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Conditions quadratiques pour des extrémales
bang-singulieres

Résumé : Dans ce travail nous étudions le probleme de commande optimale
avec des controles affines dans la dynamique. On considere des contraintes de
non-négativité sur la commande et une quantité finie de contraintes d’égalité et
d’inégalité sur la valeur finale de I’état. Premierement on obtient des conditions
nécessaires d’optimalité de second ordre. Ensuite, on présente une condition
suffisante pour le cas d’une commande scalaire.

Mots-clés : Commande optimale, conditions du second ordre, contraintes sur
la commande, arc singulier, solutions bang-singulieres, SADCO.
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1 Introduction

In this article we obtain second order conditions for an optimal control problem
affine in the control. First we consider a pointwise nonnegativity constraint on
the control, end-point state constraints and a fixed time interval. Then we ex-
tend the result to bound constraints on the control, initial-final state constraints
and problems involving parameters. We do not assume that the multipliers are
unique. We study weak and Pontryagin minima.

There is already an important literature on this subject. The case without
control constraints, i.e. when the extremal is totally singular, has been exten-
sively studied since the mid 1960s. Kelley in [32] treated the scalar control
case and presented a necessary condition involving the second order derivative
of the switching function. The result was extended by Kopp and Moyer [34]
for higher order derivatives, and in [33] it was shown that the order had to be
even. Goh in [27] proposed a special change of variables obtained via a linear
ODE and in [26] used this transformation to derive a necessary condition for
the vector control problem. An extensive survey of these articles can be found
in Gabasov and Kirillova [24]. Jacobson and Speyer in [30], and together with
Lele in [31] obtained necessary conditions by adding a penalization term to the
cost functional. Gabasov and Kirillova [24], Krener [35], Agrachev and Gamkre-
lidze [I] obtained a countable series of necessary conditions that in fact use the
idea behind the Goh transformation. Milyutin in [43] discovered an abstract
essence of this approach and obtained even stronger necessary conditions. In
[2] Agrachev and Sachkov investigated second order optimality conditions of
the minimum time problem of a single-input system. The main feature of this
kind of problem, where the control enters linearly, is that the corresponding
second variation does not contain the Legendre term, so the methods of the
classical calculus of variations are not applicable for obtaining sufficient condi-
tions. This is why the literature was mostly devoted to necessary conditions,
which are actually a consequence of the nonnegativity of the second variation.
A sufficient condition for time optimality was given by Moyer [45] for a system
with a scalar control variable and fixed endpoints. On the other hand, Goh’s
transformation above-mentioned allows one to convert the second variation into
another functional that hopefully turns out to be coercive with respect to the
Ls—norm of some state variable. Dmitruk in [I2] proved that this coercivity is a
sufficient condition for the weak optimality, and presented a closely related nec-
essary condition. He used the abstract approach developed by Levitin, Milyutin
and Osmolovskii in [38], and considered finitely many inequality and equality
constraints on the endpoints and the possible existence of several multipliers.
In [I3} 15] he also obtained necessary and sufficient conditions for this norm,
again closely related, for Pontryagin minimality. More recently, Bonnard et al.
in [6] provided second order sufficient conditions for the minimum time problem
of a single-input system in terms of the existence of a conjugate time.

On the other hand, the case with linear control constraints and a “purely”
bang-bang control without singular subarcs has been extensively investigated
over the past 15 years. Milyutin and Osmolovskii in [44] provided necessary
and sufficient conditions based on the general theory of [38]. Osmolovskii in [46]
completed some of the proofs of the latter article. Sarychev in [53] gave first and
second order sufficient condition for Pontryagin solutions. Agrachev, Stefani,
Zezza [3] reduced the problem to a finite dimensional problem with the switching
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4 M.S. Aronna & J.F. Bonnans & A.V. Dmitruk € P.A. Lotito

instants as variables and obtained a sufficient condition for strong optimality.
The result was recently extended by Poggiolini and Spadini in [47]. On the other
hand, Maurer and Osmolovskii in [42] 41] gave a second order sufficient condition
that is suitable for practical verifications and presented a numerical procedure
that allows to verify the positivity of certain quadratic forms. Felgenhauer in
[21] 22| 23] studied both second order optimality conditions and sensitivity of
the optimal solution.

The mixed case, where the control is partly bang-bang, partly singular was
studied in [48] by Poggiolini and Stefani. They obtained a second order sufficient
condition with an additional geometrical hypothesis (which is not needed here)
and claimed that it is not clear whether this hypothesis is ‘almost necessary’, in
the sense that it is not obtained straightforward from a necessary condition by
strengthening an inequality. In [49] 50] they derived a second order sufficient
condition for the special case of a time-optimal problem. The main result of the
present article is to provide a sufficient condition that is ‘almost necessary’ for
bang-singular extremals in a general Mayer problem.

On the other hand, the single-input time-optimal problem was extensively
studied by means of and synthesis-like methods. See, among others, Sussmann
[59, B8] [57], Schéttler [54] and Schéttler-Jankovic [55]. Both bang-bang and
bang-singular structures were analysed in these works.

The article is organized as follows. In the second section we present the prob-
lem and give basic definitions. In the third section we perform a second order
analysis. More precisely, we obtain the second variation of the Lagrangian func-
tions and a necessary condition. Afterwards, in the fourth section, we present
the Goh transformation and a new necessary condition in the transformed vari-
ables. In the fifth section we show a sufficient condition for scalar control.
Finally, we give an example with a scalar control where the second order suffi-
cient condition can be verified. The appendix is devoted to a series of technical
properties that are used to prove the main results.

2 Statement of the problem and assumptions

2.1 Statement of the problem

Consider the spaces U := L (0,7;R™) and X := WL (0,T;R") as control and
state spaces, respectively. Denote with u and x their elements, respectively.
When needed, put w = (z,u) for a point in W := X x U. In this paper we
investigate the optimal control problem

J = @o(x(T)) — min, (1)

B(t) =D uifi(x), (0) = o, (2)
1=0

u(t) >0, a.e.ont € [0,T], (3)

0i(z(T)) <0, fori=1,...,dy, 7)) =0,forj=1...,d,. (4)

where f; : R® — R" for ¢ = 0,...,m, ¢; : R" = Rfori = 0,...,d,, ; :
R* — R for j = 1,...,d, and ug = 1. Assume that data functions f; are
twice continuously differentiable. Functions ¢; and 7); are assumed to be twice
differentiable.

INRIA



Quadratic order conditions for bang-singular extremals 5

A trajectory is an element w € W that satisfies the state equation ([2)). If, in
addition, constraints ([B]) and (@) hold, we say that w is a feasible point of the
problem (I)-@)). Denote by A the set of feasible points. A feasible variation for
w € A is an element dw € W such that @ + dw € A.

Definition 2.1. A pair w® = (2°,u%) € W is said to be a weak minimum of
problem ([{)-(@) if there exists an & > 0 such that the cost function attains at w®
its minimum on the set

{fw=(z,u) € A:|lz —2°)oe <&, |Ju— 1o <e}.

We say w° is a Pontryagin minimum of problem [M)-{@) if, for any positive N,
there exists an en > 0 such that w® is a minimum point on the set

{w=(z,u) € A: ||z — 2°0c <en,flu—u'loc < N,[lu—u’|y <en}.

Consider A\ = (a, 3,1) € Rdetlx x Rdn* x WL (0,T;R™ ), ie. ¥ is a
Lipschitz-continuous function with values in the n—dimensional space of row-
vectors with real components R™*. Define the pre-Hamiltonian function

H[)‘] ('T’ u, t) = Q/J(t) Z Uifi('r)a

the terminal Lagrangian function

de d
(N(g) =Y aigi(a) + > Bimj(a),
i=0 j=1
and the Lagrangian function

D[N (w) = €[N (x(T)) +/0 ¥(t) (Z ui(t) fi(x(t)) — 56(0) di. — (5)
i=0

In this article the optimality of a given feasible trajectory w = (&,4) is
studied. Whenever some argument of f;, H, ¢, ® or their derivatives is omitted,
assume that they are evaluated over this trajectory. Without loss of generality
suppose that

0i(#(T)) =0, foralli=0,1,...,d,. (6)

2.2 First order analysis

Definition 2.2. Denote by A C R¥H1* x Rdn* x WL (0, T;R™*) the set of
Pontryagin multipliers associated with W consisting of the elements A = («, 38, 1)
satisfying the Pontryagin Maximum Principle, i.e. having the following proper-
ties:
lal + 8] =1, (7)
a=(a,1,...,0q,) >0, (8)

function 1 is solution of the costate equation and satisfies the transversality
condition at the endpoint T, i.e.

—(t) = HaN|(&(t), a(t), 1), (T) = ¢'[N(&(T)), (9)

RR n° 7664



6 M.S. Aronna & J.F. Bonnans & A.V. Dmitruk € P.A. Lotito

and the following minimum condition holds

HN(Z(t),a(t),t) = IyzirolH[)\](i(t),v,t), a.e. on [0,7]. (10)

Remark 2.3. For every A € A, the following two conditions hold.
(i) Hy, [\ is continuous in time,
(i) Hy,[N(t) >0, a.e. on [0,T].

Recall the following well known result for which a proof can be found e.g.
in Alekseev and Tikhomirov [4], Kurcyusz and Zowe [36].

Theorem 2.4. The set A is not empty.

Remark 2.5. Since ¥ may be expressed as a linear continuous mapping of
(o, B) and since () holds, A is a finite-dimensional compact set. Thus, it can
be identified with a compact subset of R, where s :=d, + d,, + 1.

The following expression for the derivative of the Lagrangian function holds

T
@uDKdﬂv::/ Hu[N(2(t), a(t), t)v(t)dt. (11)
0
Consider v € U and the linearized state equation:
1) = 3w AE)H0 + L uOAEO), aeon0.TL
i=0 i=1
z(0) =
Its solution z is called the linearized state variable.
With each index ¢ =1, ..., m, we associate the sets
Ié::{te[&]ﬂ:gm%fhiAKﬂ:>0}, I' = [0, T\, (13)
€

and the active set

Ii = {t € [0,T]: 4:(t) = 0}. (14)
Notice that I} C I}, and that I} is relatively open in [0,7] as each H,, [\ is
continuous.
Assumption 1. Assume strict complementarity for the control constraint, i.e.
for every i =1,...,m,

I§ = I, up to a set of null measure. (15)

Observe then that for any index ¢ = 1,...,m, the control 4;(t) > 0 a.e. on
I’ , and given \ € A,
Hy,, [N(t) =0, a.e. on I'.

Assumption 2. For every i = 1,...,m, the active set I} is a finite union of

intervals, i.e.
. NI .
=,
j=1
for I subintervals of [0, 7] of the form [0,d), (¢, T]; or (¢,d) if ¢ # 0 and d # T.

Denote by ¢ < d} < cb < ... < cﬁv < dﬁv the endpoints of these intervals.
Consequently, Ii is a finite union of intervals as well.

INRIA



Quadratic order conditions for bang-singular extremals 7

Remark 2.6 (On the multi-dimensional control case). We would like to make
a comment concerning solutions with more than one control component being
singular at the same time. In [9,[10], Chitour et al. proved that generic systems
with three or more control variables, or with two controls and drift did not admit
singular optimal trajectories (by means of Goh’s necessary condition [26]). Con-
sequently, the study of generic properties of control-affine systems is restricted
to problems having either one dimensional control or two control variables and
no drift. Nevertheless, there are motivations for investigating problems with
an arbitrary number of inputs that we point out next. In [37], Ledzewicz and
Schattler worked on a model of cancer treatment having two control variables
entering linearly in the pre-Hamiltonian and nonzero drift. They provided nec-
essary optimality conditions for solutions with both controls being singular at the
same time. Even if they were not able to give a proof of optimality they claimed
to have strong expectations that this structure is part of the solution. Other
examples can be found in the literature. Maurer in [40] analyzed a resource al-
location problem (taken from Bryson-Ho [8]). The model had two controls and
drift, and numerical computations yielded a candidate solution containing two
simultaneous singular arcs. For a system with a similar structure, Gajardo et
al. in [29)] discussed the optimality of an extremal with two singular control
components at the same time. Another motivation that we would like to point
out is the technique used in Aronna et al. [5)] to study the shooting algorithm for
bang-singular solutions. In order to treat this kind of extremals, they perform
a transformation that yields a mew system and an associated totally singular
solution. This new system involves as many control variables as singular arcs
of the original solution. Hence, even a one-dimensional problem can lead to a
multi-dimensional totally singular solution. These facts give a motivation for
the investigation of multi-input control-affine problems.

2.3 Critical cones

Let 1 < p < oo, and call U, := L,(0,T;R™), Z/l;' = L,(0,T;RY) and &, :=
W;(O,T;R”). Recall that given a topological vector space E, a subset D C F
and x € E, a tangent direction to D at x is an element d € F such that there
exists sequences (o) C Ry and (x) C D with

T — T
=T

Ok
It is a well known result, see e.g. [I1], that the tangent cone to Uy at 1 is
{vely: v; >0o0n I, fori=1,...,m}.

Given v € U,, and z the solution of (I2)), consider the linearization of the cost
and final constraints

{wi(i(T))Z(T) < "

0
i (@(T)z(T) =0, j=1,....dy
For p € {2,000}, define the L,—critical cone as

Cp = {(2,v) € X, x Uy, : v tangent to Z/l;r, ([2) and (IG) hold} .

RR n° 7664
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Certain relations of inclusion and density between some approximate critical
cones are needed. Given € > 0 and ¢ =1, ..., m, define the e—active sets, up to
a set of null measure

I = {t € (0,T): ;(t) < e},
and the sets
Wy.e = {(z,v) € X, xU, : v; =0 on I, ([I2) holds}.
By Assumption 1, the following explicit expression for Co holds
Co = {(z,v) € Wa : (I8) holds}. (17)
Consider the e—critical cones
Cp.e :={(2,v) € W, : (I0) holds}. (18)

Let € > 0. Note that by (IT), C2, C C2. On the other hand, given (z,v) € Cooe,
it easily follows that 4 + ov € U™ for small positive o. Thus v is tangent to U™
at @, and this yields Coo,c C Coo.

Recall the following technical result, see Dmitruk [I6].

Lemma 2.7 (on density). Consider a locally convex topological space X, a
finite-faced cone C' C X, and a linear manifold L dense in X. Then the cone
CN L is dense in C.

Lemma 2.8. Given € > 0 the following properties hold.
(a) Coo,e C Ca with dense inclusion.
(b) UesoCa,e C Ca with dense inclusion.

Proof. (a) The inclusion is immediate. As U is dense in Uz, Weo . is a dense
subspace of Ws .. By Lemma 27 Cs . N Weo  is dense in Ca ., as desired.
(b) The inclusion is immediate. In order to prove density, consider the following

dense subspace of Wh  :
W)= U e,

e>0

and the finite-faced cone in Co C W ¢. By Lemma 2717 Co N WZU is dense in
Co, which is what we needed to prove. O

3 Second order analysis

3.1 Second variation

Consider the following quadratic mapping on W;
QN(0z, du) ==50" N (2(T))(62(T))?

+

o=

/ ' [(Hypo[ N6z, 62) + 2(Hyo [ N6z, 6u)] dt.

INRIA
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The next lemma provides a second order expansion for the Lagrangian function
involving operator 2. Recall the following notation: given two functions h :
R™ — R™ and k : R™ — R" we say that h is a big-O of k around 0 and denote
it by

h(z) = O(k(x)),

if there exists positive constants § and M such that |h(x)| < M|k(z)| for |z| < 4.
It is a small-o if M goes to 0 as |z| goes to 0. Denote this by

Lemma 3.1. Let dw = (dz,0u) € W. Then for every multiplier X\ € A, the
function ® has the following expansion (omitting time arguments):

T T
QN (b + dw) = /O H,[Néudt + Q[N (dz, du) + 3 /O (Hypn[ Mo, 02, du)dt
+O(|62(T)?) + /0 (6 + u) (t)|O(|62(t)[?) dt.

Proof. Omit the dependence on A for the sake of simplicity. Use the Taylor
expansions

((&(T) +0x(T)) = £(@(T)) + 0 (&(T))dx(T) + 50" ((T)) (62(T))* + O(|6x(T) ),

Fil@(t) +0w(t)) = fi@(t) + fi(2()dx(t) + 3£ (&(1)) (62(1))* + O(|6x(t)[*),

in the expression
T m . .
O(w + dw) = £(Z + dz(T)) + / Y [Z(ﬂl + ou) fi(& 4+ 0x) — & — 6,@1 dt.
0 i=0

Afterwards, use the identity
T m T
/ ) Z G f1(2)0zdt = —€/(2(T))0x(T) + / Yoxdt,
0 i=0 0

obtained by integration by parts and equation (2] to get the desired result. O

The previous lemma yields the following identity for every (dz,du) € W :

Q|(6z, 6u) = D*®[N] (b)) (6z, Su)?.

3.2 Necessary condition

This section provides the following second order necessary condition in terms of
Q and the critical cone Cs.

Theorem 3.2. If W is a weak minimum then

I/I\laI{(Q[)\](Z,’U) >0, forall (2,v) € Cs. (19)
€

RR n° 7664
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For the sake of simplicity, define @ : U — R%*! and 7: U — R% as

@l(u) = SDZ(‘T(T)% for i = 0) 13 SRR dtpa

_ ) (20)
nj(u) :=n;(x(T)), for j=1,...,d,,
where z is the solution of (2] corresponding to w.

Definition 3.3. We say that the equality constraints are nondegenerate if
7' (@) is onto from U to R, (21)
If 1) does not hold, we call them degenerate.

Write the problem in the following way
@o(u) = min;  @;(u) <0, i=1,...,dy, 7(u) =0, u € Uy. (P)

Suppose that 4 is a local weak solution of (P)). Next we prove Theorem
Its proof is divided into two cases: degenerate and nondegenerate equality
constraints. For the first case the result is immediate and is tackled in the
next Lemma. In order to show Theorem for the latter case we introduce an
auxiliary problem parameterized by certain critical directions (z,v), denoted by
(QP,). We prove that val(@P,) > 0 and, by a result on duality, the desired
second order condition will be derived.

Lemma 3.4. If equality constraints are degenerate, then ([I9) holds.

Proof. Notice that there exists 8 # 0 such that Z;lll Bin;(#(T)) = 0, since
77 (4) is not onto. Consider « = 0 and ¢ = 0. Take A := (a, 8,%) and notice
that both A and —\ are in A. Observe that

dy

NGz 0) = § 3 B (1)) (=(T)*

Thus Q[N](z,v) > 0 either for A or —A. The required result follows. O
Take € > 0, (z,v) € Coo,¢, and rewrite (I8)) using the notation in (20)),
Cooe=1{(z,0) EX XU: vi(t)=00n I i=1,...,m,
[@2) holds, @;(a)v <0, i =0,...,dy,, 7 (@)v=_0}.
Consider the problem

6¢ — min

gi(a)r + ¢ (4)(v,v) <8¢, for i = 0,. .., dy,
7' (@)r + 17" (@)(v,v) = 0,

—ri(t) <8¢, on I, fori=1,...,m.

(QPy)

Proposition 3.5. Let (z,v) € Coo . If the equality constraints are nondegener-

ate, problem (QP,)) is feasible and val (QP,)) > 0.

INRIA
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Proof. Let us first prove feasibility. As /(@) is onto, there exists r € U such
that the equality constraint in (QP,)) is satisfied. Take

0¢ = max(||r|lo, g (@)r + ¢" (@) (v, v)).

Thus the pair (r,d¢) is feasible for (QP,).

Let us now prove that val (QP,)) > 0. On the contrary suppose that there
exists a feasible solution (r, 6¢) with 6¢ < 0. The last constraint in (QP,]) implies
[I|lcc # 0. Set, for o > 0,

N 12 SN 1.2
u(o) :=u+ov+ 5071, ((0):=507C. (22)
The goal is finding u(o) feasible for (P)) such that for small o,

u(o) % 4, and Go(u(o)) < Go(a),

contradicting the weak optimality of . 3
Notice that 4;(t) > ¢ a.e. on [0,T|\I’, and then u(0);(t) > —((o) for
sufficiently small 0. On IZ, if @(0);(t) < —((o) then necessarily

ai(t) < 50%([Irlloe + 13¢]),
as v;(t) = 0. Thus, defining the set
Ty = {t: 0 < ii(t) < 50°(lIrlloo + 15D},

we get {t € [0,T]: a(0);(t) < —((0)} € Ji. Observe that on J, the function
|i(0)i(t) + ((o)|/0? is dominated by ||r||oc + |6¢|. Since meas(J) goes to 0 by
the Dominated Convergence Theorem, we obtain

[a(0)i(t) + C(o)|dt = o(a?).

e (o) on [0.T)\J;
ﬂ“”={gzw>onﬁ. o

Thus, @ satisfies B ~
u(o)(t) > —¢(o), a.e.on [0,T], (23)

[u(o) —al = o(0®), |la(o) =il = O(c?),
and the following estimates hold
gi(u(0)) = @i(@) + o @ (@) + 30°[Fi(@)r + &7 (@) (v, v)] + o(0?)

~ (24)
< @i() + (o) + o(0?),

A(i(0)) = o (v + 307 (@)r + 7" (@) (v, v)] + o(0®) = o(e?).

As 77 (@) is onto on U we can find a corrected control u(o) satisfying the equality
constraint and such that ||u(c) —(0)||e = 0(c?). Deduce by (E3) that u(c) > 0
a.e. on [0, 7], and by (24) that it satisfies the terminal inequality constraints.
Thus (o) is feasible for (P)) and it satisfies (22)). This contradicts the weak
optimality of 4. O

RR n° 7664



12 M.S. Aronna & J.F. Bonnans & A.V. Dmitruk € P.A. Lotito

Recall that a Lagrange multiplier associated with b is a pair (\, p) in R% 1 x
R x WL (0,T;R™*) x U* with A\ = (a, 3,%) satisfying (T), &), > 0 and the
stationarity condition

T T
/ H, N @)v(t)dt + / v(t)du(t) =0, for every v € U.
0 0

Here U* denotes the dual space of U. Simple computations show that (A, ) is
a Lagrange multiplier if and only if A is a Pontryagin multiplier and p = H,[)\].
Thus p € Loo (0, T; R™*).

Let us come back to Theorem

Proof. [of Theorem B.2] Lemma B4 covers the degenerate case. Assume thus
that 77/ (%) is onto. Take ¢ > 0 and (z,v) € Coo,e. Applying Proposition 3.5 we
see that there cannot exist r» and §¢ < 0 such that

Gi(@)r + @7 (@) (v,v) < 6¢, i =0,...,dy,

i (@)r + 1" (@)(v,v) = 0,

—ri(t) <0¢, on I}, fori=1,...,m.

By the Dubovitskii-Milyutin Theorem (see [I9]) we obtain the existence of
(o, B) € R® and p € U* with supp w; C I}, and (a, 8, i) # 0 such that

dy d,
D (@) + > By (@) — p =0, (25)
i=0 i=1

and denoting \ := (a, 8, 1), with ¢ being solution of ([@)), the following holds:

d, dy
> i (@) (v,0) + Y By} (@) (v,v) > 0.
1=0 1=1

By Lemma we obtain
QA (z,v) > 0. (26)

Observe that (25) implies that A € A. Consider now (Z,9) € Cq, and note that
Lemma 2.8 guarantees the existence of a sequence {(z¢,v:)} C Coo e converging
to (Z,0) in Xy x Us. Recall Remark 2.5 Let A. € A be such that (26]) holds for
(Ae, 22, v:). Since ()\.) is bounded, it contains a limit point A € A. Thus (26)
holds for (), 2, ), as required. O

4 Goh Transformation

Consider an arbitrary linear system:

{ 2(t) = A(t)z(t) + B(t)v(t), a.e.on [0,T],

z(0) =0, (27)

where A(t) € L(R™;R™) is an essentially bounded function of ¢, and B(t) €
L(R™;R™) is a Lipschitz-continuous function of t. With each v € U associate
the state variable z € X solution of (I2Z). Let us present a transformation of

INRIA



Quadratic order conditions for bang-singular extremals 13

the variables (z,v) € W, first introduced by Goh in [27]. Define two new state
variables as follows:

y(t) ::/O v(s)ds,
£(t) = =(t) — B(t)y(t).

Thus y € Y := WL (0,T;R™), y(0) = 0 and € is an element of space X. It easily
follows that £ is a solution of the linear differential equation

E(t) = AEW) + Bit)y(t),  £(0) =0, (29)

(28)

where
Bi(t) .= A(t)B(t) — B(t). (30)

For the purposes of this article take
A(t) =Y i f{(&(t)), and B(t)v(t) := Y vi(t) fi(a(t)). (31)
i=0 '
Then [27) coincides with the linearized equation (I2)).

4.1 Transformed critical directions

As optimality conditions on the variables obtained by the Goh Transformation
will be derived, a new set of critical directions is needed. Take a point (z,v) in
Coo, and define ¢ and y by the transformation ([28). Let h := y(7T') and notice
that since (I6) is satisfied, the following inequalities hold,

0L (2(T)(E(T) + B(T)h) <0, for i =0,...,dy,

@) (ET) + BT =0, for j = 1,....dy, (32)
Define the set of transformed critical directions
P {(f,y,h) EXXYXR™:g;=0over I}, y(0) =0, h:= y(T),} .
@3) and (32) hold

Observe that for every (§,y,h) € P and 1 <i <m,
y; is constant over each connected component of I{, (33)

and at the endpoints the following conditions hold
yi =0on [0,d}), if 0 € I}, and (34)

y; = h; on (cﬂvi,T], if T eI,
where ¢! and d} were introduced in Assumption 2. Define the set

PQ = {(é,y,h) S X2 X u? X Rm : m)v m)v (BB]) and (M) hOId}

Lemma 4.1. P is a dense subset of P in the Xy X Us x R™—topology.
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14 M.S. Aronna & J.F. Bonnans & A.V. Dmitruk € P.A. Lotito

Proof. The inclusion is immediate. In order to prove the density, consider the
following sets.

X ={(&y,h) € Xo xUs x R™ : (29), B3) and (B4) hold},

L:={(&y,y(T) e X x Y xR™: y(0) =0, 9 and @B3) hold},
C:={(y,h) € X: B2 holds}.

By Lemma Bl L is a dense subset of X. The conclusion follows with Lemma

27 O

4.2 Transformed second variation

We are interested in writing  in terms of variables y and £ defined in (28]).
Introduce the following notation for the sake of simplifying the presentation.

Definition 4.2. Consider the following matrices of sizes nxn, mxn and mxn,
respectively.

QW = HoulN,  CIN = Huo[N,  M[N = BTQ[\ ~ C[\] - C[\J4,  (35)

where A and B were defined in [B1)). Notice that M is well-defined as C is
Lipschitz-continuous on t. Decompose matric C[A|B into its symmetric and
skew-symmetric parts, i.e. consider

SA

3(CNB+(CIAB) "), VA= 3(CINB~ (CINB)T). (36)

N [=

Remark 4.3. Observe that, since C[\] and B are Lipschitz-continuous, S[\]
and VA are Lipschitz-continuous as well. In fact, simple computations yield

SZ]P‘] = %1/}(fz/fj =+ f]/fz)v VZP‘] = %w[f“fj]a for i,j=1,...,m, (37)

where
[fi, il = fifi = £ fi (38)
With this notation, 2 takes the form

T
Q] (6z,v) = %E”[)\](:i(T))(éz(T))Q + %/0 [(Q[Mdz, dz) + 2(C[A]dx, v)]dt.
Define the m x m matrix
R\ := BTQ\B — C[A|By — (C[A|B1) " — S|\, (39)

where By was introduced in equation (B0). Consider the function g[A] from
R™ x R™ to R defined by:

gIN(¢, k) = 3" N(@(T))(C + B(T)h)* + 5(CN(T)(2¢ + B(T)h), h).  (40)

Remark 4.4. (i) We use the same notation for the matrices Q[\], C[)],
MM, ¢"[N(&(T)) and for the bilinear mapping they define.

(i) Observe that when m = 1, the function V[A] = 0 since it becomes a skew-
symmetric scalar.
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Quadratic order conditions for bang-singular extremals 15

Definition 4.5. Define the mapping over X x Y x U given by
A&y, v) = g[N(E(T), y(T))

(41)
/ (1QINE©) + 20M[NE y) + LRIV y) + (VINy, v)}dt,

with g[A], Q[N], M[A], R[\] and V[\] defined in (B5)-(E0]).
The following theorem shows that Qp coincides with . See e.g. [15].

Theorem 4.6. Let (z,v) € W satisfying (I2) and (£,y) be defined by 23).
Then

QA(z,0) = Qp A&y, v).

Proof. We omit the dependence on A for the sake of simplicity. Replace z by
its expression in (28)) and obtain

Q(z,0) = 30" (@(T)(E(T) + B(T)y(T))?

[ . (2
+4 [ U@+ B €+ B+ (C(€ + Bo).o) +(CTo.6 + Byl
Integrating by parts yields
T T
| ceon=cen - [ Cer ot Buma 63)
and
T T
/ (CBy,v)dt :/ (S+V)y,v)dt
0 0 , (44)
= 3Su )l + [ (=hEna) + (Voo
Combining ([@2)), (@3)) and [{@4) we get the desired result. O

Corollary 4.7. If V[\] =0 then Q does not involve v explicitly, and it can be
expressed in terms of (&,y,y(T)).

In view of [BZ), the previous corollary holds in particular if [f;, f;] = 0 on
the reference trajectory for each pair 1 <i < j < m.

Corollary 4.8. If ¥ is a weak minimum, then

>
I?Eai/)\( QP[A] (&7 Y, ’U) >0

for every (z,v) € Ca and (£,y) defined by [2F).

4.3 New second order condition

In this section we present a necessary condition involving the variable (£, y, h)
in Ps. To achieve this we remove the explicit dependence on v from the second
variation, for certain subset of multipliers. Recall that we consider A = («, )
as elements of R?.
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Definition 4.9. Given M C R®, define
G(M):={Xx€ M :Vj;[A(t)=0on I} ﬁ]i, for any pair 1 <14 < j < m}.
Theorem 4.10. Let M C R® be conver and compact, and assume that

max Qp[A)(§,y,9) 20, forall (§y,h)€P. (45)

Then

Qp[) ) >0, forall h .
\Jax A& y,y) >0, forall (§y,h)eP

The proof is based on some techniques introduced in Dmitruk [12| [15] for
the proof of similar theorems. _
Let 1 <i<j<mandt*e€int I NI]. Take y € Y satisfying

y(0)=y(T)=0, yr=0, for k#4ik=#j. (46)

Such functions define a linear continuous mapping r : R®** — R by

T
A )] = /O (VIN(#)y, 9)dt. (47)

By condition (#6]), and since V[A] is skew-symmetric,

T T
/ (VINE )y )dt = Viy N () / (it — y3)dt.
0 0

Each r is an element of the dual space of R®*, and it can thus be identified with
an element of R*. Consequently, the subset of R® defined by

R;;(t*) :={r e R® : y € Y satisfies (4@, r is defined by 1)},
is a linear subspace of R®. Now, consider all the finite collections
O ={0={t"< - <t™}:t* cint L NI for k=1,...,No}.

Define

RZ:Z U ze:Rij(tk).

i<j 0€0,; k=1

Note that R is a linear subspace of R*. Given (&,y,y(T)) € P, let the mapping
py : R®* = R be given by

A= py[A] o= Qp [Ny, 9)- (48)
Thus, py is an element of R®.

Lemma 4.11. Let (£,7,5(T)) € P and r € R. Then there exists a sequence
{(&”,y",y"(T))} in P such that

Qp[A(€", 9", 9") — pylAl + [A]. (49)
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Quadratic order conditions for bang-singular extremals 17

Proof. Take (€,7,5(T)) € P, its corresponding critical direction (2,7) € C
related via (28) and py defined in (48). Assume that r € R;;(t*) for some
1<i<j<mandt*€int Ii ﬂ[i, i.e. ris associated via ([#7) to some function
g verifying ({@6]). Take §(¢t) = 0 when ¢t ¢ [0, T]. Consider

gr(t) = gw(t —t%), 9" =y+y" (50)

Let £ be the solution of (Z9) corresponding to §”. Observe that for large enough
v,as t* €int It NI,

g =0, a.e.on IF, for k=1,...,m. (51)
Let (2¥,9Y) and (2¥,9") be the points associated by transformation ([28) with
(€,9",5"(T)) and (6 4", 9"(T)), respectively. By (BI)), we get

U, =0, a.e. on Ié“, fork=1,...,m.

Note, however, that (3”,7") can violate the terminal constraints defining Co,
i.e. the constraints defined in (I6]). Let us look for an estimate of the magnitude
of this violation. Since

197[l = O /v), (52)

and (€¥,7") is solution of [29), Gronwall’s Lemma implies

|€(T)] = O(1/v).
On the other hand, notice that *(T) = Z(T) + £(T), and thus

12°(T) = 2(T)| = O(1/v).

By Hoffman’s Lemma (see [29]), there exists (Az¥, Av¥) € W satisfying ||AvY || oo+
|Az"]| = O(1/v), and such that (z”,v") := (Z”, ) 4+ (Az”, Av"”) belongs to
Coo- Let (£7,9y%,y”(T)) € P be defined by ([28). Let us show that for each
AE M,

lim Qp[N(E",y",9") = pg[A] + r[Al.

V—r00

Observe that
T

lim QpN(§7,y".5") — pylN = lim [ {(VINg.9") + (VNG §")}dt, (53)
oo 1% o0 0

since the terms involving ¢” — ¢, y¥ — ¢ or Av” vanish as ||£¥ — €]|e — 0 and
ly¥ — |1 — 0. Integrating by parts the first term in the right hand-side of ([G3).
we obtain

/OT(V[)\]yang)dt =[(VI / (v (VNG )R 0
by (52) and since 3 (0) = 7 (T) = 0. Coming back to (53) we have
Jim Qp[N(£7,y",9") = pyA] = Jim OT<vmg”, §*)dt
= lim OT(V[A](t)ﬂ(u(t — ), G(v(t — t*)))dvt
= lim U(Tit*)(V[A] (" +5/v)j(s),y(s))ds = r[N],

—ut*
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18 M.S. Aronna & J.F. Bonnans & A.V. Dmitruk € P.A. Lotito

and thus (Z9) holds when r € R;;(t").
Nij
Consider the general case when r € R, ie. r = Z Z rz-’;,
i<j k=1
Ri; (tf]) Let gz’g be associated with ri’; by ([@T). Define gz’“]” as in (B0), and follow
N. .

ij
the previous procedure for g + Z Z QZV to get the desired result.
i<j k=1

with each rZ-’; in

O

Proof. [of Theorem EI0] Take (£,7,%(T)) € P and r € R. By Lemma ETT
there exists a sequence {(¢¥,y",y”(T))} in P such that for each A € M,

Qp (€7, 9", 9") = Qp[N(E,7.9) + A
Since this convergence is uniform over M, from (@8) we get that

. -
%%}(Qp[)\](é, g,y) +r[A\]) >0, forall reR.

Hence

Jnf max(QpN(E7,9) +r[A]) 20, (54)

where the expression in brackets is linear both in A and 7. Furthermore, note
that M and R are convex, and M is compact. In light of MinMax Theorem [51]
Corollary 37.3.2, page 39] we can invert the order of inf and max in (54) and

obtain

ma inf (Qp[N|(€,5,9) +rA]) > 0. (55)

Suppose that, for certain A € M, there exists r € R with 7[A\] # 0. Then the
infimum in (B3] is —oo since R is a linear subspace. Hence, this A does not pro-
vide the maximal value of the infima, and so, we can restrict the maximization
to the set of A € M for which r[A\] = 0 for every r € R. Note that this set is
G(M), and thus the conclusion follows. O

Consider for i, =1,...,m:
Iij = {t S (O,T) : ﬁz(t> = 0, ’(?%(t) > 0}

By Assumption 2, I;; can be expressed as a finite union of intervals, i.e.

where I, := (cfj, dfj).

Let (z,v) € Coo, @ # j, and y be defined by (28). Notice that y; is constant on

each (cfj, dfj). Denote with yf ; its value on this interval.

Proposition 4.12. Let (z,v) € Coo, y be defined by 28) and A € G(A). Then

T m Kij dk.
L ij .
/ (VINy,v)dt = > >k, {[Vij[/\]yj]cl?_ - %j[/\]yjdt}~
0 it k=1 v ey
ig=1
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Proof. Observe that

/O Vi)t = g / Vg, (56)

since Vi;[A] = 0. Fix ¢ # j, and recall that that V;;[\] is differentiable in time
(see expression ([B7)). Since (z,v) € Co and A € G(A),
Kij  db,
‘/ij [)\]yz’l)jdt = Z /k ‘/ij [)\]yZ’U]dt

T
/ ‘/z][)\]yﬂ)]dt:/
0 I k=1"Cij

Kij a*. |
=> v {[Vz‘j (Nysls = /k Vij [)\]yjdt} :
k=1 ’ c

ij

(57)

where the last equality was obtained by integrating by parts and knowing that
y; is constant on I;;. The desired result follows from (G6]) and (57)). O

Given a real function h and ¢ € R, define

lim h(t).

t—c—

hic+) == tlier h(t), and h(c—) :
—c
Definition 4.13. Let (§,y,h) € P2 and A € G(A). Define
ENE y, h) =

m  Kij dF.

23 3o {%[A}(difpyj(d?ﬁ)—%[A](c?j)yj(cg—> -/, mA1yjdt},
i#j k=1 c
z;é:jl cj‘ﬂeo

ij

where the above expression is interpreted as follows:

(i) yj(dfj+) = hy, if d?j =T,

(i1) Vi; [/\](cfj)yj(cfj—) =0, ifa; >0 and 4; >0 fort < cfj,
(i) VigIN(dE;)y;(dE+) := 0, if @ > 0 and @; > 0 for t > dF;.
Proposition 4.14. The following properties for = hold.

(1) E[N(&,y,h) is well-defined for each (§,y,h) € Pa, and X € G(A).

(11) If {(€”,y",y"(T))} C P converges in the Xo x Us x R™— topology to
(&,y,h) € Py, then

T
/0 (VNG %)dt "2F S(E,y. h).

Proof. (i) Take (&,y,h) € Ps. First observe that y; = yfj over (cfj,dfj). As

cfj = 0, two possible situations can arise,

(a) for t < cf;

well-defined,

: 4; = 0, thus y; is constant, and consequently ; (cfjf) is
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(b) for ¢ < cfj t4; > 0 and 4, > 0, thus Vj; [)\](cfj) = 0 since A € G(A).

The same analysis can be done for ¢ > dfj when dfj # T. We conclude that = is
correctly defined.

(i) Observe that since y” converges to y in the Us—topology and since yY is
constant over I;;, then y; is constant as well, and y; goes to y; pointwise on I;;.
Thus, yf(cfj) — yfj, and y;’(dfj) — yfj Now, for the terms on y;, the same
analysis can be made, which yields either y;’(cf]) — Y (cfjf) or Vi; [/\](cfj) =0;
and, either y¥(d;) — y;(df;+) or Vi;[N|(d;) = 0, when df; < T. For df; =T,
y7(T) — h; holds. O

Definition 4.15. For (§,y,h) € P2 and A € G(A) define

T
n / (QIVE.€) + 2MINE. ) + (RINy, y)dr.

Remark 4.16. Observe that when m = 1, the mapping = = 0 since V = 0.
Thus, in this case, Qp, can be defined for any element (&,y,h) € Xo x Us x R
and any A € A. If we take (z,v) € W satisfying (2), and define (£,y) by 28),
then

Q[)‘](Za ’U) = QPP‘] (57 Y, y) = QP2 [/\] (55 Y, y(T))
For m > 1, the previous equality holds for (z,v) € Coo.

Lemma 4.17. Let {(£”,y",y"(T)} C P be a sequence converging to (,y,h) €
Py in the Xo X Us x R™—topology. Then

lim Qp[N(E”,y",9") = Qp,[N(&,y, h).

V—00
Denote with co A the convex hull of A.

Theorem 4.18. Let w be a weak minimum, then

max  Qp,[A\(&y,h) >0, forall (§,y,h) € Pa. (58)
AeG(coA)

Proof. Corollary .8 together with Theorem [£10] applied to M := co A yield

QplA ) >0, f 11 T .
Aerél(%:)o(/\) 77[ ](gayay) = Y, or a (gayay( )) eP

The result follows from Lemma 1] and Lemma 17 O
Remark 4.19. Notice that in case ([2I)) is not satisfied, condition (B8)) does not
provide any useful information as 0 € coA. On the other hand, if ([2II) holds,
every A = («, 8,9) € A necessarily has o # 0, and thus 0 ¢ coA.

5 Sufficient condition

Consider the problem for a scalar control, i.e. let m = 1. This section provides
a sufficient condition for Pontryagin optimality.
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Definition 5.1. Given (y,h) € Us X R, let

T
A= [ 0P P
0
Definition 5.2. A sequence {vr} C U converges to 0 in the Pontryagin sense
if luklli — 0 and there exists N such that |vg||ce < N.

Definition 5.3. We say that w satisfies v—quadratic growth condition in the
Pontryagin sense if there exists p > 0 such that, for every sequence of feasible
variations {(0xy, vg)} with {vg} converging to 0 in the Pontryagin sense,

J(@+vx) — J(@) > py(yr, y&(T)), (59)

holds for a large enough k, where yi is defined by 28)). Equivalently, for all
N >0, there exists € > 0 such that if ||v||co < N and ||v]j1 < &, then (B9) holds.

Definition 5.4. We say that w is normal if ag > 0 for every X € A.

Theorem 5.5. Suppose that there exists p > 0 such that

max Qp,[A(€,9,h) 2 py(y, ), for all (§,y,h) € Pe. (60)

Then w is a Pontryagin minimum satisfying v— quadratic growth. Furthermore,
if W is normal, the converse holds.

Remark 5.6. In case the bang arcs are absent, i.e. the control is totally sin-
gular, this theorem reduces to one proved in Dmitruk [13, [15)].

Recall that @ is defined in (B). We will use the following technical result.

Lemma 5.7. Consider {vi} CU converging to 0 in the Pontryagin sense. Let
ug = U+ v and let xy, be the corresponding solution of equation ([2)). Then for
every \ € A,

DN\ (x, ug) = PA(Z, ) —l—/o H, N (@)vg(6)dt + QN (2, vk) + o(yk), (61)

where z, is defined by (@2, vk := Y(yk, yx(T)), and yi is defined by (28]).

Proof. By Lemma [31] we can write
B[N (wk, ur) = PN (&, 0) + /OT Ho [N (t)or(£)dt + QN (zx, k) + Ri,
where, in view of Lemma R.5,
Ry, = AN + /0 T(Hum[)\](t)&ck(t),6$k(t),vk(t))dt +o(y),  (62)

with dxp := zp — 2, and
Akﬂ[)\] = Q[)\]((S.Tk, Uk) — Q[)\](Z’k, Uk). (63)
Next, we prove that

Ry, = o(k). (64)
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Note that Q(a,a) — Q(b,b) = Q(a + b,a — b), for any bilinear mapping Q, and
any pair a,b. Put ny, := dxy, — z;. Hence, from (G3)), we get

ARQUA] =5 "N (@(T)) (624 (T) + 21(T), i (T))
+ 5/0 (Hzz [N (0 +Zk);77k)dt+/0 (Hue[A]nk, vr)dt.

By Lemmas and B I3 in the Appendix, the first and the second terms are of
order o(yg). Integrate by parts the last term to obtain

/O (Huac [)‘]nk; 'Uk)dt (65)

= [(Huz [Nk, yr)] /{ wa ATk Yi) + (Hua [Nk, ye) Yt (66)

Thus, by Lemma [R13] we deduce that the first two terms in (G6) are of order
o(yx). Tt remains to deal with last term in the integral. Replace 7y by its
expression in equation (I28) of Lemma [BT3

/OT(HM A= /oT(Huz B (i Y
—otn+ [ 5 (4

where the second equality follows from Lemmas and BI3l Integrating the
last term by parts, we obtain

(Z)1k + vr f1(2) 0y + Ck) s yi)dt

ifi
) uz fl 51‘k dt
(67)

T

/OT 5 (%) b @anae = [ 05 0o

T 2 .
_ /0 %’“%(Hw[)\]f{(i))&xkdt— / y—;Hw[A]f{(:%)éwkdt

0

0

T 3
—otw) - [ 5 (%) mabiri@h @ (&)
_ vi RN v d oo
= o) = [Brai @ @) + [ S A @ A
:O(Vk)a

where we used Lemma [RI3] and, in particular, equation (I29)). From (67) and
([68)), it follows that the term in (G5 is of order o(vx). Thus,

AR < o(y).- (69)
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Consider now the third order term in (62)):
T
/ (Hyzz[Noxg, Sk, v )dt = [yk&chum[)\]&xk]g
0
T . T .
— / yk(;xZHum[)\](Szkdt — 2/ ykéngum[)\](Szkdt
0 0
Td
— o)~ | SR a1 (51
0

T
(70)

by Lemmas and The last inequality follows from integrating by parts
one more time as it was done in (68). Consider expression (62)). By inequality
©9) and equation (70)), equality (64]) is obtained and thus, the desired result
follows.

([l

Proof. [of Theorem[5.5] Part 1. First we prove that if « is a normal Pontryagin
minimum satisfying the y—quadratic growth condition in the Pontryagin sense
then (B0) holds for some p > 0. Here the necessary condition of Theorem
is used. Define §(t) := fot @(s)ds, and note that (w,§) is, for some p’ > 0, a
Pontryagin minimum of

J=J—p'v(y—9,y(T) — §(T)) — min,
(m)'(m)a y =1u, y(O) =0.

Observe that the critical cone Cy for (T consists of the points (z,v,0dy) in
Xy x Uy x W}(0,T;R) verifying (z,v) € Ca, 6y = v and dy(0) = 0. Since the
pre-Hamiltonian at point (w, §) coincides with the original pre-Hamiltonian, the
set of multipliers for (1)) consists of the points (X, v,) with A € A.

Applying the second order necessary condition of Theorem at the point
(w, ) we see that, for every (z,v) € Cy and dy(t) := f(f v(s)ds, there exists
A € A such that

(71)

QN (2, v) — a0/ (1y]3 + 0y*(T)) = 0, (72)

where ag > 0 since w is normal. Take p := minyecp agp’ > 0. Applying the Goh
transformation in (72)), condition (60) for the constant p follows.

Part 2. We shall prove that if (@) holds for some p > 0, then @ satisfies
y—quadratic growth in the Pontryagin sense. On the contrary, assume that
the quadratic growth condition (B9) is not valid. Consequently, there exists a
sequence {v} C U converging to 0 in the Pontryagin sense such that, denoting
Ug = U+ U,

J (6 + v) < J(@) + o(yk), (73)

where yg(t) = fot vi(s)ds and v = Y(yk, yx(T)). Denote by zj the solution
of equation () corresponding to ug, define wy := (x,ur) and let z; be the
solution of ([I2)) associated with v. Take any A € A. Multiply inequality (73]

RR n° 7664



24 M.S. Aronna & J.F. Bonnans & A.V. Dmitruk € P.A. Lotito

by ag, add the nonpositive term Z?;’O a;i(xe(T)) + Z?Ql Bin;j(zx(T)) to its
left-hand side, and obtain the inequality

O (zr, ur) < PA|(E, @) + o(k)- (74)

Recall expansion @1I). Let (yi, hi) :== (v, yx(T))//7k- Note that the elements
of this sequence have unit norm in s x R. By the Banach-Alaoglu Theorem,
extracting if necessary a sequence, we may assume that there exists (,h) €
Us x R such that

Y — 9, and Bk — B, (75)

where the first limit is taken in the weak topology of Us. The remainder of the
proof is split into two parts.

(a) Using equations (GI)) and (74) we prove that (£,7,h) € Ps, where £ is a
solution of (29).

(b) We prove that (7, h) = 0 and that it is the limit of {(7, hx)} in the strong

sense. This leads to a contradiction since each (g, hy) has unit norm.

(a) We shall prove that (£, 7, h) € Pa. From () and (74) it follows that

0< /0 Hy [N (#)v (8)dt < =Qp, [N (€, Yk hie) + 0(7),

where & is solution of (29) corresponding to yi. The first inequality holds as
H,[MNvr > 0 almost everywhere on [0, 7] and we replaced Qp by Qp, in view
of Remark LTl By the continuity of mapping Qp,[A] over Xa X Us x R deduce
that

T
0< [ HN @0 < 0w,
0
and thus, for each composing interval (¢, d) of I,

i [ Ha o0 2 g — o, (76)

k—oo /. v/ Vk

for every nonnegative Lipschitz continuous function ¢ with supp ¢ C (¢, d). The
latter expression means that the support of ¢ is included in (¢, d). Integrating
by parts in (7@) and by (75]) we obtain

d

0= lim [ 2 (Hu[)‘](t)‘P(t))gk(t)dt:/ 3 HaM @) (?)) 5(t)dt.

k—)ooca

By Lemma[8.0 7 is nondecreasing over (¢, d). Hence, in view of Lemma [R.8] we
can integrate by parts in the previous equation to get

d
| m0sas) =o. (77)

Take ty € (c¢,d). By the strict complementary in Assumption 1, there exists
Ao € A such that Hy,[Ao](tg) > 0. Hence, in view of the continuity of H,[)¢],
there exists € > 0 such that H,[M\o] > 0 on (tg — 2¢,to + 2¢) C (¢, d). Choose ¢
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such that supp ¢ C (to — 2¢,t0 + 2¢), and Hy[Xo](t)p(t) = 1 on (to — &,t0 + €).
Since dy > 0, equation (7)) yields

to+e

d
0= / HL A\ (Hp(t)dg () > / HL (D67 (?)

to—&

to+e
_ /t dy(t) = glto + ) — Gi(to —€).

0—E€
As e and tg € (¢,d) are arbitrary we find that
dg(t) =0, on Iy, (78)

and thus ([@3) holds. Let us prove condition (34) for (£,%,h). Suppose that
0 € Iy. Take ¢ > 0, and notice that by Assumption 1 there exists A’ € A and
d > 0 such that Hy,[N](t) > ¢ for t € [0,d; — €], and thus by (Z6) we obtain

fodl_e vi(t)//Fedt — 0, as v, > 0. Then for all s € [0,d;), we have

’Ijk (S) — 0,

and thus
=0, on [0,dy), if 0 € Iy. (79)

Suppose that T' € Iy. Then, we can derive faTNJrE Uk (t)dt — 0 by an analogous
argument. Thus, the pointwise convergence

Bk - gk(s) — 0)
holds for every s € (an,T], and then,

y=h, on (aN,T], if T € Io. (80)

It remains to check the final conditions ([B2)) for h. Let 0 < i < d,,

& (T) + B(T)hk>
(81)

i(&(T))(E(T) + B(T)h) = lim sﬁ’i(i(T))< VTS

A first order Taylor expansion of the function ¢; around &(T') gives
pi(xn(T)) = ¢i(#(T)) + @i (&(1))dax(T) + O(|d2k(T)[?).
By Lemmas and in the Appendix, we can write

pi(xr(T)) = @i(2(T)) + @3 (2(T))z(T) + o(v/%)-

Thus .

Since zy, satisfies @), equations (BI) and [B2) yield, for 1 <i <d,, :

O (E(T))(E(T) + B(T)h) < 0. For i = 0 use inequality (73). Analogously,

0y (&(T))(E(T) + B(T)h) =0, forj=1,...,d,.
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Thus (€, 7, h) satisfies (32), and by (78), (79) and (80), we obtain
(€,7,h) € Pa.
(b) Return to the expansion (61l). Equation (7)) and H,[\] > 0 imply
Qp, [N (ks v, yu (1)) =
@N@mwﬂﬂM@ﬂ)LAzﬂNw&owwédw%

Thus
lim inf Qp, [\](Ek, Tk, br) < limsup Qp, [N (Ex, G, hr) < 0. (83)

k—o0 k—o0
Split Q2p, as follows,

Qp, A&y, h) = ; {(QINE, &) + (MNS, y) kdt + g[A(E(T), h),

p.oNw) = [ (R p),

Io
and
.+ Nw) = [ (B, )i
Iy
Notice that Qp, ., [A] is weakly continuous in the space Xo x Uz x R. Consider
now the subspace

Ty = {(&,y,h) € Xy x Us x R : (29), (33) and (&) hold} .

Notice that I's is itself a Hilbert space. Let p > 0 be the constant in the
positivity condition (60) and define

AP :={A € coA: Qp, [\ — pv is weakly Ls.c. on I's}.
Equation (60) and Lemma in the Appendix imply that

max Op, (€, 9, 7) > py(g, h). (84)

Denote by A the element in A? that reaches the maximum in (84). Next we

show that R[A](t) > p on I;.
Observe that Qp, o[A] — pflo ly(t)|?dt is weakly continuous in the space I's.

In fact, consider a sequence {(&, Gk, hr)} C Ty converging weakly to some
(&,9,h) € T'y. Since §; and § are constant on Iy, necessarily g, — ¢ uniformly
in every compact subset of Iy. Easily follows that

Jm O, o35~ o [ (302t = 0, oN@) 0 [ l50OFA (85

and therefore, the weak continuity of Qp, o[A] = p [; |y(¢)[*d in Ts holds. Since

Qp, [\]—p is weakly L.s.c. in 'y, we get that the (remainder) quadratic mapping

y = Qp, 1 [N(y) —p [ |y(t)]dt, (86)

I
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is weakly l.s.c. on I's. In particular, it is weakly l.s.c. in the subspace of I’y
consisting of the elements for which y = 0 on Iy. Hence, in view of Lemma [RTT]
in the Appendix, we get
RI(®) > p, on L. (87)
The following step is proving the strong convergence of  to . With this
aim we make use of the uniform convergence on compact subsets of I, which is
pointed out in Lemma 8.7
Recall now Assumption 2, and let N be the number of connected components
of Iy. Set € > 0, and for each composing interval (¢, d) of Iy, consider a smaller
interval of the form (c¢+¢/2N,d —e/2N). Denote their union as I§. Notice that
Ip\1§ is of measure . Put I := [0, T]\I§. By the Lemma 89 in the Appendix,
R[N (%) is a continuous function of time, and thus from (87) we can assure that

R[A|(t) > p/2 on I for e sufficiently small. Consequently,

s D) = / (R, y)dt,

<
is a Legendre form on Ly(I%), and thus the following inequality holds for the
approximating directions g,

U, A7) < liminf 05, [N](5). (89)

k—o0

Since the sequence gy, converges uniformly to ¢ on every compact subset of I,
defining

%, oNw) = [ (RAy.p)i.

0
we get o ~ o
lim 0%, 0[N, G ) = 5, 0[A(E. 7. ). (89)

Notice that the weak continuity of 9%2,0[5‘] in Ty cannot be applied since
(€, Tk, hi) ¢ To. From positivity condition (0), equations (88)), (89), and the

weak continuity of Qp, ,[A] (in Xy x Us x R) we get
py(F, h) <Qp,N(€,5,h) < klilgo Qpy wN (& e, he) + klglgo Q%, o[\ (F)
+ lim inf Q%Q + [5\] (gk) = liminf Qp2 [5\] (gk, Yk Bk)
k—o0 ’ k— oo

On the other hand, inequality (B3] implies that the right-hand side of the last
expression is nonpositive. Therefore,

(ga B) =0, and kli{rolo QP2 [5‘] (éka Yk, Bk) =0.
Equation (89) yields limy_, 00 Q%Q,o[/_\] (&, Uk, hi:) = 0 and thus
lim Q7 A (gx) = 0.
o Pot Al (Wr) =0 (90)
We have: 5, | [A] is a Legendre form on Ly(/5) and 7, — 0 on I§. Thus, by

@),

g — 0, on Ly(I5).
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As we already noticed, {7} converges uniformly on I§, thus the strong conver-
gence holds on [0, T]. Therefore

(gk, he) — (0,0), on Uy x R. (91)

This leads to a contradiction since (7x,hs) has unit norm for every k € IN.

Thus, w is a Pontryagin minimum satisfying quadratic growth.
O

6 Extensions and an example

6.1 Including parameters

Consider the following optimal control problem where the initial state is not
determined, some parameters are included and a more general control constraint
is considered.

J :=¢o(x(0),2(T),r(0)) — min, (92)

$(t) = Zuz(t)fl(x(t)a T(t)), (93)
i=0

r(t) =0, (94)

a; <wu(t) <b;, foraa.te (0,7),i=1,...,m (95)

©i(x(0),z(T),r(0)) <0, fori =1,...,d,, (96)

n;(z(0),z(T),r(0)) =0, for j=1...,dy, (97)

where u e U, x € X', r € R™ is a parameter considered as a state variable with
zero-dynamics, a,b € R™, functions f; : R"t" = R”, ¢; : Rt 4 R, and
n : R?"tnr 5 R are twice continuously differentiable. As r has zero dynamics,
the costate variable 1, corresponding to equation ([@4)) does not appear in the
pre-Hamiltonian. Denote with v the costate variable associated with ([@3]). The
pre-Hamiltonian function for problem (@2))- (@) is given by

HIN (o, 0,8) = (6) S i fi(a, 7).
i=0
Let (Z,7,4) be a feasible solution for ([@3)-(@7). Since 7(-) is constant, we can
denote it by 7. Assume that
i (2(0),&(T),7) =0, fori=0,...,d,.

An element A = (a, 8,1, ¥,) € Rdetdatl 5 WL (0, T;R™*) x WL (0,T;R"*)
is a Pontryagin multiplier for (Z, 7, @) if it satisfies (@), (8], the costate equation
for 9
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Observe that ([@8) implies the stationarity condition

0,(2(0), 2(T), #) /H =0.

Take v € U and consider the linearized state equation

m

Z )i (@(8), F)2() + fir (1), F)Or(0)] + D vilt) fil (1), 7),

1= =1

6.7“(15) ,

(99)
where we can see that ér(-) is constant and thus we denote it by dr. Let the
linearized initial-final constraints be

©5(2(0), 2(T),7)(2(0), 2(T),dr) <0, fori=1,...,dy,

100
W (#(0), (1), A)(=(0),(T),r) =0, forj=1,....dy. 00
Define for each i =1, ..., m the sets
Il :={te[0,T]: max Hy, [N () > 0},
Ib = {t € [OaT] : Iileai{Hul [)‘](t) < O}a
Iszlng [OaT]\(I}z UI;)

Assumption 3. Consider the natural extension of Assumption 2, i.e. for each
i=1,...,m, the sets I, and I; are finite unions of intervals, i.e.

Ny
i
U J,a? Iy = UIJb
j=1

for I}, and I}, being subintervals of [0,7] of the form [0,¢), (d,T]; or (c,d)
if ¢ # 0 and d # T. Notice that I NI} = 0. Call ¢f , < d} , < ¢j, < ... <
i o < dy. , the endpoints of these intervals corresponding to bound a, and

define them analogously for b. Consequently, Islmg is a finite union of intervals

as well. Assume that a concatenation of a bang arc followed by another bang
arc is forbidden.
Assumption 4. Strict complementarity assumption for control constraints:

I' = {t € [0,T): 0;(t) = a;}, up to a set of null measure,
Il = {t €]0,T) : 4;(t) = b;}, up to a set of null measure.

Consider

c {(zérv)eXg X R™ X Us : ([QQI)(EEKII)hOId}
2 =

=0on I UL, fori=1

The Goh transformation allows us to obtain variables (§,y) defined by

y(t) ::/0 v(s)ds, £:=2z— Zyzfl
i=1
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Notice that & satisfies the equation
§ = A%¢+ ATér + Biy,

(101)
£(0) = 2(0),
where, denoting [fi, f;|* := fiofj — fiufis
A= difiw, AT= difie, Biy=Y_y; Y iwlfi, £
i=0 i=0 j=1 =0
Consider the transformed version of (I00),
i (2(0), 2(T),7)(£(0),4(T) + B(T)h,0r) <0, i =1,....dy, (102)
1;3(2(0), 2(T),7)(§(0),£(T) + B(T)h,0r) =0, j=1,....dy,
and let the cone P be given by
P (& 6ry,h) € X xR x Y x R™ :y(0) =0, h =y(T),
" | (@) and [@@) hold, 3, =0on I: UL, fori=1,....m/
Observe that each (§,dr,y, h) € P satisfies
y; constant over each composing interval of I’ U I}, (103)
and at the endpoints,
{ yi=0on [0,d], if 0 € I} UL, and, (104)
yi =h; on [¢,T], if T € I} UL,

where [0, d) is the first maximal composing interval of I U I when 0 € I¢ U I,
and (c,T] is its last composing interval when T' € It U I}. Define

Py = (f,ér,y,h)engR"sz/[Qme:
27\ mm), ), ([03) and ([04) hold for i = 1,...,m|[

Recall definitions in equations (B5), B4), B9), @0), (@I). Minor simplifications
appear in the computations of these functions as the dynamics of r are null and
or is constant. We outline these calculations in an example.

Consider M C R?® and the subset of M C R?® defined by

G(M):={\ e M:V;[\]=0on I

sing () Ting, for every pair 1 <i # j <m}.
Using the same techniques, we obtain the equivalent of Theorem LTSt

Corollary 6.1. Suppose that (&, #,) is a weak minimum for problem (©2])-(Q1).
Then

Qp, N (E, 6r,y,h) >0, for all (€,6r,y,h) € Ps.
\max P, A (€, 07, y, h) or all (&,0r,y,h) € P,

By a simple adaptation of the proof of Theorem we get the equivalent
result.

Corollary 6.2. Let m = 1. Suppose that there exists p > 0 such that
Iilai(ﬂpz [Al(&,0r,y,h) > py(y,h), for all (§,dr,y,h) € Ps. (105)
€

Then (&,7,4) is a Pontryagin minimum that satisfies y—quadratic growth.
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6.2 Application to minimum-time problems

Consider the problem

J :=T — min,

s.t. @3) — @7).

Observe that by the change of variables:

x(s) < x(T's), wu(s) < u(Ts), (106)

we can transform the problem into the following formulation.

J :=T(0) — min,

a(s)

=T(s) Zul(s)fz(x(s), r(s)), a.e.on [0,1],

7(s) =0, a.e.on [0,1],

T(s) =0, a.e.on|0,1],

a; <wui(s) <b;, ae onl0,1],i=1,...,m,
@i(2(0),2(1),7(0)) <0, fori=1,...,dy,
n;(2(0),2(T),r(0)) =0, for j =1...,d,.

We can apply Corollaries and to the problem written in this form. We
outline the calculations in the following example.

6.2.1 Example: Markov-Dubins problem

Consider a problem over the interval [0, 7] with free final time T :

J =T — min,
il = —sinacg, .1'1(0) = 0, acl(T) = bl,

&9 = cosxz, 22(0) =0, 2o(T) = ba, (107)
i'3 =u, :CB(O) = 05 :C3(T) = 97
—1<u<l,

with 0 < 0 <, by and by fixed.

This problem was originally introduced by Markov in [39] and studied by
Dubins in [I8]. More recently, the problem was investigated by Sussmann and
Tang [60], Soueres and Laumond [56], Boscain and Piccoli [7], among others.

Here we will study the optimality of the extremal
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Observe that by the change of variables (I06]) we can transform (I07) into the
following problem on the interval [0, 1].

J :=T(0) — min,

#1(s) = =T(s)sinzs(s), 21(0) =0, x1(1) = by,

&2(s) =T(s)cosxs(s), x2(0) =0, z2(1) = ba,
Fs(s) = T(s)ul(s), @3(0) = 0, w5(1) = 0, (109)
T(s) =0,
—1<u(s) <1.
We obtain for state variables:
. - Ts on [O,H/T],
Fas) = { 9 on (0/T,1], (110)

1 (s) = cos(T's) — 1 on [0,6/T],
TZY Tsin0(0)T — s) +cosb— 1 on (0/T),1],

a(s) = sinT's on [0,6/T,
A TcosO(s —0/T)+sinf on (0,7T].

Since the terminal values for x1 and x5 are fixed, the final time T is determined
by the previous equalities. The pre-Hamiltonian for problem (03] is

HN(s) :=T(s)(—w1(s)sinxz(s) + ta(s) coszz(s) + P¥3(s)u(s)). (111)
The final Lagrangian is
3
Ci=agT(1) + > (B72;(0) + Bjz;(1)).
j=1
As ¢ =0, and ¢y = 0, we get
Y1 =P, P2 =P, on[0,1].

Since the candidate control @ is singular on [#/7',1], we have H,[\] = 0. By

(I11), we obtain R
P3(s) =0, on [0/T,1]. (112)

Thus B3 = 0. In addition, as the costate equation for 3 is
—thy = T(—PB1 cos s — Pasinds),
by (II0) and [II2)), we get
31 cosf + Bosinf = 0. (113)
From (II0) and (II2) and since H is constant and equal to —ay, we get
H =T(—p1sinb + By cosf) = —ay. (114)

Proposition 6.3. The following properties hold
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(Z) ag > 0,
(ii) Hyu[N(s) <0 on [0,0/T) for all X € A.
Proof. Ttem (i) Suppose that oy = 0. By (II3) and (I14]), we obtain

B1cosf + Basinf =0, and — B siné + B2 cosd = 0.

in @
Suppose, w.l.g., that cosd # 0. Then 51 = —f2 S 7 and thus
cos
.2
0
Ba i + Bacosf = 0.
cos @

We conclude that B3 = 0 as well. This implies (ag, 51, f2,83) = 0, which
contradicts the non-triviality condition (@). So, ap > 0, as required.
Item (ii) Observe that

H,[N(s) <0, on [O,H/T),

and Hy[A] = v3. Let us prove that 13 is never 0 on [O,G/AT). Suppose there
exists s1 € [0,0/7) such that 13(s1) = 0. Thus, since ¥3(0/7) = 0 as indicated
in (I12)), there exists sy € (s1,0/T) such that t3(s2) =0, i.e.

B1 cos(T'sz) + B sin(T'sy) = 0. (115)

Equations (IT3) and (IIH) imply that tanﬁ@/f) = tan(sy/T"). This contradicts
0 < m. Thus 13(s) # 0 for every s € [0,0/T), and consequently,

H,[N(s) <0, forsel0,6/T).
([l

Since ag > 0, then 67" = 0 for each element of the critical cone, where 67" is
the linearized state variable T. Observe that as @ = 1 on [0,60/T], then

y=0and & =0, on [0,0/T)], for all (¢,6T,y,h) € Ps.

We look for the second variation in the interval [§/T", 1]. The Goh transformation
gives .
§3 =23 — Ty,

and since 23 = Tv, we get 23 = Ty and thus & = 0. Then, as H,,; = 0 and
" =0, we get

1 1
QN = / (B1sin 6 — By cos O)y dt = Oéo/ y2dt.
0T 0

Notice that if (£, 87, y, h) € Pa, then h satisfies &(T) +Th =0, and, as &3 (T) =
0, we get h = 0. Thus
T
Q€ v h) =ao [ 1Pt =anr(sh), on P
0

Since Assumptions 3 and 4 hold, we conclude by Corollary [6.2] that (z, T, 4) is
a Pontryagin minimum satisfying quadratic growth.
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7 Conclusion

We provided a set of necessary and sufficient conditions for a bang-singular
extremal. The sufficient condition is restricted to the scalar control case. These
necessary and sufficient conditions are close in the sense that, to pass from one
to the other, one has to strengthen a non-negativity inequality transforming it
into a coercivity condition.

This is the first time that a sufficient condition that is ‘almost necessary’
is established for a bang-singular extremal for the general Mayer problem. In
some cases the condition can be easily checked as it can be seen in the example.

8 Appendix

Lemma 8.1. Let

X = {(&,y,h) € Xo x Us x R™ : (20), @3)-(B4) hold},

L:={(&y,y(T) € X x Y xR™:y(0) =0, 29) and [B3)}.
Then L is a dense subset of X in the Xo x Uy x R™—topology.

Proof. (See Lemma 6 in [I7].) Let us prove the result for m = 1. The general
case is a trivial extension. Let (£,7,h) € X and &,0 > 0. Consider ¢ € ) such
that |7 — ¢||2 < £/2. In order to satisfy condition ([B4]) take

{ ys(t) :==0, forte[0,di], ifc; =0,
ys(t) ;== h, fortée[en,T], if dy =T,

where ¢;,d; were introduced in Assumption 2. Since ¥ is constant on each I,
define ys constant over these intervals with the same constant value as . It
remains to define ys over I;. Over each maximal composing interval (a,b) of
I, define ys as described below. Take ¢ := g(a—) if a > 0, or ¢ := 0 if a = 0;
and let d := g(b+) if b < T, or d := h when b = T. Define two affine functions
01,5 and l5 5 satisfying

l5(a) =¢, li5(a+9) = pla+0),

los(b) =d, lo5(b—0) = ¢(b—9). (116)
Take
015(t), forté€la,a+ 4],
vs(t) =9 o

, forte(a+d,b-19), (117)
ly5(t), forte[b—4,bl,

and notice that ||¢ — ys||2,ja5 < £ max (|c[,|d|, M), where M := SUPye(q,0 [0(1)]-
Finally, observe that ys(T) = h, and, for sufficiently small 4,

t)
t)

19 = ysll2 <17 = oll2 + 1|6 — ysll2 <e.
Thus, the result follows. O

Lemma 8.2. Let A € A and (z,v) € C3. Then

dy dn
Y il (@)(v,0) + Y BT} (@) (v, v) = QN|(, v). (118)
i=0 i=1
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Proof. Let us compute the left-hand side of (II8]). Notice that

dy, dy
S i)+ Y B (@) = (A (E(T)). (119)
1=0 =1

Let us look for a second order expansion for ¢. Consider first a second order
expansion of the state variable:

T =3+ 24 320 +o(0]%),
where z,, satisfies
oy = Azgy + DYy 2 F(#,0)(2,0)%, 200(0) =0, (120)
with F(z,u) := Y i~ u;fi(x). Consider the second order expansion for £ :

J((@ + 2 + 3200)(T)) + o([[0]7)
J@(T)) + CIN@E(T))((T) + 3200(T)) (121)

(A (2(T)) =LA
4o
+ 3" N @ (D)) (=(T) + 3200(1))* + o([[][7)

Step 1. Compute
))va (T) = 1/}(T)Zvv (T) - "/)(O)Zvu (0)

W2y + wzw dt / { "/’szv + w(szv + D? F(m u)? (Z 'U )}dt

/D2 )2dt.

Step 2. Compute ¢/[N(Z(T))(2(T), zy»(T)). Applying Gronwall’s Lemma, we
obtain [[2]lsc = O([[v[l1), and [[zes]lec = O([[v*[|1). Thus

|(2(T), 200 (T)| = O([[0][3),

CING(T
-

and we conclude that
[N (@& (T))(2(T), 200(T))] = O(|J0]})-
Step 3. See that ¢/ [\(2(T))(20u(T))? = O(||v||1). Then by [I21]) we get,

(N (2(T)) =L (Z(T)) + £/ [N((T))(

RN / D, e HIN2,0)%dt + o o)
=(\(@(T)) + £ N(@(T))=(T) + QNI (2,v) + o([[v][7).
The conclusion follows by (I19)). O

Lemma 8.3. Given (z,v) € W satisfying [I2)), the following estimation holds
for some p>0:

1115 + [2(T) < py(y, y(T)),
where y is defined by (28]).

RR n° 7664



36 M.S. Aronna & J.F. Bonnans & A.V. Dmitruk € P.A. Lotito

Remark 8.4. p depends on w, i.e. it does not vary with (z,v).

Proof. Every time we mention p; we are referring to a constant depending on
[|A]lsos | Blloe or both. Consider &, the solution of equation (29) corresponding
to y. Gronwall’s Lemma and the Cauchy-Schwartz inequality imply

1€lloc < p1llyll2- (122)
This last inequality, together with expression (28]), implies
Izll2 < ll€ll2 + 1 Bllsollyll2 < pallyll2- (123)
On the other hand, equations ([28) and (I22)) lead to

[2(D)] < [E(T)] + [1Bllooly(T)] < pallyll2 + | Bllooy(T)

Then, by the inequality ab < GZJQFbZ, we get
2(T)1* < ps(llyll3 + ly(T)?)- (124)
The conclusion follows from equations (I23) and ([I24). O

The next lemma is a generalization of the previous result to the nonlinear
case. See Lemma 6.1 in Dmitruk [I5].

Lemma 8.5. Let w = (x,u) be the solution of @) with ||ull2 < ¢ for some
constant ¢. Put (dz,v) := w — . Then

[62(T)|? + (1023 < py(y, y(1)),
where y is defined by 28) and p depends on c.

Lemma 8.6. Let {yr} C La(a,b) be a sequence of continuous non-decreasing
functions that converges weakly to y € La(a,b). Then y is non-decreasing.

Proof. Let s,t € (a,b) be such that s < t, and ¢ > 0 such that s+ ¢ <t — &p.
For every k € IN, and every 0 < € < g¢, the following inequality holds

s+¢ t+e
/ yr(v)dv S/ yr(v)dv.
s—e t—e
Taking the limit as k goes to infinity and multiplying by 2_15’ we deduce that
1 s+e 1 t+e
— dv < — dv.
ywyir < 3 [y

2e s—e

As (a,b) is a finite measure space, y is a function of Lj(a,b) and almost all
points in (a,b) are Lebesgue points (see Rudin [52] Theorem 7.7]). Thus, by
taking € to 0, it follows from the previous inequality that

y(s) < y(t),

which is what we wanted to prove. O
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Lemma 8.7. Consider a sequence {yx} of non-decreasing continuous functions
in a compact real interval I and assume that {yi} converges weakly to 0 in
Lo(I). Then it converges uniformly to 0 on any interval (a,b) C I.

Proof. Take an arbitrary interval (a,b) C I. First prove the pointwise conver-
gence of {yr} to 0. On the contrary, suppose that there exists ¢ € (a,b) such
that {yx(c)} does not converge to 0. Thus there exist € > 0 and a subsequence
{yr,} such that yx;(c) > € for each j € IN, or yx,(c) < —¢ for each j € IN.
Suppose, without loss of generality, that the first statement is true. Thus

b
0<eld—c)<yr(c)(b—rc) < / yk, (t)dt, (125)

where the last inequality holds since gy, is nondecreasing. But the right-hand
side of (I2H]) goes to 0 as j goes to infinity. This contradicts the hypothesis and
thus the pointwise convergence of {yx} to 0 follows. The uniform convergence
is a direct consequence of the monotonicity of the functions y. [l

Lemma 8.8. [20, Theorem 22, Page 154 - Volume I] Let a and b be two func-
tions of bounded variation in [0,T]. Suppose that one is continuous and the other
is right-continuous. Then

T T
/ a(t)db(t) + / b(t)da(t) = [ab)1 ™.
0 0
Lemma 8.9. Let m =1, i.e. consider a scalar control variable. Then, for any
A € A, the function R[N|(t) defined in B39) is continuous in t.
Proof. Consider definition [B6). Condition V[A] = 0 yields S[A] = C[\]B, and

since R[A] is scalar, we can write
R[N = BTQ[\B — 2C[\|B; — C[\|B — C[\]B.
Note that B = fi, B = [fo, /1], CI\l = —f{, and QN = —4(fy +af{. Thus

RN =v(fy + af")(f1, 1) — 20 f1(fo.fr — fifo)
+(fo+af)fifr — o f (fo+afi) fr — o f1fi(fo + afr)

:w[flv [fla fO]]
Since fo and fi are twice continuously differentiable, we conclude that R[A] is
continuous in time. O

Lemma 8.10. [28] Consider a quadratic form Q = Q1 + Qo where Q1 is a
Legendre form and Qs is weakly continuous over some Hilbert space. Then Q
is a Legendre form.

Lemma 8.11. [28, Theorem 3.2] Consider a real interval I and a quadratic
form Q over the Hilbert space Lo(I), given by

Then Q is weakly l.s.c. over Lo(I) iff
R(t) =0, a.e. onl. (126)
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Lemma 8.12. [T], Theorem 5] Given a Hilbert space H, and a1, as, . ..,ap € H,
set
K :={x € H:(a;,xz) <0, fori=1,...,p}.

Let M be a convex and compact subset of R, and let {QY : ¢ € M} be a family
of continuous quadratic forms over H with the mapping ¥ — Q¥ being affine.
Set My :={¢yp € M : QY is weakly l.s.c.} and assume that

¥ > 0, for all K.
wmeaﬁQ()_ , for all xz €

jhen
max ( )Tﬁ > for a c K
YEM. ( ) = x °

The following result is an adaptation of Lemma 6.5 in [15].

Lemma 8.13. Consider a sequence {vy} CU and {yx} their primitives defined
by @]). Calluy := G+, x) its corresponding solution of (@), and let zy, denote
the linearized state corresponding to vy, i.e. the solution of ([I2). Define, for
each k € IN,

dxp i=xp — &, Mk i=0xk — 2k, Yk =YYk, Ye(T)). (127)

Suppose that {vy} converges to 0 in the Pontryagin sense. Then

(i)

e = Zuzf )1k +szkf )6k + Cks (128)
dmp =Y i xfl(®)0mk + Y vinfil&) + G, (129)
=0 i=1

where ||Gxll2 < o(y/Vk) and [|Cklloc — O,
(@) |1nklloe < o(y/k)-
Proof. (i,ii) Consider the second order Taylor expansions of f;,
filwr) = fil@) + fi(@)oxy + 3£ (&) 0wy, dax) + ooy (1)]?).

We can write

5$k = Z ui,kfi’(fc)&xk + Z Ui,kfi(i') ~+ (g, (130)
i=0 i=1
with .
= %Zuzkf Y0z, dxy) + o(|0xy(t) Zuzk (131)
i=0

As {ux} is bounded in L and ||dzk|lcc — 0, we get ||Ckllcc — 0 and the
following Lo—norm bound:

Ckll2 < const. > [l k(5k, 0xk)ll2 + o(yi) | > wiklls
1=0 =0 (132)

< const.|[uklloo |0z [|3 = O(v) < o(v/7k).
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Let us look for the differential equation of n; defined in (I27). By (I30), and
adding and substracting the term Y, @; f/(&)0x), we obtain

e =Y i f] (@) + > vikf{(@)0z + (e
1=0 =1

Thus we obtain (i). Applying Gronwall’s Lemma to this last differential equa-
tion we get

mklloo < 1> vik £1(2)02k + Cill1- (133)
=1

Since ||vk|loo < N and ||vg|l1 — 0, we also find that |jvk|l2 — 0. Applying the
Cauchy-Schwartz inequality to (I33), from ([I32]) we get (ii).
([l
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