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❆❜str❛❝t✿ ❚❤❡ ❞❡s✐❣♥ ♦❢ ❛ r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦r ✐s ❛ ❝❤❛❧❧❡♥❣✐♥❣ t❛s❦
♦♥ s②st❡♠s ✐♥ ❝❤❛♥❣✐♥❣ ❡♥✈✐r♦♥♠❡♥t s✉❝❤ ❛s s♠❛rt♣❤♦♥❡s✳ ❋✐♥❞✐♥❣ r❡❧✐❛❜❧❡
❛♥❞ ❤✐❣❤✲t❤r♦✉❣❤♣✉t s♦✉r❝❡s ♦❢ ❡♥tr♦♣② ✐s ❞✐✣❝✉❧t✳ ❚❤✐s ♣❛♣❡r ♣r♦♣♦s❡s ❛♥
♦♥❧✐♥❡ ❡♥tr♦♣② ❡st✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ t♦ t❡st t❤❡ q✉❛❧✐t② ♦❢ ❛♥ ❡♥tr♦♣② s♦✉r❝❡
✇❤❡♥ ♥♦t❤✐♥❣ ✐s ❦♥♦✇♥ ❛ ♣r✐♦r✐ ♦♥ t❤❡ s♦✉r❝❡ st❛t✐st✐❝s✳ ❖✉r ❡st✐♠❛t♦r ❝❛♥ ❜❡
❡①❡❝✉t❡❞ ❛t ❛ ❧♦✇ ❝♦st ❛♥❞ ✐s ❛❞❛♣t❡❞ ❢♦r ❛♥② t②♣❡ ♦❢ s♦✉r❝❡s✳ ■t ❡①t❡♥❞s t❤❡
r❡s✉❧ts ♦❢ ❇✉❝❝✐ ❛♥❞ ▲✉③③✐ t♦ ♥♦♥✲❜✐♥❛r② s♦✉r❝❡s ❛♥❞ ✐♥tr♦❞✉❝❡s ❛ ♣❛r❛♠❡t❡r
t❤❛t ❛❧❧♦✇s t♦ tr❛❞❡ t✐♠❡ ❛♥❞ ♠❡♠♦r② ❢♦r ❛ ❜❡tt❡r ❡st✐♠❛t❡✳ ❖✉r ❡st✐♠❛t♦r ✐s
t❤❡♥ ❛♣♣❧✐❡❞ t♦ s❡✈❡r❛❧ s♦✉r❝❡s ❛✈❛✐❧❛❜❧❡ ♦♥ ❛♥ ✐P❤♦♥❡ ❛♥❞ ❝♦♠♣❛r❡ t♦ t❤❡ st❛t❡
♦❢ t❤❡ ❛rt✳

❑❡②✲✇♦r❞s✿ ❘❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦r✱ ♦♥❧✐♥❡ ❡♥tr♦♣② ❡st✐♠❛t✐♦♥✱ ✐P❤♦♥❡✱
r❛♥❞♦♠ s♦✉r❝❡s✳
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❘és✉♠é ✿ ▲❛ ❝♦♥❝❡♣t✐♦♥ ❞❡ ❣é♥ér❛t❡✉r ❛❧é❛t♦✐r❡ ❡st ✉♥ ❝❤❛❧❧❡♥❣❡ ❛②❛♥t ✉♥ ❡♥✲
✈✐r♦♥♥❡♥t ❝❤❛♥❣❡❛♥t t❡❧ q✉❡ ❧❡s s♠❛rt♣❤♦♥❡s✳ ❉❛♥s ❝❡s ❡♥✈✐r♦♥♥❡♠❡♥ts✱ tr♦✉✈❡r
❞❡s s♦✉r❝❡s ❞✬❡♥tr♦♣✐❡ ✜❛❜❧❡s ❡t ❛②❛♥t ✉♥ ❤❛✉t ❞é❜✐t ❡st très ❞✐✣❝✐❧❡✳ ◆♦✉s ♣r♦✲
♣♦s♦♥s ❞❛♥s ❝❡ r❛♣♣♦rt ✉♥ ❡st✐♠❛t❡✉r ❞✬❡♥tr♦♣✐❡ q✉✐ ♣❡r♠❡t ❞❡ t❡st❡r ❧❛ q✉❛❧✐té
❞✬✉♥❡ s♦✉r❝❡ ❛ ❧❛ ✈♦❧é❡ ❡t s❛♥s ❢❛✐r❡ ❞✬❤②♣♦t❤ès❡s ❛ ♣r✐♦r✐ s✉r ❧❡s ❝❛r❛❝tér✐st✐q✉❡s
st❛t✐st✐q✉❡s ❞❡ ❧❛ s♦✉r❝❡✳ ◆♦tr❡ ❡st✐♠❛t❡✉r ♣❡✉t êtr❡ ❡①é❝✉té à ❢❛✐❜❧❡ ❝♦ût ❡t ✐❧
s✬❛❞❛♣t❡ ❛ ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ t②♣❡ ❞❡ s♦✉r❝❡✳ ◆♦tr❡ ❛❧❣♦r✐t❤♠❡ ❡st ✉♥❡ ❣é♥ér❛❧✐s❛✲
t✐♦♥ ❞❡s rés✉❧t❛ts ❞❡ ❇✉❝❝✐ ❡t ▲✉③③✐ ❛ ❞❡s s♦✉r❝❡s ♥♦♥✲❜✐♥❛✐r❡s q✉✐ ♣❡r♠❡t ❛✉ss✐
❞❡ ❢❛✐r❡ ✉♥ ❝♦♠♣r♦♠✐s ❡♥tr❡ ❧❛ r❡ss♦✉r❝❡ ❝♦♥s♦♠♠é❡ ♣❛r ❧✬❛❧❣♦r✐t❤♠❡ ✭t❡♠♣s
❈P❯ ❡t ♠é♠♦✐r❡✮ ❡t ❧❛ ♣ré❝✐s✐♦♥ ❞❡ ❧✬❡st✐♠❛t✐♦♥✳ ◆♦tr❡ ❡st✐♠❛t❡✉r ❡st t❡sté
♣♦✉r ❞✐✛ér❡♥t❡s s♦✉r❝❡s s✉r ✉♥ ✐P❤♦♥❡✳

▼♦ts✲❝❧és ✿ ●é♥ér❛t❡✉r ❞❡ ♥♦♠❜r❡ ❛❧é❛t♦✐r❡ ❝r②♣t♦❣r❛♣❤✐q✉❡✱ ❡st✐♠❛t❡✉r
❞✬❡♥tr♦♣✐❡✱ ✐P❤♦♥❡✱ s♦✉r❝❡ ❞✬❛❧é❛✳



❖♥❧✐♥❡ ❊♥tr♦♣② ❊st✐♠❛t✐♦♥ ❢♦r ◆♦♥✲❇✐♥❛r② ❙♦✉r❝❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✸

✶ ■♥tr♦❞✉❝t✐♦♥

❘❛♥❞♦♠ ♥✉♠❜❡rs ❛r❡ t❤❡ ❜❛❝❦❜♦♥❡ ♦❢ ♠❛♥② s❡❝✉r✐t② s♦❧✉t✐♦♥s ❛♥❞ r❛♥❞♦♠
♥✉♠❜❡r ❣❡♥❡r❛t♦rs ✭❘◆●s✮ ♠✉st ❜❡ ❞❡s✐❣♥❡❞ ❝❛r❡❢✉❧❧②✳ ❙✐♥❝❡ t❤❡ ◆❡ts❝❛♣❡
❝❛s❡ ❬✶❪✱ ♠❛♥② ❘◆●s ✇❡❛❦♥❡ss❡s ❤❛✈❡ ❜❡❡♥ ❞✐s❝♦✈❡r❡❞ ♦♥ ♦♣❡r❛t✐♥❣ s②st❡♠s
s✉❝❤ ❛s ▲✐♥✉① ❬✷❪ ❛♥❞ ❲✐♥❞♦✇s ❬✸✱ ✹❪✱ ♦♥ ♥✉♠❡r♦✉s ❝r②♣t♦❣r❛♣❤✐❝ ❧✐❜r❛r✐❡s ❬✺❪
❛♥❞ ♦♥ ♦t❤❡r ❡♥✈✐r♦♥♠❡♥t s✉❝❤ ❛s ❏❆❱❆ ❬✻❪ ♦r P❍P ❬✼❪✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢
❛❧❧ t❤❡s❡ ✏❢❛✐❧✉r❡s✑ ✐s t❤❛t ✐♥❛❞❡q✉❛t❡ ❝❤♦✐❝❡s ❢♦r t❤❡ ❘◆● ❝❛♥ ❛♥♥✐❤✐❧❛t❡ ❛❧❧
t❤❡ ❡✛♦rts t♦ ❡♥❢♦r❝❡ s❡❝✉r✐t②✳ ❚❤❡ ❝r②♣t♦❣r❛♣❤✐❝ ♣r✐♠✐t✐✈❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s
♣❛♣❡r ✐s ❦♥♦✇♥ ✉♥❞❡r s❡✈❡r❛❧ ♥❛♠❡s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❧✐❦❡ ❝r②♣t♦❣r❛♣❤✐❝ ❘◆●✱
tr✉❡ ❘◆●✱ ♣❤②s✐❝❛❧ ❘◆● ♦r ♣s❡✉❞♦ r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦r ✭P❘◆●✮ ✇✐t❤
❡♥tr♦♣② ✐♥♣✉t✳ ■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt✱ ✇❡ s✐♠♣❧② ✉s❡ t❤❡ t❡r♠ ❘◆● ✇✐t❤♦✉t
❞✐st✐♥❝t✐♦♥ ❛s ❛❧❧ t❤❡s❡ ♣r✐♠✐t✐✈❡s ❛r❡ ❝♦♥❝❡r♥❡❞ ❜② ❡♥tr♦♣② ❡st✐♠❛t✐♦♥✳

❚❤❡ r❡s❡❛r❝❤ ♦♥❘◆●s ❤❛s ❜❡❡♥ ♣❛rt✐❝✉❧❛r❧② ❛❝t✐✈❡ ✐♥ t❤❡ ❧❛t❡st ❞❡❝❛❞❡✳ ❙❡✈✲
❡r❛❧ ♦r✐❣✐♥❛❧ ❞❡s✐❣♥s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ s✉❝❤ ❛s ❨❛rr♦✇✲✶✻✵ ❬✽❪✱ ❋♦rt✉♥❛ ❬✾❪✱
❍❛✈❡❣❡ ❬✶✵❪ ♦r ❚✐♥②❘◆● ❬✶✶❪ t♦ ♥❛♠❡ ❛ ❢❡✇✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ t❤❡ ❞❡s✐❣♥ ♦❢
❛♥❘◆● ✐s ❝♦♠♣♦s❡❞ ♦❢ t❤r❡❡ ❡❧❡♠❡♥ts✿ ✭✶✮ s♦♠❡ ❡♥tr♦♣② s♦✉r❝❡s✱ ✭✷✮ ❛ s❛♠♣❧✐♥❣
❝♦♠♣♦♥❡♥t t❤❛t ❣❛t❤❡rs t❤❡ ❡♥tr♦♣② ❛♥❞ ✭✸✮ ❛ ❝r②♣t♦❣r❛♣❤✐❝ ♣♦st✲♣r♦❝❡ss✐♥❣ t♦
t❤✇❛rt s♦♠❡ ❛tt❛❝❦s✳ Pr❛❝t✐❝❛❧ ❤✐❣❤✲r❛t❡ ❡♥tr♦♣② s♦✉r❝❡s ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ❜②
t❤❡ ❤❛r❞✇❛r❡✴s♦❢t✇❛r❡ ❝♦♠♠✉♥✐t②✿ ♣❤②s✐❝❛❧❧② ✉♥❝❧♦♥❛❜❧❡ ❢✉♥❝t✐♦♥s ❬✶✷❪✱ ❛✐r t✉r✲
❜✉❧❡♥❝❡ ✐♥ ❞✐s❦ ❞r✐✈❡ ❬✶✸❪ ❛♥❞ ♦♣❡r❛t✐♥❣ s②st❡♠ s♦✉r❝❡s ❬✶✹✱ ✶✺❪✳ ❆ t❤❡♦r❡t✐❝❛❧
st✉❞② ♦❢ t❤❡ s❛♠♣❧✐♥❣ ❝♦♠♣♦♥❡♥t ❤❛s ❜❡❡♥ ❞♦♥❡ ✐♥ ❬✶✻❪ ❛♥❞ t❤❡ ❝r②♣t❛♥❛❧②t✐❝
✇♦r❦ ♦❢ ❑❡❧s❡② ❡t ❛❧✳ ❬✺❪ ❤❛s ❜❡♥❡✜t❡❞ t♦ t❤❡ ❝r②♣t♦❣r❛♣❤✐❝ ♣♦st✲♣r♦❝❡ss✐♥❣ ♦❢
❘◆●s✳

■♥ t❤❡ ❞❡s✐❣♥ ♦❢ ♠♦❞❡r♥ ❘◆●s✱ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❡♥tr♦♣② ❡st✐♠❛t✐♦♥ ✐s
❝♦♥tr♦✈❡rs✐❛❧✳ ■♥❞❡❡❞✱ t✇♦ ✈✐s✐♦♥s ♦❢ ❘◆● ❞❡s✐❣♥s ❛r❡ ❝♦♥❢r♦♥t❡❞✳ ❖♥ t❤❡ ♦♥❡
❤❛♥❞✱ ✇❡ ❤❛✈❡ ❞❡s✐❣♥s ✐♥ ✇❤✐❝❤ ❡♥tr♦♣② ❡st✐♠❛t✐♦♥ ✐s ❝r✐t✐❝❛❧✳ ❚❤❡ ❡♥tr♦♣② ❡st✐✲
♠❛t✐♦♥ ✐s ✐♥ ❝❤❛r❣❡ ♦❢ ❞❡t❡r♠✐♥✐♥❣ ✐❢ ❡♥♦✉❣❤ ❡♥tr♦♣② ✐s ❛✈❛✐❧❛❜❧❡ ❢r♦♠ t❤❡ s♦✉r❝❡s
t♦ ❜❡ ✐♥❥❡❝t❡❞ ✐♥ t❤❡ ❘◆●✳ ❙✉❝❤ ❛ ❞❡s✐❣♥ r❡♣r❡s❡♥ts t❤❡ ♠❛❥♦r✐t② ♦❢ t❤❡ ❧✐t❡r✲
❛t✉r❡ ❬✶✼✱ ✶✻✱ ✾✱ ✶✹✱ ✶✺❪ ❛♥❞ st❛♥❞❛r❞s ✭■❙❖✴■❙❊❈ ✶✽✵✸✶ ❬✶✽❪ ❛♥❞ ◆■❙❚ ❬✶✾❪✮✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♠♦❞❡❧ ♣r♦♣♦s❡❞ ❜② ❇❛r❛❦ ❛♥❞ ❍❛✈❡❧✐ ✐♥ ❬✷✵❪ ❛♥❞ t❤❡
❞❡s✐❣♥ ♦❢ ❋♦rt✉♥❛ ❬✾❪ ❡①❝❧✉❞❡ ❡♥tr♦♣② ❡st✐♠❛t✐♦♥ ❛s ✐t ♣r♦✈✐❞❡s ❛ ❢❛❧s❡ s❡♥s❡
♦❢ s❡❝✉r✐t②✳

❚❤❡ ♠❛✐♥ ❛r❣✉♠❡♥t ♦❢ ❇❛r❛❦ ❛♥❞ ❍❛✈❡❧✐ ❬✷✵❪ ✐s t❤❛t ✏♠❡❛s✉r✐♥❣ ♦❢ ❡♥tr♦♣②
❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ❛♥ ❛tt❛❝❦❡r ✐s ✇❡❧❧ ❜❡②♦♥❞ ✇❤❛t ❝❛♥ ❜❡ ❡①♣❡❝t❡❞ ❢r♦♠ ❛
❝♦♠♣✉t❡r ♣r♦❣r❛♠✑✳ ❖♥ t❤✐s st❛t❡♠❡♥t✱ t❤❡ ❛✉t❤♦rs str♦♥❣❧② ❛❣r❡❡✱ ❜✉t ✐t ❞♦❡s
♥♦t ♠❡❛♥ t❤❛t ❡♥tr♦♣② ❡st✐♠❛t✐♦♥ ❤❛s t♦ ❜❡ ❡①❝❧✉❞❡❞ ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ ❘◆●s✳
■♥ t❤❡✐r ♦✇♥ ✇♦r❦✱ t❤❡ ❛✉t❤♦rs ♦❢ ❬✷✵❪ ✉s❡ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡r❡ ❡①✐st ❛t
❧❡❛st ❢r♦♠ t✐♠❡ t♦ t✐♠❡ ❤✐❣❤ ❡♥tr♦♣② ✐♥♣✉ts✳ ❍♦✇❡✈❡r✱ ✇✐t❤♦✉t ❛♥② ❡♥tr♦♣②
❡st✐♠❛t✐♦♥ t❤✐s ♣r♦♣❡rt② ❝❛♥♥♦t ❜❡ ❣✉❛r❛♥t❡❡❞✳ ❊♥tr♦♣② ❡st✐♠❛t♦rs ❛r❡ ♦❢ ♥♦
✉s❡ ❛❣❛✐♥st ❛♥ ❛❞✈❡rs❛r② ✇❤♦ ✐s ❛❜❧❡ t♦ ♦❜s❡r✈❡ ❛ s♦✉r❝❡✳ ❚❤❡② ❛r❡ ♠❡❛♥t t♦
❡♥s✉r❡ t❤❛t ❛ ❧❡❣✐t✐♠❛t❡ ✉s❡r ♦♣❡r❛t❡s t❤❡ ❣❡♥❡r❛t♦r ♣r♦♣❡r❧② ✇❤❡♥ r❡s❡❡❞✐♥❣
❛♥❞ ❞♦❡s ♥♦t ❤❛✈❡ t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ❛❞✈❡rs❛r②✳

❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ✐s ❛♥ ❡♥tr♦♣② ❡st✐♠❛t♦r ❢♦r s♦✉r❝❡s ✇✐t❤
✉♥❦♥♦✇♥ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥✳ ❖✉r r❡s✉❧t ❡①t❡♥❞s t❤❡ ✇♦r❦ ♦❢ ❇✉❝❝✐ ❛♥❞
▲✉③③✐ ❬✷✶❪ t♦ t❤❡ ❝❛s❡ ♦❢ ♥♦♥✲❜✐♥❛r② s♦✉r❝❡s✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡♠♦♥str❛t❡ t❤❛t
♦✉r ❡st✐♠❛t♦r ❝♦♥✈❡r❣❡s t♦✇❛r❞s t❤❡ ❙❤❛♥♥♦♥ ❡♥tr♦♣② ♦❢ t❤❡ s♦✉r❝❡ ❜② ✐♥❝r❡❛s✲
✐♥❣ t❤❡ t✐♠❡ ❛♥❞ ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts✳ ❆s ❛♥ ❛♣♣❧✐❝❛t✐♦♥✱ ✇❡ ❛♣♣❧② ♦✉r ❡♥tr♦♣②
❡st✐♠❛t♦r ♦♥ ❞✐✛❡r❡♥t s♦✉r❝❡s ♦❢ t❤❡ ✐P❤♦♥❡✳

❘❘ ♥➦ ✼✻✻✸



❖♥❧✐♥❡ ❊♥tr♦♣② ❊st✐♠❛t✐♦♥ ❢♦r ◆♦♥✲❇✐♥❛r② ❙♦✉r❝❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✹

❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ♣r♦✈✐❞❡s t❤❡ ❢✉♥✲
❞❛♠❡♥t❛❧ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥s r❡❧❛t❡❞ t♦ t❤❡ st✉❞② ♦❢ ❡♥tr♦♣②✳ ❙❡❝t✐♦♥ ✸
❞❡s❝r✐❜❡s t❤❡ ♣r♦♣❡rt✐❡s ❡①♣❡❝t❡❞ ❢r♦♠ ❛♥ ❡♥tr♦♣② ❡st✐♠❛t♦r✳ ❙✉❜s❡q✉❡♥t❧②✱ ✇❡
❝♦♠♣❛r❡ t❤❡s❡ ♣r♦♣❡rt✐❡s ✇✐t❤ ♣r❡✈✐♦✉s ✇♦r❦s ✭❙❡❝t✐♦♥ ✹✮✳ ❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉✲
t✐♦♥ ♦❢ t❤❡ ♣❛♣❡r ✐s ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✺ ✇❤❡r❡ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❡st✐♠❛t♦r ❛♥❞
❣✐✈❡ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦♦❢ ❢♦r s♦✉r❝❡s ♣r♦❞✉❝✐♥❣ ✉♥❝♦rr❡❧❛t❡❞ ♦✉t♣✉t✳ ❚❤❡♥✱ ✇❡
❡✈❛❧✉❛t❡ t❤❡ q✉❛❧✐t② ♦❢ s❡✈❡r❛❧ s♦✉r❝❡s ❛✈❛✐❧❛❜❧❡ ♦♥ ❛♥ ✐P❤♦♥❡ ✭❙❡❝t✐♦♥ ✻✮✱ s❤♦✇
t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❡st✐♠❛t♦r ♦♥ t❤❡s❡ s♦✉r❝❡s ❛♥❞ ❝♦♠♣❛r❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ♦✉r
❡st✐♠❛t♦r ✇✐t❤ ♣r❡✈✐♦✉s ✇♦r❦s✳

✷ ◆♦t❛t✐♦♥s

❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ✇❡ ❞❡♥♦t❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s X,Y, . . . ❜② ❝❛♣✐t❛❧ ❧❡tt❡rs
❛♥❞ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ s❛♠♣❧❡ s♣❛❝❡s ❜② X ,Y, . . . ❘❡❛❧✐③❛t✐♦♥s x ∈ X , y ∈
Y, . . . ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛r❡ ♠❛r❦❡❞ ❜② s♠❛❧❧ ❧❡tt❡rs✳

▲❡t ✉s ❛ss✉♠❡ t❤❛t ❛ s❡q✉❡♥❝❡ ♦❢ ❧❡♥❣t❤ n✱ X = X1, . . . , Xn✱ ✐s ❝♦♠♣♦s❡❞
♦❢ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧ ❞✐str✐❜✉t❡❞ ✭✐✳✐✳❞✳✮ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ✇❤♦❧❡
s❡q✉❡♥❝❡ ✐s ♠❡♥t✐♦♥❡❞ ✇✐t❤ ❜♦❧❞ ❧❡tt❡rs✳ ❇② X[i,j] = Xi, . . . , Xj ✱ ✇❡ ❞❡✜♥❡ t❤❡
s✉❜s❡q✉❡♥❝❡ ❢r♦♠ ✐♥❞❡① i t♦ ✐♥❞❡① j✳ ❲❡ ❛❧✇❛②s ❝♦♥s✐❞❡r ❛ ✜♥✐t❡ s❛♠♣❧❡ s♣❛❝❡✱
t❤✉s ✇❡ ❝❛♥ ❞❡♥♦t❡ ❜② M = |X | t❤❡ s✐③❡ ♦❢ t❤❡ s❛♠♣❧❡ s♣❛❝❡ ❛♥❞ ✇✐t❤♦✉t ❧♦ss ♦❢
❣❡♥❡r❛❧✐t② ✇❡ ❛ss✉♠❡ t❤❛t X = {0, 1, . . . ,M − 1}✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥
♦❢ t❤❡ s♦✉r❝❡ ✐s ❣✐✈❡♥ ❜② p = {p0, p1, . . . , pM−1}✱ ✇❤❡r❡ pη = Pr[Xi = η] ❢♦r ❛❧❧
η ∈ X ❛♥❞ 1 ≤ i ≤ n✳ ❚❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✐s ❞❡♥♦t❡❞ E(X)✳

❲❤❡♥ s♣❡❛❦✐♥❣ ♦❢ ❡♥tr♦♣②✱ ✇❡ r❡❢❡r t♦ ❙❤❛♥♥♦♥✬s ❡♥tr♦♣② ❬✷✷❪ ✭❊q✉❛t✐♦♥ ✶✮
✇❤✐❝❤ ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ❜✐♥❛r② ❣✉❡ss❡s ❛♥ ❛tt❛❝❦❡r ❤❛s
t♦ ♣❡r❢♦r♠ t♦ ♣r❡❞✐❝t t❤❡ ♦✉t♣✉t ♦❢ ❛ r❛♥❞♦♠ s♦✉r❝❡✳ ■t ❝❛♥ ❛❧s♦ ❜❡ s❡❡♥
❛s t❤❡ ❡①♣❡❝t❡❞ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ s♦✉r❝❡✱ ✇❤❡r❡ t❤❡ ❡❧❡♠❡♥t
η ❤❛s ✐♥❢♦r♠❛t✐♦♥ − log2 pη✳ ❙♦♠❡ ♦t❤❡r ❡♥tr♦♣② ♥♦t✐♦♥s ✉s❡❞ ✐♥ ❝♦♥♥❡❝t✐♦♥
✇✐t❤ ❘◆●s ❛r❡ t❤❡ ❘é♥②✐ ❡♥tr♦♣② ❬✷✸❪ ✭❊q✉❛t✐♦♥ ✷✮ ✇❤✐❝❤ ✐s ❛ ♠❡❛s✉r❡ ♦❢
t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❝♦❧❧✐s✐♦♥s ♦r t❤❡ ▼✐♥ ❡♥tr♦♣② ✭❊q✉❛t✐♦♥ ✸✮ ✇❤✐❝❤ ✐s ❛ ❧♦✇❡r
❜♦✉♥❞ t♦ t❤❡ ♦t❤❡r ❡♥tr♦♣② ♥♦t✐♦♥s✳ ❚❤❡✐r ❞❡✜♥✐t✐♦♥s ❢♦r ❛ r❛♥❞♦♠ s♦✉r❝❡ ✇✐t❤
♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ p ❛r❡ ❣✐✈❡♥ ❜②✿

H(p) = −
∑

η∈X

pη log2 pη, ✭✶✮

Hα(p) =
1

1− α
log2





∑

η∈X

pαη



 , ✭✷✮

H∞(p) = − log2(max
η∈X

pη). ✭✸✮

❋♦r α > 1 ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ❡♥tr♦♣② ♥♦t✐♦♥s✿

H∞(p) ≤ Hα(p) ≤ H(p) ≤ |X |

✇✐t❤ ❡q✉❛❧✐t② ✐❢ ❛♥❞ ♦♥❧② ✐❢ p ✐s ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞✳ ❲❡ ✉s❡ t❤❡ ✉s✉❛❧ ❝♦♥✲
✈❡♥t✐♦♥ t❤❛t 0 log2 0 = 0✳

■❢ ♥♦t ♠❡♥t✐♦♥❡❞ ♦t❤❡r✇✐s❡✱ ✇❡ ❛❧✇❛②s ❛ss✉♠❡ t❤❛t t❤❡ s♦✉r❝❡ ♦✉t♣✉ts ❛r❡
❛♥ ✐✳✐✳❞✳ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ❞❛t❛ ❛♥❞ t❤❛t t❤❡ ❡♥tr♦♣② ✐s ❞❡✜♥❡❞ ❜② t❤❡ ♣r♦❜✲
❛❜✐❧✐t② p = {pη}η∈X ✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ✇r✐t❡ H(p) t♦ ❞❡♥♦t❡ t❤❡ ❡♥tr♦♣②✳ ❙♦♠❡

❘❘ ♥➦ ✼✻✻✸



❖♥❧✐♥❡ ❊♥tr♦♣② ❊st✐♠❛t✐♦♥ ❢♦r ◆♦♥✲❇✐♥❛r② ❙♦✉r❝❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✺

❡st✐♠❛t♦rs ❛r❡ ❛❜❧❡ t♦ ❡st✐♠❛t❡ t❤❡ ❡♥tr♦♣② ♦❢ ❛ s♦✉r❝❡ ❣❡♥❡r❛t✐♥❣ ❝♦rr❡❧❛t❡❞
s❡q✉❡♥❝❡s✳ ■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❡♥tr♦♣② ♦❢ ❛ s♦✉r❝❡ ✇✐t❤ ❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥
t❤❡ s②♠❜♦❧s ✇❡ ✇r✐t❡ ♦♥❧② H✳

▲❡t x = x1, x2, . . . , xn ❞❡♥♦t❡ t❤❡ ♦✉t❝♦♠❡ ♦❢ ❛♥ ❡♥tr♦♣② s♦✉r❝❡✳ ❚❤❡♥
✇❡ ❞❡✜♥❡ t❤❡ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤✐s s❡q✉❡♥❝❡ ❛s p̂ = {p̂η}η∈X ✱ ✇❤❡r❡
p̂η = 1

n#{1 ≤ j ≤ n|xj = η} ✐s t❤❡ ❡♠♣✐r✐❝❛❧ ❢r❡q✉❡♥❝② ♦❢ η✳ ❲❡ ✉s❡ t❤❡
♥♦t❛t✐♦♥ Ĥ(X[i−ℓ+1,i]) t♦ ❞❡♥♦t❡ ❛♥ ❡♥tr♦♣② ❡st✐♠❛t♦r t❤❛t t❛❦❡s ❛s ✐♥♣✉t ℓ
❝♦♥s❡❝✉t✐✈❡ ✈❛❧✉❡s ♦❢ t❤❡ s❡q✉❡♥❝❡ X✳

✸ ❘❡q✉✐r❡♠❡♥ts

❊♥tr♦♣② ❡st✐♠❛t♦rs ❢♦r ❘◆●s ♠✉st ❢✉❧✜❧❧ s❡✈❡r❛❧ r❡q✉✐r❡♠❡♥ts ✇❤✐❝❤ ❛r❡ ♦❢ t✇♦
t②♣❡s✳ ❚❤❡♦r❡t✐❝❛❧ r❡q✉✐r❡♠❡♥ts ✭✶ ❛♥❞ ✷✮ ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ❤②♣♦t❤❡s✐s ♠❛❞❡ ♦♥
t❤❡ ❡♥tr♦♣②✳ ❚❤❡② ❛r❡ ❢✉♥❞❛♠❡♥t❛❧ ❢♦r t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ❡st✐♠❛t✐♦♥✳ ■♠♣❧❡✲
♠❡♥t❛t✐♦♥ r❡q✉✐r❡♠❡♥ts ✭✸✱ ✹✱ ❛♥❞ ✺✮ ❝♦♥❝❡r♥ t❤❡ ❝♦♥str❛✐♥ts ❢♦r t❤❡ ❡①❡❝✉t✐♦♥
♦❢ t❤❡ ❡st✐♠❛t♦r✳

❘❡q✉✐r❡♠❡♥t ✶ ❚❤❡ ❡♥tr♦♣② ♦❢ t❤❡ s♦✉r❝❡ ✐s ✉♥❦♥♦✇♥ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡
♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ p ✐s ✉♥❦♥♦✇♥✳

❚❤✐s ✜rst r❡q✉✐r❡♠❡♥t ✐s ❢✉♥❞❛♠❡♥t❛❧ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛♥ ❘◆● ✇♦r❦✐♥❣ ✐♥
❛ ❝❤❛♥❣✐♥❣ ❡♥✈✐r♦♥♠❡♥t✳ ❚❤❡ ❡♥tr♦♣② ♦❢ t❤❡ ❞✐✛❡r❡♥t s♦✉r❝❡s s❛♠♣❧❡❞ ❜② t❤❡
❘◆● ♠❛② ✢✉❝t✉❛t❡ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦♥t❡①t✳ ■❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥
♦❢ t❤❡ ❡♥tr♦♣② s♦✉r❝❡ ✐s ❦♥♦✇♥✱ t❤❡ ❡st✐♠❛t✐♦♥ ✐s ❡❛s②✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s ♥♦t t❤❡
❝❛s❡ ✐♥ ❣❡♥❡r❛❧✳

❘❡q✉✐r❡♠❡♥t ✷ ❆♥ ❡♥tr♦♣② ❡st✐♠❛t♦r ♠✉st s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t②✿

E
(

Ĥ(X[i−ℓ+1,i])
)

≤ H(p).

❚❤❡ ❡st✐♠❛t♦r ♠✉st ❜❡ ♣❡ss✐♠✐st✐❝✿ ❛♥ ♦✈❡r❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❡♥tr♦♣② ❝♦✉❧❞
❣✐✈❡ t❤❡ ✉s❡r ❛ ❢❛❧s❡ s❡♥s❛t✐♦♥ ♦❢ s❡❝✉r✐t②✳ ❚❤✉s ✐t ✐s ❛❧✇❛②s ❜❡tt❡r t♦ ✉♥❞❡r❡s✲
t✐♠❛t❡ t❤❡ ❡♥tr♦♣② t❤❛♥ ♦✈❡r❡st✐♠❛t✐♥❣ ✐t✳

❘❡q✉✐r❡♠❡♥t ✸ ❚❤❡ ❡st✐♠❛t♦r Ĥ ♠✉st ❜❡ ❡✣❝✐❡♥t ✐♥ ♠❡♠♦r② ❛♥❞ ❝♦♠♣✉t❛✲
t✐♦♥s✳

❚❤❡ ❛❧❣♦r✐t❤♠ ✐s ❛♣♣❧✐❡❞ ❛t r✉♥✲t✐♠❡ ❛♥❞ s❤♦✉❧❞ ♥♦t r❡♣r❡s❡♥t ❛♥ ❤❡❛✈② ❧♦❛❞
❢♦r t❤❡ s②st❡♠✳ ❙✐♥❝❡ t❤❡r❡ ✐s ♥♦ ✐♥❢♦r♠❛t✐♦♥ ❛✈❛✐❧❛❜❧❡ ♦♥ t❤❡ s♦✉r❝❡✱ ✇❡ ✇❛♥t
t♦ ❤❛✈❡ ❛♥ ❡st✐♠❛t♦r ✇✐t❤ ❛ ✏❣♦♦❞ ❜❡❤❛✈✐♦r✑ ✐♥ ❛♥② ❝❛s❡s✳ ❚❤✉s✱ ❛♥ ❡st✐♠❛t♦r
✇❤♦s❡ t✐♠❡ ❛♥❞ ♠❡♠♦r② ❝♦♠♣❧❡①✐t② ❞❡♣❡♥❞s ♦♥ t❤❡ s❛♠♣❧❡ s✐③❡ ✈✐♦❧❛t❡s t❤✐s
r❡q✉✐r❡♠❡♥t✳

❘❡q✉✐r❡♠❡♥t ✹ ❋♦r ❛♥② i ≥ ℓ✱ ✇❡ ♠✉st ❤❛✈❡✿

Ĥ
(

X[i−ℓ+1,i]

)

♠✉st ❜❡ ❞❡✜♥❡❞✳

❲❡ ✇❛♥t t♦ ❦♥♦✇ ✇❤❡♥ ✇❡ ❤❛✈❡ ❝♦❧❧❡❝t❡❞ ❡♥♦✉❣❤ ❡♥tr♦♣②✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♥❡❡❞
❛♥ ❡st✐♠❛t❡ ❢♦r ❡❛❝❤ ✐♥♣✉t s❛♠♣❧❡✳ ❚❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ t✐♠❡ ℓ ♦❢ t❤❡ ❡st✐♠❛t♦r
♠✉st ❜❡ ❛s s❤♦rt ❛s ♣♦ss✐❜❧❡✳
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❖♥❧✐♥❡ ❊♥tr♦♣② ❊st✐♠❛t✐♦♥ ❢♦r ◆♦♥✲❇✐♥❛r② ❙♦✉r❝❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✻

❘❡q✉✐r❡♠❡♥t ✺ ❚❤❡ ❡st✐♠❛t♦r ♠✉st ✇♦r❦ ✇✐t❤ ❛♥② t②♣❡s ♦❢ s♦✉r❝❡s✳

❚❤❡ ♠♦r❡ ❡♥tr♦♣② s♦✉r❝❡s ✇❡ ❝❛♥ ✉s❡✱ t❤❡ ❜❡tt❡r✳ ■♥ ❛ ♠♦❞❡r♥ ❘◆●✱ ✇❡ ❝❛♥♥♦t
❛✛♦r❞ t♦ ✐♠♣❧❡♠❡♥t ❛ ❞❡❞✐❝❛t❡❞ ❡♥tr♦♣② ❡st✐♠❛t♦r ❢♦r ❡❛❝❤ ❞✐✛❡r❡♥t s♦✉r❝❡s✳ ■t
✐s ♠♦r❡ ❝♦♥✈❡♥✐❡♥t t♦ ❤❛✈❡ ❛♥ ❡♥tr♦♣② ❡st✐♠❛t♦r ✇❤✐❝❤ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ ❛♥②
❦✐♥❞ ♦❢ s♦✉r❝❡s✳

❖♣t✐♦♥ ✻ ❆ ♣❛r❛♠❡t❡r ❛❧❧♦✇s ❜❡tt❡r ❡st✐♠❛t✐♦♥ ✐❢ ✇❡ ✉s❡ ♠♦r❡ t✐♠❡ ❛♥❞ ♠❡♠✲
♦r②✳

❚❤✐s ♣r♦♣❡rt② ❛❧❧♦✇s t♦ ❛❞❛♣t t❤❡ ❡st✐♠❛t♦r t♦ t❤❡ ❛❝t✉❛❧ ♥❡❡❞s ❛♥❞ ♣r❡❢❡r❡♥❝❡s
♦❢ t❤❡ ✉s❡r✳

✹ ❘❡❧❛t❡❞ ❲♦r❦s

❊♥tr♦♣② ❡st✐♠❛t✐♦♥ ✐s ❛ ✈❡r② ❛❝t✐✈❡ ✜❡❧❞ ✐♥ ✐♥❢♦r♠❛t✐♦♥ t❤❡♦r②✱ ♠❛t❤❡♠❛t✐❝s ❛♥❞
♣❤②s✐❝s✳ ❲❡ ❛♥❛❧②③❡ s❡✈❡r❛❧ ❡st✐♠❛t♦rs ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡q✉✐r❡♠❡♥ts ❞❡✜♥❡❞
✐♥ ❙❡❝t✐♦♥ ✸✳ ■♥ ❚❛❜❧❡ ✶✱ ✇❡ ❣✐✈❡ ❛ s✉♠♠❛r② ♦❢ t❤❡ r❡s✉❧ts✳

❑♥♦✇♥ ❞✐str✐❜✉t✐♦♥✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♣❤②s✐❝❛❧ s♦✉r❝❡ ✇✐t❤ ❦♥♦✇♥ ❜❡❤❛✈✲
✐♦r✱ ✇❡ ❝❛♥ ✉s❡ ❛♥ ♦♥❧✐♥❡ t❡st ❧✐❦❡ t❤❡ ♦♥❡ ❞❡s❝r✐❜❡❞ ❜② ❙❝❤✐♥❞❧❡r ❬✷✹❪✳ ❚❤✐s t❡st
❝❤❡❝❦s ✐❢ t❤❡ ♣❤②s✐❝❛❧ s♦✉r❝❡ ❜❡❤❛✈❡s ❧✐❦❡ ❡①♣❡❝t❡❞✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♦❢ ♥♦ ❤❡❧♣
✐♥ ♦✉r ♣r♦❜❧❡♠ ❛s ✐t ❝❛♥♥♦t ❜❡ ❛♣♣❧✐❡❞ ❢♦r s♦✉r❝❡s ✇✐t❤ ✉♥❦♥♦✇♥ ❞✐str✐❜✉t✐♦♥✳
❚❤❡r❡❢♦r❡✱ t❤✐s ❦✐♥❞ ♦❢ t❡sts ❞♦ ♥♦t s❛t✐s❢② ❘❡q✉✐r❡♠❡♥t ✶✳

P❧✉❣✲✐♥ ❡st✐♠❛t♦r✳ ❚❤❡ ♠♦st str❛✐❣❤t❢♦r✇❛r❞ ❡st✐♠❛t♦r ♦❢ t❤❡ ❡♥tr♦♣②
❛♣♣❧✐❡s t❤❡ ❡♥tr♦♣② ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥✱ H(p̂)✳ ❚❤✐s ❡st✐♠❛✲
t♦r ✐s ♦❢t❡♥ ❝❛❧❧❡❞ ♠❛①✐♠✉♠✲❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t♦r ♦r ♣❧✉❣✲✐♥ ❡st✐♠❛t♦r✱ s❡❡ ❢♦r
❡①❛♠♣❧❡ ❬✷✺✱ ✷✻❪✳ ❚❤❡ ♠❛✐♥ ♣r♦❜❧❡♠ ♦❢ t❤✐s ❡st✐♠❛t♦r ✐s t❤❛t ✐t ♦♥❧② ❣✐✈❡s ❛♥
❡st✐♠❛t❡ ♦❢ t❤❡ t♦t❛❧ ❞❛t❛ s❡t✳ ❚❤✐s ✐s ✉s❡❢✉❧ t♦ ❡✈❛❧✉❛t❡ ♦✛✲❧✐♥❡ ❛ ♣❤②s✐❝❛❧ s♦✉r❝❡
✇✐t❤ ✜①❡❞ ❜❡❤❛✈✐♦r✱ ❤♦✇❡✈❡r✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ s♦✉r❝❡ ✇✐t❤ ❝❤❛♥❣✐♥❣ ❜❡❤❛✈✐♦r✱
t❤✐s ✐s ♥♦t ♣r❛❝t✐❝❛❧✳ ❚❤❡ ❡st✐♠❛t♦r ❝❧❡❛r❧② ✈✐♦❧❛t❡s ❘❡q✉✐r❡♠❡♥t ✹✳ ▼♦r❡♦✈❡r✱ ✐t
♥❡❡❞s t♦ st♦r❡ t❤❡ ♥✉♠❜❡r ♦❢ ♦❝❝✉rr❡♥❝❡s ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t ✇❤✐❝❤ ❝❛♥ ❝♦♥tr❛❞✐❝t
❘❡q✉✐r❡♠❡♥t ✸ ❢♦r ❛ ❧❛r❣❡ s❛♠♣❧❡ s♣❛❝❡✳

❖♥❡ ♠✐❣❤t tr② t♦ ❝✉t t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡ ✐♥ s♠❛❧❧❡r ❝❤✉♥❦s ♦❢ s✐③❡ N ′ ≪ N
❛♥❞ ❛♣♣❧② ❛♥ ❡st✐♠❛t♦r ❢♦r ✐♥s✉✣❝✐❡♥t s❛♠♣❧✐♥❣✱ ✐✳❡✳ ✇❤❡r❡ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡
s❡q✉❡♥❝❡ N ′ ✐s ♦♥❧② s❧✐❣❤t❧② ❧❛r❣❡r t❤❛♥ t❤❡ s✐③❡ ♦❢ t❤❡ s❛♠♣❧❡ s♣❛❝❡✳ ❙✉❝❤
❡st✐♠❛t♦rs ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❬✷✻✱ ✷✼✱ ✷✽❪✳ ❍♦✇❡✈❡r✱ t❤❡② st✐❧❧ r❡♠❛✐♥ ✐♠♣r❛❝t✐❝❛❧
❢♦r ❧❛r❣❡ s❛♠♣❧❡ s♣❛❝❡s✳ ❘❡q✉✐r❡♠❡♥t ✸ ❛♥❞ ✹ ❛r❡ ♥♦t ❢✉❧❧② s❛t✐s✜❡❞✳

❈♦♠♣r❡ss✐♦♥✳ ❙♦✉r❝❡✲❝♦❞✐♥❣ ❝❛♥ ❜❡ ❛ ✇❛② t♦ ♠❡❛s✉r❡ t❤❡ ❡♥tr♦♣② ♦❢ ❛
s❡q✉❡♥❝❡✳ ▲♦ss❧❡ss ❝♦♠♣r❡ss✐♦♥✶ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♠♦st ❝♦♥❝✐s❡ ✇❛②
t♦ r❡♣r❡s❡♥t t❤❡ s❡q✉❡♥❝❡✳ ■♥ ♦✉r ♣r♦❜❧❡♠✱ ✇❡ ❝❛♥ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❧❛ss❡s ♦❢
❡st✐♠❛t♦rs ❜❛s❡❞ ♦♥ ❝♦♠♣r❡ss✐♦♥✿ ❢r❡q✉❡♥❝② ❝♦✉♥t✐♥❣ ✭❡✳❣✳ ❍✉✛♠❛♥ ❝♦❞✐♥❣ ♦r
❛r✐t❤♠❡t✐❝ ❝♦❞✐♥❣✮ ❛♥❞ ♠❛t❝❤ ❧❡♥❣t❤ ✭❡✳❣✳ ▲❡♠♣❡❧✲❩✐✈✮✳

❊st✐♠❛t♦rs ❜❛s❡❞ ♦♥ ❢r❡q✉❡♥❝② ❝♦✉♥t✐♥❣ ❛r❡ ❛❧❧ ✉s✐♥❣ ❞②♥❛♠✐❝ ✈❡rs✐♦♥s ♦❢
❝❧❛ss✐❝❛❧ ❝♦♠♣r❡ss✐♦♥ ❛❧❣♦r✐t❤♠s✳ ❚❤❡② s✉✛❡r ❛❧❧ ❢r♦♠ ❛♥ ❡①❝❡ss✐✈❡ ♠❡♠♦r②
❝♦♥s✉♠♣t✐♦♥ ✭✇❤✐❝❤ ✈✐♦❧❛t❡s ❘❡q✉✐r❡♠❡♥t ✸✮✳ ❋♦r ✐♥st❛♥❝❡✱ ❞②♥❛♠✐❝ ❍✉✛♠❛♥
❝♦❞✐♥❣ ♥❡❡❞s t♦ ✉s❡ ❛ tr❡❡ ♦❢ s✐③❡ |X | t♦ st♦r❡ t❤❡ ❝♦❞❡ ❛♥❞ ❛ ❝♦✉♥t❡r ❢♦r ❡❛❝❤
s②♠❜♦❧ t♦ ❝♦✉♥t t❤❡ ♥✉♠❜❡r ♦❢ ✐ts ♦❝❝✉rr❡♥❝❡s✳ ❋♦r ❡✈❡r② ♥❡✇ ❡✈❡♥t✱ ✇❡ s❡❛r❝❤
❢♦r t❤❡ ❡❧❡♠❡♥t ✐♥ t❤❡ tr❡❡✱ ✐♥❝r❡❛s❡ t❤❡ ❝♦✉♥t ❢♦r t❤✐s s②♠❜♦❧ ❛♥❞ ✐❢ ♥❡❝❡ss❛r②

✶❆❧❧ t❤❡ ❝♦♠♣r❡ss✐♦♥ ❛❧❣♦r✐t❤♠s ❣✐✈❡♥ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✷✾❪✳
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❖♥❧✐♥❡ ❊♥tr♦♣② ❊st✐♠❛t✐♦♥ ❢♦r ◆♦♥✲❇✐♥❛r② ❙♦✉r❝❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✼

❛❞❛♣t t❤❡ tr❡❡✳ ❊s♣❡❝✐❛❧❧② ❢♦r ❧❛r❣❡ s❛♠♣❧❡ s♣❛❝❡s t❤✐s ❡st✐♠❛t♦r ❝♦♥tr❛❞✐❝ts
❘❡q✉✐r❡♠❡♥t ✸✳ ❆ s✐♠✐❧❛r ✢❛✇ ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r ❛r✐t❤♠❡t✐❝ ❝♦❞✐♥❣✳

▲❡♠♣❡❧✲❩✐✈ ❝♦♠♣r❡ss✐♦♥ ✐s ♥♦t ❜❛s❡❞ ♦♥ t❤❡ ❢r❡q✉❡♥❝✐❡s ♦❢ s②♠❜♦❧s✱ ❜✉t ♦♥
♠❛t❝❤ ❧❡♥❣t❤s✳ ❋♦r ❛ s❡q✉❡♥❝❡ X0, X1, . . . ✱ ❧❡t ✉s ❞❡✜♥❡ t❤❡ ♠❛t❝❤ ❧❡♥❣t❤ Lr

i

❢♦r ❛ ❣✐✈❡♥ ✇✐♥❞♦✇ s✐③❡ r ❛s✿

Lr
i (x) = 1 +max

{

ℓ : x[i,i+ℓ−1] = x[j,j+ℓ−1] , i− r ≤ j ≤ i− 1
}

✭✹✮

■t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t ❢♦r ❛ st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝ ♣r♦❝❡ss✿

Lr
i (X)

log2(r)
→

1

H
✇✐t❤ ♣r♦❜✳ ✶ (r →∞) .

❖t❤❡r ❡♥tr♦♣② ❡st✐♠❛t♦rs ❜❛s❡❞ ♦♥ ♠❛t❝❤ ❧❡♥❣t❤ ❛r❡ ♣r♦♣♦s❡❞ ✐♥ ❬✸✵✱ ✸✶❪✳ ❋r♦♠
❘❡q✉✐r❡♠❡♥t ✹ ❢♦❧❧♦✇s t❤❛t ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❤❛✈❡ ❢♦r ❡❛❝❤ ♦✉t♣✉t i ❛ ✈❛❧✉❡
mi s✉❝❤ t❤❛t 1

n

∑n
i=1 mi

n→∞
−−−−→ H(p)✳ ◆❡✐t❤❡r t❤❡ ❡st✐♠❛t♦r ✐♥ t❤❡ ♦r✐❣✐♥❛❧

♣❛♣❡r ♦❢ ❲②♥❡r ❛♥❞ ❩✐✈ ❬✸✷❪ ♥♦r t❤❡ ❡st✐♠❛t♦rs ♣r♦♣♦s❡❞ ❜② ❑♦♥t♦②✐❛♥♥✐s ❡t
❛❧✳ ❬✸✵❪ ❢✉❧✜❧❧ t❤✐s r❡q✉✐r❡♠❡♥t✳ ❍♦✇❡✈❡r✱ t❤❡ ✇♦r❦ ♦❢ ●❛♦ ❡t ❛❧✳ ❬✸✶❪ ❝♦♥t❛✐♥s ❛
s✉✐t❛❜❧❡ ❝❛♥❞✐❞❛t❡✳ ❚❤✐s ❡st✐♠❛t♦r ❝♦♠❡s ❝❧♦s❡st t♦ ❢✉❧✜❧❧✐♥❣ ❛❧❧ t❤❡ r❡q✉✐r❡♠❡♥ts
♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❲❡ ❝♦♥s✐❞❡r ✐t ♠♦r❡ ❝❧♦s❡❧② ✐♥ ♦✉r ❝♦♠♣❛r✐s♦♥✳ ■t ✐s
❛❧s♦ ✐♥t❡r❡st✐♥❣ ❜❡❝❛✉s❡ ✐ts ♣r♦♦❢ ✐s ♥♦t ❧✐♠✐t❡❞ t♦ ✐♥❞❡♣❡♥❞❡♥t s♦✉r❝❡s✳ ❚❤❡
❡st✐♠❛t♦r ✐s ❞❡✜♥❡❞ ❜②✿

Ĥr
LZ(x[i−r,i]) =

log2(r)

Lr
i (x)

. ✭✺✮

❚❤❡♥ ●❛♦ ❡t ❛❧✳ ❬✸✶❪ s❤♦✇❡❞ t❤❛t ❢♦r ❛ st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝ ♣r♦❝❡ss ✇❤✐❝❤
s❛t✐s✜❡s t❤❡ ❉♦❡❜❧✐♥ ❝♦♥❞✐t✐♦♥✱ ♦♥❡ ❣❡ts✿

1

n− r

n
∑

i=r+1

Ĥr
LZ(x[i−r,n])→ H ✇✐t❤ ♣r♦❜✳ ✶ (n, r →∞) .

❚❤✐s ❡st✐♠❛t♦r ❤❛s t❤❡ ❞✐s❛❞✈❛♥t❛❣❡ t❤❛t ✐t ✉s❡s ❢✉t✉r❡ ❞❛t❛✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t
✇❡ ❝❛♥ ♦♥❧② ❣✐✈❡ ❛♥ ❡st✐♠❛t❡ ❛s s♦♦♥ ❛s ✇❡ ❦♥♦✇ t❤❛t ✇❡ ❝❛♥♥♦t ✜♥❞ ❛♥② ❧♦♥❣❡r
♠❛t❝❤✳

❚r❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝②✳ ❇✉❝❝✐ ❛♥❞ ▲✉③③✐ ❬✷✶❪ ♣r♦♣♦s❡ ❛ ❞✐✛❡r❡♥t ❛♣✲
♣r♦❛❝❤✳ ❚❤❡② ❝♦♥s✐❞❡r ❛ ❜✐♥❛r② s♦✉r❝❡ ❛♥❞ ❝♦✉♥t t❤❡ ♥✉♠❜❡r ♦❢ tr❛♥s✐t✐♦♥s ❢r♦♠
✵ t♦ ✶ ♦r ❢r♦♠ ✶ t♦ ✵✳ ❚❤❡ ❛✉t❤♦rs ❞✐❞ ♥♦t ♠❡♥t✐♦♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♥♥❡❝t✐♦♥
❜❡t✇❡❡♥ t❤❡ ❡♥tr♦♣② ♦❢ ❛ ❜✐♥❛r② s♦✉r❝❡ −p0 log2 p0+(1−p0) log2(1−p0) ❛♥❞ t❤❡
❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ tr❛♥s✐t✐♦♥ ✐♥ n+ 1 ❜✐ts✿ n2p0(1− p0)✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♥♥❡❝✲
t✐♦♥ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❢❛❝t t❤❛t −log2x ≥ 1

ln(2) (1−x) ❢♦r 0 < x < 1✳ ❚❤✐s
❡st✐♠❛t♦r ✇♦r❦s ♦♥❧② ❢♦r ❜✐♥❛r② s♦✉r❝❡s ❛♥❞✱ t❤✉s✱ ❝♦♥tr❛❞✐❝ts ❘❡q✉✐r❡♠❡♥t ✺✳
❚❤❡ ❡st✐♠❛t♦r t❤❛t ✇❡ ✐♥tr♦❞✉❝❡ ✐♥ ❙❡❝t✐♦♥ ✺ ❡①t❡♥❞s t❤✐s ❛♣♣r♦❛❝❤ ✐♥ ❛ ♥♦♥
tr✐✈✐❛❧ ✇❛② t♦ ♥♦♥✲❜✐♥❛r② s♦✉r❝❡s ❛♥❞ ❛❞❞s ❛♥ ❛❞❞✐t✐♦♥❛❧ ♣❛r❛♠❡t❡r t❤❛t ❛❧❧♦✇s
t♦ r❡✜♥❡ t❤❡ ❡st✐♠❛t✐♦♥ ❜② s♣❡♥❞✐♥❣ ♠♦r❡ t✐♠❡ ❛♥❞ ♠❡♠♦r②✳

❈♦rr❡❧❛t❡❞ s♦✉r❝❡s✳ ▼♦st ♦❢ t❤❡ ❡st✐♠❛t♦rs ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ❛r❡ ❞❡✲
✜♥❡❞ ❢♦r s❡q✉❡♥❝❡s ♦❢ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❖♥❧② t❤❡ ❡st✐♠❛t♦rs ❜❛s❡❞ ♦♥
▲❩✲❝♦♠♣r❡ss✐♦♥ ❝♦♥s✐❞❡r s♦✉r❝❡s ✇✐t❤ ❞❡♣❡♥❞❡♥❝✐❡s t❤❛t ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❛s ❛
▼❛r❦♦✈ ❝❤❛✐♥✳ ■❢ ✇❡ ✇❛♥t t♦ ❡st✐♠❛t❡ ❞✐r❡❝t❧② t❤❡ ❡♥tr♦♣② ♦❢ ❛ ▼❛r❦♦✈ ❝❤❛✐♥
♦❢ ♦r❞❡r k ✇❡ ♥❡❡❞ t❤❡ ❢r❡q✉❡♥❝✐❡s ♦❢ ❛❧❧ (k + 1)✲t✉♣❧❡s ❬✸✸❪✳ ❋♦r ❧❛r❣❡ s❛♠♣❧❡
s♣❛❝❡s t❤✐s ❣❡ts q✉✐❝❦❧② ✐♠♣r❛❝t✐❝❛❧✳ ❚❤✉s✱ s✉❝❤ ❛♥ ❡st✐♠❛t♦r ❞♦❡s ♥♦t s❛t✐s❢②
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❖♥❧✐♥❡ ❊♥tr♦♣② ❊st✐♠❛t✐♦♥ ❢♦r ◆♦♥✲❇✐♥❛r② ❙♦✉r❝❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✽

❘❡q✉✐r❡♠❡♥ts ✸ ❛♥❞ ❘❡q✉✐r❡♠❡♥t ✹✳ ❆♥♦t❤❡r ♣♦ss✐❜✐❧✐t② ✇♦✉❧❞ ❜❡ t❤❡ ✉s❡ ♦❢
❤✐❣❤❡r ♦r❞❡r ❛❞❛♣t✐✈❡ ❛r✐t❤♠❡t✐❝ ❝♦❞✐♥❣✳ ❍♦✇❡✈❡r✱ ❛s ❢♦r ❛♥② ♠❡t❤♦❞ ✉s✐♥❣
❡♠♣✐r✐❝❛❧ ❢r❡q✉❡♥❝✐❡s✱ ✇❡ ♥❡❡❞ ❡✈❡♥ ♠♦r❡ ♠❡♠♦r② t♦ ❝♦♥s✐❞❡r t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s
✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ❘❡q✉✐r❡♠❡♥t ✸✳

❚❛❜❧❡ ✶✿ ❆❧t❡r♥❛t✐✈❡ ❊♥tr♦♣② ❊st✐♠❛t♦rs✳ ◆♦t❡s✿ ✭❛✮ ❚❤❡ ❡st✐♠❛t❡ ✐s ❢♦r ❛ ❜❧♦❝❦
♦❢ ❡❧❡♠❡♥ts✱ ♥♦t ❢♦r t❤❡ ✇❤♦❧❡ ♠❡ss❛❣❡✱ ❤♦✇❡✈❡r✱ st✐❧❧ ♥♦t ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t❀ ✭❜✮
❈❛♥ ❣❡t t✐♠❡ ❝♦♥s✉♠✐♥❣ ✐❢ ✇❡ ❤❛✈❡ ❧♦♥❣ ♠❛t❝❤❡s❀ ✭❝✮ ❲❡ ❤❛✈❡ t♦ ✇❛✐t ✉♥t✐❧ ✇❡
❛r❡ s✉r❡ t❤❛t ♥♦ ❧♦♥❣❡r ♠❛t❝❤❡s ❡①✐st✳

◆❛♠❡ ❱✐♦❧❛t❡❞
❘❡q✉✐r❡♠❡♥ts

❚❡sts ❢♦r ♣❤②s✐❝❛❧ s♦✉r❝❡s ❬✷✹❪ ✶
P❧✉❣✲✐♥ ❡st✐♠❛t♦r ❬✷✺✱ ✷✻❪ ✸✱ ✹
■♥s✉✣❝✐❡♥t s❛♠♣❧✐♥❣ ❬✷✻✱ ✷✼✱ ✷✽❪ ✸✱ ✹ ✭❛✮
❉②♥❛♠✐❝ ❍✉✛♠❛♥ ❝♦❞✐♥❣ ✸
❆r✐t❤♠❡t✐❝ ❝♦❞✐♥❣ ✸
❇❛s❡❞ ♦♥ ▲❩✲❝♦♠♣r❡ss✐♦♥ ✸ ✭❜✮✱ ✹
♦♥ ✇❤♦❧❡ ❞❛t❛ ❬✸✷✱ ✸✵❪
❇❛s❡❞ ♦♥ ▲❩✲❝♦♠♣r❡ss✐♦♥ ✸ ✭❜✮✱ ✹ ✭❝✮
✈❛❧✉❡ ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t ❬✸✶❪
❚r❛♥s✐t✐♦♥ ❋r❡q✉❡♥❝✐❡s ❬✷✶❪ ✺
P❧✉❣✲✐♥ ❢♦r ▼❛r❦♦✈ ❝❤❛✐♥s ✸✱✹
❍✐❣❤❡r ♦r❞❡r ❛❞❛♣t✐✈❡ ✸
❛r✐t❤♠❡t✐❝ ❝♦❞✐♥❣

✺ ❊♥tr♦♣② ❊st✐♠❛t♦r

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡ ♦✉r ♥❡✇ ❛❧❣♦r✐t❤♠ ✐♥ ❞❡t❛✐❧s✳ ❆ ❝♦rr❡s♣♦♥❞✐♥❣
♣❛t❡♥t ✐s ♣❡♥❞✐♥❣ ❬✸✹❪✳ ❇❡s✐❞❡s t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t♦r✱ ✇❡ ❣✐✈❡ t❤❡
♠❛t❤❡♠❛t✐❝❛❧ ❥✉st✐✜❝❛t✐♦♥s ❛♥❞ s❤♦✇ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ ✐✳✐✳❞ s❡q✉❡♥❝❡s✱ ✇❤❡♥
t❤❡ ♠❡ss❛❣❡ ❧❡♥❣t❤ n ❛♥❞ t❤❡ ♣❛r❛♠❡t❡r r ❣♦ t♦ ✐♥✜♥✐t②✱ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢
t❤❡ ❡st✐♠❛t♦r ❝♦♥✈❡r❣❡s t♦✇❛r❞s t❤❡ ❝♦rr❡❝t ✈❛❧✉❡ ♦❢ t❤❡ ❙❤❛♥♥♦♥ ❡♥tr♦♣②✳

❘❡♠❛r❦ ✶ ■♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✱ ✇❡ ❝♦♥s✐❞❡r ❛ s♦✉r❝❡ ✇❤✐❝❤ ♦✉t♣✉ts ❛
s❡q✉❡♥❝❡ ♦❢ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❚❤✐s ✐s ❛ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧✳ ■♥ ♣r❛❝t✐❝❡✱
♠♦st ♦❢ t❤❡ s♦✉r❝❡s ✇✐❧❧ ❤❛✈❡ s♦♠❡ ❞❡♣❡♥❞❡♥❝✐❡s ✐♥ t❤❡ ❞❛t❛✳ ❲❤❡♥ ✐❣♥♦r✐♥❣
t❤❡s❡ ❞❡♣❡♥❞❡♥❝✐❡s✱ ✇❡ r✐s❦ t♦ ♦✈❡r❡st✐♠❛t❡ t❤❡ ❡♥tr♦♣②✳ ❋♦r ❡①❛♠♣❧❡ ✐♥ ❊♥❣❧✐s❤
t❡①t t❤❡ ❡♥tr♦♣② ❢♦r ❡❛❝❤ ❧❡tt❡r ✐s ❛r♦✉♥❞ ✹ ❜✐ts✱ t❤❡ ❡♥tr♦♣② ❝♦♥s✐❞❡r✐♥❣ ❛❧s♦ t❤❡
❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥ t❤❡ ❧❡tt❡rs ✐s ♦♥❧② ❛r♦✉♥❞ ✶✳✸✹ ❜✐ts ❬✸✺❪✳ ■♥ ❙❡❝t✐♦♥ ✻ ✇❡
❝♦♠♣❛r❡ ♦✉r ❡st✐♠❛t♦r ✇✐t❤ t❤❡ Ĥr

LZ ❡st✐♠❛t♦r ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ ▲❩✲❝♦♠♣r❡ss✐♦♥
❛♥❞ ✇❤✐❝❤ t❛❦❡s t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s ✐♥t♦ ❛❝❝♦✉♥t✳ ■♥ ❛❧❧ t❤❡ s♦✉r❝❡s t❤❛t ✇❡ t❡st❡❞✱
♦✉r ❡st✐♠❛t♦r ✐s ♠✉❝❤ ♠♦r❡ ♣❡ss✐♠✐st✐❝ t❤❛♥ t❤❡ ♦♥❡ t❛❦✐♥❣ t❤❡ ❞❡♣❡♥❞❡♥❝✐❡s
✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤✐s s❤♦✇s t❤❛t ✐♥ t❤❡s❡ ♣r❛❝t✐❝❛❧ s✐t✉❛t✐♦♥s ♦✉r ❡st✐♠❛t♦r ❞♦❡s
♥♦t s✉✛❡r ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ✐t ✇❛s ❞❡s✐❣♥❡❞ ❢♦r ✉♥❝♦rr❡❧❛t❡❞ s♦✉r❝❡s✳
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❖♥❧✐♥❡ ❊♥tr♦♣② ❊st✐♠❛t✐♦♥ ❢♦r ◆♦♥✲❇✐♥❛r② ❙♦✉r❝❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✾

✺✳✶ ❆❧❣♦r✐t❤♠

❖✉r ❡st✐♠❛t♦r ✐s ✐♥s♣✐r❡❞ ❜② t❤❡ ♦♥❡ ✉s❡❞ ✐♥ ❬✷✶❪✳ ■♥ t❤❡✐r ✇♦r❦✱ ❇✉❝❝✐ ❛♥❞ ▲✉③③✐
✉s❡ t❤❡ tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝② t♦ ❡st✐♠❛t❡ t❤❡ ❡♥tr♦♣② ♦❢ ❛ ❜✐♥❛r② s♦✉r❝❡✳ ❇② ❛
tr❛♥s✐t✐♦♥ ✇❡ ♠❡❛♥ ❛ ❝❤❛♥❣❡ ❢r♦♠ 0 t♦ 1 ♦r ✈✐❝❡ ✈❡rs❛✳

▲❡t p0 ❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ❜✐♥❛r② s♦✉r❝❡ ♦✉t♣✉ts ✵✳ ❚❤❡♥✱ t❤❡ ❛✈❡r❛❣❡
♥✉♠❜❡r ♦❢ tr❛♥s✐t✐♦♥s ✐♥ n+1 ❜✐ts ✐s n2p0(1−p0)✳ ❚❤❡ ❛✈❡r❛❣❡ ❜✐ts ♦❢ ✐♥❢♦r♠❛t✐♦♥
✐♥ ❛♥ n✲❜✐t str✐♥❣ ✐s n (−p0 log2(p0)− (1− p0) log2(1− p0))✳ ❚❤✐s t✇♦ ✈❛❧✉❡s ❝❛♥
❜❡ ❝♦♥♥❡❝t❡❞ ❜② t❤❡ ❢❛❝t t❤❛t −log2x ≥ 1

ln(2) (1− x) ❢♦r 0 < x < 1✳
❖✉r ❝♦♥tr✐❜✉t✐♦♥ ✐s t♦ ❡①t❡♥❞ t❤❡✐r ✐❞❡❛ t♦ ♥♦♥✲❜✐♥❛r② s♦✉r❝❡s✱ ❣✐✈❡ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦♦❢ ❛♥❞ ✐♥tr♦❞✉❝❡ ❛ ♣❛r❛♠❡t❡r r ✇❤✐❝❤ ❛❧❧♦✇s t♦
❛❝❤✐❡✈❡ ❜❡tt❡r ❡st✐♠❛t❡s ❜② s♣❡♥❞✐♥❣ ♠♦r❡ t✐♠❡ ❛♥❞ ♠❡♠♦r②✳

❚♦ ❡①t❡♥❞ t❤❡ ❡st✐♠❛t♦r ♦❢ ❇✉❝❝✐ ❛♥❞ ▲✉③③✐ t♦ t❤❡ ♥♦♥✲❜✐♥❛r② ❝❛s❡✱ ✇❡ ✉s❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡❛✳ ■❢ ✇❡ ❝♦♠♣❛r❡ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ✈❛❧✉❡s✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t
xi 6= xi−1 ✐s

∑

η∈X pη(1− pη)✳ ❇② ✉s✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥❛t✉r❛❧ ❧♦❣❛r✐t❤♠
✇❡ ❝❛♥ ✇r✐t❡ −

∑

η∈X pη log2 pη ≥
1

ln(2)

∑

η∈X pη(1−pη)✳ ❖✉r ❡st✐♠❛t♦r ❡①♣❛♥❞s
t❤✐s ✐❞❡❛ t♦ t❤❡ ❝♦♠♣❛r✐s♦♥ t♦ r ♣r❡✈✐♦✉s ✈❛❧✉❡s✳

❚❤✐s ❡st✐♠❛t♦r ✐s ❛♣♣❧✐❡❞ ♦♥ r + 1 > 0 ❝♦♥s❡❝✉t✐✈❡ ✈❛❧✉❡s ♦❢ t❤❡ s❡q✉❡♥❝❡
X = X1, X2, . . . ■t ❝♦♠♣❛r❡s t❤❡ ❛❝t✉❛❧ ✈❛❧✉❡ t♦ t❤❡ r ♣r❡✈✐♦✉s ♦♥❡s✱ t❤✉s ✇❡
❝❛♥ ❣✐✈❡ ❛♥ ❡st✐♠❛t❡ ❢♦r i ≥ r + 1✳

❉❡✜♥✐t✐♦♥ ✶ ❋♦r ❛♥② i ≥ r + 1✱ ❧❡t ✉s ❞❡✜♥❡

ℓri = 1 +max{0 ≤ j ≤ r : xi = xi−1 = · · · = xi−j} .

❚❤❡♥ t❤❡ ❡♥tr♦♣② ❡st✐♠❛t♦r ❝♦♠♣❛r✐♥❣ t♦ ♣r❡✈✐♦✉s ✈❛❧✉❡s ✐s ❞❡✜♥❡❞ ❜②

Ĥr
pv(x[i−r,i]) =

1

ln(2)

ℓr
i

∑

j=1

1

j
.

❚❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ♠❛t❝❤ ❧❡♥❣t❤ Lr
i ❛♥❞ t❤❡ ✈❛❧✉❡ ℓri ✐s t❤❛t ℓ

r
i ❝♦♠♣❛r❡s

❢♦r ❡q✉❛❧✐t② ❜❡t✇❡❡♥ t❤❡ s✐♥❣❧❡ ❡❧❡♠❡♥t xi ❛♥❞ t❤❡ ♣r❡✈✐♦✉s ✈❛❧✉❡s✱ ✇❤❡r❡❛s Lr
i

s❡❛r❝❤❡s ❢♦r ❡q✉❛❧ s❡q✉❡♥❝❡s✳ ▼♦r❡♦✈❡r✱ ℓri ❝♦♠♣❛r❡s ❛t ♠♦st t♦ r ❡❧❡♠❡♥ts ✇❤✐❧❡
Lr
i ❝❛♥ ❣♦ ✐♥✜♥✐t❡❧② ✐♥t♦ t❤❡ ❢✉t✉r❡✳
■♥ ❆❧❣♦r✐t❤♠ ✶ ✇❡ s❤♦✇ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ Ĥr

pv(x[i−r,i])✱ ❢♦r i = r+1, . . . , n
❛♥❞ ❛♥② s♣❡❝✐✜❝ ♦✉t❝♦♠❡ x1, x2, . . . , xn✳

❆❧❣♦r✐t❤♠ ✶ Ĥr
pv(x[i−r,i])✱ ❢♦r i = r + 1, . . . , n

❘❡q✉✐r❡✿ x[i−r,i] = xi−r, xi−r+1, . . . xi ∈ X

❊♥s✉r❡✿ Ĥr
pv(x[i−r,i])

w ← 0
j ← 1
✇❤✐❧❡ j ≤ r ❛♥❞ xi 6= xi−j ❞♦

w ← w + 1
j

j ← j + 1
❡♥❞ ✇❤✐❧❡

Ĥr
pv(x[i−r,i])←

1
ln(2)w
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❖♥❧✐♥❡ ❊♥tr♦♣② ❊st✐♠❛t✐♦♥ ❢♦r ◆♦♥✲❇✐♥❛r② ❙♦✉r❝❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✶✵

▼❛t❤❡♠❛t✐❝❛❧ ❏✉st✐❢✐❝❛t✐♦♥ ❲❡ ✉s❡ t❤❡ ❚❛②❧♦r s❡r✐❡s ♦❢ t❤❡ ♥❛t✉r❛❧

❧♦❣❛r✐t❤♠✱ ln 1
x =

∑∞
i=1

(1−x)i

i ✱ ❢♦r 0 < x ≤ 2✳ ❋r♦♠ t❤✐s ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢♦r ❛♥②
✐♥t❡❣❡r r ≥ 1 ❛♥❞ ❛♥② ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ p

∑

η∈X

pη log2
1

pη
≥

1

ln(2)

∑

η∈X

pη

r
∑

i=1

(1− pη)
i

i
, ✭✻✮

✇❤❡r❡ ✇❡ ♦♠✐t ❛❧❧ ✈❛❧✉❡s ❢♦r ✇❤✐❝❤ pη = 0✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ t❤❡
s✉♠ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ❜②

Hr(p) =
1

ln(2)

∑

η∈X

pη

r
∑

i=1

(1− pη)
i

i
. ✭✼✮

❚❤❡♦r❡♠ ✶ ❋♦r ❛♥② ✜①❡❞ r ❛♥❞ n → ∞✱ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ❝♦♥✲
✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦ Hr(p)✱ ✐✳❡✳

1

n− r

n
∑

i=r+1

Ĥr
pv

(

X[i−r,i]

)

→ Hr(p) ❛✳s✳ (n→∞) , ✭✽✮

❛♥❞ ❢♦r r, n→∞ ✇❡ ❤❛✈❡

1

n− r

n
∑

i=r+1

Ĥr
pv

(

X[i−r,i]

)

→ H(p) ❛✳s✳ (n, r →∞) . ✭✾✮

❘❡♠❛r❦ ✷ ◆♦t❡ t❤❛t ❢♦r ❛ ✜①❡❞ ✈❛❧✉❡ ♦❢ r✱ ✇❡ ❡st✐♠❛t❡ ♦♥❧② Hr(p) ❛♥❞ ♥♦t
H(p)✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ✉♥✐❢♦r♠ ❝❛s❡ ♦✈❡r ❛ s❡t ♦❢ M ❡❧❡♠❡♥ts✱ Hr(p) =

1
ln(2)

∑r
i=1

(1−1/M)i

i ✳ ❚❤❡ ❡①❛❝t ✈❛❧✉❡ ♦❢ t❤❡ ❡♥tr♦♣② ❝❛♥ ♦♥❧② ❜❡ ❛❝❤✐❡✈❡❞ ❢♦r

n→∞ ❛♥❞ r →∞✳

Pr♦♦❢ ✶ ▲❡t ✉s ❞❡✜♥❡ ❛ ♥❡✇ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

Yi = Ĥr
pv

(

X[i−r,i]

)

❢♦r ❛❧❧ r + 1 ≤ i ≤ n✳ ❚❤❡s❡ ✈❛r✐❛❜❧❡s ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❡❝t❛t✐♦♥✿

E(Yi) = E
(

Ĥr
pv(X[i−r,i])

)

=
1

ln(2)

∑

η∈X

pη





∑

ηi−1 6=η

pηi−1
+

∑

ηi−1,ηi−2 6=η

pηi−1
pηi−2

1

2
+

· · ·+
∑

ηi−1,ηi−2,...ηi−r 6=η

pηi−1
pηi−2

· · · pηi−r

1

r





=
1

ln(2)

∑

η∈X

pη

r
∑

i=1

(1− pη)
i

i
= Hr(p) .

❈❧❡❛r❧②✱ t❤❡ ✈❛r✐❛❜❧❡s Yi ❛r❡ ♥♦t ✐♥❞❡♣❡♥❞❡♥t✱ t❤✉s ✇❡ ❝❛♥♥♦t ❛♣♣❧② ❞✐r❡❝t❧② t❤❡
❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs✳ ❍♦✇❡✈❡r✱ t❤❡② ❛r❡ (r + 1)✲❞❡♣❡♥❞❡♥t✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t
Yi ❛♥❞ Yj ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ✐❢ |i− j| > r + 1✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ ❛ ✜♥✐t❡ st❛t❡ s♣❛❝❡✱
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❖♥❧✐♥❡ ❊♥tr♦♣② ❊st✐♠❛t✐♦♥ ❢♦r ◆♦♥✲❇✐♥❛r② ❙♦✉r❝❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✶✶

t❤❡ ✈❛r✐❛♥❝❡ ♦❢ Yi ✐s ✜♥✐t❡ ❛♥❞ ❝♦♥st❛♥t ❢♦r ❛❧❧ i✳ ❚❤✉s ❜② ✉s✐♥❣ r❡s✉❧ts ♦♥
(r + 1)✲❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❧✐❦❡ ✐♥ ❬✸✻❪ ✐t ❢♦❧❧♦✇s t❤❛t

1

n− r

n
∑

i=r+1

Yi → E(Yi) ❛✳s✳ (n→∞) .

❚❤✐s ❣✐✈❡s ✉s ❞✐r❡❝t❧② ❊q✉❛t✐♦♥ ✽✳ ❋r♦♠ t❤❡ ❚❛②❧♦r s❡r✐❡s ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ❢♦❧❧♦✇s
t❤❛t limr→∞ Hr(p) = H(p) ❛♥❞ t❤✉s ❊q✉❛t✐♦♥ ✾✳

❙♣❡❝✐❛❧ ❈❛s❡ ♦❢ r = 1 ■♥ t❤❡ ❝❛s❡ ♦❢ r = 1 ✇❡ ❝❛♥ ✉s❡ ❬✸✼✱ ❚❤❡♦r❡♠ ■■✳✻
❢♦r k = 1❪ ✇❤✐❝❤ st❛t❡s t❤❛t

H(p) ≥ 2(1−
∑

p2i ) = 2
∑

pi(1− pi).

❚❤✉s✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ r = 1✱ ✇❡ ❝❛♥ ❛❞❞ 2 ✐♥st❡❛❞ ♦❢ 1/ ln(2) ❡❛❝❤ t✐♠❡ xi 6= xi−1✳
❚❤✐s ❤❛s t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛❞✈❛♥t❛❣❡ t❤❛t ✇❡ ♦♥❧② ❤❛✈❡ t♦ ❛❞❞ ❛♥ ✐♥t❡❣❡r ✈❛❧✉❡✳

✻ ❆♥❛❧②s✐s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥

❋✐rst✱ ❛ ❝♦♠♣❧❡①✐t② ❛♥❛❧②s✐s ♦❢ ♦✉r ❡st✐♠❛t♦r ✐s ❣✐✈❡♥✳ ❚❤❡♥✱ t❤❡ ❡①♣❡r✐♠❡♥ts
♠❛❞❡ ♦♥ ❛ s❡❝♦♥❞✲❣❡♥❡r❛t✐♦♥ ✐P❤♦♥❡ ✸●❙ ❛r❡ ❞❡s❝r✐❜❡❞✳ ❋✐♥❛❧❧②✱ ✇❡ ❝♦♠♣❛r❡
t❤❡ ❞✐✛❡r❡♥t ♠❡r✐ts ♦❢ s❡✈❡r❛❧ ❡st✐♠❛t♦rs ♦♥ t❤❡ ❞❛t❛ ❝♦❧❧❡❝t❡❞✳

✻✳✶ ❈♦♠♣❧❡①✐t② ❆♥❛❧②s✐s ♦❢ t❤❡ ❊st✐♠❛t♦r

❲❡ ❤❛✈❡ t♦ st♦r❡ r ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡s ❛♥❞ ♣❡r❢♦r♠ ✉♣ t♦ r ❝♦♠♣❛r✐s♦♥s✳ ❚❤✐s
❧❡❛❞s t♦ ❛ ♠❡♠♦r② ❝♦♠♣❧❡①✐t② ♦❢ r ✇♦r❞s ❛♥❞ ❛ t✐♠❡ ❝♦♠♣❧❡①✐t② ♦❢ ✉♣ t♦ r
❝♦♠♣❛r✐s♦♥s✳ ■❢ ✇❡ st♦r❡ t❤❡ r❡s✉❧ts

∑R
i=1

1
i ✐♥ ❛ t❛❜❧❡ ❢♦r 1 ≤ R ≤ r ✇❡ ♦♥❧②

♥❡❡❞ ♦♥❡ t❛❜❧❡ ❧♦♦❦✲✉♣ ❛❢t❡r t❤❡ ❝♦♠♣❛r✐s♦♥s✳

❈♦♠♣❛r✐s♦♥ ❇❡t✇❡❡♥ Ĥr
LZ ❛♥❞ Ĥr

pv ❚❤❡ ❡st✐♠❛t♦r Ĥr
LZ st♦r❡s r ♣r❡✲

✈✐♦✉s ✈❛❧✉❡s✳ ❍♦✇❡✈❡r✱ ✐t s❡❛r❝❤❡s t❤❡ ♠❛①✐♠❛❧ ♠❛t❝❤ ❧❡♥❣t❤✱ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣
❢✉t✉r❡ ♦✉t♣✉ts✳ ❖♥❧② ✇❤❡♥ ✐t ✐s s✉r❡ t❤❛t t❤❡r❡ ❡①✐sts ♥♦ ❧♦♥❣❡r ♠❛t❝❤✱ ✐t ✜♥✲
✐s❤❡s t❤❡ ❡st✐♠❛t❡ ❢♦r t❤❡ ✈❛❧✉❡ ❛t t✐♠❡ i✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❢✉t✉r❡ ✈❛❧✉❡s t❤❛t
✇❡ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r ✐s ♥♦t ✜①❡❞ ❛♥❞ ❞❡♣❡♥❞s ♦♥ t❤❡ s♦✉r❝❡✳ ❚❤✐s ❤❛s s❡✈❡r❛❧
✐♥❝♦♥✈❡♥✐❡♥t ❡✛❡❝ts ♦♥ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❡st✐♠❛t♦r✳ ❲❡ ❞♦ ♥♦t ❦♥♦✇ ❤♦✇
❧♦♥❣ ✇❡ ❤❛✈❡ t♦ ✇❛✐t ❜❡❢♦r❡ ✇❡ ❝❛♥ ♦✉t♣✉t ❛♥ ❡st✐♠❛t❡✳ ❲❡ ❞♦ ♥♦t ❦♥♦✇ ❤♦✇
♠✉❝❤ ❢✉t✉r❡ ✈❛❧✉❡s ✇❡ ❤❛✈❡ t♦ st♦r❡ ❛♥❞ ❤♦✇ ♠✉❝❤ ❝♦♠♣❛r✐s♦♥s ✇❡ ❤❛✈❡ t♦ ❞♦✳
❚❤✉s t❤❡ t✐♠❡ ❛♥❞ ♠❡♠♦r② ❝♦♠♣❧❡①✐t② ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❛t❛ ❛♥❞ ✐s ♥♦t ❦♥♦✇♥
❜❡❢♦r❡❤❛♥❞✳ ❚❤✐s ✐s ❡s♣❡❝✐❛❧❧② ❛ ♣r♦❜❧❡♠ ❢♦r ❛ s♦✉r❝❡ ✇✐t❤ ❧♦✇ ❡♥tr♦♣② ❛♥❞ t❤✉s
❧♦♥❣ ♠❛t❝❤ ❧❡♥❣t❤s ♦r ❢♦r t❤❡ ❡①tr❡♠❡ ❝❛s❡ ✇❤❡r❡ ✇❡ ❤❛✈❡ ❛ ❜r♦❦❡♥ s♦✉r❝❡ t❤❛t
❛❧✇❛②s ♦✉t♣✉ts t❤❡ s❛♠❡ ✈❛❧✉❡✳ ❚❤✐s ❧❛st ❝❛s❡ ❝❛♥ ❧❡❛❞ t♦ ❛♥ ✐♥✜♥✐t❡ ❝♦♠♣❧❡①✐t②
✐❢ ♥♦ ♠❛①✐♠✉♠ ❧❡♥❣t❤ ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ■t ♠✐❣❤t ❛❧s♦ ❤❛♣♣❡♥ ✐❢ ❛ s♦✉r❝❡ ❤❛s
t❡♠♣♦r❛r✐❧② ♥♦ ❡♥tr♦♣②✳ ❲❡ ❝❛♥ ❛✈♦✐❞ s✉❝❤ s✐t✉❛t✐♦♥s ❜② ❞❡✜♥✐♥❣ ❛ ♠❛①✐♠❛❧
♥✉♠❜❡r ♦❢ ❝♦♠♣❛r✐s♦♥s ✐♥t♦ t❤❡ ❢✉t✉r❡✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ✉s✐♥❣ s✉❝❤ ❛ ♠❛①✐♠❛
✇❡ ❝❤❛♥❣❡ t❤❡ ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♦❢s ❛r❡ ♥♦t ✈❛❧✐❞ ❛♥② ♠♦r❡✳
❚❛❦✐♥❣ t♦♦ s❤♦rt ♠❛t❝❤ ❧❡♥❣t❤s ❝❛♥ ❧❡❛❞ t♦ ❛♥ ♦✈❡r❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❡♥tr♦♣②✳

❚❤❡ ❡st✐♠❛t♦r ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✺ ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ t❤❛t t❤❡ t✐♠❡ ❛♥❞
♠❡♠♦r② ❝♦♠♣❧❡①✐t② ✐s ✜①❡❞ ❜② t❤❡ ♣❛r❛♠❡t❡r r ❛♥❞ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡

❘❘ ♥➦ ✼✻✻✸



❖♥❧✐♥❡ ❊♥tr♦♣② ❊st✐♠❛t✐♦♥ ❢♦r ◆♦♥✲❇✐♥❛r② ❙♦✉r❝❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✶✷

❞❛t❛✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐t ❝❛♥ st♦♣ ❛s s♦♦♥ ❛s ✐t ✜♥❞s t❤❡ ♥❡✇ ✈❛❧✉❡ ✐♥ t❤❡ st♦r❡❞
❞❛t❛✳ ❚❤❡ ❡st✐♠❛t♦r Ĥr

LZ ❤❛s t✇♦ ♥❡st❡❞ ❧♦♦♣s ❛♥❞ ❛❧✇❛②s ❤❛s t♦ t❡st ❛❧❧ t❤❡
st♦r❡❞ ✈❛❧✉❡s t♦ ♠❛❦❡ s✉r❡ t❤❛t ✐t ✜♥❞s t❤❡ ❧♦♥❣❡st ♠❛t❝❤✳

✻✳✷ ✐P❤♦♥❡✬s ❙♦✉r❝❡s

❚❤❡ t❡sts ❝♦♥❞✉❝t❡❞ ✇❤❡r❡ ♠❛❞❡ ♦♥ ❆♣♣❧❡ ✐❖❙ ❞❡✈✐❝❡s s✉❝❤ ❛s t❤❡ ✐P❤♦♥❡✱
t❤❡ ✐P❛❞ ❛♥❞ t❤❡ ✐P♦❞ ❚♦✉❝❤✳ ◆♦t ❡✈❡r② ✐❖❙ ❞❡✈✐❝❡ s✉♣♣♦rts t❤❡ s❛♠❡ r❛♥❣❡ ♦❢
❤❛r❞✇❛r❡ ❡①t❡♥s✐♦♥s✱ ❛♥❞ ♦✉r ❛♣♣❧✐❝❛t✐♦♥ ❝❛t❡rs ✇✐t❤ t❤✐s ❤❡t❡r♦❣❡♥❡✐t②✳ ■♥❞❡❡❞✱
✐P♦❞ ❚♦✉❝❤ ♦r ✐P❛❞ ❞❡✈✐❝❡s ❞♦ ♥♦t s❤✐♣ ✇✐t❤ ❛ ●P❙ ❝❤✐♣✱ ✇❤✐❧❡ ❝♦♠♣❛ss❡s
❛♣♣❡❛r❡❞ ♦♥❧② ✇✐t❤ t❤❡ ✐P❤♦♥❡ ✸●❙✳ ❚❤❡ ❞❡✈✐❝❡ t❤❛t ✇❡ ✉s❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts
❤❡r❡❛❢t❡r ✐s ❛ s❡❝♦♥❞✲❣❡♥❡r❛t✐♦♥ ✐P❤♦♥❡ ✸●❙✱ ✇❤✐❝❤ s❤✐♣s ✇✐t❤ ❛❧❧ t❤❡ ❤❛r❞✇❛r❡
❡①t❡♥s✐♦♥s ❛♥ ✐❖❙ ❞❡✈✐❝❡ ❝❛♥ ♦✛❡r ♣r❡s❡♥t❧②✳ ❆s ❡♥tr♦♣② s♦✉r❝❡s✱ ✇❡ ✉s❡❞ t❤❡
■❊❊❊ ✼✺✹ ✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡s ♣r♦✈✐❞❡❞ ❜②✿

❼ t❤❡ t❤r❡❡ ❛❝❝❡❧❡r♦♠❡t❡rs ✭♦♥❡ ♣❡r ❛①✐s✮✱ ❣✐✈✐♥❣ ✢♦❛t✐♥❣ ✈❛❧✉❡s ✇✐t❤✐♥ ❛
[−1.0, 1.0] r❛♥❣❡✱

❼ t❤❡ ❣❡♦✲♣♦s✐t✐♦♥✐♥❣ ✉s✐♥❣ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ●P❙ ❛♥❞ ●❙▼ tr✐❛♥❣✉❧❛t✐♦♥✱
②✐❡❧❞✐♥❣ ❧♦♥❣✐t✉❞❡✱ ❧❛t✐t✉❞❡ ❛♥❞ ❛❧t✐t✉❞❡✱

❼ t❤❡ ❤❡❛❞✐♥❣ ❞❛t❛ ✉s✐♥❣ ❛ ❝♦♠♣❛ss✱ ❣✐✈✐♥❣ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❞❛t❛ t♦✇❛r❞s
t❤❡ ♠❛❣♥❡t✐❝ ♥♦rt❤✳

❙❛♠♣❧✐♥❣ r❛t❡ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✉s❡❞ t♦ ❝♦❧❧❡❝t t❤❡ ❞❛t❛ ❢r♦♠ t❤❡ ❞✐✛❡r❡♥t
s♦✉r❝❡s r✉♥s ✐♥ ✉s❡r ♠♦❞❡✳ ■t ❛✛❡❝ts s✐❣♥✐✜❝❛♥t❧② t❤❡ s❛♠♣❧✐♥❣ r❛t❡✿ r✉♥♥✐♥❣ ♦✉r
❞❛t❛ ❝♦❧❧❡❝t✐♦♥ t♦♦❧s ✐♥ t❤❡ ❦❡r♥❡❧ s♣❛❝❡ ✇♦✉❧❞ ❤❛✈❡ ♦✛❡r❡❞ ♠♦r❡ s❛♠♣❧✐♥❣ r❛t❡
♦♣t✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤❡ ❛✉t❤♦rs ❜❡❧✐❡✈❡ t❤❛t t❤❡ ❞❡♣❧♦②♠❡♥t ♦❢ ❛♥ ❘◆● ♦♥ s✉❝❤
❛ ❞❡✈✐❝❡ ❝❛♥ ♦♥❧② ❜❡ ❞♦♥❡ ✐♥ t❤❡ ✉s❡r s♣❛❝❡✳ ❚❤❡ ❛❝❝❡ss t♦ t❤❡ ❦❡r♥❡❧ s♣❛❝❡ ♦❢
✐❖❙ ✐s ❤✐❣❤❧② r❡str✐❝t❡❞✳ ■t ✐s ♣r❡❢❡r❛❜❧❡ t❤❛t t❤❡ s♦✉r❝❡ ❝♦❞❡ ♦❢ ❛♥ ❛♣♣❧✐❝❛t✐♦♥
♠❛♥✐♣✉❧❛t✐♥❣ ❤✐❣❤❧② s❡♥s✐t✐✈❡ ❞❛t❛ ✭❣❡♦✲♣♦s✐t✐♦♥✐♥❣✮ ❝❛♥ ❜❡ ✐♥s♣❡❝t❡❞ ❜② t❤❡
✉s❡r ❛t ❛♥② t✐♠❡✳ ❖t❤❡r✇✐s❡ ✐t ✇✐❧❧ r✐s❡ t❤❡ s✉s♣✐❝✐♦♥ ❢r♦♠ t❤❡ ✉s❡rs ❝♦♥❝❡r♥✐♥❣
t❤❡✐r ♣r✐✈❛❝② ❞❡s♣✐t❡ t❤❡ s❡❝✉r✐t② ❜❡♥❡✜ts ♦❢ r✉♥♥✐♥❣ ✐♥ t❤❡ ❦❡r♥❡❧ s♣❛❝❡✳ ❚❤✐s ✐s
✇❤② ✇❡ ✉s❡ ❛ ❧✐♠✐t❡❞ s❛♠♣❧✐♥❣ r❛t❡✳ ❚❤❡ s❛♠♣❧✐♥❣ r❛t❡ ✉s❡❞ ✇❛s ♥♦t ✜①❡❞ ❛♥❞
✇❛s ❞r✐✈❡♥ ❜② ✐❖❙✳ ■♥❞❡❡❞✱ ✇❡ ❝♦❧❧❡❝t❡❞ ❞❛t❛ ❡❛❝❤ t✐♠❡ ✐❖❙ s✉❝❝❡ss❢✉❧❧② ♦❜t❛✐♥s
✈❛❧✉❡s ❢r♦♠ t❤❡ ❞✐✛❡r❡♥t s❡♥s♦rs✳ ❖♥ ❛✈❡r❛❣❡✱ ♦♥❡ ❝❛♣t✉r❡ ✐s ❞♦♥❡ ♣❡r s❡❝♦♥❞✳
■t ❥✉st✐✜❡s t❤❡ ✢✉❝t✉❛t✐♦♥s ♦♥ t❤❡ s❛♠♣❧✐♥❣ r❛t❡ ❢♦✉♥❞ ✐♥ ❚❛❜❧❡ ✷✳

❆❝❝✉r❛❝② ❉❡t❛✐❧s ♦♥ t❤❡ ❤❛r❞✇❛r❡ ✉s❡❞ ✐♥ t❤♦s❡ ❞❡✈✐❝❡s ❛r❡ ♥♦t ♣✉❜❧✐❝❧②
❛✈❛✐❧❛❜❧❡✱ ❤❡♥❝❡ ✐t ✐s ❤❛r❞ t♦ s❛② ❛♥②t❤✐♥❣ r❡❧❛t❡❞ t♦ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ ❞❛t❛
t❤❛t ✇❡ ❝❛♣t✉r❡✳ ❙t✐❧❧✱ ✇❡ ♠❛❞❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥s✳ ❚❤❡ ❛❝❝❡❧❡r♦♠❡t❡rs
✇❡r❡ ♣r✐♠❛r✐❧② ✐♥tr♦❞✉❝❡❞ t♦ ❦♥♦✇ t❤❡ ❞❡✈✐❝❡ ♦r✐❡♥t❛t✐♦♥✱ ❛♥❞ r♦t❛t❡ t❤❡ s❝r❡❡♥
❞✐s♣❧❛② ❛❝❝♦r❞✐♥❣❧②✳ ❚❤❡② ❛r❡ ❛❧s♦ ✉s❡❞ t♦ ❞❡t❡❝t s❤❛❦✐♥❣ ❣❡st✉r❡s✳ ❆s s✉❝❤✱
t❤✐s ♣✐❡❝❡ ♦❢ ❤❛r❞✇❛r❡ ❞♦❡s ♥♦t r❡q✉✐r❡ ❛ str♦♥❣ ♣r❡❝✐s✐♦♥✳ ❖♥❡ ❝❛♥ ❡❛s✐❧②
❝❤❡❝❦ t❤✐s ❜② ✇r✐t✐♥❣ ❛ s♠❛❧❧ ❛♣♣❧✐❝❛t✐♦♥ t❤❛t r❡❛❞s t❤❡ ❛❝❝❡❧❡r♦♠❡t❡r ✈❛❧✉❡s✿
❡✈❡♥ ✇✐t❤ t❤❡ ❞❡✈✐❝❡ ✜r♠❧② st❛♥❞✐♥❣ ♦♥ ❛ st❛❜❧❡ t❛❜❧❡✱ t❤❡ r❡t✉r♥❡❞ ✈❛❧✉❡s ❛r❡
✉♥st❛❜❧❡✦ ❊①♣❧♦✐t✐♥❣ s✉❝❤ ❞❛t❛ ♥❡❡❞s s♠♦♦t❤✐♥❣ t❤r♦✉❣❤ ❋♦✉r✐❡r tr❛♥s❢♦r♠s✱ ❛s
✐t ✐s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐❖❙ ❙❉❑ ❞♦❝✉♠❡♥t❛t✐♦♥✳

❚❤❡ ❣❡♦✲♣♦s✐t✐♦♥✐♥❣ ❞❛t❛ ❞❡♣❡♥❞s ♦♥ ✇❤❡r❡ t❤❡ ✉s❡r ✐s✳ ●P❙ ♣♦s✐t✐♦♥✐♥❣
♦♥❧② ✇♦r❦s ♦✉t❞♦♦rs✳ ●❙▼ tr✐❛♥❣✉❧❛t✐♦♥ ✐s ❧❡✈❡r❛❣❡❞ t♦ s♣❡❡❞ ✉♣ ✇✐t❤ ❛ ✏❝❧♦s❡✲
❡♥♦✉❣❤✑ ♣♦s✐t✐♦♥ ✉♥t✐❧ ♠♦r❡ ♣r❡❝✐s❡ ❞❛t❛ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ●P❙✳ ■t ♠❛②

❘❘ ♥➦ ✼✻✻✸



❖♥❧✐♥❡ ❊♥tr♦♣② ❊st✐♠❛t✐♦♥ ❢♦r ◆♦♥✲❇✐♥❛r② ❙♦✉r❝❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✶✸

❜❡ t❤❡ ♦♥❧② ❞❛t❛ t❤❛t ❝❛♥ ❜❡ ❢❡t❝❤❡❞ ✇❤❡♥ ✐♥❞♦♦rs✳ ❆♥ ❛♣♣❧✐❝❛t✐♦♥ s♣❡❝✐✜❡s
❤♦✇ ♣r❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣ s❤❛❧❧ ❜❡✱ ✇✐t❤ ❛❝❝✉r❛❝② ♣❛r❛♠❡t❡rs r❛♥❣✐♥❣ ❢r♦♠ t❤r❡❡
❦✐❧♦♠❡t❡rs t♦ t❡♥ ♠❡t❡rs ❛t ❜❡st✳ ■♥ ♦✉r ❝❛s❡✱ ✇❡ ♦♣t❡❞ ❢♦r t❤❡ ❜❡st ♣♦ss✐❜❧❡
❛❝❝✉r❛❝②✳ P♦✐♥t✲t♦✲♣♦✐♥t r♦❛❞ ♥❛✈✐❣❛t✐♦♥ ❛♣♣❧✐❝❛t✐♦♥s ❡①✐st ♦♥ t❤❡ ✐P❤♦♥❡✱ ❛♥❞
t♦ t❤❡ ✈❡r② ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ✐t ✐s ❛s ❝❛♣❛❜❧❡ ❛s ❛ r❡❛s♦♥❛❜❧❡ ●P❙ ♥❛✈✐❣❛t✐♦♥
❞❡✈✐❝❡✳

❋✐♥❛❧❧②✱ ❤❡❛❞✐♥❣ ❞✐r❡❝t✐♦♥s ❛r❡ ❜❛s❡❞ ♦♥ ❛ ❝♦♠♣❛ss ❝❤✐♣ t❤❛t ♠❡❛s✉r❡s ✈❛❧✉❡s
t♦✇❛r❞s t❤❡ ♠❛❣♥❡t✐❝ ♥♦rt❤✳ ❆❣❛✐♥✱ ♥♦t ♠✉❝❤ ❝❛♥ ❜❡ s❛✐❞ r❡❣❛r❞✐♥❣ t❤❡ ❛❝❝✉r❛❝②
♦❢ t❤❡ ❞❛t❛✱ ❜✉t ✐t s❡❡♠s t♦ ❣✐✈❡ ❣♦♦❞ ✐♥❞✐❝❛t✐♦♥s ✐♥ ✉s❡✲❝❛s❡s s✉❝❤ ❛s ♣❡❞❡str✐❛♥
♥❛✈✐❣❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♠❡❛s✉r❡s ❝❛♥ ❡❛s✐❧② s✉✛❡r ♣❡rt✉r❜❛t✐♦♥s✳
❆♥②♦♥❡ r✉♥♥✐♥❣ t❤❡ ❜✉✐❧t✲✐♥ ❆♣♣❧❡ ❈♦♠♣❛ss ❛♣♣❧✐❝❛t✐♦♥ ✇✐❧❧ ♠♦r❡ t❤❛♥ ♦❢t❡♥
❡①♣❡r✐♠❡♥t r❡q✉❡sts t♦ ♠♦✈❡ t❤❡ ❞❡✈✐❝❡ ❛r♦✉♥❞ s♦ ❛s t♦ ✏❞❡s❝r✐❜❡ ❛♥ ✽✑ ❛♥❞
❤♦♣❡❢✉❧❧② ❣❡t r✐❞ ♦❢ ❡❧❡❝tr✐❝❛❧ ✐♥t❡r❢❡r❡♥❝❡s✳

✻✳✸ ❊①♣❡r✐♠❡♥ts

❲❡ ❤❛✈❡ ❝♦❧❧❡❝t❡❞ t✇♦ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❞❛t❛✿ ♦✉t❞♦♦r ♠❡❛s✉r❡♠❡♥ts ❛♥❞ ✐♥✲
❞♦♦r ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡ s✉❜❥❡❝t ❤♦❧❞✐♥❣ t❤❡ ❞❡✈✐❝❡ ✐s ❛ ✏st❛♥❞❛r❞✑ ❛❝❛❞❡♠✐❝
r❡s❡❛r❝❤❡r✳ ❚❤❡ ♦✉t❞♦♦r ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♠❛❞❡ ✇❤✐❧❡ t❤❡ ❞❡✈✐❝❡✬s ❤♦❧❞❡r
✇❛s ❝②❝❧✐♥❣ ♦r r✉♥♥✐♥❣✳ ❚❤❡ ✐♥❞♦♦r ♠❡❛s✉r❡♠❡♥t ✇❡r❡ ♠❛❞❡ ✐♥ t❤❡ ❧❛❜♦r❛t♦r②
❞✉r✐♥❣ ♦✣❝❡ ❤♦✉rs✳

❋♦r ❡❛❝❤ ♦❢ ❞❛t❛ ✜❧❡s✱ ✇❡ ❤❛✈❡ ❝♦♠♣✉t❡❞ ✭✶✮ t❤❡ ♣❧✉❣✲✐♥ ❡st✐♠❛t❡ ♦❢ t❤❡
❙❤❛♥♥♦♥ ❡♥tr♦♣②✱ ✭✷✮ t❤❡ ❘é♥②✐ ❡♥tr♦♣②✱ ✭✸✮ t❤❡ ▼✐♥ ❡♥tr♦♣②✱ ✭✹✮ t❤❡ ▲❩ ❡st✐✲
♠❛t♦r Ĥr

LZ ❢♦r r = 2, 10, 100 ❛♥❞ ✭✺✮ ♦✉r ♥❡✇ ❡st✐♠❛t♦r Ĥr
pv ❢♦r r = 1, 2, 10, 100✳

◆♦t❡ t❤❛t t❤❡ ▲❩ ❡st✐♠❛t♦r ✐s ♦♥❧② ❞❡✜♥❡❞ ❢♦r r > 1✳ ❲❡ ❛❧s♦ ❝♦♠♣✉t❡❞ t❤❡
❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣❛r✐s♦♥s ❢♦r Ĥr

LZ ❛♥❞ Ĥr
pv✳

❘❡♠❛r❦ ✸ ❋♦r t❤❡ ▲❩ ❡st✐♠❛t♦r✱ t❤❡ ❡st✐♠❛t❡❞ ❡♥tr♦♣② ✐s ✐♥✈❡rs❡ ♣r♦♣♦rt✐♦♥❛❧
t♦ t❤❡ ♠❛t❝❤ ❧❡♥❣t❤✳ ❋♦r ❛ s❡q✉❡♥❝❡ x ♦❢ ✜①❡❞ ❧❡♥❣t❤ n✱ t❤❡ ♠❛t❝❤ ❧❡♥❣t❤ Lr

i (x)
❝❛♥ ♥❡✈❡r ❜❡ ❧♦♥❣❡r t❤❛♥ n−i+2✳ ❋♦r i ❝❧♦s❡ t♦ n t❤✐s ♠✐❣❤t ❧❡❛❞ t♦ s❤♦rt❡r ♠❛t❝❤
❧❡♥❣t❤s t❤❛♥ ❡①♣❡❝t❡❞ ❢r♦♠ ❛♥ ✐♥✜♥✐t❡ ❞❛t❛ str❡❛♠✱ ❛♥❞ t❤✉s t♦ ❛♥ ♦✈❡r❡st✐♠❛t✐♦♥
♦❢ t❤❡ ❡♥tr♦♣②✳ ❚♦ ❛✈♦✐❞ t❤✐s ✇❡ ❝♦♠♣✉t❡ Ĥr

LZ ♦♥❧② ❢♦r r + 1 ≤ i ≤ n − 100✳
❊①❝❡♣t ❢♦r t❤❡ ❝❛s❡s ✇❤❡r❡ t❤❡ s♦✉r❝❡ ♦✉t♣✉ts ❛ ❝♦♥st❛♥t ✈❛❧✉❡✱ ✐♥ ❛❧❧ ♦✉r t❡sts
t❤❡ ♠❛①✐♠❛❧ ❧❡♥❣t❤ t❤❛t Ĥr

LZ ❧♦♦❦❡❞ ✐♥t♦ t❤❡ ❢✉t✉r❡ ✇❛s ❧❡ss t❤❛♥ ✶✵✵✳ ❚❤✉s✱ ❜②
❝♦♥s✐❞❡r✐♥❣ ♦♥❧② r + 1 ≤ i ≤ n − 100 ✇❡ ❣❡t t❤❡ s❛♠❡ r❡s✉❧ts t❤❛♥ ✐❢ ✇❡ ✇♦✉❧❞
❤❛✈❡ ❛♥ ✐♥✜♥✐t❡ ❞❛t❛ str❡❛♠✳

❘❡♠❛r❦ ✹ ❲❡ ❞✐❞ ♥♦t t❛❦❡ ❞✐r❡❝t❧② t❤❡ ✈❛❧✉❡s ❢r♦♠ t❤❡ s♦✉r❝❡s ❜✉t ❝♦♥s✐❞❡r❡❞
t❤❡ ❞✐✛❡r❡♥❝❡s t♦ t❤❡ ♣r❡✈✐♦✉s ✈❛❧✉❡✳ ❚❤✐s ✇❛s t♦ ❡❧✐♠✐♥❛t❡ r❡❞✉♥❞❛♥❝②✳ ❖♥ t❤❡
✐♠♣❧❡♠❡♥t❛t✐♦♥ s✐❞❡✱ t❤✐s ❤❛s t❤❡ ❞✐s❛❞✈❛♥t❛❣❡ t❤❛t ✇❡ ❤❛✈❡ t♦ st♦r❡ t❤❡ ♣r❡✈✐♦✉s
✈❛❧✉❡ ❢♦r ❡❛❝❤ s♦✉r❝❡✳

❲❡ ❝♦❧❧❡❝t❡❞ s❡✈❡r❛❧ tr❛❝❡s ❛♥❞ ❚❛❜❧❡ ✷ s❤♦✇s t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ❝♦❧❧❡❝t❡❞
❡✈❡♥ts ♣❡r ♠✐♥✉t❡✳ ❚❤❡ ❋✐❣✉r❡s ✶✲✹ ❞❡s❝r✐❜❡ r❡s♣❡❝t✐✈❡❧② t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r
t❤❡ ✐♥❞♦♦r ❛♥❞ ♦✉t❞♦♦r tr❛❝❡✳ ■♥ t❤❡ ✜rst t✇♦ ✜❣✉r❡s✱ ✇❡ ❣✐✈❡ t❤❡ ❡st✐♠❛t❡s ♦❢
t❤❡ ❡♥tr♦♣②✳ ■♥ t❤❡ ❧❛st t✇♦ ✜❣✉r❡s✱ ✇❡ ❣✐✈❡ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣❛r✐s♦♥s
♥❡❡❞❡❞ ✐♥ Ĥr

LZ ❛♥❞ Ĥr
pv✳

✻✳✸✳✶ ❈♦♥❝❧✉s✐♦♥ ❢r♦♠ t❤❡ t❡sts

❲❡ ❝❛♥ s❡❡ ❢r♦♠ ❋✐❣✉r❡s ✶ ❛♥❞ ✷ t❤❛t ❜♦t❤ ❡st✐♠❛t♦rs Ĥr
pv ❛♥❞ Ĥr

LZ ❛r❡ ❛❧✇❛②s
s♠❛❧❧❡r t❤❛♥ ❙❤❛♥♥♦♥✬s ❡♥tr♦♣②✳ ❊①❝❡♣t ❢♦r t❤❡ ❝❛s❡s ✇✐t❤ ❝♦♥st❛♥t s♦✉r❝❡s

❘❘ ♥➦ ✼✻✻✸



❖
♥
❧✐♥

❡
❊
♥
tr♦

♣
②
❊
st✐♠

❛
t✐♦

♥
❢♦
r
◆
♦
♥
✲❇

✐♥
❛
r②

❙
♦
✉
r❝❡s

❛
♥
❞
❆
♣
♣
❧✐❝❛

t✐♦
♥
s

✶✹

 0

 0
.2

 0
.4

 0
.6

 0
.8  1

Shannon entr

Renyi entr

Min entr

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

estimated entropy

A
ltitu

d
e

 0

 0
.2

 0
.4

 0
.6

 0
.8  1

Shannon entr

Renyi entr

Min entr

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

estimated entropy
L

atitu
d

e

 0

 0
.2

 0
.4

 0
.6

 0
.8  1

Shannon entr

Renyi entr

Min entr

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

estimated entropy

L
o

n
g

itu
d

e

 0  1  2  3  4  5  6  7

Shannon entr

Renyi entr

Min entr

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

estimated entropy

x
H

ead
in

g

 0  1  2  3  4  5  6  7

Shannon entr

Renyi entr

Min entr

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

estimated entropy

y
H

ead
in

g

 0  1  2  3  4  5  6  7
Shannon entr

Renyi entr

Min entr

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

estimated entropy

zH
ead

in
g

 0  1  2  3  4  5  6  7

Shannon entr

Renyi entr

Min entr

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

estimated entropy

x
A

cceleratio
n

 0  1  2  3  4  5  6  7

Shannon entr

Renyi entr

Min entr

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

estimated entropy

y
A

cceleratio
n

 0  1  2  3  4  5  6  7

Shannon entr

Renyi entr

Min entr

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

estimated entropy

zA
cceleratio

n

❋
✐❣✉r❡

✶✿
■♥❞♦♦r

♠
❡❛s✉r❡♠

❡♥ts✿
❊
♥tr♦♣②

❡st✐♠
❛t❡s✳

❘
❘

♥
➦
✼
✻
✻
✸



❖
♥
❧✐♥

❡
❊
♥
tr♦

♣
②
❊
st✐♠

❛
t✐♦

♥
❢♦
r
◆
♦
♥
✲❇

✐♥
❛
r②

❙
♦
✉
r❝❡s

❛
♥
❞
❆
♣
♣
❧✐❝❛

t✐♦
♥
s

✶✺

 0

 0
.2

 0
.4

 0
.6

 0
.8  1

Shannon entr

Renyi entr

Min entr

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

estimated entropy

A
ltitu

d
e

 0

 0
.2

 0
.4

 0
.6

 0
.8  1

Shannon entr

Renyi entr

Min entr

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

estimated entropy

L
atitu

d
e

 0

 0
.2

 0
.4

 0
.6

 0
.8  1

Shannon entr

Renyi entr

Min entr

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

estimated entropy

L
o

n
g

itu
d

e

 0  1  2  3  4  5  6  7

Shannon entr

Renyi entr

Min entr

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

estimated entropy

x
H

ead
in

g

 0  1  2  3  4  5  6  7

Shannon entr

Renyi entr

Min entr

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

estimated entropy

y
H

ead
in

g

 0  1  2  3  4  5  6  7

Shannon entr

Renyi entr

Min entr

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

estimated entropy

zH
ead

in
g

 0  1  2  3  4  5  6  7

Shannon entr

Renyi entr

Min entr

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

estimated entropy

x
A

cceleratio
n

 0  1  2  3  4  5  6  7

Shannon entr

Renyi entr

Min entr

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

estimated entropy

y
A

cceleratio
n

 0  1  2  3  4  5  6  7

Shannon entr

Renyi entr

Min entr

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

estimated entropy

zA
cceleratio

n

❋
✐❣✉r❡

✷✿
❖
✉t❞♦♦r

♠
❡❛s✉r❡♠

❡♥ts✿
❡♥tr♦♣②

❡st✐♠
❛t❡s✳

 0

 1
0

0
0

0
0

 2
0

0
0

0
0

 3
0

0
0

0
0

 4
0

0
0

0
0

 5
0

0
0

0
0

 6
0

0
0

0
0

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

comparisons

A
ltitu

d
e

 0

 2
0

 4
0

 6
0

 8
0

 1
0

0

 1
2

0

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

comparisons

x
H

ead
in

g

 0
 5

0
 1

0
0

 1
5

0
 2

0
0

 2
5

0
 3

0
0

 3
5

0
 4

0
0

 4
5

0
 5

0
0

New estim, r = 1

New estim, r = 2

Lz estim, r = 2

New estim, r = 10

Lz estim, r = 10

New estim, r = 100

Lz estim, r = 100

comparisons

x
A

cceleratio
n

❋
✐❣✉r❡

✸✿
■♥❞♦♦r

♠
❡❛s✉r❡♠

❡♥ts✿
❝♦♠

♣❧❡①✐t②✳

❘
❘

♥
➦
✼
✻
✻
✸



❖♥❧✐♥❡ ❊♥tr♦♣② ❊st✐♠❛t✐♦♥ ❢♦r ◆♦♥✲❇✐♥❛r② ❙♦✉r❝❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✶✻

❚❛❜❧❡ ✷✿ ❊①❛♠♣❧❡s ♦❢ tr❛❝❡ ❝♦❧❧❡❝t❡❞✳
✐♥❞♦♦r ♦✉t❞♦♦r

s✐③❡ ✶✵✼✻✺ ✽✵✸✷
♦✉t♣✉ts✴♠✐♥ ✺✾✳✷✹ ✼✻✳✺✸
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xAcceleration

❋✐❣✉r❡ ✹✿ ❖✉t❞♦♦r ♠❡❛s✉r❡♠❡♥ts✿ ❝♦♠♣❧❡①✐t②✳

✭s❡❡ ❘❡♠❛r❦ ✺✮✱ Ĥr
LZ ❣✐✈❡s t❤❡ s❛♠❡ ♦✉t♣✉t t❤❛♥ ❢♦r ❛♥ ✐♥✜♥✐t❡ ❞❛t❛ s❡q✉❡♥❝❡✱

t❤✉s ✐t t❛❦❡s ❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥ ♦✉t♣✉ts ✐♥t♦ ❛❝❝♦✉♥t✳ ■♥ ♦✉r t❡sts✱ t❤❡ Ĥr
pv

✐s ❛❧✇❛②s s♠❛❧❧❡r t❤❛♥ t❤❡ Ĥr
LZ✳ ❚❤✐s ♠❡❛♥s t❤❛t ❢♦r t❤✐s t❡st ❞❛t❛✱ t❤❡ ❢❛❝t

t❤❛t Ĥr
pv ✇❛s ❞❡s✐❣♥❡❞ ❢♦r ✐♥❞❡♣❡♥❞❡♥t s♦✉r❝❡s ❝❧❡❛r❧② ❞♦❡s ♥♦t ❧❡❛❞ t♦ ❛♥②

♦✈❡r❡st✐♠❛t✐♦♥✳ ❲❡ ❝❛♥ ❛❧s♦ s❡❡ t❤❛t ✐♥ s♦♠❡ ❝❛s❡s t❤❡ ❡st✐♠❛t❡s ♦❢ Ĥr
pv ❛♥❞

Ĥr
LZ ❛r❡ ❤✐❣❤❡r t❤❛♥ t❤❡ ❘é♥②✐ ❛♥❞ ▼✐♥ ❡♥tr♦♣②✳ ❚❤✐s ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t

t❤❡s❡ ❡st✐♠❛t♦rs ❛r❡ ♠❛❞❡ ❢♦r t❤❡ ❙❤❛♥♥♦♥ ❡♥tr♦♣②✳ ❲❡ ❝❛♥ ❛❧s♦ s❡❡ t❤❛t ❢♦r
❜♦t❤ ❡st✐♠❛t♦rs ❤✐❣❤❡r ✈❛❧✉❡s ♦❢ r ❧❡❛❞ t♦ ❛ ❜❡tt❡r ❡st✐♠❛t❡✳

❘❡♠❛r❦ ✺ ■❢ ❛ s♦✉r❝❡ ❛❧✇❛②s ♦✉t♣✉ts t❤❡ s❛♠❡ ✈❛❧✉❡✱ t❤❡ ▲❩ ❡st✐♠❛t♦r ✇✐❧❧
❢❛✐❧✳ ❲❡ ❤❛✈❡ s✉❝❤ ❛ s✐t✉❛t✐♦♥ ✐♥ t❤❡ ✐♥❞♦♦r ❡①❛♠♣❧❡s ❢♦r t❤❡ ❛❧t✐t✉❞❡✱ ❧♦♥❣✐t✉❞❡
❛♥❞ ❧❛t✐t✉❞❡✳ ❚❤❡ ❡st✐♠❛t♦r ✇✐❧❧ ❛❧✇❛②s s❡❛r❝❤ ❢♦r ❛ ♠❛t❝❤ ❧❡♥❣t❤ ✉♥t✐❧ t❤❡ ❡♥❞
♦❢ t❤❡ ❞❛t❛ str❡❛♠✳ ■♥ ❛♥ ♦♥❧✐♥❡ s✐t✉❛t✐♦♥ t❤✐s ♠❡❛♥s t❤❛t t❤❡ ❡st✐♠❛t♦r ❜❧♦❝❦s
❛♥❞ ✇✐❧❧ ❛s❦ ❢♦r ❛♥ ✐♥✜♥✐t❡ ❛♠♦✉♥t ♦❢ ♠❡♠♦r②✳ ❋♦r ♦✉r t❡st ❞❛t❛✱ t❤✐s ♠❡❛♥s
t❤❛t t❤❡ ♠❛t❝❤ ❧❡♥❣t❤ ✐s ❜♦✉♥❞❡❞ ❜② t❤❡ s✐③❡ ♦❢ t❤❡ ❞❛t❛ ✜❧❡✳ ❚❤✉s Ĥr

LZ ❤❛s ❛♥

❛✈❡r❛❣❡ ✈❛❧✉❡ ❧❛r❣❡r t❤❛♥ ③❡r♦✳ ❖✉r ♣r♦♣♦s❡❞ ❡st✐♠❛t♦r Ĥr
pv ❡st✐♠❛t❡s ❝♦rr❡❝t❧②

❛ ③❡r♦ ❡♥tr♦♣② ❛♥❞ ❤❛s ❛♥ ❛✈❡r❛❣❡ t✐♠❡ ❝♦♠♣❧❡①✐t② ♦❢ ♦♥❡✳

❘❡♠❛r❦ ✻ ■♥ ❛❧❧ ♦✉r ❡①♣❡r✐♠❡♥ts✱ t❤❡ ❧♦♥❣✐t✉❞❡ ❛♥❞ t❤❡ ❧❛t✐t✉❞❡ ❛❧✇❛②s ❤❛✈❡
❡①❛❝t❧② t❤❡ s❛♠❡ ❡♥tr♦♣② ❡st✐♠❛t❡s✱ ❢♦r ❛❧❧ ❡st✐♠❛t♦rs✳ ❚❤✉s✱ ✐t s❡❡♠s t❤❛t t❤❡✐r
✐♥❢♦r♠❛t✐♦♥ ✐s r❡❞✉♥❞❛♥t✳ ❲❡ str♦♥❣❧② s✉❣❣❡st t♦ ✉s❡ ♦♥❧② ♦♥❡ ♦❢ t❤❡♠ ❛s ❛♥
❡♥tr♦♣② s♦✉r❝❡✳

❋r♦♠ ❋✐❣✉r❡s ✸ ❛♥❞ ✹✱ ✇❡ s❡❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣❛r✐s♦♥s ❢♦r ♦✉r ❡st✐✲
♠❛t♦r ✐s ❛❧✇❛②s s♠❛❧❧❡r t❤❛♥ ❢♦r t❤❡ ▲❩ ❡st✐♠❛t♦r✳ ■♥ t❤❡ ✐♥❞♦♦r ❡①❛♠♣❧❡ t❤✐s
❡✛❡❝t ✐s ❡✈❡♥ str♦♥❣❡r✱ ♥♦t ♦♥❧② ✐♥ t❤❡ ❡①tr❡♠❡ ❝❛s❡ ♦❢ ❛ s♦✉r❝❡ ✇❤✐❝❤ ❛❧✇❛②s
♦✉t♣✉ts t❤❡ s❛♠❡ ✈❛❧✉❡✳

❘❘ ♥➦ ✼✻✻✸



❖♥❧✐♥❡ ❊♥tr♦♣② ❊st✐♠❛t✐♦♥ ❢♦r ◆♦♥✲❇✐♥❛r② ❙♦✉r❝❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✶✼

✼ ❈♦♥❝❧✉s✐♦♥

❲❡ ♣r♦♣♦s❡❞ ❛ ♥❡✇ ❡♥tr♦♣② ❡st✐♠❛t♦r ❢♦r ♥♦♥✲❜✐♥❛r② s♦✉r❝❡s ❛♥❞ ✇❡ ❤❛✈❡ ❣✐✈❡♥
❛ ♠❛t❤❡♠❛t✐❝❛❧ ❥✉st✐✜❝❛t✐♦♥ ❢♦r ✐ts ❞❡s✐❣♥✳ ❲❡ s❤♦✇ ❤♦✇ t♦ ✉♥❞❡r❡st✐♠❛t❡ t❤❡
❙❤❛♥♥♦♥ ❡♥tr♦♣② ✇❤✐❧❡ ✜tt✐♥❣ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝♦♥str❛✐♥ts ✭❝♦♠♣✉t❛t✐♦♥ ❛♥❞
♠❡♠♦r②✮✳ ❖✉r ❡♠♣✐r✐❝❛❧ st✉❞② s❤♦✇s t❤❛t ♦✉r ❡st✐♠❛t♦r ✐s t❤❡ ♠♦st ♣❡ss✐♠✐st✐❝
❝♦♠♣❛r❡❞ t♦ t❤❡ ❡①✐st✐♥❣ ✇♦r❦s✳ ❲❡ ♣r♦♣♦s❡❞ t❤r❡❡ ♥❡✇ ♣♦ss✐❜❧❡ s♦✉r❝❡s ♦❢
❡♥tr♦♣② ♦♥ t❤❡ ✐P❤♦♥❡✱ ✇❤✐❝❤ ✇❡r❡ ✉s❡❞ ❢♦r t❤❡ ❡♠♣✐r✐❝❛❧ t❡sts✳

❙❡✈❡r❛❧ q✉❡st✐♦♥s ❛r❡ st✐❧❧ ❧❡❢t ♦♣❡♥❡❞ ✐♥ t❤❡ ✜❡❧❞ ♦❢ ❡♥tr♦♣② ❡st✐♠❛t✐♦♥ ✐♥
❝r②♣t♦❣r❛♣❤②✳ ❋✐♥❞✐♥❣ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❘é♥②✐ ❡♥tr♦♣②
♦r t❤❡ ▼✐♥ ❡♥tr♦♣② ✐s ❛♥ ✐♠♣♦rt❛♥t ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ ❝✉rr❡♥t ❞❡s✐❣♥ ♦❢ ❡♥tr♦♣②
❡st✐♠❛t♦rs✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ●♦❧❞❜❡r❣✱ ■✳✱ ❲❛❣♥❡r✱ ❉✳✿ ❘❛♥❞♦♠♥❡ss ❛♥❞ t❤❡ ◆❡ts❝❛♣❡ ❜r♦✇s❡r✳
❉r✳ ❉♦❜❜s ❏♦✉r♥❛❧ ✭✶✾✾✻✮ ❤tt♣✿✴✴✇✇✇✳❝s✳❜❡r❦❡❧❡②✳❡❞✉✴ ❞❛✇✴♣❛♣❡rs✴❞❞❥✲
♥❡ts❝❛♣❡✳❤t♠❧✳

❬✷❪ ●✉tt❡r♠❛♥✱ ❩✳✱ P✐♥❦❛s✱ ❇✳✱ ❘❡✐♥♠❛♥✱ ❚✳✿ ❆♥❛❧②s✐s ♦❢ t❤❡ ▲✐♥✉① r❛♥❞♦♠
♥✉♠❜❡r ❣❡♥❡r❛t♦r✳ ■♥✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✷✵✵✻ ■❊❊❊ ❙②♠♣♦s✐✉♠ ♦♥ ❙❡❝✉✲
r✐t② ❛♥❞ Pr✐✈❛❝② ✭❙✫P ✷✵✵✻✮✱ ❖❛❦❧❛♥❞✱ ❈❛❧✐❢♦r♥✐❛✱ ❯❙❆✱ ■❊❊❊ ❈♦♠♣✉t❡r
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♥✉♠❜❡r ❣❡♥❡r❛t♦r ♦❢ t❤❡ ❲✐♥❞♦✇s ♦♣❡r❛t✐♥❣ s②st❡♠✳ ❆❈▼ ❚r❛♥s❛❝t✐♦♥s
♦♥ ■♥❢♦r♠❛t✐♦♥ ❛♥❞ ❙②st❡♠ ❙❡❝✉r✐t② ✲ ❚■❙❙❊❈ ✶✸✭✶✮ ✭✷✵✵✾✮ ✶✕✸✷
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▼❛st❡r✬s t❤❡s✐s✱ ❚❤❡ ❍❡❜r❡✇ ❯♥✐✈❡rs✐t② ♦❢ ❏❡r✉s❛❧❡♠ ✲ ❙❝❤♦♦❧ ♦❢ ❊♥❣✐♥❡❡r✲
✐♥❣ ❛♥❞ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✭✷✵✵✾✮
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♣s❡✉❞♦r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦rs✳ ■♥✿ ❋❛st ❙♦❢t✇❛r❡ ❊♥❝r②♣t✐♦♥ ✲ ❋❙❊✬✾✽✳
▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✶✸✼✷✱ P❛r✐s✱ ❋r❛♥❝❡✱ ❙♣r✐♥❣❡r ❱❡r❧❛❣
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❬✻❪ ●✉tt❡r♠❛♥✱ ❩✳✱ ▼❛❧❦❤✐✱ ❉✳✿ ❍♦❧❞ ②♦✉r s❡ss✐♦♥s✿ ❆♥ ❛tt❛❝❦ ♦♥ ❏❛✈❛ s❡ss✐♦♥✲
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