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ADAPTIVE ESTIMATION IN THE NONPARAMETRIC RANDOM
COEFFICIENTS BINARY CHOICE MODEL BY NEEDLET
THRESHOLDING

ERIC GAUTIER AND ERWAN LE PENNEC

ABSTRACT. In the random coefficients binary choice model, a binary variable equals
1 iff an index X T3 is positive. The vectors X and /3 are independent and belong to
the sphere S~ in RY. We prove lower bounds on the minimax risk for estimation of
the density fs over Besov bodies where the loss is a power of the LP(S?~!) norm for
1 < p < oo. We show that a hard thresholding estimator based on a needlet expansion
with data-driven thresholds achieves these lower bounds up to logarithmic factors.

1. INTRODUCTION

Discrete choice models (see, e.g., [18]) have applications in many areas ranging from
planning of public transportation, economics of industrial organizations, evaluation of
public policies, among others. We consider the binary choice model where individuals
choose between two exclusive alternatives that we label {1, —1}, for example buying
a good or not. In a random utility framework, an individual chooses the alternative
that yields the highest utility. Assume that the utility that an individual 7 gets from
alternative -1 has the form u_;; = ZIM% + €_1,; while the utility from alternative 1 has
the form u;; = Zsz% + €1, where z_;; (resp. z1,) is a vector of d — 1 characteristics of
alternative -1 (resp. 1) for individual 7 where d > 2, ~; are preferences of individual i for
the characteristics, and e_;; and €;; absorb both the usual error terms and constants.
In this model, the preferences are allowed to vary across individuals, namely they are
heterogeneous. The characteristics of the alternatives are indexed by the individuals,
for example they can be characteristics of two goods that a consumer has to choose
upon interacted with individual characteristics like age or distance. Alternatively it is
common to assume that one observes variation of the product characteristics through
multiple markets (e.g., cell phone plans in different countries) in which case a third index
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2 GAUTIER AND LE PENNEC

for the market is introduced. Individual ¢ strictly prefers 1 (y; = 1) if and only if the net
utility for 1 is positive, i.e.

(1) Upi— U1 = €1 — € 14+ (210 — 2-14) 7 > 0,

he is indifferent when w;; —u_y; = 0, and he strictly prefers -1 (y; = —1) when uy,; —
u_1; < 0. Denote now z; = (1, (21, — 2-1,) )7/ |(1, (21 — 2-1,) )| and B; = (ex; —
1Y)/ ‘(El,i — €14, fyiT)T’ where | - | is the Euclidean norm in R?. The denominator

in the definition of /3; is non zero because it is assumed that u; ; —u_; ; = 0 never occurs
since there are only two alternatives. We assume that the researcher observes (y;, z; ) for
individuals i = 1,...,n and that (8;', ) arei.i.d. draws from a continuous distribution.
Denoting the population quantities as Y, 7, Z_1, X, €1, €e_1, v and 3, with X and

random vectors in the unit sphere S¥=! of R?, we obtain the model
(2) Y =sign (XTB)

where, for a real number a, sign(a) is 1 if a is positive, is -1 if a is negative, and it is 0 if
a = 0. This model extends the Logit, Probit or Mixed-Logit models. Like in [3, 1, 8, 11]
among others, we consider a nonparametric specification of the joint distribution of .

We maintain the following restrictions on the joint distribution of (37, X ") and relax
(A2.3) at the end of section 5.

Assumption 1. (A1.1) X and B are independent,
(A1.2) X and 8 have densities fx and fg with respect to the spherical measure o.

Assumption 2. (42.1) fs(z)fs(—z) =0 for a.e. x in S,

(A2.2) The support of X, denoted by supp(fx), is HY = {x € S : 2, >0},

(A2.8) fx is known and we have Ax e | fx||Loe () < 00 and Bx & 11/ fx|lLeecarey < oo.

Under assumption 1, fj is solution of the ill-posed inverse problem: for a.e. z € H*

3) EYIX =a] = [ sign (27y) fs(0)do(y) < K fs(o).

The operator K in (3) is a convolution on S4-1.

The identification problem in this model stems from the fact that: (1) the distribution
of the observed data only characterizes K f3 on supp( fx) which is a proper subset of S~
and (2) K has an infinite dimensional null space. The support of X can only be as large
as HT because the first coordinate of X is positive (i.e. we allow the term €;; —e_q, in
(1)). Condition (A2.2) requires that the support of Z; — Z_; is R% This is demanding
but we do not restrict dependence in the vector (e; —e_;,v") or its tails. It is important
to avoid restricting the dependence between the coordinates of (e; — e_;,y") since they
can be functions of a deep heterogeneity parameter (e.g., the type of a consumer). Tail
assumptions on unobservables (see, e.g., [1]) are problematic since they are impossible to
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test. In [8, 11], it is assumed that there exists n (unknown) in S¢~! such that P(n'j3 >
0) = 1. It implies that for some difference of the characteristics, or taking a limit of
these, everyone chooses the same alternative. In contrast, (A2.1) does not restrict the
support of 5 and does not imply "unselected samples".

Estimation of f5 in (3) is related to statistical deconvolution on S*~! (see, e.g., [10, 13,
16]). However, the left-hand side of (3) is not a density but a regression function where
the regressors are random and supported on a subset of S*~! and the convolution is not
injective. [8] provides a straightforward to compute estimator, rates of convergence for
the LP-losses for 1 < p < oo, and confidence sets. This paper extends [3] by providing
lower bounds on the minimax risk where the degree of integrability in the loss - specified
by the statistician - can differ from the degree of integrability of the smoothness ellipsoid
containing the unknown fg, giving rise to sparse and dense regimes. We show that the
estimator in [8] is a plug-in of a linear needlet estimator. Needlets have been successfully
used in statistics in [2, 14, 15]. We show that working in high-dimension and replacing
the linear estimator by a nonlinear estimator based on hard thresholding achieves the
bounds, up to a logarithmic factor. We also contribute to the literature on estimation
using needlets by providing data-driven thresholds (similar in spirit to [5] for density
estimation using the Dantzig selector). Proofs are given in the appendix.

2. PRELIMINARIES

We use the notation x Ay and xVy for the minimum and the maximum between x and
y. We write x < y when there exists ¢ such that x < cy, © 2 y when there exists ¢ such
that x > cy, and z ~ y when = < y and = 2 y. We denote by |A| and 14 the cardinal
and indicator of the set A, by N the nonnegative integers, by N* the positive integers,
by a.e. almost every, and by a.s. almost surely. We denote for 1 < p < oo by || - ||
the (P-norm of a vector, by | - ||, the usual norm on the space L?(S*"!) of p integrable
real-valued functions with respect to the spherical measure o. We write L ;(S4™1) (resp.
L2, (S¥71)) the closure in LP(S?1) of continuous functions on S*~! which are odd (i.e.
for every # € S*!, f(—x) = —f(x)) (resp. even). Every f € LP(S*!) can be uniquely
decomposed as the sum of an odd and even function f~ and f* in L?(S?!). The space
L2(S%1) is a Hilbert space with the scalar product ( , ) derived from the norm, there

f~ and f* are orthogonal. D is the set of densities and v(d) % d/2 is the degree of
ill-posedness of the inverse problem.

2.1. Harmonic analysis. The basic element is the orthogonal decomposition L?(S?~!) =
Dren HE? where H"? are the eigenspaces of the Laplacian A on S?~!, corresponding to
the eigenvalues —(x 4 where (g 4 oo k(k+d—2), of dimension L(k,d) & (2k+d—2)(k+d—
2)1/(k!N(d—2)!(k+d—2)). The space H* is spanned by an orthonormal basis (hk,l)f:(]f’d)
and H% by 1. We also have L2 ;(S*!) = @,cy H# ™4 and L2 (S*!) = @,en H?4.

even
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The projector Ly 4 onto H*? is the operator with kernel

L(k,d
(4) Lia(z,y) ; U(Sdfff]’pigd)(l)})ﬁ(d) (xTy) ’

where u(d) = (d — 1)/2, the surface of S is o(S*1) = 27%2/I'(d/2), and C} are
the Gegenbauer polynomials. The Gegenbauer polynomials, defined for y > —1/2, are
orthogonal in the space of square integrable functions on [—1,1] with measure (1 —
t2)#=1/2dt. We have P} (t) = 1, P}(t) = 2ut for p # 0, P(t) = 2t, and for every k € N
(5) (k+2)Plo(t) = 2(n+k + tPL (1) — 2+ k) PL(Y).

Clearly, for f € L2(S?1), we have f = >3 Ly qf and, due to (4),

Likd) ~ L(k,d)
d )
(6) Ve e St s W Lk.a(z ||2 = Z | k(2 O-(Sd—l)’

Powers (—A)® f for s € R and f in a Banach space E; are defined in a Banach space

Ey when Ly 4f is defined in Ey and (—A)° f= dof iz Cialraf converges in Ey. The best
approximation in L"(S?"1) of a function f by harmonics of degree less or equal to m is

Eaf)y =, nf I =Pl

k= 0

Definition 3. For s >0 and 1 <r < oo, f belongs to the Sobolev space W(S41) if
1£lles = 11l + [ (=2)72 £ < o0.
We denote by W¢ _14(S?1) the restriction of W5(S% 1) to odd functions.

Definition 4. For s > 0, 1 <r < oo, and 0 < q < oo, f belongs to the Besov space
By, (S™1) if

1f1

hey = I+ | (2B (1))

JEN||pq

2.2. The operator.

Proposition 5. The operator K satisfies the following properties:
(P1.1) For every f € L}(S41), Kf = K(f7),

(P1.2) If Kf = Kg with f,g € LL,4(ST1) then g = f,

(P1.3) For every 1 <r < oo,

WV(dzia\l/T—l/z\(d—m (Sd_l) C K(Lgdd(gd_l)) C W:(Zé—g“/"—l/z\(d—m (Sd_l)

T O

where the exponents v(d) £ |1/r — 1/2|(d — 2) cannot be improved,



(P1.4) For every 1 <r < oo, there exists B(d,r) such that

K
(7) VK €N, vP e @ H", |K'P||, < B(d,r)K"Y|P|,.
k=0
k odd

Moreover, K is a self-adjoint and compact operator on L2(S41) with null space 1.2, (S*1),
nonzero eigenvalues (Aapi1.4)pen corresponding to the eigenspaces H**4 for p € N

2|8 2| 2(—1)7[S*2[1-3---(2p— 1)
d— (d—1)(d+1)---(d+2p—1)
For every d € N\ {1}, for every p € N, there ezists cx(d), Cx(d) > 0 such that

(8) 3 dp™D < Pgprral < Ca(d)p™?.

AMd= s VD e N Agpr1a =

K is a homeomorphism between L2,(S?1) and W5 (S41).

Proposition 5 implies that every R € W5, (S¢1) has a unique inverse given by

1 1 L(k,d)
(9) K7 (R)= > )\—Lkd(R) > o > (R, hig)hi-
k odd "‘k.d k odd "‘kd (=1

2.3. Needlets. Smoothed projection operators (see [8]) have good approximation prop-
erties in all LP(S?1) spaces and are uniformly bounded from LP(S41) to LP(S?1). One
such operator, the delayed means, is the integral operator with kernel

(10) K00 0 (5;) st

k=0
where J is an integer, a is a C* and decreasing function on [0, c0) supported on [0, 2]
such that, for every 0 < ¢ < 2,0 < a(t) < 1 and, for every 0 < ¢t < 1, a(t) = 1. The
delayed means operator exhibits nearly exponential localization (see theorem 2.2 in [21])

and is a building block for the construction of needlets.
Define b such that v*(t) = a (t) — a(2t) for t > 0. It is nonzero only when 1/2 <t < 2,

satisfies b(t) +b*(2t) = 1 for 1/2 <t < 1 and thus for every ¢ > 1, 352, b° ( ) =1, also

b:(t) = a(t) for 1 <t < 2. Take a such that b is bounded away from 0 on 3/5 <t < 5/3.
The second ingredient for the construction of needlets is a quadrature formula (corol-
lary 2.9 of [21]) with positive weights (w(7, 82)5@% and nodes £ € =; which integrates

functions in @ijzo H*4 and satisfy, for a constant Cs which depends on d,
Vi eN, VéE €5, 0512047 < |5 < 0270
=277 < w(j €) < C=2776 D2,



6 GAUTIER AND LE PENNEC

Needlets are defined as

(11) ie(w) B w(j,€) Zb <2J )Lk,d(g,x) ifjeN, €5,

(12) Vo e(T )dOfLo a(&, 7).

For j = 0, ¢ ¢(x) is constant and = is a singleton.
The LP-norms of the needlets satisfy, for a constant C), that can depend on d,

(13) Vi €N, V¢ € 5, Cp—12j(d—1)(1/2—1/p) < |jelly < szj(d—l)(l/z—up)_

If f e LP(S™!) for 1 < p < oo, then f = 20 ¢z, (f, Vi) ¥se. The needlets form a
tight frame, this means that for f € L?(S?1)

=3 3 1 sl

Jj=0¢&€E;
Needlets do not form a basis and there is redundancy. Lemma 6 (see [2]) relates LP(S?—1)
norms at level j to /7 norms of needlet coefficients. Constants may depend on d.

Lemma 6. (i) For every 1 < p < oo, there exists a constant C; such that for every
j €N and (Be)eez, € R

(14) < Cppi DA (5

> Bewje

§EE;

P Y

p

(i) There exists a constant ca such that for every j € N there exists A; C =; with
|A;] > ca2/@Y) such that for every 1 < p < oo, there exists a constant c, o such
that for every j € N and (B¢)eca, € R4

(15) >, 23(65 D(1/2-1/p)

Z 5{¢]£ H 55 ECA;

£EA;

p
(#ii) For every 1 < p < oo, there exists a constant C} such that for every j € N

1/p
(16) (Z (f, wj,§>|p) I=DUR=PY < || £,

§EE;
Needlets are such that (see [21]), for all function @ in the definition of the smoothed
gé defining the Besov spaces is equivalent to
74

by, = | @I (£,50)

3 ZT)jeN @

The ball of radius M for this norm is denoted by B, (M).



Recall the following consequence of the proof of the continuous embeddings in [2].

Lemma 7. (i) If p <r < oo, then we have B; (M) C B; ( é/p—l/rM)’
(i) If s > (d—1)(1/r—1/p) andr < p < oo, then we have B}, (M) C B;’;(d—l)(l/r—l/P)(M);
(wii) If f € B, (M) and (6j75)565j7j€N are its needlet coefficients, then there exists
(Dj)jeN - RN SUCh th(lt ||(Dj)j€N||€q S M (M’Ld

(17) Vz>1, VjeN, Z \53’,5\'2 < Cé—(Z/\T)/TD;2—jz(s+(d—1)(1/2—1/(z/\r))).

fEEj
Finally recall that, when f € B;  with s > (d —1)/r, then f is continuous.

3. IDENTIFICATION OF f3

Let us present the arguments for the identification of fz. Proposition 5 (P1.1) implies
that Kfs = Kfs is odd. Thus under (A2.2) we can define the odd function R as

[ ElY|X = 2] for a.e. z € HT
(18) R(z) = { —E[Y|X = —z] forae ze —H*

and we have, for a.e. x € S, R(x) = Kf; (x). Uniqueness of f; follows from (P1.2).
Using that, for a.e. z € S™', fs(x) > 0, we conclude that f5 (z) = (fs(x) — fs(—x))/2,
and condition (A2.1), that, for a.e. x € S*!, we have

(19) fo(z) = 2fﬁ_($)1f§(x)>o-

In this paper we normalize the vectors of random coefficients and covariates to have
unit norm. Indeed, since only the sign of the net utility (1) matters for choosing between
1 and -1 and the index is linear, a scale normalization of (e; —e_1,~") is in order. Let us
compare with the normalization in [7]. It is based on the following assumption, which is
stronger than the condition in [11] that the support of § is a subset of some (unknown)
hemisphere, which itself is stronger than (A2.1).

(H): a.s. there exists j € {1,...,d}, the coordinate 7; of v has a sign (excluding 0).

assumption (H) is likely to hold when Z;; and Z_;; are cost factors, since consumers
dislike an increase in cost. If (H) holds we can identify for which index j 7; has a sign
since it amounts to finding for which coordinate z; of z z; — E[Y|Z; — Z_; = 2] is
(globally) monotone. We can identify the sign of the coefficient by assessing whether the
function is increasing (positive) or decreasing (negative). If 7; > 0 then we normalize
the vector of coefficients by dividing by v;. If 7; < 0 we change the sign of Zy; — Z_4;
to make it positive. A potential issue with this normalization is that if 3; can take
small values then estimators could differ in finite samples depending on which coefficient
is used for normalization. Also, monotonicity in one regressor of the conditional mean
function implies a type of weak monotonicity (in the sense used to identify treatment
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effects, see, e.g., [7]) at the individual level as we now explain. Assuming that ~; > 0,
21;—%-1; = zforalli = 1,...,n, and that we change z; to z;» > z; while leaving unchanged
(€1i—€_14,7; ) (the characteristics of the individuals) and the other components of z, then
some people do not change their decision and some chose alternative 1 while originally
they had chosen alternative -1, but no one changes from alternative 1 to alternative -1.
Monotonicity of the conditional mean function implies monotonicity for every individual.
This is sometimes not a realistic model of individuals making choices. Clearly (A2.1)
allows both individuals to switch from 1 to -1 and individuals to switch from -1 to 1 after
similar changes in z (or ). On the other hand, if (H) holds then (A2.2) can be relaxed
and we can consider an index which is nonlinear in X (c.f. [7]).

4. LOWER BOUNDS
We take 1 < p,r <o00,0<¢qg<o00,2z>1,and s > 0, and consider the minimax risk
R def inf sup E H}; — /s

Is fs€BE (M)ND

where the infimum is over all estimators based on the i.i.d. sample of size n. The degree
of integrability 7 in the smoothness class B; (M) is allowed to differ from the degree of
integrability p in the loss function. We distinguish two zones for s, r, ¢, d, and p:

(1) the dense zone where s > p (v(d) + (d — 1)/2) (1/r — 1/p) with the restriction g < r
if s=p(v(d)+ (d—1)/2)(1/r — 1/p), where the rate involves

fdense(ds p, 7, 8) L s/ (s + v(d) + (d — 1)/2),
(2) the sparse zone where (d —1)/r < s < p(v(d)+ (d—1)/2)(1/r — 1/p), where the

rate involves
fepaese(do 7, 5) & (5 = (d = 1)(1fr = 1/p)) /(5 + v{d) — (d — 1)(1/r — 1/2)).

Theorem 8. (i) In the dense zone we have

1 ) Hdense (d,p,T,S)Z

AV HAX

z
p

Y

(20> R;: Z Cdense (

(i) In the sparse zone we have

s arsc(d7 77‘75)2
m(nAx) )
’/I,AX

(21) R; Z Csparse (

where the constants Cgense aNA Csparse depend on d, M, p, r, s and z.

The values of ftgense and figparse depend on d through the dimension of S41. This is the
usual curse of dimensionality in nonparametric regression or density estimation. They
also depend on d through the degree of ill-posedness v(d) = d/2 of the inverse problem.



5. ADAPTIVE ESTIMATION BY NEEDLET THRESHOLDING

Consider the estimator ﬁ; =2f5 1/;:>0 where f; is an estimator of fj .
8

5.1. Smoothed projections and linear needlet estimators. A smoothed projection
estimator of f; with kernel (10), window a, and J € N, is given for z € S*! by

OEDS des )Lkdm )

k odd Ak d

with the unbiased estimator of Ly 4R(z) (see lemma 10): L/kd\R(x) = 0 if k is even, else

yszd Xy, T )
LyaR(x
e ; Fx (@)

Alternatively we can estimate f; using the needlet frame with smoothing window a.
The coefficients 37, = (f;, ;) are such that

—li.©) 3 b( 55 ) U Luates )

k odd

b kl
(/\QJ )<Lde Lia(§,-))
k,d

b ()

Ak,d

=w(, &) Y

k odd

=w(i &) Y.

kodd
2072 < k<2

Ly 4R(E).

. a —~a,J
Using that a (%) = 1for k =0,...,2) and denoting by [z 7= E [fﬁ }, we obtain
that, for 1 < j < J, 8, = <f6 ¢j,5>, which can be estimated without bias by

b(sir) — —~a,
=w(j,€) > MLk,dR(g) = <f5_ J,%,s>-

Moreover, for x € S,

. e s b))
Cbie(r) =w(i. O D2 W de (Zb<2] )M,d(f%))

k odd

belongs to EB%;O H*4 thus by the quadrature formula

A 0 () —
Y Bietie(z) = Y ——=

2\ Lk7dR(ZL')
€€E; k odd k.d
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.. J Sa —aJ-1 |
This yields 375 Yeez, Bictie = [f5 , indeed

J R J R a
Z Z B}l,gwj,s = Z Z 6}1’5%75 (due to (A1) and because fﬁ_ is odd)

j:OﬁeEj j=1 £€Ej

(AZ) 1 b2 (2] 1)
= Y )\—Lk R+ D> AiLk7dR
1<k<2/—1 "k.d 2 -1< <2 k.d
k odd k odd

k
(As) 1 —— a (—2171) —
=) o Lralt + > —\ Lralt
1<k<2/-1 "‘kd 9J-l<p<) k.d
"k odd k odd

where (/\y) uses that for 1/2 <t < 1, b*(t) + b*(2t) = 1, while (A3) that v*(t) = a (t)
for 1 <t < 2. Thus, the smoothed projection and needlet estimators coincide.

5.2. Nonlinear estimator with data-driven thresholds. Consider instead, fory > 1
and pr, . (2) = 21451, , the nonlinear estimator of f5:

ZZP (gg)wyi

J=0¢£€E;

It is classical that the optimal choice of J for linear estimators depends on the parameters
of the smoothness ellipsoid. In contrast, using a thresholded estimator allows to take J
large and independent of the parameters. Thresholding induces additional bias compared
to linear estimators which allows to reduce the variance incurred by taking J large.
The level of thresholding should depend on the size of the coefficients relative to their
variance. This variance is proportional to 1/y/n so that the level of the threshold do
not have to depend on the smoothness of the unknown function. Instead of using a
conservative upper bound on their variance, as is usually the case in estimation using
wavelets, we use data-driven levels of thresholding. These provide better estimators in
small samples. Lemma 14 gives a theoretical guarantee that the performance is almost
as good as that of an oracle which would known the variance of the estimators of the
coefficients. The data-driven thresholding rule uses that 3¢ = £ 37 G (2, y;) with

def 2 - b(zjlil)
(22) Gie(ri,yi) = EZW > Lia(z, €).

i=1 fX (xl> k odd )\k,d

Define the estimator of the variance by

n 1—1
A~ def
(23) e & J T 2 2 (sl ) ~ Gl )
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t, = y/logn/n, and the data-driven thresholds

def o /m—, ~ 28 ~vlogn

where M, ¢ is an upper bound on the sup-norm over H* x{£1} of G, ¢(z,y)—E[G;¢(X,Y)] =
Gjelz,y) — B¢ (e.9., 2[|Gjgllo). For example, using (13) and proposition 5, we get

(24)  2)Gjelloe < 2[K7 (¥5¢)]| L Bx < 2CB(d, 00)2 D02 By g,

The second term in T} ¢, controls the error in estimating the threshold.
Theorem 9. For J such that 2/¢@+d=D/2 B2 ~ =1 A > 0 and s > (d—1)/r,
(i) If z> 1 and v > z/2 + 1, we have

(25) sup E Hﬁw — f,g”z < é(d, 00,7, 5,7)(logn)* "t M" (Bth)“SP“SC(d’OO’T’S)Z
fBEB ,(M)ND 0

(i) If p < 0o and v > p/2, we have

(26) sup B (5" = fo| < dp,r,s,7)(logn) M7 (B, ) 40
f€BS ,(M)ND p

where p(d, p,r,8) = faense(d, p, 7, 8), w = 1 in the dense zone while u(d,p,r,s) =

Usparse(d, P, T, S), w0 > p"s(i);zg)l:(lc)l(_ll/i;/lr/fpl\;g) is arbitrary in the sparse zone, and

é(d,p,r,s,v) is a constant which depends on d,p,r, s, and 7.

Consider now the case where fx is unknown but we have at our disposal an estimator
fx obtained with an auxiliary data set. Theorem 9 holds on the event

s+v(d—1)(1/m—1/7)
fTX -1 < c¢(Bxt,)~ @Dz -
fX L7 (H)
if the expectations are conditional on the auxiliary data, Bx = ||1/j/f;(||Loo(H+), fx is

replaced by fy in (22) and (23), 7 > 1 and ¢ € R are arbitrary. The probability of this
event is close to 1 for large sets of fy where fx is small on a small subset of the sphere
(possibly unbounded from below) and is smooth enough. A more general result is proved
in the first version of this paper on arXiv (see also [8]).

6. SIMULATION STUDY

We study the performance of the estimator when d = 3, n = 3000, 5000, 10000, and X
is uniform on H*. We use of the Von Mises-Fisher distribution vMF(u, ) with density

, _ T
F (B ) = e exp (s )
with respect to 0. We take 8 = (51, s, |35]) in the cases:
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e 3 follows a vMF(u, k) distribution where z = (00 1)T and s = 10.
e j3 follows a mixture AVMF (s1, k)4 (1—X)VMF (12, &), where p1; = (271/20271/2)T,
po = (—2712027Y%)T k=10 and A = 0.3.

We use the cubature defined in spherical coordinates as a product of the Gauss-Legendre
quadrature with m nodes and trapezoid rule with 2m subdivisions (see [1]). The resulting
cubature has 2m? nodes and integrates exactly all polynomials on the sphere up to degree
2m — 1. We take the same function a as in [2]. Figure 1 displays the distribution of
estimates based on a Monte-Carlo experiments with 1000 replications and n = 10000.
We plot the the Lambert equal-area projection on the disk which is defined (see [19])

(sin @ cos ¢, sin @ sin ¢, cos§) T — 2sin <g> (cos @, sin )"

Table 1 displays the risk, approximated using Monte-Carlo and 1000 replications.

Unimodal Mixture
. 13000 5000 10000 || 3000 5000 10000
Risk
EWB—fﬂ J 0.521 0.429 0.330 || 0.592 0.478 0.364

|
E \fﬂ_fﬂ] 0.091 0.061 0.035 || 0.101 0.064 0.036
|

E ‘fg—fg 0.006 0.002 0.001 {| 0.006 0.002 0.001

E fg—fﬁ‘ 0.394 0.326 0.266 || 0.387 0.305 0.234
TABLE 1. Risk.

7. APPENDIX

7.1. A preliminary lemma.

Lemma 10. The following equality holds for every g € L2(S*1).
Vg (X)

(rog) =25 )

Proof. The result is based on the following
(R,g) = (R,g7) (because R is odd)
R(x)g(x)
. T(x)fx (x)da(x)
R(X)g~ (X )]
fx(X)

=2

ZQEl
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O

. [E[Yqu—(X)]

fx(X)

7.2. Proof of proposition 5. The operator K is related to the Hemispherical transform
(see [3, 22]) defined for f € L1(S!) and a.e. z € S¥1 by

HN@ Y [ Lereof ()do(y),

Sd—1
through
Kf=2H(H) = [, o).

Sd*l
(P1.1) is a consequence of the fact that y — 2Ty € L39,(S%1). (P1.2) follows from
theorem 2 (ii), and (P1.3) follows from theorem C in [22]. The second part of the
proposition together with (P1.4) are consequences of the properties of H detailed in [3].
The inequalities (8) correspond to lemma A.2. Note however that there is a typo in the
proof and we should read 1.3...(2p — 1) < p~'/22.4...(2p) but the result still holds.

7.3. Proof of theorem 8. Start by noting that for every j € N and £ € &j,

bje(x)dr = w(5,£)b(0) = w(j, €)(a(0) — a(0)) = 0.

gd—1

This implies that the functions f,, that we introduce below integrate to 1.

7.3.1. Proof of the lower bound in the dense zone. Consider the family (P,,)M,, where
M e N, of distributions of an i.i.d. sample of (Y, X) of size n when fz = f,, and
the density of X is fx. These probabilities are absolutely continuous with respect to
the product of §; + 0_; where 0, denotes the Dirac mass at y and 0. Take j € N,
fo=1/0(S*1), and consider the set A; from lemma 6 (ii). By the Varshamov-Guilbert
bound (lemma 2.9 in [23]) there exists Q C {0,1}% containing (0,...,0) such that

Q] = 24178 and V(w;,wy) € 02, [Jwy — wal| > |A;]/8. Enumerate the elements of
from 0 (corresponding to the zero vector) to M & |2] — 1 and define

def
S = fo+7 ) weje

§EA;

when (we)eca, is the mth element of Q and v = cCZ M M2-i+d=1/2) for 0 < ¢ < 1 such
that all f,, are nonnegative. We now use the following result (see theorem 2.5 in [23]).

Lemma 11. If for 0 < a < 1/8 we have:
(i) fm € Bi,(M)ND form=0,...,M,
(i) VO<m<I<M, |[fm— fil, >2h>0,
(#17) 5 Yoy K (P, Py) < aln(M),
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then for every z > 1

- z vM ( 200 )
27 inf su E — > [1-2q0— ‘
0 fa fﬁeBﬁ,qg\J)ﬁ’D Hfﬂ fﬁHP 1+ VM In(M)
Start by checking (i) in lemma 11. Tt is enough to show that f,, € Bﬁvq(M ). Indeed,

1/r .
el/ < Cé/r29(d‘1)/r, we obtain

for r > 1 and w € ), we have H(Wﬁ)geAj o < H(wﬁ)ﬁef‘j

723'(s+(d—1)(1/2—1/r)) H(Wﬁ) < ,ycvé/TQj(s-i-(d—l)/Q) < M.

£€Aj [r

Lemma 6 (ii) now yields that for every 1 <p <ooand 0 <m <l <M

g _ CA g l/p
1 — Fill, > ey 42 D0/2-1/0) <§Qa(d 1)> — 2.

L\ - . c 1/p —-1/r _is—1
Thus (ii) in lemma 11 with h = ¢, 4 (f‘) cCz ™ M27757,
By independence, the Kullback-Leibler divergence between P, and Fy is given by

00 () 0w (T )|

Using that, for z > 0, In(x) < x — 1, we obtain

H(fm — fo)(X)? ]
(fo) (X) (1 = H(fo)(X))

K (P, Py) = nE

K(P,,, Py)) < nE [H

and thus
K(Pp, Py) < 4nAx |H(fm — fo)ll5

< 4nAX)\§j+1,d | fm — f0H§

where the last display comes from the fact that f,, — fo € @asy1<p<oire_1 H*?. From (8)
we get

K(Py,, Py) < 4C\(d)*nAx272" D ||f, — f0||§

which yields using lemma 6 (i)
2

K(Pp, Py) < (207\(d)Cyy)* nAx 272" H(Wﬁ)geAj »

2 9y
Ciy)* nAx 27D ||(we)ee s,
Chy)* CznAx 21 =2(D)
CleM)? CL M A 2= 2(sHv(@)

gl



16 GAUTIER AND LE PENNEC
Condition (iii) of lemma 11 is satisfied once

2
25 (Cx(d()C)'écM) oAy 2 2 @+E-1/2) < () o
In(2 = B

For a < 1/8, the lower bound yields that

A\ vryogen) (3L

A(S) cCe " M2 4 9 /(M)
1/p =

(%AC§) dg”4¥>2ﬂﬂ

where the inequality leading to the second display holds when In(M) > 4, for example
for j(d—1) > 1In(5/caln(2))/In(2). Now (28) is satisfied for

e (28 (COM@)CheM)? C2F A/ In(2))
2 g0 = U o oG+ o) £ ([d = 1)/2)

(28)

| =

1)
ut s Bf- 5> (o
o fs€Bs (M
.
-2

which implies the lower bound

inf  sup EHfB_f,BH

fs JsEBE (M)

— Mdense d, ,r8)z2 2
>1 c (C_A>1/pc —1/r pro—s—1 T [28(Cy(d )C,CM) _2/7‘ nAx Hdense (d,p,7,8)2/
T2\ME ) In(2) :

7.3.2. Proof of the lower bound in the sparse zome. In this proof we consider asymp-
totic orders for simplicity. The various constants can be obtained like in Section 7.3.1.
Consider the hypotheses

1
Jm = m +7Yj6m

where &, € A; and |y| < 277@-D/2 to ensure the functions are positive. The constant
is adjusted so that for one of the f,, that we denote fy, Vo € HT, H(fo_)(:c)‘ < ¢

with ¢, € (0, 3). The function f,, also integrate to 1. We denote by M the cardinality
of A; (M ~ 2/@=D) " P, the distributions of an ii.d. sample of (Y, X) of size n when
fs = fm and for a given fx, and A(P,,, Iy) the likelihood ratio. Recall that K(F,,, ) =
Ep, [A(P, Po)]. We make use of the following lemma from [17].

Lemma 12. If for my > 0 and M € N* the following three condition hold

(i) fm € Bi,(M)ND form=1,...,M,
(i) Ym # 1, || fm — fill, = 20 > 0,
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(ii) Ym = 1,...,. M, NPy, P,,) = exp(z]" —v"), where 27" are random variables and
v constants such that P(2* > 0) > 7y and exp (supmzl _____ M vr’?) <M,
then
— z h=*
Vz > 1, inf sup EHfB — f,BH > 27T0.
p

fs fse€B(M)ND

Item (i) is satisfied when |y| < M279(6=(@=D1/r=1/2) " This is more restrictive than the
condition to ensure positivity because we assume that s > (d —1)/r. Thus, now we take
v = 2¢M277(=(@=D/r=1/2) for a well chosen constant c.
The constant A in (ii) is obtained as follows, if m # m/,

Hfm - fm’Hp = 7||¢j,€m - wjvfm/Hp
> e, A2j(d—1)(1/2—1/10)
> 2e M~ (s—=(d-1)(1/r=1/p))

Let us now consider item (iii), we obtain
By (log (AM(Fy, Bn)) = —j(d — 1) log 2) = 1 — Py, ([log (A(Fo, Pm))| = j(d — 1) log 2)

|
Ep,, [[log (A(Fo, Pn))|]
= S ) og2

Thus, condition (iii) is satisfied when

Ep, [[log (A(Fo, Pn))|] < cvj(d —1)log?2
for @ € (0,1). The same computations as in the beginning of Section 5.1 yield that we
need to impose n2-%"(4~2 < 5 thus

AXn2_2j(s+y(d)—(d—1)(1/7“—1/2)) < j

~Y

The desired rate is obtained by taking

1

y nAx 2(s+v(d)—(d—1)(1/r—1/2))

2~ | ————— .
log (’n,Ax)

7.4. Comparison between Besov ellipsoids of a function and its odd part.

Lemma 13. For 0 < s,q < oo and 1 < r < oo, there exists a constant ceq that can
depend on d such that, for every f € By, ||[f~[IBs, < ceqll f]

r,q’
Proof. In definition 4 every f € B: (S') has same norm as # — f(—x), thus by the
triangle inequality || f~| gﬁq < || f] gﬁq. We conclude by equivalence of the norms O

s
BT'aq
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7.5. A general inequality. We make use of the constants ¢; , and ¢y, such that
(29) / 27 e Pdr < 1877
R+
(30) / 27 e T dr < o2
R+
Lemma 14. For every T, v, 2 > 1 and

1 e
T35 > 3y Ity + 26M; 2 ot

7€y 1 G670

the two following inequalities hold:
when p = 00,

(5 - 5]

< Hfﬂ_a, e H T+ 1) 1C/z{

anoonZQj e (sup ‘595’ 1|Ba <pert +E [Sél:p ’B][lﬁ - BJC'L,S’Z 1|B;-{§|>Té ++D
—J

=0 _JE’Y 3,6

40: 223 (d—=1)(z/2+1)
— ce=

C=4 YT e :
= 2W(d)+(d=1)/2) | oJ(d—1)(1-1/7)
+ < = > N 2 bn,oovzvj,}

z

where

noozg = 1+ <ﬁ>z <2 + (log (CEQJ(d—l)szz))Zﬂ)

() s Geelene)

b  (2v2CaB(d.2) (217 + (1og (=2 Vesr)) )
n,00,2,J,7 — 1 — 92— (zv(d)+(d—1)(z/2+1-1/7))

N (8CB(d,>)/3)” (21/7 + (log (CEQJ(d_l)CLZ))Z) <2J(d—1) BX>z/2 |

1 — 2-(Gv(d)+(d-1)(2+1-1/7)) n

while when 1 < p < o0,

1_1E [Hﬁa’p — fs ;]
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<) = 53]+ o+ e o 1{

j(d—1)(z/2—z/(pV=z)) na _ pa z
anvva’sz:;)Q <’5 B e|<TreS +E Hﬁjf 5]'75’ } 1|ﬁ?,§|>TJS£+v+>
Z2Jd 1)z(1/2-1/(pV=)) a |*
7€
] =0 EEEJ'
2y 120 J (@ +d-1)/2) | 9 (d-1)(1—=/(pv=))
+ n—y(l—%) C_‘ \/_B 2 2 bn,p,z,JT}
where
V2eyZ T 202
Upprg=1+2 — | + :
e v logn vlogn
. (aPeBE2) (317 CeB(d, 00))”  (aren N2
S N T P77 X s oy S wey vy M e TG ) e

The inequalities of lemma 14 are similar to oracle inequalities, for a well chosen J
depending on n (see theorem 9), where the oracle estimates % if and only if the error
made by estimating this coefficient is smaller than the one made by discarding it. This
oracle strategy would lead to a quantity of the form

| ])l/z + E HB;,E —

a : ]_ 1/z.
bl | 185> (B[1B5.c=85])

1
185.¢|< (E[|55.¢~55,
[l

<) m

e
the inequalities of lemma 14 the ideal quantity (E { Ba T

Proving such an oracle inequality would require to lower bound (IE [

2\ 1/z |

e — 0f D is replaced by T, %7,
we call this term a quasi-oracle term. The remaining terms can be made as small as we
want by taking v large enough. The last term corresponds to the approximation error.
Upper bounds of these types, uniform on Besov ellipsoids, yield an approximation error
which can be expressed in terms of the regularity of the Besov class and is uniformly
small for J large enough and allows to treat the bias/variance trade-off in the quasi-oracle
term uniformly over the ellipsoid.

7.6. Proof of lemma 14.

7.6.1. Preliminaries. Recall from the proof of theorem 4.1 in [8] that for every 1 < p < oo

7 -, <25 - ]
p
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and that, for 1 < z < oo, we have

P _l1? =1 WP _a,J||? _a,J —1I7
(3) [ - s <2 (|57 - 5+ 15 - 551;)-

The first term corresponds to the error in the high dimensional space while the second
term corresponds to the approximation error. Let us start by studying the first term.
Lemma 6 (i) yields

. J :
AP _a,J 2—1 na a
Hfg - fﬂ <(J+1) Z Z (ij,m (Bj,ﬁ) B jvﬁ) Vig
P j=0 ||¢€E; »
J
z—1 ze0j(d—1)z(1/2—1 na a ||?
<(J+1) ZOCI/’ 2id=1=0/2=1/p) Hij,m (ﬁjvf) - gl
J:
Thus for p = oo we have
- J
TP _a,J z—1 2 0j(d—1)z/2 na a |?
Hf@ - .f/j <(J+1) ZCQOQJ( )/ sup ’ij,m (ﬁj,ﬁ) Mg
P j=0 €€E;
while for p < oo we have
. J
TP _a,J z— 2 N2 z)—1 i(d—1)z - z na a |?
Hfg —f| S (T T S S e N o (B2e) — B
P j=0 €EE;

the last inequality is obtained using that, when p > 2, we have

z/p
(Z |b£|p) < D bl

§EE; §EE;

and by the Holder inequality, when p < z, we have

z/p
(Z |bs\p) <Y oel

£€E; §EE;

7.6.2. Coefficientwise analysis. For the simplicity of the notations we sometimes drop
the dependence on 7 in the sets of indices.

We first consider the term

def z

0jez =

na a
ij;gx'Y (5J7§) - ]7§
By construction we have

_pa |? N na a |? N
Ojez = ‘ijf‘ 1\5;.1’,5_~|§Tj,5,7 + ‘BM - 53',5‘ 1|5;7§\>ij

~

Bie = Pie

z

_ a |1 _
- e (’595‘ 1|f8§‘1,§|§Tj»m’ 1|f8ﬁs|>Tj’m> '



21

We introduce two “phantom” random thresholds TbM = Tjeny — Ajey and T
Tier + Aje for some A, to be defined later. They are used to define “blg and

“small” original needlets coefficients. We also use T’ g ., for a deterministic lower bound
on TbM, T;gr and A ., for deterministic upper bounds on 77, and Aj¢.. These
bounds will hold with hlgh probability. We obtain almost surely

_ a |? N N
5j7§7z e < lﬁjé’ e (1|ﬁ;,§|ST 1|ﬁJ§ STJsﬁ'v |53'l,£|S €Y |BJ£|> 35’Y> '

na _ pa z N N
A (EY R TR PR TR

z
< s 55 s (1 e )

J&W
’B@ — 3¢ ‘Zmax (lA )
3§ 5§ |82 =82 |>Dje |BJ >Tes
z
S A C— )
B maX( Bﬁ’f max |5§1 |ST335+’Y Ten<Tieq’ |B &, §|>Aj’§’” ’

fa _ pa |? N
‘53‘,5 63‘,5’ max(1|ﬁ;,§—B;5I>Aj,s,w’1\/3 ot >T§’m)>'

J&W J&W

Sorting the terms according to the number of random terms we obtain

z
0j¢.. < max < B3¢ 10 <z -

3,6

4
a
Y max [ Los+ s
BM‘ ( Tien<T, € 5]5|>AJ€W>’

R0 Jf"/

L)

~ z ~ 4

o o1y, fl—@\max(paa 1 )
‘6”5 BJ@‘ |85 ¢ |>The, 1756 Bre |82 =B e|>Djen” TTy >The
7.6.3. Scalewise analysis. Defining

M def na a | _ 5
jz = Sup ‘PTJ;M (/%‘,5) - »5}‘,5‘ = Sup Oy
§€:j 56:‘]'

S €3 ‘ijm (Bre) - = e

£€E; §EE;

we obtain

z z
M, . < max sup‘ﬁ‘-" 1 ot sup‘ﬁq‘ max(ls+ 15 )
= ¢eE, U "8; STy ez, J& Tien<Tien’ ‘B;,E_B;,EbAjyéw ’

1 b,— b A )
( Tier>Ten’ |B;,6_’8?,§‘>Ajv§”¥

3,6

o~ -~ z
sup |3 — Bie| 15 gl SWP B — Be
feﬂj E:j

dzefmax(MSO MSY Bt MB2)

VEE I ER Rl B
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S0 S1 Bl B2
< My + My, + My, + M
z z

S, < ‘{1‘1a s+ T }‘?‘max(lw s L 1lia e )

b= Z_ BM 85| <T7e Z_ BJ’S e <Tien’ " 1Ble=B5e[>Ricn
£E€E; £€E;

+ >

£€E;

def 50 S1 B1 B2
=55, + 5. +55- + 557

b,— b 1 Pa ) )
Ty >Thes  |Bee—Bre|>Njeny

B — B a1

J,€:Y

z o~
1|5;5|>T?'* +§Z ‘6;,5_ JC'L,E
SS

We bound the expectations of the random terms as follows

S1 a |? N
(V2] < g el B s (L e o)
z 8,-‘1— o~
< sup | 31| (P ( U {1z < Tf,s,w}) +P ( U {|B5e = 85¢ > Amm}))
€€E; E€E; €€E;
E[MPY <E|sup |35 — B 150 jopo-
R 3.€ BEl B |>Tr
[ YT 1-1/7
B2] < Ga_ _ e ( . N )
=) < gl 7] e (e
- 1/7_ 1—1/7’
~ 2T b— b ~
< E [sup |5 — Bj¢ ] (P ( U {Ze, > Tj,m}) +P ( U {|85e - 87¢| > Amm}))
[£€5; == ==
S1| a |? ~
E [Sj’z} EEZE gk E [max (1T;7€J7FW<T;€W’ 1‘5;,§_B;E|>AJ}EW)]

: (IP{T” < C[’;,g,,y} +IP’{ 3

‘ a _ pga
7565y J:€ J:€

> Aj,&nr})

—J
E [Sﬁzl} Z I HB}{S - 5;55’1 1‘6;5|>Tl7”

- EEEJ- 3,€7
Bl =2F [T N (P |
<3 (B[5-a N BT > T BB 85 > A )
Ej

The constant 7 > 1 in the Holder inequality will be specified later.
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7.6.4. Bernstein inequality and the term ’ng — Bﬁgr. Let denote variance of G;¢(X,Y)

o T |(GrelX,Y) - 82)°]

Lemma 15. For every c,,cy > 0, we have

B =Bl \ 2 1 ’ A 1 ’
’ ’ <2 e | ——=————| te. |
(Co%& +enMe ) | =T\ \ Vi, + e fo I g T Cu

Proof. The Bernstein inequality yields

P{|3

a _ pRo
J:€ J:€

E

> u} < % 2((aj75)2+Mj75u/3) .

Taking v = 7(c,0j¢ + cp M), we obtain
_ nTQ(CUJj,E+CIV1Mj,E)2

. =
e~ BJC'L,E’ > 7(co0j¢ + CMMM)} < 2 (( i)

-~ T2n(600jy§+CAgNIj,§)2

2
+1V1j7€-r(cgaj’5+c1w]\Ij’g)/?)

2

B TBn(co-o'j7€+CA{]\/Ij7€)

<2le 4(Ujvf> +e AM;j ¢
1 ( n Mj6)2 2 3 ( 75 )
—2nlcy+c - T —an|c > c T
§2 e 1 o MUj,5 +e 1 Ule,ﬁ M )

We use E [| X|*] = [+ 20*7'P{|X| > u}du and the upper bounds (29) and (30) to derive

na __ pa # na __ pa
el (P8 V7. =" Tl T
Coje + Mg R Co0j¢ + Mg
_1 MNP o s (e, ik -
S/ 2712 (e 4n(c"+cM "j,ﬁ) +e 4"(C“”fj,5+cM) )dT
R+
this yields the inequality from the lemma U

Lemma 15 allows to obtain the upper bounds (32) and (34) below.
Taking ¢, = 1 and ¢j; = 0 yields

Z 1/2 073, : 4 1ZM', ?
} <2 <<202,/Z ﬁ) + (gclfz 7’Z€> )

(32) E||3

a _ Ro
J:€ J:€
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while taking ¢, = c.t,, and ¢y = ¢y, logn/(n — 1) we obtain

1 1 ’
(300\/_ logn +chogn ) )

1 : 4 1 :
33 <2|e. (25— | e—
(33) - <62’ ( cﬁ,Vlogn) T, (3 Y, logn) )

The following lemma is useful to handle the case p = oco.

z

1
/ 1 y/nlogn M; e
CoV logn + CMﬁ—J

93,¢

E

S 2 C2.2 2

’@f
\/logn +cM

+Cl,z

Lemma 16. For any =’ C Z;,

B — By 2v/2 1 <
sup < 2+ (log (c
= (Coaj,s + CMMJ}&) } ( Vit ¢y + ey infeess fﬂf) (1og (e

i3

8 1 ’
34 — : 2 | L=
( ) + (371 o infﬁeEg ;[Jé + CM) ( + ( og (CL

Proof. A uniform union bound yields
a _ g ‘
P < sup e Ui >
ce=) Co0je + Mg
. — —in(C(f‘i’C]\/]infée-:l le’g)QTQ —%n(cginféecl ij‘s +cM)T
< min 1,{:j 2 (e T 7k +e =i Mg

—ln(co-i-cMinf =/ Mj"s)zrz —gn(cg inf, _, Z&& +C]\/I)7'
<min |1, (E}]2¢ * $€55 7ie +min | 1,[=[2¢ * €685 Mg .

This yields

E

/
J

/
J

—_
—
—

—_
—
—

}@f aﬁ’

E |sup
§€H (00035 -+ CMMjg)

g/ 27" min
R+

+ 27" min [ 1,
R+

M; e\ 2
3. 2
4n(cg+cM inf ET/ . ) T
‘ 2e ¢ 75¢ dr

/
J

—_
—
—

-1 ( f My )
n| coin :r +CM
2¢ * sl dr

and thus, for any 71 > 0 and 75 > 0, we get

5 CP
sup ‘ e 95’ STQZ—l—/ 2T
56:' Co03j¢ +CMMJ'7§ T>To

E

2
1 . , 2
—an| coteprinf, o — ) T
=52 * (U €5 e ) dr




3 ( ; 75,
—in|co inf ez W-‘,—C]\/[)T
2e €55 My dr.

Take
—_ -
8 log (CLz = 1 22 log (0272 =
= — . and 7 =
. Y B M;,
3n ¢, infeez g oM Ny infeez 0;;
by construction
— —%n(cg inf&eE’ ;Ij_’g +CM)T 2 —%n(ccr inf{eE’ %+CN1)T
V1 > 1, :j’ 2e 3 g < e i e
Cl,z
1 ~ Mj£)2 2 1 ( - Mie\? s
—inleotepinf, - . T 2 —Lln(cotepinf, o —L T
o o C2.2

This implies

E

~ z
s |82 — B3
ge=! \ Colje + Mg

)

2\/5 lOg (6272 3 ) 2\/§ 1 z
\/ﬁ Co‘i_cMinffeE; Mg \/ﬁ Co’+cMinf§e”_ %

0']*75 :; 0’]}5
( 8 IOg (Cl,z —
+

—_
—
—

—/

i)

z z
8 1
3n Co iIlfgeE} ﬁ + Ccpr 3n Co infgegg Xjfi + Ccpr

’

which allows to conclude

Lemma 16 allows to obtain the upper bounds (36) and (37) below.
If ¢, =1 and ¢py = 0 (34) reduces to

w(}r@ﬂ1

Pp|\——m

== Tj&

<(32) (o lonlen D)) + (3 225 e (s )
= ﬁ 0g | Ca, 2 3_7158;151);@ 0g(cy uj’ .

For future use, note that we can also use the uniform bounds M; (see (24)) and

E

—_
—
—

/
J

(35) oje < CuB(d,2)By*27") & 5.
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instead of M;,¢ and o, and obtain

E

Be — Bl

=/
==

(36) < (%@-)Z (2 + (log (ca.: E;-D)Z/2> - <3%Mj>z (2+ (log (c1»

Along the same lines, with ¢, = ¢, t, and ¢y = ¢),;logn/(n — 1), we obtain

By — Byl
sup o v
¢e=! \ c,v/log nJTTf + cjy logn—Ls

=)))-

E

2\/5 Z - z/2
< (cﬁ,\/@ + ¢y logn/vn — Tinfeez 1;{;:) (2 + (log (02,z “;D Cl,z) )
=)
I\ 2 ) z
=) )) /2) + <W> (2 + (log (Clvz

8/3 ’
+ : / - (2 + (log (cl ~
c{,\/nlognmfg@} M’fi + )y logn ’

(37) < <c§f/%> <2 + (log (Cz,z

< Oz290d=1),

—

=)

=
j

recall that when =’ = =,

7.6.5. Empirical Bernstein and the probabilities. We take

14 ~vlogn
Ajeny = V27005¢ + 3Mj,€ 1

7}7577 = 2Aj7§7'y’ ] § Y A] é‘ A Tiﬁ,“{ = 3AJ7£7’Y

26 vlogn N ~vlogn
Alen = V2tagic+ Mg =5 and Aje, = V2taojc + ?,M”5 —1
b,— — s+
Tjﬁv Aj,ﬁﬁ and TJEV 3AJ§’Y

Lemma 17. The following upper bounds hold

P{T}):, > T} }_%
P{T;, < Tie,} < %

e — Bie| > Ajen ) < %

P{|3




P U AT < Tfsﬁ) < S P{ T < T, b < o2
£EE; et ny

(U (05> Mo} ) < So{e, > T} < corn L
£EE; geg; n

3

Pu{

SE:*j

e Biel > Amm}) < > P{|5
€eg;
Proof. Using the results of [20] we get

M
P {Ujé > 05¢+2V2u ik <e~

)

M.
]P){O'jé < 3]-75 — 2V QU\/anl} < e U
IP’{ 3

Jf —u

which yield the first inequalities. The others follow from the union bound

7.6.6. The case p = 0o. Let us consider the various terms one by one.
Error in the high dimensional space.

E[M;.] SE M)+ E (M + B [ME] + E [M7]
with
B[] = sup |85l Ly e,

z

E[Msl' < 2= 4
i n EE

R0

1 4 1=1/7 2\/§ ’ T = ’
= [ij_ <C—2] - 1)717) ((%0’]> <21/ * ( 10g(|:j|61727—)> )

" (%MJ)Z (21/7 + (log (|=] Cl,zT))Z))

B1] Ba a |*
E {Mj7z_ <E LSéIEpJ ’6_7'75 - 5]'75‘ 1‘6;’5|>Tb’ 1

a . _9j(d=1) 2
Ble| > Ajen} < C=¥ pet

27
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where we have used (a + b)"/™ < a7 + b"/7 for 7 > 1.
This yields
J||* ]

ol

(J+1)=71C%

J
Z 9i(d=1)z/2 <su5p ‘B;A Lg |<ror +E lSUP ’»5}5 yas‘ 1|5;5|>ij§wD

=758

1-1/7 J
Zde 1)(z/2+1-1/1)
J

x ((%O—J (21/7 + ( log (|=5] Cl,z‘F))Z) + (%My’)z (27 + (log (=) CLZT>>Z)>

def
:Ol +Rlooz+R2ooz

The terms R, . and Ry .. The term R}  _ is the term which appears in theorem 14
and thus we only need to bound Ry .- As in the case p < 0o, we can use the uniform

bounds on o;¢ and M, ¢, namely (24) and (35), and |Z;| < |_J\ to obtain

Rl2 ,00,2
1-1/7 J
Z 9i(d=1)(z/2+1=1/7)

4C'=
< (%)
ny Jr

2 ; : z
«((BReap2 5] (2 + (og e 12:0)7)

8 , z
+ <%COOB(d? OO)QJ(V(d)+(d_1)/2) > (21/T (lOg Cl,zr |‘—‘J|

By )
\1-1/7 J

< <4C:> <2\[C’2 (d,2)B 1/2) (21/7 (log (1] ca0r z/2) Z ((d)z+(d—1)(z/2+1—1/7))
ny =0

vn

8 . ) Z o
+ <3_nCooB(da OO)BX) (21/T + (log (|1Z/] ¢1..7)) )ZQJ( (d)z4(d—1)(z41-1/ ))]

Jj=0

9 (v(d)z+(d—1)(2/2+1-1/7))

SO\ [ (203 D\
= Zve /T = ))?/2
S ( nv ) [( \/— 02 (da 2)BX (2 + (].Og (CQ,ZT |~—4J|)) ) 1 - 2—(V(d)z+(d—1)(2’/2—‘,—1—1/7’))
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8 ? = \\?
+ (- CaB(d00)Bx ) (217 + (105 (c1. [E])))

The term O, ,. Denote by

2J(V(d)z+(d—1)(z+1—1/7—))
1 — 2—(w(d)z+(d—1)(s+1-1/7))

/ a |? na a |?
. = - ]_ a S, E ; - ; 1 a D
Oz,J 583513 ‘Bm&‘ |82 | <T3 + LSSEI; ‘ﬁj,f ﬁy,s‘ |Bj’5|>Tl.’ ]

R J,€:7

Because Tj;j > Tj;w we get

o~ 4
Esu\@—@]1a -
LeE% 6),5 6),5 |’8j,€|>TJl'7,E,“/

J,€:7 3,67

o~ z -~ 4
:Esu]@—9]1a . +Esu\@—9]1s, i
LEE% 5]@ ﬁj,é |82 [>Tt 56513 5]@ ﬁj,é Tt >|Be [>T

~ z

< E|su ’ e - ‘-1’ 1 .. s,
< B 1sup e = Piel Logomyy

~ 4

A

7€ JES z
B fsup (P28 ) s {8 1 -

geg;( o b || R U e, g

thus

z
1|6;,€\<T;g¢}

’B}l@ - 5?75} ] .
Olz,j < (1 +E 5S;lEp (7Tb’_ gség,) {‘5]',5

7€y

~ z
E a - a 1 a S, .
+ LSSE% ’5%6 5]@‘ |82 |>T; **]

3,6y

Using now (37) with ¢, = /27 and ¢}, = 27, we get as |Z;] < C=27"1) gives the upper
bound in theorem 14.

7.6.7. The case p < co. Let us consider the various terms one by one.
Error in the high dimensional space. We obtain

E[S;.) = B[S + E[SE] +E[S] +E[S7Z].

with
so] a |?
B {Sj,z_ = ggij \@vf’ Lige |<r
S1
E[s5l] < w2 i
=J

E[S2] < SB[ — Bel | 1y oroe

= 7,6
EE:j
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g1-1/7 ogie\ 4 M::N\7
B2 1/r 1/(27) 95,6 = 1/(zr) 25,8
E [Sj,Z} - n’Y(l 1/7) Z 2 (( C2,2r \/ﬁ) + (30172'7 n ) )

where we have used (a + b)!/™ < (al/T + bl/T). This yields

Aap _aJ z
w|J5 ]

P

(J+ 1)=-10ECs/ P!

< Z 2 1:0/2-1/ VD [3, ]
7=0

; - z
z:: 91 (d=1)z(1/2-1/(pVz)) (’5}4 1|B;‘5|<T5+ +E Hﬂjt‘lé - 6;5’ } 1\5?,g|>Tb7 )

E 5 73:€7 73:&7
J
Z 9i(d=1)2(1/2-1/(pV2)) a |?
J:€
Jj=0 ﬁGE]‘
22—1/7’ J L o z 4 . M. z
T N 9id-Da(1/2-1/(pv2) <<202/Z(fﬂ %ig) o (—cl/z(i” J,a) )
(=1/7) ];) Eéj T n 3707
dof

pz+R1pz+R2pz

The terms Ry, . and Ry, .. The term R, , . appears as is in lemma 14. To bound the
term Ry, ., we rely on (24). We obtain

T 1/(z1) Oj : 4 1/(z1 M :
o () - ()

£eE;
. 1\~°
< Z?“T( 26577 Cy B <d,2>2”<d>B_¥2—>
fez; vn

. 1\*
91/ (_ VED G B(d, 00) 2@/ _)
+ Z 1,z7 ( OO) Xn

€€z,

< C=2Y7 (2c§/§iT)CgB(d,2)) B2 1 i@t av(a)
b nz

+ C=2V/7 (;l /e, B, oo)) B _2 J((d=1)+2(v(d)+(d—1)/2))
n

this yields

J z z
i(d—1)z — 2 T 1/(z7) Oj Z 1/(z7 M
$ 9ild-D=1/2-1/6v2) § 91/ ((%Qﬁ )\/%> . (301/57 ) : ) )

j:O EEEJ'
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J

Z 9i(d=1)z(1/2~ 1/(p\/z))0521/7'( ;/fo CyB(d, 2)) BZ/2 — 93 ((d=1)+zv(d))
7=0
4 Ve 0L B, OO)> B _2 J(d=D+2(v(d)+(d-1)/2)

J
Z 2(1/2-1/(pV2)) (1ot /7 (—01
: = 3 zZT

d)+(d—1)/z+(d—1)(1/2—1/(pVz)))

S ngl/T( 1/(z7— 02 ( ) 2/2 /2 2232 v(

4 2T N
o (3 ks COOB(d,oo) ZQJZV )+(d—1)/z+(d—1)(1-1/(pV2))
_9l/T 1/(ZT
Cs2 ( C25(d, >) ;(/2 1/ 9J2(v(d)+(d—1)/z+(d=1)(1/2-1/(pV2)))
nZ 2

< 1 — 2—=(w(d)+ (d—1)/Z+(d—1)(1/2—1/(p\/z)))
ol/7 (4 ,.1/(27) z
+ Cs2 (3 C1ar CoB(d, OO)) P 12Jz(u(d)—i—(d—l)/z-‘r(d—l)(l—1/(p\/z))
1 — 2—2(w(d)+(d=1)/z+(d-1)(1-1/(pvz)) ~X '
The term O, .. Denote by

z o~ 4
Ousie = |yl Vs <rzee, + B (1B = Bl ] 1oz ore

Because T ’++ > 5 e We get

E Hﬁﬁs = el ] 1pse o

na a |? fa a |*
=E (| =85l | oy oy T E B = 0l [ 1rzrap o,

- : E[|Bre =85l ] |0
a a ’ ’
E Hﬂjf - ﬂjé’ } 1|B§-{§|>T;§j + (ij%_ﬁ/)z J:€ 1T]T°'7g;r2|6j’5‘>:rjb€—v>

TS+t

a z
|<T$+Jr _'_E Hﬁjs j,ﬁ‘ } 1|’8;’1,€‘> 7,&y

Oz,j,5 < <1+E[ﬁéfb7)35 ]) ‘B

7€y

Now using the results of Section 7.6.4 with T}, = \/27t,0¢ + 2 I;L)%?Mjf we obtain

BB =] _o(, (ot Y, (AL Y
N G T M EIEER

3% (ij_v
<y Nor N 2¢77 1\
=2\ VAmoen ylogn ) |7
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this yields

0,.< [1+2 & i 201 3 9i(d=1)2(1/2-1/(pv=2))
’ V7logn ~vlogn =

> (|6 s genze +E e~ 82 1 1 o)
=j

RN 53,6

7.7. Proof of theorem 9. This proof requires an upper bound on: the approximation
error, Ry, Riy., and O, .. We use that because fg € B; (M), we have, by lemma 13,

f5 € B} (ceqM).

7.7.1. The case 1 < p < 0o. Let us consider the terms one by one.
The approximation error. Start with

|75 = £, = fevie|

E‘—‘J

From lemma 6 (i) and the definition of the Besov spaces as a sequence space, with
1/q+1/G=1,

225§¢J€

< O Y 9dsileHd=1a/2-1/p) H

j>J EEE; » G>J §€~]
which yields
Z Z 5;5¢]§ < C;Q—JS(Q% _ 1)—1/!7
J>J E€E;
ClceqMcl/p 1/7’(23(] -1/4 ’ 2—]3 £ Z »
C’Ceq (25q _ 1 —1/q Hf H 2 J(s (d 1)(1/r—1/p)) if < p

s=(d=1)(1/r=1/p) <

It is enough to consider the worst case where r < p and to check that —@ianE - 2 M

in the two zones.
In the dense zone, we have

S+u(d)—|—g> (y(al)jtgy;9

which yields

IN
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Because s > (d — 1)/r and p > r, we have
d—1 d—-1 sr ST 1 1
- S O | —1) (=2 >
’ r ’ p p (d )<d—1 ><7’ p>_0’
which yields s — (d — 1)(1/r — 1/p) = % and gives the result.
In the sparse zone, because s > (d — 1)/r, we have
s—d-V)A/r=1/p) s—(d=D{A/r—1/p)
vd)+(d—-1)/2 T s+wv(d) —(d-1)1/r—1/2)

The terms Ry, and Ry, ,. Using lemma 7 (iii) we obtain

4 —(pAr) /T 4 ]
Ry, < H(CeqM)pCé (pAr)/ 3 9=ip(s+(d=1)(1/p=1/(pAr)))
=0

where the exponent is nonpositive because s > (d — 1) /r, thus

AcogMPCL NI

Rivo < S5 = g rer@ D@1

With v > p/2, Ry, is of lower order than 7.

We also have
2—1/7

R2,p,p S WCEbn,p,p,J,T-
With the aforementioned choice of J,
1
ﬁgJ(V(d)Jr(d—l)/?)B;(/? <1

2J(d—1)

Bx <1.

n

Together these yield that b, ,, ;- is of the order of a constant.
This term is also of lower order than ¢? for 7 large enough such that v(1 —1/7) > p/2.

The term O, ,. First note that a, ,, ;= 1+ o(1).

We take Tj;j uniform in &:

Tﬁgj = 3v27t,C2B(d, 2)27”(603;(/2

520, B(d, co)2iva@+a-1/2) g Y1081
(o] ) n — 1

< 2@ syt B <3\/§CQB(d, 2) 4+ 52C,B(d, o0) el )

n—1
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where the last display uses the upper bound on J, this yields, for n > 2,
Ty <279 A, BY? (3V2C5B(d, 2) + 104Cs B(d, 00) ) € T35

7€

As a consequence of (32) we get

p p
=a p 1/p Oy 4 1/ M;
e~ one] <2 (2 %)+ (3 )
. 1\
<202/pC2 (d, 2)2jy(d)B;(—/2%>
P (3 Urr B(d, 00) 200+ 1)/2)BX%)IJ

' p
< 2gpu(d)WB§(/22p+l (C;{;C&B(d, ) 3 I/PC B(d OO))

(T5)" [, drcaBd,2) +36/7CuBld, )\’
~ (ylogn)r/? 3v2C,B(d, 2) + 1040, B(d, 00) (ﬁ)

s P
) (V2 Al
= (ylogn)p/? 3 2 sy

1/p
2
Let C., =3v2CyB(d,2) +104Cy B(d,00)\/y and C,, =27 (ic;/p + Cl—’p) :

For any 0 < z < p,

=

=J

Aa a p
etz BBt~ 856l ] 1) o)

_s,++)
]7’}/ p
sel<m T (vlogn)p/2 C"’pl‘ﬁie|>Tyss+w+)

SZ(Jﬁp
fem

Ej

Cp p—z
1+$) T+
< (vlogn)r/2 (7:7) éez,

1 +72> St BY2C) T 2 @)
< (vlogmn)?/ ( c) =

€=j

z

a
J:€

We need to sum over j and take two different values for z, one that we denote z; for
7 < jo and one that we denote 2, for jo < 7 < J. The values of 21, 29, jo Will be specified
later, depending on the value of the parameters r, ¢, s and p such that we are in the



35

dense or sparse zone. Up to a multiplying constant, we thus need to control

z
a 1

A+B=(B{)"" f: 2iV(@)(p=—21)+(d-1(p/2-1)]

7€
7=0 EEEj
J
1/2, \P=*2 i[v(d)(p—22)+(d—1)(p/2—1 a |??
+ (BX tn) Z 93l (d)(p—22)+(d—1)(p/2-1)] Z 5]'76
Jj=Jjo+1 £€E;

where we choose adequately 21, z5 and jp in the two zones. Because of lemma 7 (i) we
only consider p > r.
Let us first consider the dense zone. We define

p(v(d) +(d—-1)/2)
s+v(d)+(d-1)/2

7=
In the dense zone, 7 < r, p > 7 and
d—1
(38) 5= (z/(d) + —) (72 - 1) .
2 T
With z5 = r, we get

e
B < (B;(mtn)p Z 93 v(d)(p—r)+(d=1)(p/2-1)] Z

a

7€
Jj=Jjo+1 §EE; ’
Lemma 7 (iii) gives that
Z |5j§|7’ < D;Q—jr(s+(d—1)(l/2—l/r))
§EE;
where Vj € N, D; >0, (D;);en € {,. Note that
1 1\ d-1p d-1 p
(#9) s+@-1(5-1) =S5 - T (5-1).
thus
—7r J . r _
B < (B}(/Ztn)p 3 zﬂp(l—z)(y(dHTl)D;
J=jo+1

S (CeqM)r (B;</2tn)p—r 2jop(1—g)(y(d)+d%1)

for g > 1if r > 7 and for ¢ <rifr =7 (ie. s:p(l/(d)—i-d_l) (%—%))
- p —1 —1
Taking ik (Vd+55) (B;/ztn) we get

B M (BY*)"



36 GAUTIER AND LE PENNEC

which is the rate that we expect in that zone.
As for A, we take z; =T < 7 < r, this yields, using lemma 7 (iii),
T

a

j?é‘

FJdo _
A< (BY)'T S @m0 6/2-0) 3
7=0 £EE;
Jo

<M B;gztn)p—Fz21[u(d)(p—?)ﬂd—1><p/2—1)—?(s+<d—1><1/2—1/?>)1

<M (B;{/ztn)f”‘F QiP@H=D/20T/7)  (uging (38))

< M” (B;(/ztn)p_r (from the definition of jg).
Let us now consider the sparse zone. We define by

s v(d) +(d—1)(1/2 —1/p)
P v —d— D/ —1/2)

in a such a way that

s—(d-1)(1/r—1/p)

P =P ) — [d— (1 — 1)2)
=D s

st o(d) — (d-D(1/r—1/2)
(40) S+(d—1)<%—%):(d;fl)p—d;1+u(d)<§—1).

For the term A we take z; = r and obtain

A < (B;(/2tn)p_7’ ]ZO 2j[V(d)(p—r)+(d_1)(p/2_1)] Z

=0 ==

e Jo ~
< (B}(ﬂtn)p Z2][y(d)+(d—1)(1/2_1/p)f;(r_r)]D; (using (40))

j=0
< ( B;gztn)l’—" 9do [((@)+(d—1)(1/2-1/p) & (7)) M,

a T
Bre

the last inequality holds because v(d) + (d—1)/2—(d—1)/p > 0, indeed because we are
in the sparse zone v(d) + (d—1)/2 > s/(p/r —1)=sr/(p—1)>2/(p—1r) > (d—1)/p.
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: jo(v(d)+(d—1)(1/2—1/p)) & 1/2 -
Taking 270+ @d=DA/2=1/P) T ~ (BX n) yields
Ay (B
For the term B we take zo =7 > 7 > r and obtain

B < (BY*)"

J=Jjo+1 €es;

_ J
1/2, p=T 10 - - r—7)/F Y :
< (B/ n) Z 9i(v(d)+(d—=1)(1/2=1/p))p(r—7)/ D’ (using (40))
Jj=Jjo+1
< (B;(/ztn)P—F 9do(W(d)+(d=1)(1/2=1/p))p(r=T)/7 p y7™

< (BYt,)

7.7.2. The case p = 0o. Consider r = co. The general case follows by lemma 7 (ii).
The approximation error. Because fg € B3, (M), we have by lemma 6 (i)

DD Bietil| S D020 Bieve
j>J EEE; o 0> |l€eg;
< g M Y P29 DD, (ehere (D)) el < M)
i>J

< O coqgM2775(297 — 1)71/1,

From the choice of J we get

Z Z 5;6@%5

J>J E€E;

Y

. _ s/(v(d)+(d—1)/2
< M2 — 1)V (1, B7) O

this term is negligible because s/(v(d) + (d —1)/2) > s/(sv(d) + (d — 1)/2).
The terms R and R

100 500, Using the definition of the Besov norm, we obtain

4 AN
R/looz— n’Y(CCqM) CEZ2 J 2]([1 1

=0

< in(d—l)Mz.

With v > z/2 4 1, which holds if 2(y —1)(1 — 1/7) > 2z, Ry . is of lower order than ¢Z.
Due to the choice of J the term in bracket in the expression of R; . in theorem 14 is
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less than 1. The second term in the expression of b, . - is of smaller order than the
first term. The order of b, « .., is finally (logn)*2. Thus we have

/ < (n—'yQJ(d—l))l_l/T (logn)z/2

2,00,z ~J
This term is also of lower order than ¢ when 7 is such that 2(y — 1)(1 —1/7) > 2.
The term Ogo,z. Note that here a,, . s is of the order of a constant. We now proceed

like for the term O, ,. Using (36), we obtain for arbitrary z € [0, 2]

z -~ z
C-L ]_ a S, E a - a ]- a S,
sup [ el L f<rzr + [ggg!ﬂjvg Brel Ljse o ]

J,€:Y J:€:7

< (ﬁtnB;gz)z—z 9iv(d)(2=7) gsél:p ‘/6_;15 z
g

We use an upper bound on A + B where

z1

A— (Bég/ztn) z—21 ]ZO 2j[u(d)(z—21)+(d—l)z/2] sup }6}15

=0 £eg;
J
o 1/2 %2 ilv(d)(z—z2)+(d—1)z/2 a |*?
j=jo+1 £€Z5

for well chosen 0 < jo < J, 21 and 2p. Because f € B3, (M), we have

> 1, s 35 < AR

€€Ej

The result follows taking z; = 0, jo such that 270 ~ ¢~/ (F(A+d=1)/2) "and 2z, = 2.
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