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Abstract. For any affine-variety code we show how to construct an ideal
whose solutions correspond to codewords with any assigned weight. We
use our ideal and a geometric characterization to determine the number
of small-weight codewords for some families of Hermitian codes over any
F4. In particular, we determine the number of minimum-weight code-
words for all Hermitian codes with d < ¢. For such codes we also count
some other small-weight codewords.
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Hermitian code.

1 Preliminary results

Let F; be a finite field. Let & > 1. For any ideal I in a polynomial ring
Fo[X], where X = {z1,..., 24}, we denote by V(I) C (Fq)* its variety. For
any Z C (F,)* we denote by Z(Z) C F,[X] the vanishing ideal of Z.

Let g1,...,9s € Fg[X], we denote by I = (g1,...,9s) the ideal generated by
the g;’s. Let {z{ —z1,..., 2] —xx} C I. Then I is zero-dimensional and radical.
Let V(I) = {P1, P»,..., P,}. We have an isomorphism of F, vector spaces (an
evaluation map):

¢: R=TFy[w1,...,2]/] — (Fg)" (1)
f — (f(P1), -, f(P)
Let L C R be an I, vector subspace of R with dimension 7.

Definition 1. The affine—variety code C(I,L) is the image ¢(L) and the
affine—variety code C+(I, L) is its dual code.

Our definition is slightly different with respect to that in [1]. Let L be linearly
generated by bq,...,b,. then the matrix

b1(Pr) bi(P) ... b1(Py)
H= : oo
b (P1) bp(Pa) ... b(Pp)
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is a generator matrix for C(I, L) and a parity—check matrix for C+(I, L). Let
ze (Fy)", z2=(%1,...,%2n). Then

zeC(I,L)" < HZ" =0 < > zb(P)=0 j=1,....,r (2

i=1

Proposition 1. Let 1 <w <n.

Let Jy, be the ideal in Fgx11,. - T1 ks s T 1y - - Taky 215 - - - 2] generated by
> zbi(P) j=1,...,r (3)
i=1
gn(Tin,...xip) t=1,...,wandh=1,...,s (4)
7M1 =1, (5)

I (s —w)™ 1) 1<j<i<u. (6)

1<i<k

Then any solution of J,, corresponds to a codeword of C*+(I,L) with weight w.
Moreover,

w!

Proof. Let o be a permutation, o € S,. It induces a permutation & acting
OVer {11, ., Tl kye vy T ly o Loy 215+ - - 2w} 88 O(T41) = Ta(i), and 6(z;) =
Zs(i)- It is easy to show that .J,, is invariant w.r.t. any &, since each of (3), (4),
(5) and (6) is so.

Let Q = (11, -T1 k-1 Tw,1s - Taw ks Z1y - - - 2w) € V(Jw). We can associate
a codeword to @ in the following way. For each i = 1,...,w, Py, = (Ti1,...Ti k)
is in V(I), by (4). We can assume 71 < ro < ... < 7, via a permutation

& if necessary. Note that (6) ensures that for each (i, ), with ¢ # j, we have
P,, # P,,, since there is a [ such that z;; # x;;. Since 47t =1(5), 7 € F,\{0}.
Let c € (F,)™ be

¢=1(0,...,0,%1,0,...,0,%;,0,...,0,Z,,0,...,0).
7 1 )

P Py,

i Proy,

1

We have that ¢ € C+(I, L), since (3) is equal to (2).

Reversing the previous argument, we can associate to any codeword, a solution of
Jy. By invariance of J,,, we actually have w! distinct solutions for any codeword.
So, to get the number of codewords of weight w, we divide |V(Jy)| by w!.

For more recent results on affine-variety codes see [2,6,4].

2 Hermitian Codes

Hermitian codes are interesting affine—variety codes. They can be defined as
follows. Let g be a power of a prime, the Hermitian curve H is the curve defined



275

over g2 by the affine equation

w1 =y + g (7)
This curve has genus g = @ and has n = ¢3 rational affine points, denoted
by Pi,...,P,. For any « € F 2, the equation (7) has exactly ¢ distinct solutions
in F,2. The curve has also one point at infinity P., so it has ¢* 4+ 1 rational
points over Fg2.

Lemma 1. Let L be any vertical line {x = t}, with t € Fp2. Then L intersects
H in q affine points.

Proof. For any t € Fg2, the equation y?+y = t7+1 has exactly ¢ distinct solutions,
since t1t! € F, and the trace is linear.

Lemma 2. In the affine plane (qu)z, the total number of non-vertical line is
q*. Of these, (¢* — ¢®) intersect the Hermitian curve in (¢+ 1) points and ¢> are
tangent to 'H, i.e. they intersect H in one point.

Proof. Let £ any non-vertical line, £ = {y = ax + b}. We have ¢* choice for
both a and b, so the total number is ¢*. Then

HNL={(z,ax+b) | a?2? +b! + ax + b = 27T},
Let ¢ = a?t! 4 b7 + b. We have two distinct cases:
— ¢ =0. Then a%29 + b? + azx + b = 97! becomes alz? — a9t + ax = 2971,
which gives x = a?, that is, £ is tangent.
— ¢ #0. Then a%29 + b9 + ax +b = 29! becomes 297! — a2 +a?t! —azx = ¢,
which gives (z — a?)9™ = ¢. Since ¢ = (a4 for 1 < r < ¢ — 1, we have
z =a?+ oD for any 0 <i < q.
The number of pairs (a, b) satisfying ¢ = 0 is ¢° and so the others are (¢* — ¢%).

Let I = (y?+y— 2t 2 — gyt — y) C Fpelz,y] and let R = Fp[z,y]/1.
We take L C R generated by
Brg={z"y"+1|gr+(qg+1)s<m, 0<s<qg-—1, 0<r<g¢g®—1},
where m is an integer 0 < m < ¢3 4 ¢* — ¢ — 2. For simplicity, we also write
x"y® for 2"y* + I. We consider the evaluation map (1) ¢ : R — (F,2)". We have
the following affine-variety codes C(I, L) = Spang , (¢(By,,q)) and we denote by

C(m,q) = (C(I, L))" its dual. Then the affine-variety code C(m, q) is called the
Hermitian code with parity-check matrix H

fi(P) - fi(P)

H= where f; € By, 4 (8)

fi(Py) .. fi(Pn)
The Hermitian codes can be divided in four phases ([3]), any having specific
explicit formulae linking their dimension and their distance, as in Table 1.

In the remainder of this paper we focus on the first phase. This case can be
characterised by the condition d < gq.
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Table 1. The four phases of Hermitian codes

Phase m Distance d Dimension k
0<m<g*>—2
m=aq+b a+la>b 3 ala+1)
< _ afatl) _
! 0<b<a<q—1 at2a—bp T 44 g z - —(b+1)
b<q—2

@ —1<m<2¢>—2¢—2

m=2¢"—q—ag—b—1 (g—a)g—b a<b 8 ala—1)
2 1<a<g-1 (g —a)q a>b ¢ —m+ !
0<b<gqg—1
3 2¢°-2—1<m<g -1 m—qg°+q+1 ¢ —m+ L
¢ <m<¢+¢"—q-1
3 3
m=q°+aq+b ¢ +aqg+b—2g a<b
. > 0 —ag —
4 0<a<q-—1, #tagtatl—2gb<a FZ9T0ITP
0<b<gqg—2

2.1 Corner Codes and Edge Codes

The first-phase Hermitian codes can be either edge codes or corner codes.

Definition 2. Let2<d<gqandlet1 <j<d-—1.
Let L¢ = {1,o,..., 2972} LY = {y, 2y, ..., 243y}, ..., L4, = {y¢72}.
Let 1§ :xdil,...,l;l:xdijj’l.

— If By =L3L---ULL ,, then we say that C(m,q) is a corner code and
we denote it by HY.

— IfBpg=Liu---UL_,U{l{,... 19}, then we say that C(m, q) is an edge
code and we denote it by Hg.

From classical results in Table 1 we have

Theorem 1. Let2<d<q,1<j3<d—-1. Then

d(d—1)
2

d(d-1)

d(Hg) = d(H]) = d, dimg , (HJ) =n— 5

, diquZ(Hj) =n— -7
In other words, all ¢(x"y*®) are linearly independent (i.e. H has maximal rank)
and for any distance d there are exactly d Hermitian codes (one corner code and
d — 1 edge codes). We can represent the above codes as in the following picture,
where we consider the five smallest non-trivial codes (for any ¢ > 3).
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Hy is a [n,n — 1,2] code. I
Bp,, = L3 = {1}, so the parity-check n-1=k
matrix of HJ is (1,...,1). sk

Hy is a [n,n — 2,2] code.

Bpg=L3U3={1,z} n-3=k

HY is a [n,n — 3,3] code.

Bmﬂ =L8|_|L:13 = {vay} ek

Hy is a [n,n — 4, 3] code. n-5=k
Bg=L3UL3uid={1,zy,2%}

H2 is a [n,n — 5,3] code. P 1
Bu.g=LaULiu{i3,13} = {1,2,y, 2% 2y} 2 3 4 o

3 Our results on the number of words

Ideal J,, of Proposition 1 for C(m,q) is
A
i=1 w

w &
Ju={ { T, matys | Aa
T"YS€Bm ¢ yeen
2

| S P ) SRS {7 AR ) SN ()
i=1,...,w i=1,...,w i=1,...,w

2 2
{H1§i<j§w(($i —z) " = D)((yi — )T T~ 1} >

Let w > v > 1. Let Q = (T1, .., Tus Ups -+ s Yups Z1s - - 5 Zw) € V(Jw). We
say that @ is in v-block position if we can partition {1,...,n} in v blocks
I,..., I, such that

T; =7; <= J1 < h <wsuchthat i,j € Ij.

W.lo.g. we can assume |I;]| < --- < |I,| and I; = {1,...,u}. It is simple to
prove the following numerical lemma.

Lemma 3. We always have u +v < w + 1. Ifu > 2 and v > 2, then v < [ §]
andu+v < [ F] +2.

We need the following technical lemma [7].

Lemma 4. Let us consider the edge code Hg with 1 <j<d—1and3 <d<
w<2d—3. Let Q = (T1, .., Zdy Y1y -+ Uy 21, - - s 2d) be a solution of Jy, in
v-block position, with v < w, then exactly one of the following cases holds

(a) u=1 v>d w>d+1
(b) v=1, that is, Ty = -+ = Ty,

Ifd =2 and w = 2, then (a) holds for Hj.
Proof. We denote for all 1 < h <wv

X, =x;ifi € I, Zh:ZZia Yh75zzgfz’with1§(5§u—1
i€}, i€},
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(a)

u = 1. We have to prove, by contradiction, that v > d.
Let v < d. Since Q € V(Jy), then LY (Q) = I{(Q) = 0, that is

0= zw: thzi:ixgzh 0<r<d-1. (10)

i=1 i€l h=1
We can consider only the first v equations of (10), because v < d, so

1 ...01
v X ... X, 4l
S XhZhn=0 0<r<v-1 < . . C =0 (11)

h=1 . e . 7
v—1 v—1 v
D D ¢

The above matrix is a Vandermonde matrix, so it has maximal rank v.
Therefore, the solution of (11) is (Z1,...,Z,) = (0,...,0). Since u = 1, then
Zy =71 = 0, which contradicts z; € Fp2 \ {0}. So if v > d then w > d + 1.

u > 2. We suppose by contradiction that v > 2.
We consider Proposition 1. A subset of equations of condition (3) is the
following system, where 0 < r <w

Zz:l x yz% = 0 Zh:l X’}rLYh,l - 0
. — . (12)
S T T 5 =0 Dbt XpYhu-1 =0

In fact system (12) is a subset of (3) if and only if deg(zVg’ ") < d —1
for any ¢ = 1,...,w. That is, v+ (v — 1) < d—1 <:> v+u < d.
To verify it, since v > 2, it is sufficient to apply Lemma 3 and we obtain
u+v < L“’J +2< |23 3J +2=d.

By system (12) we obtain v Vandermonde matrices (all having rank v).
Therefore the solutions of these matrices are zero-solutions. So, in the par-

ticular case h =1, we have Z1 =Y, =... =Y ,_1 =0, that is
Z?:o zi=0 1 ... 1 B
Yo ¥iZi=0 o Yu !
. = . . . =0
Yo E =0 B gt) N\

Since the g;’s are all distinct (because the Z;’s are all equal), we obtain a
Vandermonde matrix, and so z; = --- = Z, = 0, but it is impossible because
Zi € Fp2 \ {0}. Therefore v = 1.

The case Ha is trivial.
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Corollary 1. Let us consider the edge code Hj with 1 <j<d-1.

IfQ= (T, - - sTds Y1y Ygs Z15- - - » 2d) € V(Jq), then Ty = --- = Tq. In other
words, the points that correspond to a minimum-weight word lie in the intersec-
tion of the Hermitian curve H and one vertical line.

Whereas if d > 4 and Q = (T1,...,Ta+1:Y1>- -+ Yds1: 215 - - -+ 2d+1) € V(Jat1),
then one of the following cases holds

(a) Z; #£Zj coni#jperl<ij<d+1
(b) jlz"':id_i'_l.

Proof. We are in the hypotheses of Lemma 4. So if w = d then u # 1. So v = 1.
Whereas, if w = d + 1 then there are two possibilities. In case (a) of Lemma 4,
all the z;’s are different, since v = d + 1, or, case (b), T1 = -+ = Tgy1.

Now we can prove the following theorem.

Theorem 2. The number of minimum weight words of an edge code Hg 18

Aa=q¢*(¢* - 1) <§> :

Proof. By Proposition 1 we know that J; represents all words of minimum

weight. The first set of ideal basis (9) has exactly @ + j equations, where
1<j<d-1.8o,if 7 =1, this set implies the following system:

B+ 2 =0

T1Z1 + -+ TaZqg =0

Y1z1+ -+ YaZa =0

T3z 4+ 522, =0 (13)

gf*251 4. _l,_gg*di =0
a4 42y 2 =0

Whereas, if j > 1 then we have to add the first j — 1 of following equations:
27 s 4+ By 2PaZa =0
f1§f7221 + .+ frigji22d =0

But z; = ... = %4, since we are in the hypotheses of Corollary 1. So the system
becomes
Zi+ +2a=0
Y171+ +YaZa =0
: (14)

g a4y 22 =0

We have ¢? choice for the Z;’s and, by Lemma 1, we have ?l d! different g;’s,

since for any choice of the Z;’s there are exactly g possible value for the ;’s, but
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we need just d of them and any permutation of these will be again a solution.
Now we have to calculate the solutions for the z;’s.

We write the system (14) as a matrix, which is a Vandermonde matrix with
rank d — 1. This means that the solution space has linear dimension 1 because
1 =d— (d —1) = number of variables — rank of matrix. So the solutions are
(arayasar, . .. a4—10) with a € F(’;m where a; are fixed since they depend on ;.

So the number of the z’s is [F},| = q* —1, then Ag = & ((]2(q2 -1) <Z> d!) .

We consider a corner code. We have the following geometric characterisation.

Proposition 2. Let us consider the corner code Hc(l): then the points
(Z1,91), - - - (T, Ya) corresponding to minimum-weight words lie on the same line.

Proof. The minimum-weight words of a corner code have to verify the first con-
d(d—1)
2

dition set of .J,,, which has ==— equations. That is
Zi+---+23=0
Tizi+ -+ TaZ2a =0
Y1zZ1+ - +Yaza =0
B4 +7324=0 (15)

gm0y 22a=0

This system is the same as (13), but with a missing equation. This means that
(15) have all solutions of system (13) plus other solutions.
If we consider a subset of (15):

Bt +2a=0
T1Z1+ -+ TaZa =0

ziz 4+ Th2a =0 (16)

P+ 42 P2 =0

we note that the z;’s are all non-zero if all Z;’s are distinct (or all are equal).
Therefore, we have only two possibilities for the Z;’s: either are all different
or they coincide. The same consideration is true for the g;’s, in fact when we
consider (15) and we exchange = with y, we obtain again (15).

So we have an alternative:

— The z;’s are all equal or the g;’s are all equal, so our proposition is true.

— The Z;’s and the g;’s are all distinct. We prove that they line in the inter-
section of a non-horizontal line.
Let y = Bx + X be a non-vertical line passing for two points in a minimum
weight configuration. We can do an affine transformation of this type:

r=1
y=vy +ar’ aeclFp
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such that some of the 3"’s are equal and not all 3’s are coincident. Substitut-
ing the above transformation in (15) and applying some operations between
the equations, we obtain a system that is equivalent to (15). But this new
system have all y’’s equal (or all distinct), so the 3’’s have to be all equal.
Hence we can conclude that the points lie on the same line.

We finally prove the following theorem:

Theorem 3. The number of words having weight d of a corner code Hfl) 18

S—d+1
Ag = q2(q2 —1) (dz 1> QT

Proof. Again, the points corresponding to minimum-weight words of a corner
code have to verify (15). By above proposition, we know that these points lie in
the intersections of any line and the Hermitian curve H.

Let Q@ = (T1,---,Td, Y1s- - Ygs 215 - - -, 2d) € V(Jq) such that T, = ... = Ty,
that is, the points (Z;, ;) lie on a vertical line. We know that the number of

such Q’s is ¢?(¢? — 1) <g> d!. Now we have to calculate the number of solutions
Q € V(Jg) such that (Z;,y;) lie on a non-vertical line.

dl,

By Lemma 2 we know that the number of the ;’s and z;’s is (¢* —¢%) 1 —g 1

since for any choice of the 7;’s there are exactly g+ 1 possible values for the z;’s,
but we need just d of this (and the system is invariant). As regards the number
of the z;’s, we have to calculate the number of solutions of system (15).

We apply an affine transformation to the system (15) to obtain a horizontal line,
that is, to have all the g;’s different and all the Z;’s are equal, so we obtain a

system equivalent to system (14). Therefore we have a Vandermonde matrix,
hence the number of the z;’s is ¢ — 1. So

aa= g (-0 () ar+ @ - - (1) )

202 q ¢®—d+1

3.1 Words having weight d + 1

In this section we state more theorems for edge and corner codes taken from [5].
We study the case when the z;’s coincide or when the y;’s coincide.

Theorem 4. The number of words of weight d + 1 with y1 = ... = ya+1 of a
corner code HY is:

2 A 2 q+1
Asp1 = (0" —a)(q M+1M-+®(d+0-
Whereas of an edge code Hg with 1 <j<d-—1 is:

Ad+1(q21Xq2Q)<g:ti>-
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Theorem 5. The number of words of weight d +1 with v1 = ... = 2441 of a
corner code Hg and of an edge code HJ is:

Ags1 =*(¢" — (d+1)g* +d) <di 1) :

The proofs are similar to those of the statements as in Section 3 and so are
omitted. In other cases, we have to consider intersection of the curve with higher
degree curves and the formulae get more complicated. We list without proof a
few of these special cases:

Theorem 6. Let us consider the corner code H3. Let us consider 4-weight code-
words with x; # x; for any i, =1,...,4. Then

Y1=Y2=Y3#Yya A, =0
Yi=Y2#y3=ya Av=3@( - 1) (a—2)(® +2¢° — 29+ 1)

yi=y2#ys,ya A1>3¢°(¢> — 1)*(2¢° — 7¢° — 6¢" +19¢° — 9¢* — 4q + 4)
and ys # ya As < 1P(® — 1)%(2¢° — 3¢° — 11¢* + 9¢° + 25¢* — 14q + 4)

Theorem 7. Let us consider the edge codes H31 and H32. Let us consider 4-weight
codewords with x; # x; for any i,j = 1,...,4. Then there are no such words if
Y1 =Y2=Y3F Ya O Y1 = Y2 7 Y3 = Ya.

In particular, if y1 = y2 # ys3,ya and Y3 # ya, H32 has no such words and H31 has
at most iqz(q2 —1)2(2¢° — 3¢* — 10¢® + 10¢% + 15q — 4) such words.

Remark 1. We are identifying general conditions for algebraic-geometry codes
satisfying Proposition 2, jointly with C. Fontanari.
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