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Conditions quadratiques pour des extrémales
bang-singulieres

Résumé : Dans ce travail nous étudions le probleme de commande optimale
avec des controles affines dans la dynamique. On considere des contraintes de
non-négativité sur la commande et une quantité finie de contraintes d’égalité et
d’inégalité sur la valeur finale de I’état. Premierement on obtient des conditions
nécessaires d’optimalité de second ordre. Ensuite, on présente une condition
suffisante pour le cas d’'une commande scalaire. Les résultats s’appuient sur la
transformation de Goh.

Mots-clés : Commande optimale, conditions du second ordre, contraintes sur
la commande, arc singulier, solutions bang-singulieres.
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1 Introduction

In this article we obtain second order conditions for an optimal control problem
affine in the control. First we consider pointwise nonnegativity constraint on
the control, end-point state constraints and fixed time interval. Then we extend
the result to bound constraints on the control, initial-final state constraints
and problems involving parameters. We do not assume that the multipliers are
unique. We study weak and Pontryagin minima.

There is already an important literature on this subject. The case with-
out control constraints, i.e., when the extremal is totally singular, has been
extensively studied since middle 60’s. Kelley in [23] treated the scalar control
case and presented a necessary condition involving the second order derivative
of the switching function. The result was extended by Kopp and Moyer [25]
for higher order derivatives, and in [24] it was shown that the order had to be
even. Goh in [I8] proposed a special change of variables obtained via a lin-
ear ODE and in [I7] used this transformation to show a necessary condition
for the vector control problem. An extensive survey of these articles can be
found in Gabasov and Kirillova [16]. Jacobson and Speyer in [21], and together
with Lele in [22] obtained necessary conditions by penalizing the cost functional.
Gabasov and Kirillova [16], Krener [26], Agrachev and Gamkrelidze [I] obtained
a countable series of necessary conditions that in fact exploit the idea of Goh
transformation. Milyutin in [31] discovered an abstract essence of this approach
and obtained even stronger necessary conditions. The main specificity of this
kind of problems, where the control enters linearly, is that the corresponding
second variation does not contain the Legendre term, so the methods of classical
calculus of variations are not applicable for obtaining sufficient conditions. This
is why the literature was mostly devoted to necessary conditions, that actually
are consequence of the nonnegativity of the second variation. Goh’s transfor-
mation mentioned above allows one to convert the second variation into another
functional that hopefully turns out to be coercive with respect to the Ly—norm
of some state variable. Dmitruk in [5] proved that this coercivity is a sufficient
condition for the weak optimality, and presented a closely related necessary
condition. He used the abstract approach developed by Levitin, Milyutin and
Osmolovskii in [28]. In [6] 8] he also obtained necessary and sufficient conditions
for this norm, again closely related, for Pontryagin minimality.

On the other hand, the case with linear control constraints and a “purely”
bang-bang control without singular subarcs, was deeply investigated in the past
15 years. Milyutin and Osmolovskii in [32] provided necessary and sufficient
conditions based on the general theory of [28]. Osmolovskii in [33] completed
some of the proofs of the latter article. Agrachev, Stefani, Zezza [2] reduced the
problem to a finite dimensional one having the switching instants as variables
and obtained a sufficient condition for strong optimality. The result was recently
extended by Poggiolini and Spadini in [34]. On the other hand, Maurer and
Osmolovskii in [30] 29] gave a second order sufficient condition that is suitable
for practical verifications and presented a numerical procedure that allows to
verify the positivity of certain quadratic forms. Felgenhauer in [13] [14] [15]
studied both second order optimality conditions and sensitivity of the optimal
solution.

The mixed case, where the control is partly bang-bang, partly singular, had
not been decoded up to recent time. Poggiolini and Stefani obtained in [35]

RR n° 7664



4 M.S. Aronna € J.F. Bonnans & A.V. Dmitruk € P.A. Lotito

a second order sufficient condition with an additional geometrical hypothesis ,
that we do not need here, and in [36] [37] a second order sufficient condition for
the special case of a time-optimal problem. Our approach is quite different.

The article is organised as follows: in the second section we present the
problem and give basic definitions. In the third section we make the second
order analysis: we obtain the second variation of the Lagrangian functions and
a necessary condition. Afterwards we present the Goh transformation and a
new necessary condition in the transformed variables. In the fifth section we
show a sufficient condition for scalar control. Finally, we give an example with
a scalar control where the second order sufficient condition can be verified. The
appendix is devoted to a series of technical properties that are used to prove
the main results.

2 Statement of the problem and assumptions

2.1 Statement of the problem

Consider the spaces U 1= Loo(0,T;R™) and X := WL (0,T;R"), as control
and state spaces respectively. Denote with u and x their elements, respectively.
When needed, put w = (z,u) for a point in W := X x U. In this paper we
investigate the optimal control problem

J = @o(x(T)) — min, (1)

#(t) =Y uifi(x), w(0) = w0, (2)
i=0

u(t) >0, for a.a. t € (0,7), (3)

0i(z(T)) <0, fori=1,...,dy, nx(T))=0,forj=1...,d,. (4)

where f; : IR" — IR" fori = 0,...,m, ¢; : IR® — IR for i = 0,...,d,,
n; : IR" = IR for j = 1,...,d,; and up = 1. Assume that data functions f;
are twice continuously differentiable. Functions ¢; and n; are asked to be twice
differentiable.

A trajectory is an element w € W that satisfies the state equation (). If
in addition constraints (@) and [@) hold, say that w is a feasible point of the
problem ([d)-( ). Denote by A the set of feasible points. Call feasible variation
for w € A an element dw € W such that @ + dw € A.

Definition 2.1. A pair w® = (2%, u%) € W is said to be a weak minimum of
problem (d)-@) if there exists € > 0 such that the cost function attains at w®
its minimum on the set:

{fw=(z,u) eW: |z -2 <e |lu—u|s <e}.

And w? is a Pontryagin minimum of problem ({))-[) if for any positive N there
exists e > 0 such that w? is a minimum point on the set:

{w=(z,u) eW: |z -2 <en, ||t — | <N, |lu—u’|y <en}.
Consider A = (a,8,¢) € R¥&Th* x Rin* x WL (0,T; R™), ie., ¢ is a

Lip-continuous function with values in the n—dimensional space of row-vectors

INRIA



Quadratic order conditions for bang-singular extremals 5

with real components IR™*. Define the pre-Hamiltonian function
HN (@, u,t) = () Y uifi(x),
i=0

the terminal Lagrangian function

dy dy
(N(q) =D aipilg) + > Bimj(a),
i=0 j=1
and the Lagrangian function

T m
BN (w) = CIN](2(T)) + / (1) (Z wit) fia(t)) - z<t>> . (5)
=0

In this article the optimality of a given feasible trajectory w = (&, 4) is
studied. Whenever some argument of f;, H, £, ® or their derivatives is omitted,
assume that they are evaluated over this trajectory. Without lost of generality
suppose that

0i(Z(T)) =0, forall i =0,1,...,d,. (6)

2.2 First order analysis

Definition 2.2. Denote by A C IR%¥T1* x R x WL (0,T;IR™*) the set of
Pontryagin multipliers associated to w consisting of the elements A = (o, 8,v)
satisfying the Pontryagin Maximum Principle, i.e., having the following prop-
erties:

laf + (8] =1, (7)
a = (ag,a1,...,0q,) >0, (8)

function 1 is solution of the costate equation and satisfies the transversality
condition in the end-point T, i.e.,

—(t) = Ha [N (2(1), a(t), 1), »(T) = N (&(T)), 9)
and the following minimum condition holds:
HN(&(t),a(t),t) = rglziBH[A](i(t),v,t), a.e. on [0, 7. (10)

Remark 2.3. For every A € A holds:
(i) Hy,[M] is continuous in time,
(il) H,,[N(t) >0, a.e. on (0,7).

Recall the following well known result whose proof can be found e.g. in
Alekseev and Tikhomirov [3], Kurcyusz and Zowe [27]:

Theorem 2.4. The set A is not empty.

RR n° 7664
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Remark 2.5. Since ¥ may be expressed as a linear continuous mapping of («, 3)
and since () holds, A is a finite-dimensional compact set, thus it can be iden-
tified with a compact subset of IR®, where s := d, + d,, + 1.

The following expression for the derivative of the Lagrangian function holds:

B[N ()0 = / HLN (@ (), a(t), Do ()dt. (11)

Consider v € U and the linearized state equation:

1) = 3 wAE)H) + L uOAEO), aeon0.TL
i=0 i=1
z(0) = 0.
Its solution z is called linearized state variable.
To each index ¢ = 1, ..., m we associate the sets:
Ik = {t €[0,7]: max Hy, Al(t) > 0} . I =0, T\, (13)

and the active set: 5

= {t € [0,7]: du(t) = 0. (14)
Notice that I C I}, and that I} is relatively open in [0, 7] as each H,,[)] is
continuous.

Assumption 2.6. Assume strict complementarity for control constraint, i.e., for
every i =1,...,m:

I§ = I, up to a set of null measure. (15)

Observe then that for any index i = 1,...,m, control 4;(t) > 0 a.e. on I},
and given A € A, .
H,,[N(t) =0, a.e. on I. (16)

Assumption 2.7. For every i = 1,...,m the active set I is a finite union of

intervals, i.e.,
N;

=] (17)
j=1
for I} subintervals of [0,T] of the form [0,d), (¢, T]; or (¢,d) if ¢ # 0 and
d#T. Call ¢f <dj <cjy<...<cly <djy, the endpoints of these intervals.
Consequently, I j_ is a finite union of intervals as well.

2.3 Critical cones

Let 1 < p < o0, and call U, := L,(0,T; R™), L{;r = Ly(0,T;RT) and X), :=
Wp1 (0,T; IR™). Recall that given a topological vector space E, a subset D C E
and x € E, a tangent direction to D at x is an element d € F such that there
exist sequences (o) C IR+ and (x) C D such that

T — T

—d. (18)

Ok

INRIA



Quadratic order conditions for bang-singular extremals 7

It is a well known result, see e.g. [4], that the tangent cone to Uy~ at 4 is:
{velUy: v;>0o0n I, fori=1,...,m}. (19)

Given v € U, and z solution of ([I2)), consider the linearization of the final

constraints:
{go;(:%(T))z(T) <0,i=0,...,dy, (20)
N (&(T))2(T) =0, j=1,...,d,.
For p € {2,000}, define the L,—critical cone as
Cp = {(z,v) € X, x U, : v tangent to U, ([2) and @0) hold} . (21)

Certain relations of inclusion and density between some approximate critical
cones are needed. Given € > 0 and ¢ = 1,...,m, define the e—active sets, up to
a set of null measure:

I' = {t € (0,T): ;(t) < e}, (22)
and the sets:
Wye = {(z,v) € X, xU, : v; = 0 on I, (IZ) holds}. (23)

By Assumption [2Z.6] the following explicit expression of Co holds:

Cy = {(Z,’U) € W210 : (m) hOldS} (24)
Consider the e—critical cones:
Cp,e = {(2,v) € Wy : 20) holds}. (25)

Let € > 0. Note that by (24), C2,. C Cs. On the other hand, given (z,v) € Coo e,
easily follows that @+ ov € U™ for small positive 0. Thus v is tangent to U™ at
4, and this yields Coo,c C Coo.

Recall the following technical result, Dmitruk [9].

Lemma 2.8 (on density). Consider a locally convex topological space X, a
finite-faced cone C C X, and a linear manifold L dense in X. Then the cone
CN L is dense in C.

Lemma 2.9. Given € > 0 the following properties hold:
(a) Cooe C Cae with dense inclusion,
(b) UesoCa,e C Ca with dense inclusion.

Proof. (a) The inclusion is immediate. As U is dense in Uz, W - is a dense
subspace of Wy .. By Lemma 2.8, C2 . N W4 ¢ is dense in Ca ., as it was to be
proved.

(b) The inclusion is immediate. In order to prove density, consider the following

dense subspace of Ws  :
W= U W,

e>0
and the finite-faced cone in C; C W 9. By Lemma 2.8, C2 N WZU is dense in
Co, as it was to be proved. O

RR n° 7664
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3 Second order analysis

3.1 Second variation

Consider the following quadratic mapping on W;

QN (82, du) =1 " [N (&(T)) (52(T))?

0

The next lemma provides a second order expansion for the Lagrangian function
involving operator 2. Recall the following notation: given two functions h :
IR" — R™ and k : IR™ — IR™, say that h is a big-O of k around 0 and denote
it by

h(z) = O(k(z)),

if there exists positive § and M such that |h(x)| < M|k(z)| for |z] < 4. Tt is a
small-o if M goes to 0 as |z| goes to 0. Denote this by

Lemma 3.1. Let dw = (dz,0u) € W. Then for every multiplier X\ € A, the
function ® has the following expansion (skipping time arguments):

QN (W + dw) = /0 : H,[Ndudt + Q[N (0, 0u) + 3 /0 T(Hm[A](Sx, S, du)dt

T
+0(ox(T)F) + (9(||5z|§o)/0 (1 +[(@ + du)(t)[)dt.

Proof. Omit the dependence on A for the sake of simplicity. Use the Taylor
expansions:

U&(T) +62(T)) = 6(&(T) + €' (&(T))dz(T) + 5" (&(T))(62(T))* + O(|6x(T) ),
fi(@(t) + 0z(t)) = fi(@(t)) + fi(2(t))dz(t) + 3£ (2(1))(62(t))* + O(l|6z|3,),
in the expression
T m . .
O(w + ow) = (T + dx(T)) + / Y [Z(ﬁz + ou;) fi (T + ox) — & — 54 dt.
0 i=0

Afterwards, use the identity
T m T
/ O i f(&)dwdt = —0'(#(T))6x(T) + / Yoxdt, (27)
0 =1 0

obtained by integration by parts and equation (2) to get the desired result. O

The previous lemma yields the following identity for every (dzx,du) € W :

Q[N (62, 0u) = 1D?*@[N)(w) (6, su). (28)

INRIA
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3.2 Necessary condition
This section provides the following result:

Theorem 3.2. If W is a weak minimum then

I/I\laI{(Q[)\](Z,’U) >0, forall (2,v) € Cs. (29)
€

For the sake of simplicity, define @ : i — IR%**! and 7 : U — IR% as
@Z(u) = SDZ(‘T(T)% for i = 0) 13 SRR dtpa

. : (30)
n](u) = n](‘r(T))) for J = 1) ey d’r]a
where z is the solution of (2] corresponding to w.
Definition 3.3. We say that the equality constraints are nondegenerate if
i (@) is onto from U to IR, (31)
Call them degenerate is (31]) does not hold.
Write the problem in the following way
@o(u) = min;  @;(u) <0, i=1,...,dy, 7(u) =0, uely. (P)

Suppose that 4 is a local weak solution of ([)). Next we prove Theorem
Its proof is divided in two cases: degenerate and nondegenerate equality
constraints. For the first case the result is immediate and is tackled in the
next Lemma. In order to show Theorem for the latter case we introduce
an auxiliary problem parameterized by certain critical directions (z,v), denoted
by (QP.). We prove that val(QP,) > 0 and by a result on duality, the desired
second order condition will be derived.

Lemma 3.4. If equality constraints are degenerate, then (29) holds.

Proof. Notice that there exists 8 # 0 such that Z;lll Bin;(#(T)) = 0, since
77/ (@) is not onto. Consider & = 0 and 3 = 0. Take X := («, 3,4¢) and notice
that both X\ and —\ are in A. As

dTI
QN (z,0) = 5 Y B (@(T)(=(T))?, (32)
j=1
thus Q[A](z,v) > 0 either for A or —A. The wanted result follows. O

Take € > 0, (2,v) € Coo e, and rewrite (23] using the notation in (B0):

Coe=1{(z,0) EX XU: vi(t)=00n I} i=1,...,m,

o . o (33)
[@2) holds, @}(a)v <0, i =0,...,d,, 7' (@)v=0}.
Consider the problem:
6¢ — min
= ( =1~ .
(pz(u)r + 2 (U)(’U,’U) S 6C5 for i = Oa tee ad )
i (QP.)

i (@)r + 7" (a)(v,v) =0,
—7i(t) <0C, on IE, fori=1,...,m.
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Proposition 3.5. Let (z,v) € Coo . If the equality constraints are nondegener-
ate, problem (QP,) is feasible and val(QP,) > 0.

Proof. Let us first prove feasibility. As 77/ (u) is onto, there exists r € U such
that the equality constraint in (QP,)) is satisfied. Take

0¢ = max(||r|lo, i (@)r + " (@) (v, v)). (34)

Thus the pair (r,0¢) is feasible for (QP,).

Let us now prove that val(QP,) > 0. On the contrary suppose there exists
a feasible solution (r,d¢) with ¢ < 0. The last constraint in implies
[I7|lco # 0. Set, for o > 0,

(o) ==+ ov+ 3o’ ((o) == 15°6¢. (35)
The goal is finding u(o) feasible for (P)) such that for small o,
u(o) % 4, and go(u(0)) < Go(a), (36)

contradicting the weak optimality of . B
Notice that @;(t) > ¢ a.e. on [0,T]\IZ, and then @(c);(t) > —((o) for suffi-

ciently small . On If, if 4(0);(t) < —((o) then necessarily @;(t) < $02(||r||oc +
|0¢]), as v;(t) = 0. Thus, defining the set

Jp = {t: 0 <ii(t) < 30°(|Irlloe + 16D}, (37)
we get {t € [0,T] : u(0):(t) < —((0)} € Ji. Observe that on Ji, the function

|i(c);(t) + ((0)|/o? is dominated by ||r||ec + |6¢|. Since meas(JZ) goes to 0 by
the Dominated Convergence Theorem, we obtain

y |@(0)i(t) + {(0)]dt = o(0®). (38)
e (o) on [0, T\Jj
(o) ::{ o) ondi (39)
Thus, @ satisfies } R
u(o)(t) > —C¢(o), a.e.on [0,T], (40)
la(o) —ally = o(0®),  [la(o) — @l = O(a?), (41)

and the following estimates hold

1

@i(t(0)) = @i(a) + o@;(@)v + $0°[F}(A)r + @} (@)(v,v)] + o(c?) (42)
< @i(a) + (o) + o(a?),
N(i(o)) = o (a)v + 3027 (@)r + 7" (@) (v,0)] + 0o(0?) = o(c®).  (43)

As 77 (@) is onto on U we can find a corrected control u(o) satisfying the equality
constraint and such that ||u(c) —(0)||e = 0(c?). Deduce by (@) that u(co) > 0
a.e. on [0,T], and by ([@2) that it satisfies the terminal inequality constraints.
Thus (o) is feasible for (P)) and it satisfies [B5). This contradicts the weak
optimality of . O

INRIA



Quadratic order conditions for bang-singular extremals 11

Recall that a Lagrange multiplier associated with 1 is a pair (A, p) € IR%*1x
R x WL (0,T; R™*) x U* with A\ = («, 8,%) satisfying (@), @), # > 0 and the
stationarity condition:

T T
/ H,N@)v(t)dt + / v(t)du(t) =0, for every v € U. (44)
0 0

Here U* denotes the dual space of Y. Simple computations show that (A, ) is
a Lagrange multiplier if and only if A is a Pontryagin multiplier and p = H,[)].
Thus p € Loo(0,T; R™*).

Let us come back to Theorem

Proof. [of Theorem B.2] Lemma [B.4] covers the degenerate case. Assume thus
that 7/(@) is onto. Take ¢ > 0 and (z,v) € Ceo,.. Applying Proposition we
see that there can not exist » and §¢ < 0 such that

Gi(W)r + @i (@) (v,v) <8¢, i =0,...,d,,
7' (@)r + 7" (@) (v,v) =0, (45)
—ri(t) <8¢, on I}, fori=1,...,m.

By Dubovitskii-Milyutin Theorem (see [I1]) we obtain the existence of («, 3) €
IR* and p € U* with supp p; C 1§, and (a, 3, 1) # 0 such that

dy, d
D (@) + > By (@) — =0, (46)
i=0 i=1

and denoting \ := (a, 8, %), with ¢ solution of (@), the following holds:

dy, dy
> i (@) (v,0) + Y By (@) (v, 0) > 0. (47)
i=0 i=1

By Lemma we obtain

Q[N (z,v) > 0. (48)
Observe that (@8) implies that A € A. Consider now (Z,9) € Cq, and note that
Lemma 9] guarantees the existence of a sequence {(z¢,v:)} C Coo,c converging
to (Z,0) in Xy x Us. Recall Remark 25 Let A. € A be such that (@8] holds for
(Ae, ze,v:). Since ()\.) is bounded, it contains a limit point A € A. Thus (@8)
holds for (5\, Z,0), as it was to be proved. ([l

4 Goh Transformation

Consider an arbitrary linear system:

{ 20 = A=)+ Bp(o), t<(0.7] )
z(0) = 0.
where A(t) € L(IR™; IR™) is an essentially bounded function of ¢, and B(t) €
L(IR™; IR™) is a Lipschitz-continuous function of ¢. To each v € U associate
the state variable z € X solution of ([IZ). Let us present a transformation of

RR n° 7664
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the variables (z,v) € W, first introduced by Goh in [18]. Define two new state
variables as follows:

zmw=43@ma

§(t) := 2(t) — B(t)y(?).
Thus y € Y := WL (0,T;IR™), y(0) = 0 and £ is an element of space X. Easily
follows that £ is solution of the linear differential equation

(50)

E(t) = ARE() + Bu(t)y(t), £(0) =0, (51)
where
Bi(t) := A(t)B(t) — B(t). (52)
For the purposes of this article take
A(t) =Y @i f{(#(1), and B(t)o(t) = Y _wi(t) fi(a(t)), (53)
i=0 i=1

and then ([@9) coincides with linearized equation (I2)).

4.1 Transformed critical directions

As optimality conditions on the variables obtained by the Goh Transformation
will be derived, a new set of critical directions is needed. Take a point (z,v) in
Coo, and define & and y by transformation (B0)). Let h := y(T) and notice that

since (20) is satisfied, the following inequalities hold:
AE(T))ET) + BIT)) <0, for i = 0,...dy, "
n;(&(T))(E(T) + B(T)h) =0, for j = 1,....,dy.

Define the set of transformed critical directions as follows:
P {(é,y,h) EXXYXIR™: 9 =0over I, y(0) =0, h:= y(T),} C55)
1) and (B4) hold

Observe that for every (§,y,h) € Pand 1 <i<m:

y; is constant over each connected component of I{, (56)
and on the endpoints it holds:

y; = 0 on [0,@3), if 0 € I, a_und (57)
yi = hi on (cy,, T, if T € I,

where ¢} and d} were introduced in Assumption 271 Define the set
Po:={(&,y,h) € Xy x Uy x R™ : (&), (54), (B6) and (ET) hold} . (58)
Lemma 4.1. P is a dense subset of P in the Xy X Us x IR™—topology.

Proof. The inclusion is immediate. In order to prove the density, consider the
following sets:

X ={(&y,h) € Xo xUs x R™ : (5I)), (56) and (57 hold},
L:={(y,y(T)eX xYxR": y(0)=0, BI) and (E6) hold},

C:={(y,h) € X: (B4 holds}.
By Lemma[Z1] L is a dense subset of X. Conclude with Lemma 2.8 O

INRIA



Quadratic order conditions for bang-singular extremals 13

4.2 Transformed second variation

We are interested in writing Q in terms of variables y and ¢ defined in (G0).
Introduce the following notation for the sake of simplifying the presentation:
Definition 4.2. Consider the following matrices of sizes n x n,m X n and m xn
respectively:

QI = How[N,  CN == Huo[N, M[N:=BTQM - C\ - CNA, (59)

where A and B were defined in (B3]). Notice that M is well-defined as C' is
Lipschitz-continuous on ¢. Decompose matrix C[\]B in its symmetric and skew-
symmetric parts, i.e., consider

S = 3(CINB + (CINB)T), VA := 3(CAIB — (CAIB)T). (60)

1
2

Remark 4.3. Observe that S[\] and V[A]
B are. In fact, simple computations yield:

Sl][ ] = %Wf f] +f fZ) Vl][ ] = %w[fufj] fori,j=1,...,m, (61)

where

are Lipschitz-continuous as C[\] and

[fi, ] := fifi — fifi (62)
With this notation €2 takes the form:

QN (6z,v) = "IN (2(T)) (62(T))* + %/O [(Q[Ndz, 6x) + 2(C[N]dz, v)]dt.
Define the m X m—matrix
R[N := BTQ[NB — C[\|B1 — (C[\|B1)" — S[\], (63)

where By was introduced in equation (52). Consider the function g[A] from
IR™ x IR™ to IR defined by:

gIN(¢,h) = ' N@E(T)(C + B(T)R)? + (CIT)(2C + B(T)h), ). (64)

Remark 4.4. (1) We will use the same notation for the matrices Q[\], C[A],
MTIA], ¢”[N](2(T)) and for the bilinear mapping they define.

(ii) Observe that when m = 1, the function V[\] = 0 since it becomes a
skew-symmetric scalar.

Definition 4.5. Define the mapping over X x Y x U :
A&y, v) = g[A(E(T), y(T))

65
/ {@QINE &) + 2MINE) + (RDNw.w) + VI o), )

with g[A], Q[A], M[)\], R[\] and V[}\] defined in (59)-(64).
The following theorem shows that Qp coincides with . See e.g. [§].

Theorem 4.6. Let (z,v) € W satisfying (I2) and (£,y) defined by BQ). Then
Q[)‘]('Z’ ’U) = QP[)‘] (5, Y, U)'

RR n° 7664
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Proof. We omit the dependence on A for the sake of simplicity. Replace z by
its expression in (B0) and obtain:

Q(z,v) = 0" (@) (ET) + B(T)y(T))?

T ' )
+3 [ QU+ Bu). + By) +(C(e+ B +(CTo. o+ Byl
Integrating by parts yields
T T
| e = e - [ (Cerctacs B o0
and
T T
/ (CBy,v)dt :/ (S+V)y,v)dt
0 0 . (68)
=S5 + [ (=40 + (Voo
Combining (66]), (67) and (G8) we get the desired result. O

Corollary 4.7. If VI = 0 then Q does not involve explicitly v, and it can be
expressed in terms of (&,y,y(T)).

In view of (&I]), previous corollary holds in particular if [f;, f;] = 0 on the
reference trajectory for each pair 1 <i < j < m.

Corollary 4.8. If w is a weak minimum, then

for every (z,v) € Ca, and (§,y) defined by ([B0).

4.3 New second order condition

In this paragraph we present a necessary condition involving variable (£, y, h)
in Ps. To achieve this we remove the explicit dependence on v from the second
variation, for certain multipliers. Recall that we consider A = («, 8) as elements
of IR®.

Definition 4.9. Given M C IR?, define
G(M):={A€ M :Vi;[\(t)=0on I\ ﬂ]i, for any pair 1 <i < j <m}.

Theorem 4.10. Let M C IR® be convex and compact, and assume that

max Qp[A)(§,y,9) 20, forall (§y,h)€P. (70)

Then
Qp[A 7)) > fi 11 h . 1
AEI%?E%)J\(J) 73[ ](gvyay)_oa or a (gayv )GP (7 )
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Quadratic order conditions for bang-singular extremals 15

The proof is based on some techniques introduced in Dmitruk [5] [§] for the
proof of similar theorems. ‘
Let 1 <i<j<mandt* €int I} NI} . Take y € Y satisfying

y(0) = y(T) =0, y =0, for k#ik# ] (72)

Such functions define a linear continuous mapping r : IR>* — IR by

A [N = /O (VIN(E)y, 5)dt. (73)

By condition (72)), and since V)] is skew-symmetric,

A(Wﬂwwwmhﬂ%MWWA(w%—wwMt (74)

Each r is an element of the dual space of IR®*, and then it can be identified
with an element of IR®. Consequently, the subset of IR® defined by

R;;(t*) :={r € R® : y € Y satisfies ([2)), r is defined by (@)}, (75)
is a linear subspace of IR°. Now, considering all the finite collections
O ={0={t" <. <t} :th et Iy NI fork=1,...,No}, (76)

define

R:=> U D Ry (77)

i<j 0€0,; k=1

Note that R is a linear subspace of IR®. Given (§,y,y(T)) € P, let the mapping
py : IR®* — IR be given by

A= py[A] = Qp A€, 9, 9).- (78)
Thus, p, is an element of IR°.

Lemma 4.11. Let (§,7,5(T)) € P and r € R. Then there exists a sequence
{(&¥,y",y%(T))} in P such that

Qp[N(E",y",9") — pglAl + [A]. (79)

Proof. Take (£,7,5(T)) € P, its corresponding critical direction (2,7) € C
related by (B0) and py defined in (78). Assume that r € R;;(t*) for some
1<i<j<mandth € int Ij_ N Ii, ie., r is associated via ([73)) to some
function g verifying ([[2]). Take g(t) = 0 when ¢ ¢ [0, T]. Consider

gr) =gt =17), §"=y+y" (80)

Let £ be the solution of (&) corresponding to . Observe that for large enough
v,as t* €int I'. NI,

gr =0, ae.on IF fork=1,...,m. (81)
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Let (2¥,9Y) and (27, “”) be the points associated by transformation (BQ) with
(€.5",§"(T)) and (£”,3",5"(T)), respectively. By (€I), we get

W =0, ae.on I}, for k=1,...,m. (82)

Note, however, that (3”,7") can violate the terminal constraints defining Co,
i.e., constraints in 20). Let us look for an estimate of the magnitude of this
violation. Since

191 = 0(1/v), (83)
and (€7,7") is solution of (5I)), Gronwall’s Lemma implies
[€/(T)| = O(1/v). (84)
On the other hand, notice that #*(T) = 2(T) + £(T), and thus
12°(T) = 2(T)| = O(1/v). (85)

By Hoffman’s Lemma (see [20]), there exists (Az¥, Av”) € W satisfying ||Av” ||oo+
[Az"]|o = O(1/v), and such that (z¥,v") := (2¥,0") + (AzY, Av"”) belongs to
Coo- Let (§7,y",y"(T)) € P be defined by (B0). Let us show that for each
e M,

Tim Qp[(E, 5", 3) = palA] + 1A (56)
Observe that
Tim Q€070 — pylN] = lim / (VING.3) + (VING.3)}ar. (s7)

since the terms involving £” — £, y¥ — 7 or Av” vanish as [|€¥ — €||sc — 0 and
ly” — g|l1 — 0. Integrating by parts the first term in the right hand-side of (&1)
we obtain

/O (VNG §)dt = [(VINg, §)]F / (VNG 7) + (VING, 3)}dt “ =5 0

by ([83) and since §(0) = §*(T") = 0. Coming back to (&) we have

T
lim Qp[N(E”,5",5") — pgl\ = lim [ (VINF”,5")dt (88)
V—r00 V—r 00 0
T .
= lim [ (VAJ(@)g(v(t —17)), g(v(t = 17)))dvt (89)
> Jo
(T —t%) .
= lm (VING® +/)i(s).§()ds = /A, (90)
.
and thus (79) holds when r € R;;(t*).
Nij
Consider the general case when r € R, i.e., r = Z Z ri;» with each rz-]; in
z<] k=1
Ri;(tF;). Let g associated to 7% by (Z3). Define y Y as in (B0), and follow the
N
previous procedure for § + Z Z gz’“]” to get the desired result.
i<j k=1
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Proof. [of Theorem A.10] Take (£,7,%(T)) € P and r € R. By Lemma ETT]
there exists a sequence {(£”,y",y"(T))} in P such that for each A € M,

QpN(E”,y",5") = QpN(€,7,9) + [\l (91)

This convergence being uniform over M, from (70) we get that

%%}(QP[A] (&, 9,9) +r[\]) >0, forallrcR. (92)
Hence _
inf max(Qp[A)(E5,9) +r[A]) = 0, (93)

where the expression in brackets is linear both in A and r. Furthermore, note

that M and R are convex, and M is compact. In light of MinMax Theorem [38|

Corollary 37.3.2, page 39] we can invert the order of inf and max in (@3] and
obtain

inf (Qp [N (£, 7,7 A]) > 0. 4

max inf (Qp[A(€,9,9) +7[A]) 2 0 (94)

Observe that if for certain A € M, there exists r € R with r[A] # 0, then the

infimum in the previous equation is —oo. Since this infimum is nonnegative we

can restrict the maximum to the set of A € M for which r[A] = 0 for every

r € R. Note that this set is G(M), and thus the conclusion follows. O
Consider for i, =1,...,m:

Lij :={te€(0,T):a,;(t) =0, 4;(t) > 0}. (95)

By Assumption 27 I;; can be expressed as a finite union of intervals, i.e.,

Ki;
L; = U Iikj, where Iikj = (cfj,dfj). (96)
k=1
Let (z,v) € Coo, © # J, y be defined by (B). Notice that y; is constant on each

(c§;, df;). Denote with ¥ its value on this interval.

Proposition 4.12. Let (z,v) € Cso, y defined by (&) and A € G(A). Then

/ (V[Ny, v)dt = >
0 i

Kij

dk.
d?j ij .
yr {[Vij[)‘]yj]cfj — / ) Vij[A]yjdt}- (97)
Cz]

k=1

<.

1

Proof. Observe that

T m T
[ o= 3 [ v (99)
0 iz o
ig=1
since Vj;[A] = 0. Fix ¢ # j, and recall that that Vj;[)] is differentiable on time
(see expression (61)). Since (z,v) € Cx and A € G(A),

T Kij db,
/ ‘/”[)\]yﬂ)]dt:/ ‘/ZJ[)\]yZ’Ujdt: Z/k ‘/w[)\]yﬂ)]dt
0 Iij k=1"¢;
K., (99)

dk.
dk. ij .
=y, {[Vij[)\]yj]cg —/k Vij[)\]yjdt},

RR n° 7664 k=1
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18 M.S. Aronna € J.F. Bonnans & A.V. Dmitruk € P.A. Lotito

where the last equality was obtained integrating by parts and knowing that y;
is constant on I;;. The desired result follows from (@8) and (@9). O

Given a real function h and ¢ € IR, define

hc+) := tl_i}rgr h(t), and h(c—) := lim h(t). (100)

t—c—

Definition 4.13. Let (§,y,h) € P2 and A € G(A). Define

EN(E y, h) =
dr

2 Z Z yzkj {Vij [)‘](d?j)yj(d?j'i_) = Vij [)‘](ij)yj(c?j_) B /klj

ij

Vi [)\]yjdt} ,

where the above expression is interpreted as follows:
(i) yj(dE+) == hy, if d¥ =T

(i) Vij[A)(ch;)y;(ck;—) == 0, if @; > 0 and d; > 0 for t < cf

(YRl
(i) Vi [)\](dfj)yj(dquL) =0, if 4; > 0 and 4; > 0 for ¢t > dfj.
Proposition 4.14. The following properties for = hold:

(1) EN(&, y, h) is well-defined for each (£,y,h) € Pa, and X € G(A).

(i) If {(&”,y",y"(T))} C P converges in the Xo X Uy X IR™— topology to
(§;y7h) € PQ ) then

/0 (VNG 3")dt “=F Z(E,y. h). (101)

Proof. (i) Take (&,y,h) € Py. First observe that y; = yF, over (cf;,d};). As

Cij» ij
cfj # 0, two possible situations can arise:

(a) For ¢t < cfj : 4; = 0, thus y; is constant, and consequently yj(cfjf) is
well-defined.

(b) For t < cf;: 4; >0 and 4, > 0, thus Vi;[A](c};) = 0 since A € G(A).

The same analysis can be done for ¢ > dk when dk # T. Conclude that = is
correctly defined.
(ii) Observe that since y” converges to y in the Us—topology and since y? is

constant over I, then ¥y is constant as well, and y} goes to y; pointwise on ;.

Thus, y! (c Z]) — yk ;5 and y; (dk ) — yfj Now, for the terms on y; the same
analysis can be made and yields to either y¥ (cf;) — y;(ck;—) or Vi;[Al(c};) = 0;
and, either y¥(df;) — y;(df;+) or Vi [)\](df]) = 0, when dfj < T. For df] =T,
it holds y(T') — h;. O

Definition 4.15. For (§,y,h) € P2 and A € G(A) define
(102)
+ / (QINE. ) + 2(MNE.y) + (R, ))d.
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Quadratic order conditions for bang-singular extremals 19

Remark 4.16. Observe that when m = 1, the mapping = = 0 since V' = 0. Thus,
in this case, Qp, can be defined for any element (£, y,h) € Xo X Uz X IR and any
A € A If we take (z,v) € W satisfying ([I2), and define (&, y) by (&0), then

For m > 1, previous equality holds for (z,v) € C.

Lemma 4.17. Let {(£,y",y"(T)} C P be a sequence converging to (§,y,h) €
Ps in the Xy X Us x IR™—topology. Then

lim Qp[A(€",y",9") = Qp, [N (&, 9, h). (104)

V—r00
Denote with co A the convex hull of A.

Theorem 4.18. Let w be a weak minimum, then

max  Qp,[N(€,y,h) >0, for all (€,y,h) € Pa. (105)
AEG(coA)

Proof. Corollary together with Theorem .10 applied to M := co A yield

max Qp[A(&y,9) >0, forall (y,y(T)) €P. (106)
AEG(co )
The result follows from density result 1] and Lemma 171 O

Remark 4.19. Notice that in case (3] is not satisfied condition (I05) does not
provide any useful information as 0 € coA. On the other hand, in case (B
holds, every A = («, 8,9) € A necessarily has o # 0, and thus 0 ¢ co A.

5 Sufficient condition

Consider the problem for a scalar control, i.e., let m = 1. This section provides
a sufficient condition for Pontryagin optimality.

Definition 5.1. Given (y,h) € Us X IR, let

v(y, h) = /0 y(t)2dt + |h|>. (107)

Definition 5.2. A sequence {vi} C U converges to 0 in the Pontryagin sense if
[lg|li — 0 and there exists N such that ||vg]eo < N.

Definition 5.3. We say that w satisfies y—quadratic growth condition in the
Pontryagin sense if there exists p > 0 such that, for every sequence of feasible
variations {(dzx,vr)} with {vg} converging to 0 in the Pontryagin sense,

J(0+vg) = J(@) = py(yr, yx(T)), (108)

holds for big enough k, where yy, is defined by (B0)). Equivalently, for all N > 0,
there exists € > 0 such that if ||v]| < N and ||v]j1 < &, then (I08)) holds.

Definition 5.4. We say that w is normal if ag > 0 for every A\ € A.

RR n° 7664



20 M.S. Aronna € J.F. Bonnans & A.V. Dmitruk € P.A. Lotito

Theorem 5.5. Suppose that there exists p > 0 such that

Iileai( QP2 [)‘] (6) Y, h) > PW(ya h)a for all (5, Y, h) € Pa. (109)

Then W is a Pontryagin minimum satisfying y— quadratic growth. And in case
w is normal, the converse holds.

Remark 5.6. In case the bang arcs are absent, i.e., the control is totally singular,
this theorem reduces to one proved in Dmitruk [6l [8].

Recall that @ is defined in (B). We will use the following technical result:

Lemma 5.7. Consider {vg} CU converging to 0 in the Pontryagin sense. Let
ug = U+ v and xy, the corresponding solution of equation 2l). Then for every

AeA:
D[ \(xg, ug) = (%, 1) / H,| k()dt + QN (zk, vi) + o(vk), (110)

where zy, is defined by [A2), Vi := Y(yk, yx(T)), and yi is defined by (E0).

Proof. By Lemma B.1] we can write

BN (25, ux) = BN (2, 1) /H (O + QN (25, v0) + Ry (111)

where, in view of Lemma [T.5]

Ry = ARQ[A] +/ (Huza [N (t)01 (1), 01 (1), vk (£))dE + 0( k), (112)

0

with dxy := x, — 2, and
AkQ[)\] = Q[A](émk,vk) — Q[)\](Z’k, ’Uk). (113)

Next, prove that
Ry = o(yr)- (114)

Note that Q(a,a) — Q(b,b) = Q(a + b,a — b), for any bilinear mapping Q, and
any pair a,b. Put ny := dx — 2. Hence, from (I13) we get,

ARQA] =3 N (@(T)) 02k (T) + 21(T), m:(T))
. T T
+ 35 /0 (Hm[/\](&ck + Zk>, Uk>dt + /0 (I{uz [)\]Uk, vk>dt.

By Lemmas and [.T3]in the Appendix, the first and the second terms are of
order o(7). Integrate by parts the last terntd and obtain:

/ (Hua [k, vi)dt (115)
0

— (oo Nt )] / (e N ) + (Hua [N i)}z, (116)

*observe that Hyz,ng and yg are functions of bounded variation
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Quadratic order conditions for bang-singular extremals 21

Thus by Lemma [T T3 we get that the first two terms in (I16) are of order o(vyg).
It remains to deal with last term in the integral. Replace 7 by its expression
in equation (241)) of Lemma [T.13)

T T 1
/ (Huz P‘]ﬁka yk)dt = / (Huz P‘] < ﬁzfz/(i)ﬁk + ka{ (i)dzk + Ck) ;yk)dt
0 0 o

=

— o) + / L () @t

(117)

where the second equality follows from Lemmas and [ T3l Integrating by
parts the last term, we get

/0 T % (%) Hoo [N f}(2)adt = {% o (:6)5;@4:

T, 62 d T2 .
_ /O y_;&(Huz[)\]f{(ﬁ:))(Sxkdt— /0 %waf{(i)éwkdt

T 3
—otw) -~ [ 55 (%) Hualfi(0) 7o) e

T

3
= ot00) = [ SR WA @110

T .3
i N / U S (N () 1 (2)) dr

= o(Vk),

where we used Lemma [[.T3 and in particular equation ([242)). From (II7) and
([II8) follows that the term in (IIH) is of order o(7x). Thus,

ALOI < o) (19)
Study now the third order term in (I12):
T
/ (Hywe[Noxk, 6k, vp)dt = [yrdz] Hyupe[Nozk]d
0
T . T .
— / yk&cZHum[)\]ézkdt — 2/ ykéngum[)\]ézkdt
0 0
— o)~ [ R0 a1 (81
0
. T
=o(y) — [yngHumP\]fl(ﬂ?)]o - / yzkal(i)THuww[)‘]fl(i)dt = o(k),
0
(120)
by Lemmas and [ T3l Last inequality follows integrating by parts one more
time as it was done in (II8)). Consider expression (IT2). By inequality (IT9) and

equation (I20), equality (II4) is obtained, and thus the desired results follows.
O

Proof. [of Theorem[5.5] Part 1. First we prove that if « is a normal Pontryagin
minimum satisfying y—quadratic growth condition in the Pontryagin sense then
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(@09 holds for some p > 0. Here the necessary condition of Theorem [B.2]is used.

Define g(t fo s)ds, and note that (w,§) is, for some p’ > 0, a Pontryagin
minimum of

J = J = p'y(y,y(T)) = min,
@-@),y = u, y(0) = 0.

Observe that the critical cone Co for (I2I) consists of the points (z,v,dy) in
Xy x Uy x WE(0,T; R) verifying (z,v) € Ca, dy = v and 6y(0) = 0. Since the
pre-Hamiltonian at point (w, §) coincides with the original pre-Hamiltonian, the
set of multipliers for (I2I)) consists of the points (A, %,) with A € A.

Applying second order necessary condition of Theorem B2 at the point (w0, )
we get that for every (z,v) € Cy and dy(t) fo s)ds, there exists A € A such
that

(121)

QN (z,0) = aop(16y]13 + 0y*(T)) = 0, (122)

where ag > 0 since @ is normal. Take p := minyea app’ > 0. Performing Goh
transformation in (I22]), condition (I09) for the constant p follows.

Part 2. We shall prove that if (I09) holds for some p > 0, then @ satisfies
~v—quadratic growth in the Pontryagin sense. By reductio ad absurdum assume
that the quadratic growth condition (I08) is not valid. Consequently, there
exists a sequence {vp} C U converging to 0 in the Pontryagin sense such that,
denoting ug := u + vy,

J(0+vy) < J(@) + o(yr), (123)
where yi(t) = fo vi(s)ds and v; = Y(yk, yx(T)). Denote by zj the solution
of equatlon (IZI) correspondmg to ug, wg := (2, ug) and let z; be the solution

of (I2) associated with vg. Take any A € A. Multiply inequality (I23) by «o,
add the nonpositive term ZZ 0 aipi(zr(T)) +Z?ll Bin;(xx(T)) to its left-hand
side, and obtain the inequality

O[N]k, ug) < [A|(E, @) + o(yk)- (124)

Recall expansion ([I0). Let (§k, Ax) := (yk, yx(T))/+/7%- Note that the elements
of this sequence have unit norm in Uy x R. By Banach-Alaoglu Theorem, ex-
tracting if necessary a sequence, we may assume that there exists (7, ) eUs xR
such that

r — 7, and hy — h, (125)

where the first limit is taken in the weak topology of Us. The remainder of the
proof is split in two parts:

(a) Using equations (II0) and ([24) we prove that (£,7,h) € Pa, where & is
solution of (GIJ).

(b) We prove that (7, h) = 0 and that it is the limit of {(@k, hi)} in the strong
sense. This leads to a contradiction since each (g, hy) has unit norm.

(a) We shall prove that (¢, 7, h) € P. From (II0) and ([I24)) follows:

0< / H N OOt < — oy [N (g i) + oly)s (126
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where & is solution of (Bl corresponding to y, the first inequality holds as
H,[Nvr > 0 almost everywhere on [0, T] and we replaced Qp by Qp, in view of
Remark [£161 By the continuity of mapping Qp,[A] over Xz x Us x IR deduce
that

T
0< / Hu N (#)o(£)dt < O(e), (127)
0
and thus, for each composing interval (¢, d) of Iy,
d
: vk (1)
lim H, [N\ ()p(t) —=dt = 0, 128
Jm [ D060 (128)

for every nonnegative Lipschitz continuous function ¢ with suppy C (¢, d).
Integrating by parts in (I28) and by (I23]) obtain

d
d
0= li -
Koo |, dt

(H 000 30t = [ 5 N @20) 50

By Lemmal[T.6] 7 is nondecreasing over (¢, d). Hence, in view of Lemma [[.8] we
can integrate by parts in previous equation and get

d
/ Hu N (0 (t)dg(t) = 0. (129)

Take ¢y € (¢,d). By strict complementary ssumption [Z6] there exists A\g € A
such that Hy,[Ao](to) > 0. Hence, in view of the continuity of H,[\o], there exists
g > 0 such that H,[\o] > 0 on (to — 2¢,t9 + 2¢) C (¢,d). Choose ¢ such that
supp ¢ C (to—2e,to+2¢), and Hy,[Xo](t)p(t) =1 on (tg—¢, to+¢). Since dy > 0,
equation (I29) yields

d to+e
0= / HL N (Bp(0)dg(t) > / HL N (0o (0)dg (1)
(130
= [ it = atto-+ )~ atta —<).

As e and tg € (¢,d) are arbitrary we get that
dg(t) =0, on Iy, (131)

and thus (56) holds. Let us prove condition (57) for (£,7,h). Suppose that
0 € Iy. Take € > 0, and notice that by Assumption there exists A € A
and 6 > 0 such that H,[N](t) > § for t € [0,d; — €], and thus by ([I28) we get

fodﬁE vi(t)//Fedt — 0, as v > 0. Then for all s € [0,d;) holds
gk(s) = 0, (132)

and thus
g=20, on [0,dy), if 0 € Iy. (133)

Suppose that T' € Iy. Then, we get that ffNﬁ Ui (t)dt — 0 by an analogous ar-
gument. Thus, the following pointwise convergence holds for every s € (an,T] :

Bk — gk(s) — 0, (134)
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and then, -
y=h, on (aN,T], if T € . (135)

It remains to check the final conditions (54)) for h. Let 0 < i < d,,
o I . T) + B(T)h
GEHT))ED) + BIIR) = lim g(3(1)) (M> (136)
—00 NG

T (A Zk(T)
= lim ;(2(7)) ol

A first order Taylor expansion of function ¢, around Z(T") gives

(137)

pi(z(T)) = ¢i(#(T)) + ¢ (#(T))dx(T) + O(|dk (T)]*).-

By Lemmas and [ 13 in the Appendix we can write

pi(xr(T)) = @i(2(T)) + ¢3(2(T))2r(T) + o(v/ 7). (138)

Thus
’oa 2e(T)  pi(wx(T)) — pi(2(T)) o
@i (2(T)) Y. VTS +o(1). (139)

Since zj, satisfies ), equations (I36) and [I39) yield, for 1 < ¢ < d, :

VL E(T))(E(T) + B(T)h) < 0. For i = 0 use inequality (I23). Analogously,

n;(&(T))(E(T) + B(T)h) =0, forj=1,...,d,. (140)
Thus (£, 7, h) satisfies (54), and by (I31)), (I33) and (I35), we obtain
(&,5:h) € Pa. (141)

(b) Come back to the expansion (II0). Equation (I24) and H,[A] > 0 imply

Qp, [N s yr yr(T)) =

T (142)
A (wp, ur) — A (E, @) — /0 Hu[Nvrdt — o(yk) < o(7k).

Thus ~ - - ~
lim inf Qp, [A] (€ G, ) < limsup Qp, [N (&, G, he) < 0. (143)

k—o0

Recall Assumption 27 and let N be the number of connected components of
Ip. Set € > 0, and for each composing interval (c,d) of Iy, consider a smaller
interval of the form (¢+¢/2N,d—e/2N). Call I§ their union. Notice that Ip\I§
is of measure €. Put I5 := [0, T|\I§. Split Qp, as follows

Qp, o[A(& 9, ) =

T
/0 (QINE.©) + (MINE )}t + / (RN, 9)dt + g (E(T), b,

I

(144)
and
%, [N(y) = / (RINly, y)dt. (145)

€

+
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Consider the Hilbert space
Ty :={(&y,h) € Xo xUs x R: (B, (B6) and (B7) hold} . (146)
Take p > 0 the constant in (I09) and define
AP :={X € coA: Qp, [\ — py is weakly Ls.c. on T's}. (147)
Equation (I09) and Lemma [Z.12] imply that

max Qp, N (€, 9, 7) > pv(7,h). (148)

Denote by A the element in A? that reaches the maximum in (I48). Observe

that Qp,[)\] is weakly continuous. Thus, Qp,[\] — py is weakly Ls.c. if and only
if the quadratic mapping

Y O, N(y) — p / () 2at, (149)

<
is weakly l.s.c. over the subspace Uy, Is of Uy consisting of the functions that are
constant over each connected component of [0, T]\I5. Applying Lemma [Z.T1] to

the mapping in (I49) we get that R[A](t) = p on IS. Consequently Q%Q7+[/_\] is
a Legendre form on Uy, 1% and thus

0, [N(3) < liminf Q5 . N](5). (150)
Hence,
p/y(g, B) SQPQ [5‘] (ga ga B) S lim Q%Q,O[j‘] (gka gka Bk)
- e e (151)
+ liminf Q%, | [A](7x) = lim inf Qp, [A]({k, Uk, i),
k— o0 ’ k— o0

where first inequality is due to condition (I09), and the second inequality is an
immediate consequence of (I50). Inequality (I43]) implies that the right-hand
side of the last expression is nonpositive. Hence,

(?], B) =0, and klim Qp, [X](gk, Yk Bk) =0. (152)
— o0
As 5, o[A] is weakly continuous, limg 00 95, o[k, J, hi) = 0 and thus

lim 05, , [N](7k) = 0. (153)

k—o0

We have: Q5 | [)] is a Legendre form and g — 0 on I5, thus by (I53),
U =0, only . (154)

As {§i} converges uniformly on I§ holds, the strong convergence holds on [0, T,
and thus ~
(G ) — (0,0), on Us x IR. (155)

This leads to a contradiction since (%, hs) has unit norm for every k € IN.

Thus, w is a Pontryagin minimum satisfying quadratic growth.
O
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6 Extensions and an example

6.1 Including parameters

Consider the following optimal control problem, where the initial state is not
determined, some parameters are included and a more general control constraint
is considered:

J = o(x(0),2(T),r(0)) — min, (156)

$(t) = Zui(t)fi(x(t)ar(t))a (157)

(158)
ui(t) <b;, foraa.te (0,7),i=1,...,m (159)
( ( ,z(T),r(0)) <0, fori=1,...,d,, (160)
n;(2(0),z(T),r(0)) =0, for j =1...,d,, (161)
where uw € U, x € X, r € IR" is a parameter considered as a state variable
with zero-dynamics, a, b € IR™, functions f; : R**" — R", @; : R*"™" — IR,
and 1 : R**" — IR are twice continuously differentiable. As r has zero
dynamics, the costate variable 1), corresponding to equation ([I58) does not

appear in the pre-Hamiltonian. Denote with v the costate variable associated
with (IEZ)). The pre-Hamiltonian function for problem (I58)-(I6T]) is:

HMN(z,r u,t) Zulfl x,r) (162)

Let (&,7,4) be a feasible solution for (IT7)-(I&1]). Since 7(-) is constant, we can
denote it with 7. Assume that

i (2(0),2(T),7) =0, fori=0,...,d. (163)
An element A = (a, 8,1y, 1,) € R+t WL (0, T R™*) x WL (0,T; R™*)

is a Pontryagin multiplier for (&, #, @) if it satisfies (@), (8], the costate equation
for ¢ :

J(2(t)
%(0) = _gmo [)‘](‘%(0 (T 72)7 (164)
and for v, :

{@(t) = H,.[\(&(t), 7, a(t),t), a.e. on (0,T) (165)

"/)T(O) = *Er[/\] (:C(O), i'(T>a 7:), 1/}T(T) =0.

Observe that ([I63]) implies the stationarity condition

£,(3(0) / | — 0. (166)
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Take v € U and consider the linearized state equation:

m

> o0 )20 + i GODE] + 30 OA (300

i= i=1

or(t) =0,

(167)
where we can see that dr(-) is constant and thus we denote it with dr. Let the
linearized initial-final constraints be:

@i (2(0),2(T),7)(2(0),2(T),é6r) <0, fori=1,...,dy,

n;(2(0), #(T),7)(2(0), 2(T),0r) =0, for j=1,...,dy. (168)
Define for each i = 1,...,m the sets:
I :={te0,T)]: mngul Al(t) > 0}, (169)
I :={te[0,T]: max H,, [A|() < 0}, (170)
Ly o= 0, TI\(IL U I}). (171)

Assumption 6.1. Consider the natural extension of Assumption2.7] i.e., for each
i=1,...,m, the sets I, and I are finite unions of intervals, i.e.,

Ny
U J,a’ Ig = U I]Z:,b (172)
j=1

for I} , and I}’b subintervals of [0,T] of the form [0, ¢), (d,T]; or (¢,d) if ¢ # 0
and d # T. Notice that I' NI = . Call ¢} , < di, < ch, <...<cy, <
déw ., the endpoints of these intervals corresponding to bound a, and define

them analogously for b. Consequently, I;mg is a finite union of intervals as well.
Assume that a concatenation of a bang arc followed by another bang arc is

forbidden.

Assumption 6.2. Strict complementarity assumption for control constraints:

I' ={t€[0,T):4(t) = a;}, up to a set of null measure, (173)
={t€[0,T]: 4;(t) = b;}, up to a set of null measure.
Consider
z,0r,v) € Xo X IR™ x Uy : (I67)-([IG]) hold,
=] )€ X 2 (174)
vi=0on IUIL, fori=1,.

The Goh transformation allows to obtain variables (£, y) defined by

y(t) :/O v(s)ds, £ :=2z— ZnyZ (175)

Notice that £ satisfies equation
= AE 4 A"or + BY
5 5 + T+ 1Y, (176)
£(0) = 2(0),
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where, denoting [fi, f;]* := fizfj — fifis
AT =3 ifie, AT=Y difie Biys= oy Y lfi, 17 (177)
i=0 i=0 j=1 i=0

Consider the trasformed (IG8):

i (2(0), 2(T),7)(£(0),&(T) + B(T)h,0r) <0, i =1,....d,

7;(2(0), 2(T),7)(£(0),&(T) + B(T)h,6r) =0, j =1,...,dy. (178)
Take the cone
. {(5,57’,%}1) EXXR" xYxR"™:y(0)=0, h=y(T), }
" | @@@) and @T8) hold, v, =0on L UL, fori=1,...,mJ
Observe that each (£,dr,y, h) € P satisfies:
y; constant over each composing interval of I’ U I} (179)
and on the endpoints:
{ y; = 0 on [0,d], if'OEIéL'JIﬁ,'and, (180)
yi=h;onl[c,T], f TeI;UIL,

where [0, d) is the first maximal composing interval of I! U I when 0 € I¢ U I,
and (¢, T is its last composing interval when T € I U I{. Define

Py = (gaéray’h)GXQXBnTXUQXBmZ
2 @I76), [I78), (I79) and (IXQ) hold fori =1,....,m|

Recall definitions in equations (B9), 6Q), (63), @), (65). Minor simplifications
appear in the computations of these functions as dynamics of r is null and dr
is constant. We will detail these calculations for an example.

Consider M C IR® and the subset of M C IR® defined by

(181)

G(M):={\e€ M :Vi[\] =0on I, NI

s Is'ing, for every pair 1 < i # j < m}.
Using the same techniques we obtain the equivalent of Theorem I8

Corollary 6.3. Suppose that (&,7,4) is a weak minimum for problem ([Ihg])-

({@I6I). Then

max  Qp,[A\(&,0r,y,h) >0, for all (& ér,y,h) € Pa. (182)
AeG(coA)

By a simple adaptation of the proof of Theorem we get the equivalent
result:

Corollary 6.4. Let m = 1. Suppose that there exists p > 0 such that

Iila[i(ﬂpz [Al(&,0r,y,h) > py(y,h), for all (§,dr,y,h) € Ps. (183)
€

Then (&,7,4) is a Pontryagin minimum that satisfies y—quadratic growth.

INRIA



Quadratic order conditions for bang-singular extremals 29

6.2 Application to minimum-time problem

Consider the problem

J :=T — min,

184
s.t. (I5) — (IED). (184)
Observe that by the change of variables:

x(s) < x(T's), wu(s) < u(Ts), (185)

we can transform the problem into formulation:
J :=T(0) — min, (186)
s) Zui(s)fi(ac(s),r(s)), a.e. on (0,1), (187)

i=0

7(s) =0, a.e. on (0,1), (188)
T(s) =0, a.e.on (0,1), (189)
a; <ui(s) <b;, ae.on(0,1),i=1,...,m (190)
i (x(0),z(1),7(0)) <0, fori=1,...,d,, (191)
nj(z(0),z(T),r(0)) =0, for j =1...,d,. (192)

To the problem written in this form we can apply Corollaries and We
will detail the calculations in the following example:

6.2.1 Example: Markov-Dubins problem
Consider the problem in the interval [0, 7] with free final time T :

J :=T — min,
il = —sinacg, .Tl(()) = 0, acl(T) = bl,

&9 = cosxz, 22(0) =0, 2o(T) = ba, (193)
i'3 =u, :CB(O) = 05 :C3(T) = 97

with 0 < 0 < 7, by and bs fixed. We will study the optimality of the extremal
o 1 onf0,0],
it) = { 0 on (0,7 (194)

Observe that by the change of variables (I85) we can transform (I33) into the
following problem on the interval [0,1] :

J :=T(0) — min,

#1(s) = =T (s)sinzs(s), x1(0) =0, x1(1) = by,

&2(s) = T'(s) cosxs(s), xQ(O) 0, z2(1 ) = by,
@3(s) = T(s)u(s), z3(0) =0, z3(1) = (195)
T(s) =0,

—1<u(s) <1.
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We get for state variables:

fa(s) = { " b 1e0)
. B cos(T's) — 1 on [0,6/T),
Bale) = { Tsinf(0/T — s) +cosf —1  on (§/T,1], 1o
) B sinT's on [O;Q/T]v
72 = { T cosf(s — 0/T) +sinf  on (6, 7). o)

As terminal values for z; and z5 are fixed, final time T is determined by the
previous equalities. The pre-Hamiltonian for problem (95 is

HMN(s) :=T(s)(—1(s) sinzs(s) + ¥a2(s) coszs(s) + 3(s)u(s)). (199)

The final Lagrangian is

3
0= aoT(1)+ Y _(B2;(0) + Bjz;(1)). (200)

=1

As 91 =0, and ¢y = 0, we get

Y1 =p1, P2 =p2, on[0,1]. (201)

Since on [#/T',1], candidate control @ is singular, we have H,[\] = 0, and then
by ([I99) we get R

¥3(s) =0, on [0/T,1]. (202)

Thus 3 = 0. Besides, as costate equation for 13 is
—thg = T'(—f1 cos &5 — By sin is), (203)
by ([I96) and (202) we get
31 cosf + Bosinf = 0. (204)
From (T96) and (202]) and since H is constantly equal to —ag, we get
H =T(—p1sinb + By cosd) = —ay. (205)
Proposition 6.5. The following properties hold
(i) aop >0,
(it) Hyu[N(s) <0, on [0,0/T) for all X € A.
Proof. Ttem (i) Suppose that «y = 0. By (204) and (205]) we obtain

Brcosl + Basinf =0, and — B1sinf + [y cosf = 0. (206)
sin 6
Suppose, w.l.g., that cos@ #£ 0, then 81 = — 5 7 and thus
cos
.2
0
Bgsm + By cosf = 0.
cos @
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Conclude that 82 = 0 as well. This implies («o, f1, 82,83) = 0, that is in
contradiction with the non-triviality condition (7). So, ag > 0, as it was to be
proved.

Item (ii) Observe that

H,[N(s) <0, on]0,0/T), (207)

and Hy[\] = t3. Let us prove that 13 is never 0 on [O,G/Tz. Suppose there
exists s1 € [0,0/T") such that 13(s1) = 0. Thus, since ¥3(0/7") = 0 by (202,
there exists sa € (s1,6/T) such that 13(s2) =0, i.e.,

B1 COS(TSQ) + B Sin(TSQ) =0. (208)

Equations (204]) and (208)) imply that tangt?/f) = tan(sy /7). This contradicts
0 < m. Thus 93(s) # 0 for every s € [0,0/T), and consequently

H,[N(s) <0, forsel0,6/T). (209)
O

Since ag > 0, then 67" = 0 for each element of the critical cone, where 67" is
the linearized state variable T. Observe that as @ =1 on [0,60/T], then

y=0and £ =0, on [0,0/T], for all (¢,6T,y,h) € Ps. (210)
We look for the second variation in the interval [0/7',1]. Goh transformation
gives .
£ =23 — Ty, (211)
and since 23 = Tv, we get 23 = Ty and thus & = 0. Then, as H,,; = 0 and
" =0, we get

1 1
QA = / (Bysinf — B cosO)y’dt = ao/ y2dt. (212)
0/T 0

Notice that if (£, 6T, y, h) € P then h satisfies &(T)+Th = 0, and as &(T) = 0,
we get h = 0. Thus

T
Q[)‘] (5, Y, h) = aO/O det = O‘O’Y(ya h)a on 7)2- (213)

Since Assumptions [6.1] and hold, we conclude by Corollary [6.4] that (Z, T, u)
is a Pontryagin minimum satisfying quadratic growth.
7 Appendix
Lemma 7.1. Let
X = {(f,y,h) € XQ X u? X IR™ : (Ej])a (m)_(m) hOld}v

L:={(yy(T) € X xYxR":y(0)=0, EI) and GB)}.
Then L is a dense subset of X in the Xo X Uy X IR™—topology.
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Proof. (See Lemma 6 in [10].) Let us prove the result for m = 1. The general
case is a trivial extension. Let (£,7,h) € X and &,0 > 0. Consider ¢ € ) such
that |7 — ¢||2 < £/2. In order to satisfy condition (&1 take

{ ys(t) :==0, forte[0,di], if ¢y =0, (214)

ys(t) :==h, forteen,T], ifdy=T

where ¢;,d; were introduced in Assumption 271 Since g is constant on each
I;, define ys constant over these intervals with the same constant value as y. It
remains to define ys over I;. Over each maximal composing interval (a,b) of
I, define ys as it is described next. Take ¢ := g(a—) if a > 0, or ¢:=0 if a = 0;
and let d := g(b+) if b < T, or d := h when b = T. Define two affine functions
41,5 and l5 5 satisfying

l5(a) =¢, li5(a+9) = pla+0),

los(b) =d, o s(b—08) = ¢(b—35). (215)

Take
l15(t), fort € a,a+ 0],

ys(t) =< o(t), forte (a+d,b—0), (216)
ly5(t), forte[b—4,bl,

(lef, |d], M), where M := supyeq,p [6(t)]-

and notice that [|¢ — ys||2,a5 < § max
= h, and for sufficiently small §,

Finally, observe that ys(T )

17— wsllz <117 = dll2+ [[¢ — ysll2 <e. (217)
Thus, the result follows. [l
Lemma 7.2. Let A € A and (z,v) € C3. Then

Z a; @) (4)(v,v) + Z By = Q[A](z,v). (218)
Proof. Let us compute the left-hand side of ([2I8]). Notice that
dy dy
Yo iei(@) + ) il (@) = LN (#(D)). (219)
i=0 i=1

Let us look for a second order expansion for ¢. Consider first a second order
expansion of the state variable:

r=3+z+ %zw—l—o(HUHio), (220)
where z,, satisfies
bup = Azpy + D?, 2 F(2,0)(2,0)?, 200(0) =0, (221)

with F(z,u) := >, u; fi(z). Consider the second order expansion for ¢ :

J((& + 2 + 5200)(T) + o(||v]7)
J@(T)) + ¢ [N(@(T))((T) + 5200(T)) (222)

(A (2(T)) =LA
A
+ LOIN(@(T))(2(T) + L200(T))? + o(|[0]13)
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Step 1. Compute
(‘%(T ) (T) lﬁ(T)Zw (T) - w(o)zvv (O)

T T
[z + h2py)dt = / {—Azyy + Y(Azyy + D*Fly 2 (2,v)%) bt
0 0

= / D?*H[N(z,v)%dt.
0

Step 2. Compute £’[N(&(T))(2(T), 2v0(T)). Applying Gronwall’s Lemma we
get [zllo = O([[v]|1), and ||zuv[lc = O(l|v?[l1). Thus

|(2(T), 200 (T))] = O(||0]9), (223)
and we conclude that
[T (2(T), 200(T))] = O(l]3)- (224)
Step 3. See that £”[N(2(T))(2vs(T))? = O(||v]|}). Then we get by [222),

+ 3 E) / D, e I 2.0t + of o)
—UN (@) + EPETEAT) + AN o) + of o)
Conclude by 2I9). O

Lemma 7.3. Given (z,v) € W satisfying [I2)), the following estimation holds
for some p>0:

[12[13 + [2(T)* < pr(y, y(T)), (225)
where y is defined by ([B0).

Remark 7.4. p depends on w0, i.e., it does not vary for different (z,v).

Proof. Every time we put p; we refer to a constant depending on ||A|co, || B]loo
or both. Consider ¢ the solution of equation (5I)) corresponding to y. Gronwall’s
Lemma and Cauchy-Schwartz inequality imply

[€lloe < prllyll2- (226)
This last inequality together with expression (B0) imply
1212 < ll€ll2 + (| Bllscllyll2 < p2llyll2- (227)

On the other hand, equations (B0) and ([226) lead to

[2(T)] < [€(T)] + [1Bllooly(T)] < pallyll2 + |1 Blloo|y(T)]- (228)

Then by inequality ‘ab < 'JZ—JQFZ’Z’ we get
()1 < ps(llyllz + ly(T)P). (229)
Conclude by equations ([227) and (229). O
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The next lemma is a generalization of previous result to the nonlinear case.
See Lemma 6.1 in Dmitruk [g].

Lemma 7.5. Let w = (x,u) solution of @) with ||ul|2 < ¢ for some constant c.
Put (dz,v) :=w —w. Then

[62(T)|? + 1023 < py(y, y(1)), (230)
where y is defined by [BQ) and p depends on c.

Lemma 7.6. Let {yx} C La(a,b) be a sequence of continuous non-decreasing
functions that converges weakly to y € La(a,b). Then y is non-decreasing.

Proof. Let s,t € (a,b) such that s < t, and g9 > 0 such that s + 9 < ¢ — €.
For every k € IN, and every 0 < € < g holds:

s+e t+e
/ yr(v)dr < / yr(v)dv. (231)

s—¢ t—e
Taking limit when & goes to infinity and multiplying by % deduce that

1 s+e 1 t+e

— dv < — dv. 232

5w g [y (252)
As (a,b) is a finite measure space, y is a function of Lj(a,b), and almost all
points in (a,b) are Lebesgue points (see Rudin [39] - Theorem 7.7). Thus,
taking € to 0 follows from the previous inequality that

y(s) < y(b), (233)
as we wanted to prove. ([l

Lemma 7.7. Consider a sequence {y;} of non-decreasing continuous functions
in a compact real interval I, and assume that {yr} converges weakly to 0 in Us.
Then it converges uniformly to 0 on any interval (a,b) C I.

Proof. Take an arbitrary interval (a,b) C I. First prove the pointwise conver-
gence of {yi} to 0. By reductio ad absurdum suppose that there exists ¢ € (a, b)
such that {yx(c)} does not converge to 0. Thus there exist &€ > 0 and a sub-
sequence {y; } such that yy (c) > € for each j € IN, or yx,(c) < —¢ for each
7 € IN. Suppose, without lost of generality, the first statement. Thus

b
0<ed—c) <y (c)b—c) < / Yk, (t)dt, (234)

where the last inequality stands since yy, is nondecreasing. But the right-hand
side of ([234)) goes to 0 as j goes to infinity. This contradicts the hypothesis, and
thus the pointwise convergence of {yx} to 0 follows. The uniform convergence
is a direct consequence of the monotonicity of functions y. O

Lemma 7.8. [12, Theorem 22, Page 15/ - Volume I] Let a and b be two func-
tions of bounded variation in [0, T]. Suppose that one is continuous and the other
is right-continuous. Then

/ ' a(t)db(t) + / ' b(t)da(t) = [ab)]*. (235)
0 0
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Lemma 7.9. Let m =1, i.e., consider a scalar control variable. Then, for any

X € A the function R[N|(t) defined in (G3)) is continuous in t.

Proof. Consider definition (60)). Condition V[A] = 0 yields S[A] = C[\]B, and
since R[\] is scalar we can write

R[N = BTQ[\B — 2C[\|B; — C[\|B — C[\]B.
Note that B = f1, B1 = [fo, f1], C[A] = =9 f{, and Q[A] = =4 (f§ + @.f{'), thus

RIN =¢(fo + af")(f1. fr) — 20 f1(fofr — fifo)
+p(fo +af))fifr — 1 (fo +afr) fr — O f1f1(fo + @fr)
=vY[f1, [f1, fol]-

Since fp and fi are twice continuously differentiable, we conclude that R[A] is
continuous in time. g

Lemma 7.10. [I9] Consider a quadratic form Q = Q1 + Qo where Q1 is a
Legendre form and Qs is weakly continuous over some Hilbert space. Then Q
is a Legendre form.

Lemma 7.11. [19, Theorem 3.2] Consider a real interval I and a quadratic
form Q over the Hilbert space Lo(I), given by

Then Q is weakly l.s.c. over Lo(I) iff
R(t) =0, a.e. onl. (236)

Lemma 7.12. [7, Theorem 5] Given a Hilbert space H, and a1, as, ...,a, € H,
set
K:={x€H:(a;,z) <0, fori=1,...,p}. (237)

Let M be a conver and compact subset of IR, and let {Q¥ : ) € M} be a family
of continuous quadratic forms over H, the mapping v — Q¥ being affine. Set
My :={tp € M : QY is weakly Ls.c.} and assume that

wl a. Q (1') or all x € ( )
Th@n
wmax Q (:C) 5 or all x € ( 9)

The following result is an adaptation of Lemma 6.5 in [8]:

Lemma 7.13. Consider a sequence {vg} C U and {yx} their primitives defined
by BO). Call ug := 4+ vg, xx its corresponding solution of (@), and z the
linearized state corresponding to vy, i.e., solution of ([I2). Define for each k €
N,

Sp =) — 2, M i=0xk — 2k, Wk = V(Uk, Yk(T)).- (240)

Suppose that {vi} converges to 0 in the Pontryagin sense. Then
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(i)
nk —Zuzf jj k+zvzkf 6$k+§ka (241)
o = wif(&)0wk + Y virfi(&) + G, (242)
i=0 =

where [|Gxll2 < o(y/Vk), and [[Cklloc — 0,
(@) 1nklloe < o(y/k)-
Proof. (i,ii) Consider the Taylor expansions of second order of f; :
filar) = fil@) + fi(@)0wy + 5 [ (@) 0wk, dax) + o([|0zk %)

We can write

dxy = Zuzkfz/(@(;xk + szkfz(i) + Ck, (243)
i=0 i=1
with .
= % Zuz kf 51‘]“ 0xg) + o0 |(5$k Zuz k- (244)
i=0

As {ux} is bounded in L., and ||§zk|lcc — 0 we get ||Ck|\oo — 0 and the
following Lo—norm bound:

ICkll2 < const. > |lwi k(2 62) |2 + o(ya) | Y iklly
=0 =0 (245)

< const||uglso||dk]|3 = O(yk) < o(\/7k).

Let us look for the differential equation of 7 defined in (240). By (243), and
adding and substracting the term > ;~; 4, f/(&)dx), we obtain

nkfzuzf i'nk+zvzkf 5$k+§k7

Thus we obtain (i). Applying Gronwall’s Lemma to this last differential equa-

tion we get,
m

Imilloe < IS v L (@)625 + Gell. (246)
i=1
As ||vg|loo < N and |lvg]|1 — 0, we have also that ||vg]2 — 0. Applying Cauchy-
Schwartz inequality to (246l), from ([243]) we get (ii).
(|
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