stti pprohF pigure U shows the performne otined on the RV ore ewh ypteron mhineF yn xwe mhinesD the memory lteny plys n importnt role on performneF tti sheduling is very pproprite in this se euse of its good use of dt lolityF roweverD the est performne is otined y omining stti with smll perentge of dynmi @IH7 or PH7AD whih is su0ient to redue the thred idle time tht nnot e hndled y using purely stti shedulingF pigure V shows the perentge of improvement of gev stti@IH7 dynmiA nd gev stti@PH7 dynmiA over gev stti nd gev dynmiF he est improvement is oserved on RV ores with M = N = 4000D where gev stti@IH7 dynmiA is QHFQ7 fster thn gev stti nd IHFP7 fster thn RR n°7775 pigure TX erformne of gev with sttiGdynmi sheduling on sntel ITE ore mhineF he perentge of the dynmi prt is vried from IH7 to US7F he mtrix of size M = N = 5000 is stored using lok yli lyoutF pigure UX erformne of gev with sttiGdynmi sheduling on the RV ore ewh opteron mhineF he perentge of the dynmi prt is vried from IH7 to US7F he mtrix is stored using the lok yli lyoutF F ixperiments on RV ores pigure VX erentge of improvement of gev stti@IH7 dynmiA nd gev stti@PH7 dynmiA over gev stti nd gev dynmi on the ewh RVEore mhineF he mtrix is stored using lok yli lyoutF gev dynmiF por M = N = 10000 on RV oresD gev stti@IH7 dynmiA is TFW7 fster thn gev stti nd VFR7 fster thn gev dynmiF his suggests thtD espeilly for smller mtriesD using just smll perentge of dynmi sheduling n provide signi(nt performne ene(tsF hen we do these experiments using only PR oresD gev stti@PH7 dynmiA is slightly fster thn gev stti@IH7 dynmiAF his suggests tht in some sesD inE resing the perentge of dynmi sheduling ould led to etter performneD nd tht this perentge should e ppropritely tunedF 5.1.2 Comparison with static and dynamic scheduling using 2-level block layout e now disuss the performne of gev when using PElevel lok lyoutF pigure W shows the performne otined on IT ores sntel eon mhineF he ehvior is the sme s oserved with the lok yli lyoutF snresing the perentge of dynmi in gev sttiGdynmi does not hve n importnt impt on performneF eginD the stti sheduling is less e0ient thn ll the other pprohesF he est improvement is otined with gev stti@IH7 dynmiA for M = N = 4000D when it is IHFT7 fster thn stti nd IFU7 fster thn dynmiF pigure IH shows the performne otined on the RV ore ewh ypteron mhineF sn this seD vrying the perentge of the dynmi prt in the hyrid sttiGdynmi sheduling leds to importnt di'erenes in performneF gev dynmi is the lest e0ient pprohF here re three min resons for thisF pirstD the loks re stored ontiguously in memory suh tht they (t in heD ut due to the dynmi shedulingD the dt might not e reusedF eondD when the mtrix size inreses long with the numer of loksD the dequeue overhed of the dynmi sheduler eomes signi(ntF hirdD due to the storge of the mtrixD we do not group loks together to improve the performne of fve opertions nd redue sheduling overhedF hue to these resonsD inresing the perentge of the dynmi prt in gev sttiGdynmi does not led to etter performneF pigure II shows the perentge of improvement of gev stti@IH7 dyE nmiA nd gev stti@PH7 dynmiA over gev stti nd gev dynmiF pigure WX erformne of gev with sttiGdynmi sheduling on sntel IT ore mhineF he perentge of the dynmi prt is vried from IH7 to US7F he mtrix is stored using PElevel lok lyoutF pigure IHX erformne of gev with sttiGdynmi sheduling on ewh ypteron RV ore mhineF he perentge of the dynmi prt is vried from IH7 to US7F he mtrix is stored using PElevel lok lyout
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Hybrid static/dynamic scheduling for already optimized dense matrix factorizationIU F ixperiments on PR ores F ixperiments on RV ores pigure IIX erentge of improvement of gev stti@IH7 dynmiA nd gev stti@PH7 dynmiA over gev stti nd gev dynmi on ewh RV ore mhineF he mtrix is stored using PElevel lok lyoutF sn the est seD gev stti@IH7 dynmiA is SFW7 fster thn sttiD nd TRFW7 fster thn dynmi on RV oresF yn PR oresD gev stti@IH7 dyE nmiA is up to IH7 fster thn gev sttiD nd up to IT7 fster thn gev dynmiF

Summary of results

pigures IP nd IQ show summry of our results on oth mhinesF @sn the (gE uresD dynmi retngulr refers to olumn mjor lyout of the input mtrixFA e note tht the performne of the lgorithm depends on the mtrix sizeD the dt lyout usedD nd is rhiteture dependentF rowever severl trends pperF yn the sntel eon mhineD the dynmi sheduling is firly e0ientF por this mhineD the time to trnsfer dt from min memory to the he of eh ore does not hinder the performe of fully dynmi sheduling strtegyF roweverD on xwe mhine like the ewh ypteronD fully dynmi sheduling is highly ine0ient due to the ost of he missesD nd so exploiting lolity through onstrining dt migrtion is essentil on suh mhinesF hen the mtrix is smll @n ≤ 5000AD the twoElevel lok yli lyout leds to good performneF fut with inresing mtrix sizeD the lok yli lyout leds to etter performne thn the twoElevel lok lyoutF his is minly due to our pproh of performing fve Q opertions on lrger loks when the lok yli lyout is usedF hen the mtrix is lrge enoughD there re enough tsks to sheduleD the synhroniztion is reduedD nd the fve Q opertions re more e0ientF sn generlD gev stti with smll perentge of dynmi leds to the est performne ginsD nd n hieve performne tht is loser to pek perE formne on oth mhinesF yn the sntel mhineD gev stti@IH7 dynmiA hieves up to 67.4 q)opsGsD whih is 797 of the pek performneF yn the ewh mhineD gev stti@IH7 dynmiA hieves up to 264.1 q)opsGs tht is 497 of the pek performneF foth results were otined for mtrix of size m = n = 15000 stored using lok yli lyoutF
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Hybrid static/dynamic scheduling for already optimized dense matrix factorizationIV pigure IS shows the pro(ling of stti@IH7 dynmiA version of gevF e oserve tht smll perentge of dynmi helps to keep the ores usyD nd redues drstilly the idle timeF pigure ISX gev stti @IH7 dynmiA with PElevel lok lyout on ewh using IT ores 5.3 Comparison with MKL and PLASMA e ompre in pigures IT nd IU the performne of gev stti@IH7 dyE nmiA ginst the dgetrf routine from wuv nd dgetrfinpiv from veweF he routine from wuv implements qussin ilimintion with prtil pivotingF ine the initil dt plement my hve drmti impt on the perforE mne of n pplition running on xwe mhines IUD we distriute the input mtrix to ll the ores efore lling wuvF his distriution ws done usE ing existing numtl @with rgument !interleveAD whih ontrols xwe poliy for shred memoryF his improves drmtilly the performne of the routine wuvdgetrf on the ewh RV ore mhineF yur lgorithm outperforms wuv on oth the sntel nd ewh mhinesF yn the IT ore sntel eon mhineD for M = N = 10000D gev stti@IH7 dynmiA with oth fgv lyout nd PlEfv lyout is out 60% fster thn wuvF he est improvement is otined with gev stti@IH7 dynmiA @PlE fvA for M = N = 4000D where it is 82% fster thn wuvF yn the RV ore ewh mhineD for M = N = 10000D gev stti@IH7 dynmiA with oth dt lyouts is out 100% @up to 110% fster thn wuvF e lso oserve improvements @up to 20% E 30% for lrger mtriesA with respet to the dgetrfinpiv routine from veweF his routine implements
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Hybrid static/dynamic scheduling for already optimized dense matrix factorizationPH pigure ITX erformne of gevD wuvD nd vewe on the IT ore sntel mhineF the v ftoriztion using inrementl pivoting @whih n e seen s lok version of pirwise pivotingD whose stility is still under investigtionAD in whih the pnel ftoriztion is removed from the ritil pthF his leds to tsk dependeny grph tht is dierent from gev9s tsk dependeny grphF sn the reently relesed version of veweD there is lso n implementtion of qussin elimintion with prtil pivotingD ut we do not hve thorough omprison ginst this new routine for the momentF pigure IUX erformne of gevD wuvD nd vewe on the RV ore ewh ypteron mhineF 6 Theoretical Analysis o understnd these resultsD we provide si performne model nd theoE retil nlysisF feuse we wnt to void lod lning s muh s possile until it is solutely needed@due to the overheds it inursD suh s oherene he misses nd dequeue overhedAD we im to minimize the perent dynmiF husD we sk the following questionX given prtiulr lgorithm nd prE tiulr rhitetureD wht is the minimum perentge dynmi d ratio @de(ned in the lgorithm setionA tht should e used in n lgorithm to otin the est performnec o understnd thisD we formlize the prolem s followsF vet f s the frtion of work done sttillyF xote the d ratio = 1 -f s F vet p e the numer of oresF vet T 1 e the seril time for the omputtionF vet T p a T1 p e the time for omputtion to e done in prllel ross p oresF e formlize our question y sking the followingX wht is the lrgest stti frtion f s tht will mke it fesile to ttin idel exeution time t ideal D given ompute ore
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Hybrid static/dynamic scheduling for already optimized dense matrix factorizationPI i hs exess work δ i 1 c vet δ max e the mximum exess work ross ll oresF vet δ avg e the verge exess work ross ll oresF heorem I provides the ound for this stti frtionF Theorem 1: f s ≤ 1 -

δmax-δavg Tp

Proof: sn the presene of some exess work δ i @eFgF system noiseA tht is fored on ore iD let t ideal e the idel time for omputtion for given numer of ores p when exess work n e lod lnedD nd let t actual e the worstE se time tken when the exess work nnot e lod lnedF his mens thtX

t ideal = T1+ n i=1 δi p nd t actual = f s × T1 p + max δ i
o (nd the rekpoint t whih stti sheduling will indue lod imlneD we set t actual ≤ t ideal F qiven thisD the time for the se when the ompution is lod imlnedD t actual D will e is no worse thn the se of ompletely lod lned omputtionD t ideal F ixpnding this inequlityD we hveX

f s × T1 p + max p i=1 δ i ≤ T1+ n i=1 δi p
olving for the stti frtion f s D we hveX

f s ≤ T1+ n i=1 δi p -max p i=1 δ i × p T1 = f s ≤ T1+ n i=1 δi T1 - max p i=1 δi×p T1 = f s ≤ 1 - (max p i=1 δi)×p- n i=1 δi T1 = f s ≤ 1 - (max p i=1 δi)- n i=1 δ i p T 1 p fsed on our ssumptions of T p D nd our de(nition of δ max D δ avg X f s ≤ 1 - δmax-δavg Tp
xote tht this nlysis ssumes tht prllel time inludes no overhedsF hue to the ommunition on ritil pth of v@even for the ommunitionE voiding seAD full nlysis of our v ftoriztion nnot ignore the term of ommunition ostD T criticalP ath F sf p ≺ T1 T criticalP ath D the T criticalP ath does not dominte the totl exeution time of prllel gevF yur nlysis presented is esily extensile though for the se when p ≥ T1 T criticalP ath Y this term of ommunition ost n e dded to the denomintorF husD the denomintor will e T1 p + T criticalP ath F sf we lso ssume there is ost of migrtion of tsks T migration @due to oherene he misses tht sheduling inursAD then the denomintor eomes T1 p + T criticalP ath + T migration F he model n e mde even more urte y inorporting other osts of lod lning @eFgF dequeue 1 More realistically, this excess work occurs with some probability φ, and thus we weight each load imbalance δ i by φ i . However, we make the simplifying assumption that we know that this transient load imbalance will denitely occur. In other words, our analysis assumes φ = 1.0.
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Hybrid static/dynamic scheduling for already optimized dense matrix factorizationPP overhedsA s wellF sn generlD these dditionl relevnt osts n e ptured y dding single termD T overhead to the term in the denomintor T1

p D e'etively providing more relisti vlue for T p tht inorportes oth ommunition ost nd lod lning ostF his simple theoretil nlysis llows us to more lerly understnd the impt of pplition prmeters to our experimentl resultsF qiven the time omplexity of the prllelized version of the omputtion T p of dense ftorE iztion @gin ssuming there is no ost of dt movementADthe ove formul gives us the ility to plug in the expression for T p to (nd the upperEound on the stti frtionF snresing mtrix size n use n inrese in T 1 in heorem IF prom heorem ID we see tht inresing mtrix size llows us to inrese the mximum stti frtion tht we n useF sn generlD s the totl ost of the lgorithm T 1 inreses nd we keep two rhiteturl prmeters p nd δ max -δ avg onstntD we n use lrger perent stti to void sheduling overhedsF he stti frtion n lso e 'eted y rhiteturl prmetersF yn the sntel mhineD for exmpleD ommunition ompred to omputtion is negligiE leD due to the lowElteny of oherene he missF his dereses perentge of dynmi frtionD nd inreses the stti frtion f s F husD s the penlty for oherene he misses eomes higherD the perentge stti will need to inrese to void suh oherene he missesF 7 Discussion e more detiled performne model nd theoretil nlysis for regulr mesh odes hs een estlished through the followEup studies of the work y F ule et l ITF he doption of this model will llow us to lulte expeted omE pletion time of dense mtrix ftoriztion in the presene of trnsient lod imlne ourring with some proilityF qiven thisD we n ouple our perE formne model with utoEtuning tehniques nd heuristisIH for optimizing the sheduling strtegy for prtiulr rhitetureD llowing us to signi(ntly prune the serh spe of prmeter on(gurtions for our sheduling pprohF he prolem of noise mpli(tion hs een projeted @most reently through simultionA to seriously impede performne t very lrge sle IRF sn erlier work ITD it ws shown tht y improving performne onsisteny of the Qh regulr mesh odeD one n mitigte the impt of the noise mpli(tion proE lemF he erly results of the redued stndrd devitions of wll lok times ross multiple runs of our ode under our tuned sheduling strtegy is in ord with the performne onsisteny results shown in ITF ith our theoretil nlysisD we n provide projetions for the upperE ound on the stti frtion to e used within mnyEore nodes of n exsle mhineF ueeping the work per ore onstntD the term (δ max -δ avg ) n inE rese in the presene of noise mpli(tionF qiven this nd using heorem ID we projet tht the lowerEounds for perentge dynmi for numeril linE er lger routines will hve to inrese for use on future highEperformne lustersF he ide of omining stti nd dynmi sheduling hs een studied in difE ferent ontexts in the litertureD ut to the est of our knowledge none of the pprohes fouses on dense numeril liner lgerF F ule et lF suggested hyrid sttiGdynmi pproh in IT tht n e inorported into urrent ws implementtions of regulr mesh odes to improve the lod lning of the initil stti deompositionsF hey show the performne of their strtegy on Qh joi relxtion prolemF yur work here emres the fundmentl priniples dvoted in tht pperD nd pplies it in the ontext of dense mtrix ftoriztionsF ue et lF introdued n pproh in PR tht improves the dt lolity when exeuting loop itertions in odesF his is done in the ontext of hip multiEproessorsF he uthors show tht the di'erent loops of mny odes my e deomposed into two prtsX in one prtD itertions re distriuted ross proessors t ompiltion timeY in the other prtD itertions re distriuted t runtime to ville proessors to improve the lod lningF yur pproh hs some similrity with workEstelingD ut proeeds more e0ientlyF sn work stelingD the work is initilly @sttillyA distriuted lmost eqully to eh thredF huring the lgorithmD eh intive thred @the thiefA n pik tsk from the queue of tsks of nother thred @the vitimAF en importnt question isX from whih other thred will this thred stel workc he pproh of rndomized workEsteling from the queue of nother thred is implemented in gilk SF gilk is founded on theoretil nlysis nd proofs on its e0ienyF st hs een shown to o'er eptle performneD prtiulrly for multiEprogrmmed worklods on multiEoresF sn the v ftoriztionD the updte of the triling suEmtrix is performed from left to rightD to mintin the exeution of the lgorithm on the ritil pth nd to gurntee tht the pnel ftoriztion will e le to strt s soon s possile even if the updtes of the olumns of the previous steps re not ompletely doneF sn other wordsD olumns lose to the pnel hve high priorityF elthough rndom steling n help lning work mong proessors during exeutionD it might not follow the ritil pth of the ftoriztionF sn typil implementtions of work stelingD when the queue of prtiulr thred is emptyD tht thred ttempts to pik tsk either t the topD or t the ottomD of vitim queueF hether hosen from the top or the ottom of the queueD this pproh is not optiml for mny omputtions nd in prtiulr for dense ftoriztionsF iking tsk t the eginning of the queue @pspyA my led to nonEnegligile synhroniztion overheds with the vitimD or my use flse shring due to two threds essing dt in two regions in memory in lose proximityF hile piking tsk t the end of the queue @vspyA my led to eptle lod lning in generlD for omputtions in vGgevD the lst olumns hve the lest priority within the omputtionF his inhiits the progression of the ritil pthF yther work suh s PP suggest then the stel is done from the queue of the thred hving the highest numer of tsksF his nnot e pplied diretly to dense ftoriztionsD where the numer of tsks of thred is not proportionl to its worklodF
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Hybrid static/dynamic scheduling for already optimized dense matrix factorizationPR 9 Conclusions e hve designed nd implemented strtegy tht omines stti nd dynmi sheduling to improve dt lolityD lod lningD nd exploit the power of urE rent nd emerging multiEore rhiteturesF yur hyrid sttiGdynmi shedulE ing strtegy pplied to gev leds to performne improvements over the fully stti gev nd fully dynmi gevD nd lso provides performne improveE ments over the orresponding routines in wuv nd veweF yur performne results show tht the omintion of stti nd dynmi sheduling is e'etive for dense ommunition voiding v ftoriztionF sn our experiementsD we determine the est perentge of the dynmi prt y running vritions of the lgorithm with di'erent dynmi perentgesF e show thtD usullyD IH7 dynmi leds to good performne euse it provides the est ompromise etween dt lolityD lod lningD nd miniml dequeue overhedF hile in this pper we fous on gevD the sme tehniques n e pplied to other dense ftoriztions s gholeskyD D rnk reveling D LDL T D nd their ommunition voiding versionsF his remins future workF yn future highEperformne lusters plnned within the timespn of S yersD often termed s exsleD eh node will e omprised of mny levels of prlE lelismD with possily on the order of IHHs of ores per nodeF ghoosing etween purely stti nd purely dynmi sheduling for numeril liner lger rouE tines will espe the prolem of trying to grdul evolveD rther thn rdilly hngeD our odes for use on emerging nd future highEperformne lustersF yur hyrid pproh llows for selfEdptivity of the numeril liner lger routines to the trnsient dynmi vritions of the rhitetureD without loss of dt lolity tht is so fundmentlly importnt to lrge lss of rg pplitionsF sn future workD we opt to design stronger model to determine the perE entge of the dynmi setionF e provide n pproh to theoretilly deE termine the perentge of the dynmi setionD ut we elieve we n otin even tighter oundsD given knowledge of sheduling ostsF purthermoreD this theoretil nlysis n e pplied to other numeril liner lger routinesD s well s to fullE)edged pplitionsD given the expression for prllel exeution timeF e pln to enhne our sheduling tehnique so tht tsks re hosen from the queue suh tht the dt tht these tsks operte on is highly likely to e in ore9s he lredyD llowing for fewer oherene he misses due to tsk migrtionF uh intelligent seletion of tsks n e implemented y dding lolity tgs within the tsk dt strutureD nd inorporting heuristis tht mke more urte preditions on the tsk tht is lest likely to inur migrtion overhedD if hosenF Acknowledgment e would like to thnk tmes hemmel for his erly input nd support for the importne of dt lolity to the sheduling shemeF e would lso like to thnk tk hongrr for the ess to the mhines t ennesseeF his work ws done in the ontext of the sxseEsllinois jointElortory of etle gomputingF 
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  pigure IPX smpt of dt lyout nd sheduling on the sntel IT ore mhineF pigure IQX smpt of dt lyout nd sheduling on ewh RV ore mhineF RR n°7775 Hybrid static/dynamic scheduling for already optimized dense matrix factorizationIW 5.2 Proling e oserve the timelines of our lgorithm on mtrix of size 2500 × 2500 with lok size of b = 100 using IT ores of the ewh mhineF pigure IR shows the pro(ling of the dynmi version of gev using olumn mjor lyoutF e oserve tht WH7 of threds eome idle fter only TH7 of the totl ftoriztion timeD while for the other vrints of shedulingD this hppens towrds the very endD fter VH7EWH7 of the totl ftoriztion timeF pigure IRX gev dynmi with olumn mjor lyout on ewh mhineF es presented in the sntrodutionD pigure I shows the pro(ling of the stti version of gevD we oserve pokets of idle times during the ftoriztionF

  RR n°7775Hybrid static/dynamic scheduling for already optimized dense matrix factorizationPS References I eve homepgeF http://http://acts.nersc.gov/atlas/F P fsi liner lger suprogrmF httpXGGwwwFnetliForgGlsGF Q veeguF httpXGGwwwFnetliForgGlpkGF R geveeguF httpXGGwwwFnetliForgGslpkGF S FhF flumofeD gFpF toergD fFgF uuszmulD gFiF veisersonD uFrF ndllD nd F houF gilkX en e0ient multithreded runtime systemF sn ACM SigPlan NoticesD volume QHD pges PHU!PITF egwD IWWSF T oert hF flumofe nd ghrles iF veisersonF heduling multithreded omputtions y work stelingF J. ACMD RTXUPH!URVD eptemer IWWWF U e futtriD t vngouD tF uurzkD nd tF hongrrF e lss of prllel tiled liner lger lgorithms for multiore rhiteturesF Parallel ComputingD QS@IAXQV!SQD PHHWF V F honfkD vF qrigoriD nd eFuF quptF edpting ommunitionEvoiding v nd ftoriztions to multiore rhiteturesF sn Parallel & Distributed Processing (IPDPS), 2010 IEEE International Symposium onD pges I!IHF siiiD PHIHF W wF prigoD gFiF veisersonD rF rokopD nd F mhndrnF gheE olivious lgorithmsF sn focsD pge PVSF ulished y the siii gomputer oietyD IWWWF IH erhn qnpthiD uushik httD ermndo poxD nd hvid ttersonF e se for mhine lerning to optimize multiore performneF sn Proceedings of the First USENIX conference on Hot topics in parallelismD rotE r9HWD pges I!ID ferkeleyD geD eD PHHWF ixs essoitionF II uF qotoF qotols homepgeF http://www.tacc.utexas.edu/taccprojects/gotoblas2F IP vF qrigoriD tFF hemmelD nd rF ingF gommunition voiding qusE sin elimintionF sn Proceedings of the 2008 ACM/IEEE conference on SupercomputingD pge PWF siii ressD PHHVF IQ pF qustvsonF eursion leds to utomti vrile loking for dense linerElger lgorithmsF IBM Journal of Research and DevelopmentD RI@TAXUQU!USSD IWWUF IR F roe)erD F hneiderD nd eF vumsdineF ghrterizing the in)uE ene of system noise on lrgeEsle pplitions y simultionF sn International Conference for High Performance Computing, Networking, Storage and Analysis (SC'10)D xovF PHIHF IS sntelF wth kernel lirry @wuvAF httpXGGwwwFintelFomGsoftwreGprodutsGmklGF IT ivek ule nd illim qroppF vod lning for regulr meshes on ws with wsF sn EuroMPI'10D pges PPW!PQVF pringerD PHIHF RR n°7775 Hybrid static/dynamic scheduling for already optimized dense matrix factorizationPT IU eF uleenF e num es for vinuxF Novel IncD PHHSF IV xF rkD fF rongD nd FuF rsnnF ilingD lok dt lyoutD nd memE ory hierrhy performneF IEEE Transactions on Parallel and Distributed SystemsD pges TRH!TSRD PHHQF IW veweF veweF httpXGGilFsFutkFeduGplsmGF PH gF hF olyhronopoulos nd hF tF uukF quided selfEshedulingX e prtiE l sheduling sheme for prllel superomputersF IEEE Trans. Comput.D QTXIRPS!IRQWD heemer IWVUF PI qF uintnEyrtiD iF F uintnEyrtiD iF ghnD pF qF n eeD nd £ F vn de qeijnF rogrmming lgorithmsEyEloks for mtrix omputtions on multithreded rhiteturesF ehnil eport EHVEHRD niversity of exs t eustinD PHHVF pvewi orking xote PWF PP vF udolphD wF livkinEellloufD nd iF pflF e simple lod lning sheme for tsk llotion in prllel mhinesF sn Proceedings of the third annual ACM symposium on Parallel algorithms and architecturesD pges PQU!PRSF giteseerD IWWIF PQ F oledoF volity of referene in v deomposition with prtil pivotingF SIAM Journal on Matrix Analysis and ApplicationsD IV@RAXIHTS!IHVID IWWUF PR vF ueD wF undemirD qF ghenD pF viD yF yzturkD F mnrynnD nd fF idynthnF volityEwre distriuted loop sheduling for hip multiproessorsF sn 20th International Conference on VLSI Design, 2007. Held jointly with 6th International Conference on Embedded SystemsD pges PSI!PSVF siii gomputer oietyD PHHUF RR n°7775

  static section*/ 4: for K = 1 to Nstatic do 5:

		if I_Own(panel(K)) then
	6:	do task P Preprocessing of TSLU(AK:M,K ) in parallel
	7:	endif
	8:	while taskP [K] not done
	9:	do dynamic_tasks()
	10:	end while
	11:	
		endif
	19:	end for
	20:	endif
	21:	for J = K + 1 to Nstatic
	22:	if I_Own(panel(J)) then
	23:	while the block UK,J not computed
	24:	do dynamic_tasks()
	25:	end while
	26:	do task S AK+1:M,J -= LK+1:M,K UK,J in parallel
	27:	endif
	28:	end for
	29: end for
	30: /* dynamic section*/
	31: for K = Nstatic to N do
	32:	do task P Preprocessing of TSLU(AK:M,K ) in parallel and dynamically

Let ΠKK be the permutation performed for panel K such that ΠKK A 1:b,1:b = LKK UKK 12:

do task L LK:M,K = AK:M,K U -1 KK in parallel 13:

if I_Own(block-row(K)) then 14: for J = K + 1 to Nstatic 15:

if I_Own(panel(J)) then 16:

do right swap AK:M,J = ΠKK AK:M,J 17:

do task U UK,J = L -1 KK AK,J 18:
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