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Some codes correcting single symmetric errors of
limited magnitude

Torleiv Kløve, Jinquan Luo, and Somaye Yari

Department of Informatics, University of Bergen, Norway.
{Torleiv.Klove,Jinquan.Luo,Somaye.Yari}@ii.uib.no

Abstract. An error model with symmetric errors of limited magnitude
is considered. Limited magnitude means that the size of any error is
limited by a number smaller (usually much smaller) than the alphabet
size. Several constructions of codes correcting single error are given. In
some cases, the codes are perfect or quasi-perfect.
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1 Introduction

In the symmetric error model, a symbol a over the alphabet

Zq = {0, 1, . . . , q − 1}

may be modified during transmission into another symbol b ∈ Zq. For some
applications, the error magnitude |b−a| is not likely to exceed a certain threshold
λ. A model for an asymmetric channel with limited errors was introduced in [1].
A modified model, where wrap-around error are also possible, was considered in
[2] and [5]. For this model, a can be changed to (a+e) (mod q), where 0 ≤ e ≤ λ
(asymmetric errors) or 0 ≤ |e| ≤ λ (symmetric errors). In [5] and [6], classes of
systematic codes correcting single asymmetric errors on this channel are given.
The constructions are based on B[λ](q) sets. In [3] codes for correcting limited
magnitude errors, symmetric and asymmetric, are studied.

In this paper, we consider construction of codes correcting single symmetric
limited error. The construction is based on the analogue of B[λ](q) sets which
we call C[λ](q) sets. We first give the definition of C[λ](q) sets and the code
construction. Then we give several classes of C[λ](q) sets.

2 C[λ](q) sets and the code construction

For integers a, b, where a ≤ b, we let

[a, b] = {a, a + 1, a + 2, . . . , b}.
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For an integer b ∈ [1, q − 1], let

Ψ(b) = {ab mod q | a ∈ [−λ,−1] ∪ [1, λ]}. (1)

A C[λ](q) set of size m is a set of m distinct integers b0, b1, . . . , bm−1 ∈ [1, q−1]
such that all the sets Ψ(bj), j = 0, 1, . . . ,m − 1 have 2λ nonzero elements, and
they are disjoint.

In particular, it is necessary to have

q − 1 ≥

∣

∣

∣

∣

m−1
⋃

j=0

Ψ(bj)

∣

∣

∣

∣

= 2λm.

If
⋃m−1

j=0 Ψ(bj) = [1, q−1], then we say that the C[λ](q) set is perfect. A necessary
condition for a perfect C[λ](q) set to exist is of course that q ≡ 1 (mod 2λ).

In general, m ≤ (q − 1)/(2λ) and so m ≤ ⌊(q − 1)/(2λ)⌋. If q 6≡ 1 (mod 2λ),
then we call a C[λ](q) set of maximal size ⌊(q − 1)/(2λ)⌋ quasi-perfect.

A B[λ](q) set is defined similarly, except that a in (1) is restricted to a ∈ [1, λ].
In [5] it was shown that we can get a code correcting a single limited magni-

tude symmetric error based on a C[λ](q) set as follows: let

B = {bi | 0 ≤ i ≤ m − 1}

be a C[λ](q) set. Let H be the r × n parity check matrix whose columns are
all possible vectors over Zr

q with the first non-zero element in B and let C be

the null space of HT . Then this code can correct a single symmetric error of
magnitude at most λ.

The goal of this paper is to give new constructions of C[λ](q) sets, some of
them are modifications of the constructions of B[λ](q) sets given in [5] and [6].

Stein et al. [4], [7], [8] studied C[λ](q) sets, which they called packings of
crosses in Zq. In particular, [7] considers perfect C[λ](q) sets, and it is mainly
shown that perfect sets do not exist in some cases. But also some existence
results are given. In our notations, [4] and [8] consider asymptotic expressions
when l → ∞ for the smallest q such that there exists a C[λ](q) set of size m.

3 On perfect C[λ](p) sets for primes p

Stein [7] showed (Corollary 5.3) that if q is a prime, then a perfect C[2](q) set
exists if and only if 4 divides the order of 2 modulo q. Here, we will consider
explicit constructions of perfect C[λ](q) sets for general λ.

For an odd prime p, a primitive root g modulo p, and an integer a not divisible
by p, there exists a unique integer ι ∈ [0, p − 2] such that gι ≡ a (mod p). It is
known as the index of a relative to the base g, and it is denoted by indg(a). In
particular, indg(−1) = (p − 1)/2. Let

µ = µλ,p = gcd (indg(−1), indg(2), indg(3), . . . , indg(λ)) .
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We see that µ divides indg(−1) + indg(i) ≡ indg(−i) (mod p − 1) for i ∈ [1, λ].
Thus the set

H = {giµ mod p | i ≥ 0}

is the multiplicative subgroup of Z∗
p generated by the integers −1, 2, 3, . . . , λ.

The size of H is n = (p − 1)/µ. In particular, µ does not depend on g.

Theorem 1. Let λ ≥ 2 and let p > λ be a prime. If a perfect C[λ](p) set exists,
then 2λ divides (p − 1)/µ, that is

p ≡ 1 (mod 2µλ).

Proof. Let S be a perfect C[λ](q) set. We decompose Z∗
p into the µ cosets of

H. For any coset aH and any x ∈ aH, we have ix mod p ∈ aH for i ∈
[1, λ] ∪ [−λ,−1]. Therefore |S ∩ aH| ≤ ⌊n/(2λ)⌋. In total we get

p − 1

2λ
= |S| ≤

⌊ n

2λ

⌋

µ =
⌊ n

2λ

⌋

·
p − 1

n
≤

n

2λ
·
p − 1

n
=

p − 1

2λ

which implies that 2λ divides n. ⊓⊔

Theorem 2. Let λ ≥ 2. Let p be a prime such that p ≡ 1 (mod 2µλ), where
µ = µλ,p. Let g be a primitive root modulo p. If

{

indg(j)

µ
mod λ | j ∈ [1, λ]

}

= [0, λ − 1],

and ν is a positive integer such that ν|µ and gcd(µ/ν, λ) = 1, then

X =

{

gνλi+j mod p | i ∈

[

0,
p − 1

2νλ
− 1

]

, j ∈ [0, ν − 1]

}

is a perfect C[λ](p) set.

Proof. First we note that since

indg(j)

ν
=

µ

ν
·
indg(j)

µ

and gcd(µ/ν, λ) = 1, we get

{

indg(j)

ν
mod λ | j ∈ [1, λ]

}

= [0, λ − 1]. (2)

Clearly, rgνλi+j 6≡ 0 (mod p) for any r ∈ [1, λ]. Suppose that

rgνλi+j ≡ sgνλi′+j′

(mod p)

where r, s ∈ [−λ,−1] ∪ [1, λ], i, i′ ∈
[

0, p−1
2νλ − 1

]

, and j, j′ ∈ [0, ν − 1]. Then

indg(r) + νλi + j ≡ indg(s) + νλi′ + j′ (mod p − 1). (3)
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Modulo ν we get
j ≡ j′ (mod ν)

which implies that j = j′ since j, j′ ∈ [0, ν − 1]. Therefore, from (3) we obtain

indg(r) ≡ indg(s) (mod νλ)

and so
indg(r)

ν
mod λ =

indg(s)

ν
mod λ.

Combined with (2), this implies that r = s or r = −s.
If r = s, (3) implies that i ≡ i′ (mod p−1

νλ ) and so i = i′. Otherwise r = −s 6=
0. Therefore

νλi ≡
p − 1

2
+ νλi′ (mod p − 1)

which implies p−1
2 | νλ(i− i′). Since 0 < |i− i′| ≤ p−1

2νλ − 1 and 0 < |νλ(i− i′)| <
p−1
2 , then we have i = i′ which is a contradiction. ⊓⊔

Example 1. Let λ = 3 and p = 37. Then g = 2 is a primitive root and µ = 1.
Hence B = {23i mod 37 | 0 ≤ i ≤ 5} is a C[3](37) set.

4 A construction of C[λ](q) sets

For λ ≥ 2, let
Πλ = {p | p is a prime and p ≤ λ},

and
Pλ =

∏

p∈Πλ

p.

Theorem 3. If µ = νPλ + 1 or µ = νPλ − 1, and q = (2λ + 1)µ, then the set

C = {(2λ + 1)i + 1 | i ∈ [0, µ − 1]}

is a C[λ](q) set.

Proof. Let µ = νPλ + ω, where ω ∈ {1,−1}. Suppose that

r((2λ + 1)i + 1) ≡ s((2λ + 1)j + 1) (mod (2λ + 1)µ), (4)

where r, s ∈ [−λ, λ], (r, s) 6= (0, 0). Then

r ≡ s (mod 2λ + 1)

and so r = s 6= 0. Then (4) implies that

ri ≡ rj (mod µ).

Since gcd(r, µ) = 1, we get
i ≡ j (mod µ)

which implies that i = j. ⊓⊔
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5 On maximal C[2](p) sets

Define N2(q) to be the maximal size of a C[2](q) set. In this section, we will
construct maximal size C[2](q) sets for all q and determine N2(q) meanwhile.
Denote by

Z∗
q = {a | (a, q) = 1, 1 ≤ a ≤ q − 1}.

We have the following disjoint union decomposition.

Zq = {0}
⋃

d>1,d|q

Zq(d) with Zq(d) = {aq/d | a ∈ Z∗
d}. (5)

5.1 The case q is odd

In this subsection we assume that q is odd. Let d be any divisor of q. Then
d is odd and let ordd(2) be the order of 2 in Z∗

d, that is,

ordd(2) = min{n| 2n ≡ 1 (mod d), n > 0}.

For any positive integer n, the 2-adic exponent valuation of n, denoted by
v2(n), is the exact power of 2 dividing n, that is, n = 2v2(n)n′ with n′ odd.
Suppose q has the prime factorization q =

∏t
i=0 qi where

qi =

ri
∏

j=1

p
ei,j

i,j (6)

such that pi,j are distinct primes, ei,j ≥ 1, and v2(ordpi,j
(2)) = i for 1 ≤ j ≤ ri.

In [6] we showed the following result.

Lemma 1. (i) For odd d = pe1

1 pe2

2 · · · pes
s , with pi distinct odd primes, we have

ordd(2) = lcm(ordp
e1

1

(2), ordp
e2

2

(2), · · · , ordpes
s

(2)).

In particular, v2(ordd(2)) = i if and only if max
1≤j≤s

v2(ord
p

ej

j

(2)) = i.

(ii) For any odd prime p, suppose 2ordp(2) = 1 + pupsp with p ∤ sp. Then

ordpk(2) =

{

ordp(2), if k ≤ up

pk−up ordp(2), if k > up.

For an odd integer d, define 〈2〉d to be the cyclic subgroup of Z∗
d generated

by 2. In order to construct maximal size C[2](q) sets, we need to determine if
−1 ∈ 〈2〉d or not for each d with d|q. The following result provides an easy
criterion.

Lemma 2. Suppose that d =
n
∏

i=1

pei

i is odd, where p1, p2, . . . , pn are distinct

primes, and ei ≥ 1 for 1 ≤ i ≤ n. Then −1 ∈ 〈2〉d if and only if

v2(ordp1
(2)) = v2(ordp2

(2)) = · · · = v2(ordpn
(2)) ≥ 1.
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Proof. If −1 ∈ 〈2〉d, then 2h ≡ −1 (mod d) for some h which implies 2h ≡
−1 (mod pi) and 22h ≡ 1 (mod pi). Hence ordpi

(2) | 2h. Also, ordpi
(2) ∤ h

(otherwise 2h ≡ 1 (mod pi)). Therefore v2(ordpi
(2)) = v2(2h) = 1 + v2(h) ≥ 1

which is independent of i.
On the other hand, if

t := v2(ordp1
(2)) = v2(ordp2

(2)) = · · · = v2(ordpn
(2)) ≥ 1,

then we have t = v2(ordp
ei
i

(2)) for 1 ≤ i ≤ n by Lemma 1 (ii) and t =

v2(ordd(2)) by Lemma 1 (i). Since the multiplicative group Z∗
p

ei
i

is cyclic, we

have 2
ord

p
ei
i

(2)
/

2
≡ −1 (mod pei

i ) which implies that

2ordd(2)/2 =
(

2
ord

p
ei
i

(2)
/

2
)ordd(2)/ord

p
ei
i

(2)

≡ (−1)
ordd(2)/ ord

p
ei
i

(2)
= −1 (mod pei

i ).

By the Chinese Remainder Theorem, it follows that 2ordd(2)/2 ≡ −1 (mod d).
⊓⊔

Now we can present the main result of this subsection (the proof is not
included in this abstract).

Theorem 4. For q odd, we have

N2(q) =
q − 1

4
−

1

4





∑

d|q0

ϕ(d)

ordd(2)
+ 2

∑

d|q1

ϕ(d)

ordd(2)





where q0 is defined in (6).

Corollary 1. A C[2](q) perfect set exists if and only if v2(ordp(2)) ≥ 2 for any
prime p dividing q.

5.2 The case q is even

In the following we consider the case when q is even. For the case q ≡ 2
(mod 4), an easy observation shows the following result.

Theorem 5. The set S = {1, 3, · · · , 2m − 1} is a C[2](4m + 2)-set and

N2(4m + 2) = m.

For the case 4 | q, we have a similar result as [5, Theorem 5].

Theorem 6. For m > 1, we have N2(4m) = ⌊m
2 ⌋ + N2(m).

Proof. (Sketch) Let Sm be a C[2](m) set of size N2(m) and

Tm = {1, 3, · · · , 2 · ⌊m/2⌋ − 1}.
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We claim that the set
Tm

⋃

{4c | c ∈ Sm}

is a C[2](4m) set of size ⌊m/2⌋ + N2(m).
First we have N2(4m) ≥ ⌊m

2 ⌋ + N2(m). Next, let S be a C[2](4m) set and c
be an element of S such that c ≡ 2 (mod 4). Then there exists a unique d ∈ Tm

such that 2d ≡ c (mod 4m) or −2d ≡ c (mod 4m) (but not both). Replacing
c by d, we get a new C[2](4m) set. Repeating this procedure, we can get a
C[2](4m)-set S′ without elements congruent to 2 modulo 4. It is easy to verify
that the set

{c/4 | c ∈ S′\Tm}

is a C[2](m) set. Hence N2(4m) ≤ ⌊m
2 ⌋ + N2(m) and the result follows. ⊓⊔

Combining Theorems 4, 5, and 6, we have a satisfactory answer on construc-
tion of maximal size C[2](q) sets for all q.

6 On quasi-perfect C[λ](λp) sets for primes p

An example of a construction of a quasi-perfect set is given by the following
theorem.

Theorem 7. Let p ≡ 3 (mod 4) be a prime and a ≡ 1 (mod λ) be a positive
integer. If

(i) ordp(a) = p−1
2 ,

(ii) for any i, 1 ≤ i < λ/2, i(λ − i) is quadratic residue mod p,

then the set
{

ai | 0 ≤ i < (p − 1)/2
}

is a quasi-perfect C[λ](λp) set.

Proof. Suppose
rau ≡ sav (mod λp) (7)

for some r, s ∈ [−λ, λ], (r, s) 6= (0, 0) and u, v ∈ [0, (p − 1)/2 − 1]. Without loss
of generality, we may assume that r ≥ s and r ≥ 0. From (7) we get

r ≡ s (mod λ)

which implies r = s, (r, s) = (λ,−λ), or r = s + λ.
Case I: r = s 6= 0. In this case (7) gives us

au ≡ av (mod p)

which implies u = v since ordp(a) = (p − 1)/2 and u, v ∈ [0, (p − 1)/2 − 1].
Case II: (r, s) = (λ,−λ). In this case we have

av−u ≡ −1 (mod p)
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which implies that −1 is a quadratic residue. This is impossible since p ≡ 3
(mod 4).
Case III: (r, s) = (λ, 0). In this case we have

au ≡ 0 (mod p)

which is impossible. The case (r, s) = (0,−λ) is similar.
Case IV: r = s + λ with s = −σ, where σ, r ∈ [1, λ − 1]. Then

(λ − σ) ≡ −av−uσ (mod p)

which leads to a contradiction since σ(λ − σ) is a quadratic residue and −av−u

is quadratic non-residue.

The condition (ii) and the quadratic reciprocity law give necessary congru-
ences for p. These can be combined with the condition p ≡ 3 (mod 4). Numeri-
cal result indicates that if these conditions are satisfied, then we can always find
a ≡ 1 (mod λ) satisfying (i).

For λ = 3, 4, 5 we get the following results:

• If λ = 3 we must have p ≡ 7 (mod 8). In particular, C[3](3p) sets exist for
the primes p = 7, 23, 31, 47, 71, 79, 103, 127.

• If λ = 4 we must have p ≡ 11 (mod 12). In particular, C[4](4p) sets exist
for the primes p = 11, 23, 47, 59, 71, 83.

• If λ = 5 we must have p ≡ 19, 23 (mod 24). In particular, C[5](5p) sets exist
for the primes p = 19, 23, 43, 47, 67, 71.

7 Minimal q for which there exists a C[λ](q) set of size 2

Theorem 8. The minimal q for which a C[λ](q) set of size 2 exists is

q = (λ + 1)2 + 1 .

Proof. If {a, b} is a C1[λ](q) set, then for all x, y ∈ [0, λ], the positive residues

ax + by (mod q)

are different. Indeed, if

ax + by ≡ ax′ + by′ (mod q)

for x, y, x′, y′ ∈ [0, λ] with (x, y) 6= (x′, y′), then

a(x − x′) ≡ b(y′ − y) (mod q)

with x− x′, y′ − y ∈ [−λ, λ] and (x− x′, y′ − y) 6= (0, 0). Since there are (λ + 1)2

distinct choices for x, y ∈ [0, λ], we have q ≥ (λ + 1)2.
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If q = (λ + 1)2 and {a, b} is a C[λ](q) set. Then

{ax + by (mod q) |x, y ∈ [0, λ]} = [0, q − 1].

In particular,

gcd(a, b, (λ + 1)2) = 1. (8)

Hence there exist x, y ∈ [0, λ] such that

(λ + 1)a ≡ ax + by (mod (λ + 1)2).

If x > 0, then (λ + 1 − x)a = yb (mod (λ + 1)2) with λ + 1 − x, y ∈ [−λ, λ] and
λ + 1 − x 6= 0 which is a contradiction. Therefore, x = 0 which implies that

(λ + 1)a ≡ by (mod (λ + 1)2). (9)

Similarly, there exists an x ∈ [0, λ] such that

(λ + 1)b ≡ ax (mod (λ + 1)2). (10)

By (9) and (10) we have

axy ≡ b(λ + 1)y ≡ a(λ + 1)2 ≡ 0 (mod (λ + 1)2)

which implies that
(λ + 1)2

gcd(a, (λ + 1)2)
| xy.

In the same way, we have

(λ + 1)2

gcd(b, (λ + 1)2)
| xy.

From (8) we conclude that (λ + 1)2 | xy. Since x, y ∈ [0, λ], this implies that
xy = 0. Hence x = 0 or y = 0. If x = 0, then from (10) we obtain (λ + 1)|b.
Therefore

λ · b ≡ (−1) · b (mod (λ + 1)2)

which leads to a contradiction. Similarly, y = 0 also leads to a contradiction.
As a consequence, for q = (λ + 1)2, C[λ](q) sets of size 2 do not exist.

Therefore, we must have q ≥ (λ + 1)2 + 1. For q = (λ + 1)2 + 1, it is easy to see
that {1, λ + 1} is a C[λ](q) set:

{x · 1 | 1 ≤ |x| ≤ λ} ∪ {x · (λ + 1) | 1 ≤ |x| ≤ λ}

= [1, λ] ∪ [λ2 + λ + 2, λ2 + 2λ + 1]

∪ {λ + 1, 2λ + 2, . . . , λ2 + λ} ∪ {λ + 2, 2λ + 3, . . . , λ2 + λ + 1}.

⊓⊔
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