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h αβ = 0 ... (centrifugal!) It is interesting to investigate properties of the input-output map u(•) → x[u(•)](•)
Of course its regularity depends on how the right hand of dynamic equations depend on u: linearly?... (1) Can discontinuous controls u(•) be implemented?
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the differential inclusion is called weakly asymptoticly stable (at x).

Theorem Assume that the differential inclusion

dx ds ∈ F(x)
admits a weak Lyapunov function V = V (x) defined on a neighborhood N at x. Then the control system

ẋ = f (x) + m α=1 g α (x) uα + m α,β=1
h αβ (x) uα uβ can be stabilized at x.

Corollary.Assume that the "simmetrized" differential inclusion

dx ds ∈ G(x)
admits a weak Lyapunov function V = V (x) defined on a neighborhood N at x.

Corollary.Assume that the "simmetrized" differential inclusion

dx ds ∈ G(x)
admits a weak Lyapunov function V = V (x) defined on a neighborhood N at x. Then the control system has something to do with "vibrational controls".

ẋ = f (x) + m α g α (x) uα + m α,β=1
Indeed G(x) is the convexification of ẋ = f (x) + m α=1 g α (x) uα + m α,β=1 h αβ (x) uα uβ without the (= u-linear) term m α=1 g α (x) uα ,
It is intuitive that the weak stability of the symmetrized diff. inclusion dx dt ∈ G(x) has something to do with "vibrational controls".

Indeed G(x) is the convexification of ẋ = f (x) + m α=1 g α (x) uα + m α,β=1
h αβ (x) uα uβ without the (= u-linear) term m α=1 g α (x) uα , while F(x) is the convexification with the (= u-linear) term m α=1 g α (x) uα .

It is intuitive that the weak stability of the symmetrized diff. inclusion dx dt ∈ G(x) has something to do with "vibrational controls".

Indeed G(x) is the convexification of ẋ = f (x) + m α=1 g α (x) uα + m α,β=1
h αβ (x) uα uβ without the (= u-linear) term m α=1 g α (x) uα , while F(x) is the convexification with the (= u-linear) term m α=1 g α (x) uα .

A main technical device: reparameterization 

σ(t) . = t 0 (1 + | u| 2 )dτ T + u 2 2 and set φ 0 (s) = t(s) . = σ -1 (s) v 2 0 . = dt ds φ α (s) . = u α (t(s)) α = 1 . . . , m, v α . = φ α ds
A main technical device: reparameterization NOTICE: The above differential inclusions have unbounded values, i.e.

F(x) is unbounded at each x. To overcome this drawback one exploits L 2 -reparameterizations.For a control u ∈ W 1,2 consider a new time parameter

σ(t) . = t 0 (1 + | u| 2 )dτ T + u 2 2 and set φ 0 (s) = t(s) . = σ -1 (s) v 2 0 . = dt ds φ α (s) . = u α (t(s)) α = 1 . . . , m, v α . = φ α ds Setting y (s) = x(t(s)),
A main technical device: reparameterization NOTICE: The above differential inclusions have unbounded values, i.e. F(x) is unbounded at each x. To overcome this drawback one exploits L 2 -reparameterizations.For a control u ∈ W 1,2 consider a new time parameter

σ(t) . = t 0 (1 + | u| 2 )dτ T + u 2 2 and set φ 0 (s) = t(s) . = σ -1 (s) v 2 0 . = dt ds φ α (s) . = u α (t(s)) α = 1 . . . , m, v α . = φ α ds Setting y (s) = x(t(s)), the original control system ẋ = f (x) + m α=1 g α (x) uα + m α,β=1 h αβ (x) uα uβ
A main technical device: reparameterization NOTICE: The above differential inclusions have unbounded values, i.e. F(x) is unbounded at each x. To overcome this drawback one exploits L 2 -reparameterizations.For a control u ∈ W 1,2 consider a new time parameter

σ(t) . = t 0 (1 + | u| 2 )dτ T + u 2 2 and set φ 0 (s) = t(s) . = σ -1 (s) v 2 0 . = dt ds φ α (s) . = u α (t(s)) α = 1 . . . , m, v α . = φ α ds Setting y (s) = x(t(s)), the original control system ẋ = f (x) + m α=1 g α (x) uα + m α,β=1 h αβ (x) uα uβ is turned into the reparameterized system dy ds = f (y )v 2 0 + m α=1 g α (y )v 0 v α + h α,β (y )v α v β
A main technical device:reparameterization NOTICE: The above differential inclusions have unbounded values, i.e.

F(x) is unbounded at each x. To overcome this drawback one exploits L 2 -reparameterizations. For a control u ∈ W 1,2 consider a new time parameter

σ(t) . = t 0 (1 + | u| 2 )dτ T + u 2 2 and set φ 0 (s) = t(s) . = σ -1 (s) v 2 0 . = dt ds φ α (s) . = u α (t(s)) α = 1 . . . , m, v α . = φ α ds Setting y (s) = x(t(s)), the original control system ẋ = f (x) + m α=1 g α (x) uα + m α,β=1 h αβ (x) uα uβ is turned into the reparameterized system dy ds = f (y )v 2 0 + m α=1 g α (y )v 0 v α + m α,β=1 h α,β (y )v α v β
Correspondingly, one has the REPARAMETERIZED DIFFERENTIAL INCLUSION:

dy ds ∈ F(y ) F(y ) . = co f (y )v 2 0 + m α=1 g α (y )v 0 v α + m α,β=1 h α,β (y )v α v β ; v 0 ∈ [0, 1], v 2 0 + • • • + v 2 m = 1 .
Trivial model equation

ẋ = u + ( u) 2 x(0) = 0
Consider the controls

u n (t) . = sin(nt) n so un (t) = cos(nt)
Therefore, for each τ > 0,

x n (τ ) = x n (τ ) -x n (0) = τ 0 cos(nt) dt + τ 0 cos 2 (nt) dt = Trivial model equation ẋ = u + ( u) 2 x(0) = 0
Consider the controls

u n (t) . = sin(nt) n so un (t) = cos(nt)
Therefore, for each τ > 0,

x n (τ ) = x n (τ ) -x n (0) = τ 0 cos(nt) dt + τ 0 cos 2 (nt) dt = 1 n nτ 0 cos(s) ds + 1 n nτ 0 cos 2 (s) ds = Trivial model equation ẋ = u + ( u) 2 x(0) = 0
Consider the controls

u n (t) . = sin(nt) n so un (t) = cos(nt)
Therefore, for each τ > 0,

x n (τ ) = x n (τ ) -x n (0) = τ 0 cos(nt) dt + τ 0 cos 2 (nt) dt = 1 n nτ 0 cos(s) ds + 1 n nτ 0 cos 2 (s) ds = 1 n nτ 2π 2π 0 cos(s) ds + 1 n nτ 2π 2π 0 cos 2 (s) ds + O(1/n) = τ 2 + O(1/n)
Trivial model equation

ẋ = u + ( u) 2 x(0) = 0
Consider the controls

u n (t) . = sin(nt) n so un (t) = cos(nt)
Therefore, for each τ > 0,

x n (τ ) = x n (τ ) -x n (0) = τ 0 cos(nt) dt + τ 0 cos 2 (nt) dt = 1 n nτ 0 cos(s) ds + 1 n nτ 0 cos 2 (s) ds = 1 n nτ 2π 2π 0 cos(s) ds + 1 n nτ 2π 2π 0 cos 2 (s) ds + O(1/n) = τ 2 + O(1/n) Hence x n (τ ) -x n (0) → τ 2 .
The Hamiltonian equations of motion before the imposition of the constraint-control (i.e.. the control) u = u(t)

                     qi = ∂H ∂p i uα = ∂H ∂πα ṗi = -∂H ∂q i + F i πα = -∂H ∂uα + F uα
The Hamiltonian equations of motion before the imposition of the constraint-control (i.e.. the control) u = u(t)

                     qi = ∂H ∂p i uα = ∂H ∂πα ṗi = -∂H ∂q i + F i πα = -∂H ∂uα + F uα Now
there is an isomorphism between the momentum (p, π) and the velocity ( q, u).

The Hamiltonian equations of motion before the imposition of the constraint-control (i.e.. the control) u = u(t)

                     qi = ∂H ∂p i uα = ∂H ∂πα ṗi = -∂H ∂q i + F i πα = -∂H ∂uα + F uα Now
there is an isomorphism between the momentum (p, π) and the velocity ( q, u). By partially inverting this isomorphism we obtain

The Hamiltonian equations of motion before the imposition of the constraint-control (i.e.. the control) u = u(t)

                     qi = ∂H ∂p i uα = ∂H ∂πα ṗi = -∂H ∂q i + F i πα = -∂H ∂uα + F uα Now
there is an isomorphism between the momentum (p, π) and the velocity ( q, u). By partially inverting this isomorphism we obtain π as a linear combination of (p, u).

The Hamiltonian equations of motion before the imposition of the constraint-control (i.e.. the control) u = u(t)

                     qi = ∂H ∂p i uα = ∂H ∂πα ṗi = -∂H ∂q i + F i πα = -∂H ∂uα + F uα Now
there is an isomorphism between the momentum (p, π) and the velocity ( q, u). By partially inverting this isomorphism we obtain π as a linear combination of (p, u). Therefore, we get the control equations for (q, p):

The Hamiltonian equations of motion before the imposition of the constraint-control (i.e.. the control) u = u(t)

                     qi = ∂H ∂p i uα = ∂H ∂πα ṗi = -∂H ∂q i + F i πα = -∂H ∂uα + F uα Now
there is an isomorphism between the momentum (p, π) and the velocity ( q, u). By partially inverting this isomorphism we obtain π as a linear combination of (p, u). Therefore, we get the control equations for (q, p):
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The quadratic term:

  q ṗ   =   0 F u(•)   + φ + M α=1 g α uα + M α,β=1 h α,β uα uβ
The quadratic term:

  q ṗ   =   0 F u(•)   + φ + M α=1 g α uα + M α,β=1 h α,β uα uβ h α,β =            0 . 0 ∂e α,β ∂q 1 . ∂e α,β ∂q N           
where

The quadratic term: Let us assume that the force Γ is a conservative, and let U = U(q, u) be a potential of Γ.

  q ṗ   =   0 F u(•)   + φ + M α=1 g α uα + M α,β=1 h α,β uα uβ h α,β =            0 . 0 ∂e α,β ∂q 1 . ∂e α,β ∂q N           
Let us fix ū, and let us assume that there exist positive real coefficients λ 1 , . . . , λ k verifying k r =1 λ r = 1, and vectors w 1 , . . . , w s such that the effective potential

U(q) . = U(ū, q) - 1 2 k r =1 λ r m α,β=1
e α,β (q, ū)w α r w β r has a strict minimum at q = q. Then, the control mechanical system can be stabilized to (q, ū).

Idea of the proof: the choice of the λ r , w r selects from the corresponding differential inclusion ẋ ∈ G a conservative mechanical system with potential energy equal to U If q is unstable for the frozen control u = ū, a necessary condition for stabilizability is that the matrix e α,β be q-dependent.

Pendulum with moving pivot

   q = p + (sin q) u ṗ = -∂U ∂q -p cos q u -(sin q cos q)( u) 2
, where U(q, c) . = cos q.

The kinetic matrix:

A =   1 -sin q -sin q 2   ...so that the 1 × 1 matrix E is E = e 11 = 1 + cos 2 q
Notice: The necessary condition (i.e. "E depends on q") is verified; Moreover: the effective potential

U {1}{w } = cos q - 1 2 (1 + (cos q) 2 )w 2 .
has a minimum at q = 0 as soon as w 2 ≥ 1. Therefore: The system is vibrationally stabilizable at 0.

Indeed the kinetic matrix is

A =   u 2 0 0 1   ,
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Indeed the kinetic matrix is
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Indeed the kinetic matrix is

A =   u 2 0 0 1   , so that the 1 × 1 matrix E is equal to 1...

Indeed the kinetic matrix is

A =   u 2 0 0 1   , so that the 1 × 1 matrix E is equal to 1... In particular, E is independent of q !
Indeed the kinetic matrix is

A =   u 2 0 0 1   , so that the 1 × 1 matrix E is equal to 1...
In particular, E is independent of q ! i.e. the necessary condition for vibrational stabilizability is not satisfied

Indeed the kinetic matrix is

A =   u 2 0 0 1   , so that the 1 × 1 matrix E is equal to 1...
In particular, E is independent of q ! i.e. the necessary condition for vibrational stabilizability is not satisfied in other words the control equations are affine in u. . 

FACTS:

(i) A distributional approach does not work.

(ii) A robust definition of solution can be given by a density argument (on the graphs)

The affine case:

IMPULSIVE SYSTEMS ẋ = f(x) + m α=1 g α (x) uα
(h α,β = 0) These systems are called "impulsive", because one might want to implement discontinuous controls u. (This is natural in optimal control problems like minimize ψ(x(T)), because minimizing sequences u n could exist with larger and larger derivatives un )

FACTS:

(i) A distributional approach does not work.

(ii) A robust definition of solution can be given by a density argument (on the graphs)

(iii) Such a definition allows for jumps of u.

WHY?

Because a distributional (=in measure) approach cannot work in a nonlinear equation... More intuitively: consider the simple equation

ẋ(t) = x(t) u(t)
and take u to be the Heaveside function, so u is the Dirac measure δ t. Which value should we assign to x at the jump time t?...Simply, there is no reasonable a priori choice (ii) A robust definition of solution can be given by a density argument:

ẋ = f(x) + m α=1 g α (x) uα (a) Approximate a L 1 control u by means of smooth u n ;
(ii) A robust definition of solution can be given by a density argument: (ii) A robust definition of solution can be given by a density argument: (ii) A robust definition of solution can be given by a density argument: (ii) A robust definition of solution can be given by a density argument: (ii) A robust definition of solution can be given by a density argument: (ii) A robust definition of solution can be given by a density argument: (ii) A robust definition of solution can be given by a density argument: 

ẋ = f(x) + m α=1 g α (x) uα
ẋ = f(x) + m α=1 g α (x) uα
ẋ = f(x) + m α=1 g α (x) uα
ẋ = f(x) + m α=1 g α (x) uα
ẋ = f(x) + m α=1 g α (x) uα
ẋ = f(x) + m α=1 g α (x) uα
ẋ = f(x) + m α=1 g α (x) uα
[g α , g β ] . = Dg β • g α -Dg α • g β = 0 α = β NOTICE:
All graph completions are equivalent if and only if the vector fields g α commute, namely: The input-output map

[g α , g β ] = 0 ∀α, β ( 
φ : u(•) → Φ(u) = x(•)
is continuous e.g. with respect to C 0 topologies! For instance: if a control ũ(•) oscillates near a constant value ū, then the outputs x(•) = Φ(ũ(•)) and x(•) = Φ(ū) are close.

Sounds familiar?

In any case, do not forget it, thinking in particular to the non-stabilazable double pendulum

Remember: The Hamiltonian equations of motion before the imposition of the holonomic constraint (i.e.. the control) u = u(t)

                     qi = ∂H ∂p i uα = ∂H ∂πα ṗi = -∂H ∂q i + F i πα = -∂H ∂uα + F uα
Remember: the equations of motion after the imposition of the constraint (=control) u = u(t) :

  q ṗ   = f   0 F u(•)   + φ + M α=1 g α uα +
M α,β=1 h α,β uα uβ with suitable vector fields f (q, p, u), g α (q, p, u), h α,β (q, p, u) determined by the Kinetic Energy and the applied forces. We assume our mechanical system, locally described by coordinates (q 1 , . . . , q N+M ), is subject to a non holonomic constraint.

  q ṗ   =   0 F u(•)   + φ + M α=1 g α uα + M α,β=1 h α,β uα uβ h α,β =                0 . . 0 ∂e α,β ∂q 1 . . ∂e α,β ∂q N               
=   q ṗ   =   0 F u(•)   + φ + M α=1 g α uα + M α,β=1 h α,β uα uβ h α,β =                0 . . 0 ∂e α,β ∂q 1 . . ∂e α,β ∂q N                where 

WHAT DOES THIS MEAN?

A non holonomic constraint is a (linear) constraint on the velocity q ω 1 ( q) = 0 . . . ω ν ( q) = 0 which cannot be deduced by differentiation by a constraint on configuration q.

We assume our mechanical system, locally described by coordinates (q 1 , . . . , q N+M ), is subject to a non holonomic constraint.
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A non holonomic constraint is a (linear) constraint on the velocity q ω 1 ( q) = 0 . . . ω ν ( q) = 0 which cannot be deduced by differentiation by a constraint on configuration q. EQUIVALENTLY: At each point a subspace ∆(q) ⊂ T q Q is given, and q ∈ ∆(q)

Franco Rampazzo, University of Padova, Italy Control and Mechanics

We assume our mechanical system, locally described by coordinates (q 1 , . . . , q N+M ), is subject to a non holonomic constraint.

WHAT DOES THIS MEAN?

A non holonomic constraint is a (linear) constraint on the velocity q ω 1 ( q) = 0 . . . ω ν ( q) = 0 which cannot be deduced by differentiation by a constraint on configuration q. EQUIVALENTLY: At each point a subspace ∆(q) ⊂ T q Q is given, and q ∈ ∆(q) but ∆(q) is not integrable
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We assume our mechanical system, locally described by coordinates (q 1 , . . . , q N+M ), is subject to a non holonomic constraint.

WHAT DOES THIS MEAN?

A non holonomic constraint is a (linear) constraint on the velocity q ω 1 ( q) = 0 . . . ω ν ( q) = 0 which cannot be deduced by differentiation by a constraint on configuration q. EQUIVALENTLY: At each point a subspace ∆(q) ⊂ T q Q is given, and q ∈ ∆(q) but ∆(q) is not integrable i.e., there is no foliation of Q whose leaves have ∆(q) as tangent space at any q.

If the Roller Racer were on a icy surface, it would be not subject to the holonomic constraints, and the control u would be a "shape" control (as in the double pendulum.)

If the Roller Racer were on a icy surface, it would be not subject to the holonomic constraints, and the control u would be a "shape" control (as in the double pendulum.) This would mean orthogonal curvature = 0

Franco Rampazzo, University of Padova, Italy Control and Mechanics

If the Roller Racer were on a icy surface, it would be not subject to the holonomic constraints, and the control u would be a "shape" control (as in the double pendulum.) This would mean orthogonal curvature = 0

i.e. the control system would be affine in u.

Franco Rampazzo, University of Padova, Italy Control and Mechanics

If the Roller Racer were on a icy surface, it would be not subject to the holonomic constraints, and the control u would be a "shape" control (as in the double pendulum.) This would mean orthogonal curvature = 0

i.e. the control system would be affine in u.

In particular, no forces would be produced by rapid small oscillations of u.

  three examples, oscillations are force-generating. Notice that they all are C(=centrifugal)! ... A SUSPECT ARISES: Are N C(=non-centrifugal) systems such that "oscillations DO NOT generate forces"? Well, YES, in the above three examples, oscillations are force-generating. Notice that they all are C(=centrifugal)! ... A SUSPECT ARISES: Are N C(=non-centrifugal) systems such that "oscillations DO NOT generate forces"? ODE's depending quadratically on the control derivative u We are interested in control equations having the form ẋ = f (x, u) + m α=1 g α (x, u) uα + m α,β=1 h αβ (x, u) uα uβ Notice: the actual "controls" are the derivatives u Franco Rampazzo, University of Padova, Italy Control and Mechanics ODE's depending quadratically on the control derivative u We are interested in control equations having the form ẋ = f (x, u) + m α=1 g α (x, u) uα + m α,β=1 h αβ (x, u) uα uβ Notice: the actual "controls" are the derivatives u As a matter of fact, ODE's depending quadratically on the control derivative u We are interested in control equations having the form ẋ = f (x, u) + m α=1 g α (x, u) uα + m α,β=1 h αβ (x, u) uα uβ Notice: the actual "controls" are the derivatives u As a matter of fact, , we can even neglect the dependence on u just by adding variables ẋn+α = uα so obtaining ODE's depending quadratically on the control derivative u We are interested in control equations having the form ẋ = f (x, u) + m α=1 g α (x, u) uα + m α,β=1 h αβ (x, u) uα uβ Notice: the actual "controls" are the derivatives u As a matter of fact, , we can even neglect the dependence on u just by

  to investigate properties of the input-output map u(•) → x[u(•)](•) Of course its regularity depends on how the right hand of dynamic equations depend on u: linearly?... ( ẋ = f (x) + m α=1 g α (x) uα ) It is interesting to investigate properties of the input-output map u(•) → x[u(•)](•) Of course its regularity depends on how the right hand of dynamic equations depend on u: linearly?... ( ẋ = f (x) + m α=1 g α (x) uα ) or It is interesting to investigate properties of the input-output map u(•) → x[u(•)](•) Of course its regularity depends on how the right hand of dynamic equations depend on u: linearly?... ( ẋ = f (x) + m α=1 g α (x) uα ) or quadratically?... It is interesting to investigate properties of the input-output map u(•) → x[u(•)](•) Of course its regularity depends on how the right hand of dynamic equations depend on u: linearly?... ( ẋ = f (x) + m α=1 g α (x) uα ) or quadratically?... ( ẋ = f (x) + m α=1 g α (x) uα + m TWO BASIC QUESTIONS:

(

  see A. Bressan -F.R. (1999) SIAM Control Opt. for the closure of the set of solutions when T 0 |u| 2 dt ≤ K , in the case of scalar u)

  N+1 , . . . , a N+1,N+M . . . a N+M,1 , . . . , a N+M,N+M N+1 , . . . , a N+1,N+M . . . a N+M,1 , . . . , a N+M,N+M

  ,β = 0) These systems are called "impulsive", because one might want to implement discontinuous controls u. (This is natural in optimal control problems like minimize ψ(x(T)), because minimizing sequences u n could exist with larger and larger derivatives un ) ,β = 0) These systems are called "impulsive", because one might want to implement discontinuous controls u. (This is natural in optimal control problems like minimize ψ(x(T)), because minimizing sequences u n could exist with larger and larger derivatives un ) ,β = 0) These systems are called "impulsive", because one might want to implement discontinuous controls u. (This is natural in optimal control problems like minimize ψ(x(T)), because minimizing sequences u n could exist with larger and larger derivatives un )

  (a) Approximate a L 1 control u by means of smooth u n ; (b) Consider the solutions x n corresponding to u n ;

  (a) Approximate a L 1 control u by means of smooth u n ; (b) Consider the solutions x n corresponding to u n ; (c) Let n → ∞ and verify that x n tends to a unique function x ;
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  (a) Approximate a L 1 control u by means of smooth u n ; (b) Consider the solutions x n corresponding to u n ; (c) Let n → ∞ and verify that x n tends to a unique function x ; (d) Define x as the solution corresponding to u ;
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  (a) Approximate a L 1 control u by means of smooth u n ; (b) Consider the solutions x n corresponding to u n ; (c) Let n → ∞ and verify that x n tends to a unique function x ; (d) Define x as the solution corresponding to u ; FOR SCALAR uMore precisely: for vector-valued controls u ∈ R m the limit of the x n depends on the sequence u n approximating u FOR SCALAR u More precisely: for vector-valued controls u ∈ R m the limit of the x n depends on the sequence u n approximating u FOR SCALAR u More precisely: for vector-valued controls u ∈ R m the limit of the x n depends on the sequence u n approximating u THE REASON FOR THIS IS: FOR SCALAR u More precisely: for vector-valued controls u ∈ R m the limit of the x n depends on the sequence u n approximating u THE REASON FOR THIS IS: NON COMMUTATIVITY MATTERS:ẋ = f(x) + m α=1 g α (x) uα IT WORKS! BUT IT WORKS ONLY FOR SCALAR uMore precisely: for vector-valued controls u ∈ R m the limit of the x n depends on the sequence u n approximating u THE REASON FOR THIS IS: NON COMMUTATIVITY MATTERS:[g α , g β ] . = Dg β • g α -Dg α • g β = 0 α = β FOR SCALAR uMore precisely: for vector-valued controls u ∈ R m the limit of the x n depends on the sequence u n approximating u THE REASON FOR THIS IS: NON COMMUTATIVITY MATTERS:
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  in particular this is true in the scalar case: [g, g] = 0)The deep geometrical reason for this is the Simultaneous Flow-box Theorem: All vector fields g α commute IF AND ONLY IF there exists a system of coordinates where they all are constant Forget discontinuous u, and take only continuous ones (with bounded variation) The input-output mapφ : u(•) → Φ(u) = x(•)is continuous e.g. with respect to C 0 topologies! An important property of affine systemsẋ = f(x) + m α=1 g α (x) uαForget discontinuous u, and take only continuous ones (with bounded variation) The input-output mapφ : u(•) → Φ(u) = x(•)is continuous e.g. with respect to C 0 topologies! For instance: if a control ũ(•) oscillates near a constant value ū, An important property of affine systemsẋ = f(x) + m α=1 g α (x) uαForget discontinuous u, and take only continuous ones (with bounded variation) The input-output mapφ : u(•) → Φ(u) = x(•)is continuous e.g. with respect to C 0 topologies! For instance: if a control ũ(•) oscillates near a constant value ū, then the outputs x(•) = Φ(ũ(•)) and x(•) = Φ(ū) are close.An important property of affine systemsẋ = f(x) + m α=1 g α (x) uαForget discontinuous u, and take only continuous ones (with bounded variation) The input-output mapφ : u(•) → Φ(u) = x(•)is continuous e.g. with respect to C 0 topologies! For instance: if a control ũ(•) oscillates near a constant value ū, then the outputs x(•) = Φ(ũ(•)) and x(•) = Φ(ū) are close.Forget discontinuous u, and take only continuous ones (with bounded variation)The input-output mapφ : u(•) → Φ(u) = x(•)is continuous e.g. with respect to C 0 topologies! For instance: if a control ũ(•) oscillates near a constant value ū, then the outputs x(•) = Φ(ũ(•)) and x(•) = Φ(ū) are close.Forget discontinuous u, and take only continuous ones (with bounded variation) The input-output mapφ : u(•) → Φ(u) = x(•)is continuous e.g. with respect to C 0 topologies! For instance: if a control ũ(•) oscillates near a constant value ū, then the outputs x(•) = Φ(ũ(•)) and x(•) = Φ(ū) are close.Sounds familiar?In any case, do not forget it, Franco Rampazzo, University of Padova, Italy Control and Mechanics An important property of affine systems ẋ = f(x) + m α=1 g α (x) uα Forget discontinuous u, and take only continuous ones (with bounded variation)

(

  =inverse of the lower right M × M minor of A -1 ) N+1 , . . . , a N+1,N+M . . . a N+M,1 , . . . , a N+M,N+M  

  NOTICE:The above differential inclusions have unbounded values, i.e. F(x) is unbounded at each x. To overcome this drawback one exploits L 2 -reparameterizations.For a control u ∈ W 1,2 consider a new time parameter The above differential inclusions have unbounded values, i.e. F(x) is unbounded at each x. To overcome this drawback one exploits L 2 -reparameterizations.For a control u ∈ W 1,2 consider a new time parameter

	A main technical device: reparameterization
	σ(t)	. =	t 0 (1 + | u| 2 )dτ T + u 2 2
	and set		

NOTICE:
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T = T [(q, u)( q, u)] is a quadratic form in ( q, u),i.e. , it is a Riemannian metric on the configuration manifold:

A = (a r ,s ) r ,s=1,...,N+M (A is the so-called kinetic matrix)
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The Kinetic Energy T = T [(q, u)( q, u)] is a quadratic form in ( q, u),i.e. , it is a Riemannian metric on the configuration manifold:

T = ( q, u) • A • ( q, u) t A = (a r ,s ) r ,s=1,...,N+M (A is the so-called kinetic matrix)

The Hamiltonian is nothing but its Legendre transform:
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The Kinetic Energy

is a quadratic form in ( q, u),i.e. , it is a Riemannian metric on the configuration manifold:

(A is the so-called kinetic matrix)

The Hamiltonian is nothing but its Legendre transform:

In particular H is quadratic in the momenta (p, π)

NOTICE:

All graph completions are equivalent if and only if the vector fields g α commute, namely:

(in particular this is true in the scalar case: [g, g] = 0)

The deep geometrical reason for this is the Simultaneous Flow-box Theorem:

An important property of affine systems

Forget discontinuous u, and take only continuous ones (with bounded variation)

The input-output map

is continuous e.g. with respect to C 0 topologies! For instance: if a control ũ(•) oscillates near a constant value ū, then the outputs x(•) = Φ(ũ(•)) and x(•) = Φ(ū) are close.

Sounds familiar?

In any case, do not forget it, thinking in particular to the non-stabilazable double pendulum ... wait for the Third Movement

Back to Mechanics

As before, we consider a mechanical systems where the last M coordinates (x N+1 , . . . , x N+M ) = (u 1 , . . . , u M ) are regarded as a control.

QUESTION: Is the fact that the control system is affine in u -generally it is quadratic-related to some differential geometric property?

Remember:

The Kinetic Energy

is a quadratic form in ( q, u),

Remember:

The Kinetic Energy

is a quadratic form in ( q, u),i.e. , it is a Riemannian metric on the configuration manifold:

Remember:

The Kinetic Energy

is a quadratic form in ( q, u),i.e. , it is a Riemannian metric on the configuration manifold:

(A is the so-called kinetic matrix)
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The Kinetic Energy

is a quadratic form in ( q, u),i.e. , it is a Riemannian metric on the configuration manifold:

(A is the so-called kinetic matrix)

The Hamiltonian is nothing but its Legendre transform:

Remember:

The Kinetic Energy

is a quadratic form in ( q, u),i.e. , it is a Riemannian metric on the configuration manifold:

(A is the so-called kinetic matrix)

The Hamiltonian is nothing but its Legendre transform:

In particular H is quadratic in the momenta (p, π)

where
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where

where

where

does not belong to ∆.

OBSERVE: One could think that the imposition of the non holonomic constraint q ∈ ∆(q) is just a fact of linear projection of the equations on ∆. So one could conjecture that "the system is affine in u if and only if this was true before the imposition of the non holonomic constraint."
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IN FACT, THIS IS WRONG.

Franco Rampazzo, University of Padova, Italy Control and Mechanics OBSERVE: One could think that the imposition of the non holonomic constraint q ∈ ∆(q) is just a fact of linear projection of the equations on ∆. So one could conjecture that "the system is affine in u if and only if this was true before the imposition of the non holonomic constraint."

IN FACT, THIS IS WRONG.

The non holonomic constraint, strikingly, adds quadratic terms (to u) in the equations.

Franco Rampazzo, University of Padova, Italy Control and Mechanics OBSERVE: One could think that the imposition of the non holonomic constraint q ∈ ∆(q) is just a fact of linear projection of the equations on ∆. So one could conjecture that The control equations for the Roller Racer (on a surface with friction):
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The control equations for the Roller Racer (on a surface with friction):

q1 = 2ρ cos u sin q 2 • ξ -Jρ sin q 2 sin 2u 2∆ 0

• u q2 = 2 sin u • ξ -J sin 2 u ∆ 0 • u q3 = 2ρ cos q 2 cos u • ξ -Jρ cos q 2 sin 2u 2∆ 0

• u ξ = -sin 2u (I +J-ρ 2 )