λ✲❝❛•❝✉•✉s M ::= x | | λx.M | |

❝❛♣t✉r✐♥❣ t❤❡ ❢❛❝t t❤❛t ♦♥•② r❡str✐❝t❡❞ t❡r♠s ✭✈❛•✉❡s✮ ❛r❡ s✉❜st✐t✉t❡❞ ❢♦r ❛ t❡r♠ ✈❛r✐❛❜•❡✱ ✇❤✐•❡ ❡✈❡r② ❝♦♥t❡①t ❝❛♥ ❜❡ s✉❜st✐t✉t❡❞ ❢♦r ❛ ❝♦♥t❡①t ✈❛r✐❛❜•❡✳ ❚❤❡ r❡s✉•t✐♥❣ r❡❞✉❝t✐♦♥ r✉•❡s ❛r❡ ❞❡♥♦t❡❞ ❛s µ v ❛♥❞ μv ✱ r❡s♣❡❝t✐✈❡•②✳ ◆♦t✐❝❡ ❛•s♦ t❤❛t ❢✉•• ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ λµμ ❝♦rr❡s♣♦♥❞s t♦ ❝❤♦♦s✐♥❣ µ v t♦❣❡t❤❡r ✇✐t❤ μn ✳ ❆s ❞✐s❝✉ss❡❞ ♥❡①t✱ ❝❛••✲❜②✲♥❡❡❞ λµμ✲❝❛•❝✉•✉s ✇✐•• ❜❡ ❞❡✜♥❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ❛♥♦t❤❡r ❝❤♦✐❝❡ ♦❢ ♣❛r❛♠❡t❡rs✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ✐♥st❛♥t✐❛t✐♦♥s ♦❢ t❤❡ str✉❝t✉r❛• r✉•❡s µ E ❛♥❞ μV ✱ t❤❡ ❝❛•❝✉•✐ ❞❡✈❡•♦♣❡❞ ✐♥ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✇✐•• ❝♦♥t❛✐♥ r✉•❡s ❢♦r ❡✈❛•✉❛t✐♥❣ ❝♦♥♥❡❝t✐✈❡s✳ ❲❡ ✇✐•• ♦♥•② ❝♦♥s✐❞❡r ✐♠♣•✐❝❛t✐♦♥✱ ❡①❝❡♣t ✐♥ ❙❡❝t✐♦♥ ✼ ✇❤❡r❡ s✉❜tr❛❝t✐♦♥ ✇✐•• ❛•s♦ ❜❡ ❛❞❞❡❞✳ ❲❡ ✇✐•• ❛•s♦ ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ✐♥st❛♥❝❡s ♦❢ t❤❡ ✉s✉❛• ❡①t❡♥s✐♦♥❛•✐t② r✉•❡s ❢♦r µ ❛♥❞ μ ✐♥ λµμ✿ (η V µ ) µα.❁v||α❃ → v v ∈ V ❛♥❞ α ♥♦t ❢r❡❡ ✐♥ v (η E μ ) μx.❁x||e❃ → e e ∈ E ❛♥❞ x ♥♦t ❢r❡❡ ✐♥ e ❲❡ ❞❡♥♦t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❛••✲❜②✲✈❛•✉❡ ❛♥❞ ❝❛••✲❜②✲♥❛♠❡ ✐♥st❛♥t✐❛t✐♦♥s ❛s η v µ /η v μ ❛♥❞ η n µ /η n μ ✱ r❡s♣❡❝t✐✈❡•②✳ ✷ ❈❛••✲❜②✲♥❡❡❞ ❛♥❞ ❞✉❛•✐t② ❆s ✇❡ ❞✐❞ ❢♦r ❝❛••✲❜②✲♥❛♠❡ ❛♥❞ ❝❛••✲❜②✲✈❛•✉❡✱ ✇❡ ❤❛✈❡ t♦ s♣❡❝✐❢② t❤❡ ♣❛r❛♠❡tr✐❝ s❡ts ✉s❡❞ ❢♦r ❝❛••✲❜②✲♥❡❡❞✱ t❤❛t ✐s✱ ✇❤✐❝❤ t❡r♠s ❛♥❞ ❝♦♥t❡①ts ❝❛♥ ❜❡ s✉❜st✐t✉t❡❞ ❢♦r t❡r♠ ❛♥❞ ❝♦♥t❡①t ✈❛r✐❛❜•❡s✳ ❙✐♥❝❡ ❝❛••✲❜②✲♥❡❡❞ ❛✈♦✐❞s ❞✉♣•✐❝❛t✐♦♥ ♦❢ ✇♦r❦✱ ✐t ✐s ♥❛t✉r❛• t♦ r❡str✐❝t t❤❡ s❡t V t♦ V v ✱ t❤✉s ❛••♦✇✐♥❣ s✉❜st✐t✉t✐♦♥ ♦❢ ✈❛r✐❛❜•❡s ❛♥❞ •❛♠❜❞❛ ❛❜str❛❝t✐♦♥s ♦♥•②✳ ■♥ ♦r❞❡r t♦ s♣❡❝✐❢② ✇❤✐❝❤ ❝♦♥t❡①ts ❛r❡ s✉❜st✐t✉t❛❜•❡✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t t❤❡ ❣♦❛• ♦❢ t❤❡ str✉❝t✉r❛• r✉•❡s ✐s t♦ ❜r✐♥❣ t♦ t❤❡ t♦♣ ♦❢ ❛ t❡r♠ t❤❡ r❡❞❡① t♦ ❜❡ ♣❡r❢♦♠❡❞ ❬✷(✳ ❚❤✉s✱ ♦♥❡ s❤♦✉•❞ ❛••♦✇ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ✹ ❁µα.❁I ||I • α❃||v • α❃ ✭I st❛♥❞s ❢♦r λx.x✮ t♦ ❁I ||I • v • α❃ s✐♥❝❡ t❤❡ ❛♣♣•✐❝❛t✐✈❡ r❡❞❡① ✭✐✳❡✳✱ t❤❡ ♦♥❡ ✉♥❞❡r•✐♥❡❞✮ ✐s ♥❡❡❞❡❞ ✐♥ ♦r❞❡r t♦ ❝♦♥t✐♥✉❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t E n s❤♦✉•❞ ❜❡ ♣❛rt ♦❢ E✳ ❚❤❛t ❤♦✇❡✈❡r ✐s ♥♦t ❡♥♦✉❣❤✳ ❖♥❡ ✇♦✉•❞ ❛•s♦ ✇❛♥t t♦ r❡❞✉❝❡ ❁µα.❁I ||I • α❃||μx.❁x||α❃❃ t♦ ❁I ||I • μx.❁x||α❃❃✳ ❚❤✐s ❤♦✇❡✈❡r ❞♦❡s ♥♦t ✐♠♣•② t❤❛t μx.c s❤♦✉•❞ ❜❡ ♣❛rt ♦❢ E s✐♥❝❡ t❤❛t ✇♦✉•❞ ✉♥✈❡✐• ❛♥ ✉♥✇❛♥t❡❞ r❡❞❡①✱ s✉❝❤ ❛s ✐♥ ❁µα.❁I ||I • α❃||μx.❁z||α❃❃✳ ❚❤❡ ♦♥•② t✐♠❡ ✇❡ ✇❛♥t t♦ ❛••♦✇ ❛ ❝❤❛♥❣❡ ♦❢ ❢♦❝✉s ❢r♦♠ t❤❡ ❝♦♥s✉♠❡r t♦ t❤❡ ♣r♦❞✉❝❡r ✐s ✇❤❡♥ t❤❡ ♣r♦❞✉❝❡r ✐s ♥❡❡❞❡❞✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ✈❛r✐❛❜•❡ ❜♦✉♥❞ t♦ t❤❡ ♣r♦❞✉❝❡r ♦❝❝✉rs ✐♥ t❤❡ ❤♦•❡ ♦❢ ❛ ❝♦♥t❡①t❀ x ✐s ♥❡❡❞❡❞ ✐♥ ❁x||E n ❃ ❜✉t ✐t ✐s ♥♦t ♥❡❡❞❡❞ ✐♥ ❁x|| μy.❁z||y • α❃❃✳ ❚❤✐s ♥♦t✐♦♥ ✇✐•• st✐•• ♥♦t ❝❛♣t✉r❡ ❛ s✐t✉❛t✐♦♥ s✉❝❤ ❛s ❁µα.❁I ||I • α❃||μx.❁v 1 ||μy.❁x||E n ❃❃❃✱ s✐♥❝❡ t❤❡ ♥❡❡❞❡❞ ✈❛r✐❛❜•❡ ✐s ❜✉r✐❡❞ ✉♥❞❡r t❤❡ ❜✐♥❞✐♥❣ ❢♦r y✳ ❚❤✐s ♠♦t✐✈❛t❡s t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ❝❛••✲❜②✲♥❡❡❞ ♠❡t❛✲❝♦♥t❡①t✱ ✇❤✐❝❤ ✐s s✐♠♣•② ❛ ❝♦♠♠❛♥❞ ❤♦•❡ s✉rr♦✉♥❞❡❞ ❜② μ✲❜✐♥❞✐♥❣s✿ C μ l ::= | | ❁µα.c|| μz.C μ l ❃ ❆ ✈❛r✐❛❜•❡ x ✐s ♥❡❡❞❡❞ ✐♥ ❛ ❝♦♠♠❛♥❞ c✱ ✐❢ c ✐s ♦❢ t❤❡ ❢♦r♠ C μ l [❁x||E n ❃]✳ ❲❡ ❤❛✈❡ s♦ ❢❛r ❞❡t❡r♠✐♥❡❞ t❤❛t E ❝♦♥t❛✐♥s t❤❡ ❝❛••✲❜②✲♥❛♠❡ ❛♣♣•✐❝❛t✐✈❡ ❝♦♥✲ t❡①ts ❛♥❞ ❝♦♥t❡①ts ♦❢ t❤❡ ❢♦r♠ μx.C μ l [❁x||E n ❃]✳ ❚❤✐s ✇♦✉•❞ ❛••♦✇ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ❁µα.❁I ||I • α❃||μf.❁f ||f • α❃❃ t♦ ❁I ||I • μf.❁f ||f • α❃❃✳ ❚❤❡ ♣r♦❜•❡♠ ✐s t❤❛t t❤❡ ❝❛••✲ ❜②✲♥❛♠❡ ❛♣♣•✐❝❛t✐✈❡ ❝♦♥t❡①t ❝♦♥s✐❞❡r❡❞ s♦ ❢❛r ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ μ✳ ❚❤✐s ✐s ♥❡❝✲ ❡ss❛r② t♦ ❝❛♣t✉r❡ s❤❛r✐♥❣✳ ❋♦r ❡①❛♠♣•❡✱ ✐♥ t❤❡ ❛❜♦✈❡ t❡r♠ ❁I ||I • μf.❁f ||f • α❃❃✱ t❤❡ μf ❝❛♣t✉r❡s t❤❡ s❤❛r✐♥❣ ♦❢ II✳ ❲❡ ♥❡❡❞ ❤♦✇❡✈❡r t♦ ❜❡ ❝❛r❡❢✉• ❛❜♦✉t ✇❤✐❝❤ μ ✇❡ ❛••♦✇ ✐♥ t❤❡ ♥♦t✐♦♥ ♦❢ ❛♣♣•✐❝❛t✐✈❡ ❝♦♥t❡①t✳ ❋♦r ❡①❛♠♣•❡✱ ✇❡ s❤♦✉•❞ ❞✐s❛••♦✇ ❝♦♥t❡①ts s✉❝❤ ❛s I • μf.❁z||f • α❃ s✐♥❝❡ t❤❡② ♠✐❣❤t ❝❛✉s❡ ✉♥✇❛♥t❡❞ ❝♦♠♣✉t❛t✐♦♥✳ ■♥❞❡❡❞✱ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ r❡❞✉❝t✐♦♥ t❤❡ ❛♣♣•✐❝❛t✐♦♥ ♦❢ I t♦ I ✐s ❝♦♠♣✉t❡❞ ✇❤✐•❡ ✐t ✐s ♥♦t ♥❡❡❞❡❞ t♦ ❞❡r✐✈❡ t❤❡ r❡s✉•t✿ ❁I ||I • μf.❁z||f • α❃❃ → β ❁I ||μx.❁x||μf.❁z||f • α❃❃❃ → μv ❁I ||μf.❁z||f • α❃❃ → μv ❁z||I • α❃. ❚❤✐s ✐♠♣•✐❡s t❤❛t ❛ ❝♦♥t❡①t μx.c ✐s ❛••♦✇❡❞ ✐♥ ❛♥ ❛♣♣•✐❝❛t✐✈❡ ❝♦♥t❡①t ♦♥•② ✐❢ c ❞❡♠❛♥❞s x✳ ❲❡ ❛r❡ r❡❛❞② t♦ ✐♥st❛♥t✐❛t❡ t❤❡ str✉❝t✉r❛• ❛♥❞ ❡①t❡♥s✐♦♥❛• r✉•❡s❀ V ❛♥❞ E ❛r❡ ✐♥st❛♥t✐❛t❡❞ ❛s ❢♦••♦✇s✿ V v ::= x | | λx.v E l ::= F | | μx.C μ l [❁x||F ❃] ✇✐t❤ F ::= α | | v • E l r❡s✉•t✐♥❣ ✐♥ r❡❞✉❝t✐♦♥ r✉•❡s t❤❛t ✇❡ ✇✐•• ❞❡♥♦t❡ ❛s µ l ✱ μv ❛♥❞ η v µ ✳ ✸ ▼✐♥✐♠❛• ❝❛••✲❜②✲♥❡❡❞ ✐♥ s❡q✉❡♥t ❝❛•❝✉•✉s ❢♦r♠ ✭λ mlv ✮ ◆♦t✐❝❡ t❤❛t ✇❤❡r❡❛s v • μx.c ✐s ❛ •❡❣❛• ❝♦♥t❡①t ✐♥ λµμ✱ ✐t ✐s ♥♦t •❡❣❛• ✐♥ λµμ T ✳ ❚❤❡ r❡❞✉❝t✐♦♥ t❤❡♦r② ♦❢ λµμ T ❝♦♥s✐sts ♦❢ β✱ µ n ❛♥❞ μn ✳ ❚❤❡ λ mlv ❝❛•❝✉•✉s ✐s s♦✉♥❞ ❛♥❞ ❝♦♠♣•❡t❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠✐♥✐♠❛• r❡str✐❝✲ t✐♦♥ ♦❢ λµμ T ✳ ❲❡ ✜rst ♥❡❡❞ t♦ tr❛♥s•❛t❡ λ mlv t❡r♠s t♦ λµμ T t❡r♠s ❜② ❣✐✈✐♥❣ ❛ ✼ ♥❛♠❡ t♦ t❤❡ μ✲t❡r♠ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ •✐♥❡❛r ❝♦♥t❡①t✳ ❚❤❡ tr❛♥s•❛t✐♦♥✱ ✇r✐tt❡♥ ❛s (.) • ✱ ✐s ❞❡✜♥❡❞ ❛s ❢♦••♦✇s ✭t❤❡ ✐♥t❡r❡st✐♥❣ ❝❛s❡s ♦❢ t❤❡ tr❛♥s•❛t✐♦♥ ❛r❡ t❤❡ •❛st t✇♦ ❝❛s❡s✮✱ ✇✐t❤ n ≥ 0✿ x • = x (λx.v) • = λx.v • (µ⋆.c) • = µ⋆.c • (❁v||w 1 • . . . w n • ⋆❃) • = ❁v • ||w • 1 • . . . w • n • ⋆❃ (❁v||μx.c❃) • = ❁v • ||μx.c • ❃ (❁v||w 0 • . . . w n • μx.c❃) • = ❁µ⋆.❁v • ||w • 0 • . . . w • n • ⋆❃||μx.c • ❃ ✇❡ t❤❡♥ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿ ▲❡♠♠❛ ✶✳ ■❢ c ✐s ❛ ❝♦♠♠❛♥❞ ✐♥ λ mlv ✱ t❤❡♥ c • ✐s ❛ ❝♦♠♠❛♥❞ ✐♥ λµμ T ✳ ❚❤❡ ♣r❡✈✐♦✉s •❡♠♠❛ ❤♦•❞s s✐♥❝❡ t❤❡ s②♥t❛❝t✐❝❛• ❝♦♥str❛✐♥t ♦♥ λµμ T ❝♦♠✲ ♠❛♥❞s ✐s t❤❛t ❛ ❝♦♥t❡①t ✐s ❡✐t❤❡r ♦❢ t❤❡ ❢♦r♠ μx.c ♦r ✐t ✐s ❛ st❛❝❦ ❛ t❡r♠s ♣✉s❤❡❞ ♦♥ t♦♣ ♦❢ ⋆✿ t❤❡ tr❛♥s•❛t✐♦♥ ♣r❡❝✐s❡•② ❛❝❤✐❡✈❡s t❤✐s ❣♦❛•✳ Pr♦♣♦s✐t✐♦♥ ✺✳ ✭✐✮ •✐✈❡♥ ❛ λ mlv t❡r♠ v✱ v = mlv v • ✳ ✭✐✐✮ •✐✈❡♥ t❡r♠s v ❛♥❞ w ✐♥ λµμ T ✱ v ❛♥❞ w ❛r❡ ❛•s♦ ✐♥ λ mlv ❛♥❞ ✇❡ ❤❛✈❡✿ ✭❛✮ v = mlv w t❤❡♥ v = λµμ T w❀ ✭❜✮ v = λµμ T ❁λx.w||⋆❃ t❤❡♥ v = mlv C[❁λx.w ′ ||⋆❃] ❢♦r s♦♠❡ C ❛♥❞ w ′ ✳ ■♥❞❡❡❞✱ λ mlv t❤❡♦r② r❡str✐❝t❡❞ t♦ t❤❡ ❝❛••✲❜②✲♥❛♠❡ s②♥t❛① ♦❢ λµμ T ✐s ✐♥❝•✉❞❡❞ ✐♥ λµμ T t❤❡♦r②✳ ■♥t❡r♠❡③③♦ ✷ ❙♦✉♥❞♥❡ss ❝❛♥ ❛•s♦ ❜❡ s❤♦✇♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ λµμ ❝❛•❝✉•✉s ✇✐t❤♦✉t t❤❡ ♥❡❡❞ ♦❢ ❞♦✐♥❣ ❛ tr❛♥s•❛t✐♦♥✱ s✐♥❝❡ t❤❡ λµμ ❝❛•❝✉•✉s ❞♦❡s ♥♦t ✐♠♣♦s❡ ❛♥② r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❝♦♥t❡①t✳ ❚❤✐s ❤♦✇❡✈❡r r❡q✉✐r❡s ❡①t❡♥❞✐♥❣ t❤❡ μ r✉•❡ t♦ ❁v||v 1 • • • v n .μx.c❃ → c[x = µ⋆.❁v||v 1 • • • v n .⋆❃]✳ ❚❤❡ r✉•❡ ✐s s♦✉♥❞ ❢♦r ❝❛••✲❜②✲♥❛♠❡ ❡①t❡♥❞❡❞ ✇✐t❤ t❤❡ ❡t❛ r✉•❡✱ ❝❛••❡❞ η R → ✐♥ ❬✷✸(✱ ❣✐✈❡♥ ❛s y = λx.α.❁y||x.α❃✳ ❲❡ ❤❛✈❡✿ ❁v||w • μx.c❃ = μ ❁v|| μy.❁y||w • μx.c❃❃ = η R → ❁v|| μy.❁λz.µ⋆.❁y||z • ⋆❃||w • μx.c❃❃ = → ❁v|| μy.❁w||μz.❁µ⋆.❁y||z • ⋆❃||μx.c❃❃❃ = μ ❁v|| μy.❁w||μz.c[x = µ⋆.❁y||z • ⋆❃]❃❃ = μ ❁v|| μy.c[x = µ⋆.❁y||w • ⋆❃]❃ = μ c[x = µ⋆.❁v||w • ⋆❃] ✹ ▼✐♥✐♠❛• ❝❛••✲❜②✲♥❡❡❞ ✐♥ ◆❛t✉r❛• ❉❡❞✉❝t✐♦♥ ✭λ need ✮ ❲❡ ♥♦✇ ♣r❡s❡♥t ❛ ♥❛t✉r❛• ❞❡❞✉❝t✐♦♥ ❝♦✉♥t❡r♣❛rt t♦ λ mlv ✳ ✽ ❉❡✜♥✐t✐♦♥ ✸✳ ❚❤❡ s②♥t❛① ♦❢ λ need ✐s ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✿ t❡r♠ M ::= V | | M nv ✈❛•✉❡ V ::= x | | λx.M ❝♦♠♣✉t❛t✐♦♥ M nv ::= M M | | let x = M in N ❛♣♣•✐❝❛t✐✈❡ ❝♦♥t❡①t C ap ::= | | C ap M ♥❡❡❞❡❞ ❝♦♥t❡①t C ::= C ap | | let x = M nv in C | | let x = C ap M in C[x] |❡❞✉❝t✐♦♥ ✐♥ λ need ✱ ✇r✐tt❡♥ ❛s → need ✱ ✐s t❤❡ ❝♦♠♣❛t✐❜•❡ ❝•♦s✉r❡ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ r✉•❡s✿ (β) (λx.N )M → let x = M in N (lift) (let x = M in P )N → let x = M in P N (deref v ) let x = V in M → M [x ← V ] (assoc) let z = (let x = M in N ) in C[z] → let x = M in let z = N in C[z] ❚❤❡ r❡•❛t✐♦♥ → → need ❞❡♥♦t❡s t❤❡ r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝•♦s✉r❡ ♦❢ → need ✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ✇❡❛❦ ❤❡❛❞ st❛♥❞❛r❞ r❡❞✉❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s✿ M → β,lift N C βl [M ] → need C βl [N ] M → deref v ,assoc N C da [M ] → need C da [N ] ✇❤❡r❡ C βl ::= C ap | | let x = M nv in C βl | | let x = C ap in C[x] C da ::= | | let x = M nv in C da ❚❤❡ ♥♦t❛t✐♦♥ → → need st❛♥❞s ❢♦r t❤❡ r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝•♦s✉r❡ ♦❢ → need ✳ ❆ ✇❡❛❦ ❤❡❛❞ ♥♦r♠❛• ❢♦r♠ ✭✇❤♥❢✮ ✐s ❛ t❡r♠ M s✉❝❤ t❤❛t ❢♦r ♥♦ N ✱ M → need N ✳ ❯♥•✐❦❡ t❤❡ ❝❛•❝✉•✐ ❞❡✜♥❡❞ ❜② ▼❛r❛✐st ❡t ❛•✳ ❬✷✻( ❛♥❞ ❆r✐♦•❛ ❡t ❛•✳ ❬✸(✱ t❤❡ deref v r✉•❡ ❢♦••♦✇s t❤❡ ❝❛••✲❜②✲✈❛•✉❡ ❞✐s❝✐♣•✐♥❡ s✐♥❝❡ ✐t s✉❜st✐t✉t❡s ❛ ✈❛•✉❡ ❢♦r ❡❛❝❤ ♦❝❝✉rr❡♥❝❡ ♦❢ t❤❡ ❜♦✉♥❞ ✈❛r✐❛❜•❡✱ ❡✈❡♥ ✐❢ t❤❡ ✈❛r✐❛❜•❡ ✐s ♥♦t ♥❡❡❞❡❞✳ ❚❤❡ r✉•❡ ✐s ❞❡r✐✈❛❜•❡ ✐♥ t❤❡ ❝❛•❝✉•✉s ♦❢ ▼❛r❛✐st ❡t ❛•✳ ✉s✐♥❣ ❣❛r❜❛❣❡ ❝♦••❡❝t✐♦♥✳ ❚❤❡ assoc r✉•❡ ✐s ♠♦r❡ ❝♦♥str❛✐♥❡❞ t❤❛♥ ✐♥ t❤❡ ❝❛•❝✉•✉s ♦❢ ▼❛r❛✐st ❡t ❛•✳ s✐♥❝❡ ✐t ♣❡r❢♦r♠s t❤❡ ✢❛tt❡♥✐♥❣ ♦❢ t❤❡ ❜✐♥❞✐♥❣s ♦♥ ❛ ❞❡♠❛♥❞ ❜❛s✐s✳ ❚❤❡ assoc r❡q✉✐r❡s t❤❡ ✈❛r✐❛❜•❡ t♦ ❛♣♣❡❛r ✐♥ t❤❡ ❤♦•❡ ♦❢ ❛ ❝♦♥t❡①t C✱ ✇❤♦s❡ ❞❡✜♥✐t✐♦♥ ❞♦❡s ♥♦t ❛••♦✇ ❛ ❤♦•❡ t♦ ❜❡ ❜♦✉♥❞ t♦ ❛ •❡t ✈❛r✐❛❜•❡✳ ❋♦r ❡①❛♠♣•❡✱ let x = in x ❛♥❞ let x = in let y = x in y ❛r❡ ♥♦t C ❝♦♥t❡①ts✳ ❚❤✐s r❡str✐❝t✐♦♥ ✐s ♥❡❝❡ss❛r② t♦ ♠❛❦❡ s✉r❡ t❤❛t ✐♥ ❛ t❡r♠ ♦❢ t❤❡ ❢♦r♠ let x = (let z = N in P ) in let y = x in y t❤❡ st❛♥❞❛r❞ r❡❞❡① ✐s t❤❡ s✉❜st✐t✉t✐♦♥ ❢♦r y ❛♥❞ ♥♦t t❤❡ assoc r❡❞❡①✳ ❚❤❡ assoc r✉•❡ ✐s ♠♦r❡ ❣❡♥❡r❛• t❤❛♥ ✐♥ ❬✸(✱ s✐♥❝❡ ✐t ❞♦❡s ♥♦t r❡q✉✐r❡ t❤❡ ❜✐♥❞✐♥❣ ❢♦r z t♦ ❜❡ ❛♥ ❛♥s✇❡r ✭✐✳❡✳✱ ❛♥ ❛❜str❛❝t✐♦♥ s✉rr♦✉♥❞❡❞ ❜② ❜✐♥❞✐♥❣s✮✳ ❚❤❡ lift r✉•❡ ✐s t❤❡ s❛♠❡ ❛s ✐♥ ❬✷✻(✱ ✐t ✐s ♠♦r❡ ❣❡♥❡r❛• t❤❛♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r✉•❡ ✐♥ ❬✸( s✐♥❝❡ t❤❡ •❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛♣♣•✐❝❛t✐♦♥ ✐s ♥♦t r❡str✐❝t❡❞ t♦ ❜❡ ❛♥ ❛♥s✇❡r✳ ❚❤❡ ❝❛•❝✉•✐ ✐♥ ❬✷✻( ❛♥❞ ❬✸( s❤❛r❡ t❤❡ s❛♠❡ st❛♥❞❛r❞ r❡❞✉❝t✐♦♥✳ ❋♦r ❡①❛♠♣•❡✱ ✐♥ t❤❡ t❡r♠s✿ (let y = M in (λx.x)y)P let y = (let z = N in (λx.x)y) in y ✾ (λx.x)y ✐s t❤❡ st❛♥❞❛r❞ r❡❞❡①✳ ❖✉r st❛♥❞❛r❞ r❡❞✉❝t✐♦♥ ❞✐✛❡rs✳ ❚❤❡ ❛❜♦✈❡ t❡r♠s ❝♦rr❡s♣♦♥❞ t♦ ❛ lift ❛♥❞ assoc r❡❞❡①✱ r❡s♣❡❝t✐✈❡•②✳ ▼♦r❡♦✈❡r✱ ♦✉r st❛♥❞❛r❞ r❡❞✉❝✲ t✐♦♥ ✐s ❛•s♦ ❞❡✜♥❡❞ ❢♦r ♦♣❡♥ t❡r♠s✳ ❚❤✉s✱ t❤❡ ❢♦••♦✇✐♥❣ t❡r♠s✿ (let y = xz in y)P let y = (let z = xP in z) in y ✐♥st❡❛❞ ♦❢ ❜❡✐♥❣ ♦❢ t❤❡ ❢♦r♠ C[x]✱ r❡❞✉❝❡ ❢✉rt❤❡r✳ ❚❤❡ st❛♥❞❛r❞ r❡❞✉❝t✐♦♥ r❡q✉✐r❡s ❞✐✛❡r❡♥t ❝•♦s✉r❡ ♦♣❡r❛t✐♦♥s t♦ ❛✈♦✐❞ t❤❡ ✐♥t❡r❢❡r❡♥❝❡ ❜❡t✇❡❡♥ r❡❞✉❝t✐♦♥s✳ ■♥ let z = (let x = V in N ) in z let y = (let z = (let x = M in N ) in P ) in y t❤❡ st❛♥❞❛r❞ r❡❞❡① ✐s t❤❡ ✭♦✉t❡r♠♦st✮ assoc✱ ❛♥❞ ✐♥ let x = II in let y = x in y✱ t❤❡ deref v ✐s t❤❡ st❛♥❞❛r❞ r❡❞❡①✳ Pr♦♣♦s✐t✐♦♥ ✻ ✭❈♦♥✢✉❡♥❝❡✮✳ → need ✐s ❝♦♥✢✉❡♥t✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ❛•• ❝r✐t✐❝❛• ♣❛✐rs ❝♦♥✈❡r❣❡✳ Pr♦♣♦s✐t✐♦♥ ✼ ✭❯♥✐q✉❡ ❉❡❝♦♠♣♦s✐t✐♦♥✮✳ ❆ t❡r♠ M ✐s ❡✐t❤❡r ❛ ✇❤♥❢ ♦r t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ C βl s✉❝❤ t❤❛t M ✐s ♦❢ t❤❡ ❢♦r♠ C βl [P ]✱ ✇❤❡r❡ P ✐s ❛ β ♦r lift r❡❞❡①✱ ♦r t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ C da s✉❝❤ t❤❛t M ✐s ♦❢ t❤❡ ❢♦r♠ C da [P ]✱ ✇❤❡r❡ P ✐s ❛ deref v ♦r assoc r❡❞❡①✳ ❚❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥ ❡ss❡♥t✐❛••② r❡•✐❡s ♦♥ t❤❡ ❢❛❝ts t❤❛t C[x] ✐s ❛ ✇❤♥❢ ❛♥❞ t❤❛t C da ⊂ C ⊂ C βl ✳ Pr♦♣♦s✐t✐♦♥ ✽ ✭❙t❛♥❞❛r❞✐③❛t✐♦♥✮✳ •✐✈❡♥ ❛ t❡r♠ M ❛♥❞ ✇❤♥❢ N ✱ ✐❢ M → → need N t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✇❤♥❢ N ′ s✉❝❤ t❤❛t M → → need N ′ ❛♥❞ N ′ → → need N ✳ ❉❡✜♥✐t✐♦♥ ✹✳ ▲❡t x ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✈❛r✐❛❜•❡s✳ M x ✐s ❞❡✜♥❡❞ ❛s✿ M x ::= λx.N | | let y = N nv in M yx | | zN 1 • • •N n | | let y = zN N 1 • • •N n in C[y] z ∈ x Pr♦♣♦s✐t✐♦♥ ✾✳ ❆ t❡r♠ M ✐s ✐♥ ✇❤♥❢ ✐✛ ✐t ✐s ✐♥ M ǫ ✭✇✐t❤ ǫ t❤❡ ❡♠♣t② s❡q✉❡♥❝❡✮✳ ✹✳✶ ❙♦✉♥❞♥❡ss ❛♥❞ ❝♦♠♣•❡t❡♥❡ss ♦❢ λ need ❖✉r ❝❛•❝✉•✉s ✐s s♦✉♥❞ ❛♥❞ ❝♦♠♣•❡t❡ ❢♦r ❡✈❛•✉❛t✐♦♥ t♦ ❛♥ ❛♥s✇❡r ✭✐✳❡✳✱ ❛♥ ❛❜str❛❝✲ t✐♦♥ ♦r ❛ •❡t ❡①♣r❡ss✐♦♥ ✇❤♦s❡ ❜♦❞② ✐s ❛♥ ❛♥s✇❡r✮ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ st❛♥❞❛r❞ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❝❛••✲❜②✲♥❡❡❞ ❝❛•❝✉•✐ ❞❡✜♥❡❞ ✐♥ ❬✷✻( ❛♥❞ ❬✸(✱ ❞❡♥♦t❡❞ ❜② → → af mow ✳ Pr♦♣♦s✐t✐♦♥ ✶✵✳ ▲❡t M ❜❡ ❛ t❡r♠ ❛♥❞ A ❜❡ ❛♥ ❛♥s✇❡r✳ ✕ ■❢ M → → need A t❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ❛♥s✇❡r A ′ s✉❝❤ t❤❛t M → → af mow A ′ ❀ ✕ ■❢ M → → af mow A t❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ❛♥s✇❡r A ′ s✉❝❤ t❤❛t M → → need A ′ ✳ ■♥❞❡❡❞✱ t❤❡ ❞✐s❝✉ss✐♦♥ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ s❡❝t✐♦♥ ❡✈✐❞❡♥❝❡s t❤❛t → need ✐s ❝♦♥t❛✐♥❡❞ ✐♥ → mow ❛♥❞ ❝♦♥t❛✐♥s → af ❛♥❞ t❤❡ r❡s✉•t ❢♦••♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t st❛♥❞❛r❞ r❡❞✉❝t✐♦♥s ♦❢ → mow ❛♥❞ → af ❝♦✐♥❝✐❞❡✳ ✶✵ ✺ ❈♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ λ mlv ❛♥❞ λ need ❚❤❡ ❝❛•❝✉•✐ λ mlv ❛♥❞ λ need ❛r❡ ✐♥ r❡❞✉❝t✐♦♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❢♦r t❤❡ ❢♦••♦✇✐♥❣ tr❛♥s•❛t✐♦♥s ❢r♦♠ λ need t♦ λ mlv ❛♥❞ ✈✐❝❡✲✈❡rs❛✿ ❉❡✜♥✐t✐♦♥ ✺✳ •✐✈❡♥ ❛ t❡r♠ M ✐♥ λ need ✱ ❛ t❡r♠ v✱ ❛ ❝♦♥t❡①t e ❛♥❞ ❛ ❝♦♠♠❛♥❞ c ✐♥ λ mlv ✱ tr❛♥s•❛t✐♦♥s M ⊲ ✱ M ⊲ e ✱ v ⊳ ✱ e ⊳ ❛♥❞ c ⊳ ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✿ x ⊲ = x (λx.M ) ⊲ = λx.M ⊲ (M N ) ⊲ = µ⋆.(M N ) ⊲ ⋆ (let x = M in N ) ⊲ = µ⋆.(let x = M in N ) ⊲ ⋆ (M N ) ⊲ e = M ⊲ N ⊲ •e (let x = M in N ) ⊲ e = M ⊲ μx.N ⊲ e N ≡ C[x] ❁M ⊲ ||μx.N ⊲ e ❃ ♦t❤❡r✇✐s❡ V ⊲ e = ❁V ⊲ ||e❃ ❁v||e❃ ⊳ = e ⊳ [v ⊳ ] x ⊳ = x (λx.v) ⊳ = λx.v ⊳ (µ⋆.c) ⊳ = c ⊳ ⋆ ⊳ = (v • E) ⊳ = E ⊳ [ v ⊳ ] (μx.c) ⊳ = let x = in c ⊳ ❲❡ ✜rst ✐••✉str❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦♥ ❛♥ ❡①❛♠♣•❡✳ ❊①❛♠♣•❡ ✸ ❈♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ λ need r❡❞✉❝t✐♦♥✱ ✇❤❡r❡ I st❛♥❞s ❢♦r λy.y ❛♥❞ M ❢♦r (λf.f I(f I))((λz.λw.zw)(II))✿ M → β let f = (λz.λw.zw)(II) in f I(f I) → β let f = let z = II in λw.zw in f I(f I) → assoc let z = II in let f = λw.zw in f I(f I) ❲❡ ❤❛✈❡ M ⊲ ⋆ = ❁λf.µ⋆.❁f ||I • (f I) ⊲ • ⋆❃||µ⋆.❁λz.λw.(zw) ⊲ ||(II) ⊲ • ⋆❃ • ⋆❃✳ ❚❤❡ ✜rst β st❡♣ ✐s s✐♠✉•❛t❡❞ ❜② t❤❡ ❢♦••♦✇✐♥❣ λ mlv r❡❞✉❝t✐♦♥✱ ✇❤❡r❡ ✇❡ ✉♥❞❡r•✐♥❡ t❤❡ r❡❞❡① t♦ ❜❡ ❝♦♥tr❛❝t❡❞ ✉♥•❡ss ✐t ♦❝❝✉rs ❛t t❤❡ t♦♣✿ ❁λf.µ⋆.❁f ||I • (f I) ⊲ • ⋆❃||µ⋆.❁λz.λw.(zw) ⊲ ||(II) ⊲ • ⋆❃ • ⋆❃ → β ❁µ⋆.❁λz.λw.(zw) ⊲ ||(II) ⊲ • ⋆❃||μf.❁µ⋆.❁f ||I • (f I) ⊲ • ⋆❃||⋆❃❃ → µ l ❁µ⋆.❁λz.λw.(zw) ⊲ ||(II) ⊲ • ⋆❃||μf.❁f ||I • (f I) ⊲ • ⋆❃❃ → µ l ❁λz.λw.(zw) ⊲ ||(II) ⊲ • μf.❁f ||I • (f I) ⊲ • ⋆❃❃ ❚❤❡ s❡❝♦♥❞ µ l st❡♣ ❝♦rr❡s♣♦♥❞s t♦ ♠♦✈✐♥❣ t❤❡ r❡❞❡① ✐♥ t❤❡ ❝♦♥t❡①t let f = in C[f ] ❛t t❤❡ t♦♣✳ ❚❤❡ s✐♠✉•❛t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ β st❡♣ •❡❛❞s t♦✿ ❁(I I) ⊲ ||μz.❁λw.(zw) ⊲ ||μf.❁f ||I • (f I) ⊲ • ⋆❃❃❃ ❚❤❡ assoc ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ✐❞❡♥t✐t② ✐♥ λ mlv ✳ ◆♦t✐❝❡ t❤❛t t❤❡ r❡str✐❝t✐♦♥ ♦♥ t❤❡ assoc r✉•❡ ✐s ❡♠❜❡❞❞❡❞ ✐♥ t❤❡ s❡q✉❡♥t ❝❛•❝✉•✉s✳ ❚❤❡ s✐♠✉•❛t✐♦♥ ♦❢ ❛ ♥♦♥ r❡str✐❝t❡❞ assoc ✇♦✉•❞ r❡q✉✐r❡ ❛ ❣❡♥❡r❛•✐③❛t✐♦♥ ♦❢ t❤❡ µ l r✉•❡✳ ❋♦r ❡①❛♠♣•❡✱ t❤❡ s✐♠✉•❛t✐♦♥ ♦❢ t❤❡ r❡❞✉❝t✐♦♥✿ let x = (let y = II in y) in 0 → let y = II in let x = y in 0 ✶✶ ✇♦✉•❞ r❡q✉✐r❡ ❡q✉❛t✐♥❣ t❤❡ ❢♦••♦✇✐♥❣ t❡r♠s✿ ❁µ⋆.❁I ||I • μy.❁y||⋆❃❃||μx.❁0||⋆❃❃ = ❁µ⋆.❁I ||I • ⋆❃||μy.❁y||μx.❁0||⋆❃❃❃ ❍♦✇❡✈❡r✱ t❤♦s❡ s❤♦✉•❞ ♥♦t ❜❡ ❡q✉❛t❡❞ t♦ ❁I ||I • μy.❁y||μx.❁0||⋆❃❃❃✳ ❚❤❛t ✇♦✉•❞ ❝♦rr❡s♣♦♥❞ t♦ r❡•❛①✐♥❣ t❤❡ r❡str✐❝t✐♦♥ ♦❢ E l ✐♥ t❤❡ µ l r✉•❡✱ ❛♥❞ ❤❛s t❤❡ ♣r♦❜•❡♠ ♦❢ ❜r✐♥❣✐♥❣ t❤❡ r❡❞❡① II t♦ t❤❡ t♦♣ ❛♥❞ t❤✉s ❜❡❝♦♠✐♥❣ t❤❡ st❛♥❞❛r❞ r❡❞❡①✳ Pr♦♣♦s✐t✐♦♥ ✶✶ ✭❙✐♠✉•❛t✐♦♥✮✳ ❈❛••✲❜②✲♥❡❡❞ r❡❞✉❝t✐♦♥ ✐♥ ♥❛t✉r❛• ❞❡❞✉❝t✐♦♥ ❛♥❞ s❡q✉❡♥t ❝❛•❝✉•✉s ❢♦r♠ ❛r❡ ✐♥ r❡❞✉❝t✐♦♥ ❝♦rr❡s♣♦♥❞❡♥❝❡✿ ✭✐✮ M → → need M ⊲⊳ ✭✐✐✮ c→ → mlv c ⊳⊲ ✭✐✐✐✮ ■❢ M → need N t❤❡♥ M ⊲ → → mlv N ⊲ ✭✐✈✮ ■❢ c → mlv c ′ t❤❡♥ c ⊳ → → need c ′ ⊳ |❡♠❛r❦ ✹ ◆♦t❡ t❤❛t t❤❡ tr❛♥s•❛t✐♦♥ (❴) ⊲ e ♦❢ ❛ •❡t ❡①♣r❡ss✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ❜♦✉♥❞ ✈❛r✐❛❜•❡ ❜❡✐♥❣ ♥❡❡❞❡❞ ♦r ♥♦t✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤✐s ♦♣t✐♠✐③❡❞ tr❛♥s•❛t✐♦♥ ✇❛s r❡q✉✐r❡❞ t♦ ♣r❡s❡r✈❡ r❡❞✉❝t✐♦♥✳ ■♥❞❡❡❞✱ ♦t❤❡r✇✐s❡✱ t♦ s✐♠✉•❛t❡ t❤❡ assoc r❡❞✉❝t✐♦♥ ♦♥❡ ✇♦✉•❞ ♥❡❡❞ ❛♥ ❡①♣❛♥s✐♦♥ ✐♥ ❛❞❞✐t✐♦♥ t♦ ❛ r❡❞✉❝t✐♦♥✳ ✻ ❈•❛ss✐❝❛• ❝❛••✲❜②✲♥❡❡❞ ✐♥ s❡q✉❡♥t ❝❛•❝✉•✉s ✭λ lv ✮ ❛♥❞ ♥❛t✉r❛• ❞❡❞✉❝t✐♦♥ ❢♦r♠ ✭λµ need ✮ ❉❡✜♥✐♥❣ s❡q✉❡♥t ❝❛•❝✉•✉s ❝•❛ss✐❝❛• ❝❛••✲❜②✲♥❡❡❞✱ ❝❛••❡❞ λ lv ✱ r❡q✉✐r❡s ❡①t❡♥❞✐♥❣ t❤❡ ❛♣♣•✐❝❛t✐✈❡ ❝♦♥t❡①t ❛♥❞ t❤❡ µ ❝♦♥str✉❝t t♦ ✐♥❝•✉❞❡ ❛ ❣❡♥❡r✐❝ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛r✐❛❜•❡ ✸ ✳ ❚❤❡ s②♥t❛① ♦❢ λ lv ❜❡❝♦♠❡s✿ c ::= ❁v||e❃ v ::= x | | λx.v | | µα.c e ::= E | | μx.c E ::= F | | μx.C[❁x||F ❃] F ::= α | | v • E C ::= | | ❁µα.c|| μz.C❃ |❡❞✉❝t✐♦♥✱ ✇❡❛❦ ❤❡❛❞ st❛♥❞❛r❞ r❡❞✉❝t✐♦♥ ✭✇r✐tt❡♥ ❛s → lv ❛♥❞ → lv ✱ r❡s♣❡❝✲ t✐✈❡•②✮ ❛♥❞ ✇❡❛❦ ❤❡❛❞ ♥♦r♠❛• ❢♦r♠ ✭✇❤♥❢✮ ❛r❡ ❞❡✜♥❡❞ ❛s ✐♥ t❤❡ ♠✐♥✐♠❛• ❝❛s❡ ❜② r❡♣•❛❝✐♥❣ ⋆ ✇✐t❤ ❛♥② ❝♦♥t❡①t ✈❛r✐❛❜•❡ α✳ ❋♦r ❡①❛♠♣•❡✱ ❛ t❡r♠ ♦❢ t❤❡ ❢♦r♠ ❁µα.❁x||β❃|| μx.❁y||y • δ❃❃ ✐s ✐♥ ✇❡❛❦ ❤❡❛❞ ♥♦r♠❛• ❢♦r♠✳ ❯♥✐q✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ❝♦♥✢✉❡♥❝❡ ❛♥❞ st❛♥❞❛r❞✐③❛t✐♦♥ ❡①t❡♥❞ t♦ t❤❡ ❝•❛ss✐✲ ❝❛• ❝❛s❡✳ ❖♥❝❡ ❝♦♥tr♦• ✐s ❛❞❞❡❞ t♦ t❤❡ ❝❛•❝✉•✉s✱ ❝❛••✲❜②✲♥❡❡❞ ❛♥❞ ❝❛••✲❜②✲♥❛♠❡ ❛r❡ ♦❜s❡r✈❛t✐♦♥❛••② ❞✐st✐♥❣✉✐s❤❛❜•❡✱ ❛s ✇✐t♥❡ss❡❞ ❜② t❤❡ ❡①❛♠♣•❡ ❣✐✈❡♥ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t t❤❡ ❜✐♥❞✐♥❣s ❛r❡ ♥♦t ♣❛rt ♦❢ t❤❡ ❝❛♣✲ t✉r❡❞ ❝♦♥t❡①t✳ ❋♦r ❡①❛♠♣•❡✱ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♠♠❛♥❞✱ t❤❡ r❡❞❡① II ✇r✐tt❡♥ ❛s µα.❁λx.x||(λx.x) • α❃ ✇✐•• ❜❡ ❡①❡❝✉t❡❞ ♦♥•② ♦♥❝❡✳ ❲❤❡r❡❛s✱ ✐❢ t❤❡ ❜✐♥❞✐♥❣s ✇❡r❡ ♣❛rt ♦❢ t❤❡ ❝❛♣t✉r❡❞ ❝♦♥t❡①t t❤❡♥ t❤❛t ❝♦♠♣✉t❛t✐♦♥ ✇♦✉•❞ ♦❝❝✉r t✇✐❝❡✳ ❁I I||μz.❁µα.❁λx.µβ.❁z||(µδ.❁λx.x||α❃) • β❃||α❃||μf.❁f ||z • γ❃❃❃❃❃ ✸ ❚♦ r❡❞✉❝❡ ❝•♦s❡❞ ❝♦♠♠❛♥❞s ♦♥❡ ❝❛♥ ✐♥tr♦❞✉❝❡ ❛ ❝♦♥st❛♥t ♥❛♠❡❞ tp ❛s ✐♥ ❬✺(✱ ♦r ♦♥❡ ❝❛♥ ❡♥❝♦❞❡ t❤❡ t♦♣✲•❡✈❡• ✉s✐♥❣ s✉❜tr❛❝t✐♦♥ ✭s❡❡ ❙❡❝t✐♦♥ ✼✮✳ ✶✷ ❯♥•✐❦❡ t❤❡ s❡q✉❡♥t ❝❛•❝✉•✉s s❡tt✐♥❣✱ t♦ ❡①t❡♥❞ ♠✐♥✐♠❛• ♥❛t✉r❛• ❞❡❞✉❝t✐♦♥ t♦ t❤❡ ❝•❛ss✐❝❛• ❝❛s❡✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t✇♦ ♥❡✇ ❝♦♥str✉❝ts✿ t❤❡ ❝❛♣t✉r❡ ♦❢ ❛ ❝♦♥t✐♥✉❛t✐♦♥ ❛♥❞ t❤❡ ✐♥✈♦❝❛t✐♦♥ ♦❢ ✐t✱ ✇r✐tt❡♥ ❛s µα.J ❛♥❞ [α]M ✱ ✇❤❡r❡ J st❛♥❞s ❢♦r ❛ •✉♠♣ ✭✐✳❡✳✱ ❛♥ ✐♥✈♦❝❛t✐♦♥ ♦❢ ❛ ❝♦♥t✐♥✉❛t✐♦♥✮✳ ❚❤❡ r❡❞✉❝t✐♦♥ s❡♠❛♥t✐❝s ♠❛❦❡s ✉s❡ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ str✉❝t✉r❛• s✉❜st✐t✉t✐♦♥✱ ✇❤✐❝❤ ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✸✵( ❛♥❞ ✐s ✇r✐tt❡♥ ❛s J[α ← [α]F ] ✐♥❞✐❝❛t✐♥❣ t❤❛t ❡❛❝❤ ♦❝❝✉rr❡♥❝❡ ♦❢ [α]M ✐♥ J ✐s r❡♣•❛❝❡❞ ❜② [α]F [M ]✱ ✇❤❡r❡ F ✐s t❤❡ ❝♦♥t❡①t ❝❛♣t✉r❡❞ ❜② ❛ ❝♦♥t✐♥✉❛t✐♦♥ ✇❤✐❝❤ ✐s ❡✐t❤❡r M ♦r let x = in C[x]✳ ❚❤❡ ❜❡♥❡✜ts ♦❢ str✉❝t✉r❛• s✉❜st✐t✉t✐♦♥ ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❬✹(✳ ■♥ ❛❞❞✐t✐♦♥ t♦ lift✱ assoc✱ deref v ❛♥❞ β✱ t❤❡ r❡❞✉❝t✐♦♥ t❤❡♦r② ✐♥❝•✉❞❡s t❤❡ ❢♦••♦✇✐♥❣ r❡❞✉❝t✐♦♥ r✉•❡s✿ (µ ap ) (µα.J)M → µα.J[α ← [α]( M )] (µ let ) let x = µα.J in C[x] → µα.J[α ← [α](let x = in C[x])] (µ lift ) let x = M nv in µα.[β]N → µα.[β](let x = M nv in N ) (µ base ) [β]µα.J → J[α ← β] ❚❤❡ r❡•❛t✐♦♥ → µ need ❞❡♥♦t❡s t❤❡ ❝♦♠♣❛t✐❜•❡ ❝•♦s✉r❡ ♦❢ →✱ ❛♥❞ → → µ need ❞❡♥♦t❡s t❤❡ r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝•♦s✉r❡ ♦❢ → µ need ✳ ❚❤❡ ✇❡❛❦ ❤❡❛❞ st❛♥❞❛r❞ r❡❞✉❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✿ M → β,lift,µap N [α]C βl [M ] → µ need [α]C βl [N ] M → deref v ,assoc,µ let ,µ lift N [α]C da [M ] → µ need [α]C da [N ] J → µ base J ′ J → µ need J ′ ❚❤❡ ♥♦t❛t✐♦♥ → → µ need st❛♥❞s ❢♦r t❤❡ r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝•♦s✉r❡ ♦❢ → µ need ✳ ◆♦t❡ t❤❛t ✇❡ ♦♥•② r❡❞✉❝❡ •✉♠♣s✳ ❆ •✉♠♣ J ✐s ✐♥ ✇❡❛❦ ❤❡❛❞ ♥♦r♠❛• ❢♦r♠ ✐❢ ❢♦r ♥♦ J ′ , J → µ need J ′ ✳ ❆ ✇❡❛❦ ❤❡❛❞ ♥♦r♠❛• ❢♦r♠ ✭✇❤♥❢✮ ✐s ❛ t❡r♠ M s✉❝❤ t❤❛t✱ ❡✐t❤❡r M ✐s µα.J ✇✐t❤ J ✐♥ ✇❡❛❦ ❤❡❛❞ ♥♦r♠❛• ❢♦r♠ ♦r✱ ❢♦r ♥♦ J, [α]M → µ need J✳ ❋♦r ❡①❛♠♣•❡✱ let x = µα.[β]P in yx ✐s ✐♥ ✇❤♥❢✳ Pr♦♣♦s✐t✐♦♥ ✶✷ ✭❈♦♥✢✉❡♥❝❡✮✳ → µ need ✐s ❝♦♥✢✉❡♥t✳ Pr♦♣♦s✐t✐♦♥ ✶✸ ✭❙t❛♥❞❛r❞✐③❛t✐♦♥✮✳ •✐✈❡♥ ❛ t❡r♠ M ❛♥❞ ✇❤♥❢ N ✱ ✐❢ M → → µ need N t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✇❤♥❢ N ′ s✉❝❤ t❤❛t M → → µ need N ′ ❛♥❞ N ′ → → µ need N ✳ ❚❤❡ tr❛♥s•❛t✐♦♥ ❜❡t✇❡❡♥ ❝•❛ss✐❝❛• ❝❛••✲❜②✲♥❡❡❞ ✐♥ ♥❛t✉r❛• ❞❡❞✉❝t✐♦♥ ❛♥❞ s❡✲ q✉❡♥t ❝❛•❝✉•✉s ❢♦r♠ ✐s ♠♦❞✐✜❡❞ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ✇❛② t♦ ❝♦✈❡r t❤❡ ❝•❛ss✐❝❛• ❝♦♥✲ str✉❝ts✿ (µα.J) ⊲ = µα.J ⊲ ([α]M ) ⊲ = M ⊲ α α α = α F α = α v•E = α E F v•E = F E [ v ⊳ ] α μx.❁v||e❃ = α e F μx.❁v||e❃ = let x = in F e [v ⊳ ] (µα.c) ⊳ = µα.c ⊳ e ⊳ = [α e ]F e Pr♦♣♦s✐t✐♦♥ ✶✹ ✭❊q✉❛t✐♦♥❛• ❝♦rr❡s♣♦♥❞❡♥❝❡✮✳ ❈•❛ss✐❝❛• ❝❛••✲❜②✲♥❡❡❞ ✐♥ ♥❛t✲ ✉r❛• ❞❡❞✉❝t✐♦♥ ❛♥❞ s❡q✉❡♥t ❝❛•❝✉•✉s ❢♦r♠ ❛r❡ ✐♥ ❡q✉❛t✐♦♥❛• ❝♦rr❡s♣♦♥❞❡♥❝❡✿ ✭✐✮ M = µ need M ⊲⊳ ✭✐✐✮ c = lv c ⊳⊲ ✭✐✐✐✮ ■❢ M = µ need N t❤❡♥ M ⊲ = lv N ⊲ ✭✐✈✮ ■❢ c = lv c ′ t❤❡♥ c ⊳ = µ need c ′ ⊳ ✶✸ ◆♦t✐❝❡ t❤❛t t❤❡ ♠❛✐♥ r❡❛s♦♥ ❢♦r ❤❛✈✐♥❣ ♦♥•② ❡q✉❛t✐♦♥❛• ❝♦rr❡s♣♦♥❞❡♥❝❡ ✐♥✲ st❡❛❞ ♦❢ ❛ ♠♦r❡ ♣r❡❝✐s❡ r❡❞✉❝t✐♦♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✐s t❤❡ ❢❛❝t t❤❛t✱ ✐♥ λµ need ✱ µ ap ❝❛♥ ❜❡ ❛♣♣•✐❡❞ ❛t♦♠✐❝❛••② (µα.J)N 1 . . . N n → µap (µα.J[α ← [α] N 1 ])N 2 . . . N n ✇❤✐•❡ ✐♥ λ lv t❤❡ ✇❤♦•❡ ❛♣♣•✐❝❛t✐✈❡ ❝♦♥t❡①t N 1 . . . N n ✐s ♠♦✈❡❞ ❛t ♦♥❝❡✳ ■♥ ♣❛r✲ t✐❝✉•❛r✱ t❤❡ ❢♦••♦✇✐♥❣ ❤♦•❞s✿ ✐❢ c → lv c ′ t❤❡♥ c ⊳ → → µ need c ′ ⊳ ✳ ✼ ❉✉❛• ❝•❛ss✐❝❛• ❝❛••✲❜②✲♥❡❡❞ ✐♥ s❡q✉❡♥t ❝❛•❝✉•✉s ❢♦r♠ ✭λ ln ✮ ■♥ ❝❛••✲❜②✲♥❡❡❞✱ t❤❡ ❢♦❝✉s ✐s ♦♥ t❤❡ ❝♦♥s✉♠❡r ❛♥❞ ❣♦❡s t♦ t❤❡ ♣r♦❞✉❝❡r ♦♥ ❛ ♥❡❡❞ ❜❛s✐s✳ ❚❤✐s s✉❣❣❡sts ❛ ❞✉❛• ❝❛••✲❜②✲♥❡❡❞ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❢♦❝✉s✐♥❣ ♦♥ t❤❡ ♣r♦❞✉❝❡r ❛♥❞ ❣♦✐♥❣ t♦ t❤❡ ❝♦♥s✉♠❡r ♦♥ ❛ ♥❡❡❞ ❜❛s✐s✳ ❚♦ t❤❛t ❡♥❞✱ ✇❡ ✜rst ❡①t❡♥❞ t❤❡ ❝•❛ss✐❝❛• ❝❛••✲❜②✲♥❡❡❞ ❝❛•❝✉•✉s ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ λ lv ✱ ✇✐t❤ t❤❡ ❞✉❛• ♦❢ t❤❡ ✐♠♣•✐❝❛t✐♦♥✱ t❤❡ s✉❜tr❛❝t✐♦♥ ❝♦♥♥❡❝t✐✈❡✱ ❛♥❞ t❤❡♥ ❜✉✐•❞ t❤❡ ❞✉❛• ❝•❛ss✐❝❛• ❝❛••✲❜②✲♥❡❡❞ ❝❛•❝✉•✉s ❜② ✉s✐♥❣ ❞✉❛•✐t② ❝♦♥str✉❝t✐♦♥s t②♣✐❝❛• ❢r♦♠ λµμ✲❝❛•❝✉•✐✳ ❲❤✐•❡ µ ❛♥❞ μ ❝♦♥str✉❝ts ❛r❡ ❞✉❛• ♦❢ ❡❛❝❤ ♦t❤❡r✱ ✐♠♣•✐❝❛t✐✈❡ ❝♦♥str✉❝t✐♦♥s λx.t ❛♥❞ v • E ❝✉rr❡♥t•② ❤❛✈❡ ♥♦ ❞✉❛• ✐♥ λ lv ✳ ❲❡ ❡①t❡♥❞ λ lv ❜② ❛❞❞✐♥❣ ❝♦♥str✉❝✲ t✐♦♥s ❢♦r t❤❡ s✉❜tr❛❝t✐♦♥ ❝♦♥♥❡❝t✐✈❡ ❬✶✵(✳ ❙✉❜tr❛❝t✐♦♥ ✇❛s ❛•r❡❛❞② ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ λµμ ✐♥ ❈✉r✐❡♥ ❡t ❛•✳ ❬✶✶(✳ ❲❡ ❢♦••♦✇ t❤❡ ♥♦t❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ❜② ❍❡r❜❡•✐♥ ✐♥ ❤✐s ❤❛❜✐•✐t❛t✐♦♥ t❤❡s✐s ❬✷✸(✳ ❚❡r♠s ❛r❡ ❡①t❡♥❞❡❞ ✇✐t❤ t❤❡ ❝♦♥str✉❝t✐♦♥ v -e ❛♥❞ ❝♦♥t❡①ts ✇✐t❤ λα.e✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❞✉❝t✐♦♥ ✐s✿ (-) ❁v -e|| λα.e ′ ❃ → ❁µα.❁v||e ′ ❃||e❃ ❲❡ ❝❛♥ ♥♦✇ ♣r❡s❡♥t t❤❡ ❝•❛ss✐❝❛• ❝❛••✲❜②✲♥❡❡❞ ❝❛•❝✉•✉s ❡①t❡♥❞❡❞ ✇✐t❤ s✉❜✲ tr❛❝t✐♦♥✱ λ - lv ✳ ❚❤❡ str✉❝t✉r❛• r✉•❡s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ✐♥st❛♥t✐❛t✐♥❣ V ❛♥❞ E ❛s✿ V - v = x | | λx.t | | (V - v -e) E - l = F -| | μx.C μ l [❁x||F -❃] ✇✐t❤ F -= α | | v • E - l | | λα.e st❛♥❞❛r❞ r❡❞✉❝t✐♦♥✱ ✇❤✐❝❤ ❛♣♣•✐❡s t❤❡ lift ❛♥❞ assoc r✉•❡ ❡❛❣❡r•②✳ ■♥ t❤❡ ♠✐♥✐✲ ♠❛• ❝❛s❡✱ t❤❡ s✐♥❣•❡ ❝♦♥t❡①t ✈❛r✐❛❜•❡✱ ❝❛••❡❞ ⋆✱ ❝♦✉•❞ ❜❡ s❡❡♥ ❛s t❤❡ ❝♦♥st❛♥t tp ❞✐s❝✉ss❡❞ ✐♥ ❬✻✱✺(✳ ■♥ t❤❡ ❝✐t❡❞ ✇♦r❦✱ ✐t ✐s ❛•s♦ ♣r❡s❡♥t❡❞ ❤♦✇ ❞❡•✐♠✐t❡❞ ❝♦♥tr♦• ❝❛♥ ❜❡ ❝❛♣t✉r❡❞ ❜② ❡①t❡♥❞✐♥❣ tp t♦ ❛ ❞②♥❛♠✐❝ ✈❛r✐❛❜•❡ ♥❛♠❡❞ t♣✳ ❚❤✐s s✉❣❣❡sts t❤❛t ♦♥❡ ❝♦✉•❞ ✉s❡ t♣ ✐♥st❡❛❞ ♦❢ tp t♦ r❡♣r❡s❡♥t ❝♦♠♣✉t❛t✐♦♥s ❛•s♦ ✐♥ t❤❡ ♠✐♥✲ ✐♠❛• s❡tt✐♥❣✳ ❙✐♥❝❡ ❡✈❛•✉❛t✐♦♥ ❣♦❡s ✉♥❞❡r ❛ t♣✱ ✐t ♠❡❛♥s t❤❛t ♦♥❡ ✇♦✉•❞ ♦❜t❛✐♥ ❛ ❞✐✛❡r❡♥t ♥♦t✐♦♥ ♦❢ st❛♥❞❛r❞ r❡❞✉❝t✐♦♥✱ ✇❤✐❝❤ ✇♦✉•❞ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♦♥❡ ♦❢ ❆r✐♦•❛ ❡t ❛•✳ ❬✸( ❛♥❞ ▼❛r❛✐st ❡t ❛•✳ ❬✷✻(✳ ❆ ❜❡♥❡✜t ♦❢ s❡q✉❡♥t ❝❛•❝✉•✉s ♦✈❡r ♥❛t✉r❛• ❞❡❞✉❝t✐♦♥ ✐♥ ❜♦t❤ ❝❛••✲❜②✲♥❛♠❡ ❛♥❞ ❝❛••✲❜②✲✈❛•✉❡ ✐s t❤❛t t❤❡ st❛♥❞❛r❞ r❡❞❡① ✐♥ t❤❡ s❡q✉❡♥t ❝❛•❝✉•✉s ❛•✇❛②s ♦❝✲ ❝✉rs ❛t t❤❡ t♦♣ ♦❢ t❤❡ ❝♦♠♠❛♥❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ♣❡r❢♦r♠ ❛♥ ✉♥❜♦✉♥❞❡❞ s❡❛r❝❤ t♦ r❡❛❝❤ t❤❡ st❛♥❞❛r❞ r❡❞❡① ❬✷(✿ t❤✐s s❡❛r❝❤ ✐s ❡♠❜❡❞❞❡❞ ✐♥ t❤❡ str✉❝t✉r❛• r❡❞✉❝t✐♦♥ r✉•❡s✳ ❍♦✇❡✈❡r✱ t❤✐s ❞♦❡s ♥♦t ❛♣♣•② t♦ ♦✉r ❝❛••✲❜②✲♥❡❡❞ s❡q✉❡♥t ❝❛•❝✉•✉s✿ t❤❡ st❛♥❞❛r❞ r❡❞❡① ❝❛♥ ❜❡ ❜✉r✐❡❞ ✉♥❞❡r ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ ❜✐♥❞✐♥❣s✳ ❚❤✐s ❝❛♥ ❜❡ ❡❛s✐•② s♦•✈❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ❝❛•

  ❝✉•✉s ✇✐t❤ ❡①♣•✐❝✐t s✉❜✲ st✐t✉t✐♦♥s✳ ❆ ❝♦♠♠❛♥❞ ♥♦✇ ❜❡❝♦♠❡s ❁v||e❃τ ✱ ✇❤❡r❡ τ ✐s ❛ •✐st ♦❢ ❞❡❝•❛r❛t✐♦♥s✳ ❋♦r ❡①❛♠♣•❡✱ t❤❡ ❝r✐t✐❝❛• ♣❛✐r ✇✐•• ❜❡ s♦•✈❡❞ ❛s✿ ❁µα.c|| μx.c ′ ❃τ → c ′ [x = µα.c]τ ❛♥❞ t❤❡ s✇✐t❝❤✐♥❣ ♦❢ ❝♦♥t❡①t ✐s r❡❛•✐③❡❞ ❜② t❤❡ r✉•❡✿ ❁x||E❃τ 0 [x := µα.c]τ 1 → c[α := μx.❁x||E❃τ 0 ]τ 1 ✳ ❚❤✐s ✇✐•• ♥❛t✉r❛••② •❡❛❞ ✉s t♦ ❞❡✈❡•♦♣✐♥❣ ❛❜str❛❝t ♠❛✲ ❝❤✐♥❡s✱ ✇❤✐❝❤ ✇✐•• ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❛❜str❛❝t ♠❛❝❤✐♥❡s ♦❢ •❛r❝✐❛ ❡t ❛•✳ ❬✷✶( ❛♥❞ ❉❛♥✈② ❡t ❛•✳ ❬✶✹(✱ ✐♥s♣✐r❡❞ ❜② ♥❛t✉r❛• ❞❡❞✉❝t✐♦♥✳ ❲❡ ❤❛✈❡ r❡•❛t❡❞ t❤❡ •❛③② ❝❛••✲❜②✲✈❛•✉❡ ✇✐t❤ s✉❜tr❛❝t✐♦♥ t♦ ✐ts ❞✉❛•✳ ❲❡ ♣•❛♥ t♦ ♣r♦✈✐❞❡ ❛ s✐♠✉•❛t✐♦♥ ♦❢ •❛③② ❝❛••✲❜②✲✈❛•✉❡ ✐♥ •❛③② ❝❛••✲❜②✲♥❛♠❡ ❛♥❞ ✈✐❝❡✲✈❡rs❛✱ ✇✐t❤♦✉t t❤❡ ✉s❡ ♦❢ s✉❜tr❛❝t✐♦♥✳ ❲❡ ❛r❡ ❛•s♦ ✐♥t❡r❡st❡❞ ✐♥ ❞❡✈✐s✐♥❣ ❛ ❝♦♠♣•❡t❡ s❡t ♦❢ ❛①✐♦♠s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❝•❛ss✐❝❛• ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❝❛••✲❜②✲♥❡❡❞ ❝♦♥t✐♥✉❛t✐♦♥✲ ♣❛ss✐♥❣ st②•❡ ♦❢ ❖❦❛s❛❦✐ ❡t ❛•✳ ❬✷✾(✳ ❆ ♥❛t✉r❛• ❞❡✈❡•♦♣♠❡♥t ✇✐•• t❤❡♥ ❜❡ t♦ ❡①t❡♥❞ ♦✉r •❛③② ❝❛••✲❜②✲✈❛•✉❡ ❛♥❞ •❛③② ❝❛••✲❜②✲♥❛♠❡ ✇✐t❤ ❞❡•✐♠✐t❡❞ ❝♦♥tr♦•✳ ❋♦••♦✇✐♥❣ ❛ s✉❣❣❡st✐♦♥ ❜② ❉❛♥✈②✱ ✇❡ ✇✐•• ✐♥✈❡st✐❣❛t❡ ❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ ♦✉r •❛③② ❝❛••✲ ❜②✲♥❛♠❡ ❝❛•❝✉•✉s ❛♥❞ ❛ ❝❛•❝✉•✉s ✇✐t❤ ❢✉t✉r❡s ❬✷✽(✳ ❆t •❛st✱ ✇❡ ✇❛♥t t♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤❡ ✉♥❞❡r•②✐♥❣ •♦❣✐❝ ♦r t②♣❡ s②st❡♠✳ ❆❦♥♦✇•❡❞❣❡♠❡♥ts✿ ❚❤❡ ❛✉t❤♦rs ✇✐s❤ t♦ t❤❛♥❦ ❖•✐✈✐❡r ❉❛♥✈② ❛♥❞ t❤❡ ❛♥♦♥②♥✲ ♠♦✉s r❡❢❡r❡❡s ❢♦r ✈❛•✉❛❜•❡ ❝♦♠♠❡♥ts ❛♥❞ s✉❣❣❡st✐♦♥s✳ )❡♥❛ ▼✳ ❆r✐♦•❛ ❤❛s ❜❡❡♥ s✉♣♣♦rt❡❞ ❜② ◆❙❋ ❣r❛♥t ❈❈❋✲✵✾✶✼✸✷✾✳ ❚❤✐s r❡s❡❛r❝❤ ❤❛s ❜❡❡♥ ❞❡✈❡•♦♣❡❞ ✉♥❞❡r ■◆|■❆ ➱q✉✐♣❡ ❆ss♦❝✐é❡ ❙❊▼❆❈❖❉❊✳ |❡❢❡r❡♥❝❡s ✶✳ )✳ ❆r✐♦•❛ ❛♥❞ ❍✳ ❍❡r❜❡•✐♥✳ ▼✐♥✐♠❛• ❝•❛ss✐❝❛• •♦❣✐❝ ❛♥❞ ❝♦♥tr♦• ♦♣❡r❛t♦rs✳ ■♥ ■❈❆▲P✬✵✸✱ ✈♦•✉♠❡ ✷✼✶✾ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✳ ❙♣r✐♥❣❡r✱ ✷✵✵✸✳ ✷✳ )✳ ▼✳ ❆r✐♦•❛✱ ❆✳ ❇♦❤❛♥♥♦♥✱ ❛♥❞ ❆✳ ❙❛❜r②✳ ❙❡q✉❡♥t ❝❛•❝✉•✐ ❛♥❞ ❛❜str❛❝t ♠❛❝❤✐♥❡s✳ ❚r❛♥s❛❝t✐♦♥s ♦♥ Pr♦❣r❛♠♠✐♥❣ ▲❛♥❣✉❛❣❡s ❛♥❞❙②st❡♠s ✭❚❖P▲❆❙✮✱ ✸✶✭✹✮✿✷✼✺✕✸✶✼✱ ✷✵✵✾✳ ✸✳ )✳ ▼✳ ❆r✐♦•❛ ❛♥❞ ▼✳ ❋❡••❡✐s❡♥✳ ❚❤❡ ❝❛••✲❜②✲♥❡❡❞ •❛♠❜❞❛ ❝❛•❝✉•✉s✳ ❏✳ ❋✉♥❝t✳ Pr♦✲ ❣r❛♠✳✱ ✼✭✸✮✿✷✻✺✕✸✵✶✱ ✶✾✾✼✳ ✶✻