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A Unified Framework for the Study of the
2-microlocal and Large Deviation Multifractal
Spectra

Antoine Echelard, Jacques Levy-Vehel, Claude Tricot
April 17, 2011

Abstract

The large deviation multifractal spectrum is a function of central impor-
tance in multifractal analysis. It allows a fine description of the distribution
of the singularities of a function over a given domain. The 2-microlocal
spectrum, on the other hand, provides an extremely precise picture of the
regularity of a distribution at a point. These two spectra display a number
of similarities: their definitions use the same kind of ingredients; both func-
tions are semi-continuous; the Legendre transform of the two spectra yields
a function of independent interest: the 2-microlocal frontier in 2-microlocal
analysis, and the "7" function in multifractal analysis. This paper investi-
gates further these similarities by providing a common framework for the
definition and study of the spectra. As an application, we obtain slightly
generalized versions of the 2-microlocal and weak multifractal formalisms
(with simpler proofs), as well as results on the inverse problems for both
spectra.

Keywords: Multifractal analysis, 2-microlocal analysis, multifractal formalism,
2-microlocal formalism, wavelet analysis.
AMS Classification: 26A16, 28A80, 42C40.

1 Introduction and Background

The analysis of global regularity, classically based on the global Holder exponent,
is adapted for the study of homogeneous signals. However, the global Holder
exponent yields insufficient information when the regularity of a function evolves
in “time”. Studying such functions requires tools that allow to characterize their
behaviour at or around any point. One such tool is the pointwise Holder ex-
ponent. We shall denote «,(f,z() the exponent of the function f at the point
xo. Multifractal analysis [FP85, [AP96, BMP92, I[CLP87, [EM92, Fan97, HJK™86,
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KP76l [Jafo7a, VT04, VVI8, [Man74, [OIs95] studies the structure of the point-
wise Holder function, i.e. the function zg — a,(f,x¢): more precisely it aims
at obtaining the multifractal spectrum, a function which measures the “size” of
the level lines of a,(f,z). Both the theoretical and the numerical computations
of this spectrum are difficult. This is why physicists and mathematicians have
investigated a "multifractal formalism", which allows, in certain situations, to ob-
tain the spectrum as the Legendre transform of a function that can be computed
more easily.

Instead of focusing on the pointwise Holder exponent and the fine structure
of a,(f, o), one may follow a different approach and try to obtain a richer de-
scription of the local regularity at any fixed point by means of other exponents,
such as the local Holder exponent [GLIS], the chirp exponent [Mey98|, the oscil-
lation exponent [ABJM9§| or the “weak scaling” exponent [Mey98|. A powerful
way to do so is to study the 2-microlocal frontier, defined in [GLIS8, Mey98|
based on the local version of the 2-microlocal spaces introduced by J.M. Bony
in [Bon83]. The main interest of these spaces is that they allow to describe
completely the evolution of the pointwise Holder exponent at any given point
under integro-differentiation. The 2-microlocal frontier is a curve in an abstract
space that is associated to each point, and that allows to predict this evolu-
tion. The 2-microlocal spaces were originally defined through a Littlewood-Paley
decomposition. They were then characterized by conditions on the wavelet coef-
ficients [Jaf91]. Time domain characterizations of increasing generality have been
provided in [KLO02, LS04, [Ech07]. See also [Mey98] for related results.

The computation of the 2-microlocal frontier is somewhat delicate. A 2-
microlocal formalism has been studied in [GLI8| [LS04, [Ech07], with an approach
that is analogous, in many respects, to the one of the multifractal formalism: at
any fixed point, the 2-microlocal frontier is the Legendre transform of a certain
function called the 2-microlocal spectrum.

Thus, for a function f, the multifractal spectrum characterizes the level sets of
the pointwise Holder function, while the 2-microlocal spectrum allows to predict
the change of regularity by integro-differentiation at any point in the domain of
f. These two descriptions yield a rather rich picture of the regularity, and they
may be approached through related formalisms, which are essentially based on a
Legendre transform.

In this work, we elaborate on the similitudes between the two formalisms.
We also study the problem of prescribing both the 2-microlocal and multifractal
spectra. In the next section, we expose some general notions that are useful
in both settings. In Section |3} we provide an abstract (weak) formalism. This
formalism is applied to various versions of the multifractal spectra in Section
and to the 2-microlocal spectrum in Section [5] Finally, Section [6] presents results
on the prescription of the spectra.

Sections 2| and [3|stay at a very general level. As a consequence, the definitions



and results they present might appear rather abstract to the reader. However,
as will be apparent in Sections [] and [5] they contain the essence of what is
common to the multifractal and 2-microlocal formalisms. In particular, propo-

sitions [4.1], [4.6] and [5.3| may be seen as concrete examples of applications of
this abstract formalism. In fact, the results in Sections [2| and |3| elucidate the very

mechanisms relating the spectra, and might have applications in other settings.

2 Recalls: basic properties of functions defined on
P(R)

We recall in subsections and [2.3] some known definitions and results on
set functions. In subsection [2.4] we specialize to a case which will be relevant for
both 2-microlocal and multifractal analysis.

2.1 Common frame

We consider a function F : P(R) — R = RU {£oc}. F is called non-decreasing
if for all real sets F;, Es,

E, C Ey; = F(E)) < F(E,).
It is called stable (with respect to union) if
F(E1 U Ey) = max{F(E,), F(Es)}.
Given a real k, F'is k-stable if
F(E,UE,y) —k <max{F(E,), F(E;)} < F(E,UE,) + k.

It is easily checked that any function G : P(R) — R that is non-decreasing
and sub-additive (i.e. G(Ey U Ey) < G(Ey) + G(E2)) is such that F := logG is
k-stable with k& = log 2.

2.2 Non-decreasing F'

Assume that F' is non-decreasing. For all real «, the function F([a — €, + €])
has a limit when e tends to 0. One may then define the localized function (also
called maz-plus limit).

F°(a) = lim F(Ja — €, a + €]).
e—0
Lemma 2.1. Let F' be non-decreasing. For all open set O in R,

sup () < F(O). (1)
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Proof. Indeed, if a € O, there exists € such that [a — €,a + ¢] C O, and thus
Flla—e,a+¢) < F(O). =

Lemma 2.2. If F is non-decreasing, then F'°° is upper-semi-continuous.

Proof. The preceding lemma implies that, for € > 0, SUpge(y_c e F'(8) <
F((a — €,a + ¢€)). Letting € tend to 0, one gets the semi-continuity of F* in
. [l

Lemma 2.3. If F is non-decreasing, then F'¢ reaches its supremum on any
compact set of R.

Proof. This is a direct consequence of the semi-continuity. O

2.3 Stability of F
If F' is stable, then it is also non-decreasing: indeed, if F; C Fj,
F(El) S maX{F(El), F(Eg)} = F(E1 U EQ) = F(EQ)
Lemma 2.4. Let F' be stable. For any compact set K in R,
< loc .
F(K) < Ioénea%F () (2)

Proof. The proof uses the closed dyadic intervals of R. Since K is bounded,
it may be covered by a finite number of dyadic interval of rank 0 (that is, of
length 1). Since F' is stable, one of these intervals, denoted .Jy, is such that
F(JoN K) = F(K). However, Jy is covered by two intervals of rank 1, say J’
and J”. One of these intervals, denoted Ji, is also such that F'(J; N K) = F(K).
By recurrence, one may construct a nested sequence (J,,) of dyadic intervals such
that, for all n, F(J, N K) = F(K).

Let o, denote the limit of the J,. Since K is closed, a, is a point of K. For
any € > 0, there exists an integer n such that J, C [, — €, i + €]. Using the
fact that F' is non-decreasing, one gets that: F'(.J,) < F([a. — €, o + €]). Thus
F(K) < F([a. — €,a. + €]), and, letting € tend to 0: F(K) < F'“(a,) . As a
consequence, F(K) < sup,cx F'°(a).

Finally, since F' is non-decreasing, F'*° reaches its supremum on K. O]

Corollary 2.1. Let F' be stable and K be a compact sel with non-empty inte-
O
rior K. Then

sup{ F(a)/a € K} < F(K) < max{F'"(a)/a € K}. 3)
Proof. This is a consequence of lemmas [2.1] and [2.4] O
The relations entail at once that, for any « and e,
sup F°(B) < F(la—e,a+¢€]) < max F(p). (4)
|B—al<e |8—al<e



2.4 A simple example

The following example aims at giving a straightforward application of the previous
results, as well as at introducing some notations that will be used in the sequel.
Given a function g : R — R, one derives a set function by setting:

M(g, E) = sup g(t). (5)
teE
It is straightforward to check that M is stable. One may thus apply the
preceding analysis. The corresponding localized function, denoted g, is well-
defined, and it is upper-semi-continuous:

g(a> :h_I}%M(gv [Oé-E,Oé—FG]). (6)
From (@, one easily checks that this is the smallest upper-semi-continuous

function that is larger than g, i.e. its upper-semi-continuous envelope.

Finally, the inequalities yield that, for any compact set K with non-empty
interior:

O
sup{g(a)/a € K} < sup g(t) < sup{g(a)/a € K}.
€
Note that symmetrical results may be obtained by setting:

m(g, E) = inf g(t). (7)
The lower-semi-continuous envelope of g is g(a) = lim.om(g, [@ — €, a + €).
Since (—m) is stable, one gets the lower-semi-continuity of g and the bounds:

inf{g(a)/a € K} < tléllf(g(t) < inf{g(a)/a € [O(}

3 A weak formalism

In this section, we consider a particular form for the function F. This form
allows to write a general (weak) formalism, stated in lemma and equality
. Specializing this form allows to treat the cases of both the multifractal
(Section 4) and 2-microlocal (Section |5)) spectra. Indeed, all the applications in
the sequel will deal with set functions P(R) — R which have a particular form
that we now proceed to describe.

We assume given:

e A subset L of R"™ whose closure contains the origin 0.

For instance, one may consider L = (0,1], L = {k277, (j,k) € Z*} or
L =(0,1] x (0,1].



e A function h: L — R¥ such that lim,_,o h(t) = 0.

For a function

we set:

Fy(E)=limsup { h()U,(E) : teL}. (8)

t—0
Proposition 3.1. Assume that, for a given real number k and for allt € L, U,
15 k-stable. Let Fy be defined by . Then Fy is stable.

Proof. By assumption, for all ¢ € L and all (Ey, Ey) in P(R)?,
U(t, E1 U EQ) —k S max{Ut(El), Ut(Eg)} S U(t, E1 U Eg) + k.
Multiplying by h(t) and passing to the upper-limit gives the result. ]

The following result may be considered as an abstract weak formalism. It will
be used to prove propositions [4.1] [4.6] and

Lemma 3.1. Let k be a real number and U, V' be such that U, V; are k-stable
for all t.

Assume there exist a function g : R — R and two positive constants ¢; and ¢y
such that, for all t and all compact intervals I,

m(g,I)

a+Ull)+ =0 <Vl <o+ U + Mh@ (9)
Then, for all t € R,
Fife(t) + g(t) < Fye(t) < Fif*(t) +5(t). (10)
Furthermore, for all compact sets K with non-empty interior,
zlelg{FffC(t) 90} < Fy(K) < sup{F(t) +5(1)}- (11)
Finally, if g is continuous, then:
sup{g(e) + Fy*(a)} = lim Fy([~R,R]). (12)

Proof. Multiplying @ by h(t) and passing to the upper limit when ¢ tends to 0,
one gets:

Fy(I)+m(g,1) < Fy(I) < Fy(I) + M(g,1). (13)
It then suffices to replace I by [t —¢,t + €] and to let € tend to 0 to obtain (|10]).

Since F is stable (by proposition [3.1]), one may use and to get (L1)).
Assume now that g is continuous. Set I = [—R, R] and let R tend to infinity.

Then the inequalities reduce to equality
m



We end this section with a remark concerning equality (12)): the non-decreasing
property ensures that Fy(R) > limg Fy ([—R, R]). However, these two terms do
not coincide in general.

4 Multifractal Analysis

4.1 Introduction

Multifractal analysis is a very active domain. Research focuses, among other
topics, on checking the validity of the multifractal formalism, both in a determin-
istic and stochastic frame [AP96, BL04, BMP92, RM95|, studying the analysis of
function [Jafd7h] and capacities [LV9§|, introducing more refined spectra [VT04].
There is also a huge amount of work about estimating the multifractal spectra.
A very partial list of reference is [Can98| [CJ92 Lév96l (GLOS, IGLOT, [GHI10,
TPVGO6].

As we recall below, there exists a variety of multifractal spectra. They contain
different information, and some are easier to compute than others. The so-called
strong multifractal formalism, when valid, asserts that the Hausdorff multifractal
spectrum is equal to the Legendre one (see below for definitions). This formalism
will not be our concern here. Rather, we will concentrate on the weak multifractal
formalism, which studies conditions under which the large deviation multifractal
spectrum coincide with the Legendre one.

First introduced as a means to estimate the Hausdorff spectrum, the large
deviation multifractal spectrum has then proved a useful tool on its own, in
particular in applications [LRI7, [VV98|). A disadvantage of the original definition
of this spectrum is that it is based on an arbitrary partition of the support of
the function to be analyzed. Thus, different partitions may in general lead to
different spectra. To overcome this drawback, a “continuous” large deviation
spectrum has been introduced in [VT04]. We will in this work study both large
deviation spectra.

The multifractal formalisms we will study will assert that, under some con-
ditions, the discrete Legendre spectrum is the concave envelope of the original
large deviation spectrum. Likewise, the continuous Legendre spectrum will be
the concave envelope of the continuous large deviation spectrum

There is no added complication in considering an abstract set function A as
a basis for defining the spectra instead of the usual coarse-grained exponents of
a measure or real function. The correspondence between A and the quantities
classically considered is as follows:

e For the analysis of a Borel measure pu, set A(u) = log pu(u)/ log |ul.

e For the analysis of a real function z, set A(u) = logwv,(u)/log |u|, where
v,(u) is a measure of the “variation” of z in the interval u. Typical choices
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include the increments |z(tmaz) — 2(Umin)| (Where . = [Umin, Umaz]), the os-
cillation sup,¢,, 2(t) —inf;e, 2(¢), or, when w is the dyadic interval [k27", (k+
1)27"], the modulus of the wavelet coefficient of z at scale n and location
k (note that, for applications in signal processing, one uses slight modifica-
tions known as the wavelet maxima or wavelet leader methods).

In this section, we shall apply the results of Section [2| to recover known results
on the weak multifractal formalism, both in the discrete and continuous frames.
We shall also obtain some new results in the case where A(u) = log u(u)/log |ul,
with p an absolutely continuous measure.

4.2 Notations

X will denote the set of closed intervals of [0, 1]. We let X, be the set of intervals of
the form [k27", (k + 1)27"] where k € [0..2"]. |E| denotes the Lebesgue measure
of the (measurable) set E. Finally, if R is a set of intervals, we shall write
UR=U{I:TeR}

4.3 Hausdorff Spectrum

Although we will not use it in this work, we briefly recall for completeness the
definition of the Hausdorff multifractal spectrum, denoted fj, in the case of a
real function z. Let

E(a) ={z: ap(z,x) = a}

denote the set of points where z has pointwise Holder exponent a.

The Hausdorff spectrum is the function which associates to each a € R the
Hausdorff dimension of E(«) [AP96, [Fal86, [Fal03| [Fan97, [Jaf97al, VT04, LV9S,
Ols95]:

fr(a) = dimy (E(a)).
Of course, it is in general difficult to compute these Hausdorff dimensions.

Most other multifractal spectra have been introduced as means to provide an
indirect access to f.

4.4 Discrete weak multifractal formalism
4.4.1 Discrete large deviation spectrum

From a heuristic point of view, the large deviation spectrum describes the asymp-
totic behaviour of the density of the intervals of A}, having a coarse-grained Holder
exponent “close” to given value. More precisely, it is defined as follows.

Tet A: X — R be a measurable function.



For any measurable subset F of R, let N(n, E') denote the number of intervals
I of X, such that A(I) belongs to E:

N(n,E) = #{I € X, such that A(I) € E}.

In order to assess the behaviour of N(n,E) when n tends to infinity, we
consider the function log N(n. E)
. ogivin,
FUE) =1 —
s (E) 1211_)501.}p nlog 2

and its “localized” version

fgd(a) = lim F(ja — ¢, + €]).

e—0 9

This function is called the discrete large deviation spectrum associated to
A [Fal03, LV9S].

Roughly speaking, if for all € > 0, the number of intervals I of &), for which
A(I) belongs to [ag — €, ag + €] is proportional to 2", then f(ao) = r. Another
interpretation, that provides a link with the continuous spectrum to be introduced
below, is as follows: if, for all ¢ > 0, the union of dyadic intervals I of length 27"
for which A(I) belongs to [ag — €, o + €] has measure proportional to 27".2"",
then f(ag) =1

4.4.2 Discrete Legendre spectrum
Define, for all ¢ € R:

Sin) =Y {2740 T € X, and A(I) < oo}
and

.. logSi(n)
d _
T (Q) = llgﬂ 1nf —nl 9 .

We shall use in the sequel the following quantities:
SUn,E) =Y {2741 : T € X, and A(I) € E}.

The discrete Legendre spectrum [AP96, BMP92, I(CLP87, [EM92, [Fal03| [E'P85),
HJK*86, [Tafo1l, LV98, [O1s95] associated to A is the Legendre transform of 7%

fil(or) = Sqtelﬂlg{qa —7q)}



4.4.3 Application of Section

We apply the results of Section [3| to the quantities defined in Sections
and This will yield the weak multifractal formalism. More precisely, we
set:
L={2"",neN},
h(27") = 1/(nlog 2),
Uy-n(E) =log N(n, E).

Clearly, F — N(n, F) is non-decreasing and sub-additive. Uj-» is thus k-

stable for all n, with & = log(2). It is easy to check that, with the notations of

Section [3t
Fy = F] and Fy* = fJ.

Set:
Vor(E) =log Y {2740 T € X, and A(I) € E}.

Now, E — Y {27AU) . [ ¢ X, and A(I) € E} is non-decreasing and sub-
additive, thus Vo-» is k-stable for all n with k = log(2).
Furthermore, V5-» may be written as:

Vo-n(E) =log S(n, E),
and thus:
7%(q) = —Fv(R").

Set for convenience:
mi(q) = —Fy([0, R)).
We wish to apply lemma [3.1] In that view, remark that:

N(n,E) inf 279 <Y {2740 : T € X, and A(I) € E} < N(n, E) sup2 "%,

acl aceFE

(14)
Set g(a) = —q . Taking logarithms, the inequalities read
inf,ep g(t) SUPacr 9(1)
Us—n(E ——— L < Von(EB) < Uy-n(FE ==
Lemma [3.1] applies. Writing relation (12)) in this frame, one finds:
Proposition 4.1. For all function A : X — R and q € R,
: d i d
inf {aq - (@)} = lim 74(q) (15)

Recall that, since Fy is non-decreasing, limp .o, 74(q) > 7%(q). Let us now
find a condition implying equality of these two terms. First, note that the equality
is always true for ¢ > 0. Indeed:
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Proposition 4.2. For all function A : X — R" and all q>0
inf {ag = f(a)} = 7(q). (16)

Proof. For any natural number n, there exists 2" intervals of order n, thus at
most 2" dyadic intervals I of order n such that A(I) > R. As a consequence,

S4(n) < S4(n, [0, R]) + 2" 27, (17)

For any sequences (a,) and (b,) of positive reals,

lim sup

log(ay, + by,) log a,, ’ log bn}
n n -

= max{lim sup ,lim sup
n
Set a, = S9(n, [0, R]) and b, = 2"=4%)_ One deduces:

log S log S 0, R
lim sup log 5%(n) < max < lim sup 0g 5%(n, [0, ]),1 —qR
n—oo Nlog?2 n—00 nlog2

and thus:

min{7&(q),qR — 1} < 7%(q)
for all R. When R tends to o0, so does gR — 1 (this is where the assumption
q > 0 is used), which entails 7%(q) = limp_.o T8(q). ]

An additional assumption is necessary for the equality to hold when ¢ < 0
(see Section for a counter-example). For instance, the result is valid if A([)
is bounded for || small enough:

Proposition 4.3. Assume there exist n > 0 and M € R such that, for all dyadic
interval I, |I| <n implies that A(I) < M or A(I) = 4o00. Then, for all g € R:

inf {ag — f(a)} = 7(q).

Proof. For all R > M: S%(n,[0,R]) = S%(n) as soon as 27" < n; thus 78(q) =
74(q). Proposition allows to conclude. ]

It is straightforward to check that Proposition applies in the paradigmatic
cases of multinomial measures (JEM92, BMP92|) and fractal interpolation func-
tions [LS04], yielding the well-known fact that the weak multifractal formalism
indeed holds in these situations.

When the assumption of the previous proposition does not hold, the value of
7%(q) for ¢ < 0 is known. Indeed:

Proposition 4.4. If, for alln > 0 and M € R, there exists a dyadic interval 1
such that |I| <n and M < A(I) < 400, then for all ¢ < 0:

Td(q) = —00.

11



Proof. For all M > 0, there exists a subsequence I,(,) such that M < A <

400. This implies that S9(c(n)) > 279MM " and thus that % < gM.

Taking lim inf, one gets 7¢(q) < qM. [

Cases where A is not bounded in the neighbourhood of |I| = 0 and where
74(q) does not tend to —oo for ¢ < 0 do exist. We shall provide an example in
the next section, in the continuous frame.

An important particular case is when A may be written as A = log (1) / log |1],
where p is a positive measure. Note that, in this case, by definition of 7,
72(0) = —dimpg(support (1)), where dimp stands for box dimension.

Theorem 4.1. Let A(I) = %, where [ is a positive measure non identically
zero. Then, for all ¢ # 0:

(g) = inf {ga — fl(a)}.

The proof of the theorem will use the following lemma:

Lemma 4.1. Let ¢ < 0. If, for all v > 0, there exists Ry > 0 such that: for all
N €N, there exist n > N and I € X,, such that A(I) € [r, Ro|, then:

. d _
Al Tila) = o

Proof. For all R > Ry and all N € N, there exist n > N and [ € X, such that
A(I) € [r, R]. As a consequence, S9(n, [0, R]) > 27" and thus:

log S%(n, [0, R])
—nlog2

<qr

Taking liminf on n, one gets:
mh(q) < qr,
and the result follows. O]

Proof of theorem [4.1 In view of propositions [4.1] and it is enough to

prove that, when A is not bounded in the neighbourhood of 0, one has, for
all q<0:

. d _
Al Tila) = oo

Assume then that A is not bounded in the neighbourhood of |I| = 0: for all > 0
and M € R, there exists a dyadic I with |I| <n such that M < A(I) < +oo.
We shall show that this implies that the assumptions of lemma[4.T|are verified.
Assume the opposite: then there exists » > 0 such that, for all Ry > 0, there
exists N € N such that, for all n > N and all T € X,,: A(I) ¢ [r, Ro]. This
implies:
u(I) < 27 o (1) > 27, (18)

12



Choose Ry = max(2r,2). Since A is unbounded in the neighbourhood of
|I| = 0, there exists a dyadic |I| of order n > 2 such that Ry < A(I) < +o0, i.e.
0 < p(l) <27nko,

One may divide I into two dyadic intervals I; and Iy of order n 4+ 1. Since
I, C I, u(L) < u(I), and thus p(l;) < 278, However, Ro.n > r.(n + 1) which
entails p(1;) < 279 From (18), one deduces: u(I;) < 2-M+DEo Likewise,
() < 27+ DR,

An obvious induction shows that, for any dyadic interval J of order n 4+ m,
m > 0, included in I: p(J) < 27+ Thus, u(I) < 2m~ ™k Since
Ry > 1, one gets, by letting m tend m to infinity, u(I) = 0, which contradicts
the assumption. O

The case ¢ = 0 appears to be more difficult to deal with. If one assumes in
addition to the above that p is absolutely continuous, then the following results
hold:

Proposition 4.5. Assume A(I) = %, where s an absolutely continuous

positive measure non identically zero. Then:

74(0) = inf{—fgd(a)} =—1.

a€cR

As a consequence, for all ¢ € R:
7(q) = inf {ga — f(a)}.

Proof. Let us first compute the value of 7¢(0):

By definition, 7¢(0) = — dim(support(u)). Since u is absolutely continuous
and non zero, 7%(0) = —1.

Let us now evaluate the limit of 75(0) when R tends to infinity.

The assumptions on p entail that there exists an integrable positive function
such that (1) = [; f(x)dz. Since p is not zero, there exist e > 0 and a bounded
Borel set B of positive measure such that f(x) > e.l,cp. Set

v(l) = 6/1m63dx.
I

Since v < p, for any interval I with diameter smaller than 1, we deduce that

log v(1)
log [1] -

A(l) <
Set

un:ﬁ{IGXn:V(I) 22_”@}.

13



We have €¢|B| = > {v(I) : I € &, }. Since, for all [ € &, v(I) < 27", we
obtain: €|B| < 2 "eu, + 32 "¢|B| (2" — u,) and thus:

Uy, > 2"K
where K = |B|/2 is strictly positive.
og 181
As a consequence, tt{] eX,:AIl) <1+ 1_51022} > 2"K. Choose n large

B

og 181
enough so that —% o <L 4{le X, A(l) €[0,2]} > 2"K and thus:

—nlog

S%(n,[0,2]) > 2"K

Taking logarithms and passing to the liminf, one gets: 75(0) < —1. The
result follows since R — 74(0) is not increasing with upper limit —1.
The second part of the proposition follows from proposition ]

4.5 Continuous Multifractal Formalism

4.5.1 Continuous Large Deviation Spectrum

The very definition of the large deviation spectrum entails that it depends on
a choice of a partition of the support of the signal (usually the dyadic intervals).
This is a drawback, since, in general, the theoretical spectrum may indeed be
different with different choices of partitions for the same signal. Even in the
case where the theoretical spectrum does not depend on the partition, numerical
estimation will typically yield different results with different choices of intervals.

The continuous large deviation spectrum was introduced in [VT04] as a means
to define a partition-free spectrum. The idea is to consider all sets of a given
length 7 instead of restricting to dyadic intervals. The continuous large deviation
spectrum then measures the asymptotic behaviour, when 7 tends to 0, of the
density of the union of intervals of size n having a coarse-grained exponent close
to a given value.

Even though going from a discrete setting to a continuous one may appear as a
complication, it actually eases the estimation of the large deviation spectrum, by
yielding more robust results on numerical data. This is similar to the dichotomy
discrete vs continuous wavelet transform: it is well-known that the continuous
wavelet transform provides better results as far as estimation is concerned (at the
expense of an additional computational burden). As in the continuous wavelet
case, the numerical computation of the continuous spectrum is performed by con-
sidering all samples at each scale, instead of using an averaging or sub-sampling
as in the usual case.

As above, we consider a general set function A instead of specific coarse-
grained exponents.

14



As compared to the discrete case, we replace the sets &, by the sets R,,
defined, for all n € (0,1), by:

R, ={I€X:|I|=n}

Recall that, for all set of intervals 7, we denote UT = U{I : [ € T }.

For any subset 7 of R, and any ¢t € U7, the largest interval containing ¢ and
included in UT has length not smaller than 7. In addition, these intervals are
disjoint. As a consequence, there are finitely many of them. This entails that
UT is measurable. This allows to define the equivalent of N(n, E):

Ne(n, E) = % U{I €R, : A(I) € E}|.

Similarly to the discrete case, we seek to characterize the behavior of N¢(n, E)
when 17 — 0. In that view, consider

log N¢(n, £
F¢(E) = limsup log N°(n, E)
n—0 —logn

The continuous large deviation spectrum associated to A is defined as:

fola) = lg% Fi(la—e,a+¢).

Roughly speaking, if the union of the intervals I of length n for which A([7)
belongs to [ag — €, o + €] has measure proportional to n.n~"" for all sufficiently
small €, then f&(ap) = 7.

4.5.2 Continuous Legendre Multifractal Spectrum

To adapt the quantities S? defined in the discrete case in this setting, one uses
the notion of packing [VT04]: a family R C & is a packing of [0, 1] if the intervals
of R have pairwise disjoint interiors. One then define, for any R C X:

HY(R) = sup { Z{]u\qA(“) cu € R and A(u) < o0} :
R'is a packing of [0, 1] drawn from R} (19)

with the conventions: |u|™> =0, |u|~> = 400, HY(()) = 0.
et log HY(R
7¢(q) = liminf 084 An) ( 77).
n—0 logn

The continuous Legendre spectrum associated to A is the Legendre transform of

T

Le(a) = Sqlelﬂlg{qa —7(q)}-
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Remark that, when R is a packing, HY(R) may be written
HY(R) = Z {{u[**™ :u € R and A(u) < +oo}.
This shows that H? is indeed a generalization of S%: X, is a packing, thus

HIi(X,) = Z {{u[**™ :u € X, and A(u) < +oo} = S(n).

4.6 Application of Section

The results of Section [3| apply to the quantities defined in Section in a
continuous frame with the following correspondences:

L =(0,1],
h(n) = 1/|logn|,
Uy(E) =log N°(n, E).

Remark that, for any disjoint Ey, Es, N¢(n, Ey U Ey) = N°(Ey) U N¢(Es). As
a consequence, £ — N€¢(n, E') is non-increasing and sub-additive. This means
that U, is k-stable with k = log 2 for all 7.

One easily checks that, with the notations of Section

Fy = F and Ff© = f¢.

Set:
Vy(E) = log H(R, N A~ (E)).

where H?is defined in Section . We note that, for all disjoint Ey, Ey, H1(R,N
A™YE, U Ey) = HY(R, N A Y(Ey)) + HY(R,, N A" (E,)). This entails that
E — HY(R, N A7'(E)) is non-decreasing and sub-additive.

Thus, V,, is k-stable with k = log 2. Furthermore,

r(q) = ~Fv(R).

Set for convenience:

Th(g) = —Fy([0, B]) = lim inf log Hq(Rn;gf?l? ([0, R]))

We wish to apply lemma In that view, we shall make use of the following
result from [VT04], whose proof we recall for completeness:
For all £ € P(R):

1
ENC(T],E) ingnqa < HY(R,N A_I(E)) < N¢(n, E) sup n?°. (20)
ac

ackE
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Proof. Set T =R, NA(E).
We start with the right-hand side inequality. Let E € P(R). For any packing
R drawn from 7, one may write:

Z{nqA(“) cu € R} < sup{n™@HR.

uER

However, fR < n~ ! |UT| < N¢(n, E), and, for all u € R, A(u) € E. Thus

sup{n?®} < supn®,
uER acl
which was to be proved.

Now, UT is a union of intervals with same length, and one may write U7 as:
UT = U}_,J, where the J; are non-empty, closed, and disjoint.

We show that, for all Ji, one may extract from 7 a packing R, such that
niRy > ’Jk|/2 and URy C Jy.

Indeed, let p be such that |Ji| € (2pn,2(p + 1)n]. Choose ag...a, in J; such
that a; > a,—1 + 21 for 1 < ¢ < p. We know that, for 0 < ¢ < p, there exists an
interval L, € T such that a, € L,. It is easily checked that the L, are disjoint
and included in Ji. Set Ry = {L,, ¢ = 0..p}. Since §R; = (p + 1), one has
iRy > |Jik|/2. Furthermore, URy C J.

Consider now the union R of Ry for £ = 1..n: it is easy to see that R is a
packing of [0, 1] drawn from 7, whose cardinal is not smaller than |77/27. Since

: qA(u) < gA(u) .
inf ("R <y {0 ue R},

one deduces: LT
— L inf {nA®}) < Z{nqA(“) tu € R}

Set g(a) = —q . Taking logarithms, the inequalities read:

inf,ep g(t) SUP,ep 9(1)
—h(n) <V,(E)<U,(E)+ —h(ﬁ) .

Lemma [3.1] applies. Writing relation (12)) in this frame, one finds:

—In(2) + U, (E) +

Proposition 4.6. For any function A : X — R" and all q€R,
inf {ag — f5(0)} = Jim 7h(0) e1)
Recall that, since Fy is non-decreasing, limg o 75(q) < 7¢(q). We look now

for conditions that guarantee equality of these two terms. It is always verified
when ¢ > 0 :

17



Proposition 4.7. For any function A : X — R" and forall g >0
inf {aq — fi()} = (9). (22)

Proof. For all n > 0 and for all packing R drawn from R,, fR < n~'. This
entails:

HY(R) < HY (R, N A0, R)])) + 2" 27", (23)
Taking logarithms, dividing by logn and passing to the lim sup when 1 — 0:

min{75(¢q),qR — 1} < 7°(q)

for all R. When R tends to 400 so does gR — 1 (recall that ¢ > 0), and thus
7¢(q) = limp 00 75(q). a

Additional assumptions on A are necessary for to hold for all g. One may
for instance require that A is bounded for sufficiently small |I]:

Proposition 4.8. Assume there exists ny > 0 such that sup{A(I) : |I| < o} <
+oo. Then

f{ag - fyla)} = 7(q) for all q.

This result obviously corresponds to the one in proposition [4.3] Again, one
easily checks that it applies in the case of multinomial measures, ¢.e. the weak
multifractal formalism for continuous spectra holds for such measures.

When the assumption of the previous proposition does not hold, we do know
the value of 7¢(¢q) for ¢ < 0:

Proposition 4.9. If, for all n > 0 and M € R there exists an interval I such
that |I| <mn and A(I) > M, then for all ¢ < 0:

7¢(q) = —00.

Proof. For all M > 0, there exists a sequence I, such that A(l,) > M and

[I,] — 0. As a consequence, H(R;,) > 27 and thus % < ¢M.

Taking lim inf, 7¢(q) < ¢M. H

There exists cases where A is not bounded for small |I| and where limp_,o 75(q) #
—oo for ¢ < 0.

Example Define the function A on all closed intervals of [0, 1] of positive length
by

1 fora >0
Alla, 8]) = { 1/(b—a) fora=0.

Let ¢ € R and fix R > 1.
For all n < 1/R , for all interval I with length n: A(I) € [0, R] if and only if
0 ¢ I. In that case, A() = 1.

18



A packing of intervals with length 1 contains at most 7! intervals. As a
consequence,

H (R, N ATH([0, B])) < n~".

Besides, the packing of intervals {[kn, (k+1)n] : k = 1..|[n~] —1} is a packing
of intervals of [0, 1] with cardinal |~ | —1 which does not contain 0. This implies
that:

(In~*) = < H' (R, 1 A7Y([0, R))).
Finally, we get:
Tr(0) = q¢— 1.
The sequence A([0,1/n]) tends to +o00. Proposition [4.9|then entails that, for

all ¢ < 0:
7¢(q) = —00.

We thus have an example where does not hold for all q.

Remark that the sequence A([0,27"]) tends to +o0o. From proposition we
get: 74(q) = —oco. However, 78(q) > 7(q) > q — 1: this provides thus a case
where does not hold either for all q.

More can be said under usual assumptions on A:

Proposition 4.10. Let A(I) = % where (1 1s a positive measure. Then

inf{aq — fy(@)} = 7(q) for all ¢ # 0.

Proof. When the assumptions of proposition [4.7]or of proposition [4.8 are in force,
then the desired equality holds.
We still have to deal with the more delicate case where ¢ < 0 and for all
1o > O:
sup{A(I) : |I| < no} = +o0.

We know from proposition [£.9]that, in this case, 7°(¢) = —oo. We would thus
like to show that limg 74(q) = —oo. This is in fact a consequence of theorem
just remark that 75(q) < 74(q). O

5 2-microlocal Analysis

5.1 Continuous 2-microlocal Formalism

5.1.1 Notations

The continuous 2-microlocal formalism |[LS04] is based on the characterization of
2-microlocal spaces from wavelet coefficients given in [Jaf91].
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We assume given an admissible wavelet 1) with /N vanishing moments and r
first derivatives having fast decay. We also fix a real number zy. As usual, we
denote:

o) = v (227 24

the dilated and translated versions of .

The 2-microlocal frontier of the function f at z( is characterized as follows:
for all couple (o, s') € R? such that r + s +inf(s’,1) > 0 and N > max(s, s+ s),
o < o(s') is equivalent to:

"1 b)) +1 12
o < liminf > og(a + [b]) + log [(f, a™"*tap+ 0)>},

One deduces that, if r+o(s’) — ' +inf(s’,1) > 0 and N > max(o(s') — 5, o),
then

1 + b)) +1 ’ -1/2 wbia
o(s") = timing 2128 F 1) 108 [ (107 Pas )| (25)
(a,b)—0 loga

where o is the 2-microlocal frontier of f at x.

Strictly speaking, one should define o,(s") as being equal to the right-hand
side term of equation (25) and remark that o, and o coincide on a certain subset
of the plane. However, we shall in the sequel assume that 1 is sufficiently regular
(i.e. that r and N are sufficiently large) so that, for all relevant &', is verified.

The continuous 2-microlocal spectrum is defined as:

log |(f,a™*Yapian)] w
o : (a,b) € D"(p, ¢)

X( ) ) ((ll) {

D“(p,€) = {(a,b) € (—1,1)?, such that a*** < max(a, |b]) < a” “}.

For € small enough, one may give an explicit description of the set D" (p, €) as
follows:

e For p € (0,1): (a,b) € D¥(p,e) <= a”t < |b] < a’ .
e For p=0 : (a,b) € DY(p,e) < a”t < |b).
e Forp=1 : (a,b) € DY(p,e) <= |b] <a’ "

The 2-microlocal spectrum of f at z( is defined by

x(p) = lim x(p, €).
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In order to facilitate the application of the results of Section [3] we shall define
a localized version of the D" (p, €): taking e = 0 one gets

d(p) = {(a,b) € (0,1)*/b]* = max(a, |b])}.
When p € (0,1),

d(p) = (=1,0] x {0} U {(a,a'/")/a € (0,1)}

is the graph of a continuous function.
Define then, for £ € P(R), the subset Dg of (0,1] x R:

Dg = U d(p). (26)

peEE

It is easy to check that Dy,_ ,1q = D"(p,€).
We make a final remark that x(p, €) may be written as follows:

\(p.€) = lim inf 2 (I€f, a7 Y apran))| -Liapyen(oe)

(a,b)—0 loga
a>0 beR

Y

with the convention log () = —oc.
The next elementary inequalities will be useful in the sequel:

Proposition 5.1. Vs’ € R,Vp € [0,1],Y(a,b) € D¥(p,e) N (0,1] x [-1,1] :
27 lg 0 < (a4 [p])* < 2l gl e
Proof. For all (a,b) € D" (p,€):
a’tc < max(a,|b]) < a+ |b] < 2max(a, |b]) < 20"
Putting to the s’ power the inequalities a”™¢ < a + |b] < 2a”~¢ yields the

result.
O]

5.1.2 Application of Section
The results of Section [3| apply with:

L=(0,1] xR,
t = (a,b),
1
h(a,b) =



U((CL, b)> E) = 10g(’ <f7 ail/Qw(a,b+ﬂ:o)> "1(a,b)€DE)7

V((a,), E) = log(| (f, ™ *¥apsan) |-(a+ )" Lapeny).

The functions U and V' are stable. Fy([p — €, p + €]) corresponds to —x.(p),
and F¢(p) to —x(p). Furthermore, Fy/([0,1]) = Fy(R) = —o(s').

Let g(t) = —s't. Proposition may be written as:
V(a,b) € (0,1] x [-1,1]:

m(g,I)
h(t)

M(g,I)

—s' +U(a,b, I) + )

<V(a,b,I) < s +U(a,b, 1)+

This implies that U and V fulfill condition (9) with g(p) = —ps’. We may thus
write equality in this context, noting that x(p) is equal to +oc when p ¢ [0, 1]
and that —o(s") = Fy([0,1]) = limp_,o Fy ([—R, R]):

max {—x(p) — ps'} = —o(s).
p€l0,1]

One finally reaches the following result:

Proposition 5.2. For all s € R:

o(s') = min {x(p) + ps'}.
p€[0,1]

This is the wavelet version of the 2-microlocal formalism, as exposed in [LS04].
It allows for an easy computation of the 2-microlocal frontier of many classical
functions including for instance the Weierstrass function or fractal interpolation
functions.

5.2 Discrete 2-microlocal Formalism
5.2.1 Classical Formalism

We shall make use of the following notation:

Vix(T) = Pa-i po-iy(z) = 272p(2x — k). (27)

The discrete 2-microlocal formalism is based on the discrete wavelet charac-
terization of the 2-microlocal spaces given in [Jaf9l]. As before, we assume that
1 is sufficiently regular so that, for all relevant values of s':

lo L2791 20h ) (277 + k27T — a0|)*
(279,k277 —20)—0 —J

(28)

In order to get an expression that looks more like (25), we set:
La(xz0) = {277, k277 — 20,7 >0, k € Z}.
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Equation may be written as:

1 al i, 2] - b— s
{og(Kf a' ,b+10£2\ (a+ 16— 2o])”) : (a,b) ELd(IEO)}'

(29)

o(s') = lim inf
(a,b)—0

As above, we define:

d . . log (‘ <f’ a1/2¢(a7b+x0)>‘ ‘1(a7b)ED[pfe,p+e]>
X“(p,€) = liminf

(a,b)—0 log a
(a,b)ELd(xo)

Y

and
d o d
X (p) = lim x%(p, €).

As compared to the continuous 2-microlocal spectrum, the discrete one is less
“robust”, since its computation involves a fewer number of wavelet coefficients.
However, it may be prescribed more easily, since the (f,1,;) may be chosen as
desired. The continuous 2-microlocal spectrum should then be more adapted for
evaluating the frontier of a function at a given point, while the discrete one would
be more fitted in situations where one wishes to obtain a given frontier (this is
for instance the case in applications such as signal denoising, see [Ech(7]).

5.2.2 Application of Section

As was the case for the continuous spectrum, the results of Section [3| apply.
The same correspondences may be used, with the exception that we set here
L = Lg(xp). One then easily gets the following result:

Proposition 5.3. For all s’ € R:

o’(s") = min {x*(p) + ps'}.
p€[0,1]
Again, this formalism yields an easy way to compute the 2-microlocal frontier
of functions such as fractal interpolation functions.

6 Prescribing Multifractal and 2-microlocal Spec-
tra

As another example of the profound similarities between the multifractal and
2-microlocal formalism, we consider in this section the problem of prescribing the
spectra in the discrete frame. Both the 2-microlocal and the multifractal spectra
may be written in the form studied in Section |3} Fy/(E) = limsup,_ o h(t)U(t, E).
As a consequence, the prescription of both spectra share some common features.
However, as we will see, the constraints on the function U are not the same in
the two cases.
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6.1 General Frame

This section gives a result that be will useful for the prescription of both spectra.

The following distance over R will be convenient in order to place ourselves
in the most general frame: dg(z,y) = |arctanx — arctan y|, with the convention
arctan(oo) = +m/2. It is easy to check that dg and the usual distance are
topologically equivalent on R. Another useful remark is that dg(z,y) < |z — y|.

The heuristic idea is as follows: assume we wish to construct a function whose
“spectrum” is g on an interval I. We give ourselves a sequence [, of intervals that
will "rotate” on I, and whose diameter will tend to 0. On each I,,, we approximate
g by its maximum over [,,. This will be meaningful whenever ¢ is upper semi-
continuous. For a fixed interval [o — €, a + €], assumption below ensures that
there exists a subsequence of (I,,), made of intervals contained in [a — €, a + €],
and for which z,V,,(1,,) will be larger than ¢g(«). Here (x,), is a positive sequence
tending to 0. This entails F°(a) > g().

For the reverse inequality, one needs to ensure that the values of V,, on intervals
other than I,, will not affect F. Assumption says that one may choose nyg
such that [,,, C & — €, + €] and that when n — oo, z,,V,,(1,,,) will be not larger
than M (g, [ — 2¢, a + 2¢]).

Lemma 6.1. Let g be an upper semi-continuous function on the interval I. Let
(xn)n be a positive sequence tending to 0, and let V,, be k-stable for all n € N.
Define F' as: F(E) = limsup,,_,. n.Vo(F) for all E C I.
Let (1,,),, be a sequence of open intervals such that:

{ VN e€N: I CUpsnly,

lim,, o |1,| = 0.

Assume that:

lim dg(x,V,,(1,,), M(g,I N 1I,) =0. (30)
n—oo
and that, for all ny:
limsup 2, V;,(Ing \ In) < M (g, I, N 1). (31)
n—0o0

Then F'¢ = g.

Proof. The assumptions on (I,,), entail that, for all & € I, there exists a subse-
quence I, () such that, for all n, o € I,(,).
As g is upper semi-continuous, M (g, I N I,)) tends to g(«) in R. Thus, by
assumption, Ty (m) Vo(n)(Is(ny) tends to g(a) in R.
For all € > 0 and for all n such that |I,,)| < €, the k-stability of V) entails
that:
Ig(n)vg(n)([a — €0+ E]) + k?.fEU(n) > $g(n)VU(n)([g(n)).
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Taking the limsup when n tends to infinity, one gets F([a — €, + €]) > g(a).
This inequality is true for all € > 0, and thus F(«a) > g(a).

We show now that F(«a) < g(«).

Fix € > 0. There exists ny such that I,,, C [a@ —€,a + €¢]. We divide the
sequence (I,,), into two subsequences I,, and I,, defined by:

{Io,y :neN} = {I,:neN I, NI =0},
{Io,y :neN} = {I,:neN, L, NI #0}

For all n, I, = I,y \ I, (n). Thus, by assumption:

Hm Sup (Z o, (n) Vory (n) (L)) < M (g, 1 N L)

n—oo

Besides, Vag(n)(ng) <2k + max(V(,z(n)(]nO \ IJQ(n)), VUQ(H)(IUQ(n))) and thus

1im SUp @, (n) Vira (n) (Iny) < max {M(g, IN1,,),lim sup(:L’U2(n)VU2(n)(IUQ(n)))} :

n—oo n—oo

However, for n large enough, I,,,) C [ov — 2¢, a4 2¢]. As a consequence,

m SUp 2o, (n) Vos (n) Loa(n)) < M (g, I N [ — 2€, o + 2¢]).
n—oo
The lim sup of both sequences I, and I, are not larger than M (g, I N[a—2¢, a+
2¢]) and thus
F(l,,) < M(IN[a—2ea+ 2€).

Since F'is not decreasing, F'(o) < M (I N[a — 2¢, a0 + 2¢]). Finally, let € tend
to 0 to obtain the result. O

Remark The shape of the function F in lemmal6.1{obviously fits in the frame of
Section[3} set for instance L = {1/n,n € N}, h(1/n) =z, and U(1/n,I) = V,(1).
Remark For any interval [, it is easy to construct a sequence [,, such as the
one described in theorem If, for instance, I = [0, +oc], then, for k an integer
between 0 and +o0, one may divide the intervals (—1/k, k) into sub-intervals of
the form ((i — 1)/k, (i + 1)/k), where 7 is an integer varying from 0 to k? — 1:

L =(-1,1)

I=(-1/2,1/2) I3=(0,1) I, =1(1/2,3/2) I5=(1,2)

Is=(-1/3,1/3) I; =1(0,2/3] Is=(1/3,1) Ly =(7/3,3)
etc...

6.2 Multifractal Spectrum

The prescription of the Hausdorff spectrum has been considered in [LVIS§] et |Jaf89).
[VT04] has studied the prescription of various other related multifractal spectra.
We focus here on the prescription of the discrete large deviation spectrum.
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In a discrete frame, one is concerned with the values of the function A only for
intervals of the form: [(k—1)27",k2™"]; n € N, k € 1..27. To simplify notations,
we shall write:

A = A([(k — 127", k277)).

By abuse of language, we shall speak of the “multifractal spectrum of the A,,” in
place of the multifractal spectrum of the measure or function whose associated
intervals function A is such that A([(k — 1)277,k277]) = A, for all n, k.

Recall that f = F'°, with F(E) = limsup,,_,., ,,V,,(E) where z,, = 1/(nlog 2)
and V,(F) = log #{ A, Anx € E}.

6.2.1 Prescription on R

Theorem 6.1. Let g : R — [0, 1]U{—00} be an upper semi-continuous function.
There exists a sequence of real numbers (Aji)jennke1.0i sSuch that g is the large
deviation multifractal spectrum of the (Ajx);k-

Proof. Let (I,), be a sequence of non-empty intervals such that |I,| tends to 0
and R = U,>n1, for all N. Let i, be a sequence such that for all n, i,, € I,, (one
may for instance choose the midpoint of 1,).

For all n € N, define A, k € [1..2"], by:

. Ak = i, , k=1...|2mMem)|,
If M(g,1,) € [0,1] : { A = 1+ max(Up<nl,) , k =1+ [20MeI) ]  on
If M(g,I,) = —o00: A =1+max(Upnl,) , k=1---2"

We shall apply lemma to obtain the result.

For all n, we have: #{Au., A € I,} = [2%M(@)| with the convention
27°° = (. The map = — log|z| —log z is bounded on [1, +00). As a consequence,
there exists ¢ such that, for all n € N such that M(g, I,,) # —oc:

\Va(I,) — log(ZM(g’I”))‘ <ec.
This entails that, for all n such that M(g, I,,) # —oo:
|2, Vi (1) — M(g, I,)| < cxp.

Furthermore, when M(g, I,,) = —oo, then V,,(I,,) = M (g, I,,).

Thus, dg(z,V,(1,), M (g, 1,))) tends to 0.

Besides, it is easy to see that, for all ng and for all n > ng: #{ Ak, Aukx € I, \
I,,} = 0. As a consequence, limsup,,_,. ©,V, (I, \ I,) = —oo. The assumptions

of lemma [6.1| are in force, and the result follows.
O
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Remark Conversely, Lemma implies that the multifractal spectrum of any
sequence (Aji)jenker.2 1S an upper semi-continuous function from R to [0, 1] U
{—o0}. Thus, we have:

Proposition 6.1. The set of all large deviation multifractal spectra coincide with
the one of upper semi-continuous functions from R to [0,1] U {+o0}

6.2.2 Prescription on R

In certain situations,_it is convenient to extend the domain of the discrete multi-
fractal spectrum to R. In that view, one sets:

fy(H00) = Jim F([K, +oc]),

and
f;(—oo): lim ng([—oo,K]).

K——o0
Recall the following result from [VT04]:

Theorem 6.1. If g : R — [0, 1] is a large deviation multifractal spectrum, then
the supremum of g 1s 1.

We shall provide a result on the prescription of the large deviation multifractal
spectrum in this frame. The proof simplifies greatly if we use the following “change
of variable”, that allows to deal smoothly with the particular cases o = 400 in
the definition of f¢(a): we set, for all 6 € [—m/2,7/2],

N.(6,j) = #{k such that arctan(A;;) € [0 —€,0 + €} (32)

Define in an analogous way:

log(N(0,n)

f;f(&, €) = limnsup W, (33)
and: _ _
2(6) = 1im 720 ). (34)

It is then easy to check that, for all 0 in [—7 /2, 7/2]:

fi(6) = fi(tan(6)).

with the convention tan(+oo) = £7/2.
We will show that f¢(6) has maximum 1 on [—m/2,7/2].

Remark first that, for all 0, all € and all j, N.(0,j) < 27. As a consequence,
1 is an upper bound to fgd and thus to f;.

Let us now show that fg reaches the value 1.
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We may divide Jy = [—7/2,7/2] into two intervals [—7 /2, 0] and [0, 7/2] such
that at least one contains at least 271 elements in the sequence (arctan A;x);x
for an infinite number of indices j. Denote this interval J;.

Likewise, J; may be split into two intervals with diameter not larger than
7/4 with at least one interval containing at least 272 elements in the sequence
(arctan Aji),x for an infinite number of indices j. Denote .J; this interval.

Iterating, one gets a sequence of non-empty nested intervals (J,,)men whose
diameters tend to 0, which contain at least 2/~™ elements arctan A, for an infinite
number of indices j.

Let {6y} denote their intersection, where 6y € [—m/2,7/2]. For all ¢ > 0,
there exists m such that J,, C [0y — €,00 + €]. As a consequence [0y — €, 6y + €]
contains at least 2/~™ elements arctan Aj, for an infinite number of indices j.
Thus, JA”;;I(QO, €) = 1. This being true for all €, we get fgd(eo) = 1. We conclude
that f¢(tanfy) = 1, with the convention tan(4oco) = £m/2.

We will now prove the following result:

Theorem 6.2. Let g: R — [0,1] U {—o0} be an upper semi-continuous function
defined on R ['| with maztmum 1. Then there exists a sequence of real numbers
(Ajk)jenker.2i such that g is the multifractal spectrum of the Aj,.

We use the notations , and of the preceding part. Let us start
by proving a preliminary result:

Lemma 6.2. Let g : [-7/2;7/2] — [0,1] U {—o0} be an upper semi-continuous
function on [—m /2,7 /2] with mazimum 1.
Then there exists a sequence of real numbers (Aji)jenke1.2i such that fgd =g.

Proof. 1t is straightforward to construct a sequence of intervals (I,), such that
|I,,| tends to 0 and [—7/2,7/2] = U,>n1, for all N. We also construct a sequence
of real numbers i, verifying i,, € I,, and i, # £7/2.

Let 0,4, be a point in [—7/2, 7/2] such that §(0e:) = 1.

We build a sequence of points (j,), in (—7/2,7/2) such that for all n and all
p <n: jn € I, = paw € I, (jn = Omaz is a possible choice if 0,4, € (—7/2,7/2)).

We now define the A, as:

An — tanzn y k e 1. . 2n-M(971n) ,
When M (g, [-7/2,7/2] N I,) € [0,1] : { A : = tan j k= L2n.ML<g,zn>J + 1J. om.

When M(ga [_W/277/2] N [n) = -0 Ank = tanjn ’ k=1-...2"

We have f; = F'°¢ with F(E) = limsup,, z,V,(E) and V,,(E) = #{k, arctan(A,;,) €
[0 —€,0+ €]}

1

i.e. g is upper semi-continuous on R and it verifies in addition g(+oco) > limsup,_,, ., g(x),
g(—00) > limsup,_, _, g(x).
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For all n: #{ A, arctan A, € I,} = [2"M(@1) ] with the convention 27> =
0. As above, we get that: dg(x,V,.(I,,), M(g,1,)) tends to 0 when n tends to
infinity.

For all m such that 0,,,, ¢ I,, and for all n such that n > m:

As a consequence, limsup,, . ©,V, (I, \ I,) = —oo. Furthermore, if 0,,,, € L,
then M(g, I,) = 1. However, for all n,

#H{Apg, arctan A, € I, \ I,,} < 2",

and thus limsup,, .. ann(£m \I,) < M(g,I,).
Lemma [6.1] yields that fJ = 3. O

To obtain theorem[6.2} it now suffices to apply lemma [6.2] to g(#) = g(tan(c))
with the convention tan(t+oo) = +m/2.

Remark  Conversely, lemma yields that for any sequence of real numbers
(Ajk)jenker.2i, the function fg is upper semi-continuous. In other words, the
multifractal spectrum of any sequence A;j, is an upper semi-continuous function
on R. Furthermore, the multifractal spectrum of any sequence A has to reach
1 on R by theorem

To sum up, we have:

Proposition 6.2. A function g : R — [0,1] U {—o00} is a large deviation multi-
fmcial spectrum if and only if it is upper semi-continuous on R and it reaches 1
on R.

6.3 2-microlocal Spectrum

The prescription of the 2-microlocal frontier has been considered in [L.S04, [Mey9§|.
Let us recall that —x = F{¢, where Fy;(E) = limsup,_gcp M(t)U(t, E), L =
{279 k279} [ h(277,k277) =1/ and, for t € L: U(t, E) = log(|C(t)|.14ep,)-

Theorem 6.3. Let g : [0,1] — RU {400} be a lower semi-continuous function.
Then there exists a distribution [ = Zj’k djibji such that g is the 2-microlocal
spectrum of [ at xg.

Proof. We may assume without loss of generality that xy = 0. Let (I,), be a
sequence of open intervals such that |I,,| tends to 0 when n tends to infinity and
[0,1] C UpsnI, for all N. Assume in addition that for all n: I, N[0, 1] # 0.

For all n € N choose t,, € Ly N Dy, such that:

® talloo < lltn-1ll
(this condition ensures that each ¢, is chosen only once).
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e talloc <1/m
(this condition ensures that ¢, tends to 0 when n tends to infinity).

To simplify notations, we let: t, = (279 k(n).277(™). Note that j(n) and
k(n) are integers since we assumed that t,, € L.
Define finally d;;, by:

Vn e N k) = 2i/29=i(M)M(=g.In)
If (j,k) & {(j(n), k(n)),n € N} : dj, =0.

From the definition of the d;, it is easy to check that the 2-microlocal spec-
trumat 0 of f = 3., djxtji, reads —x = F'¢ where F(E) = limsup,,_, . (2,V,(E)),

zn = 1/(j(n)log 2)

tends to 0 and .
Vn(E) = log(Q_J/de(n)k(n)'1tn€DE)
is semi-stable. For all n € N: z,V,(l,,) = M(—g,I,). Furthermore, for all

(no,n), t, € Dy,, and thus V,(I,, \ I,) = —oo. The assumptions of Lemma
are verified. As a consequence, y = g. m

Remark The previous result may be extended to a function g : [0,1] —
R U {+£o0} by letting for instance:

© nEN  dj(m =27/MEOR i M(—g, 1) > —00 and djgi(m) = 2"

o If (j,k) ¢ {(j(n),k(n)),n € N} then d;, = 0.

Proof. With the same notations as above:

v, Vo(l,) = M(—g, I,) it M(—g,I,) > —occ and x,V,,(I,) = n if M(—g,I,) >
—00.

The sequence (dg(x,V, (1), M(g,1 N 1,)), still tends to 0. Besides, we have
again that V,(I,, \ I,) = —oco. As a consequence, Lemma [6.1] still applies. O

Remark Conversely, Lemma entails that the 2-microlocal spectrum of
any distribution at any point is a lower semi-continuous function from [0, 1] to
R U {£o00}.

We thus have the following proposition:

Proposition 6.3. A function g : [0,1] - RU {400} is a 2-microlocal spectrum
if and only if it is lower semi-continuous.
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