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2 D. YAFAEV
transformations) by the equation curl A(z) = B(z), can be chosen as

;‘1(1‘) = {ﬂ, 0, —ﬂ(l‘i,l'g)) [11)

so that it has the constant direction. In contrast to fields of the first class, now the
variable 3 cannot be separated in the Schrodinger equation. Nevertheless due to the
invariance with respect to translations along the z3-axis the operator (we always suppose
that the charge of a particle is equal to 1)

H=(iV+A@)? (1.2)

can be realized, after the Fourier transform in the variable z3, in the space L?(R; L*(R?))
as the operator of multiplication by the operator-valued function

H(p) = —-A + (a(zy,z2) + p)? : L*(R?) — L*(R?), peR. (1.3)

Moreover, if a(z;,z:) = a(r), then the subspaces with fixed magnetic quantum num-
ber m € Z are invariant subspaces of H(p) so that the operator H(p) reduces to the
orthogonal sum over m € Z of the operators

OPERATEUR UTILISE 1d d m?

’ e 2 1.4
Sreoe s ( Hoa)= 2L LT (o) +) (14

acting in the space H = L?(Ry;7dr). In this case the field is given by the equation
B(z) = b(r)(—sin 8, cos#,0) (1.5)

where b(r) = a’(r) and 8 is the polar angle. Thus, vectors .B(z) are tangent to circles
centered at the origin. An important example of such type is a field created by a current
along an infinite straight wire (coinciding with the x3-axis). In this case b(r) = byr—? so
that a(r) = bpIn7. The Schrodinger operator with such magnetic potential was studied
in [15].

1.2. In this article we consider magnetic fields (1.5) with a sufficiently arbitrary func-
tion h(r). Our goal is to study basic spectral properties of the corresponding Schrodinger
operator H such as the absolute continuity, location and multiplicity of the spectrum,
as well as the long-time behaviour of the unitary group exp (—tHt). We emphasize that
for magnetic fields considered here, the problem is genuinely three-dimensional, and
actually the motion of a particle in the z3-direction is of a particular interest.

Using the cylindrical invariance of field (1.5), we can start either from translational
or from rotational (around the z3;-axis) symmetries. The rotational invariance implies
that the operator H is the orthogonal sum of its restrictions H,, on the subspaces of
functions with magnetic quantum number m € Z = {0, £1,£2, ...}. It can be identified
with the operator (we keep the same notation for this operator)

1Sidieid s
s et i {idim3 + a(r))? (1.6)
acting in the space § = L*(R, x R;rdrdz;). In view of the translation invariance, every
operator H,, can be realized (again after the Fourier transform in the variable z4) in

the space L*(R; L*(R.;rdr)) as the operator of multiplication by the operator-valued
function H,,(p) defined by (1.4).
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Suppose now that b(r) does not tend to zero too fast so that a(r) — oo as r — 0.
Then the spectrum of each operator IH,,(p) is discrete. Let A\, (p),n € N = {1,2,...},
be the increasing sequence of its eigenvalues (they are simple and positive), and let
Yam(r,p) be the corresponding sequence of its eigenfunctions. The functions Ay m(p)
are known as dispersion curves of the problem. They determine the spectral properties
of the operator H,,.

Note that if a(r) is replaced by —a(r), then A, .(p) is replaced by — A, (p), so that
the case a(r) — —oo as r — oo is automatically included in our considerations. Recall
that, for a magnetic field B(z), the magnetic potential A(z) such that curl A(z) = B(x)
is defined up to a gauge term grad (z). In particular for magnetic fields (1.5) in the class
of potentials A(z) = (0,0, —a(r)) one can always add to a(r) an arbitrary constant c.
This leads to the transformations Ay m(p) = Anm(p—c) and Y (7, p) = Ynm(r,p—c).

1.3. The precise definitions of the operators H,, and H and their decompositions into
the direct integrals over the operators H,,(p) and H(p) are given in Section 2. To put
it differently, we construct a complete set of eigenfunctions of the operator H. They are
parametrized by the magnetic quantum number m, the momentum p in the direction of
the z3-axis and the number n of an eigenvalue A, »(p) of the operator Hy,(p). Thus, if
we set

Ynmp(T: 0, 23) = P2 ™0 (7, p), (1.7)
then
H%b'n.m,p = An,m(p}wn,m,p- (18)
In Section 3, we show that forallne Nand m € Z :

e Under very general assumptions An m(p) — o0 as p — oc (Proposition 3.3).
o If b(r) — 0 as r — oo, then A, m(p) — 0 as p — —occ (Proposition 3.5).
e If b(r) admits a finite positive limit by as r — oo, then A, m(p) — (20 — 1)bg for
all m as p — —oo (Proposition 3.6).
o If b(r) — oo as 7 — o, then A, m(p) — 0o as p — —oco (Proposition 3.6).
Related results concerning the dispersion curves for Schrodinger operator with con- -
stant magnetic fields defined on unbounded domains @ C R? have been obtained in (5]
(the case where € is a strip) and in [4], 7, Section 4.3] (the case where  is a half-plane).
In Theorem 3.8 we formulate the main spectral results which follow from the asymp-
totic properties of the dispersion curves A, .(p), p € R. First, the analyticity and the
asymptotics as p — 00 of Anm(p) imply immediately that the spectra o(H,) and o(H)
of the operators H,, m € Z, and H are purely absolutely continuous. Moreover,

o(Hp) = [En,0), meZ, o(H)=|[E, =), (1.9)

where
Em = inf Ay m(p) = 0. (1.10)
pER

Next, in the case where the magnetic field tends to 0 as 7 — oo, the spectra of Hy,
m € Z, coincide with [0,00) and have infinite multiplicity. On the other hand, in the
case where the magnetic field tends as 1 — oo to a positive finite limit, or to infinity,
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we have that &£, > 0 for all m € Z and each of the spectra o(H,,) contains infinitely
many thresholds.

Further, in Section 4, we obtain a convenient formula for the derivatives A, . (p) which
play the role of asymptotic group velocities. Our formula for A}, ,.(p) yields sufficient

conditions (see Theorem 4.3) for positivity of these functions. The leading example
when these conditions are met, is

b(r) = bor™*, b >0, d€0,1], (1.11)

and m # 0. If § = 1, this result remains true for all m (cf. [15]). On the contrary, if § = 0
and m = 0, then A} o(p) < 0 for all n on some interval of p (lying on the negative half-
axis). Similar results concerning for the dispersion curves for the Schrodinger operator
with constant magnetic field, defined on the half-plane with Dirichlet (resp., Neumann)
boundary conditions, can be found in [4] (resp., [3] and [7, Section 4.3]).

Finally, in Section 5 we discuss the long-time behaviour of a quantum particle. The
time evolution of a quantum system is determined by the unitary groups exp (—iHmt),
m € Z, so that an analysis of its asymptotics as t — oo relies on spectral properties
of the operators H,,. Since these operators have discrete spectra, a quantum particle
remains localized in the (z;,;)-plane. Its propagation in the z3-direction is governed
by the group velocities A/, .(p). In particular, the condition X, ..(p) > 0 for all n € N
and p € R implies that a quantum particle with the magnetic quantum number m
propagates as t — +oo in the positive direction of the z;-axis.

Let us compare these results with the long-time behaviour of a classical particle in
magnetic field (1.5). As shown in [15], the function z;(¢) is periodic with period Jh
determined by initial conditions. Its drift z3(T) — z3(0) over the period is nonnegative
if b(r) > 0 and b'(r) > 0. Morever, it is strictly positive if ¥(r) > 0 for all 7. In the
case b(r) = const it is still strictly positive if the angular momentum m of a particle is
not zero. Thus, our results for functions (1.11) correspond completely to the classical
picture if § = 1 or § € [0,1) and . 5 0. In the case § = 0 and m = 0 the behaviour of
quantum and classical particles turn out to be qualitatively different.

2. HAMILTONIANS AND THEIR DIAGONALIZATIONS

Here we give precise definitions of the Hamiltonians and discuss their reductions due
to the cylindrical symmetry.

2.1. For an arbitrary magnetic potential A : R® — R® such that A € L} _(R%)?, the
self-adjoint Schrodinger operator (1.2) can be defined via its quadratic form

A= fJi(Vu](r) el de e e (2.1)
R
It is easy to see that this form is closed on the set of functions u € L*(R®) such that

Vu € L} _(R%)? and iVu+Au € L*(R?)%. Similarly, if a € L, .(R?), then the self-adjoint
Schriodinger operator (1.3) can be defined via its quadratic form

hlu; p) = fR, (I(Ve)(@)I* + (a(@) + p)*|u(@)*) dz, z=(z1,22), PER. (22)
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finite limits by(2n — 1) as p — —oo. If § < 0, then these functions tend to +oo as
p— —o0.

3.3. Let us return to the Hamiltonians Hy, and H defined in Section 2.

Theorem 3.8. Assume (2.4) and (2.10).
(i) Then all operators H,,, m € Z, and hence H are absolutely continuous and theiwr

spectra coincide with the half-axes defined by equations (1.9) and (1.10).

(i1) If the hypotheses of Proposition 3.5 hold true, then &, = 0 for all m € Z.
Moreover, the multiplicities of all spectra o(H,,) and hence of o(H) are infinite.

(i11) Let the hypotheses of Proposition 3.6 hold true. If b(r) — oo, then the infimum
in (1.10) is attained (at @ finite point) so that for allm € Z

'm = Imin A .
£ min 1m(p) >0

(iv) Let the hypotheses of Proposition 3.6 hold true. If b(r) admits a finite positive
limit by as T — oo, then E, € (0,b] for allm € Z.

Proof. It suffices to prove only the assertions concerning the operators H,,. In view
of decomposition (2.12) they reduce to corresponding statements about the operators
Ap . Fhese operators are absolutely continnous because the eigenvalues Anm(p) arereal
analytic functions of p € R which are non censtants since according to Corollary 3.4
Anm(p) — o as p — oo. Moreover, we have that

o(Anm) = [Enm,00) Where &= 12_1_1: Anm(P) 20 (3.52)
pER

A because Aym(p) > 0 for all p € R. This implies relations (1.9) with &, defined by (1.10).

P

In case (ii) it suffices to use that according to (3.9) £.m = 0 and hence o(Anm) =
[0, 00) for all m and n.
In case (iii) Proposition 3.6 implies that A, ,(p) — o0 as p — —oo for all n and m so
that
Enm =MiN A, m(p) >0 (3.53)
peER

and hence infimum in (1.10) can be replaced by minimum.
In case (iv) we use that according to (3.25) E,m < (21 — 1)bp. Moreover, &y m > 0

because A, .(p) > 0 for all p € R. For n = 1, this gives the desired result. O

Remark 3.9. According to (2.12) and (3.52) the spectrum of the operator H,, consists
of the “branches” [£,.m,00) where the points £, ,, arc called thresholds. In cases (iii)
and (iv)

E‘I’I..m < £n+l,m (354)

for all n € N. Indeed, in case iii) (3.54) is a consequence of the estimate Anm(p) <
Ant1.m(p) valid for all p € R and of formula (3.53). In case (iv) one has to take addi-
tionally into account that the limit of A, (p) as p — —oc is strictly smaller than that
of An+1.m(p)- Inequality (3.54) means that there are infinitely many distinct thresholds
in each of the spectra o(H,,), m € Z, and hence in o(H).
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Now we are in a position to obtain a formula for the derivative A} (p). In addition
to our usual assumptions that b(r) is not too singular at » = 0, an integration-by-
parts marchinery requires that b(r) does not vanish too rapidly as » — 0. The precise

conditions are formulated rather differently in the cases m # 0 and m = 0. We start
with the first case.

Theorem 4.3. Let m # 0. Suppose that b € C*(Ry) and b(r) > 0, r € R;. Assume
(2.10) and that b(r) = O(e™) for some ¢ > 0 as v — oo. At r = 0 we suppose that
b(r) = O(r~") where v < 3/2. Moreover, we assume that for some § < 2|m| —1

i) ¥ <erP", k=0,1,23, r—0. (4.9)
Put

w(r) = (e~ rb(r) 1)) Yl u"i fuy': o Ao
Then comdition Koo (?\)/ b
00
Aam(P) = —2/ rb‘z(r}b'(r]w;lm(r;p)zdr

0
o f ()02 3 P+ 2 f T2 ()R, s ), (4.10)
0 0

where the eigenfunctions ¥y, (3 p) of the operator H,.(p) are real and normalized, that

i [[Yaml = 1.
Proof. In view of the equation
(@(r) + ) *¥nm = 7 (TP, 1) — T Y m + Anm¥nm (4.11)

we can apply to the function ¥, the results of Lemmas 4.1 and 4.2 where q(r) =
(a(r) +P)* — Anm. Thus, Lemma 4.2 implies that Yam(r;p) = O(™) and ¥, . (r;p) =
. O(r™=1) as r — 0 which ensures that non-integral terms disappear at = 0.

HY POTHESE To prove the same for non-integral terms corresponding to r — 0O, We use super-
( exponential decay of eigenfunctions Y m(7; p) of the operators Hp, (p). This result is valid
[14] (see also [6]) for all one-dimensional Schrodinger operators with discrete spectra. In
view of the condition a(r) = O(e™), it follows from equation (4.11) that the derivatives

. (r;p) also decay super-exponentially.
Let us proceed from the formula of the first order perturbation theory (known as the

Feynman-Hellman formula)

foR-LLE ; = d(a(r) + p)? © d(a(r) +p)° o .
UriLisée ( )= [ HEBEE e ipirar = [ S i O (402
??UR‘ where 7(r) = rb(r)~". Using that a(r) = O(r'=7) and 7(r) = O(r'~?), we integrate by

)\m Yo (r\: o parts and get
I A (=0 amP) == [ @)+ 53 P) 0 77) + 27 i)
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Now it follows from equation (4.11) that

A (D) = -A,,,,,{p]f (T(r]t!.",f_m(r; p))dr +m"‘/ 'i"_?(T{‘r)ﬂ’i,m(?'; p))dr
0 0

3 /I"Im e (Tw:..m(r; p] )’(7'(T}wiﬁ.rrl('r; P) + QT{T')w:,_m(T; p])d" (413)

By the condition 7(r)y:, (r;p) — 0 as » — 0, the first term in the right-hand side
equals zero. In the second term we integrate by parts which yields

£ r =2 (7 () (s p)) dr = 2-/ r T (r)s (s p)dr

]

1, r; p) e U
In the last integral in the right-hand side of (4.13), we also integrate by parts using
that o (7 p)Unm(r;p)7'(r) = 0 as r — 0. Thus, we have that

because r—27(r)y?

= / - r‘_] (J"lrh;,m {T: IJ])’T;(r}ﬂ}n.m(T; P)d’a" = / T‘{r)'u"T;1m(r; p)zdr
0 1]

+ / £ V(1)U o (75 2) U, (5 p)dr.(4.14)
0

The last integral in the right-hand side equals
a0
—1 2 .-
—2 / U"[:J"'] ';'hn,m (? .p}rf.?‘
0

because v(r)ys | (r;p) — 0 as r — 0. Similarly, we get that
=2 [ el ) T Wil = = [ @Y i)
0
0 25 |
= [P s
0

since 7(r)¢, ., (r; p)* — 0 as r — 0. Putting the results obtained together, we arrive at
representation (4.10). a

Carollary 4.4. If (r) < 0 and rb(r)v/(r) < 4m? for all r > 0, then X, (p) > O for
allp e R and n. If, moreover; one of these inequalilies is sirict on some interval, them:

Amlp) > 0.

Corollary 4.5. If b(r) = byr =%, § € [0,1], then 7(r) = by 'r'*%, v(r) = by (6> — 1)r*?
and

= =

iy ’“{p] = 2El'[I ' r:’ ’f’f':a.m(r: .U);:dl"
0

+bg ' (2m* — 27 (1 — 0)*(1 + 9)) =2t (s p)dr.
0 B ’
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For by > 0, this expression ts strictly positive (so that the functions A, (p) are strictly
increasing for all p € R) for m # 0 since (1 — d6)*(1 +4) < 1. Moreover, for d = 1 this
result s true for allm € Z.

In the case m = 0 we consider for simplicity only fields (1.11).
Proposition 4.6. If b(r) = bor=?, 6 € [0,1], then

X.o(p) = 26516 f o, o (s p)dr
0

—b5'27}(1 — (1 +9) f r=H (g2 (v p) — 92,9(0; ) dr:
0
Ifby >0 and 6 = 1, then X, ;(p) >0 for all p € R.

Proof. Let us proceed again from formula (4.12). We use now that the function v, o(|z|; p)
of z € R? belongs to the Sobolev class Hi .(R?), and therefore 1/, o(r; p) has a finite limit
as r — 0. Thus, by Lemma 4.1 ¥, o(r;p) = O(r' ™) for any £ > 0 as r — 0. These
results allow us to intergrate by parts as in the case m # 0. The only difference is with
the second integral in the right-hand side of (4.14). Now v(r) = b5'(6> — 1)r*~" and
this integral equals

] = ()W o(ri P p)dr = 27 ] " o) dW2(r;p) — V2o (0;7)
(1] 0

— 27 [ ) Wolrsp) — a0
0
because v(r) (¢ o(r;p) — ¥20(0;p)) as T — 0. =

4.2. In this subsection we show that for linear potentials, that is for magnetic fields
not depending on 7, all eigenvalues A, o(p), n € N, of the operator Hy(p) are not monot-
onous functions of p € R. We follow closely the proof of the first part of Proposition 3.6.
However we now use that eigenfunctions of the harmonic oscillator decay faster than
any power of r~! at infinity (actually, they decay super-exponentially).

- HYPOTHESE
HYPOTHESES Proposition 4.7. Assume that for sufficiently large r
( b(r) = by > 0. (4.15)
Then, for all n € N, some v, > 0 and sufficiently large k > 0, we have
Ano(—F) < (20— 1)bp — 7ak~2. (4.16)

Proof. Let ¢ be the same function as in the proof of the first part of Proposition 3.6. We
set pr = by'k, 1 = 2b§,”2k“1 and define the functions {(r; k) and p;(r; k) by formulas
(3.31) and (3.32), respectively. It suffices to check that

(Lo(=k)p(k), p(k)) < 2n— 1 — 7, k72 (4.17)

for sufficiently large k and all normalized functions from subspace (3.16). Let us proceed
from formula (3.35). Since the functions v;(z; k) decay faster than any power of |z| ™"
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Comparing this result with (3.27), we see that, for potentials a(r) = byr,
pﬁm Anm(P) = (2n = 1) < 205(2n — 1 + |m|) = An.m(0).

-0

Together with (4.16), this implies that the functions Ano(p) have negative local minima.
Thus, we get the following

Theorem 4.9. Under the hypotheses of Proposition 4.7 the eigenvalues Ano(p), n €N,
of the operator Hy(p) are not monotonous functions of p € R. Moreover, if (4.15) 1s
satisfied for all T > 0 and a(r) = byr, then the functions A, o(p) lose their monotonicity
Jorp <.

QUESTION/ We do not know how many minima have the functions A, o(p).
The problem of monotonicity of the eigenvalues A, (p) for fields b(r) = bgr—? where
COVERTE (6 € (0,1) remains also open.

4.3. In a somewhat similar situation the break down of monotonicity of group

velocities was exhibited in [7]. In this paper one considers the Schridinger opera-
2

tor H™ = —3%?; . (i% - b:c) with constant magnetic field b > 0, defined on the
semi-plane {(z,y) € R? : £ > 0} with the Neumann boundary condition at = = 0. Let
H™)(p) = —d?/dz* + (bz + p)?, p € R, be the self-adjoint operator in the space LA(R;)
corresponding to the boundary condition %/(0) = 0. Then the operator H®) is unitarily
equivalent under the partial Fourier transform with respect.to y, to the direct integral
J& H™(p)dp. It is shown in (7, Section 4.3] that the lowest eigenvalue g, (p) of H™)(p)
is not monotonous for p < 0. This follows from the inequality y}(0) > 0 proven' in [3]
and the relations

mp(p) = (0) = b. (4.22)

Our proof of non-monotonicity of the functions A, o(p) is essentially different since in
contrast with (4.22) we have lim,,_. o, Anp(p) < An0(0).

5. ASYMPTOTIC TIME EVOLUTION

5.1. Combined with the stationary phase method, the spectral analysis of the op-
erators H = H(a) allows us to find the asymptotics for large ¢ of solutions u(t) =
exp(—2Ht)ug of the time dependent Schrodinger equation. It follows from (1.2) that

exp(—iH(a)t)ug = exp(iH(—a)t)us.
Therefore it suffices to consider the case a(r) — +oc. Moreover, on every subspace 5,,
with a fixed magnetic quantum number m, the problem reduces to the asymptotics of
the function u(t) = exp(—i1H,,t)uy.
Let us proceed from decomposition (2.12). Suppose that Fmug € Ran¥,,,,. Then
(see (2.11))

(quﬂ)(rm p) = Ynm(T, P)I(P) (51)

INote that in [3] and (7] the parameter p is chosen with the opposite sign.
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