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Abstract. Let F; be an arbitrary finite field of characteristic 2 and
k > 2 be an arbitrary integer. We count the number of quadratic forms of
codimension 2 on F « over F, and we give some related results, including
some relations to certain maximal curves over finite fields.

Keywords: quadratic forms over finite fields of characteristic 2, maximal curves over
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1 Introduction

Let ¢ = 2! with ¢t > 1 (a power of 2), k > 2 be an integer and m = |k/2], the
integer part of m/2. For a positive integer ¢, let Fye denote a finite field with
2¢ elements (of characteristic 2). Let Q : F,x — F, be an arbitrary quadratic
form. We assume without loss of generality (see Section 2 below) that there
exist uniquely determined e, €1,...,€6,—1 € Fgr and some €, € Fyx such that
for x € Fy» we have

Q@) =Tr (z (o + 2% + -+ ")) M

Here €, is uniquely determined if k is odd and ¢,, is determined uniquely only
modulo Fym if k is even. Throughout the paper Tr denotes the trace map from
Fgr onto Fy, while Trg_,r, denotes the trace map from F, onto Fs.

In this paper we count the number of quadratic forms on F » over I, of
codimension 2. We also count the subset of them with the invariant A(Q) = 1.
Our results depend on the function S(e) we introduce in Definition 1 below. We
also give some related results on the maximal curves of the form

X yq—l—y:x(eox—&—elxq—i—---—l—emmqm).

Our results generalize some of the results of Fitzgerald in [3].
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2 Background

In this section we recall basic definitions and some facts that we use in this
paper. A quadratic form on I over F, is a map such that

- Q(az) = a?Q(z) for all @ € Fy and = € Fx, and
— The related map B(x,y) on Fyx x Fyr defined by

B(z,y) = Q(x +y) + Qx) + Qy)
is a bilinear map over IF,.
The radical W of @ is an Fg-linear subspace of Fx given by
W={z€Fu:B(xy)=0foralyecFu}.

Let w be the F,-dimension of W. Its codimension k — w is always even. By
codimension of () we mean the difference k — w.

There is another invariant A(Q) of @, which is an integer in the set {—1,0,1}.
In fact if w = 0, then @ is called non-degenerate and A(Q) is the Arf invariant
of @ [1], which is in the subset {—1,1}. Let N(Q) denote the cardinality

N(Q) = |{z €Fpr : Q(z) = 0}.
The invariant A(Q) maybe defined as the integer satisfying
N(@Q) =d" +AQ)g—1)g = (2)

(see, for example, [5, Section 6.2]).
The following is a useful characterization of quadratic forms, which allows us
to make the assumption on @ in the beginning of Section 1.

Theorem 1 (see [2]). Let Q : F . — F, be a quadratic form and m = [k/2].

There exist €g, €1, ..., €n € Fye such that
00 (e s et ™)) 0
Moreover €q, €1, . .., €y are uniquely determined, except when k is even in which

case €, s only unique modulo Fym .

If the codimension of the radical is 2, then we have further information on
Q.

Theorem 2 (see [2]). Let eg, €1, ..., €y be the coefficients corresponding to Q
as in (8). Then we have w = k — 2 if and only if there exist a,b € Fx such that
the set {a, b} is linearly independent over Fy and for 0 < i < |(k—1)/2] we have

e =alb+ab?, (4)
and if k is even, then furthermore
€m — ab?" € Fym. (5)

Moreover we have the following:
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— If A(Q) =1, then ey = ab.
— If A(Q) = —1, then there exists s € Fy such that Tr_jr,(s) =1 and

€0 = a® + ab + sb>.

— If A(Q) = 0, then there exists ¢ € Fyr such that the set {a,b, c} is linearly
independent over F, and

€0 = & + ab.
The following result will be used in a proof below.

Lemma 1. Let F be a finite field of characteristic 2. Let x,y € F and t be a
positive integer. We put

u=x4+y and v=uzxy.
Then the following holds:

t t t tq_ tiq_o2 2 ot 1_o93 t—1 ot 1_ot
g2 L2 2 +1+[,Uu2 -2y 2 904127 | 9% otp1® 9ttt 9t 2]'

3 Main Results

In this section we present our main results. First we give an “if and only if”
characterization of quadratic forms of codimension 2. The following theorem
will be useful in our counting results.

Theorem 3. Q has a codimension 2 radical if and only if there exists a nonzero
v E ]F;k such that each of the following holds:

i) €1 # 0, and we have
v = ab and % =al !t 407
for some a,b € F .
i) vieg = e‘lﬁ'l <1 + § (Uq+1€1_2)21> .
it1) For all 3 <i < L%Zloj, we have

i—2

qi—2
_ (a1 —1\4
€ = (61 ) €02+ (6261 ) €1

w) If k = 2m then (em —aqu) € Fym, where a,b are the elements in F»
satisfying 1).
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Proof. (=) Assume that @ has a codimension 2 radical, then using Theorem 2 we
know that there exist a,b € F x such that the set {a, b} is linearly independent
over F, and (4) holds. Set w = a?%7! + 97! and v = ab. As a,b are linearly
independent over IF,, we have u # 0. Then we obtain that ¢; = a%b+ ab? = uv #
0, and hence item i) holds.

We know that

€3 = a®’b + ab®

= ab ((a* )" 4 (1)), (6)

Then using Lemma 1 and (6) we get that

t—1 X
vley = €f ! (1 + 3 ()’ ) , (7)
=0

which shows item ii).
Now consider the equation

alb ab? patt
O—<y+> (y+)—y2+y+ . (8)
€1 €1 €]
Using (8), its square, its 4-th power, ..., and its ¢/2-th power we obtain that
2 vt
Yy +y=-—,

€1

vt 2
y4+y2—( 5 > 7

€

1

. o/ i+l q/2
yi+y = D) .

€1

Summing the equations in (9) we get that

t—1 21

vq+1

yq+y=z<€%> : (10)
=0

Combining (7) and (10), we get that

vleq
yi+y=1+—7. (11)
€1
ap gbd ap
We know that the set of solutions of (8) is {a, a}. Now we first put 20
€1 € €1
(11). Then we have
2
a? b?  a%b vley
i -z 12
Tt el (12)
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which implies that

2
_ q—1 -1
al =€l "a+aleze] . (13)

q

b
Similarly putting Y in (11) we obtain that
€1

b = ed7lh + bleger L. (14)

Now using (13) and (14) together with (4) we see that item iii) holds. Finally
item iv) follows from (5).
(<) Now suppose that items i),ii),iii) and iv) hold. Let a,b € Fx satisfying

v = ab and %1 =q9 " 427 (15)

Then we see that a and b are linearly independent over F, as v € ]FZ,c shows
a# 0 and b # 0, while €; # 0 shows a9~ # b971, that is, a/b ¢ Fy.
Using (15) we obtain that

e =ab(a? ' +b77") = a%b+ ab’. (16)
Now putting v = ab in item iii) and using (16), we obtain that
2 2
ea =a? b+ ab? . (17)
Using (16) and (17) together with item iii), for 3 <i < | %] we get that
¢ =a’b+ab? . (18)

Finally using Theorem 2, the linear independence of a and b, (18) and item iv)
we get that @ has a codimension 2 radical.

The following definition is crucial.

Definition 1. For € € F},, let S(¢) be the number of v € ¥}, such that there
exist a,b € Fyrx satisfying

v = ab and A a9t 4 pat,
v

If ¢ = 2, then S(€) reduces to the number of v € Fyr such that there exist
a,b € Fyi satisfying

Uzabandfza+b.
v

This condition is equivalent to the condition that a and b are the roots of the
equation

€
y2+;y+v:0.
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Using Hilbert’s Theorem 90 and a result of Klapper [4], Fitzgerald computed
S(e€) exactly in [3, Lemma 2.2].

For general I, of characteristic 2, it seems more difficult to compute S(¢)
exactly. Using some computer experiments we currently can only conjecture
that for € € F;k it holds that

k
q —dq . .
—_ if £ is odd,
2(¢—1)
k _ —_1)™(g -1 m+1 _ ) .
S(e) = il )2(2] 1))q q’ if k=2m and € € IFq,(ch),
k m m
+ (-1 -1 - . *
g ( g(q(q D )a q, if k=2m and € ¢ Fq,(le).

This conjecture is true when ¢ = 2 (see [3]) and, for example,

(¢, k) € {(4,5)(4,6)(4,7),(8,5)(8,06)},

that we verified by a computer.
Now we determine the number of quadratic forms of codimension 2.

Theorem 4. The number of quadratic forms of codimension 2 on Fx over F,
18

S(e)
Y glq+1)/2

EG]F:;k

Proof. We know that ¢y € F ». So there are q"* choices for €. Now for any fixed

S
e = €1 € F*,, we will show that there are ﬂ choices for e5. For each
a . alg+1)/2
v E IFZk satisfying v = ab and L= a4 ! for some a,b € Fgr, we get an
v

e2(v) = a® b+ ab? .
Let v, a, b and e3(v) be one choice. Now for any «, 5 € F, we set

ad=a+pBaa+b) bV =aa+b and v =d'V. (19)
Using (19) we obtain that
’UI ((a/)q—l + (b/)q—l) _ a/b/ ((a/)q—l + (b/)q—l)
= (a+ B(aa + b))? (aa + b) + (a + B(aa + b)) (ca + b)?
=a%b+ ab? = €,
which gives
€1

9 = (@)t @y
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Furthermore using (19) we have
(a’)QQb’ + a'(b’)""2 =aTb+ab? = ea(v),

which shows that all the choices in (19) give the same €.

Here we note that using item ii) of Theorem 3 there are at most g(g+1)/2 v’s
giving the same e5. Now we will show that there are exactly ¢(g+ 1)/2 different
v’s giving the same €3 in (19). Let aq, 1, s, B2 € Fy and for ¢ € {1,2}

a; =a+ Gi(aa+b) b, =a;a+b. (20)
Then if a1b; = azby we have
(a+ f1(ana + b)) (acna +b) = (a + f2(a2a + b)) (aea + b)
which implies that
(1 =02 and (oq = @9 O O] = Qg + ﬁl_l) . (21)

Therefore using (21) we see that there are ¢ + (¢ — 1)q/2 = (¢ + 1)q/2 different
v’s giving the same es.

We count also the number of quadratic forms @ of codimension 2 having
invariant A(Q) = 1.

Corollary 1. The number of quadratic forms Q of codimension 2 on F g with

AQ)=1is

> S(e).

eE]F;k

Proof. We fix e = ¢; € F(’;k. By the proof of Theorem 4, the number of possible

S(e)

a(¢+1)/2°
the set of possible values of v (whose cardinality is S(e1)) and the set of possible

choices of €3. Also A(Q) = 1 if and only if ¢g = v by Theorem 2. Therefore the
number we are counting is

choices for €s is Moreover there is a q(q + 1)/2-to-1 map between

q(qg+1) S(e1)
2 qlg+1)/2°

€1 E]F;k

4 Relations to Certain Maximal Curves
In this section we give some related results to maximal curves of the form

X: yq+y=$(€ox+e1xq+--~+equm). (22)



386

Assume that @ is of codimension 2 and k > 6. Let ¢ be the integer
¢ =max{0 <i<m:e¢ #0}.

By Theorem 3 we have that €; # 0 and hence ¢ > 1, x is algebraically closed
over IF » and its genus is

(q— 1)qe.

9= 9

Next we show that £ € {m — 1, m} using Hasse-Weil bound [6, Theorem
5.2.3].

Proposition 1. Assume that Q is a quadratic form on F» over Fy of codimen-
sion 2 and k > 6. Let Q be as in (1) without loss of generality. Then €,—1 # 0
or €m # 0.

Proof. Assume the contrary and hence for the genus g of the curve y in (22) we
have

(q—1)gm2
< -
9= 2

By choosing ey appropriately we can assume that A(Q) = 1 without loss of
generality. Using Hilbert Theorem 90 and (2), for the number #x of F « rational
points of x we obtain that

#X=14+qgN(@Q) =1+¢" +(¢—1)¢" " (23)
Moreover by Hasse-Weil inequality we have
#x < 14q" +29¢"% =14 ¢ + (¢ — 1)gm /272 (24)
Comparing (23) and (24) we get that
k—1<m-+k/2—-2.
which is a contradiction.

Assume further that k£ > 6 and @ is a quadratic form of codimension 2 on
Fq* over F,. Using Theorem 3 we choose and fix €1,a,b € F;k. Furthermore
we determine the other coefficients €, ..., €,-1 € Fgr uniquely and €, € Fg
uniquely if £ is odd and uniquely modulo Fy= if k is even following Theorem 3.
If k is even and ab?” € Fym we put €, = 0 without loss of generality. Let x be
the curve in (22) with these coefficients.

Proposition 2. Under the notation and assumptions as above, x is mazximal if
and only if each of the following items hold:

i) k is even,
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i) A(Q) =1,

iii) ab?" € Fym.

Note that Corollary 1 is useful for counting such quadratic forms satisfying
items i) and ii) of Proposition 2. However to determine how many of them also
satisfy item iii) of Proposition 2 seems to be difficult (see also [3, Section 3]).
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