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The differential Game

x/(t) = f(x(t),u(t),v(t)), t €[0,T] (1)
u(t) e U, v(t) e V
where f : IRN x U xV — IRN, U and V being the control
sets of the players. To any initial condition x(t)) = z7 we
' tO,CCO,U,U 3
associate ¢t — X, the solution to ()

The first player—choosing u—wants to minimize a final
cost of the form

g(x(T))
while the second player,—playing with v—wants to maxi-
mize it.



the state-space x( is only unperfectly known by the play-
ers : they only know that the initial position is randomly
distributed under some fixed probability measure 1. Both
players are assumed to know this probability 1y, and have
a perfect knowledge of the control of the other player.

So the ”lack” of information is very specific :
e it is symmetric for both player

e it is only concerned with the current position of the
game.

We denote by M the Borel probability measures p s.t.

/]RN 2P du(z) < +oo .



Assumptions

/"

y

\

(2) U and V are compact subsets of some finite
dimensional spaces

(it) f:IRN xU x V — IR" is continuous and
Lipschitz continuous with respect to

(241) Y(x,u,v), |flz,u,v)| < M

(iv) ¢:IRN — IR is Lipschitz continuous and bounded

U(ty) = {u : [tg, T] — U, Lebesgue measurable}
V(tg) ={v: [tg,T] — V., Lebesgue measurable}



Strategies

Definition 1 A NAD strategy is a map « : V(tg) — U(ty)
such that there 1s some 7 > 0 such that Vt,

Vv, v9 € V(ty), v1 = vy on |ty t] = av)) = al(vy) on [ty,t+ 7.
A(ty) is the set of such a. Symmetrically, B(t)) is the set
of NAD strategies (5 :U(tyg) — V(tg) for the second player.

Lemma 2 V(a, 8) € A(ty) x B(ty), 3(ug, vg) € U(tg) x V(tg),
a(vg) = up and B(ug) = vy .
Xanan‘aB — Xtt()vxvu()?vo \v/t c [tO,T] .



Payofls and Values

g : IRY +— IR which is Lipschitz and bounded. For any
(to, o) € [0,T) x M and for any (u,v) € U(ty) x V(i) we set

J(to, po, w, v —/ g(XtO’x’u’v) du(z) .
0= [ (X4 duta

For any pair of strategies (o, 5) € A(tg) x B(ty), we define

J(to, po, o, B) = J(to, po, uo, vo)

where (ug,vg) € U(ty) x V(ty) is associated to (a,5) by the
Lemma



Definition of the value functions:

Vi(to,po) = inf  sup  J(tg, po, o, )
a€A(to) BeB(t))
and

V= (to,po) = sup  inf  J(tg, po, @, B) .
BeB(ty) ¥€A(to)

Obviously we have
V™ (tg, o) < VT (tg, o) Yto, po) € [0,T) x M .

Remark

Vi(tg,po) = inf  sup  J(tg, o, (v),v)
acA(ty) veV(ty)

V= (tg, o) = sup  inf  J(tg, po, u, Blu)) .
BeB(ty) wEU(to)



Preliminaries on Probability Measures

For ;1 € M, we denote by LZ([RN, IR) (resp. L%L([RN, IRV))
the set of y—measurables maps p : IRN = IR (resp. p :
IRN — IRN) such that [|p| ;2 = [;mn [p°di < +o0

L4

For p € M and ¢ : IRN — IRN a Borel measurable with
linear growth, piu is the push-forward of 1 by o,

Oi(A) = (gp_l(A)) VA c IRY, Borel measurable

or, equivalently, such that, Vf : IRN — IR, Borel measurable
and bounded,

fd(ptn) = flp(x))du(z) .

IRN IRN



Wasserstein Distance cf book of Villani

\

) =t § ([ o) )

/
where the infimum is taken over all the probability mea-

sures 7y in IR*N such that

DO —

iy =p and mofy=v, (4)

m1 and 7y being respectively the projections on the first
and the second coordinates: 7((z,y) = = and my(z,y) = .
A measure v satisfying (4)) is an admissible transport plan
from ;1 to v. The optimal v are called optimal plans.




Lemma 3 If h : IRN = IR is k—Lipschitz continuous, then

/] @) - /[ ene

Lemma 4 Let i,y € M and ~ be optimal for d(u,v). Then
there exist p € L%L(]RN, IRNY and q € L (IRN, IRV) s. t.

| <e@hplo) > dute) = [ < p@z-y>diln) 6
IR

[R?N

< kd(p,v) Yu,v e M .

| <e@ha@)> )= [ <pa-y> i) ©
IR

IR*N
for any Borel measurable map ¢ : IRN — IRN with at most
a linear growth.



proof Let v be an optimal plan from ;1 to v. Then

Jipn h(x)dp(z) = [ipon h(x)dy(z,y)
< Jirew My)dy(@,y) + k [y o — yldy(z,y)
< f]RQN h(y)dv(y) + kd(u, v)

O

proof We just show the existence of p, since the proof for

g can be obtained in the same way. Let us consider the
linear map ¢ on L7 (IR, IR") defined by

O(p) = /[RQN < (@), r—y>dy(r)

Then
1

o< ([ 90(93>2dv(93)>% ([ o= vl < dmmlelg



for any ¢ € L%L(]RN IR™). Therefore ¢ is bounded on L%L(IRN IRV

whence the existence of p € L/%(]RN JIRN ) from Riesz Rep-
resentation Theorem. e



Regularity of the Values

Proposition 5 The value functions V' and V~ are Lips-
chitz continuous.



proof for VT

We shall first prove that the values are Lipschitz contin-
uous with respect to the second variable. Fix t; € [0,7T],
o € M, vp e M and € > 0. There exists an nonanticipative
strategy a: € A(ty) such that

VT (tg, 1) < sup  J(tg, vy, ae, B) < VT (tg, 1) + €.
BeB(ty)

Hence
V™ (to, o) — V7 (to, ) <

€+ sup J(t()nu())a&"aﬁ) — Sup J(tO7VO’&8’5)
BeB(ty) BeB(t)

S 25 —l_ J(t07 NO) &87 BE) o J(t()? VO) 0567 65)



where (: € B({y) is such that
SU.p J(t(b MO) &87 ﬁ)_g S ‘](t07 MO) @87 58) S SU.p J<t07 MO? 0587 6)
BeB(ty) BeB(ty)
Thus
V¥ (to, po) — V7 (o, )

<
25 _|_/ g (Xt()ax;a&ﬁé) d,LLO T _/ g (Xt()axaa&ﬁ&‘) dVO T
IRN g & IRN g 2

< kQGde(,uo, V) + 2¢

thanks to Lemma |3 and because z — X;Q’x’u’v is k2T Lips-
chitz.

Consider now 0 < ty < sp < T' and the strategy a. . Let
ug € U(ty) and vy € V(tg) two given control. We define the



nonanticipative strategy a; € A(sg) as follows
Vo € V(sg), ai(v) = ag(vg)
where v((t) = vy(t) if t € [tg, sg) and v(t) = v(t) if t € [sg, T].

V™ (s0, 10) = V™ (to, po)
< €+ supgep(sy) J (S0, 10, @1, ) — supgep(yy) J (Los o, e, B)
< 2e + J(s0, o, o1, Be) — J(to, po, ae, B1)
where (: € B(sg) is such that
sup J(s0, o, 1, B)—e < J(sp, po, 1, Be) < sup - J(s0, po, o1, B)
BeB(s) peB(sy)
and [y € B(tg) is defined as follows:
Vu € Ulty), Bi(u)(t) = volt) if ¢ € [tg,so) and Bi(u)|js, 1 =
Be(ulrs, 7). Hence



V™ (50, o) = V' (2o, o)
S 25 —i_/ g (X807$7a1768) d,u() T _/ g (Xt()axa&é‘aﬂl) d T
(X @)~ | o (X7 po(a)

to,x,oq,vo

7XS ) ad

by noticing that

to,x,a1,v

XtOrCE;Oé&Bl _ XSO’XSO ,041,55

T T
Consequently

VT (s0, ) — V' (to, o) < 26 + ME e (8 — sp),

using the fact that |x — ng’m’al’vol < Mty — sg)|



Dynamic Proggramming

Proposition 6 [Dynamic programming] Let (ty, 11, o) € [0,T)X
0,T] x M be fized with t) <t;. Then

VT (tg,po) = inf  sup V7T (thttf"’&’ﬁ ﬁuo)
a€A(to) BeB(ty)

and

V(o po) = sup it VT (0, X0 )
BeB(ty) a€A(t0)



proof We only prove the dynamic programming for

V= (to, o) = sup  inf  J(tg, po,u, Blu)) .
BeB(ty) wEU(to)

V= (to, o) = Witp, t1, o) where we set

Wity t1,p0) = sup  inf V7© (thtO”uﬁﬁuo)
BEB(ty) uEU(to)

Let us prove first that V= (tg, ug) < Wit t1, o). Fix Fy €
B(ty) and ug € U(ty). Define B € B(t;) as follows

Yu € U(ty), Bi(u) = Bolur)
where u(t) = ug(t) if t € [tg,t1) and wui(t) = u(t) if t € [sg, T].



Clearly (; is nonanticipative such that

to,x,un,00(u
XO 0:00(u)
Vit € [t T] Xtoxu,ﬁo( )_Xt uﬁl( )

Hence for any u € U(ty),
t 57y W)y
J(t1, X0 0 g, ) =

— ﬂRNg (Xé}axauaﬁl) d(Xtt;% U, 60 U’O ﬂ,u )( )

/[‘RNg (X;_anaubﬁO(ul)) dli()(x)

inf J(tLXttO’ worBo(uo) 110, U, 1) =
uEU(t1>

So



lﬂf J(th Q) U, 50)
u€U (ty) withu, 4] =40 1. 4]

Hence

V= (t, Xttloj.mﬁo(u()))

[V

inf J(to, to, u, Bo)-
u€l (to) withuuly, 4 1=uoly 1)

Consequently, ug and 5y being arbitrary, we have V™ (¢, ug) <
W (to, 1, tto)-



Let us prove the reverse inequality
— : — t 7 9 Uy
V= (to, no) > Wito, t1,p0) == sup  inf V (thtf U’Bﬂuo)
BeB(ty) wEU(to)

Fix ¢ > 0. For any yu € M there exists some 3, € B(t]) such
that

inf  J(tq, 1, u, >V o (t,u) — €.
weld () (1# 5u) (1M>

Fix [y € U(ty). Define 5y € B(ty) as follows: for any u € U(ty)
we have

6( )‘ tO tl 50( )‘ t() tl B(U’)”tl,T] — Bﬂl(u‘[tl,T])a

where [ = th’ ’ ’5011”0. Hence for any u € U(t)) we obtain

J(to, po, w,, B(w) = J(tr, pas uly, ) B (ulyg, 7)) = V() — e



Hence

V= (to, o) > inf  J(to, uo,u,, B(w)) > inf V" (ty, X100%P08,0) e
(t0, o) = v (t0, 1o (u)) 2 v (b1, X3, o)

We obtained the wished conclusion passing to the supre-
mum in ) because ¢ is arbitrary. 0



Hamilton Jacobi Isaacs Equation

w + H(p, Dw) =0 (7)
where H = H(u,p) is an Hamiltonian defined for any p € M
and p € L3 (IR, IRY).



Definition 7 (Sub- and super-differential) Let w : [0, T|x M —
IR be a function, (ty,py) € (0,7)x M and let 6 > 0. (pt,pu) €
]RXL%([RN IRY) belongs to the §-super-differential Dgrw(to, 1o)
to w at (tg, ug) of, Vo € Cb(]RN, [RN),

limsup  [w(t, (idpy + )dp0) — w(to, po) — pe(t — to)
HQOHL/%_H)? t—1g

1

— < o(x),pu(x) > dug(x <9
o <10t el

A pair (p;,py) € IR X L%([RN,IRN) belongs to the §-sub-

differential D5 w(ty, pg) to w at (ty, po) of (—pe, —pu) belongs
to the 0-super-differential to —w at (g, 1g)-




Solutions of Hamilton-Jacobi equation

Definition 8 We say that a map w : [0,T] x M — IR is a
sub-solution of the HJ equation ([7) if w is upper semi-
continuous and if, for any (to, o) € (0,T) x M, for any
(pt, p) € Dy wlto, wo), we have for any § > 0,

Pt +H<N07pu) > —Co (8>
where C' > 0 1s a constant which depends only of H.

In a stmilar way, w 1s a super-solution of the HJ equa-
tion (7) if w is lower semicontinuous and if, for any
(t0, 110) € (0,T) x M, for any (ps, p) € Dy w(ty, ), we have

pt + Hlpo, pp) < C9 . 9)



Values and HJI Equations

H T (1, p) = inf sup/ < f(x,u,v),p(x) > du(x)
uel yev JIRN

H (1, p) = sup inf / < f,u,0), p(z) > du(z)
vey uel JIRN

Lemma 9 Let yu,v € M, v be an optimal plan from pn to v,
and p € L%L and q € L% be defined by (@) and (@) respec-
tively. Then, for H=H" or H=H"

M, p) = H(v, q)| < K(d(p,v))*,



Ve, f[RN < p(x),p(x) > du(x f]RZN <o), r—y > dy(x)

proof for H™
H_</Lap) = SUPy inf’u f[RN < f(a:,u,v),p(a:) > d,LL(SC)

— supvinfuf[RgN < flz,u,v),x —y > dy(x,y)

< sup, infy [pon < fy,u,v), 2 —y > dy(z,y)
+k [pon [T — y|2dy(z, )

< SUpvlnfUI]RN < f(yvu v),q(y) > dv(y)
+kd?(p, v)

< H ™ (v, q) + kd*(u, v)



Proposition 10 The upper value function V' is a solution
to HJI with H := H"™ while the lower value function V~ is
a solution to HJI with 'H = H .

proof of V7' is a subsolution
Fix (tOMLLO) < <07T> x M, 0>0 and (ptap,u) = D;VJr(tOnMO)-
We will prove that

pt + H(po, pp) = —0 (10)

Consider ¢ € (#), T). For any a € A(fy) and 5 € B(t;) define
Pa,B € Cy(IRN, IRY) such that

(idpx + o g)(x) = X070 / F(a(s), u(s), v(s))ds,

where (u,v) is associated with (o, 8) and z(s) = xloze B,



!
VI, X o) — V7 (to, po) — pe(t — to)
«

/]RN /f tOx 6 u(s),v(s))ds, pu(x) > du(x) (11)
< (lea,sll g2 + [t = toD)(=(t, ¢a,5) + )

where £(t, gpoéﬁ) —0ast—tand ¢, 53— 0in Lz. Passing to
the sup on v and inf on o, we obtain by DDP

0< inf  sup /IRN /O f(X to za(v oz(v)(s),v(s))ds,pﬂ(a:) > dy

a€A(l) veV(ty)
et —t0) + ([Paw)oll 12 + 1t = t0))(0 +&(t, o p)

for |[¢a(v).u small enough.




For t close enough to t; we obtain

0 < inf sup /]RN /f:z:uv s))ds, py(x) > du(z)

UEUUEV (t0)
+pi(t —t0) + (el g2 + 1t = tol)(0 +e(t, puw))]

when we restrict the infimum to nonanticipative strategies
« which has constant control values. Hence

0 < inf supl(t — to)/ < flz,u,v)ds,p,(z) > du(z)
uel yev IRN

+pi(t — 1) + (H@u,vHLa + [t — t0]) (0 + (2, @u,v))]

Dividing this inequality by ¢t — {y and letting ¢t — tar gives,
since [[gu,l 2 = Ot — 1)

pt+ Hlpo, pp)) = —(1+M)o .






Comparison Principle for HJI

w + H(p, Dw) =0
Assumptions on H
2 AN N o
o p€ L (IR, IR") — H(p, ) is positively homogeneous.

e for any i, v € M, if v is the optimal plan from x to v, and
D E L%L and ¢ € L? are defined by () and (|§|) respectively,

H(p, p) — Hv, q)| < k(d(p,v))” . (12)

Vo, [ipn < o@),p(r) > du(z) = [y < o(z),2 —y > dy(v)
Vo, [pn < pl),q(z) > dv(z) = [y < @y),z —y > dy(z)



Comparison principle for HJI

Theorem 11 Let wi be a bounded and Lipschitz continuous
subsolution and wy be a bounded and Lipschitz continuous
supersolution to (7). Then

inf  (wo —wy) =1inf wo(T,-) —w(T,-).
[O,T]x/\/l( 2 —wy) =inf wy(T ) —wi (T )



Proof of Comparison Principle

A= inf wy(T,p) —wi(T,p).
neM

Since H is independant of w, w; — A is still a subsolution.
So we suppose without loss of generality that A = 0.

By Contradiction

—& = inf wo(t, 1) —wy(t, n) <0.
3 e o(t, ) — w1 (t, p)

And choose (g, 119) € |0,T] x M such that
(wa — wy)(to, po) < —&/2. (13)



Let C > 0 such that Vo > 0
Y(pt, pp) € Dy wilto, po), e+ H(po, pp) > —C9

>
V(pt, pp) € Ds walto, po) pe + Hlpo, pp) < C9 .
Fixe > 0, n > 0 and 0 > 0 sufficiently small such that

k2
€ > T + 75 and 200 +2k(6+k)2e<n.  (14)

We consider the following continuous function defined on
([0, 7] x M)?:

D(s, .1, v) = —wils, ) + walt,v) + L (%, v) + (= 5)%) — s

Define

i, v,5,t) € Arg min @
(f () g o min



From Ekeland Variational Principle that 3(u, v, 5,t) € M? x
0, 7] such that for any (s, u,t,v) € (]0,T] x M)?

A~
S
CD
=
-
<~
O
=
-
~—

F8([d% () + |s — 5\2]% + (@2, 9) + |t — 172)
CLAIM 1 p? :=d*(u,v) + |5 — t]* < (k + 6)°c? Indeed,
(s, i, T, 0) < D5, i, 5, i) + 0]d2(0, 0) + |5 — 1|2]2
Since wy is k—Lipschitz continuous,

6p + wa(s, 1) — wi(s, 1) —ns > wolt, ) — wy(s, 1) + £p? -3
> wa(S, i) — wi(8, ft) — kﬂ+gp — 18

Hence p < (k4 d)e,



Assume s5,t € (0,7). Let v be the optimal transport plan
between i and 7 and p € L*(ji) and ¢ € L?(7) associated.
CLAIM 2
2 2

(2s-01-n.20) € Dfwnts.i. (25 -.%) € Dyuste)

From ([15))-ii), we have for any (s, u),
(s, 1., 0) < (s, 11, £, ) + 6[d*(p, o) + | s — 5]7]2.

DO +—

(16)
We will replace ;i by (idpy + ¢)ta with ¢ € C(IRY, IRY)



Estimation

Observe ' = (idpx + ¢,idgN)iy is an admissible transport
plan from (idpN + )it to v. Hence

d*((idgx + )i, 7) — d*(p, v) <

Jigen |z = ylPdy (z,y) — [pen Jo — y[*dy(z,y)

= [pon(|z + o(x) — y|* — |z — y|*)dy(z, y)

= f[R2N(2 <z—y,pl@) > HSO(%)\Z)CW(%?J)

= [ipn < 2p(2), p(z) > di(z) + ngH?Li (from the def. of p)

wi(s, (idgx + )8) < wi(5,8) + £ [y < 20(0), () > dp() + [lol)

(s — 5)[(s — )+ 2(5 — B)] + 6[d2(, 1) + |5 — 5|22 + (5 — s)



So

wy(s, (idpy + ©)i) — w5, i) — (s — 8)[2(s — 1) — 7]
—1 Jipn < 2p(x), o(x) > di(x) + HSOHQL%L <)

+1(s = 5)2 + 0ld(u, 1) + |5 — 52

Hence

9 p -
(g(s —1) — 1, ;p) e D w(s, i)

which the claim 2.



By Claim 2, because w; sub solution, wy supersolution

2 2
g<s—a—n+%(u,gp)2—ca.

€
Substracting we obtain H(v,q) — H(u,p) <2C6 —n .

But from the assumtion on H we have H(v,q) — H(i,p) >
—kd?(i, 7). So

2 2
—<s—t‘>+H(u,gq) <9 .

—k(k +6)%c <206 —n

a contradiction with ([14).




We have to check that 5 and ¢ cannot be equal to 0 or 7.
Let us assume for instance that s =7 . We first note that
D(ty, po, to, o) = walto, po) — wilto, po) — nto < —&/2

From (Ekeland), i), we have

O(s, 1, 1, ) < (to, po, to, po) < —E/2..

Since § =T and wy is k—Lipschitz continuous, we get (set-
ting as before p = [d*(0,7) + |5 — 5\2]%)

—£/2 > wo(t,v) — wi(T, ) + 2p* — T
wo(T, ) — wi(T, i) — kp+ 2p* =T
—kp+ 20> =T
A contradiction with the choices of 1, J,¢ and the estima-
tion of p.

AVARAVARAY,



To show that s # 0 and ¢t # 0, it is enough to use the
standard fact that w; and wy are respectively sub- and su-
persolutions up to t =0,

Lemma 12 If w is a subsolution (resp. a supersolution) of
(7) on the time interval (0,T), then w is also a subsolution
(resp. a supersolution) on |0,T).



Uniqueness Result for HJI

Corollary 13 There exists at most one lipschitz continuous
solution of ((7) satisfying

(T, 1) = /]RNg@)dm:c) Vue M.



Existence of A value

Theorem 14 We suppose the following Isaacs condition:
HT=H".
Then the game has a value. Namely:
VIt p) =V (t, 1) V(t,u) €10,T] x M .

Furthermore V™ =V~ is the unique solution of the Hamilton-
Jacobt equation @ with H=H" =H .



Thank You for your Attention




