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Une revue illustrée des conditions de convergence pour
I'algorithme d'’it eération de valeur et la procdure de
I’horizon roulant, pour les processus de écision
Markoviens en calit moyen

Résune : Nous nous intéressons aux relations entre I'algorithriterdtion de valeurs
et la procédure de I'horizon roulant, pour résoudre lebl@mes de contrdle optimal
stochastique Markovien sous le critre du colit moyen, daess$ d’espaces d'états et
d’actions finis. Nous passons en revue des conditions istiés littérature qui im-
pliquent la convergence géométrique de I'itération dieurs vers la valeur optimale.
L'apériodicité du modele est un pré-requis essentidbus montrons que la conver-
gence de I'itération de valeurs implique de fagon gétgcelle de I'horizon roulant.
Nous présentons également une procédure modifiéeiddmmoulant qui peut étre ap-
pliquée sans avoir besoin d’analyser I'apériodicitén@us étudions I'impact de cette
transformation sur la convergence. Nous illustrons l€gdihts résultats avec de nom-
breux exemples.

Mots-clés : Processus de décision Markovien, itération de valeugthatles heuris-
tiques, horizon roulant.



Convergence conditions for VI and RH in MDPs 3

1 Introduction

1.1 Statement of the problem: precision of the rolling horion pro-
cedure

Consider a random dynamical system, observed at discne¢s tiAt each time € N,

the states; is observed and an actien is chosen, resulting in an instantaneous gain
r¢(st, ar). From here on, we work with time-homogeneous gains: r, independent
on the time. The actiong; chosen at each timein the respective statg determine

a policyr whose performance is evaluated through a long-run averégea@n. More
precisely, let

n—1
A Qe
g™ (s) == hmnlggo EES tz_;r(st,at). (1)
The objective of the controller is to find (when it exists) ffadicy that solves, given
the current state:
m*(s) = argmaxg”(s) .

However, for a wide class of stochastic control problemsigeréte time and infinite
horizon, obtaining an optimal policy explicitly is a diffituask. This is why practi-

tioners often use instead a heuristic method called therigdHorizon procedure (also,
Receding Horizon, Moving Horizon or Model Predictive Catywhich works as fol-

lows. To the infinite-horizon control problem is associatetinite-horizon problem
(FHP): for a given integer. (the horizon length) and a statefind:

n—1
Z (s, at)|so = 8‘| . (2)
t=0

Solving this problem results in a sequence of decision rules

max E”
s

7T:L: (dn,dn_l,...,dg,dl) (3)

whered; (s,,—1) is the best action to be applied at time- n — 1 when only one step
remains to reach the horizod, is the best decision rule to be applied when two steps
remain to get the horizon, at timle= n — 2, and so on. In particulad,, (so) is the best
decision rule to be applied to the initial state

The Rolling Horizon method (abbreviated Rl from here on), prescribes to re-
peatedly solve &HP, taking the current state as initial state. Then, the proeed
offers a control sequence where only the first one of thembeilhpplied.

Specifically, the procedure to construct a rolling horizariqy is the following
one. Fix some integer.

1. At time ¢, and for the current state,, find the value ofd,,(z;) in the control
problemFHP.

2. Apply a; = dy,(2+).
3. Observe the achieved state at titne 1: x4 1.

4. Sett :=t+ 1andz; := x4y; and go to step 1.

RR n° 7710
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TheRH procedure does not specify how to compute the véji(e;). Its efficiency
is based on the idea that computing the valyér,) alone is usually much easier than
solving entirely the=HP, which involves computing the decision rules in (3). On
the other hand, the performance of the resulting policy td¢m®optimal one, although
the intuition is that whem is “large enough”, the performance should be close to the
optimal. The practical issue is then to choasso as to obtain a proper compromise
between precision and the computational effort needed tairol,, (x;). We address
this issue through two formal qualitative and quantitatjuestions. Let.,(s) be the
performance achieved by tfiH procedure with horizon length, starting in state:

*

Q1 Under which conditions on the problem is it true that,, .. u,(s) = g™ (s)?

Q2 Given a state ande > 0, is it possible to compute such thatu,,(s) — g™ (s)| <
€?

In this paper, we look at these questions in the context okiblaDecision Processes,
through the link it has with th¥alue Iteration(VI) algorithm and théH procedure.
We focus on two objectives:

* make a review of the results about convergence o¥thalgorithm in the litera-
ture, including the multichain model,

e analyze the effects of those properties on the convergefite RH procedure
and, in this way, make more practical and wide the use of tleithod.

We finally propose a modification of tieH procedure that makes convergence easier,
and discuss its efficiency.

The paper is organized as follows. We complete this intradoavith a brief litera-
ture review. In Section 2 and 3, we recapitulate the relatigmbetweerRH and the
Value lteration algorithm concerning their convergenceaspts. Then in Section 4
we propose and evaluate a Modified Rolling Horizon procedgirelly, in Section 5,
we discuss about stopping rules for both of algorithms andavnelude in Section 6.

1.2 Literature review

Markov decision problems have been widely studied durirgl#ist sixty years, and
the advances and applications have been synthesized ikmalin books such as for
example [3, 13, 2, 18, 12, 9]. The value iteration algoritlsman usual topic in the
bibliography, frequently associated to discounted deteFhe analysis of the problem
when the performance of the policies is evaluated with thiergon of average rewards
over an infinite horizon, in the most general case, preseluiianal difficulties. This
is why this topic has been developed more recently in thealitee. For example, it is
not present in [3] and few words are devoted to it in [13]. Insinaf the references,
convergence of the value iteration algorithm for averageards criterion is analyzed
only for unichain models. Since the distinction betweerchain and multichain turns
out to be NP-complete to decide (see [9]), it should be ugefigive convergence
results for multichain models which work also for unichainamels.

We shall consider Markov Decision Processes as describatstance in Puterman
[12], of whom we adopt the notation. We also refer to the diassion of Markov
decision problems according to their deterministic stediy policies, i.e. unichain or
multichain, as it appearsin [9, 12].

RR n° 7710



Convergence conditions for VI and RH in MDPs 5

The theoretical analysis &H for MDPs has comparatively received less attention
in the literature, where this procedure is often encoundtére heuristic presentation,
without precise references to accuracy or convergencédeldiscounteccase, Puter-
man [12, Theorem 6.3.1, p. 161] proves that bdthand RH converge at the same
time (see the definitions of convergence below). Resultshfeicase of average costs
include those of Hernandez-Lerma and Lasserre, who prés¢r] error bounds for
rolling horizon policies in general, stationary and notistaary, Markov control prob-
lems on Borel spaces, with both discounted and average dewideria. They give a
condition (Assumption 5.1 in their work and Condition 5 bvelm this work) under
which the reward of the rolling horizon policy converges getrically to the optimal
reward function, uniformly in the initial state, as the I&m@f the rolling horizon in-
creases. The convergence rate is explicit in their resudtviBusly, Alden and Smith
in [1] provided an error bound, still for nonstationary MDR&tween a rolling hori-
zon policy and an expected-average optimal policy, comisigdinite states and finite
policies under a Doeblin-like condition (see [11]). Guo &td, in [6], deal with the
limiting average criteria for nonstationary Markov deacisiprocesses on Borel state
spaces with possibly unbounded rewards . They give comditimder which the exis-
tence of both a solution to the optimality equations andithé@ihg average-optimal
Markov policies can be derived and also present a rollingzbaralgorithm for com-
puting limiting average-optimal Markov policies. The proof of the convergence is
under a condition similar to those in [7].

2 The Value lteration algorithm for the average reward
criterion

In what follows, the state spac#, and the decision set for eaghe S, A, are both
finite. Also, without losing generality, we consid€s, a) > 0,V (s,a) € S x As.

We shall focus on stationary policies= (d)>* = (d,d,...) whered is a deci-
sion rule that maps every stateof S to A;. Every decision rule can be seen as a
vector with|S| components. When vectorial notation is possible, for shertwrite
rq for the vector whose components afg, d(s)) and P, for the transition matrix
whereP,(s,s") = p(s’|s,d(s)). Moreover, making an abuse of notation, we use
indifferently for the set of decision rules or the set of istaary policies.

In this finite state space/finite action space setting, ita-nown that there exists
an optimal, pure stationary policy, for the infinite-honizaverage reward criterion (1).
Let g* denote the associated optimal gain vector.

Consider now the Value Iteration algorithm:

Value iteration algorithm

1. n=0,v9 =0.
2. Compute
Upt1 = %16345({7"(1 + Pyup} = Tv, (4)
and some
dnt1 € arg m{f?x{rd + Pyun}. (5)

3. If an adequate stopping rule holds, then go to step 4. @tbeysetn :=n + 1
and go to step 2.

RR n° 7710
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4. Returnd,, ;1.

WhenVI stops, for soméV, it has computed a sequence of decision ridgs, . . .,
dy) which actually solves thEHP in (2). On the other hand, it has been observed in
the literature €.g. in [7]) that theRH procedure with horizom generates decisions
precisely according to the stationary polie¥,)> = (d,,, dy, . . .).

Convergence concepts. The usual theoretical and practical challenge Voris to
determine the “adequate stopping rule” of step 3, so thatatgerithm does stop at
some iteratiom such that the policy computed is “good enough”.

It is known thatv,,/n always converges tg*, see [8, Corollary 2.8, p. 49], but
this result alone does not help to identify optimaleeoptimal policies. We choose
therefore the following, more practical, notion of conwvemge. TheVI algorithm is
said to converge if the following limit exists, for some vexck*: *

lim v, — ng® = h™. (6)
In addition, the convergence is said to be geometric if teegistsN € N, C' > 0 and
0 < 1 such that, with a suitable norip > N,

[|on, —ng™ —h*|| < Co™ .

These definitions are motivated by the fact that the (noiestaty but periodic) policy
(dny...,d1,dn,...) has the performancey /N for the average criterion (1). On
the other hand, most practitioners are likely to use insteadlecision rulel alone
repeatedly (out of simplicity, or the belief that this ruleish be the “best” of those
computed bywI1), thereby implementing effectivelyRH procedure with horizomv.

The performance obtained by using this stationary policyxs = ¢(“¥)™, and in
generaluy # vy /N anduy # vyy1 — vy, NOris there a particular order between
these sequences. We illustrate this fact below. As a coeseg any convergence
result or stopping rule fo¥I is not guaranteed to provide a performance bound for
RH. This motivates further the need for results concerningi§ipally RH.

By analogy, theRH procedure is said to converge if

lim ¢~ = g*.
n—ood g
The convergence is said to be geometric if there exists N, C' > 0 andd < 1 such
that, with a suitable nornvn > N,

g\ )™ — g7 < Co™.

This is an abuse of terminology, since tRel procedure itself does not “converge”. It
merely means that the procedure can be made to performaailyiciose to optimal
through the choice of a suitable horizon length

Example 1. The example detailed in the Appendix serves to illustragedtissues con-
cerning the convergence of the different sequences invaivée previous discussion.

10bserve the discrepancy with the general notion of convesgef algorithms in Computer Science,
which requires that an algorithm stogsd returns the correct result.

RR n° 7710
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We have applied to this model the transformation to be desdrin Section 4 with
7 =0.99. In Figure 1, we show the evolutions of the sequences

dn)> dn )
Unt1 — Un, vn+1—vn—g( ) ,  vp/n and vn/n—g( )

respectively, evaluated at state 4. Clearly, these segssth@ not have a constant sign,
and are not monotonously converging.

18

1A ‘H\
If
\ (it “\M

5

Ml
-l

Figure 1: Evolution ofs, 1 — v, (top), v, 11 — v, — g%~ (top, right),v,, /n (bottom,
left) andv,, /n — g(?)™ (bottom, right), for state 4

3 Convergence of the VI and RH procedures

The issue of convergence of thé algorithm has attracted quite some attention in the
literature. In Section 3.1, we review some of the conditithras have been proposed for
ensuring the convergence of eithdror RH. In Section 3.2, we state the convergence
results, including a new one which we prove (Theorem 2). lctiSe 3.3, we have

a look at convergence rates. In Section 3.4, we discuss htveestrength of these
conditions.

3.1 Convergence conditions

The two following conditions are stated by Schweitzer andfgruen in [15].

RR n° 7710
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Condition 1. There exists a randomized maximal gain policy whose tramsfirob-
ability matrix is aperiodic (but not necessarily unichaamd hasR* = {i € S :iis
recurrent for some pure maximal gain poli¢as its set of recurrent states.

Condition 2. Every optimal (pure) stationary policy gives rise to an dpdic (but not
necessarily unichain) transition matrix.

The following condition, known aweak unichain conditiomppears in Tijms [17, p.
199] as Assumption 3.3.1.

Condition 3. Every optimal stationary policy has a transition probatyilmatrix unichain
and aperiodic

Puterman in [12, p. 370], presents the following one.

Condition 4. Every stationary policy is unichain and gives rise to an apeic tran-
sition matrix.

The following condition appears in Hernandez Lerma andsea® [7] as Assumption
5.1.

Condition 5. There exists a positive numb&k 1 such that

sp(p(.|s,a) —p(.|s',a")) < 26

for every(s,a) and (s’,a’) with s,s" € S, a € As, o’ € Ay and for a measure,,
sp(A) denote the norm
Sp(A) :=sup \(B) — iréf A(B)
B

for B C S.

Remark 1. In Section 3.4 we show that Condition=5 Condition 4. It is easy to see
that Condition 4= Condition 3= Condition 2=- Condition 1.

Condition 1 is the weakest condition under which the coreecg ofv,, — ng* to h*

is guaranteed: it is established in [15] that this is a nergsand sufficient condition
of convergence.

Condition 5 for the convergence BH is related to some ergodicity properties of the
chain structure: see Appendixin [7], or [11, Chapter 15hé&iconvergence conditions
have been proposed in [1, 6]. More precisely, the hypotlegidden and Smith in [1],
related to the conditions described above, is similar to @ldlin condition while in [6],
Guo and Shi assume that= sup{1 —inf;cginf,eca, P"(j|i,a) < 1:n > 0}. Both
assumptions, similarly to Condition 5 (see in Theorem 3\gimply that the model

is unichain.

3.2 Convergence results

It is known from the literature that, in general, there is navergence of the sequence
{vn }n, Which is unbounded (it actually grows asymptotically hrlg, - being positive,
sincev,, /n converges to somg* as mentioned earlier), nor §b,, — v,,_1 },,. Also, it

is proved, see [9, Lemma 5.5, p. 157], that if the sequémge- ng*},, is bounded,

n

. 1 o1
9= Jim Con = fim D (o —ve)
=1

RR n° 7710
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but this is not enough to compute afoptimal policy or are-approximation ofy*. To
have one, the convergencefaf, — ng*}, is needed, and it is known that it may fail
to happen if some of the matrices involved in the MDP are micio

The analysis of average-cost MDPs often involves the natidspan” of a function
(or vector), defined assp(w) := maxscs(w(s)) — minges(w(s)). The geometric
convergence of the sequersi®v,, .1 — v,,) to 0 implies the geometric convergence of
VI, and the limit ofv,, 11 — v,, iS a vector with zero span, that is, a constant vector.

Theorem 1 (Convergence o¥l). TheVI algorithm converges geometrically under
any of Conditions 1— 5.

Proof. Obviously, in view of Remark 1, it is sufficient to prove thesué for Condi-
tion 1. Itis interesting for this review to point out that pffe under specific conditions
have been obtained independently, since these may inviffezetht techniques and
possibly provide different estimations for the convergerate. See Section 3.3 below.

The convergence under Conditions 1 and 2 is proved in [15¢0féms 5.1 and 5.5
respectively. The fact that the convergence is geometgoaged by the same authors
in [16, Theorem 4.2].

The claim for Condition 3 is proved in [17, Theorem 3.4.2, P9R

We can find the proof of the convergence under Condition 4 2) Theorem 8.5.4, p.
370]. The arguments do not include geometric convergendethis property holds
since Condition 4 implies Condition 3 (for this last one,iagaee Section 3.3 below).

Finally, the result under Condition 5 is not proved, but coemted in [7]. However,
it is not hard to check that Condition 5 is equivalent to Cdindia) in [12, Theorem
8.5.3, p. 368] and this theorem, together with Theoremd &hBd 8.5.2, provide the
geometric convergence 8p(v,,+1 — vy,) t0 0. O

The previous theorem means that under the conditions nmttithe sequence
{v,—ng*} converges geometrically to". Now we ask if under any of these conditions
the sequencéy(?)™ — ¢*} converges geometrically to zero.

Theorem 2 (Convergence oRH). If the VI algorithm converges geometrically then
also does th&H procedure.

Proof. By assumptioniN; € N, C; > 0 anda < 1 such that whenever > Ny,
[lvn, = ng™ — h'|lec < Cr1a™.
Sincevy 41 — vp — ¢* = (Vny1 — (n+1)g* — h*) — (v, — ng™ — h*), with C' = 2C4

we have, fom > Ny,
||vn+1 — Un — 9*”00 < Ca",

or put differently,
g —Ca"l < vpq1 —vy, < g"+Ca"1. @)
Letd,, be defined as (see (5)):

d, € arg mgx{rd + Pjv,—1}.

Denoting with P} = := limp, .oc = > ;2 P} , the Cesaro limit forP;,, we have
g'")™ = Pj ra, andg\¥™ = Pj gl®)”.

RR n° 7710
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Moreover, according to [12, Lemma 9.4.3], there exiStssuch that for allh > N,
Pdng* = g*, which |mp|leSP;ng* = g* Then’ SinceD;“Pdn _ P;“’

g(d'n)Oo = P;,,ern = P;,,L (d, + Pa,vn —vn) = P;“ (Vnt1 — vn)- ®)

Itis clear that for alls € S, g*(s) > ¢{®)™ (s). Consequently, fon > max{ Ny, No}
and anys, (8) and (7) imply respectively

P (vng1 —vn)(s) = ¢“")7 (5) < g7 () ©)
Pi, (ont1 —vn)(s) > Py (g7 — Ca"1)(s) = g7(s) — Ca™. (10)
From (9) and (10), fon. > max{Ny, N2}, it follows that
0<g*(s) — g\ (s) < Ca™, (11)
which concludes the proof. O

Theorems 1 and 2 imply:

Corollary 1. Any of Condition 1 to 5 implies the geometric convergencéeRH
procedure.

The reciprocal of Theorem 2 cannot hold: there are MDP moidelghich RH
converges, whereaél does not. The simplest such example is perhaps that of an
uncontrolled, two state, periodic Markov chain (see Exampbelow): since there is
only one policy,RH converges, but since the model does not satisfy ConditidA 1,
cannot converge.

3.3 Convergence rates

Having an estimate of the convergence rate is useful in maagtipal situations, es-
pecially for determining horizon lengths or stopping rulese Section 5). We discuss
this point now.

The question is to find values of, C' andd such that, for alh > N

Ing* —vn — b7|| < Co" (12)

or for theRH procedure,
lg™ = g7 < Com. (13)

Under Condition 5, Inequality (13) holds with = 1, C' = 2||r||/(1 — ¢) and¢
given accordingly to [7, Proposition 5.1].

Under Condition 3, [5, Theorem 5] states thatidr= 1|S|(|S| — 1), and any pair
of M-tuples of decision rules,, 7, € DM,

min Zmin {Pg(sl,j),Pg(SQ,j)} = Pryme (M) > 0. (14)
jes

51,52€85

As S andD are considered finite in this discussion, taking

5=1— min Pry s (M), (15)

w1, €DM

RR n° 7710



Convergence conditions for VI and RH in MDPs 11

we haved < 1 and from [12, Theorem 8.5.2.a., p. 36BlJis a M-step contraction
operator with coefficient and then

0< g — gl )™ (s) < splg” — vunr) < C3", (16)

andC = sp(g* — vg). Therefore, (13) holds with = (5)*/™, at least whem is a
multiple of M. In [16] the authors claim that, for the same valué\ofandd € D,

min Zmln{Pd 51,7 Pd 59, } = pa(M) >0,

31,S2ES

and that there is geometric convergence with rate

7 = 1-minpg(M). 17)
They do not present a proof but they also refer to [5, TheoreWhile it is clear that
0 > ~, the fact thaty is also a rate of convergence is not obvious.

In the following example we compute baftandy defined in (15) and (17), in order
to illustrate the facts that: these numbers are differemd,aso that the importance of
this result is essentially theoretic. It is clear that thenptexity of the task grows
exponentially with the number of states and actions.

Example 2. Let us consider a model with three stafes= {s1, s2, s3} and two avail-
able action in each statel,, = {a¢,ab},i = 1,2, 3. The (positive) transitions proba-
bilities are defined as follows:

p(sit1]si, al) = p(si—1]si, ay) = 0.9 andp(s;|s;, a}) = p(si|s;, ab) = 0.1

(where the sum within subindices is modulo 3).

Since we have a 3-state model, the valuéfois 3. Since there are two actions in
each state, there are 8 different stationary policies, amtif@rent matrices appearing
in the definition ofo, », (M) > 0in (14).

In the computation of,, we obtain a valug = 0.297 for two policies:(a}, a?, a?)
and (al,a3,a3), and a valuep = 0.487 for the rest. We find then the value =
1—0.297 = 0.703. .

In the computation of, we obtain a largest value @f;, ., as 0.244, obtained for
instance withr; = (al,a?,a3) andmy = (al,d3,a?). We then havé = 0.756. As
established abové, > .

The corresponding convergence rates are respectivély ~ 0.911 and /3 ~
0.889.

In summary, only Condition 5 readily provides bounds on thievergence rate. It
is an open question to design algorithms which compute ®ondhe convergence
rate in an efficient way for generic models. This does notlpdecthe possibility that
bounds be established based on (15) for specific models.

3.4 Discussion and comparison of convergence conditions

Discussion on the practicality of convergence conditions. Conditions 1-4 of Sec-
tion 3.1 all involve aperiodicity, irreducibility and/dné classification of MDP models.
Although determining whether a MDP is irreducible is polymally solvable, there
is no polynomial algorithm to determine whether a MDP is timia or multichain

RR n° 7710
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(see comments in [9, p. 127]). It is worth mentioning thatragge transformation,
discussed below, makes aperiodic any transition matrbhefMDP model without
changing the optimization problem. Conditions requiripgrodicity can therefore be
applied without this requirement.

Comparison. Among the five Conditions we have reviewed, Condition 5 isdhky
one not referring to structural properties of the undedyinatrices. We investigate
here these structural implications.

The following lemma provides a convenient characterizatib cases where Condi-
tion 5 doesnot hold. Remember that, given a probability measuyesupp(:) is the
smallest seB3 such thau(B) = 1.

Lemma 1. Condition 5 does not hold if and only if there exists’) € S x S, a € As,
a’ € Ay, such that sup@(-|s,a)) N supgp(:|s’,a’)) = 0.

Proof. Since the state and action spaces are finite, Condition & ifaéind only if
there exists, s, a, a’ such that:sp(\) = 2, with A(.) = p(.|s,a) — p(.|s’,d’). This
in turn is equivalent tosupz A(B) = 1 andinfp A(B) = —1, and finally: 3B, B":
p(B|s,a) =1, p(B’|s,a) = 0, p(B|s’,a’) = 0andp(B’|s’,a’) = 1. The setB can be
taken as supp(.|s,a)) and B’ = supfp(.|s’, a’)). O

Next, Condition 5 implies structural properties on the MDBdal.

Theorem 3. Every model where Condition 5 holds is a) unichain and b) ayuc.
The converse is not true.

Proof. The proof of the first statement is by contradiction. Consfitst part a) of
the statement, and assume there is sdigedecision rule associated to a multichain
Markov chain with transition probabilitieB;, B; and B two distinct irreducible re-
current classes. Then choosinge By, d(s1) € As,, s2 € Bs andd(sq) € Ag,, we
have supfp(-|s1,d(s1))) C Bi, SUpfp(-|s2,d(s2))) C Bz, implying that both sets
are disjoint. Lemma 1 applies and Condition 5 cannot hold.

Next, consider parb) of the statement: we prove that periodic chains do not verify
Condition 5. We use for this the following result (see [4, 61]):

Lemma 2. Let X an irreducible Markov chain with recurrent states of peripdThen
states can be divided intg disjoint setsB1, Bs, ..., B, wherep(j|i) = 0 unless
ieByandj e Byori € Byandj € Bs,...,ori € Byandj € By.

Thus, let us suppose a MDP unichain and periodic for the mecisled. Denote with
~ > 1the period ofP;. Then, there exist®,, By, ..., B, sets as provided in Lemma 2.
By construction, for every; € B;, sSUpgp(-|si,d(s:))) C B;+1, Where itis understood
that “y + 1" means 1. The supports are therefore disjoint dpands; if i # j.
Therefore, Lemma 1 applies with agye Bi, a = d(s), s’ € Ba, a’ = d(s').

Finally, to prove the converse statement, we exhibit aniagermodel for which
Condition 5 does not hold.

Example 3. Let S = {s1, s2, s3}, A5, = {al, a3}, Ay, = {a}}, Ay, = {a}}. The
controlled transition probabilities can be associated be trulesd; = (ai,a?,a3)y
dy = (al,a?,a?) and the

0 1 0 1/3 1/3 1/3
P,= 0o o 1 ], Pb=| 0 0 1
1/3 1/3 1/3 1/3 1/3 1/3
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Takingk = (s1,al) andk’ = (s2,a?), we have supp(-|k)) = {s2} and supgp(-|k’) =
{s3}. These sets are disjoint, so that by Lemma 1, Condition §.fail

O

To conclude this section, we discuss the idea of possibéxired the aperiodicity
assumption. We show through the following example (obthiag a simplification
of Example 4 in [10]) that thé&kH procedure may not converge on MDPs for which
the optimal policy gives rise to an unichain periodic Markmecess. The following
section will explain how to handle this problem.

Example 4. Let S = {s1, 2,53} be the state space, and the action sdts =
{a},a3}, Ay, = {a}}, A, = {a?}. The rules we can construct afle = (a}, a,a?)
andds = (ad, a?,a?). The transition matrix ard’;, and P,,. Py, is periodic of period

L1

10
Py, =1 0 0
0 1

oS = O

0 1 0
,Pi,=1 0 0 1

01 0
We consider the rewards

r(s1,al) =2, r(sl,aé) =2, r(sz,a%) =5, r(s;;,a?) =1.

The RH algorithm leads to a sequence whete appears for odd horizons and;

for even horizons. Whed, is considered as stationary policy in the infinite horizon
problem, it produces an average value equalio3, 3), while d;, an average reward
equalto(2, 3, 3). In consequence, the sequence of values does not convergEndr,

it is immediate that the subsequence corresponding to odddrs is better than that
to even horizons.

4 Modified Rolling Horizon Procedure

We present a standard transformation under which all galieire perturbed to give
rise to aperiodic Markov chains without modifying the capending gain. This trans-
formation is similar to what Puterman presents in [12, $&c8.5.4] and, up to our
knowledge, it is originally due to Schweitzer (see [14])th&lugh these authors pro-
posed it in the context of unichain models, it is clear thatarks also in multichain
models.
4.1 Transformation and modified procedure
Let0 < 7 < 1. DefineS, =S, A, ; = Asforalls € S. Forallsand alla € A, ;,
rr(s,a) =1r(s,a)

and forallj € S,

p-,—(j|S,CL) = (1_7)59({]})+Tp(.]|8)a) ) (18)
whered,(-) is the Dirac measure concentrated at hus, for every decision rulé

Pdﬂ- = (1 — T)I + 7Py, Tdr =74

andPFy ; is the transition matrix of a Markov chain with aperiodicue@nt classes.
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Remark 2. Since the state set and the action sets are those of the akjgioblem the
policy sets also coincide.

For the sake of completeness we present the following ealikady proved in [12].
We want to highlight that these results are valid also fonthétichain case.

Proposition 1. Let us suppose thét finite, so that for eackid)*°, a stationary policy,
P7, the Cearo limit matrix, is stochastic. Then it follows that

9D (s) = Pira(s).
Proposition 2. For every decision rule
P;,=P; and g (s) = g (s)

for everys € S.

Proof. We shall use the fact that, sinégis finite, givend any decision rule, the limit
matrix P; _ is the unique one that satisfies

Pd7TP;,T = P;,-,—Pd,T = P(;:TP(;:T = P;’T.
Note thatvr € (0, 1], we have
PiPy.=(1—-7)P;I+7TP]Py=Pj

and
Pd;,—P(}< = (1 — T)IP; + 7'PdP(;%< = P;

By well-known results, described for example in [12, Apperdl, p. 595], it follows
thatP; = Pj.
To establish the second equality, notice that, by Propusitj gﬁd)w =Pj 14, SO
gD =P} ra.=Pjrg=g"".
O

Corollary 2. The optimal stationary policieg* for the original problem and for the
transformed one are the same. In additigt, (s) = ¢¢ (s) for all s € S and all
7€ (0,1].

Proof. Similar to that of [12, Corollary 8.5.9]. O

Our contribution in this direction is to propose to use tmansformation as a pre-
processing of the problem in order to deal only with apedadodels.

More precisely, we propose the following procedure. CozisalMDP with state
setS, actionsA, for s € S, transition probabilitieg(j|s, a) for j,s € S,a € A, and
rewardsr(s,a), s € S, a € As. Beingr € (0, 1), transform the problem to a new one
with S; = S5, A; , = Asfors € S;, r-(s,a) =r(s,a) s € S+, a € A; andp-(+|7,a)
given by Equation (18).

Modified Rolling Horizon Procedure (MRH)
1. Given0 < 7 < 1, make the transformation described above.

2. Apply RH procedure to the new problem.
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4.2 On the theoretical convergence of MRH

TheMRH procedure can be applied to MDP whose optimal stationaiigypgives rise

to chains with several irreducible classes. Through thesttamation aStep 1, every
finite model becomes, in the most general case, a multicheEriadic model. Since
the number of states and actions are finite and due to apetigdhe model satisfies
the condition of Schweitzer and Federgruen (Condition T)eri, by Corollary 1, the
geometric convergence &H is assured. In the particular case where the model is
unichain (Condition 4), a parameter associated to the aotidn might be computed
explicitly, but likely just in small or very simple examples

4.3 Practical convergence of the MRH procedure

Clearly, the transformed transition matrix converges tasariginal transition matrix
whenr — 1. How is the convergence af,(s)/n toward g*(s) modified whenr
increases? We have a quantitative look at the question gttwto following examples.

Example 5. Consider again the example with five states described in gpeAdix.
The optimal gairy* = (2,2,4,4,4) and it is produced by the stationary polidy=
(a2, a2,a1,a2,a1),

We have applied the-transformation described above. With= 0 the model is
transformed in an uncoupled one where all the states arerésp. As it is shown in
Figure 2, whenr increases to 1 the periodicity effects are more evident.

Example 6. Consider again the example of the Appendix. This model hasla m
tichain and periodic structure. ThBH procedure applied directly on this problem
produces infinitely (and periodically) many times two pielé; one of them is not two
policies, (a2, as, a1,a1,a1) and (as, as, a1,as,a1). The first one produces a gain
g =(2,2,3,3,3) and then it is not optimal sincg" = (2,2,4,4,4).

When we pre-process the data, the Rolling Horizon procedives the optimal
policy for the original problem, for any value efe (0, 1).

4.4 Preservation of Condition 5

Next we investigate the connection of the transformatiothv@ondition 5. Does
the transformation preserve this property? Can it be ergeabtaining Condition 5
through this transformation? The examples below show thatttansformation does
not destroy but weakens Condition 5, and that it does notym®d necessarily when
it is not initially present, even with uncontrolled Markokains. This is possibly due
to the known fact that Condition 5 is related to some ergtgrioperty of the Markov
chain involved and the transformation proposed by Scheeitaes not produce ergod-
icity properties, only aperiodicity.

Condition 5 is preserved by the aperiodicity transformation

Theorem 4. If a MDP model satisfies Condition 5, then its transformatacording
to Section 4.1 still satisfies this condition. The constant bf the transformed model
can be chosenad: — 7 + 7.

Proof. According to Lemma 1, Condition 5 holds for the MDP if and oiilyfor all
(s,s') € Sx S,ala € A, alla € Ay, supfp(:|s,a)) Nsupgp(:|s’,a’)) # 0.
From the transformation (18), it is easy to see that §ppp|s, a)) = supgp(-|s, a))U
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3.957

T
lwwwvvvmmmy WY

3.907 3.0
3,85

3.807 3,807

Figure 2: Evolution ob,,(4)/n for n = 1...150, with 7 = 0.7 (top left), 0.9 (top right),
0.99 (bottom left) and 1 (bottom right)

{s}. Therefore, sup@(:|s,a)) N supgp(-|s’,a’)) # O implies suppp,(:|s,a))N
supfp-(:|s’,a’)) # 0, and Condition 5 holds also for the transformed MDP. We pro-
ceed with estimating the value of the constadit ¢orresponding to this transformed
model.

Let us consider a MDP where Condition 5 is verified and a patamesuch that
0 < 7 < 1. Then, for allB C S, and all admissible paifs, a), after transforming the
problem we have the new transition probabilitiesdefined by

pr(Bls,a) = (1 = 7)ds(B) + 7p(Bls, a),

or equivalently

p(Bls,a) = Zpr(Bls,a) ~ +—6,(B).
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Now, for all subset®3,, B, C S,

sP(p([s.a) — p(|s’, ")
= max(p(Bls,a) ~ p(BIs', ) — min(p(Bls, a) - p(Bls',a'))

(p(Bils,a) — p(Bi]s’,d)) — (p(Bzls, a) — p(Ba|s', a’))

v

1 1—7 1 1—7
- ;p.,.(BﬂS,CL) — ds(B1) — ;pT(Bl|s',a') + 54 (By)
1 1—7 1 1—7
_;pT(BQ|S,CL) =+ 53(32) + ;p-,—(B2|SI,CL/) — 53’ (BQ) .

The value of the preceding expression depends on the faatdhé states and s’
belong or not to the subsef$; andB,. Since0 < 6.(-) < 1 for anys, we have the
following inequalities:

sp(p(-[s, a) = p(-]s',a"))

1 1—-7 1 1 1 1—7
Z _p‘r(Bl|Saa) - - —p.,_(B1|S/,CL/) - _pT(BQ|Saa) =+ —pT(BQ|S/,Cl,) -

T T T T

1 ;. 1 ;. 1—7
= [ (Bils,0) — po(Buls', )] - = [pr(Bals,0) = po(Bals',a')] — 2.

Then, as Condition 5 holds, there exi§f® < 0 < 1 such that, for any pair of subsets
Bl anng,

1—7

1 1
20> ~ [pr (Buls,a) = pr(Bils', )] = =~ [pr(Bals, @) = pr (Bals's )] - 2—

and taking the maximum ové?; and minimum oveiB3; gives

1 1—7
20 2 ~p(p-([s,0) — pr (s, ) — 22—

or equivalently:
sp(p-(|s,a) = p-(-[s',a)) < 2(1 —7+67).
As expected, Condition 5 holds with a constant=1 — 7 + 7. O

It is readily checked that < §, < 1 since0 < 7 < 1. Hence, the transformation
makes Condition 5 weaker: the smalteis, the weakest is the condition.

To conclude this section, we provide two examples which sthethe aperiodicity
transformation may or may not produce Condition 5, even faromtrolled unichain
problems (multichain models remain multichain after tfansation). It is known that
this condition is related to the structure of the Markov ahaind not to the policies
considered.

Example 7. This example is a case where Condition 5 appears after toamsttion.
Let us consider a MDP with state spaSe= {s1, s2}, and one admissible action
in each state, i.e. an (uncontrolled) Markov Chain, whe titansition probabilities

are given by the matrix
0 1
P-(00)

This is a periodic and unichain model, and then it does noify&ondition 5.
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After apply the aperiodicity transformation we have the m@nsition probability ma-

trix
1—7 T
Pd’T_< T 1—7')'

It is not hard to see that Lemma 1 applies to this matrix: swpps)) = {s1, s2} for
s = s1, s2. More precisely,

pr(sils1d(s1)) = pr(sfsz,d(s2) = (1—7) =7 = 1-27
Pr(sals1,d(s1)) = pr(salse,d(sa) =7 — (1= 7) =27 1
PlorClsvdon) = prsnd) = { 5715 TS0

Condition 5 therefore holds for the transformed model witoastant, = |1 —27| <
1.

Example 8. In this example, Condition 5 does not appear after transéiom.
LetS = {s1, s2, s3, S4, S5, S6 }, @and again consider just one action at each state.
Transition probabilities are specified in the matrix

/2 12

Py=

_ o O o o
[ ool -
_ o O oo

1
0
0
0
0
0 0

The chain is unichain and aperiodic and again Condition 5gloet hold. In fact we
can see that as a consequence of Lemma 1, since there existitiie;, s4) € S x S,
for which

supfp(-[s1,d(s1))) N SUPHP(:[sa, d(s4))) = {51,582} N {4,585} =0 .

Through transformation for somee (0, 1), we have the new transition matrix

1—-7/2 71/2 0 0 0 0
0 1—7 7 0 0 0
Py = 0 0 1l—7 7 0 0
o 0 0 0 1—7/2 7/2 0
0 0 0 0 1—7 7

T 0 0 0 0 1—7

where again the paifs1, s4) € S x S, gives us

supfp-(+[s1,d(s1))) N SUPEpr (-84, d(s4))) = {s1,82} N {54,585} =0

and Condition 5 does not hold.

5 On stopping rules

When a geometric convergence result exists, with a computaimvergence bound, a
simple stopping rule fovI is easily derived. Likewise, RH converges geometrically
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with a known rate, the value of the horizancan be chosen so that tRH policy is
e-optimal.

Assume that some computablandC' exist such that, fo¥I,
[|lng* — v, — h*|| < Co™
or for theRH procedure,
lg* = g7 < com.
Then consider the following stopping rule (or horizon cleaicle forRH):
Stopping Rule 1. Stop ifn > log(e/C')/ log(d).

Obviously, wherVI stops under this rule, the poli¢y,,, . . .,d1,d,, . ..) iss-optimal,
and when the time horizon f&®H is chosen according to this rule, the poli@¥,)>
is e-optimal. We have discussed in Section 3.3 when this rulébeamsed in practice.

When no explicit convergence bound is known, the followimggtical convergence
rule is proposed in [12].

Stopping Rule 2. Stop ifsp(v,+1 — vy) < €.

For the aperiodic irreducible, unichain, communicatingl aveakly communicating
models, or even if any of these properties is required onmyofisimal policies, all of
them withg* a constant vector, Stopping Rule 2 is adequate as prove@jrSgction
8.5.4, p. 370]. More precisely, it is proved that if StoppRgle 2 applies, the value of
the policy ise-optimal. Indeed, the classical proof of this claim invayessing to the
limit in the following inequalities

i - < gl@)T (5) < g*(s) < — ,
min(vn = va-1)(s) < 97 () < g7 () < max(on — va-1)(s)

Clearly, (d,,)>° will be e-optimal forn large enough if

nl;rr;o rgleag((vn —Up_1)(8) = nhHH;O Iglégl(?)n — vp—1)(8).

When we deal with arbitrary MDP’s, we do not haagoriori information about its

structure and, in consequence we cannot guaranteg’tlimt constant vector. In this
case, Stopping Rule 2 does not provide a suitable stoppitegion, since the span
sp(v,+1 — vy, ) fails to converges to zero.

Puterman [12, Section 9.4.2, p. 477] states a conjecturetabstopping rule for the
multichain case. It involves the following rule.

Stopping Rule 3. Stop ifsp(vy+1 — vn) — P(vy, — Vp—1) < €.
The next result shows that this rule not appropriate either.

Theorem 5. For anye > 0, there exist MDP models such that, for the sequengé
obtained using th&/I algorithm, it is possible to have, for somec N, sp(v,,+1 —
V) — P(vy, — v,_1) < eand|jg* — g\ > €.

Proof. We construct such a model as follows. Consider the two-staidel S =
{s1, 82}, A5, = {ai,ai}l y Ay, = {a?}}, with transition probabilities

p(s1ls1,a1) = 1; p(salsi,as) =1; p(sass,af) =1
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and gains
r(sl,a%) = 10; r(sl,aé) =1; r(SQ,a%) =10+e.

In this model, there exist only two stationary policids:= (ai,a?) andds = (al, a?).
As the gains that they produces are, respectivély, 10 + ¢) and(10 +¢,10 + ¢), the
second policy is the optimal one.

The sequence of functions,, obtained with thev/Il algorithm is such that, fom <
N(e) == 9/e 4+ 1, g1 — U = Op/m = L3 (v — vp—1) = gldm)™
(10,10 + ).

On the other hand, as we have said, for any 0, there existN(¢) (who tends to
infinity as ¢ tends to zero), such that,ifi < N () implies g* (s1) — g4~ (s1) =

e>0. O

Actually, this example serves to show that a larger familgtopping rules, containing
Stopping Rule 3, is not adequate.

In fact, consider the values,, = v,,/m, B = Vm+1 — Um, Ym = % S vp—
vp_1 andd,, = g\~ form = 1,...,n. Define the ruled : (RI1)** — R,

4n  4n

A(J?l,xg, ---733471) = ZZGU Sp(l‘z — Jﬁj) s

i=1 j=1
where then;; are arbitrary constants.

Theorem 6. There exist finite-state, finite-action MDP models such, tftstsomen,
A(Oll, A2y ooy O,y ﬂla ﬁQa ceey ﬁmv Y15 V2y o Yy 61a 527 ceey 5m) <eg, and

lg* = g7 || > e.

As a consequence of Theorem 5, Stopping Rule 3 cannot worknergl, and The-
orem 6 even shows that no immediate generalization will veittker. No alternative
seems to be known in the literature, and Kallenberg mentiof# that formulating a

stopping rule folVl without chain analysis for multichain MDPs and provide adal
stopping rule remains an open problem.

As it is observed in [17, p. 208], in the proof of Theorem 3,4dr models which
verify Condition 3 (under whiclg* a constant vector) we obtain

<e

Sp(vn - Un,—l) <e - 0 < g(dn)QO - 9*
minsES(vn - 'Unfl) - B g*

which induces the following

Stopping Rule 4. Stop ifsp(v,+1 — vy) < & minges(vy, — Vp—1).

Observe that, in general, this is not an admissible ruleesinis not effective in
the cases with non constant optimal rewards.

This stopping rule differs form the other ones in the senag th this case, when
theVI algorithm algorithm terminates iterating, it returns aippivhoserelativeerror
is not greater than.
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6 Conclusions

We have reviewed in this paper convergence conditions feikdue Iteration pro-
cedure, and applied them to the question of “convergenceh®fRolling Horizon
procedure.

Our analysis concludes that Condition 1 is a sufficient ciimdlito ensure geometric
convergence of thBRH procedure in finite models. Condition 5, proposed earli¢rjn
is less general.

In addition, we introduce for the Rolling Horizon procedarstandard pre-processing
of the problem for eliminating periodicities, resultinggheMRH procedure. We show
that this transformation does not change the near optimai@®nor their values.

Theorem 2 claims that convergence is geometric, includorgMultichain models.
However, since a general stopping rule is not availabls,résult remains mostijpe-
oretical. It remains to find amdequatdound for the error.
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Appendix

Each month an individual must decide how to allocate his thela¢tween different
consumptions and investments. Each state representsl @iéndividual's wealth at
the start of a month. Wealth levels give access to two differezestment opportunities,
prudent or risky. Choosing an investment profile at eachl lmgilts in a probability
transition for the next wealth level, as well as an instaetars gain. The individual’'s
objective is to maximize the average gain.

There are five levels of wealth, ordered from the smalleshélargest. At the
medium level, connected to the risky behavior, there expissitive probability to pass
to the next inferior level of wealth. It is also possible taleyamong the two inferior
levels, but there is no action which permit the access tohtteetsuperior levels from
the inferior ones. Besides, being at the poorest level, yesexternal help we achieve
level 2. There is acommon action spate= {a1, as }, wherea, represents the prudent
investment profile and. the risky attitude. We show the data belof,, (s, j) is the
transition probability from the stateto statej when actioruy, is used, i.e P, (s,j) =
p(ils, ax).

0 1 0 0 0 0 1 0 00

04 06 0 0 O 1 0 00

P, = 0 0 07 03 0 P,=10 03 04 03 0
0o 0 0 1 0 o 0 0 01

0o 0 0 1 0 0o 0 O 1 0
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The gains can summarize as follows$s, a;,) in the matrix below is the gain when
at states, the actiony, is chosen.

S W =
DN =N DN

Through the implementation of tiMRH procedure the optimal average wealth can be
computedy™ = (2,2,4,4,4). Itis produced by the stationary policy associated to the
decision ruled = (a2, as, a1, as, a;) whose transition matrix is:

0 1 0 00
10 0 00
0 0 07 03 0
00 0 01
00 O 10

Clearly, it is a multichain periodic model. WhdRH procedure is applied directly,
there is no convergence: the procedure gives infinitely @rtbdically) many times
two policies,(as, as, a1, a1, ar) and(as, as, a1, as, a1). The first one produces a gain
g =1(2,2,3,3,3) and then it is not optimal.
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