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Schémas avec correction de déplacement
incrémentale pour l’interaction fluide-structure:
stabilité et convergence

Résumé : Dans cet article nous introduisons une classe de schémas avec cor-
rection de déplacement incrémentale pour le couplage explicite d’une structure
mince et d’un fluide incompressible. Nous proposons une analyse générale de
stabilité et de convergence, qui traite a la fois les variantes incrémentales et
non-incrémentale. Leurs propriétés de stabilité sont indépendants de I'effet de
masse ajoutée. La précision supérieure des schémas incrémentaux (par rapport
a la variante originale non-incrémentale) est mise en évidence par des estima-
tions d’erreur a priori, puis confirmée par des expériences numériques dans un
cas test connu.

Mots-clés : Interaction fluide-structure, équation de Stokes, structure mince,
discrétisation en temps, couplage explicite, méthode des éléments finis, estima-
tions d’erreur.
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1 Introduction

The stability of the numerical approximations of fluid-structure interaction
problems, involving an incompressible fluid and an elastic structure, is very
sensitive to the way the interface coupling conditions (kinematic and kinetic
continuity) are treated at the discrete level. For instance, it is well known that
the stability of explicit Dirichlet-Neumann coupling (or conventional loosely cou-
pled schemes, i.e., that only involve the solution of the fluid and the structure
once, or just a few times, per time step) is dictated by the amount of added-
mass effect in the system (see, e.g., [8, 20]). In other words, a large fluid/solid
density ratio combined with a slender and lengthy geometry gives rise to nu-
merical instability, irrespectively of the discretization parameters. Examples in
hemodynamics simulations are popular (see, e.g., [19]).

Stable explicit coupling alternatives, circumventing these infamous instabil-
ities, have only recently been proposed in the literature. In [5l [7], stability is
achieved through an appropriate weak treatment of the interface coupling and
the addition of a weakly consistent interface compressibility term. For thin-
solid models, the explicit coupling procedure introduced in [25] 24] combines
the splitting of the time-marching in the solid with an implicit treatment of the
fluid pressure and the hydrodynamic solid contributions (fully embedded into
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4 M.A. Ferndndez

the fluid sub-step through a Robin boundary condition). Since the solid dis-
placement is ignored in the fluid sub-step, this procedure can be interpreted as
a non-incremental displacement-correction scheme (borrowing the terminology
used for projection methods in fluids, see [23] for instance).

In this paper, we introduce a class of incremental displacement-correction
schemes for the explicit coupling of a thin-structure with an incompressible
fluid (the displacement is extrapolated in the first step and then corrected in
the second). A salient feature of these schemes is that they can be interpreted
as interface kinematic perturbations of an underlying implicit coupling scheme.
We present a general stability and convergence analysis that covers both the
non-incremental and the incremental variants, as well as the fully implicit case.
The analysis shows, in particular, that the non-incremental scheme is expected
to yield sub-optimal time-convergence in the energy norm; on the contrary,
optimal accuracy is achieved with the proposed incremental schemes, without
compromising stability. This enhanced accuracy is also illustrated with numer-
ical experiments in a benchmark.

Although a number of works have been devoted to the convergence analysis
of the numerical approximations of linear incompressible fluid-structure inter-
action problems (see [30} [IT], [I]), none of them addresses the time-marching via
an explicit coupling scheme. This is not surprising since, as remarked above,
stable procedures of this kind have only recently been reported in the literature.
Regarding the discretization in space, all the aforesaid works consider inf-sup
stable finite element approximations for the fluid. Our analysis is also valid for
pressure stabilized operators that are symmetric and weakly consistent (see [6]).
This feature, besides its practical interest, requires the generalization of some
valuable results from [26] that we report in appendix

This paper is organized as follows. The considered linear fluid-structure in-
teraction model problem is described in section [2| Its numerical approximation
is introduced in section [3] We present the space semi-discrete finite element
setting in subection Subsection is devoted to the discretization in time.
Here, a brief review of the available time-marching procedures precedes the
introduction of our incremental displacement-correction schemes. Section || is
devoted to the energy stability analysis. The a priori error estimates are de-
rived in section |5} Numerical experiments illustrating the theoretical results are
presented in section [f] At last, section [7] contains some conclusions together
with a few lines of future reserach.

Some preliminary results of this work have been announced, without proof,
in [14].

2 A linear model problem

We consider a low Reynolds regime and assume that the structure undergoes
infinitesimal displacements. The fluid is described by the Stokes equations in a
polyhedral domain Q C R? (d = 2, 3). We consider a partition 9Q = IuT*UY
of the fluid boundary, where ¥ stands for the fluid-structure interface. The
structure is assumed to behave as a linear thin-solid (e.g., string, membrane)
represented by the (d — 1)-manifold 3. Our simplified coupled problem reads
therefore as follows: find the fluid velocity u : Qf x Rt — R?, the fluid pressure
p: Qf xRt = R, the solid displacement d : ¥ x RT — R and the solid velocity

INRIA



Incremental displacement-correction schemes 5

d: ¥ x Rt — R? such that
plou — dive(u,p) =0 in €,
divu =0 in Q,
u=0 on I'Y

o(u,p)n=h on T

u=d on DI
d=0d on I,
d(t) e W, (2)

pse/atc.l-erae(d,w):f/U(u,p)n~w Yw e W,
by by

complemented with the initial conditions

u(0)=u’, d(0)=d’, d0)=4d .
Here, pf and p® respectively denote the fluid and solid densities, and € the solid
thickness. The fluid Cauchy-stress tensor is given by

e of 1
& —pI + 2ue(u), €(u) def 3 (Vu + VuT) ,

o(u,p)
where p stands for the fluid dynamic viscosity. The exterior unit-vector normal
to 0 is denoted by m and h represents a given surface force. At last, the
abstract bi-linear form a® : W x W — R describes the elastic behavior of the
structure and W stands for its space of admissible displacements.

Though simplified, problem — features some of the main numerical
issues that appear in complex non-linear fluid-structure interaction problems
involving an incompressible fluid (see, e.g., [8, [13]).

2.1 Monolithic variational formulation

In what follows, we will consider the usual Sobolev spaces H™(w) (m > 0), with
norm || - |[m.w- The closed subspaces H}(w), consisting of functions in H(w)
with zero trace on dw, and L3(w), consisting of function in L?(w) with zero
mean in w, will also be used. The scalar product in L?(w) is denoted by (-, ),

and its norm by || - ||o,w- In order to ease the notation, we set (-, -) def (y)a-
We assume that a® is an inner-product into W C [H}(2)]¢ and that, en-
dowed with this inner-product, W is a Hilbert space. We set

def 3
lwlle = (a®(w, w))?
and we assume that the following continuity estimate holds

lwll2 < 5°[lw|} 5 3)

for all w € W. The strong formulation of the thin-solid elastic contribution is
supposed to be given in terms of a densely defined, self-adjoint and unbounded
linear operator L° : D° C [L?(X)]¢ — [L?(X)]¢, such that

(L°d, w), = a°(d, w) (4)

RR n° 7671



6 M.A. Ferndndez

for all d € D® and w € W. We recall that, endowed with the graph-norm

Id]| pe <

1
(Idl3.s + IL°dl§5)* .
the subspace D¢ is a Banach.
We also introduce the fluid velocity and pressure functional spaces

def

VY veH Q)] v =0}, VyE e

{veV/vg=0}, Q= L),

equipped with the norms

def

1 _1
[vllv = ez Volloq,  ldlle = llr"24loe-

At last, the standard bi-linear forms for the Stokes problem, a : V. x V — R
and b: Q x V — R, given by

def

a(u,v) def 2u(e(u),e(v)), blg,v) = —(g,divw),

will be used.
Problem — can then be rewritten in variational form as follows: for
t > 0, find
(u(t), p(t),d(t),d(t)) € V x Q x [L*(Z)]* x W,

such that
uls, = d,
d = 0,d,
ot (Oyu,v) + a(u, v) + b(p,v) — b(q, u) + pse(ﬁtd, w), + a°(d, w)
= (h,v)rn

(5)

for all (v,q,w) €V x Q x W with v|s = w.
Well-posedness results for this type of linear fluid-structure interaction prob-
lems can be found in [30] (see also [10]).

3 Displacement-correction explicit coupling sch-
emes

In this section we address the numerical approximation of the coupled problem
(5). The proposed time-marching procedures (Algorithm 4| below) allow an
uncoupled sequential computation of the fluid and solid discrete approximations
(explicit coupling scheme). Finite elements are used for the discretization in
space. Through this paper, the symbols < and 2 will indicate inequalities
up to a multiplicative constant (independent of the physical and discretization
parameters).

3.1 Space discretization

Let {7r}o<n<1 denote a family of triangulations of 2. For each triangulation
Th, the subscript h € (0, 1] refers to the level of refinement of the triangulation,

INRIA



Incremental displacement-correction schemes 7

which is defined by h def maxge7, b, with hg the diameter of K. In order
to simplify the presentation, we assume that the family of triangulations is
quasi-uniform. In what follows, we let X, and M), denote, respectively, the
standard spaces of continuous and (possibly) discontinuous piecewise polynomial
functions of degree k > 1land 1 >0 (k—1<1<k):

Xp & {v, € C°Q) /onx €PR(K) VK € Ti},

(6)
My S {qn € Q/anx € Pi(K) VK €T}

For the approximation of the fluid velocity we will consider the space V', def

[X1,]¢NV and for the pressure we will use either Qj, def Mj, or Qy, def MpNCO(Q).
We also set Vs, def Vi, NVys. Whenever the considered velocity/pressure pair
fails to satisfy the standard inf-sup condition (see, e.g., [22]), we assume that
there exists a pressure stabilization operator, s, : @ X Qp — R, satisfying
the properties stated in section below. The discrete space for the solid
displacement and velocity is chosen as the trace space

W, dﬁf {’Uh|§]/’vh € Vh} NW.

Hence, the fluid and solid space discretizations match at the interface. At last,
we introduce the standard fluid-sided discrete lifting operator L, : Wy — V7,
such that, the nodal values of L,w), vanish out of ¥ and (L,wy)|s = wp, for
all wy, € Wiy,
Our space semi-discrete approximation of reads as follows: for ¢t > 0,
find _
(un(t), pr(t), dn(t),dn(t)) € Vin x Qn x Wi, x W,

such that
upls, = di,
dy, = Ody,,
' (Brun, vn) + a(wn, o) + b(pr, va) — b(gn, wn) + sn(ph, qn)
+ p°e(Oudp, wp) s, + a®(dn, wp) = (b, vp)rs

(7)

for all (vp, qn, wp) € Vi X Qp X W), with vp|s = wy,.
Equivalently, using the following decomposition of the test space

{(vh,'wh) eV x Wh/’vh‘g = wh} = {(vh,O)/vh € Vg,h}
D {(Lhwh,wh)/wh € Wh},

the monolithic formulation can be reformulated in a partitioned Dirichlet-
Neumann fashion as: for ¢t > 0,

e Fluid: find (uh(t),ph(t)) € Vi x Qp, such that
Uh‘E = dhv

p" (Opuun, vr) + alwn, vi) + b(Ph, vh) — b(gn, ur) + 1 (Proqn)  (8)
= (h,vh)l“u

for all (vi,qn) € Ve X Q.

RR n° 7671



8 M.A. Ferndndez

e Solid: find (d(t),dy(t)) € Wy x Wy, such that

dy, = dydy,
pSG(atdh,’wh)E +ae(dh,wh) (9)
= —p' (Oyun, Lrywy) — alun, Lowy) — b(pp, Lrwy)

for all wy, € Wy,.

3.1.1 Symmetric pressure stabilizations

We assume that the pressure stabilization bi-linear form s, satisfies the following
properties (see [6]):

e Symmetry and positiveness:

su(Phyqn) = sn(gn,pr),  Sh(gn,qn) >0 Vpp, qn € Qn. (10)

In particular, we set |gp|s), def V' sn(qn, qn)-

e Continuity:

Ish(Ph,an)| < [pwlsylanls,  YPh,an € Qn- (11)

Sh
e Weak consistency:

_1.7 7
Mhgls, S u 20 lqllq Ve € H(9Q), (12)

with 1 < ! < I + 1 denoting the order of weak consistency of the stabi-
lization operator, and Il : Q — @, a given projection operator such that

_1
lg —Tagllo S u 20 glipre Vg€ HTH(Q). (13)

e Generalized Fortin’s criterion: there exists a projection operator Fj, :
[HE ()] — Vi, N [HE(Q)]4 such that:

|Frollv S llvllv,  blgn, v — Frv) S lanls, ||v]v (14)
for all v € [HE(Q)]? and ¢, € QN LE(Q).

Examples of stabilization methods entering this abstract framework are dis-
cussed in [0, Section 3.1.1] (see also section [6] below).

Remark 3.1 If the velocity/pressure finite-element pair is inf-sup stable, we
can take s, = 0 in , as usual. Obviously, this choice is compatible with the
hypothesis —, note that in this case becomes the so-called Fortin
criterion (see, e.g, [3]). Hence, the results reported in sections and@ below
will also apply.

INRIA
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3.1.2 Discrete solid operators

Through this paper, we will make extensive use of the discrete reconstruction
of the solid elastic operator, L} : W — W, defined, for all w € W, as

{sz € Wy, (1)

(Lhw,wy)y, = a®(w,wy) Yw, € W,

We introduce also the Ritz-projector, 7§ : W — W, such that, for all w € W,
we have

16
a’® (sz7’wh) = ae(w,wh) Ywy, € Wiy, (16)

{ T w € Wy,

For further reference in the paper, some standard properties of these two
operators are stated in the next lemma.

Lemma 3.2 e For allw € W, there holds
[mhwlle < flwlle. (17)
Moreover, under the reqularity assumption w € D®, we have
[Lywllos < | L°w]o,s- (18)
e There holds:
w7 = L, (19)

e For all w, € Wy, we have

/Beci%lv
lwnll? < =3 lwall,s, (20)

where Ciny > 0 is the constant of an inverse estimate.

e For all w, € Wy, we have

BChy
ILhwhlle <=5 lwnlle, (21)
e (/BC)%CiIlV
ILhwhllox <= llwnle. (22)

Proof. The details are given in appendix [A]

3.2 Time discretization

This section is devoted to the time discretization of the space semi-discrete
formulation . We first briefly review the different coupling schemes that can
be found in the literature. The proposed incremental displacement-correction
explicit coupling schemes are then introduced in subsection [3.2.2] In what

follows, the parameter 7 denotes the time-step size, t,, def nt, for n € N, and
n def 1 n n—1
o-z" = f(x —x ),
T

stands for the first-order backward difference.

RR n° 7671



10 M.A. Ferndndez

3.2.1 State-of-the-art at a glance

One of the most elementary time-marching procedures (perhaps the most popu-
lar in the aeroelastic community, see, e.g., [33]) is the Dirichlet-Neumann explicit
coupling scheme reported in Algorithm [1} It is based on the explicit treatment
of the kinematic constraint in and the fully implicit time discretization of
the kinetic relation @ For the sake of simplicity, a backward-Euler time-
discretization has been considered for both the fluid and the structure. Algo-
rithm [1] is very appealing in terms of computational cost, since it allows a fully
uncoupled (sequential) solution of the discrete problem. It is well known, how-
ever, that this kind of time-marching procedure is unstable under certain choices
of the physical parameters (see, e.g., [32 [31] [8, [20]). Typically, this happens
when the fluid and solid densities are comparable or when the domain has a
slender shape (strong added-mass effect), irrespectively of the time-step size 7.
Blood flows are a popular example of such a situation. Theoretical explanations
of this issue can be found in [] (see also [20]).

Algorithm 1 Dirichlet-Neumann explicit coupling scheme.
Forn>1:

1. Fluid: find (u},p}) € V;, x Qp, such that

n -n—1
uh|E :dh )

P (Drul, vn) + alul, vp) + 0}, vn) — blan, ul) + sp(of,qn)  (23)
= (h(tn)avh)l"“

for all (vn,qn) € Van X Qn.
2. Solid: find (dy,,dy) € W), x W, such that
d, = 0,d},
pse(aTdZ,wh)z + a®(dy, wp)

= —p" (O-ull, Lrwy) — a(u}l, Lrwy) — b(p}, Lrwp,)

for all w;, € W,

Traditionally, these numerical instabilities have been circumvented by con-
sidering fully implicit time-discretizations of . For instance, as shown in
Algorithm 2] The payoff of the enhanced stability is, however, the resolution
of the coupled system at each time-step, which can be computationally
demanding.

Alternative stable (and less computationally onerous) time-marching proce-
dures are the semi-implicit coupling schemes reported in [15] [16], 35 2]. These
methods, based on the use of a fractional-step scheme in the fluid, treat ex-
plicitly the viscous-structure coupling (which reduces computational cost) and
implicitly the pressure-structure coupling (which guarantees stability).

In the stabilized explicit coupling scheme reported in [B] [7], stability is
achieved via a Robin-Robin explicit treatment of the interface coupling con-
ditions (derived from the Nitsche interface method, see [27]) and the addition

INRIA
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Algorithm 2 Implicit coupling scheme.
For n > 1, find (uz,pz,dz,d}f) eV, xQnx Wy x Wy, such that

ullls = dp,

d), = 0,d;,

p' (0-ujt, vr) + a(uf, vs) + b(p}, vi) — b(gn, ujt) + sn(pi, qn)
+ poe(0rdyy, w) . + a®(dy, wy) = (h(t,), vn)rs

(24)

for all (vh,qh,wh) € Vi xQp x Wy with ’Uh|2 = wy,.

of a time penalty on the interface pressure fluctuations (weakly consistent in-
terface compressibility). The stability of the scheme is independent of the fluid
and solid time discretizations (and of the added-mass effect). The price to pay
is a perturbation of the truncation error, whose leading term scales as O(7).
Defect-correction iterations are therefore needed to enhance accuracy, under
constraints on the discretization parameters.

In the framework of the coupling with a thin-solid model, a second stable
explicit coupling alternative is given by the kinematically coupled scheme in-
troduced in [25] 24]. Applied to , this procedure yields the fully discrete
formulation reported in Algorithm (3| Instead of 1, the fluid sub-step

Algorithm 3 Kinematically coupled scheme (from [25] 24]).
Forn>1:

1. Fluid: find (u},p}) € Vi, X Qp with uf|s € W, such that

p'(0rup,vn) + a(up, vy) +b(p,vn) — b(an, uit) + sn(pi, an)
S Se m—
+ 25 (o) = EE (@ o)+ (B(t) v (25)
for all (vp,qn) € Vi, X Qp with vy|s € Wi,

2. Solid: find (d,,d}) € W}, x W, such that

d, = 0.d},
%€, on e (26)
P (dh,wh)z; + ae( Zﬂ”h) = pT(“vah)z
for all w;, € Wi,
involves the following explicit interface Robin condition:
o(u",p")n+ Pluwr =254 on 3. (27)
T T

Note that and correspond to a fractional-step time discretization of the
solid momentum equation (2)3, where u"|sx and d" stand for the intermediate
and the end-of-step solid velocities, respectively. This solid time splitting allows
to:

RR n° 7671



12 M.A. Ferndndez

1. treat implicitly the fluid-solid hydrodynamic coupling (fluid stresses and
solid inertia contributions), via (or (27));

2. explicitly couple the solid end-of-step velocity and elastic contributions
with the fluid, via .

The first point guarantees stability, while the second reduces the computational
complexity.

It is worth noting that, since the solid displacement is ignored in the fluid
sub-step (or ), Algorithm |3| can be interpreted as a non-incremental
displacement-correction scheme (borrowing the terminology used for projection
methods in fluids, see [23] Section 3] for instance). This observation indicates
that the accuracy of the scheme might be sub-optimal in time (see remarkbe—
low). In the next subsection, we introduce and discuss two incremental variants
of Algorithm [3| that yield optimal accuracy, without compromising stability.

Remark 3.3 From the above discussion, Algorithm[3 can also be considered a
semi-implicit coupling scheme, in the sense that it performs an implicit-explicit
splitting of the fluid-solid coupling via a fractional-step time-marching of the
solid (instead of the fluid, as mentioned above). Nevertheless, since the solid is
thin, the implicit part of the coupling can be fully embedded into the fluid
sub-step through a Robin boundary condition and, hence, the coupling scheme
becomes fully explicit. An extension of this explicit coupling paradigm to the
case of thick-solid models can be found in [T7).

Remark 3.4 In the interface terms of , we have made a slight abuse of
notation by using uj and vy, instead of ui|s and vp|s.

3.2.2 Incremental displacement-correction schemes

In this paper, we propose to discretize in time the finite element formulation
via an incremental displacement-correction scheme. In these time-marching
procedures, the approximation of @ is split into two sequential sub-steps: the
solid displacement is treated explicitly in the first and it is then corrected in the
second. The proposed fully discrete schemes are detailed in Algorithm [4] where
2 = dZ_lv Z = dZ_l + sz 1v (30)

are the first- and second-order displacement extrapolations, respectively.

Without displacement extrapolation, that is, dj = 0, Algorithm 4| yields
the non-incremental scheme reported in Algorithm [3| This scheme was termed
kinematically coupled, since it treats implicitly the hydro-dynamic fluid-solid
coupling (the so-called added-mass effect) and explicitly the solid elastic contri-
bution. Algorithm [4 admits, in addition, an alternative interpretation as time
discretizations of .

Indeed, taking vp|y = wy, in and adding the resulting expression to
, yields

d, = 0,d},
P (O-u, vp) + a(up,vs) +b(P}F,vi) — b(an, ul) + sn (P}, an) (31)

+ pse(afdz, wy)y, + a°(dyy, wp) = (h(tn),vn)rn

INRIA
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Algorithm 4 Incremental displacement-correction explicit coupling schemes.
Forn>1:

1. Fluid: find (u},py) € Vi, X Qp, with ull|s € W, such that

P (Orup,vn) + a(uf,vy) + (P, v1) — b(an, upt) + sn (o, an)

S pS6

€ -n—1
+ B (o) = EE (@ o) g + (i on) + (A(t) o) (28)

for all ('vh,qh) €V x Qp with ’Uh|§; e Wy.

2. Solid: (d,,d}) € W, x W, such that

dy, = 0.dy,

Pl )+ (i wn) = (g wi) , + ()

for all w;, € Wy,.

for all (vp, qn, wp) € Vi X Qp X W, with vp|s; = wy. On the other hand, using
the definition of Ly, the solid sub-step 2 can be reformulated as

1¢:dﬂH%Lﬂﬂgdm on . (32)

In short, Algorithm [4] is an interface kinematic perturbation of Algorithm

It involves the implicit time discretization , of , with the perturbed
interface kinematic continuity (instead of (24))1). This observation is crucial
for the derivation of the stability and convergence results reported in sections []
and [5| below Indeed, it suffices to analyze how the perturbation

-
— LS (d} — d; 33
e n (dy R (33)

in , affects the stability and the consistency of the underlying implicit cou-
pling scheme (Algorithm [2)).

Remark 3.5 [t is precisely the perturbed kinematic continuity 1) that allows
the decoupled computation of the fluid (u},py) and the solid (dj,d},) states, via

sub-steps and of Algorithm .

Remark 3.6 Note that the order of the perturbation introduced by the
non-incremental variant (d; = 0) is lower than for the incremental schemes
(d}, given by ) Indeed, as we shall see in section@ for the non-incremental
variant the consistency of this perturbation scales as O(T%) in the energy-norm,
whereas for the proposed incremental schemes we get O(T) and O(7?), respec-
tively.
Remark 3.7 The fluid sub-step involves the explicit Robin condition:

S

o pm+ o = LT L redr on S (34)
T T

with d* =d" !, d" ' + Tc'inil. Obviously, for d* = 0, we recover .

RR n° 7671



14 M.A. Ferndndez

Remark 3.8 If damping effects are present in the solid model, namely, through
an additional term a¥(d,w) in 3, we can incorporate this contribution into
Algorithm by adding the term a¥(u},vy) to the left hand-side of . This
corresponds to the implicit treatment of the whole fluid-solid hydrodynamic cou-
pling, as originally suggested in [25, [2]] for the non-incremental variant. The
extension of the stability and convergence results reported in the next sections to
this framework is straightforward. It is worth noting, however, that in this case
the resulting coupling scheme is not necessarily explicit, since the solid-damping
term introduces a perturbation of the explicit Robin-condition , Alterna-
tively, we can treat explicitly this contribution in and implicitly in ,
which leads to the displacement-velocity correction schemes recently introduced
m [1 7/

4 Stability analysis

We first recall a version of the discrete Gronwall lemma, from [2§], that will be
useful.

Lemma 4.1 ([28, Lemma 5.1]) Let 7, B and ap,, by, Cm, Ym (for integers
m > 1) be nonnegative numbers such that

n n n
an—l—TmegTvaam—i—TZcm—l—B
m=1 m=1 m=1

for n > 1. Suppose that 7y, < 1 for all m > 1. Then, there holds
n n "Y n
m
an —|—Tmz::1bm < exp (Tmz_:l T 7’7m> (Tmz_:lcm + B>
forn > 1.

For n > 0, we define the discrete energy and dissipation of the fluid-structure
system, at time level n, as

lef ¢ s 119"
B S0 |upl§ o + poelldy 5. + Iy 2.

n

Dy ST (I3 + o2,

m=1
n
+72 3 (o
m=1

We then have the following energy stability result.

B+ phellondy |3 + londy'2)

Theorem 4.2 Assume that h = 0 (free system) and let
{(’u’Z?pZ)dZvdZ)}nZl - Vh X Qh X Wh X Wh

be given by Algorithm[]l Then, the following a priori energy estimates hold for
n>1:

INRIA



Incremental displacement-correction schemes 15

e Non-incremental scheme (d;, = 0):

2 n
mn n T m
Ey + Dy + e § | Ly dj H%,z < E). (35)

m=1
e Incremental scheme with dj = dZ_l:
n n 219712 7—2 e gn| 2
Ep + Dy + 77(|d || + EHLh wllo,s

n—1

n 2
g m—1 T e/ qm m—
e YA - TS a0
m=1 m=0

2
-0 T 0
< B +7dy |12 + e 155 s

“n—1
e Incremental scheme with dj, = d} " —|—7'dZ , under the g—C’FL condition

T(WCiny)? < ah? (37)
and with 2Ta® < 1:

n
n n -m -m—1 2t
Ej + Dy +7° Z Idy, —dy ]2 < exp <a5 j 27) Ej. (38)

m=1
e\ 3
we & <ﬁ> (39)
pe

represents a maximum solid elastic wave-speed and o > 0 is the g—CFL
constant.

Here,

Proof. We first test with

2
n o, n qn T n *
(Vn,qn) = T(uy,pp), wp =Tdy + *pseLi (dy —dp).

These are admissible test functions since, thanks to , we do have vy, |s, = wy,.
Hence, using , 1, the symmetry of the bi-linear form a® and , we get
the following energy identity:

f
p e _
L (i3 0 = g™ 13 0 + i — w13 ) + 207l o
pse o sn—1 - cn—1
7o, + 5 (s — b 13 s + Iy — & 115)
1 —1 L —1
5 (IRl = g2 + ity — i~ 2) (40)

A 2
+72(0,dyy, L (df — d})) . + T

pie

(Lidh, Ly, (dy — dfy))y, = 0.

T T,

Therefore, it only remains to estimate the terms 77 and T5. Each choice of dj,
will be treated separately.
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16 M.A. Ferndndez

Case d; = 0. We have

2

T mn T mn
T = E(LZ thidh)E = ‘dehH(Q),z

7_2
E‘
and
el o, Pean antiy 1T o
T =r1(d, —d, 7Lhdh)g§57||dh*dh, HO,E+%E”L}L w105

with € > 0. So that,
2 1 e gn 2 pse o =19
T +1T > e 1- % | Lydy 16,5 — ETHdh —d, §z (41)

Therefore, by inserting this inequality (with ¢ = %) into , using Korn’s
inequality (see, e.g., [9]) and summing over m = 1,...,n, we recover the energy
estimate ([35)).

Case dj = dﬁfl. For the first term, using and 1, we have

- n -n—1 _ e/ 9" -n—1 -n
Ty =7(d, —d, ,Lj(d}—d; ")), =r"(d, —d, .d)
7'2 U m—1 9 (=0 m—1 9
= 5 (a2 = 102 + ity — i 2)

while, for the second, we get

2
= E(LZ n Li(dy —di )y,
T e e _gn— e —
> (IL5dR1l6 s = 1 L5 di 1[5 5 + 1L5.(diy — di ™ DF ) -

Therefore, by inserting these equalities into (40)), using Korn’s inequality and
summing over m = 0,...,n — 1, we recover the energy estimate (36)).

~n—1
Case dj = dﬁ_l + TdZ . For the first term, we have

- n -n—1 n n— -n—1
Ty :T(dh_dh , Ly, (dy — djy L —7d, ))2
.n -n—1 -n n—1

-n -n—1
= T2Hdh —d, ||2
and, for the second,

2 3

T n n n— n—1 T n - n cn—1
T, = E(Li WL (dy —dy T —rdy, )y = E(Lidh,LZ(dh —d, )y
T3 n -n -n—1 T3 n - n n—1
= Eae (Lidp ' dy —d), ) < E”deh”e”dh —dp, e

INRIA



Incremental displacement-correction schemes 17

On the other hand, thanks to the inverse estimates and , the g-CFL
condition and (39)), we obtain the following bounds
7% (82 Chay | 7 e n el
< LS T - dy s
T3 (ﬁe)%Cﬁw n s \Lyon -n—1
3 sy lle(p®e) 2 ldy, — o
(pe)z N (43)

e, 6
+6 (wCiny)
ST

n—1

sinn2 . PE g 2
T ”dh”c"’_T”dh_dh 5,5

pSE ‘n n—1
ldp |2 + T”dh —d, ||3,27

IA

The energy estimate follows by inserting the estimates and into
, using Korn’s inequality, summing over m = 1,...,n and applying lemma
.1l with

mi2 PSdeQ 1dm2 — 945
= lluy ||o,9+7|| h||o,2+§|| s, vm = 2a”.

Hence, the proof is complete.
Some observations are now in order:

1. The estimate shows that the non-incremental displacement-correction
scheme is unconditionally stable in the energy norm. For this variant (Al-
gorithm [3), an alternative energy estimate was obtained in [24], yielding
unconditional stability as well.

2. The estimate shows that the incremental scheme with first-order ex-
trapolation, dj = dZ_l, is unconditionally stable in the energy norm.
Indeed, under the additional regularity assumptions on the initial data,

-0
d’ € D° and d € W, we can consider the finite element approximations

-0 -0
d) =7n5d’, d,=n5d .

It then follows, from lemma [3.2] that

-0 -0 e e e
ldnlle < lldlle, L5 dhllo.s = IL5d°llo,s < [IL°d”]lo,x,
which guarantees that the right hand-side of remains uniformly bounded
with respect to h and .

3. Theorem also shows that the incremental scheme with dj, = Z—I—sz_l

is energy stable under the g-CFL constraint .

4. Note that the energy estimates , and and the g—CFL con-
straint (37)) are independent of the fluid-solid density ratio and of the
slender characteristics of the domain. Therefore, all these variants are
energy stable, irrespectively of the amount of added-mass effect in the
system. This is a major advantage with respect to Algorithm [I} whose
(in)stability precisely relies on these quantities, irrespectively of the dis-
cretization parameters (see [8 20]).
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18 M.A. Ferndndez

Remark 4.3 It is worth noting that, in the case dj, = 0, the above proof makes
use of the solid time-marching numerical dissipation

-n—1

PP€, -n
7||dh _dh ||g,27

to control the last term of , This is not the case for the incremental scheme
with dj, = dzfl. Moreover, in the case dj, = dj, + Tc'lzil, we can also avoid
the use of this dissipation in the bound , which could be useful for the de-
velopment of high-order schemes. Indeed, alternatively to , term Ty can be
bounded as follows, using the inverse estimate and the high-order dissipa-
tion given by :

T4 72 n ~n—1
T <— Ledn 2 ZNd, —d 2
2 _2([)36)2 H h h”e + 9 H h h He
7—4(weCinv)4 2 T2 - n n—1 9
<l g2 + Sy - a2,

We then conclude as in the proof of theorem [{.2, by applying lemma but
now under the strengthened %-CFL condition
T(weC’inv)% < ahs. (44)

Remark 4.4 Theorem [[.4 can be viewed as a generalization of the energy-
stability of Algorithm @ to the case of the perturbed kinematic condition .
Indeed, in the implicit scheme, thanks to 1, we can test (31)) with

en
(vha q}l) = T(’U’Z’pZ)a wh = Tdha

so that holds with Ty = Ty = 0. The following standard energy estimate is
then recovered
E;'+ Dy < Ej

for n > 1, which guarantees the unconditional stability of the implicit coupling
scheme.

5 Convergence analysis

This section is devoted to the convergence analysis of the explicit coupling
schemes reported in Algorithm

5.1 Preliminaries

For the sake of simplicity, we assume that the interface ¥ is flat. We also sup-
posed that the elastic Ritz-projector satisfies the standard approximation

property )
lw = mhwlle S PF(B)2 wllkt1s (45)

for all w € [H**(X)]* N W. In addition, we shall make use of the standard
Lagrange-interpolant onto the solid discrete space, Zj, : W N [CO(X)]¢ — Wy,
for which there holds

lw - Zhwlos + hllw — ZTryw|s S A |wlligrs (46)

INRIA



Incremental displacement-correction schemes 19

for all w € [HF1(X)]4N W.
For the fluid velocities we introduce the following Stokes-like projection op-
erator, Py : V — V,, defined for v € V as

(Prv, Rpv) € Vi X Qp,

(Ppo)ls = Zn(vls),

a(Ppv,vp) + b(Rpv,vp) = a(v,v) Yo, € Vg,
b(qn, Prv) = sp(Rnv,qn) Van € Qn.

(47)

The approximation properties of P}, are stated in the next lemma.

Lemma 5.1 Assume that v € [H**1(Q)]? and divv = 0. There holds
lo = Prollv + [Ruvls, S 12 h¥[[0]lir10:

Assume, in addition, that v|y, € [H*1(X)]¢ and that the solution of the steady

Stokes problem
—dive(z,r)=f in Q,

divz=0 n €,
z=0 on TiUX,
o(z,r)n=0 on T

satisfies the reqularity estimates

1 _1 ~
pEllzllzo + 2 lrle < cullflloge,  llo(zrnlos < éullfloe.  (48)

with ¢, ¢, > 0 depending only on Q and p. Then, there holds

1 -
lv = Prollo. £ B (cun? [0llsre + Eullvllirs)-

Proof. Both estimates follow from theorem in appendix [B}$
For the convergence analysis, we shall assume that the solution of has
the following regularity, for a given final time 7' > 7:

we H'(0,T;[H ()], we HY(0,T;[H1(2)]9),
Byu € L2(0,T; [L2(Q)]Y),  Ouu € L2(0,T; [L*(2)]D), (49)
p e C°([0,T]; H(Q))

and
dec C’([0,T); D°) if dj =0,
dec H'(0,T;D°) if dj=d} ", (50)

-n—1

de H*(0,7;D° if dj,=d}"'+1d,

5.2 A priori energy-error estimate

For a given time-dependent function z(t), the notation 2™ def x(t,,) will be used.
The convergence analysis below is based on the following decomposition of the
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20 M.A. Ferndndez

error, between the solution of and the fully discrete approximations provided
by Algorithm [4}

u” —up =u" — Ppu" + Pru” —uy,
0 0
p" —pp =p" — " +1pp" — pyy,

Y Yh
d —d,, =d —ZI;d +I,d —d,,
&, &,
d" —d} =d" —w§d" +75d" —d .
I3 h

For n > 1, we define the energy-norm of the discrete error, at time level n,

1 1
n 2 n 2
def 1
& = (021105 lo. + (E TIIWI%) + ( > Tl i)

m=1 m=1

as

1,.n
+ (P2 1€nllo.s + 1€R1le-

The main result of this section is stated in the next theorem, which provides
an a priori estimate for £}, in terms of the different choices of the extrapolation

*
h*

Theorem 5.2 Let (u,p,d, d) be the solution of and
{(u, pt, ;;,d;j)}w CVLXQnxWyxWy
be given by Algorithm [, with discrete initial data
(ul), dy, dY) = (Ppuo, Tpd , m5d°). (52)

Suppose that holds and that the exact solution has the regularity —.

For d; = d271 —&—sz_l we assume, in addition, that the g-CFL condition
holds and that

23403
a3 Ts +asT
max{2a5,T }7‘<1.

Then, for n > 1 and nT < T, we have the following discrete error estimate:
&l < (clhk + oohl + ey + e:) , (53)

where the term e stands for the time-consistency of the displacement-correction
in Algorithm[f, given by

1
1 (T \2 .
T (p%) dll L (o,r;pey  if dj =0,
1
5 def T 2 . X -
er = T(pse) HathL?(o,T;Dc) if dy =dj 1’ (54)
(= : oA =d ' gl INRIA
T\ e 10ud|| L2000y if df=d} " +1d, .
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The multiplying constants in are given by

T
. d* -0 *x dn—l
exp (T — 7_) if dj or dj o

def -

T = max{1,2a5T,oz%7% —s—a%T%} -
exp - — — if dy=dy"'+7d,
1-— Tmax{lﬂa"T,aTTé + a§7‘§}

def P CP

€1 = (cunt hllBvl L2 (o 1w () + Euhl|Bswl 2 0 1ok ()
CT 1
+ 2 hl[Ovull L2 (o,m; 041 (sy) + (WD) 2 |lul| oo 0,15 10+ (02))

ey L
+ (B°)2T ||ul| oo (0,115 +1 (2))
1
2

def (T
S e

def P OP
C3

||3tt’u||L2 0,T;L2(2)) (0,T;L2 (%))

+ (BET)E 10sw| L2 0,151 (2)) 5 (55)

where Cp, Cr > 0 stand for the constants of the Poincaré and trace inequalities,
respectively.

Proof. We first note that, from 1 and , it follows

& = 0.6 +Ipd" — w0.d". (56)
Similarly, from and , we get
Bl =&+ LA (60 - &) = Limi (@ = d°) + (Pl — Tad”, (57)
with the natural notations
sl medr —dy, a0 d A 4 rd (58)

accordingly with the choice of dj,. On the other hand, from ([47)2 and (f))1, we
have

(Pru™)|s = Th(u"ls) = Ind". (59)
Hence, using and , the identity reduces to
=&, + éL; (& —¢) - éLZ (d"—d*) on X. (60)

We now subtract from (B) to get the following modified Galerkin or-
thogonality:

pf(a‘l' _uh ) (un _U'Zvvh)—’_b(pn _p;zlavh) _b(q}hun _U’Z)
+ p%e(0( d S dZ),wh)E +a®(d" — dj,, wy,)
= sy (ph,qh) f(atu —oru", vh) — pse(atd(tn) — [“)T(.lnﬂuh)E (61)
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for all (vp, gn,wp) € Vi, X Qp x W, with vy,|s = wy,. Yet, by inserting
into (61]), we infer the following equation for the discrete errors:
p" (0,0}, v) + a(OF, vn) + b(yr, vi) — b(qn, O) + sn(yits an)
+ pSE(aTEZ, wh)z + ae(€Z7 wh)
= _pf (atu(tn) - 6Tun7 'Uh) - pf (67'077:3 'Uh)

Ti(vn)
e o o (62)
P e(atd(tn) - aTd 7'Uh)2 - p 6(87—671'7 'vh)z
T3 (vn)
*0(027 'Uh) - b(y:rlv ’Uh) + b(qh7 02) + Sh (thna Qh) —a° (5;—7(7 wh)
T3(vn, qn) =0

for all (vp, qn, wp) € Vi X Qn x W, with vp|ss = wy,. Note that the last term

vanishes due to the definition of the projection operator involved in .
In summary, the dynamics of the discrete errors are given by (56)), and

. We now proceed as in the proof of theorem by testing (62) with

n .n g T2 e (¢n * T2 e[ n
(vn,qn) =70, yy), wn=71&, + ELh(gh - Eh) - ELh(d - d*)-

These are admissible test functions since yields vp|s = wp. Therefore,
using , and , we obtain the following identity for the energy-norm
of the discrete errors:

f
p -1 -1
5} (16715.0 — 1165 5.0 + 165 — 65" 18.0) + 2urlle@)l5.o + Tlvh

2

Sh
pSG o n -n—1 LN n—1

+ 5 (1603 s — 160 I35 + 1 — & I3 x)

1 3 —1 ) —1
+ 5 (I€R1E = lIEn™ I + 15 — €371

2
A n T n n
+ 7—2 (8T€h7 LZ(&h - 6;))2 + TG( 26}17 LZ(Eh - 62))2
A (63)
Ts
=T(76}) + Ta(76}) + T5(765, Ty;) — Ta® (SZ,Ihdn — 75 0,d")
Ty
2
" ore T e e
+ 7—2 (a‘ré.ha Lh(dn - d*))z + E( hé.z’ h(dn - d*))z .
Ts T,
We now estimate each term T; separately, for ¢ = 1,...,7. At this point, it is
worth noticing that the terms T;, for ¢ = 1,...,4, are already present in the

analysis of Algorithm [2] On the contrary, the terms T5, Ty and T7 come from
the perturbation of the interface kinematic constraint (see also (32)) and,
therefore, are inherent to Algorithm
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The first term can be bounded, in a standard fashion (see, e.g., [36]), using
a Taylor expansion, lemma [5.I] and the Poincaré inequality. This yields

Ty(76}) < p'7 (10cu(ts) — wll0.2) 105 ]lo.0

L 1
<p'r (72 HattuHL2(tn—1;tvMLQ(Q)) +72 ||5t‘97r||L2(tn71’tn;L2(Q))> |

(PfOP)2 2 2 2
< e (P10, airzy + 100l o) + 5 71O
("Cp)? k
S ? (T2HattUH%Q(tn71’tn;LZ(Q)) + ci,uhQ +2HatuH%?(tn,l,tn;Hk*l(Q)))
(p'Cp)? . n
T G 0l sy FaTlORIT (64)

with e;1 > 0. Note that, by applying the Korn inequality and by choosing &1
small enough, the last term of can be absorbed into the left-hand side of

[©3).
Similarly, for the second term, using , 1 and the trace inequality, we
have

Ty(707) < per ([|0:d(tn) — 0:d |05 + 10-€]l0.5) 1167 0.5
1 . — L n
< poer (151|0udll 12ty tiz2(my) + T N0 rl L2t v tnizzm)) 105 ll0s
(peCr)?
S I~ (72Hatt“H%Z(tn,l,tn;p(z)) + h2k+2||atu||L2(tn,1,tn;Hk+1(E)))

+ear|0513, (65)

with €5 > 0. The last term can be absorbed into the left-hand side of as

in .
Using , 4 and the fact that divu™ = 0, for the third term we have

Tg(TBZ,TyZ) = — Ta(O” HZ) — Tb(yﬁ,@”) —I—Tsh(Rhu”,yZ) + Tsp (th",ylf)
(H@ I3 + lup iy + [Raw” (3, + [Mnp™[3,)

537‘
+ == 216315 +2ly52,)

with €3 > 0. Hence, using lemma and we get

Ty(r0h, 7o) < (w0 + 0 0 0 )

Sh) :

Once more, the last term is absorbed into the left-hand side of by choosing
€3 sufficiently small.
For the term Ty, we apply , 7 and a Taylor expansion to obtain

(66)
+ €3T (||‘9h||v + lyn

) =a (ﬁh,Ih —0,d") < 7[&R ]| Znd” - B,d" e
-n n -n n T n
(I — "2 1"~ ordn2) + Teh 2 (67)
n T n
ShP*BeTr||u ||i+1,2 + TgﬂeTHatuH%z(tn,l,tn;Hl(z)) + ﬁHShHE'
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The last term can be controlled thanks to via lemma

The term T5 can be estimated using basically the same arguments than in
the proof of theorem [£:2] The consistency terms Tg and T%7 also need specific
treatments that depend on the choice of the extrapolation dj. We analyze below
each case separately.

Case dj, = 0. As in ({I), we have

2 1 S€ T n—1

with €4 > 0. On the other hand, using , we have the bound

) n—1 n - n ~n—1 n
Ts =7(&, — & 7L‘Zd )g < T||€h - lo.slI Lyd" (o2
ST
h

“IILd" IG5

2

with €5 > 0. Similarly, for the last term, we obtain

2 2

.
T; = L;d" L; Led"
= DL L) 5 < ST s 5

with g > 0. Hence, by collecting these three estimates, we get

72 1
T5+T6+T7ZE 1—5— L5, £hHOE

T

2 1 1 n pSE - n—1
(2 +2) 1Bl - G+ 0l - & I (09
5 €6

B 2p%¢
In particular, by taking ¢, = %, 5 = % and g6 = %, we have
1 €6
l—-——-—>0
264 2

and the last term of can be absorbed into the left-hand side of (63)).

In summary, the estimate follows by inserting the estimates—
into , using Korn’s inequality, summing over m = 1,...,n, and applying
lemma [47] with

f s
p po€  im 1 1
A = EHOhmH(z),Q + 7”5;1 ||(2),2 + 5”’5?”37 Vm =
Note in particular that, owing to and , we have
.0
0) =0, &,=¢)=0. (69)

Case d* = d” 1, For the term T we proceed as in the proof of theorem .

and use and (| . ) to obtain

7'2 X -n—1 N -n—1 - n n—1 e - n n
=5(mmawa 124 1 — & 112)~72(Eh — & LH(Zud" - 0,d")),

T51

(”L £h||0 = — IILj, ||0 s + I L5 (&, — Z_l)”gz) .
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On the other hand, from and similarly to , we get
Ty, =r%a®(é, — &, Tnd" — 0.d")
T 2N n—1 e n e
S € =& 12+ 1B u ||ﬁ+1,2 +7°8 ||8tu||%2(tn,l,tn;Hl(z))a

so that

T 2 n—1 o 7'2 X n—1 o

25 (I€012 = 1€ ||e) + g — &I

-2
€ +sN— e n n— 70
+5e (IL&RIR s — ILRER s + IR (E — & D) ()

- hzkﬂe 2Hu”|li+1,z - TsﬂeHatquL?(tn_l,tn;Hl(E))'

Using and a Taylor expansion, we get the following bound for Tg:

. .n—1 . — . n—1 n—
T =7 (& — &, L L(d" —d" ™), < 7ll€r — & llosllLG(d" —d"Y)lox

pPe [ in in—1 o/ n—
<rir (615 + 1€ 1s) + L@ - a

pSE .n sn—1 T2T e
STor (H€h||(2),2 +11€n ||(2),E) * EHL Ol L2,y ti22(5)

(71)
The first term of this bound is controlled thanks to via lemma
Similarly, for the last term, we obtain
T2 e ¢&n e m n—1
T7 :pT( w&hs Ly (d" —d ))2
T e —1\(12
<5 LA - d (72)
3
S2T Se | seHLeatd||2L2(tn,1,tn;L2(2))-

Here, the first term of the left-hand side is treated through the control provided

by and lemma
In 5ummary7 the estimate ( . ) follows by inserting the estimates

and ([70] into ., using Korn’s inequality, summing over m = 1 n
using 1@] and applying 1emma 1| with

) )

1
am *||9 HOQ+ T

2
.
SIERIE + o IR e =

-n—1
Case dj =d" ' +7d" . We first consider the term Tg. Using and a
Taylor expansion, we obtain

Ty :72(52—52‘1@2(%" ; )

pSE M
<o (€13 ||oz)

||(2),2) + ﬁ”Leatth%Z(tn_l,tn;L2(Z))7

(0.d" —d 1)II(Z),x (73)

e (I
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where the first term of the bound is controlled via lemma and ( .
Similarly, using the inverse estimate and the ¢ _CFT, condition ([37), for
the term Tr we get

T3 een e n n—1
T7 :7( n€ns Ly, (0-d" — )5,
n n—1
*QT e = £h||02+ ||Le(a d )||%2
4
*QT Se el £h||02+ ||8ttLedHL2(tn Lt L2(S)) (74)
( ecVinv)2

—Thgnéhne Al T2t 1 tniz2(s))

7'04 %

2 4T e 2
——lI€nlls + 2pse||3zttL dll72(t, 1 tni02())-

Once more, the first term of the bound is controlled via lemma, and .
For the term T5 we first note that, from and , we have

cn—1 cn—1 cn—1
& =" 47E  +r(md T —Tnd ).

Thus, from and (19), it follows that

2(¢™ el e am zn—1 7 een e g wn—1
Ts =7%(&, — &, Ly(&, — &, ))E+E( w€hs Ly (& — & ))2
Yoo +d 1))Z

n—

e @ -

T5,1

7—3 n . cn—1 N )
_E( WL (Tnd —d" ) —ord +d" )

T5.2

Proceeding similarly to and , we then have

. n cn—1 ps . n 5
Ts > 72)€, — &), |2 — ZHfh —&, s —Ta®I€2 —T51 = T52, (75)

under the $-CFL condition (7). Moreover, using and adding and sub-
tracting d" in T5,1 yields

1 - n -n—1

Ty =r2at(&, — &, Zud —d" ) — (@ —d"")
. n ‘n—1 n n
+7—2(€h - é.h 7Li(d - a‘l'd ))23

with the second term in the right-hand side similar to . For the first we
apply (3) and (46), so that we infer the bound

2
T -n -n—1 _
T5,1 53”& =&, |12+ ut — u 1||i+1,2 (76)
76
(IR + 16 ) + L0
hl1l0,2 h 0,3 2[)56 LN L2 (4, 1, tn; L2(2))"
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Analogously, for the term 75 » we have

3

T e e an < n n—1
T52:Ea( h€h7zh(d —d

)—(d@" —d")

)

3

+E( hﬁh?Lh(d _8Td ))27

with the second term of the right-hand side similar to (74). In the first, we
apply the inverse estimates , and the g—CFL condition , so that

5 T R | -n -n—1
Teog <—||LSE*2 + —||Z1(d —d —(d —-d 2
2 <7 ey ILAERIE + 51T )~ ( I
5 1 4
TO3TS | e T 9
top ||£hHe+ﬁ||‘9”Led”Lz(tnfl,tn;m(z»

2 5 1 (77)
3 TO3T3

10
TO(?T n [s} n n—
s( o+ )ushuim%ﬁ P~ w R

+

T
2pse||attLed||%2(tn_1,tn;L2(Z))'
In short, by inserting the estimates and into , we finally get
72 9
T 62)
0 2 5 1 4
5 Q3T3 Q3T3 nna T o 9
-7 <04 =t 2T> 1€x1le — 2pse\|L Ol T2t 151203

= WBT + m)rl|u” —u" T R s (78)

n—1
T5 > (2),2 +11&, |

i n -n—1 ps X n—1 ,OSG s
1€r —&n 112 = 1€ —&n 55 — 75 (1I€n
4 2T

The first negative term is absorbed into the left-hand side of and, the two
following treated via lemma [4.1

The estimate then follows by inserting —@, , and
into , using Korn’s inequality, summing over m = 1,...,n, using and

applying lemma [£.1] with

f S
4 m PEm 1 m
Qm =5ll0h ||3,Q + 7”5;1 H%,E + §||€h 12,

10 2 5 1
v —max ] L gqs, @073 +aird
m T7 b T .

Hence, the proof is complete.

Remark 5.3 As for the stability (see remark in the case dj, = 0, the error

estimate (b3)) makes use of the solid time-marching numerical dissipation, which
is needed to absorb the last term of . On the contrary, for the incremental

~n—1
scheme with dj, = d}Tl this dissipation is superfluous. Yet, for dj, = Z—i—TdZ
and under the %—C’FL condition , the term Ts can alternatively be bounded

from below as follows:
7'2 T n—1 a3 n
Ts > S l€n =& -7 lI€R1E = T51 — T,
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where the second term of the right-hand side can be controlled via lemma
and , so that the use of the numerical dissipation is avoided.

We define the energy-norm of the error, at time level n > 1, as

1 1
n 2 n 2
def 1
Zp L) lum —ufloq + (2 o u%) + (} " rlpy )

m=1 m=1

1, N n
(P e)2lld —dyllox + [[d" — dj]e,
for which we have the following a priori estimate.

Corollary 5.4 Under the assumptions of theorem[5.4, forn > 1 and nt < T,
there holds }
Zn < (élh’“ +eohl + ey + e:) (79)

with
& Eer + (092 h(cupt [ull Lo 0,0, m041 (@) + Gl o 031041 ()
+ (P2 hllull oo (o i1 () + (B%) 2l Lo 0,701 (3
and ¢, c1, ca, c3, €5 given by theorem .

Proof. 1t is a direct consequence of (51]), theorem lemma [5.1] and the
estimates , and .<>

Following remark and for further reference in section [6] we provide an
error estimate for Algorithm [2] which follows from the proofs of theorem

and corollary
Corollary 5.5 Let (u,p,d, d) be the solution of and
{(U’Z7p27d27d2)}n21 CVpyx Qh X Wy x Wy
be given by Algorithm@ with discrete initial data . Suppose that the exact
solution has the reqularity , and that holds. Then, following error
estimate holds, forn > 1 and nt < T,
Zr < (Elhk + el + 037) ) (80)

with ¢1, ca, c3 given by corollary [5.7 and

c* = exp T .
T—71

Proof. Thanks to 1, we can test (62) with

(’Wz#]h) = 7(0272/}7;)7 wp = T£Z7

so that holds with T5 = Ty = T7 = 0. The discrete error estimate is
hence inferred with ef = 0. We then conclude as in the proof of corollary

¢
Corollary shows that, for regular enough solutions, the displacement-
correction schemes reported in Algorithm [4] converge to the solution of . The
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analysis predicts, in particular, a sub-optimal (9(7'%) time-convergence rate for
the non-incremental variant in the energy-norm. This is due to the low-order
consistency (H4)); of the perturbed kinematic constraint (32)) when dj = 0.

On the contrary, for dj = d;”' and d}, = d}~' + rd, , the consistency
(54)2,3 of the perturbations scale as O(7) and O(72), respectively. Therefore, an
overall optimal convergence-rate O(h* + h! + 7) is recovered with the proposed
incremental displacement-correction schemes. It is worth mentioning that a
somewhat similar behavior has been observed in the pressure error estimates of
projection methods for incompressible flow (see, e.g., [23] Section 3]).

Remark 5.6 According to corollary the overall time-accuracy of the im-
plicit scheme is here O(h* 4+ h! —&-i. As a result, the second-order extrapolation

= d;fl + szil in Algorithm |4 is superfluous in terms of convergence rate.
An alternative could be to consider Algorithm[]] with second-order time-marching
in the fluid and in the structure (see remarks and. This is an interesting
point, but that lies out of the scope of the present paper.

Remark 5.7 Note that the constant of the consistency rate is proportional
to
1 1

B° (pe) ™ = wt(Be)*.
Hence, from and by comparing the estimates (79)) and , we infer that
the accuracy of the displacement-correction schemes is sensitive to the magni-
tude of the maximum solid elastic wave-speed w®. In other words, for a fixed
time-step size T > 0, decreasing w® reduces the impact of the consistency rate
perturbation in the global error estimate , while increasing w® should
degrade the accuracy of Algorithm . Yet, owing to , this degradation is
expected to be less important with the proposed incremental variants.

Remark 5.8 According to theorem the error estimate involves a mul-
tiplicative constant that, for dj = 0 and dj = dZ_l, scales linearly in T. How-
ever, with the second-order extrapolation this dependence becomes exponential.

6 Numerical experiments

In order to illustrate the stability and accuracy of the proposed schemes, we
consider a slightly simplified version of the fluid-structure benchmark used in
[24]. We couple the 2D Stokes equations with an undamped 1D generalized
string model (see, e.g., [19]), hence, in (2) we take

0 . 0
d= (dy> , Lid= <>\18mdy +)\0dy) )

def  Ee def Ee

ME Sy T Ba—ay

As usual, here F denotes the Young modulus and v the Poisson ratio of the

solid. All the quantities will be given in the CGS system. The fluid domain and
the fluid-solid interface are, respectively,

with
(81)

Q=1[0,L] x [0,R], ©=1[0,L] x {R},
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with L = 6 and R = 0.5. At z = 0 we impose a sinusoidal pressure of maximal
amplitude 2 x 10* during 5 x 10~3 seconds, corresponding to half a period. Zero
pressure is enforced at = 6 and a symmetry condition is applied on the lower
wall y = 0. The solid is clamped at its extremities, x = 0, L. The fluid physical
parameters are given by

pt=1.0, pu=0.035,

while for the solid we have

P =11, e=01, E=0.75%x10% v =05 (82)

o
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(b) Piece-wise constant pressures, | = 0.
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Figure 1: Snapshots of the pressure at ¢ = 0.005, 0.010.015 (from top to bot-
tom). Algorithm [4] with dj, = d}~*, 7 = 10~* and h = 0.05. Fluid domain in
deformed configuration (amplified).

SNNSSSRA,

For the discretization in space we have considered two finite element for-
mulations entering the framework of the above analysis. The first is made of
continuous piece-wise affine approximations for both the fluid and the structure,
k=1=11in @, with the following pressure stabilization operator (see, e.g.,

[41):

h2
sh(ph,an) = %(Vphy Van)

and v = 1073, In the second formulation, the pressure is approximated using
piece-wise constants functions, so that k =1 and [ =0 in (@ and the pressure
stabilization is given by (see, e.g., [29])

h
Sh(pl‘uqh) = ry_ Z
H KeTn

/ Ion]lan],
OK\OQ
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with v = 19_3. These two pressure stabilizations satisfy the criteria of section
with 1 =1 (see, e.g., [0 Section 3.1.1]).

For illustrations purposes, we have reported in Figure [I] a few snapshots
of the pressure field obtained using Algorithm |4 with d} = dZ’_l, T =10"%
and h = 0.05. All the computations have been performed with FreeFem++
[34]. The fluid domain has been displayed in deformed configuration (amplified
by a factor 5), so that we can visualize the displacement of the interface as
well. The numerical solution remains stable, as predicted by theorem [1.2] and
a propagating pressure-wave is observed (see, e.g., [24]). Both finite element
approximations give similar results.

——O—— non-incremental scheme
——O— incremental 1st-order exirap
——>—— implicit scheme
.............. slope 0.5 y “tesneseneess slope 0.5
S e slope 1 S e slope 1
L i L 1 d L
0.00001 0.0001 0.00 0.00001 0.0001 0.00
time-step size time-step size

——O—— non-incremental scheme:
——{—— incremental 1st-order extrap
——>—— implicit scheme

o
T

relative elastic energy-norm error
°
T

relative elastic energy-norm error

(a) Continuous piece-wise affine pressures, l =  (b) Piece-wise constant pressures, { = 0.
1.

Figure 2: Time-convergence history of the displacement at ¢t = 0.015, with
h = 0O(T).

We now turn our attention to the accuracy of the schemes reported in Al-
gorithms 3 and 4. To this aim, a reference solution has been generated us-
ing Algorithm [2 with k = [ = 1 and a high grid resolution (7 = 107% and
h = 3.125 x 10~%). We have first refined both in time and in space at the same
rate, with the following set of discrete parameters:

(rh) € {<5X2104 12i1>}j_0. (83)

Note that this allows to highlight the h-uniformity of the convergence in time.
Figure [2] reports the corresponding time-convergence history of the solid dis-
placement at time ¢ = 0.015, in the relative elastic energy-norm, for the non-
incremental scheme Algorithmwith d; =0 or, Algorithm, the incremental
scheme (Algorithm |4 with d}, = d}'~') and the implicit scheme (Algorithm .
The incremental and the implicit schemes yield an overall O(7) optimal ac-
curacy, while a sub-optimal O(T%) rate is observed with the non-incremental
scheme. Thus, in agreement with the error estimations of corollaries and
Indeed, since k = 1, [ = 1 and, from , h = O(7), the error estimations
(79) and yield the observed time-convergence rates.

In order to guarantee the stability of the approximations provided by the
incremental scheme with the second-order extrapolation (Algorithmwith dy =

RR n° 7671



32 M.A. Ferndndez

——O—— non-incremental scheme e ——O—— non-incremental scheme
——O—— incremental 1st-order extrap. .-+ L ——{— incremental 1st-order extrap.
N ——#—— incremental 2nd-order extrap, .-+ - - ——#—— incremental 2nd-order extrap, .-
S 1F ———— implicit scheme © 1F ——— implicit scheme
[ slope 3/5 - A SEETTTRTTT slope 3/5 -
E F -meem-e- slope 1 E F -cemmee- slope 1
S S
g : <
= =
8 8
o o
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o o
2 o
8 8
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° °
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Il Il . 1 L
0.001 0.01 01 0.001 0.01 01
mesh size mesh size
(a) Continuous piece-wise affine pressures, | = (b) Piece-wise constant pressures, | = 0.

Figure 3: Space-convergence history of the displacement at ¢ = 0.015, with
T =0O(h%).

~n—1
dZ_l + TdZ ), we now consider the following set of discrete parameters:

5x10~% 1071\ 1"
(mh) e d (e, — : (84)
2s5° 2 i=0

for which the g-CFL condition holds. Figure shows the corresponding
space-convergence history with Algorithms and 4} Note that, since k = 1,
[ = 1 and, from , T = (’)(hg), the error estimates provided by corollar-
ies and predict an overall O(h) optimal accuracy for the incremental
and the implicit schemes, while a sub-optimal O(hg) is expected for the non-
incremental scheme. These theoretical convergence rates are in agreement with
those observed numerically in figure

The superior accuracy of the incremental schemes, with respect to the orig-
inal non-incremental variant, is also clearly visible in figure ] where we have
displayed the displacements of the first four points in figure For comparison
purposes, the reference displacement is also shown. Observe that, even with the
smallest time-steps sizes (e.g., ﬁgure, the non-incremental scheme provides
a rather poor approximation. On the contrary, the two incremental variants are
able to retrieve the accuracy of the implicit coupling scheme. It is also worth
noting that, though superfluous in terms of overall convergence rate (see figure
and remark , the second-order extrapolation does improve the accuracy
in practice, as we can observe in figure particularly for the coarsest grid
resolutions. This is not surprising since, according to theorem the choice

n—1
= dZ_l + TdZ yields the highest consistency in the perturbed kinematic

condition .
In line with the discussion of remark we now investigate the sensitivity
of the displacement-correction approximations to the magnitude of the solid

elastic wave-speed w®. Note that, from (39) and , it follows that
1
E 2
we ~ (p5> .
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.............. reference
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Figure 4: Comparison of the displacements at t = 0.015, obtained with k =1 =1
and different levels of (7, h)-refinement, given by with i =0,...,3.

——O—— non-incremental scheme
o ——O—— incremental 1st-order extrap
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(a) E= =t and p* = pf ;. (b) E = Eper and p° = p ¢ X 5.

Figure 5: Displacement energy-error convergence history in time for a lower w®.

Thus, we have reran the simulations of figure with different values of the
Young modulus and of the solid density:

E € {Bret x 51-}1‘:71,0,1 . e {pre X 51.}1‘:71,0,1’

where Frr and pf; are given by . The convergence histories corresponding
to the lowest elastic wave-speed are displayed in figure [5| The comparison with
figure (i.e., E = Eier and p® = p?) shows that the accuracy of both
the non-incremental and the incremental schemes is enhanced when we lower
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——O—— non-incremental scheme ——O—— non-incremental scheme
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.............. slope 0.5 o ceveeenennees slope 0.5

- -+ slope 1 D slope 1

relative elastic energy-norm error

°
T
relative elastic energy-norm error

°
T

L - L Il o Il
0.00001 0.0001 0.00 0.00001 0.0001 0.00
time-step size time-step size

(a) E = Eref x 5 and p® = p3 ;. (b) E = Elef and p° = %

Figure 6: Displacement energy-error convergence history in time for a higher

we

w®. Note, in particular, that the amount of this impact is much more striking
for the non-incremental variant. Conversely, the accuracy of the displacement-
correction schemes deteriorates when we increase w®, as shown in figure |§| (see
also remark . Note that the non-incremental variant is unable to show a
convergent behavior towards the reference solution, whereas the incremental
scheme still retrieves the optimal convergence rate.

7 Conclusion

In this work, we have introduced and analyzed a class of incremental displacement-
correction schemes for the explicit coupling of a thin-structure with an incom-
pressible fluid. Their stability properties are independent of the added-mass
effect. A salient feature of this work is that the incremental and the non-
incremental schemes are cast into a unified analysis framework, for wide class
of interface-matching finite element discretizations in space. The displacement-
correction schemes are interface kinematic perturbations of an underlying im-
plicit coupling scheme. The magnitude of this perturbation depends on the
time-step size, 7, and it is proportional to the solid elastic wave-speed w®. The
analysis shows, in particular, that the proposed incremental schemes yield an
optimal O(7) time-accuracy in the energy-norm, while a sub-optimal O(’T%) con-
vergence rate is expected for the original non-incremental variant. Numerical
tests in a benchmark confirm these theoretical findings.

Extensions of this work can explore various directions. We can address,
for instance, the development of second-order time-accurate schemes (see re-
marks and and the derivation of pressure estimates. A further valuable
extension of the present explicit coupling paradigm is to consider the case of
thick-solid models. A preliminary study in this direction can be found in [I7]. Fi-
nally, ongoing work focuses on the formulation of these displacement-correction
schemes within a non-linear fluid-structure framework involving, for instance, a
non-linear shell model.
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A Proof of lemma 3.2

The first inequality follows by simply noting that, from , we get
[mhwl2 = a (w, mhw) < Jwlle]wfw]e.
On the other hand, for w € D°, and thanks to and , we have
IL w3 s = a®(w, Ljw) = (L*w, Ljw)s,

which yields (18)). For the identity if suffices to observe that, for all wy €
W, we have

(Limhw, wy)y, = af(Thw, wp,) = o (w, wy) = (Ljw, wp)y,.

Using and a standard inverse estimate (see, e.g., [I2, Section 1.7]), for all
wy, € W, we have

B2

lwn|2 = a®(wn, wi) < Blwnlf s < ﬁllwhllg,zv

so that holds. At last, by using this estimate, we get

BC BCOQ 5(:02
h21nv( 211]}“ (;Lwh)z — ﬁac(u}h,[f;w;»

ILhwals < B 1Ly wnlf§ 5 =

e 2
<ﬂ]§mv”

nllel[ Lpwhlle,

which yields . In particular, the estimate follows by noting that

B a2,

IZhwnll5 s = a(wn, Lywn) < [whlle| Lywn]le <

which completes the proof.

B Error analysis of the fluid-projection operator

We consider the following steady Stokes problem with inhomogeneous Dirichlet
boundary conditions on ¥, homogeneous Dirichlet boundary conditions on I'4
and Neumann boundary conditions on I': find (u,p) € V' x @ such that

u|2 =9,
a(u,v) +b(p,v) =1l(v) Yv e Vy, (85)
blg,u) =0 VgeQ,

where g € {v|yx /v € V'} stands for the boundary dataon ¥ and [ : V — Ris a
given continuous linear form into V. The estimates stated in lemma can be
inferred from the error analysis of the following finite element approximation of
(85): find (wp,pn) € Vi, X Qp such that

upls = g,
a(up,vp) + b(pr,vn) =U(vy) Yo, € Vs, (86)
b(qn, un) = sn(Pn,qn) Van € Qn,
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where g, € {vp|s /v € V1, } stands for a given approximation of g and s, is
a pressure stabilization operator entering the framework of section [3.1.1] The
convergence analysis of the finite element approximation involves the gen-
eralization of some of the results reported in [26], to the case of symmetric
pressure stabilizations and Neumann boundary conditions on I'™.

We first prove the following generalized inf-sup condition, by combining the
arguments involved in the proofs of [6 Lemma 3.1] and [2I, Lemma 3.3].

Lemma B.1 There holds
b(Qha vh)

lanlle S sup  ————= +lanls, (87)
V€V h ||'UhHV

for all q;, € Q.
Proof. We first split g, € Qp as g, = qn + ¢, with g, def (gn,1)/|€?] and
q; € LE(Q). Note that, in particular, we have
lanll?y = llanlle + llaill%- (88)

On the other hand, from [22, Corollary 2.4], there exists v* € [Hg()]¢ such

that

) q
dive* = 7'1, lo*lv < llgille- (89)

Hence, using , we have
a1 = b(gh, ")
=b(qp,v* — Fpv*) +b(q, Frv*)
Slanlslv*llv + b(gh, Frv®) = lanls, [v*[lv + blgn, Frv®).

Note that the last identity follows from the consistency of s (estimate (12))
and the fact that (Fpv*)|sq = 0. As a result, from , we infer that

b(qhv "F'hv*)
[v* v

On the other hand (see [2I) Lemma 3.3] or [I1, Lemma 3.3]), there exists 0 #
zp € Vx p, such that

lanlle < + lanls,- (90)

_ b(qn, zn)
lanlle S = 7 (91)
[ETN%
Therefore, setting v), [v* ||y Frv* + 8||znlly 2n € Vs, with 6 > 0 suffi-

ciently small, and using , and 7 yields
b(gqn, Frv™) 5b(Qh,Zh)

b(gn,vp) =
(@0o1) = = O el
_ blgn, Frv™) 5b(@h7zh) 5b(q;§7zh)
lv*|lv llznllv llznllv

2 llanlle = lanls, +dllanlle = dllgnlle
2 llanllq = lan

The inequality then follows, from (14), by noting that [|v,|v S 144. &
We then have the following error estimate, valid for arbitrary approximations

g, of g.

Sh*
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Lemma B.2 Let (u,p) and (un,pr) be the solutions of and , respec-
tively. Then, there holds

|w —un|lv + |prls, +llp —prllo S inf {||u—’l7h||v}
h

UpEV R, Un|n=g

. R R (92)
+ _inf {|lp—DPullq + [Phls, }-
PrhEQR

Proof. By subtracting from (85)), we have that

a(u — up,vp) + b(p — pr, vn) =0,
—b(qn, w —un) =sn(pr, qn)

for all (vp,qn) € Ve i x Qp. We now consider the following discrete space

Z1,  {(@n, pn) € Vin x Qn / b(an,@n) = 51 (Pr,qn) Yan € Qn}-
Hence, for (up,pr) € Zp, with up|s = gy, it follows that
a(up — Up,vp) + b(pr — Ph,vn) = a(u — Uy, vp) + b(p — P, vn) (93)
for all vy, € Vi 3, and that
—b(qn, un — un) = —b(gn, w — Un) — $n(Pr,qn) = —Sn(Ph — DPhsqn)  (94)

for all g5, € Qp. As a result, since (up, — Up) € Vyp, by taking vy, = up, — Uy,
in and g, = p;, — P in , we get the identity

2ulle(@n — un)|3 o + [Pr — pul2, = alw —@n, G — wp) +b(p — Br, Un — up).-
Hence, using Korn’s inequality,
[un = unllv + |pr = pnls, S llw—unllv +[lp = Dalle- (95)
A triangle inequality thus yields

| —unllv Sllw—anllv + llp — Drllo,
Ipnls, Sllw—unllv +[lp — Dullg + |Phls,

for all (up,pr) € Zp, with up|s = g,. On the other hand, from , lemma,
and (95)), it follows that

lp = pullg <llp — Dullg + IPn — prllo
Sllp —DPrllg + lw — nllv + [|[un — unllv + [Ph — pals,
Slip = pullg + [lu — wnllv

for all (Up,pp) € Zp with uy|s = g;,. Therefore,

luw—unllv+llp—pulle S inf {llw—an|lv +llp — Prllo}

(uh»ph)ezhaahlzzgh
lpnls, < inf {llw = anllv +[lp = Pullq + [Pnls, }-
(Wn,Pr)€EZn, Unls=g),

(96)
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We will now show how to relax the constraint (up,pn) € Zj, in . To
this aim, we take arbitrarily (zp, ) € Vi, X Qp with zp|s = g5, and denote by
(h,yn) € Ve X Qp the solution of the following pressure stabilized discrete
Stokes-problem with homogeneous Dirichlet boundary conditions on >:

CL(CBh, vh) + b(y}u 'Uh) = Oa (97)
b(qn, zn) = sn(Yn, qn) + b(qn, w — z1n) — sn(rh, qn)
for all (vp,qrn) € Vs, X Qn. By taking (vp,qn) = (@, yp) in we have
a3 + lynl3, S lynllolle = zallv + [ral2,- (98)
On the other hand, from 1 and lemma it follows that
lynlle S llenllv + |ynls,
which, in combination with , yields the estimate
lznllv + lynls, + lunlle S llw— zallv + |rals,- (99)
We now set, ot et
U, = T+ 2h, Dh = Yn — Th (100)

Since divu = 0, from 2 it follows that

b(qn, un) = sn(Pn.qn) Van € Qn,

so that (@p,pr) € Zi,. Moreover, since ), € Vi p,, we have x|y, = zp|s = gp,-
Hence, from , it follows that that

lw —unllv + lp = prlle Sllw = unllv + [lp = Prlle,
[prls, Slw—unllv +[lp = Phllq + [Phls,-

On the other hand, from the definitions (100) and the estimate , we have

(101)

lu—unllv <[lu—zpl|v + lznllv S [lu— 2z4llv + |7hls,
Ip = Dnllg <llp —rrllo + llunllo S llp = rallg + lw = zullv + |7als,,
Phls, <lynls, + |rals, S llw—2znllv + [rals,-

The estimate follows by inserting these inequalities in (101]) and by using
the arbitrariness of (zp, 7).

Remark B.3 For inf-sup stable velocity/pressure pairs and T™ = ), lemma
yields the error estimate reported in [26, Proposition 8]. Indeed, in this case the

inequality holds with |- |5, = 0 (see Remark[3.1)).
The next result follows by a simple adaption of the Aubin-Nistche argument

reported in [26, Proposition 9] and the estimate of lemma with g =g, = 0.

Lemma B.4 Let (u,p) and (up,ppn) the solutions of and (B6)), respec-
tively. Assume that holds. Then, we have

luw—wunlloo < crph(llu—wunllv + Ipals, + I —prllQ) + c2.ullg — gnllo.s-
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We finally consider the case in which g,, is chosen as the Lagrange interpolant
of the boundary data (see, e.g., [18]). The corresponding error estimates are
stated in the next theorem.

Theorem B.5 Let (u,p) be the solution of and (un,pp) be the solution
of with g, = Ing. Assume that (u,p) € [H*1(Q)]4 x H(Q). Then, there
holds

1 1.7
lw—wunllv + |puls, + lp—pulle S u2 P |ullkyro+p 20 plo.  (102)

If, in addition, u|s € [H*1(2)]? and the regularity estimate holds, we
have

1 _1.7 ~
lw—unlloo S cu(pz b Hulna + =2 W pl; o) + Eh"lullkr . (103)

Proof. The estimate (102 follows from lemma [B.2] standard interpolation
theory and the consistency estimate . At last, (103) can be inferred from

lemma the estimate (102)) and standard interpolation theory. <
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