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Abstract. We give explicit formulas for the number of distinct elliptic
curves over a finite field, up to isomorphism, in the families of Legendre,
Jacobi, Hessian and Edwards curves.

Keywords: Elliptic curve, Legendre curve, Jacobi curve, Hessian curve,
Edwards curve, j-invariant, isomorphism, cryptography

1 Introduction

A nonsingular absolutely irreducible projective curve of genus 1 defined over
a field F with at least one F-rational point is called an elliptic curve over F,
see [1, 22] for a general background on elliptic curves. Koblitz [17] and Miller
[20] were the first to show that the group of rational points on an elliptic curve
over a finite field can be used for the discrete logarithm problem in a public-key
cryptosystem.

In particular, an elliptic curve E over F can be given by the so-called Weier-

strass equation

E : Y 2 + a1XY + a3Y = X3 + a2X
2 + a4X + a6, (1)

where the coefficients a1, a2, a3, a4, a6 ∈ F, which traditionally has been most
commonly used. For a field F of characteristic p 6= 2, 3, the Weierstrass equation
(1) can be transformed to the so called short Weierstrass equation given by

EW,u,v : Y 2 = X3 + uX + v, (2)

where the coefficients u, v ∈ F (see [1, 22]).
There are many other forms of equations to represent elliptic curves such as

Legendre equation, Hessian equation, quartic equation and intersection of two
quadratic surfaces [24, Chapter 2]. Any equation given by each of the latter
forms over a field F can be transformed to a Weierstrass equation by change of
variables that uses rational functions with coefficient in F. Usually, any elliptic
curve over an algebraically closed field F can be defined by each of the latter
equations.
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A Legendre equation is a variant of Weierstrass equation with one parameter.
Any elliptic curve defined over an algebraically closed field F of characteristic
p 6= 2 can be expressed by an elliptic curve by the Legendre equation

EL,u : Y 2 = X(X − 1)(X − u), (3)

for some u ∈ F. Furthermore, an elliptic curve in Legendre form is birationally
equivalent to a Jacobi quartic curve that is given by the equation

EJQ,u : Y 2 = X4 + 2uX2 + 1. (4)

for some u ∈ F with u 6= ±1. Moreover, an elliptic curve in Legendre form is
birationally equivalent to a so-called Jacobi intersection that is defined by the
intersection of two quadratics given by

EJI,u : X2 + Y 2 = 1 and uX2 + Z2 = 1, (5)

where u ∈ F and u 6= 0, 1. See [7] for more background on Jacobi curves. The
latter two forms over finite fields are used for cryptographic interest in [19]. Also,
for the recent improvements on their arithmetic see [10, 15].

A Hessian curve over a field F is given by the cubic equation

EH,u : X3 + Y 3 + 1 = uXY, (6)

for some u ∈ F with u3 6= 27 (see [7]). For the cryptographic interests on Hessian
curves over finite fields see [3, 12, 15, 16, 23].

An Edwards curve, [11], over a field F of characteristic p 6= 2, is given by the
equation

EE,u : X2 + Y 2 = u2(1 + X2Y 2), (7)

where u ∈ F with u5 6= u. Edwards curves and its variants over finite fields have
attracted great interest in elliptic curve cryptography (see [2, 4, 5]). In particular,
Bernstein and Lange [4] have considered the following family of curves

EBL,u : X2 + Y 2 = 1 + uX2Y 2, (8)

where u ∈ F with u 6= 0, 1. They also have considered the generalization of
Edwards families to the so-called twisted Edwards family, [2], given by

ETE,u,v : vX2 + Y 2 = 1 + uX2Y 2, (9)

where u, v are distinct nonzero elements of F. In the same paper, they show that
a twisted Edwards curve is birationally equivalent to a Montgomery curve. We
recall, [21], that an elliptic curve by a Montgomery equation is given by

EM,u,v : vY 2 = X3 + uX2 + X, (10)

where u, v ∈ F with u 6= ±2 and v 6= 0.
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We note that, above families do not cover all distinct curves over finite fields.
Accordingly, a natural question arise about the number of isomorphism classes
of these curves.

Lenstra [18] gave explicit estimates for the number of isomorphism classes
of elliptic curves over a prime field Fp with order divisible by a prime l 6= p.
After that, Howe [14] extended Lenstra’s work to arbitrary integers l. Moreover,
Castryck and Hubrechts [8] generalized these results giving explicit estimates for
the number of isomorphism classes of elliptic curves over a finite field Fq having
order with a fix remainder divided by an integer l.

Furthermore, Farashahi and Shparlinski [13], using the notion of the j-inva-

riant of an elliptic curve, see [1, 22, 24], gave exact formulas for the number of
distinct elliptic curves over a finite field (up to isomorphism over the algebraic
closure of the ground field) in the families of Edwards curves [11] and their
generalization due to Bernstein and Lange [4] as well as the curves introduced
by Doche, Icart and Kohel [9]. Moreover, the open question of [13] is whether
there are explicit formulas for the number of distinct elliptic curves over a finite
field in the families of Hessian curves, Jacobi quartic and Jacobi intersections.

In this paper, we give precise formulas for the number of distinct j-invariants
of elliptic curves over a finite field in the families of Legendre, Jacobi and Hessian
curves. The next interesting and more challenging step is to study isomorphism
classes over the ground field of these families. Moreover, we give exact formulas
for the number of isomorphism classes over the ground field of above families.

Throughout the paper, for a field F, we denote its algebraic closure by F and
its multiplicative subgroup by F

∗. The letter p always denotes a prime number
and the letter q always denotes a prime power. As usual, Fq is a finite field of
size q. Let χ2 denote the quadratic character in Fq, where p ≥ 3. So, for any q
where p ≥ 3, u = w2 for some w ∈ F

∗
q if and only if χ2(u) = 1. The cardinality

of a finite set S is denoted by #S.

2 Background on isomorphisms and outline of our
approach

An elliptic curve E over F given by the Weierstrass equation (1) can be trans-

formed to the elliptic curve Ẽ over F given by the Weierstrass equation

Ẽ : Ỹ 2 + ã1X̃Ỹ + ã3Ỹ = X̃3 + ã2X̃
2 + ã4X̃ + ã6,

via the invertible maps X 7→ α2X̃+β and Y 7→ α3Ỹ +α2γX̃+δ with α, β, γ, δ ∈
F and α 6= 0. In this case, the elliptic curves E and Ẽ are called isomorphic over
F or twists of each other. In case α, β, γ, δ ∈ F, the elliptic curves E and Ẽ are
called isomorphic over F. We use E ∼=F Ẽ to denote E and Ẽ are F-isomorphic.

The elliptic curve E over F given by the Weierstrass equation (1) has the
non-zero discriminant

∆E = −b2
2b8 − 8b3

4 − 27b2
6 + 9b2b4b6,
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b2 = a2
1+4a2, b4 = a1a3+2a4, b6 = a2

3+4a6, b8 = a2
1a6−a1a3a4+4a2a6+a2a

2
3−a2

4.

Also, its j-invariant is explicitly defined as

j(E) = (b2
2 − 24b4)

3/∆E .

It is known that two elliptic curves E, Ẽ over a field F are isomorphic over F if
and only if j(E1) = j(E2), see [22, Proposition III.1.4(b)].

Note that over a finite field Fq each of the q values appears as j-invariant
of at least one curve. So, the number of distinct elliptic curves over Fq (up
to isomorphism over Fq) is equal to q. The same is true for the family (2).
Furthermore, for a finite field Fq with characteristic p 6= 2, 3, the number of
Fq-isomorphism classes of the family (2) is equal to 2q + 6, 2q + 2, 2q + 4, 2q if
q ≡ 1, 5, 7, 11 (mod 12) respectively (e.g. see [18]).

In the following, we use JL(q), JJQ(q), JJI(q), JH(q), JE(q), JBL(q), JTE(q)
and JM(q) to denote the number of distinct j-invariants of the curves defined
over Fq in the families (3), (4), (5), (6), (7), (8), (9) and (10) respectively.

Moreover, we use IL(q), IJQ(q), IJI(q), IH(q), IE(q), IBL(q), ITE(q) and IM(q)
to denote the number of Fq-isomorphism classes of the families (3), (4), (5), (6),
(7), (8), (9) and (10) respectively.

We compute the number of distinct j-invariants of a family of elliptic curves
Eu over a finite field Fq with a parameter u, using the general approach men-
tioned in [13]. In this approach, the j-invariant of Eu is given by a rational
function F (U) ∈ Fq(U) of small degree. Next, we consider the bivariate rational
function

F (U) − F (V ) = g(U, V )/l(U, V )

with two relatively prime polynomials g and l. We factor g(U, V ). Then, studying
the number of distinct roots of the polynomials gu(V ) = g(u, V ), for u ∈ Fq,
provides the necessary information, which is the cardinality of the set Ju of all
curves Ev with j(Ev) = j(Eu). Then, for several small integers k, we count the
number of elements u of Fq with #Ju = k. Therefore, we obtain the number of
different sets Ju, i.e., the number of distinct j(Eu) in the family.

We propose an analogous approach to count the number of Fq-isomorphism
classes of elliptic curves Eu, for u ∈ Fq. Considering the set Ju, we study the set
Iu of curves Ev which are Fq-isomorphic to the curve Eu. Then, counting the
number of distinct sets Iu provides our results.

3 Legendre curves

We consider the curves EL,u given by Legendre equation (3) over a finite field Fq

with characteristic p ≥ 3. We note that u 6= 0, 1, since the curve EL,u is nonsin-
gular. The Legendre curve EL,u over Fq of characteristic p > 3 is isomorphic to
the Weierstrass curve EW,au,bu

given by

Y 2 = X3 + auX + bu, (11)
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where au = −u2−u+1
3 and bu = − (u+1)(u−2)(2u−1)

27 . The j-invariant of EL,u is
given by j(EL,u) = F (u) where

F (U) = 28(U2 − U + 1)3/(U2 − U)2.

Here, we study the cardinality of preimages of F (u), for all elements u ∈
Fq \ {0, 1}, under the map u 7→ F (u). In particular, we see this map is 6 : 1, for
almost all u ∈ Fq.

We consider the bivariate rational function F (U) − F (V ) = g(U, V )/l(U, V )
with two relatively prime polynomials g and l. We see that

g(U, V )=28(U−V )(U+V−1)(UV−1)(UV−V +1)(UV−U +1)(UV−U−V ).

Then, we need to study the number of roots of the polynomial gu(V ) = g(u, V ),
for u ∈ Fq \ {0, 1}. Moreover, for u ∈ Fq \ {0, 1} , we let

JL,u =
{

v : v ∈ Fq, EL,u
∼=

Fq
EL,v

}
.

We note that, for all v ∈ JL,u, the curves EL,u and EL,v have the same j-
invariants. But, these curves may not be isomorphic over Fq. Next, for a fixed
value u ∈ Fq \ {0, 1}, we let

IL,u =
{
v : v ∈ Fq, EL,u

∼=Fq
EL,v

}
.

Clearly, for all u ∈ Fq \ {0, 1}, we have IL,u ⊆ JL,u. We see that j(EL,u) =
j(EW,au,bu

) = 0 if and only if au = 0. Furthermore, j(EL,u) = 1728 if and only
if bu = 0 (see Equation (11)). Let

B = {u : u ∈ Fq, aubu = 0} .

The following lemma gives the cardinality of JL,u, for all u ∈ Fq \ {0, 1}.

Lemma 1. For all u ∈ Fq \ {0, 1}, we have

#JL,u =





1, if u = −1 and p = 3,
3, if u ∈

{
−1, 2, 2−1

}
and p > 3,

2, if u2 − u + 1 = 0 and p > 3,
6, if u /∈ B.

Furthermore, the following lemma gives the cardinality of IL,u, for all u ∈
Fq \ {0, 1}.

Lemma 2. For all u ∈ Fq \ {0, 1}, we have

#IL,u =





1, if u = −1 and p = 3,
3, if u ∈

{
−1, 2, 2−1

}
, q ≡ 1, 3, 7 (mod 8) and p > 3,

2, if u ∈ {−1, 2} , q ≡ 5 (mod 8),
1, if u = 2−1, q ≡ 5 (mod 8),
2, if u2 − u + 1 = 0, q ≡ 1 (mod 12) and p > 3,
1, if u2 − u + 1 = 0, q 6≡ 1 (mod 12),
3, if χ2(−1) = −1 and u /∈ B,
2, if χ2(−1) = 1, χ2(u) = χ2(1 − u) = −1 and u /∈ B,
4, if χ2(−1) = 1, χ2(u)χ2(1 − u) = −1 and u /∈ B,
6, if χ2(−1) = 1, χ2(u) = χ2(1 − u) = 1 and u /∈ B.
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In the following, we give a precise formula for the number of distinct curves
over Fq, up to isomorphism classes over Fq, of the family (3).

Theorem 1. For any prime p ≥ 3, for the number JL(q) of distinct values of

the j-invariant of the family (3), we have

JL(q) = ⌊(q + 5)/6⌋ .

Proof. We note that JL(q) =
∑

u∈Fq\{0,1}
1

#JL,u
. For any positive integer k, let

Nk = # {u : u ∈ Fq \ {0, 1} , #JL,u = k}. From Lemma 1, we see that Nk = 0
for k = 4, 5 and k > 6. Let r be the remainder of q divided by 3. We have N1 = 1
if r = 0, N1 = 0 if r 6= 0, N2 = 2 if r = 1, N2 = 0 if r 6= 1, N3 = 0 if r = 0 and
N3 = 3 if r 6= 0. We also have N6 = q − 3, q − 7, q − 5 if r = 0, 1, 2, respectively.
Next, we have JL(q) =

∑6
k=1

Nk

k
, so JL(q) = q+3

6 , q+5
6 , q+1

6 if q ≡ 0, 1, 2 (mod 3)
respectively. �

Now, we give an exact formula for the number of Fq-isomorphism classes of
elliptic curves over Fq of the family (3).

Theorem 2. For any prime p ≥ 3, for the number IL(q) of Fq-isomorphism

classes of the family (3), we have

IL(q) =





⌊(7q + 29)/24⌋ if q ≡ 1 (mod 12),

⌊(q + 2)/3⌋ if q ≡ 3, 7 (mod 12),

⌊(7q + 13)/24⌋ if q ≡ 5, 9 (mod 12),

(q − 2)/3 if q ≡ 11 (mod 12).

Proof. We note that IL(q) =
∑

u∈Fq\{0,1}
1

#IL,u
. For any positive integer k, let

Mk = # {u : u ∈ Fq \ {0, 1} , #IL,u = k} . From Lemma 2, one can obtain the
values of Mk; see Table 1 (where q ≡ r (mod 24)).

r M1 M2 M3 M4 M5 M6

1 0 (q + 7)/4 3 (q − 1)/2 0 (q − 25)/4

3 1 0 q − 3 0 0 0

5 1 (q + 3)/4 0 (q − 5)/2 0 (q − 5)/4

7, 19 2 0 q − 4 0 0 0

9 1 (q − 1)/4 0 (q − 1)/2 0 (q − 9)/4

11, 23 0 0 q − 2 0 0 0

13 1 (q + 11)/4 0 (q − 5)/2 0 (q − 13)/4

17 0 (q − 1)/4 3 (q − 1)/2 0 (q − 17)/4

Table 1. Mk, for k = 1, . . . , 6.

We have, IL(q) =
∑6

k=1
Mk

k
, so we compute IL(q) which completes the proof

of this theorem. �.
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4 Jacobi curves

First, we consider the Jacobi qartic curves EJQ,u given by (4) over a field F with
characteristic p ≥ 3. Note that u 6= ±1, since the curve EJQ,u is nonsingular. The

change of variable (X, Y ) 7→ (X̃, Ỹ ) defined by X̃ = 2(u + Y +1
X2 ) and Ỹ = 2 eX

X
, is

a birational equivalence from EJQ,u to the elliptic curve ẼJQ,u defined by

Ỹ 2 = X̃3 − 4uX̃2 + 4(u2 − 1)X̃

with j-invariant j(EJQ,u) = F (u) where F (U) = 64(U2 + 3)3/(U2 − 1)2.

Lemma 3. For all u ∈ F with u 6= ±1, the Jacobi curve EJQ,u is birationally

equivalent over F to the Legendre curve EL, 1−u
2

.

Now, we consider the curves EJI,u given by (5) over a field F with characteris-
tic p ≥ 3. We note that u 6= 0, 1, since the curve EJI,u is nonsingular. The change

of variable (X,Y, Z) 7→ (X̃, Ỹ ) defined by X̃ = u(Y −Z)
uY −Z+1−u

and Ỹ = u(1−u)X
uY −Z+1−u

,

is a birational equivalence from EJI,u to the elliptic curve ẼJI,u defined by

Ỹ 2 = X̃3 − (u + 1)X̃2 + uX̃.

We note that ẼJI,u = EL,u. Moreover, the Jacobi intersection curve EJI,u is
birationally equivalent over F to the the Jacobi curve EJQ,1−2u.

From Theorem 2, the following lemma gives the numbers of distinct curves
over a finite field Fq of the families (4) and (5).

Lemma 4. For any prime p ≥ 3, for the numbers IL(q), IJQ(q) and IJI(q) of

Fq-isomorphism classes of the families (3), (4) and (5) respectively, we have

IL(q) = IJQ(q) = IJI(q).

5 Hessian curves

We consider the curves EH,u given by (6) over a finite field Fq of characteristic p.
We note that u3 6= 27, since the curve EH,u is nonsingular. The curve EH,u has
the j-invariant j(EH,u) = (F (u))3 where F (U) = U(U3 + 216)/(U3 − 27).

We consider the bivariate rational function F (U) − F (V ) = g(U, V )/l(U, V )
with two relatively prime polynomials g and l. We see that

g(U, V ) = (U − V )(UV − 3U − 3V − 18)h(U, V ),

where h(U, V ) = (U2 + 3U + 9)V 2 + 3(U2 + 12U − 18)V + 9(U2 − 6U + 36).
For a fixed value u ∈ Fq with u3 6= 27, let gu(V ) = g(u, V ). Next, for

u ∈ Fq with u3 6= 27, we investigate the number of roots of the polynomial
gu(V ) = g(u, V ). Moreover, for u ∈ Fq with u3 6= 27, we let

JH,u =
{

v : v ∈ Fq, EH,u
∼=

Fq
EH,v

}
, IH,u =

{
v : v ∈ Fq, EH,u

∼=Fq
EH,v

}
.

Let Au = u(u3 + 63) and let Bu = u6 − 540u3 − 183. Here, we give the
cardinalities of JH,u and IH,u, for all u ∈ Fq with u3 6= 27.
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Lemma 5. For all u ∈ Fq with u3 6= 27, we have

#JH,u =





1, if p = 2 and u = 0, or p = 3,
4, if q ≡ 1 (mod 3), p 6= 2 and Au = 0,
6, if q ≡ 1 (mod 3), p 6= 2 and Bu = 0,
12, if q ≡ 1 (mod 3) and AuBu 6= 0,
2, if q ≡ 2 (mod 3), p 6= 2 or u 6= 0,

and

#IH,u =

{
1, if q ≡ 0, 2 (mod 3),
#JH,u, if q ≡ 1 (mod 3).

The following theorems give the number of distinct Hessian curves over Fq.

Theorem 3. For any prime p, for the number JH(q) of distinct values of the

j-invariant of the family (6), we have

JH(q) =





q − 1, if q ≡ 0 (mod 3),
⌊(q + 11)/12⌋ , if q ≡ 1 (mod 3),

⌊q/2⌋ , if q ≡ 2 (mod 3).

Proof. We note that JH(q) =
∑

u∈Fq,u3 6=27
1

#JH,u
. For the positive integer k,

let Nk = #
{
u : u ∈ Fq, u

3 6= 27, #JH,u = k
}

. From Lemma 5, we can see that
Nk = 0 for k = 3, 5, 7, 8, 9, 10, 11 and k > 12. Moreover, we can compute the
values of Nk; see Table 2 (where q ≡ r (mod 12)).

r N1 N2 N4 N6 N12

1 0 0 4 6 q − 13

2, 8 1 q − 2 0 0 0

3, 9 q − 1 0 0 0 0

4 1 0 0 0 q − 4

7 0 0 4 0 q − 7

5, 11 0 q − 1 0 0 0

Table 2. Nk, for k = 1, 2, 4, 6, 12.

Next, we have JH(q) =
∑12

k=1
Nk

k
, so we compute JH(q), which completes the

proof of this theorem. �

Theorem 4. For any prime p, for the number IH(q) of Fq-isomorphism classes

of the family (6), we have

IH(q) =

{
⌊(q + 11)/12⌋ , if q ≡ 1 (mod 3),

q − 1, if q ≡ 0, 2 (mod 3).

Proof. The proof is given from Lemma 5 and Theorem 3. �

Recently, Farashahi and Joye have considered the generalization of Hessian
curves, see [12]. From Theorem 4, the number of distinct generalized Hessian

curves over Fq is given by [12, Theorems 4,5].
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6 Edwards curves

The numbers of distinct j-invariants of the families (7) and (8) have been studied
in [13, Theorms 3 and 5]. In the following theorems, we give the numbers of Fq-
isomorphism classes of these families.

Theorem 5. For any prime p ≥ 3, for the number IE(q) of Fq-isomorphism

classes of the family (7), we have

IE(q) =





⌊(q + 23)/24⌋ if q ≡ 1, 9, 13, 17 (mod 24),

(q − 5)/24 if q ≡ 5 (mod 24),

(q − 3)/4 if q ≡ 3 (mod 4).

Theorem 6. For any prime p ≥ 3, for the number IBL(q) of Fq-isomorphism

classes of the family (8), we have

IBL(q) =

{
⌊(2q + 1)/3⌋ if q ≡ 1 (mod 4),

(3q − 5)/4 if q ≡ 3 (mod 4).

Now, we consider the families of twisted Edwards curves, given by (9), and
the Montgomery curves, given by (10), over a finite field Fq of odd characteristic.

The twisted Edwards curve ETE,v,u, via the change of variable (X, Y ) 7→

(X̃, Ỹ ) defined by X̃ = (1 + Y )/(1 − Y ) and Ỹ = X̃/X, is birationally equiv-
alent to the Montgomery curve E

M, 4
v−u

,
2(v+u)

v−u

. Conversely, every Montgomery

curve EM,v,u is birationally equivalent over Fq to the twisted Edwards curve
ETE, u+2

v
, u−2

v
(see [2, Theorem 3.2]). So, the families (9) and (10) have the same

number of isomorphism classes over Fq.
We note that, the family (9) is the generalization of the families (7) and (8).

Clearly, every Edwards curve EBL,u is a twisted Edwards. Moreover, a twisted
Edwards curve ETE,v,u is a twist of the Edwards curve EBL, u

v
. We note that

a quadratic twist of EBL,u, which is not isomorphic to EBL,u over Fq, may not
be in the family (8). Therefore, the family (9) includes the curves of (8) and
the twists of the curves of (8). Moreover, the j-invariant of a curve and the j-
invariant of its twist are equal. So, both family have the same number of distinct
j-invariants.

Theorem 7. For any prime p ≥ 3, for the numbers JBL(q), JTE(q) and JM(q)
of distinct Fq-isomorphism classes of the families (8), (9) and (10) respectively,

we have

JBL(q) = JTE(q) = JM(q) =

{
⌊(5q + 7)/12⌋ if q ≡ 1 (mod 4),

⌊(3q − 1)/8⌋ if q ≡ 3 (mod 4).

Theorem 8. For any prime p ≥ 3, for the numbers ITE(q) and IM(q) of Fq-

isomorphism classes of the families (9) and (10) respectively, we have

ITE(q) = IM(q) =





⌊(5q + 7)/6⌋ if q ≡ 1, 9 (mod 12),

(5q − 1)/6 if q ≡ 5 (mod 12),

(3q − 5)/4 if q ≡ 3 (mod 4).
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