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Abstract. We study call-by-need from the point of view of the dual-
ity between call-by-name and call-by-value. We develop sequent-calculus
style versions of call-by-need both in the minimal and classical case. As
a result, we obtain a natural extension of call-by-need with control oper-
ators. This leads us to introduce a call-by-need Ap-calculus. Finally, by
using the dualities principles of A\ujfi-calculus, we show the existence of a
new call-by-need calculus, which is distinct from call-by-name, call-by-
value and usual call-by-need theories.

Keywords: call-by-need, lazy evaluation, duality of computation, se-
quent calculus, Au-calculus, classical logic, control, subtraction connec-
tive

Introduction

The theory of call-by-name A-calculus [9)8] is easy to define. Given the syntax of
A-calculus M ::= x| A\e.M | M M, the reduction semantics is entirely determined
by the S-reduction rule (Ax.M) N —3 Mx < N] in the sense that:

— for any closed term M, either M is a value A\xz.N or M is a -redex and for
all M—»V, there is standard path M +~» V' made only of S-redexes at the
head, together with the property that V/—V using internal S-reductions;

— the observational closure of § induces a unique rule n that fully captures
observational equality over finite normal terms (B6hm theorem);

— the extension with control, typically done & la Parigot [30], is relatively easy
to get by adding just two operational rules and an observational rule (though
the raw version of Bohm theorem fails [I5/35]).

The theory of call-by-value A-calculus, as initiated by Plotkin [31], has a similar
property with respect to the (8, rule (the argument of 8 being restricted to
a variable or a Ax.M only), but the observational closure is noticeably more
complex: it at least includes the rules unveiled by Moggi [27] as was shown by
Sabry and Felleisen [34]. Extensions of standardization and Bohm theorem for
call-by-value are more delicate than in call-by-name [24/33].

Comparatively, call-by-need A-calculus, though at the core of programming
languages such as Haskell [16], is at a much less advanced stage of development.
The first approach to call-by-need as a calculus goes back to the 90’s with the



works of Ariola et al. [3] and Maraist et al. [26] for whom the concern was the
characterization of standard weak-head reduction. Our paper aims at studying
call-by-need in terms that are familiar to the study of call-by-name and call-by-
value. In particular, we will address the question of adding control to call-by-need
and the question of what is the dual of call-by-need along the lines of the duality
between call-by-name and call-by-value [20/36J1T]. Call-by-need is close to call-
by-value in the sense that only values are substituted, but call-by-need is also
close to call-by-name in the sense that only those terms that are bound to needed
variables are evaluated. In particular, with respect to evaluation of pure closed
terms, the call-by-name and call-by-need calculi are not distinguishable. In order
to tackle the problem of developing a classical version of call-by-need, we first
study how to formulate (minimal) call-by-need in the sequent calculus setting
[22] (while current call-by-need calculi are based on natural deduction [32]). An
advantage of a sequent calculus presentation of a calculus is that its extension
to the classical case does not require the introduction of new rules but simply
the extension of existing ones [7].

Curien and Herbelin [11] designed a calculus that provides an appealing com-
putational interpretation of proofs in sequent calculus, while providing at the
same time a syntactic duality between terms, i.e., producers, and evaluation con-
texts, i.e., consumers, and between the call-by-name and call-by-value reduction
strategies. By giving priority to the producer one obtains call-by-value, whereas
by giving priority to the consumer one obtains call-by-name. In this paper, we
present how call-by-need fits in the duality of computation. Intuitively, call-by-
need corresponds to focusing on the consumer to the point where the producer
is needed. The focus goes then to the producer till a value is reached. At that
point, the focus returns to the consumer. We call this calculus lazy call-by-value,
it is developed in Section [2] and [3] In addition to the properties of confluence
and standardization, we show its correctness with respect to the call-by-name
sequent calculus [I1]. In Section 4} we develop the natural deduction presenta-
tion of call-by-need. The reduction theory is contained in the one of Maraist et
al. [26] and extends the one of Ariola et al. [3]. Interestingly, the sequent calcu-
lus has suggested an alternative standard reduction which consists of applying
some axioms (i.e., lift and assoc) eagerly instead of lazily. In Section 5| we show
that the natural deduction and sequent calculus call-by-need are in reduction
correspondence. In Section [6] we extend the minimal sequent calculus call-by-
need with control, in both sequent calculus and natural deduction form. The
calculi still enjoy confluence and standardization. The sequent calculus presen-
tation of call-by-need naturally leads to a dual call-by-need, which corresponds
to focusing on the producer and going to the consumer on a need basis. We call
this calculus lazy call-by-name. In Section [7} we show how the dual call-by-need
is obtained by dualizing the lazy call-by-value extended with the subtraction
connective. We conclude and discuss our future work in Section |81 We start next
with an overview of the duality of computation.



1 The duality of computation

Curien and Herbelin [1I] provided classical sequent calculus with a term as-
signment, which is called the A\ufi calculus. In Aufi there are two dual syntactic
categories: terms which produce values and contexts which consume values. The
interaction between a producer v and a consumer e is rendered by a command
written as (v|e), which is the computational counterpart of a sequent calculus
cut. Contexts can be seen as evaluation contexts, that is, commands with a
hole, written as [, standing for the term whose computation is to be done next:
(d|e). Thus, a command (v|e) can be seen as filling the hole of the evaluation
context e with v. Dually, terms can also be seen as commands with a context
hole, standing for the context in which the term shall be computed. The duality
of terms and contexts is also reflected at the variable level. One has two distinct
sets of variables. The usual term variables (z,y,---) and the context variables
(c, B, -+), which correspond to continuation variables. The set of terms, in ad-
dition to variables and lambda abstractions, contains a term of the form pa.c,
where ¢ is a command, after Parigot’s Au-calculus [30]. The p construct is simi-
lar to Felleisen’s C control operator [I8/I9I17] and one can approximatively read
paec as C(Aa.c) (see [] for a detailed analysis of the differences). Whereas the
w1 construct allows one to give a name to a context, so as to invoke it later,
the dual construct, named fi, allows one to name terms. One can read fix.c as
let z = O in c. Given a context e, v - e is also a context, which corresponds to
an applicative context of the form e[(Jv]. The grammar of Aufi and its reduction
theory are given below:

c = (v|e) vi=z | A | pac ex=al|prc|v-e
(8) (Aol e) = (V| az(v]e))
(1) {uacl) - elo e
B (olied) -z

The reduction theory can be seen as consisting of structural reduction rules, p
and fi, as well as logical reduction rules (here, only 3, the rule corresponding to
implication).

The calculus is not confluent due to a critical pair between p and fi:

(218) = (pa- (2| B (y[8)) —a (y]B)

To regain confluence one can impose a strategy on how to resolve the critical
pair p/fi. By giving priority to the fi rule one captures call-by-name, whereas by
giving priority to the p rule one captures call-by-value. More generally, one can
describe various ways to specialize the pair p/fi as reduction rules parametrized
by sets £ and V, which denote sets of contexts and terms, respectively:

(ne) (pa.cle)y — cla « €] ifeef&
() (v|px.d) = [z + v] ifoey

This presentation with parametric rules is inspired by the work of Ronchi and
Paolini on parametric A-calculus [33]. A strategy corresponds to specifying which



contexts and terms can be duplicated or erased. For call-by-name, V is instanti-
ated by V;, below but there are two possible choices E'*‘ and E,, for instanti-
ating &.

Vo i=a | dzw|pae ERC i=a|v-fize  E,u=alv-E,

In both cases, this captures the fact that in call-by-name every term can be
substituted for a term variable, while only specific contexts can be substituted
for a context variable. In particular, the context fiz.c is not substitutable. The
difference between the basic strategy and the second strategy is reminiscent of
the difference between Plotkin’s call-by-name continuation-passing-style seman-
tics [31] and Lafont-Reus-Streicher’s one [25]: the first one is not compatible
with 7 but the second is. In the rest of the paper, we will consider the second
strategy and the reduction rules corresponding to V,, and E,, are denoted as p,
and fi,, respectively. We refer to F,, as an applicative context since it consists
of a list of arguments. For call-by-value, the instantiations are V,, and E,:

Vo i=z | Azw E,:=al|v-E,|px.c

capturing the fact that only restricted terms (values) are substituted for a term
variable, while every context can be substituted for a context variable. The
resulting reduction rules are denoted as u, and ji,, respectively. Notice also
that full non-deterministic Apji corresponds to choosing i, together with fi,,. As
discussed next, call-by-need Apji-calculus will be defined with respect to another
choice of parameters.

In addition to the instantiations of the structural rules pg and fiy, the calculi
developed in the rest of the paper will contain rules for evaluating connectives.
We will only consider implication, except in Section [7] where subtraction will also
be added. We will also consider the following instances of the usual extensionality
rules for p and fi in Ajuji:

() pa(v]oy = v v € V and « not free in v
(775) fix.(xle) — e e € £ and z not free in e

We denote the corresponding call-by-value and call-by-name instantiations as
ny./mp and ny; /7y, respectively.

2 Call-by-need and duality

As we did for call-by-name and call-by-value, we have to specify the parametric
sets used for call-by-need, that is, which terms and contexts can be substituted
for term and context variables. Since call-by-need avoids duplication of work, it
is natural to restrict the set V to V,,, thus allowing substitution of variables and
lambda abstractions only. In order to specify which contexts are substitutable, it
is important to notice that the goal of the structural rules is to bring to the top
of a term the redex to be perfomed [2]. Thus, one should allow the reduction of



(oI - a)|v - a) (I stands for Az.x) to (I|I - v - @) since the applicative redex
(i.e., the one underlined) is needed in order to continue the computation. This
implies that F,, should be part of £. That however is not enough. One would also
want to reduce (pa.(I|I - &) |pz.(z|a)) to (I|I - fx.(z|a)). This however does not
imply that fiz.c should be part of £ since that would unveil an unwanted redex,
such as in (pa.(I|I - a)|iz.(z|a)). The only time we want to allow a change of
focus from the consumer to the producer is when the producer is needed, which
means that the variable bound to the producer occurs in the hole of a context;
x is needed in (z|E,) but it is not needed in (z|iy.(z|y - «)). This notion will
still not capture a situation such as (ua.{I|I - )| fz.(v1|ay.(x| Ey))), since the
needed variable is buried under the binding for y. This motivates the introduction
of the notion of a call-by-need meta-context, which is simply a command hole
surrounded by fi-bindings:

C’lﬁ x=0] <ua.c|\ﬂz.C’lﬁ)

A variable z is needed in a command ¢, if ¢ is of the form C’lﬁ[(x"En)]

We have so far determined that £ contains the call-by-name applicative con-
texts and contexts of the form fz.C!"[(z|E,)]. This would allow the reduction of
(oI - a)|pfl{flf - a)) to (I|I-af{flf - «)). The problem is that the call-
by-name applicative context considered so far does not contain a fi. This is nec-
essary to capture sharing. For example, in the above term (I|I- af.(f|f - a)),
the fif captures the sharing of 7. We need however to be careful about which
it we allow in the notion of applicative context. For example, we should disallow
contexts such as I - if.(z|f - &) since they might cause unwanted computation.
Indeed, in the following reduction the application of I to I is computed while it
is not needed to derive the result:

(LN pf 2] f - ) =g Tlpz(elpf (2] f - o)) =a, (TlafGlf-a)) —=p, (2] -q).

This implies that a context fixz.c is allowed in an applicative context only if ¢
demands z.

We are ready to instantiate the structural and extensional rules; V and £ are
instantiated as follows:

Vyu=x| xw  Epu=F|pz.Cl{z|F)] with F:=alv-E

resulting in reduction rules that we will denote as u, fi, and n;,.

3 Minimal call-by-need in sequent calculus form ()

A classical sequent calculus naturally provides a notion of control. However, one
can restrict the calculus to be control-free by limiting the set of continuation
variables to a single variable, conventionally written x, which is linearly used.
This corresponds to the restriction to minimal logic [I]. We introduce next the

lazy call-by-value calculus, A -



Definition 1. The syntax of A\, is defined as follows:

command c == (v|e)

term v n=x | Axw | pk.c
contert e »=F|px.c
yielding context E = F| jz.C[(zx|F)]
applicative context F :=x|v-E
meta-context C ==0| (p*.c|iz.C)

The reduction of A, written as — 5., denotes the compatible closure of 3,
Wi, by and 77}1; the relation —»,,;, denotes the reflexive and transitive closure
of = miw while =1, denotes its reflexive, symmetric and transitive closure. The
notion of weak head standard reduction is defined as:

/ / /
c—gc c =y C ¢ —p, C

Cle] = miw C[c] Cle] = mw C|c] Clc] = miw C[¢]

The notation —» ., stands for the reflexive and transitive closure of — -
A weak head normal form (whnf) is a command ¢ such that for no ¢, ¢ — . .

Notice how in the lazy call-by-value calculus, the standard redex does not
necessarily occur at the top level. In (vq | iz .(ve| fize.(Az.v|s - %))), the standard
redex is buried under the bindings for z; and zo, which is why the standard
reduction refers to the meta-context. This however can be solved simply by going
to a calculus with explicit substitutions, which would correspond to an abstract
machine we are currently investigating. Some more discussions on this topic are
available in section [§] Note that in a term of the form (\z.v|az.(x|ay.(y|*))),
the substitution for y is not the standard redex, and in

(e (LT - ) e ey -Cy[0)) SV Iay-(y o) | (2] %))

the standard redex is the underlined one. The 7, rule is not needed for standard
reduction. The 7, rule turns a computation into a value, allowing for example
the reduction: {ux.(V|*)|fz.(y|z - x)) = (V|az.(y|x - *)) — (y|V - %), which is
not standard; in fact, the starting term is already in whnf.

Proposition 1 (Confluence). —,,;, is confluent.

Indeed, the only critical pair in M, is between 7y, and py and it trivially
converges since both rules produce the same resulting command.

Remark 1 In )\, the duplicated redexes are all disjoint. This was not the
situation in A,eeq [26], where the assoc rule could have duplicated a lift redex.
This does not happen in A, because the contexts are moved all at once, as
described in the example below, which mimics the situation in A,ceq.

s ) N ) = G i e (DN -
o i bWz IN =) s Gl gl @V )



The needed constraint breaks the property that commands in weak head
normal form are of the form (z|E) or (Az.v|*) (a property that holds for Auf
in call-by-name or call-by-value).

Definition 2. Let x be a sequence of variables. cy is defined by the grammar:
co = (uxcliiy.cys) | (avle) | (IF) 2.

Note that in ¢z, @ records the variables which are ji-bound to a computation on
the path from the top of the term to the current position.

Proposition 2. A command c is in weak head normal form iff it is in c., where
€ denotes the empty sequence of variables.

Indeed, any command in ¢, is in whnf. Conversily, if ¢ is in whnf, there is no
¢ such that ¢ +,,;, ¢ by definition, which means that ¢ must be either of the
form C[(Az.v|x)] or C[{z|F)] with z not bound by a [, otherwise said it must
be in ¢..

(z|*) is in whnf, however it is not of the form ¢, since it demands variable z.
Neither (y|ax.c) nor {u*.c|pz.(x|*)) are in whnf. A whnf is either of the form
Cl(z|F)] or C[{Az.v|*)]. It is easy to see that standard redexes are mutually
exclusive. For instance, a command ¢ which had a standard § redex cannot have
a yy or fi, redex. Hence:

Proposition 3 (Unique Decomposition). A command c is either a whnf or
there exists a unique meta-context C' and redex ¢’ such that c is of the form C[c/].

Using standard techniques (commutation of inner reductions with standard
reduction), the following easily comes by induction:

Proposition 4 (Standardization). Given a command ¢ and o whnf ¢, if
c—»miwC then there exists a whnf ¢’ such that ¢ — 5, ¢’ and "=, C .

3.1 Soundness and Completeness of

The call-by-need calculus in natural deduction form is observationally equivalent
to call-by-name. We show next that the same holds for call-by-need in sequent
calculus form. To that end, we first review Curien and Herbelin call-by-name
sequent calculus, called Apjir (after Danos et al's LKT [12I13]). Aujir restricts
the syntax of legal contexts capturing the intuition that according to the call-
by-name continuation passing style, the continuation follows a specific pattern.
The syntax of A\ujir becomes:

c = (v]e) vau=V, e = fx.c|E,

Notice that whereas v - jiz.c is a legal context in Auji, it is not legal in Aufir.
The reduction theory of Aujir consists of 3, ju, and fi,.

The Ay calculus is sound and complete with respect to the minimal restric-
tion of Apjip. We first need to translate A, terms to Aufir terms by giving a



name to the ji-term contained in a linear context. The translation, written as
(.)°, is defined as follows (the interesting cases of the translation are the last two
cases), with n > 0:

(Az.w)° = Axw°
(p*.c)° = px.c®
(0w - - 5))° = (@ .S %)
(olfiz.0))° = (v° iz c*)
(ohwo - . wn - i) = x| - .. wS, )| fiz.c®)

we then have the following properties:

Lemma 1. If ¢ is a command in Ay, then ¢ is a command in A\pufir.

The previous lemma holds since the syntactical constraint on Apfiz com-
mands is that a context is either of the form fiz.c or it is a stack a terms pushed
on top of x: the translation precisely achieves this goal.

Proposition 5. (i) Given a Ay, term v, v =, v
(ii) Given terms v and w in A\pjir, v and w are also in Xy, and we have:
(a) v =pp w then v =5 iy W3
(b) v=x,4, Azw|x) then v =y, C[(Az.w'[*)] for some C and w'.

Indeed, Amiv theory restricted to the call-by-name syntax of Aufir is included
in Apfir theory.

Intermezzo 2 Soundness can also be shown with respect to the Auji calculus
without the need of doing a translation, since the A\uji calculus does not impose
any restrictions on the context. This however requires extending the f rule to
(v|vy < - - vp.faz.c) = [z = pk.(v]|vy - - vy*)]. The rule is sound for call-by-name
extended with the eta rule, called n% in [23], given as y = \v.a.{y|z.a). We
have:

(v]w - ﬂx-C) =i (v|py(ylw - fpz.c))

olfiy. Az px(ylz - K)w - fiz.c))

ol iy (w iz {px(ylz - ) |fiz.c)))
|y (wlfiz.clr = px(ylz - )
o] fy-clr = px(y|w - %)])

[ = px{v|w - %)]

4 Minimal call-by-need in Natural Deduction (A,ceq)

We now present a natural deduction counterpart to Ay -



Definition 3. The syntaz of \neeq ts defined as follows:

term M ==V | My,

value V u=z| M

computation My, i= MM |letx =M in N

applicative context Cgp ==0|CypM

needed context C u=Cyplletz=M,, in Cllet z=CyM in Clz]

Reduction in Ajeeq, written as —peeq, 48 the compatible closure of the following
rules:

(8) (Ax.N)M —letz=Min N
(lift) (let 2 = M in P)N —let =M in PN
(deref,) let z =V in M — Mz + V]

(assoc) let z=(letz=M in N)in Clz] = let z =M inlet z= N in C[z]

The relation —» ,ceq denotes the reflexive and transitive closure of —peeq -
The notion of weak head standard reduction is defined as:

M =g g N M —deref ,,assoc N
Ci[M] = need Cai[N]  Caa[M] =peed Caa[N]

where
Cpp = Clyp | let & = My, in Cg | let © = Cyp in Clz]
Cao =0 let & = My, in Cyq

The notation —»,e.q stands for the reflexive and transitive closure of ¥ peeq.
A weak head normal form (whnf) is a term M such that for no N, M —,ecq N.

Unlike the calculi defined by Maraist et al. [26] and Ariola et al. [3], the
deref,, rule follows the call-by-value discipline since it substitutes a value for
each occurrence of the bound variable, even if the variable is not needed. The
rule is derivable in the calculus of Maraist et al. using garbage collection. The
assoc rule is more constrained than in the calculus of Maraist et al. since it
performs the flattening of the bindings on a demand basis. The assoc requires
the variable to appear in the hole of a context C, whose definition does not
allow a hole to be bound to a let variable. For example, let x = J in = and
let z = in let y = « in y are not C contexts. This restriction is necessary to
make sure that in a term of the form

let z = (letz=Nin P)inlety=xziny

the standard redex is the substitution for y and not the assoc redex. The assoc
rule is more general than in [3], since it does not require the binding for z to
be an answer (i.e., an abstraction surrounded by bindings). The lift rule is the
same as in [20], it is more general than the corresponding rule in [3] since the
left-hand side of the application is not restricted to be an answer. The calculi in
[26] and [3] share the same standard reduction. For example, in the terms:

(let y =M in Ax.z)y)P let y = (let z = N in (Az.x)y) iny



(Ax.x)y is the standard redex. Our standard reduction differs. The above terms
correspond to a lift and assoc redex, respectively. Moreover, our standard reduc-
tion is also defined for open terms. Thus, the following terms:

(lety =zziny)P lety=(let z=xPinz)iny

instead of being of the form C[x], reduce further. The standard reduction requires
different closure operations to avoid the interference between reductions. In

let z=(letz =V in N)in z lety=(letz=(letxz=Min N)in P)iny

the standard redex is the (outermost) assoc, and in let x = IT in let y = x in y,
the deref, is the standard redex.

Proposition 6 (Confluence). —,,ccq is confluent.
This is because all critical pairs converge.

Proposition 7 (Unique Decomposition). A term M is either a whnf or
there exists a unique Cg; such that M is of the form Cg[P], where P is a 3 or
lift redex, or there exists a unique Cg, such that M is of the form Cy,[P], where
P is a deref, or assoc redex.

The previous proposition essentially relies on the facts that C[z] is a whnf
and that Cy, C C C Cg.

Proposition 8 (Standardization). Given a term M and whnf N, if M—» eca N
then there exists a whnf N’ such that M ~,0eq N’ and N'—»,0cq N.

Definition 4. Let x be a sequence of variables. M, is defined as:

My = A z.N |let y = Ny in Myg
| zN1---Ny, | let y = 2NNy---N,, in Cly] ¢

Proposition 9. A term M is in whnf iff it is in M, (with ¢ the empty sequence).

4.1 Soundness and completeness of A, ceq

Our calculus is sound and complete for evaluation to an answer (i.e., an abstrac-
tion or a let expression whose body is an answer) with respect to the standard
reduction of the call-by-need calculi defined in [26] and [3], denoted by ~s%/

mow*

Proposition 10. Let M be a term and A be an answer.

— If M+ peeqg A then there exists an answer A’ such that M —»%  A’;

mow

— If M —9%_ A then there exists an answer A’ such that M —»peeq A’

mow

Indeed, the discussion at the beginning of the section evidences that —,ceq is
contained in —,,0,, and contains —,y and the result follows from the fact that
standard reductions of —,,,,, and —, coincide.

10



5 Correspondence between Ao and A\ jeeq

The calculi A,z and Apeeq are in reduction correspondence for the following
translations from \,,ceq t0 Ay and vice-versa:

Definition 5. Given a term M in Apeeq, a term v, a context e and a command
€ N Ay, translations M*, M2, v9, €9 and c? are defined as follows:

T =T
(. M) = \z.M” iﬂ”e)q - j [v]
(MN)” = ux.(MN) a_ “
(let z =M in N)” = px.(let z =M in N) ()\x.v)q = Arv
(MN)” = M%. c)” =

‘ ]74?‘6 . N = C[z] * qZD
(let =M in N). = { ]\5;&1\[@ N® ) otherwi (v- E)" = EOvY]

(M? | iz N ) otherwise (iz.c)® =let =0 in ¢°

Ve = (V"|e)
We first illustrate the correspondence on an example.

Example 3 Consider the following A;,ccq reduction, where I stands for Ay.y and
M for (Mf.fI(fI))(Az. A w.zw)(I1)):

M —p let —p let —assoc let
=z w.zw)(II) f=let z=1II
in fI(fI) z=1I in let
in A\w.zw f=Aw.zw
in FI(fT) in FI(fT)

We have MY = (Af.pux.(f|I - (fI)Dj()||W(.<)\z.)\w.(zw)'>||(II)D - %) - x). The first
B step is simulated by the following A,,;, reduction, where we underline the redex
to be contracted unless it occurs at the top:

Mfopx (FIT - (f ) *>\|/t*(AZ~/\w~(Zw)DH(H):*)’*) =8
(px. (e dw. (20)” [ (11)” - ) if {pk AL - (F1)” - %) %)) =,
(pedhz X, (zw) |(11)” - ) RfAfIT - (f D7 %)) =

(A dw.(zw)”|(IT)” - wf {1 - (fI)7 %))

The second p; step corresponds to moving the redex in the context let f =
O in C[f] at the top. The simulation of the second 3 step leads to:

(D)7 iz w- (z0)” | f I - (FI)7 - %))

The assoc corresponds to an identity in .

Notice that the restriction on the assoc rule is embedded in the sequent
calculus. The simulation of a non restricted assoc would require a generalization
of the y; rule. For example, the simulation of the reduction:

etz =(lety=ITiny)in0—lety=Ilinletxz=yin0

11



would require equating the following terms:

(e (TN - pry-Cy ) |- 01 %)) = (e (TN - 1) | fay -y e (0] )))

However, those should not be equated to (I|I - fy.(y|fz.(0]x))). That would
correspond to relaxing the restriction of E; in the yu; rule, and has the problem
of bringing the redex II to the top and thus becoming the standard redex.

Proposition 11 (Simulation). Call-by-need reduction in natural deduction
and sequent calculus form are in reduction correspondence:

(Z) ]\4—»need]\4l><1

(ii) = mpc™®

(i5i) If M —ycea N then M®—» 1, N”

(iv) If ¢ =iy ¢ then 9= peeqc’”

Remark 4 Note that the translation (_)Z of a let expression depends on the
bound variable being needed or not. The choice of this optimized translation
was required to preserve reduction. Indeed, otherwise, to simulate the assoc
reduction one would need an expansion in addition to a reduction.

6 Classical call-by-need in sequent calculus (\;) and
natural deduction form (Aftneeq)

Defining sequent calculus classical call-by-need, called \;,, requires extending
the applicative context and the p construct to include a generic continuation
variabl The syntax of \;, becomes:

¢ = (v|e) E = F| jz.C[{z| F)]
vi=z|Azw|pae Fui=alv-E
e = FE|jz.c C = 0| (ua.c|pz.C)

Reduction, weak head standard reduction (written as —, and >y, respec-
tively) and weak head normal form (whnf) are defined as in the minimal case
by replacing * with any context variable «. For example, a term of the form
(uae{z| By | (yly - 8)) is in weak head normal form.

Unique decomposition, confluence and standardization extend to the classi-
cal case. Once control is added to the calculus, call-by-need and call-by-name
are observationally distinguishable, as witnessed by the example given in the
next section. It is important to notice that the bindings are not part of the cap-
tured context. For example, in the following command, the redex I written as
po{Az.x|(Az.x) - o) will be executed only once. Whereas, if the bindings were
part of the captured context then that computation would occur twice.

(| pz(pa-QAz-pf- (2| (pd-(Az-z|a)) - BY|a) [ f-(fllz - 1))

3 To reduce closed commands one can introduce a constant named tp as in [5], or one
can encode the top-level using subtraction (see Section .
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Unlike the sequent calculus setting, to extend minimal natural deduction to
the classical case, we need to introduce two new constructs: the capture of a
continuation and the invocation of it, written as pa.J and [a] M, where J stands
for a jump (i.e., an invocation of a continuation). The reduction semantics makes
use of the notion of structural substitution, which was first introduced in [30] and
is written as J]a < [o]F] indicating that each occurrence of [a]M in J is replaced
by [a]F[M], where F is the context captured by a continuation which is either
OM or let z = 0O in C[z]. The benefits of structural substitution are discussed
in [4]. In addition to lift, assoc, deref, and (3, the reduction theory includes the
following reduction rules:

Hap)  (po.J)M — paJ[a + [o](OM)]

tiet) letx =pa.J in Clz]  — po.J[a + [of(let . =0 in C[z])]

tup) let @ = My, in pa [BIN — po[f](let o = M, in N)

Mbase) [Blpa.d — Ja ]

The relation —,, , denotes the compatible closure of —, and —#,, ., denotes

the reflexive and transitive closure of —, .. The weak head standard reduction
is defined as follows:

NN

M _>ﬁ,lift,;¢ap N M _>de7‘efv,aSSOC,MlehMliﬂ N J 7 Libase J'
[CaM] = p,s [a]Car[N] - [a]Caa[M] =y, [CaalN] - T =y I’

The notation +#,,, stands for the reflexive and transitive closure of —,, _,.
Note that we only reduce jumps. A jump J is in weak head normal form if for
no J',J ... J'. A weak head normal form (whnf) is a term M such that,
either M is pa.J with J in weak head normal form or, for no J, [a]M ., J.
For example, let © = pa.[S]P in yz is in whnf.

Proposition 12 (Confluence). —, . is confluent.

Proposition 13 (Standardization). Given a term M and whnf N, if M—»,, N
then there exists a whnf N’ such that M +»,, , N and N'—, N.

The translation between classical call-by-need in natural deduction and se-
quent calculus form is modified in the following way to cover the classical con-

structs:
(pod) = pad”  ([a]M)” = M

Qg =« F, =04
Qy. B = Qag Fv-E = FE[DUQ]

— — — H <
Oé[m.<v‘<]e> = Qe Fﬁx.(v”c) =letx=0OIin Fe[v ]
(no.c)” = pa.ct e? = [a]Fe

Proposition 14 (Equational correspondence). Classical call-by-need in nat-
wral deduction and sequent calculus form are in equational correspondence:

(Z) M  need MDQ
(ii) ¢ =y, ¢
(iii) If M =,,,., N then M> =, N”

(iv) If ¢ =, ' then ¢ =, c*
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Notice that the main reason for having only equational correspondence in-
stead of a more precise reduction correspondence is the fact that, in Aneed, tap
can be applied atomically (ua.J)Ny... Ny =, (pa.J[o < [o]0ON1])Ny ... Ny,
while in \;, the whole applicative context OOJN; ... N,, is moved at once. In par-

ticular, the following holds: if ¢ —, ¢’ then ¢—»,, ¢/~

7 Dual classical call-by-need in sequent calculus
form (A\y,)

In call-by-need, the focus is on the consumer and goes to the producer on a need
basis. This suggests a dual call-by-need which corresponds to focusing on the
producer and going to the consumer on a need basis. To that end, we first extend
the classical call-by-need calculus of the previous section, \j,, with the dual of
the implication, the subtraction connective, and then build the dual classical
call-by-need calculus by using duality constructions typical from \pjfi-calculi.

While p and i constructs are dual of each other, implicative constructions
Az.t and v - E currently have no dual in A;,,. We extend );, by adding construc-
tions for the subtraction connective [I0]. Subtraction was already considered in
the setting of Aufi in Curien et al. [I1]. We follow the notation introduced by
Herbelin in his habilitation thesis [23]. Terms are extended with the construction
v — e and contexts with Aa.e. The corresponding reduction is:

(=) (v—elhae) = (ua.(vle)e)

We can now present the classical call-by-need calculus extended with sub-
traction, \,,. The structural rules are obtained by instantiating  and & as:

V, =z xt|(V, —e)

E; = F~ | jz.CM{x|F7)] with F~ =a|v- E | e

The syntax for the language with subtraction is finally as follows (with ¢ = (v]e)):

command c == (t|e)

term v ==V | pac

linear term Vi=z|aow|V—e
context e »=F|px.c
yielding context E ::= F | ix.C[(z|F)]
linear context F :=a|v-E|a.e

meta-context  C == 0| (ua.c|pz.C)

Using the duality principles developed in [I1], we obtain ), by dualizing \,,:
The syntax of the calculus is obtained by dualizing \;, syntax and its reductions

are also obtained by duality: (8) and (—) are dual of each other while y; and [,
are respectively turned into:

— the p-reduction associated with set E == a | v - E} | Aa.e, written i,
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— the fi-reduction associated with set V,™ == W | pa.Cl'[{(W )], with W ::=
z| Azt |V —e (and C}' being the dual of C}'), written .

Since only linear contexts are substituted for context variables, as in call-by-
name, but only on a needed basis, we call the resulting calculus lazy call-by-name.
Its syntax is given as follows:

command c == (t|e)

term v ==V |pac

yielding term V. =W | pa.C[(W]a)]
linear term Weo=z|dzw|V —e
context e ==F|pz.c

linear context E :=a|v-E|la.e

meta-context C = 0| (ua.C|pz.c)

The four theories can be discriminated by the following command:

¢ = (pa.(dz.pu_(y.x|a)|a)
laf(uB(flt- B)
la@y-(py-(fls - )
|aza(z1]z2 - 22 - 6))))

We call ¢; the command obtained by instantiating ¢ and s to Az.Ay.x and
Az.\y.y, respectively. Then ¢y evaluates to (Az.\y.z|d) in lazy call-by-value
and to (Ax.A\y.y|d) in call-by-name. We call ¢y the command obtained by in-
stantiating ¢ and s to Af Az.ua.(f|z - o) and Ax.z. We now consider ¢3 to be
(uy.col|fiw.c1), where w does not occur free in ¢; and v does no occur free in
¢2. In call-by-name and lazy call-by-value, c3 evaluates as ¢y, up to garbage col-
lection. However, c3 evaluates to (Af Az.ua.(f|z - a)|d) in call-by-value, and to
(I]6) in lazy call-by-name, up to garbage collection. This can be generalized by
the following example, where we assume that oy does not occur free in ¢ and V,
and that z; does not occur free in ¢’ and E. If we define

co £ (uar (paa(Viaz) | fy.c)| fiw1(uB.c | izz (2] E)))

then co —#n C[B  Elrg < up.c]]
co =Py Cly « Viag « fiy.c]]
co =i (par.cly < poo (V]a)]|azy (pB.c|fize(x2| E)))
co =i (par(uoe(V|az)|fy.c) |y .c'[B « fize.(z2| E)])

8 Conclusions and Future work

The advantage of studying evaluation order in the context of sequent calculus
has shown its benefits: extending the calculus (both syntax and reduction the-
ory) to the classical case simply corresponds to going from one context variable
to many. The study has also suggested how to provide a call-by-need version
of Parigot’s Au-calculus, and in the minimal case, has led to a new notion of
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standard reduction, which applies the lift and assoc rule eagerly. In the mini-
mal case, the single context variable, called %, could be seen as the constant tp
discussed in [6/5]. In the cited work, it is also presented how delimited control
can be captured by extending tp to a dynamic variable named Lf]\) This suggests
that one could use ip instead of tp to represent computations also in the min-
imal setting. Since evaluation goes under a fp, it means that one would obtain
a different notion of standard reduction, which would correspond to the one of
Ariola et al. [3] and Maraist et al. [26].

A benefit of sequent calculus over natural deduction in both call-by-name
and call-by-value is that the standard redex in the sequent calculus always oc-
curs at the top of the command. In other words, there is no need to perform an
unbounded search to reach the standard redex [2]: this search is embedded in
the structural reduction rules. However, this does not apply to our call-by-need
sequent, calculus: the standard redex can be buried under an arbitrary number
of bindings. This can be easily solved by considering a calculus with explicit sub-
stitutions. A command now becomes (v|e)T, where 7T is a list of declarations.
For example, the critical pair will be solved as: (pa.c|pz.c'yT — [z = pa.clr
and the switching of context is realized by the rule: (x| E)71o[z := pa.cjmy —
cla := px.(z|E)To]T1. This will naturally lead us to developing abstract ma-
chines, which will be compared to the abstract machines of Garcia et al. [21]
and Danvy et al. [14], inspired by natural deduction.

We have related the lazy call-by-value with subtraction to its dual. We plan
to provide a simulation of lazy call-by-value in lazy call-by-name and vice-versa,
without the use of subtraction. We are also interested in devising a complete set
of axioms with respect to a classical extension of the call-by-need continuation-
passing style of Okasaki et al. [29]. A natural development will then be to extend
our lazy call-by-value and lazy call-by-name with delimited control. Following
a suggestion by Danvy, we will investigate connections between our lazy call-
by-name calculus and a calculus with futures [28]. At last, we want to better
understand the underlying logic or type system.
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