
HAL Id: inria-00595460
https://inria.hal.science/inria-00595460v1
Submitted on 24 May 2011 (v1), last revised 7 Feb 2012 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Timestepping schemes for nonsmooth dynamics based on
discontinuous Galerkin methods: definition and outlook

Thorsten Schindler, Vincent Acary

To cite this version:
Thorsten Schindler, Vincent Acary. Timestepping schemes for nonsmooth dynamics based on dis-
continuous Galerkin methods: definition and outlook. [Research Report] RR-7625, 2011. �inria-
00595460v1�

https://inria.hal.science/inria-00595460v1
https://hal.archives-ouvertes.fr


appor t  




de  r ech er ch e


IS
S

N
0

2
4

9
-6

3
9

9
IS

R
N

IN
R

IA
/R

R
--

7
6

2
5

--
F

R
+

E
N

G

Modeling, Optimization, and Control of Dynamic Systems

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Timestepping schemes for nonsmooth dynamics

based on discontinuous Galerkin methods: definition

and outlook

Thorsten Schindler, Vincent Acary

N° 7625

Mai 2011





Centre de recherche INRIA Grenoble – Rhône-Alpes
655, avenue de l’Europe, 38334 Montbonnot Saint Ismier

Téléphone : +33 4 76 61 52 00 — Télécopie +33 4 76 61 52 52

Timestepping s
hemes for nonsmooth dynami
s based ondis
ontinuous Galerkin methods: de�nition and outlookThorsten S
hindler, Vin
ent A
aryTheme : Modeling, Optimization, and Control of Dynami
 SystemsÉquipe-Projet BiPoPRapport de re
her
he n° 7625 � Mai 2011 � 25 pages
Abstra
t: The 
ontribution deals with timestepping s
hemes for nonsmooth dynami-
al systems. Traditionally, these s
hemes are lo
ally of integration order one, both insmooth and nonsmooth periods. This is ine�
ient for appli
ations with few events like
ir
uit breakers, valve trains or slider-
rank me
hanisms. To improve the behavior dur-ing smooth episodes, we start a
tivities twofold. First, we in
lude the 
lassi
 s
hemesin time dis
ontinuous Galerkin methods. Se
ond, we split smooth and nonsmooth for
epropagation. The 
orre
t mathemati
al setting is established with molli�er fun
tions,Clenshaw-Curtis quadrature rules and appropriate impa
t representation. The result isa Petrov-Galerkin distributional di�erential in
lusion. It de�nes two Runge-Kutta 
ol-lo
ation families and enables higher integration order during smooth transition phases.As the framework 
ontains the 
lassi
 Moreau-Jean timestepping s
hemes for 
onstantansatz and test fun
tions on velo
ity level, it 
an be 
onsidered as a 
onsistent enhan
e-ment. An experimental 
onvergen
e analysis with the boun
ing ball example illustratesthe 
apabilities.Key-words: timestepping s
heme, high order, nonsmooth dynami
s, time dis
ontinu-ous Galerkin methods, experimental 
onvergen
e analysis, unilateral 
onta
t, impa
t



S
hémas à 
apture d'événements basés sur des méthodes deGalerkin dis
ontinues pour la dynamique non régulière:dé�nition et perspe
tiveRésumé : Ce travail 
on
erne des s
hémas à 
apture d'événements pour les systèmesdynamiques non réguliers. Traditionnellement, les méthodes sont d'ordre un dans lespériodes régulières et non régulières. Ce
i n'est pas e�
a
e pour des appli
ations ave
peu d'événements 
omme les disjon
teurs, les distributions ou les liaisons mé
aniques.Nous dé
rivons deux appro
hes pour améliorer le 
omportement des s
hémas pendantles épisodes réguliers. D'abord, les s
hémas 
lassiques sont réformulés dans le 
adre desméthodes de Galerkin dis
ontinues. Après, nous dé
omposons les étapes régulières et nonrégulières de la propagation de la for
e. Le 
adre mathématique rigoreux est basé sur lesfon
tions approximatives, le 
al
ul numérique d'une intégrale utilisant Clenshaw-Curtiset une représentation appropriée des impa
ts. Le résultat est une in
lusion di�érentiellede type Petrov-Galerkin. Elle de�nit deux familles de méthodes de 
ollo
ation de typeRunge-Kutta et permet l'intégration à l'ordre élevé pendant les transitions régulières.Comme les nouveaux s
hémas 
omprennent le s
héma 
lassique de Moreau-Jean ave
des fon
tions d'ansatz et de test 
onstantes pour la vitesse, on peut les voir 
omme uneextension 
onsistante. Une analyse expérimentale de la 
onvergen
e sur l'exemple de labille rebondissante montre l'aptitude des méthodes.Mots-
lés : s
héma à 
apture d'événements, ordre élevé, dynamique non régulière,méthode de Galerkin dis
ontinue, analyse expérimentale de la 
onvergen
e, 
onta
t uni-latéral, impa
t



Timestepping s
hemes based on dis
ontinuous Galerkin methods 31 Point of DepartureThis arti
le treats higher order timestepping s
hemes based on time dis
ontinuous Galerkinmethods in the 
ontext of nonsmooth dynami
s. We give a short introdu
tion of non-smooth dynami
al systems, 
lassi
 time integration s
hemes and present strategies toa
hieve higher integration order during smooth episodes.1.1 Nonsmooth dynami
al systemsThe boun
ing ball (
f. Fig. 1) is a typi
al nonsmooth dynami
al system in the �eld ofme
hani
s [21, 28, 24, 13, 6, 22, 20, 2℄. Informally, we 
an envisage the physi
al evolution
fdt

q

m

di

fdt

t
0 TFigure 1: Boun
ing ball example.as follows. During a �nite time interval ∅ 6= I := (0, T ) ⊂ IR, a ball with mass m fallsfrom an initial position q0, given an initial velo
ity v0 and some external momentum�ow fdt. It hits the ground and lifts o� again or stays 
alm depending on the resultingintera
tion di being partly elasti
 or plasti
. The �rst 
ase is 
alled a Zeno phenomenonif boun
ing and free �ight alternate in�nitely often in I.The most important realisation is the o

urren
e of a velo
ity jump due to the impa
t.The fun
tion des
ribing the state of position and velo
ity 
ontains smooth and nons-mooth propagation episodes. Using a des
ription based on 
lassi
 fun
tion derivatives,one has to distinguish these two ranges. However, with appropriate mathemati
al ob-je
ts, i.e. measures, it is possible to enter the modern theory of nonsmooth dynami
alsystems. Problem 1.1 de�nes a 
onsistent generalisation of the boun
ing ball example,not distinguishing between smooth and nonsmooth motion.Problem 1.1 (Measure di�erential in
lusion) Solve the initial value problem

q (0) := q0 ∈ IR , (1)
v (0) := v0 ∈ IR , (2)

dq = vdt , (3)
dv = m−1fdt+m−1di (4)in terms of measures.RR n° 7625



Timestepping s
hemes based on dis
ontinuous Galerkin methods 4Problem 1.1 is based on the following assumptions.� dt is the Lebesgue measure of the time t.� q ∈ W1,1 (I) is the absolutely 
ontinuous position with the measure dq.� v ∈ LBV (I) is the velo
ity of lo
ally bounded variation and the weak time derivativeof the position q. One 
an split its measure
dv := γdt+

∑

j

[[vj]] δtj := γdt+
∑

j

(

v+

j − v
−
j

)

δtj (5)in a smooth and nonsmooth part witha

elerations γ ∈ C0 (I) , (6)
ountable velo
ity jumps v±j ∈ IR and Dira
 measures δtj (7)as well as omitting the Cantor part of the singular measure.� 0 < m−1 := m−1 (q) ∈ C0 (IR) is the inverse mass.� f := f (t, q, v) ∈ C0 (I × IR× IR) is an external for
e.� i ∈ LBV (I) is the intera
tion (impulse) of lo
ally bounded variation. Its measure
di := rdt+

∑

j

pjδtj (8)is part of 
onta
t relations (q, v, r, t) ∈ NC , (9)
ountable impa
t relations (qj, vj , pj, tj) ∈ NI (10)and omits the Cantor part of the singular measure. Theoreti
ally, we 
an write the
onta
t for
e r := r (t, q, v) ∈ C0 (I × IR× IR) as a smooth fun
tion. In pra
ti
e,this might not always be obvious. If the 
onta
t relation is single-valued, the 
onta
tfor
e is a (
ompliant) fun
tion of 
onta
t distan
e g (q, t), 
onta
t velo
ity ġ (q, v, t)and time t. However, if the 
onta
t relation is set-valued, one has to solve nonlinearrelations to gain r. The set-valued 
onta
t relation may be bilateral, i.e. g = 0,unilateral, i.e. 0 ≤ g ⊥ r ≥ 0, or may des
ribe a dry fri
tion behaviour.Intera
tions may be the root of nonsmoothness. When a unilateral 
onta
t relation
loses at time tj , it has to be evaluated as impa
t relation 0 ≤ ġ+

j ⊥ pj ≥ 0 toensure the validity of the 
onstraints after impa
t time. At this moment, all 
losedset-valued 
onta
t relations are in�uen
ed. Hen
e, also the bilateral and fri
tionalrelations have to be 
onsidered as impa
t relations. If one only 
onsidered single-valued intera
tions, then there would not exist any nonsmooth episode of the statevariables.RR n° 7625



Timestepping s
hemes based on dis
ontinuous Galerkin methods 5Problem 1.1 is a measure di�erential in
lusion (MDI). It uses a weak des
ription of timederivatives in terms of measures. As in the modern theory of partial di�erential equations(PDE), Problem 1.1 
an dire
tly be interpreted in the sense of distributions. We willsee that this 
on
ept is even more general and that it o�ers the 
onne
tion to Galerkins
hemes known from the numeri
al treatment of PDEs. Let D (I) be the spa
e of allreal-valued, C∞-fun
tions with 
ompa
t support and the spa
e of distributions D∗ (I) itsdual spa
e. With the primal-dual pairing < ∗, ∗ > and the distributional derivative D1vof v, one a
hieves the following problem.Problem 1.2 (Distribution di�erential in
lusion) Solve
< q̇, ϕp >D∗,D =< v, ϕp >D∗,D , ∀ϕp ∈ D (I) , (11)

< D1v, ϕv >D∗,D =< m−1f, ϕv >D∗,D + < m−1di, ϕv >D∗,D , ∀ϕv ∈ D (I) (12)together with the initial 
onditions (1), (2).Remark 1.3 Problem 1.2 is 
hara
terised by distributions de�ned by lo
ally integrablefun
tions L1lo
 (I) and measures M (I). These 
an be identi�ed with subspa
es of D∗ (I).Hen
e, the test fun
tions ϕp and ϕv do not have to be in C∞. For the equations to be
onsistent, 
ondition (12) for
es the restri
tions. At least fun
tion evaluations of ϕv arene
essary:
∑

j

[[vj ]]ϕv (tj) =
∑

j

m−1

j pjϕv (tj) . (13)Hen
e, the test fun
tions for the velo
ity ϕv must be 
ontinuous at the impa
t times. Theposition test fun
tions ϕp do not even need to be 
ontinuous. However, they should yield�nite evaluations of the primal-dual pairings, whi
h is not a problem in pra
ti
e.1.2 Integration methodsTimestepping s
hemes next to event-driven s
hemes are well-known possibilities to inte-grate nonsmooth dynami
al systems [2℄.1.2.1 Classi
al timestepping s
hemesClassi
al timestepping s
hemes dis
retise the equations of motion in Problem 1.1 in
lud-ing the 
onstraints (9), (10) with integration order one. As the time step-size is neveradapted in this arti
le, we de�ne a time step-size partition I := {I1, . . . , IN} of I initially.The N subintervals Ii := (ti−1, ti) are of length ∆ti and satisfy
0 =: t0 < t1 < . . . < tN−1 < tN =: T . (14)This avoids event dete
tions, i.e. impa
t dete
tions: a large number of 
onta
t transitions
an be handled with in
reased 
omputational e�
ien
y when the in�uen
e of parti
ularevents is not as important as the mean.RR n° 7625



Timestepping s
hemes based on dis
ontinuous Galerkin methods 6Algorithm 1.4 Classi
 Moreau-Jean timestepping s
hemeinput time interval partition I, inverse mass m−1, external for
es f , impa
t set NI,initial position q0, initial velo
ity v0, parameter θ
i← 1 initialize loop variablewhile i ≤ N� solve











qi = qi−1 +∆ti [(1− θ) vi−1 + θvi]

vi = vi−1 +∆ti
[

(1− θ)m−1

i−1
fi−1 + θm−1

i fi

]

+m−1

i diiwith (qi, vi, dii, ti) ∈ NI











(15)� i← i+ 1Algorithm 1.4 is a representative timestepping s
heme. It de�nes numeri
al approxima-tions qi ≈ q (ti), vi ≈ v (ti), m−1

i ≈ m−1 (qi), fi ≈ f (ti, qi, vi), dii ≈ di (ti, qi, vi) and doesnot distinguish between 
onta
ts and impa
ts (
f. Remark 2.4). A question of ongoingresear
h is the solution of the nonlinear expressions forming the kernel of the algorithm.1.2.2 Event-driven s
hemesEvent-driven s
hemes resolve the exa
t 
onta
t transition times of Problem 1.1. Be-tween the events, the motion of the system is 
omputed by a 
lassi
 integration methodfor di�erential algebrai
 equations (DAE). This is very a

urate but the dete
tion ofevents 
an be time 
onsuming and is not possible for Zeno phenomena. If an underlyingmathemati
al model exhibits only few events, event-driven s
hemes are our methods of
hoi
e.1.2.3 Higher order timestepping approa
hesWe 
an �nd two di�erent approa
hes for a
hieving higher order timestepping s
hemes inthe literature: augmented timestepping s
hemes and mixed timestepping s
hemes.Augmented timestepping s
hemes [25, 16℄ Augmented timestepping s
hemes are ex-tensions of 
lassi
 timestepping s
heme, e.g. of Moreau-Jean type. If there is no velo
ityjump during an integration step, one uses 
lassi
 augmentation strategies [11, 14, 15℄:� Extrapolation te
hniques emanating from the basi
 
lassi
 timestepping s
hemeaugment the integration order.� Time step-size adaptation a

ording to Ri
hardson or using embedding methodsaugment 
on
erning automati
 time step-size 
hanges.Often, the order extrapolation leads to instabilities with 
losed unilateral 
onstraintsbe
ause of 
hattering in the 
lassi
 Aitken-Neville s
heme or be
ause of missing splittingbetween smooth and nonsmooth for
e propagation. Further, order extrapolation 
annotRR n° 7625



Timestepping s
hemes based on dis
ontinuous Galerkin methods 7
on
eptually s
heduled in parallel. These items have led to the utilisation of methodswith �xed integration order even in the smooth phases. However, the main problem is to�nd a 
onsistent treatment of nonsmooth episodes. This is usually done by heuristi
s:one uses the 
lassi
 timestepping s
heme and one has to de
ide about time step-sizeadaptation.Mixed timestepping s
hemes [1, 12℄ Mixed timestepping s
hemes 
ombine DAE meth-ods for smooth episodes with 
lassi
 timestepping s
hemes for nonsmooth phases with-out resolving the exa
t 
onta
t transition times. They bene�t from the 
lassi
 theory insmooth segments exa
tly as augmented timestepping s
hemes. They are also seriouslya�e
ted by appropriate time step-size adaptation for nonsmooth episodes.Step-size adaptation Both augmented and mixed pro
edures su�er mainly from la
kingappropriate time step-size adaptation strategies in nonsmooth periods. Usually, onestarts from the 
lassi
 approa
h based on smooth 
ontrol theory [11, 14, 15℄ and usesadditional heuristi
s respe
ting the idea behind timestepping s
hemes:� Anti
ipating gap-estimations [16, 12℄ or retrospe
tive time step bise
tion [25℄, [1, formixed timestepping℄ ensure su�
iently exa
t dete
tion of possible velo
ity jumps.� Time step-size swit
hing ∆tnonsmooth = O
(

∆tp+1smooth) 
ouples smooth and nons-mooth regions using the integration order p of the smooth propagation [25℄, [1, formixed timestepping℄.� Error estimation is based on not adapted [16℄ or adapted [1, for 
lassi
 timestepping℄Ri
hardson strategies with some additional heuristi
s, i.e.� ex
lusion of the possibly jumping velo
ities in the error estimation [16℄, [1, for
lassi
 timestepping℄,� dis
ussion of appropriate norms [1, for 
lassi
 timestepping℄,� preferable interval-by-interval separation of possible velo
ity jumps [16, 1℄,� dependen
e on penetration for 
losed 
onta
ts [1, for 
lassi
 timestepping℄.Mainly be
ause of missing smoothness, it is very di�
ult to derive an appropriate timestep-size adaptation respe
ting the toleran
e demands. All mentioned items, i.e. eventpredi
tion, norm sele
tion, error estimation and time step-size sele
tion, have not beensolved satisfa
tory for nonsmooth transitions yet. We will have to struggle with exa
tlythe same setting when we prepare timestepping s
hemes based on time dis
ontinuousGalerkin methods to industrial problems regarding e�
ien
y.2 Time Dis
ontinuous Galerkin MethodsTo 
onsistently improve the behavior during smooth episodes, we embed the 
lassi
altimestepping s
hemes in time dis
ontinuous Galerkin (TDG) methods. Originally, dis-
ontinuous Galerkin (DG) methods have been established for the spa
e dis
retisation.RR n° 7625



Timestepping s
hemes based on dis
ontinuous Galerkin methods 8They are spe
ial mortar methods and nowadays mainly used for 
onve
tion-dominated�ow problems [5, 9℄. If these �ow problems exhibit a time-dependen
e, the time dis
reti-sation is 
anoni
ally given by spe
ial Runge-Kutta (RK) s
hemes. This is fairly not aneasy task be
ause of the 
onne
tion between spa
e and time dis
retisation due to theCourant-Friedri
h-Levy (CFL) 
ondition. Additional stabilisation strategies should e.g.support this 
ru
ial relationship. The �nal Runge-Kutta dis
ontinuous Galerkin methodsare of total variation diminishing (TVD), essentially non-os
illatory (ENO) or weightedessentially non-os
illatory (WENO) type [10℄. In 
ontrary, we 
on
entrate on the timedis
retisation by DG methods. Our arti
le follows [19℄, whi
h is 
onsidered to be the�rst 
ontribution. Also [17, 4, 23, 3, 26℄ have motivated our approa
h.DG methods use dis
ontinuous ansatz fun
tions in any situation. In 
ontrast, extended(XFEM) or generalized �nite element methods (GFEM) are based on situation dependantenri
hment of a pool of 
ontinuous ansatz fun
tions with dis
ontinuous representatives[8℄. They are identi
al developments of two di�erent resear
h groups and follow in generalthe same ideas as DG methods. We do not 
onsider these methods in the following.We start from Problem 1.2 and would like to de�ne proper test fun
tions and a �nitedimensional basis for the dis
rete solution. We assume:� test fun
tions might have jumps a
ross the intervals,� test fun
tions are 
ontinuous inside the intervals.The �rst assumption leads to the expression of dis
ontinuous Galerkin methods. The se
-ond 
laim states that there is not an instantaneous in�uen
e of the analyti
 nonsmoothdynami
s on the numeri
al solution in-between an interval: the exa
t time of dis
onti-nuity is not resolved. We write ϕp, ϕv ∈ C
0 (I) for pie
ewise-
ontinuous fun
tions withrespe
t to the partition I.2.1 Evaluations with dis
ontinuous test fun
tionsIt is not 
lear how to reinterpret (13) if we are using dis
ontinuous test fun
tions andtheir dis
ontinuities 
oin
ide with those of the fun
tional. Depending on the usage ofappropriate molli�ers, i.e. smooth 
uto� fun
tions, we de�ne the distributional derivativeof a fun
tional v ∈ C1 (I) applied to dis
ontinuous fun
tions ϕv ∈ C

1 (I) [3℄. E.g. with
χi−

ǫ : IR→ IR, t 7→ χi−
ǫ (t) :=



















(t− ti−1) /ǫ for ti−1 ≤ t < ti−1 + ǫ

1 for ti−1 + ǫ ≤ t < ti

1 + (ti − t) /ǫ for ti ≤ t < ti + ǫ

0 elsewhere , (16)we gain an absolutely 
ontinuous 
hara
teristi
 molli�er (
f. Fig. 2)
ϕi−

vǫ
: IR→ IR, t 7→ ϕi−

vǫ
(t) := ϕv (t)χi−

ǫ (t) (17)of ϕv with support in (ti−1, ti + ǫ). The integration by parts formula yieldsRR n° 7625



Timestepping s
hemes based on dis
ontinuous Galerkin methods 9
ttiti−1

ϕi
vǫ

ti + ǫti−1 + ǫFigure 2: Chara
teristi
 molli�er.
∫

D1−vϕi−
vǫ

dt : = −

∫ ti−1+ǫ

ti−1

vϕ̇i−
vǫ

dt−

∫ ti

ti−1+ǫ

vϕ̇i−
vǫ

dt−

∫ ti+ǫ

ti

vϕ̇i−
vǫ

dt

= [[vi]]ϕ
i−
vǫ

(ti) +

∫ ti

ti−1

v̇ϕi−
vǫ

dt+

∫ ti+ǫ

ti

v̇ϕi−
vǫ

dt (18)be
ause of the 
ontinuity of ϕi−
vǫ

in ti−1 + ǫ and ti. In the limit ǫ→ 0, we use χi−
ǫ (ti) = 1and the theorem of Lebesgue to a
hieve

lim
ǫ→0

∫

D1−vϕi−
vǫ

dt = [[vi]]ϕv

(

t−i
)

+

∫ ti

ti−1

v̇ϕvdt . (19)Hen
e, we de�ne with a partition of unity ansatz
< D1−v, ϕv >D∗,D:=

∑

i

[[vi]]ϕv

(

t−i
)

+
∑

i

∫ ti

ti−1

v̇ϕvdt . (20)This expression fo
uses on dis
ontinuities at the right border ti of Ii. Alternativelyin
orporating the left border ti−1 of Ii with a similar molli�er χi+
ǫ ,

< D1+v, ϕv >D∗,D:=
∑

i

[[vi−1]]ϕv

(

t+i−1

)

+
∑

i

∫ ti

ti−1

v̇ϕvdt (21)is also a 
onsistent de�nition. The dis
ontinuity evaluations also 
ould have been totallyomitted, whi
h is physi
ally not satisfa
tory. Further, both the left and the right borderof Ii 
ould have been 
onsidered. This would result in two term re
ursions, i.e. multi-stepmethods, be
ause of the three intervals Ii−1, Ii and Ii+1 play a role in.2.2 Timestepping s
hemes based on time dis
ontinuous Galerkin methodsWe demonstrate the numeri
al approximation of Problem 1.1 with time dis
ontinuousGalerkin methods and dis
uss its properties.RR n° 7625



Timestepping s
hemes based on dis
ontinuous Galerkin methods 102.2.1 De�nition of the Galerkin approximationLet Φh
q , Φ

h
v ⊂ C

0 (I) be �nite dimensional subspa
es for test fun
tions with respe
tivebases BΦh
q

:=
{

ϕh
qk

}

k
and BΦh

v
:=

{

ϕh
vk

}

k
. Let further Ψh

q̇ , Ψ
h
v ⊂ LBV (I) be 
onformingsubspa
es for the 
hoi
e of q̇- and v-ansatz fun
tions. The 
orresponding bases are givenby BΨh

q̇
:=

{

ψh
q̇k

}

k
and BΨh

v
:=

{

ψh
vk

}

k
. Then,

qh : I → IR, t 7→ qh (t) := q0 +
∑

k

∫ t

t0

ψh
q̇k

ds q̇h
k , (22)

vh : I → IR, t 7→ vh (t) :=
∑

k

ψh
vk

(t) vh
k (23)is a representation of the numeri
al solution. The weights {

q̇h
k

}

k
and {

vh
k

}

k
are spe
i�edlater. Inserting these expressions into Problem 1.2 yields the dis
rete problem.Problem 2.1 (Petrov-Galerkin distribution di�erential in
lusion) Solve

∑

k

< ψh
q̇k
, ϕh

ql
>D∗,D q̇h

k =
∑

k

< ψh
vk
, ϕh

ql
>D∗,D vh

k , ∀ϕh
ql
∈ Φh

q , (24)
∑

k

< D1±ψh
vk
, ϕh

vl
>D∗,D vh

k =< m−1f, ϕh
vl
>D∗,D

+ < m−1di±, ϕh
vl
>D∗,D , ∀ϕh

vl
∈ Φh

v (25)together with the dis
rete initial 
onditions
qh (0) := q0 ∈ IR , (26)
vh (0) := v0 ∈ IR . (27)It is 
lear that m−1, f , and di± are evaluated using qh and vh.2.2.2 Comparison with the 
lassi
 Moreau-Jean timestepping s
hemeProblem 2.1 is a general des
ription whi
h does not give appropriate time dis
retisations
hemes in all 
ases. The quality of the s
hemes is highly depending on the ansatz andtest fun
tion subspa
es. What are primary drivers for their sele
tion?� Problem 1.1 depends on an initial value and des
ribes a time-evolutionary solu-tion. Also Problem 2.1 should state an evolution pro
ess not depending on futureinformation at ea
h point in time.� Experien
e has shown that for the des
ription of nonsmooth dynami
al systems,one-step methods are more appropriate than multi-step methods due to the la
k ofregularities of the right hand side [2℄.� For e�
ient evaluation of the primal-dual pairings, easy test and ansatz fun
tionsshould be used.RR n° 7625



Timestepping s
hemes based on dis
ontinuous Galerkin methods 11One possibility to a
hieve these goals is the sele
tion of pie
ewise polynomials. Choosingpie
ewise 
onstant spa
es Φh
q = Φh

v = Ψh
q̇ = Ψh

v := P0 (I), 
hara
teristi
 fun
tionsgenerate 
anoni
al bases BΦh
q

= BΦh
v

= BΨh
q̇

= BΨh
v

:=
{

χi
}

i
. Fo
using on the timeinterval Ii ∈ I, we gain well-known 
lassi
 timestepping s
hemes as a spe
ial 
ase ofProblem 2.1. We distinguish the alternative evaluations, i.e. D1± and di±.

D1+ and di−Problem 2.2 (Impli
it Moreau-Jean timestepping s
heme) For i ∈ IN, solve
qi − qi−1 = vi∆ti , (28)
vi − vi−1 =

∫ ti

ti−1

m−1fdt+ < m−1di−, χi >D∗,D (29)together with the dis
rete initial 
onditions (26), (27).Again, m−1, f and di− are evaluated using qh and vh. It is noteworthy that there hasbeen some freedom.� Due to the s
heme in Problem 2.1, it is not stated how to sele
t the weights {

q̇h
k

}

kand {

vh
k

}

k
. We have 
hosen q̇h

k and vh
k to 
oin
ide with the values of the numeri
alsolution at the right end of the kth interval (
f. Fig. 3 left panel). The 
onstant

ttiti−1 ti+1 ti+2

D1+ time-stepvh

ttiti−1 ti+1 ti+2

D1− time-stepvh

Figure 3: Velo
ity jump interpretation for D1+ and D1−.velo
ity in Ii is de�ned by vi = vh
(

t−i+1

) and the velo
ity jump, due to D1+, o

ursat the left side of Ii where the impa
t, due to di−, never o

urs. The positionpropagation qi is derived from q̇i by the fundamental theorem of 
al
ulus.� The right hand side in (29) is not dis
retised. We have to 
hoose appropriatequadrature rules whi
h do not depend on dis
ontinuities in the velo
ity, i.e. sele
tan appropriate limit vh±
l if ne
essary, and avoid the resolution of impa
ts:

∫ ti

ti−1

m−1fdt ≈ (ti − ti−1)
∑

l

βfl
m−1

(

qh
l

)

f
(

tl, q
h
l , v

h±
l

)

, (30)
< m−1di−, χi >D∗,D≈

∑

l

m−1
(

qh
l

)

dil (31)
RR n° 7625



Timestepping s
hemes based on dis
ontinuous Galerkin methods 12with (

qh
l , v

h
l ,dil, tl

)

∈ NI . The 
lassi
 Moreau-Jean timestepping s
heme (θ = 1)
an be a
hieved with βf1
:= 1, t1 := ti, qh

1 = qi, vh
1 = vi and (qi, vi,dii, ti) ∈ NI(
f. Algorithm 1.4).

D1− and i−Problem 2.3 (Expli
it Moreau-Jean timestepping s
heme) For i ∈ IN, solve
qi − qi−1 = vi−1∆ti , (32)
vi − vi−1 =

∫ ti

ti−1

m−1fdt+ < m−1di−, χi >D∗,D (33)together with the dis
rete initial 
onditions (26), (27).� We have 
hosen q̇h
k and vh

k to 
oin
ide with the values of the numeri
al solutions atthe left end of the kth interval (
f. Fig. 3 right panel). The 
onstant velo
ity in Iiis de�ned by vi−1 = vh
(

t+i
) and the velo
ity jump, due to D1−, o

urs at the rightside together with the impa
t, due to di−.� The 
lassi
 Moreau-Jean timestepping s
heme with θ = 0 
an be a
hieved with

βf1
:= 1, t1 := ti−1, qh

1 = qi−1, vh
1 = vi−1 and (qi, vi,dii, ti) ∈ NI (
f. Algo-rithm 1.4).

D1+ / D1− and di+ With di+, all impa
t evaluations take pla
e in the semi-openinterval [ti−1, ti). The evaluation of the impa
t laws at the right border of Ii is notmaintained by the time dis
ontinuous Galerkin s
heme. Repeated tests have shown thatthis yields poor timestepping s
hemes [2℄. We do not 
onsider this 
ase in the following.Remark 2.4 Both Problem 2.2 and Problem 2.3 do not distinguish between 
onta
ts andimpa
ts. The intera
tion measure di− summarises both possibilities and is dis
retiseddire
tly. Hen
e, there is no splitting [18℄
dil = (ti − ti−1)βrl

r
(

qh
l

)

+ pl (34)in smooth and nonsmooth intera
tions and the dire
t appli
ation of higher order s
hemeswould not be su

essful.3 Higher Order TimesteppingFor the development of higher order timestepping s
hemes based on time dis
ontinuousGalerkin methods, we start from Problem 2.1. The pro
edure is similar to the embeddingof the Moreau-Jean timestepping s
heme in Se
t. 2.2.2.
RR n° 7625



Timestepping s
hemes based on dis
ontinuous Galerkin methods 133.1 Sele
tion of bases fun
tionsThe following questions arise when de�ning smooth dis
rete position and velo
ity so-lutions inside an interval Ii. How 
an integrals with respe
t to arbitrary fun
tions,e.g. < m−1f, ϕh
vl
>D∗,D or < m−1di, ϕh

vl
>D∗,D, be 
al
ulated e�
iently? Is it pos-sible to represent also the integrals with respe
t to polynomials of degree 2Mi, e.g.

< ψh
q̇k
, ϕh

ql
>D∗,D or < ψh

vk
, ϕh

ql
>D∗,D, exa
tly by the same formula? This demando

urs when dis
retising Ii with Mi + 1 points and nodal ansatz fun
tions. The left andright border of Ii play a spe
ial role a

ording to Se
tion 2. How 
an they be in
luded asintegration points? It turns out that the optimal quadrature rules of Gauÿ, Radau andLobatto 
annot positively respond to all our requirements. In
luding the borders of Ii asintegration points never allows exa
tness for polynomials of degree 2Mi. On the otherside, Clenshaw-Curtis quadrature formulas have positive weights, 
an be evaluated fastand stable by Fast Fourier Transformation algorithms and are 
ompetitive for generalintegrands as well [27℄. We 
hoose the latter methods and mention that it is no drawba
kthat they are exa
t only for polynomials up to degree Mi. They evaluate the integrandat the Cheby
hev points {til}l for Mi 6= 0. For Mi = 0, no rule exists but both ti0 = ti−1and ti0 = ti are popular 
hoi
es. The weights with respe
t to Ii and with respe
t to itslower subintervals satisfy

βil := βfil
= βril

=
1

∆ti

∫

Ii

lildt , βil (t∗) :=
1

∆ti

∫ t∗

ti−1

lildt (35)with the 
lassi
 pruned Lagrange polynomials
lil : I → IR, lil (t) :=











∏

j 6=l

t− tij
til − tij

, for t ∈ Ii
0, for t /∈ Ii . (36)We use these pruned Lagrange polynomials to de�ne pie
ewise polynomial nodal basesfor test fun
tions Φh

q = Φh
v := Pα (I) and for ansatz fun
tions Ψh

q̇ = Ψh
v := Pα (I). Thisis a 
onsistent approa
h, whi
h a
tually yields a 
lassi
 Galerkin s
heme. Multi-indexnotation α := (M1, . . . ,MN ) allows for varying polynomial degrees for di�erent elementsof I if needed. Altogether, this results in respe
tive (N +

∑

Mi)-dimensional bases BΦh
q
,

BΦh
v
, BΨh

q̇
and BΨh

v
. Their elements satisfy

ϕh
qk

= ϕh
vk

= ψh
q̇k

= ψh
vk

= lil with k =

i−1
∑

j=1

(Mj + 1) + l . (37)In the following, we 
an study easy evaluable one-step evolution pro
esses just by fo
usingon one interval Ii and by using the related index notation.
RR n° 7625



Timestepping s
hemes based on dis
ontinuous Galerkin methods 143.2 De�nition of the general s
hemeStages are the values of position, velo
ity or a

eleration approximations whi
h 
oin
idewith the peaks of the nodal bases relative to a sub-interval Ii:
qh
i−1,0 = qh

i−1, qh
i−1,1 = qh (ti1) , · · · q

h
i−1,Mi−1 = qh

(

tiMi−1

)

, qh
i−1,Mi

= qh
i , (38)

q̇h
i−1,0 = q̇h+

i−1
, q̇h

i−1,1 = q̇h (ti1) , · · · q̇
h
i−1,Mi−1 = q̇h

(

tiMi−1

)

, q̇h
i−1,Mi

= q̇h−
i , (39)

vh
i−1,0 = vh+

i−1
, vh

i−1,1 = vh (ti1) , · · · v
h
i−1,Mi−1 = vh

(

tiMi−1

)

, vh
i−1,Mi

= vh−
i , (40)

v̇h
i−1,0 = v̇h+

i−1
, v̇h

i−1,1 = v̇h (ti1) , · · · v̇
h
i−1,Mi−1 = v̇h

(

tiMi−1

)

, v̇h
i−1,Mi

= v̇h−
i . (41)We insert the subspa
e spe
ializations for one interval Ii, i.e. fun
tions like in (37), inProblem 2.1 and we use di− be
ause of stability reasons (
f. Se
t.2.2.2). First, we getthe dis
rete initial 
onditions (26), (27). The position equation of Problem 2.1 yieldsequations

∑

k

∫

Ii

lik lildtq̇
h
i−1,k =

∑

k

∫

Ii

lik lildtv
h
i−1,k (42)for l ∈ {0, . . . ,Mi}. We have to distinguish if the velo
ity jump should o

ur at the leftor right interval border (
f. Fig. 3). With (30), (31) and (34), we obtain the followingformulations from the velo
ity equation of Problem 2.1.3.2.1 Velo
ity representation: D1+Sear
h vh

i−1,Mi
= vh−

i knowing vh−
i−1

with equations
[

vh
i−1,0 − v

h−
i−1

]

lil
(

t+i−1

)

+
∑

k

∫

Ii

l̇ik lildtv
h
i−1,k = ∆ti

∑

k

βikm
−1

ik

[

f±ik + rik

]

lil

(

t±ik

)

+
∑

k

m−1

k pklil

(

t−ik

) (43)for l ∈ {0, . . . ,Mi}.3.2.2 Velo
ity representation: D1−Sear
h vh+

i knowing vh
i−1,0 = vh+

i−1
with equations

[

vh+

i − vh
i−1,Mi

]

lil
(

t−i
)

+
∑

k

∫

Ii

l̇ik lildtv
h
i−1,k = ∆ti

∑

k

βikm
−1

ik

[

f±ik + rik

]

lil

(

t±ik

)

+
∑

k

m−1

k pklil

(

t−ik

) (44)for l ∈ {0, . . . ,Mi}.RR n° 7625



Timestepping s
hemes based on dis
ontinuous Galerkin methods 153.2.3 Impa
t representationHow should we 
hoose the quadrature formula for the impa
ts in (43) and (44)? Weassume that the dis
rete velo
ity behaviour inside an interval is 
ontinuously representedby the stage propagation. Hen
e, impa
ts are only allowed at the interval borders:
∑

k

m−1

k pklil

(

t−ik

)

= m−1

i pilil
(

t−i
) (45)with

(

qh
i , v

h±
i , pi, ti

)

∈ NI . (46)For D1+, we use v−, and for D1−, we use v+ (
f. Fig. 3).3.2.4 Weighting integral representation: redu
ed evaluation [19℄The order of the lo
al error is governed by the evaluation of (30), (31) and (34) withquadrature rules. Without 
hanging the order, we approximate the weighting integralsin (42), (43) and (44)
∑

k

∫

Ii

lik lildtq̇
h
i−1,k

C-C
≈ ∆ti

∑

k

βik q̇
h
i−1,klil

(

t±ik

)

= ∆tiβil q̇
h
i−1,l , (47)

∑

k

∫

Ii

lik lildtv
h
i−1,k

C-C
≈ ∆ti

∑

k

βikv
h
i−1,klil

(

t±ik

)

= ∆tiβilv
h
i−1,l , (48)

∑

k

∫

Ii

l̇ik lildtv
h
i−1,k

C-C
≈ ∆ti

∑

k

βik v̇
h
i−1,klil

(

t±ik

)

= ∆tiβil v̇
h
i−1,l (49)by the same quadrature rule a

ording to Clenshaw-Curtis (C-C) [27℄. Thereby, weevaluate lil at the interior limit t±ik of the sub-interval borders.3.2.5 Runge-Kutta representationSubstitution of (47) and (48) into (42) yields the 
ollo
ation of Mi + 1 velo
ity stages

q̇h
i−1,l = vh

i−1,l . (50)We will sear
h position stages {

qh
i−1,l

}

l
knowing qh

i−1,0 with the fundamental theorem of
al
ulus (
f. (56), (57), (61), (62)). The velo
ity expressions (43) and (44) are simpli�edto respe
tive Mi + 1 equations by evaluating the nodal bases and by inserting (49):
D1+ :

[

vh
i−1,0 − v

h−
i−1

]

lil
(

t+i−1

)

D1− :
[

vh+

i − vh
i−1,Mi

]

lil
(

t−i
)







= ∆tiβil

{

m−1

il

[

f±il + ril

]

− v̇h
i−1,l

}

+m−1

i pilil
(

t−i
)

.(51)RR n° 7625



Timestepping s
hemes based on dis
ontinuous Galerkin methods 16For 
onstant ansatz fun
tions and appropriate de�nition of the integration point, e.g. ei-ther ti or ti−1, Equation (51) redu
es to the impli
it or expli
it Moreau-Jean timesteppings
heme. For at least linear ansatz fun
tions, 
ondition (51) expresses velo
ity jumps
D1+ : vh

i−1,0 = vh−
i−1

+∆tiβi0

{

m−1

i0

[

f+

i0
+ ri0

]

− v̇h
i−1,0

}

, (52)
D1− : vh+

i = vh
i−1,Mi

+∆tiβiMi

{

m−1

iMi

[

f−iMi
+ riMi

]

− v̇h
i−1,Mi

}

+m−1

i pi (53)and respe
tive Mi stage relationships for a

elerations in Tab. 1. The values v̇h
i−1,0 orstage D1+ D1−

l = 0 v̇h
i−1,0 =? v̇h

i−1,0 = m−1

i0

ˆ

f+

i0
+ ri0

˜

l ∈ {1, . . . , Mi − 1} v̇h
i−1,l = m−1

il
[fil

+ ril
]

l = Mi v̇h
i−1,Mi

= m−1

iMi

h

f−

iMi

+ riMi

i

+
m
−1

i
pi

∆tiβiMi

v̇h
i−1,Mi

=?Table 1: Stage relationship for a

elerations.
v̇h
i−1,Mi

are needed for the evaluation of (52) or (53) and are still missing. Fortunately,these are values of the a

eleration, whi
h is a polynomial of degree Mi − 1 in Ii. Thispolynomial 
an be uniquely represented by the known Mi nodal values in Tab. 1 as wellas by respe
tive and appropriate pruned Lagrangian bases {

l̃±ik

}

k
[19℄:

D1+ : v̇h (t) =

Mi
∑

k=1

l̃+ik (t) v̇h
i−1,k , D1− : v̇h (t) =

Mi−1
∑

k=0

l̃−ik (t) v̇h
i−1,k . (54)Now, we evaluate the a

eleration polynomials at ti−1 or ti and get v̇h
i−1,0 or v̇h

i−1,Mi
.Equation (54) will be also used to derive stage representations of the velo
ity with thefundamental theorem of 
al
ulus (
f. (59), (60), (63)). With

β̃±il :=
1

∆ti

∫

Ii

l̃±il dt , β̃±il (t∗) :=
1

∆ti

∫ t∗

ti−1

l̃±il dt , (55)we obtain the following Runge-Kutta interpretation of higher order timestepping s
hemesbased on time dis
ontinuous Galerkin methods.Problem 3.1 (D1+ timestepping s
heme) Let Mi positive and l ∈ {0, . . . ,Mi} for
i ∈ IN. Solve simultaneously for the position

qh
i−1,l = qh

i−1 +∆ti
∑

k

βik (til) v
h
i−1,k , (56)

qh
i = qh

i−1 +∆ti
∑

k

βikv
h
i−1,k (57)

RR n° 7625



Timestepping s
hemes based on dis
ontinuous Galerkin methods 17and for the velo
ity
vh
i−1,0 = vh−

i−1
+∆tiβi0

{

m−1

i0

[

f+

i0
+ ri0

]

−
Mi
∑

k=1

l̃+ik
(

t+i−1

)

m−1

ik

[

f−ik + rik

]

}

− l̃+iMi

(

t+i−1

) βi0

βiMi

m−1

i pi , (58)
vh
i−1,l = vh

i−1,0 +∆ti

Mi
∑

k=1

β̃+

ik
(til)m

−1

ik

[

f−ik + rik

]

+ β̃+

iMi
(til)

m−1

i pi

βiMi

, (59)
vh−
i = vh

i−1,0 +∆ti

Mi
∑

k=1

β̃+

ik
m−1

ik

[

f−ik + rik

]

+ β̃+

iMi

m−1

i pi

βiMi

(60)together with (26), (27) and (

qh
i−1,k, v

h
i−1,k, rik , tik

)

∈ NC, (

qh
i , v

h−
i , pi, ti

)

∈ NI.For D1−, the notation is easier as the jump information is not propagated along Ii.Problem 3.2 (D1− timestepping s
heme) Let Mi positive and l ∈ {0, . . . ,Mi} for
i ∈ IN. Solve simultaneously for the position

qh
i−1,l = qh

i−1 +∆ti
∑

k

βik (til) v
h
i−1,k , (61)

qh
i = qh

i−1 +∆ti
∑

k

βikv
h
i−1,k (62)and for the velo
ity

vh
i−1,l = vh+

i−1
+∆ti

Mi−1
∑

k=0

β̃−ik (til)m
−1

ik

[

f+

ik
+ rik

]

, (63)
vh+

i = vh
i−1,Mi

+∆tiβiMi

{

m−1

iMi

[

f−iMi
+ riMi

]

−
Mi−1
∑

k=0

l̃−ik
(

t−i
)

m−1

ik

[

f+

ik
+ rik

]

}

+m−1

i pi (64)together with (26), (27) and (

qh
i−1,k, v

h
i−1,k, rik , tik

)

∈ NC, (

qh
i , v

h+

i , pi, ti

)

∈ NI.3.3 Trapezoidal rulesFor linear velo
ity dis
retisations, Problems 3.1 and 3.2 redu
e to trapezoidal rules.Algorithm 3.3 D1+ linear timestepping s
heme: '
ontemplating' trapezoidal ruleinput time interval partition I, inverse mass m−1, external for
es f , 
onta
t set NC,impa
t set NI , initial position q0, initial velo
ity v−0
i← 1 initialize loop variablewhile i ≤ NRR n° 7625



Timestepping s
hemes based on dis
ontinuous Galerkin methods 18� solve


















































































qi−1,0 = qi−1

qi−1,1 = qi−1 +
∆ti
2
{vi−1,0 + vi−1,1}

qi = qi−1 +
∆ti
2
{vi−1,0 + vi−1,1}

vi−1,0 = v−i−1
+
∆ti
2

{

m−1

i−1

[

f+

i−1
+ ri−1

]

−m−1

i

[

f−i + ri
]}

−m−1

i pi

vi−1,1 = v−i−1
+
∆ti
2

{

m−1

i−1

[

f+

i−1
+ ri−1

]

+m−1

i

[

f−i + ri
]}

+m−1

i pi

v−i = v−i−1
+
∆ti
2

{

m−1

i−1

[

f+

i−1
+ ri−1

]

+m−1

i

[

f−i + ri
]}

+m−1

i pi

(qi−1,0, vi−1,0, ri−1, ti−1) , (qi−1,1, vi−1,1, ri, ti) ∈ NC ,
(

qi, v
−
i , pi, ti

)

∈ NI



















































































(65)
� i← i+ 1Algorithm 3.3 is the impli
it trapezoidal rule with an impli
it retrospe
t for the �rststage vi−1,0 of the velo
ity. The method resembles the 
lassi
 Moreau-Jean timesteppings
heme for θ = 1/2, i.e. Algorithm 1.4, and the two stage Lobatto s
hemes, IIIA forposition and IIIC for velo
ity [7, 14, 15℄.Algorithm 3.4 D1− linear timestepping s
heme: 'fore
asting' trapezoidal ruleinput time interval partition I, inverse mass m−1, external for
es f , 
onta
t set NC,impa
t set NI , initial position q0, initial velo
ity v+

0

i← 1 initialize loop variablewhile i ≤ N� solve






































































qi−1,0 = qi−1

qi−1,1 = qi−1 +
∆ti
2
{vi−1,0 + vi−1,1}

qi = qi−1 +
∆ti
2
{vi−1,0 + vi−1,1}

vi−1,0 = v+

i−1

vi−1,1 = v+

i−1
+∆tim

−1

i−1

[

f+

i−1
+ ri−1

]

v+

i = v+

i−1
+
∆ti
2

{

m−1

i−1

[

f+

i−1
+ ri−1

]

+m−1

i

[

f−i + ri
]}

+m−1

i pi

(qi−1,0, vi−1,0, ri−1, ti−1) , (qi−1,1, vi−1,1, ri, ti) ∈ NC ,
(

qi, v
+

i , pi, ti
)

∈ NI







































































(66)
� i← i+ 1Algorithm 3.4 is the impli
it trapezoidal rule with an expli
it Euler fore
ast for these
ond stage vi−1,1 of the velo
ity. The pro
edure is similar to the 
lassi
 Moreau-Jeantimestepping s
heme for θ = 1/2, i.e. Algorithm 1.4, and to the two stage Lobattos
hemes, IIIA for position and III for velo
ity [7, 14, 15℄.RR n° 7625
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e AnalysisBe
ause of (50) and Tab. 1, D1+ and D1− timestepping s
hemes are 
ollo
ating insideea
h smooth interval Ii [11℄. Hen
e, the lo
al error for smooth episodes only depends onthe adopted quadrature rule.Theorem 4.1 (Order of lo
al error) Using Clenshaw-Curtis quadrature rules, the or-der of the lo
al error for Problems 3.1 and 3.2 satis�es
p = Mi + 1 (67)in su�
iently smooth intervals Ii.Proof 
f. [11, Theorem 6.40℄ �This is very good news: whenever we have a smooth propagation of state and (
onta
t)for
es, the lo
al error is automati
ally of higher order, i.e. the numeri
al approximation is
onsistently improved. However, we do not know anything about errors due to velo
ity orintera
tion jumps. As they are globally propagated, the global error will be a�e
ted fromthem. But how? We analyse exemplary the boun
ing ball in three di�erent situations:free �ight (Problem 4.2), rest phase (Problem 4.3) and a 
ombination of free �ight with�nite a

umulation of impa
ts (Problem 4.4) [1℄. We will see that our examples supportTheorem 4.1 and indi
ate an order drop due to jumping velo
ities or intera
tions.The boun
ing ball de�nes a de
oupled example be
ause there is only one intera
tionpossibility. The analyti
al solution of our settings is never exa
tly represented by the nu-meri
al approximations. Algorithm 1.4 with θ = 1 proposes pie
ewise linear position, aswell as pie
ewise 
onstant velo
ity and intera
tion dis
retisations. With Algorithm 3.4,we have pie
ewise quadrati
 positions, pie
ewise linear velo
ities and pie
ewise quadrati
intera
tions. In a Python1 implementation, we paid attention to evaluate the lo
al andglobal error at least as exa
t as the timestepping dis
retisations. S
iPy's2 bary
entri
interpolation for the velo
ities, as well as Hermite interpolation for positions and intera
-tions are exa
t and e�
ient dense output formulas [15℄. S
iPy's Gauss-Konrod quadratureprovides appropriate error formulas in L1-norm for position, velo
ity and intera
tions.Problem 4.2 (Boun
ing ball : free �ight) Dis
uss the s
alar initial value problem

q (0) := 1 , v (0) := 0 , (68)
q̇ = v , v̇ = −10 t2 (69)in terms of measures.The analyti
al solution is given by

q (t) = 1−
5

6
t4 , v (t) = −

10

3
t3 , i (t) = 0 . (70)During free �ight, the state is of order two for Algorithm 3.4 and of order one for Algo-rithm 1.4 with θ = 1 (
f. Fig. 4). The intera
tion is zero and resolved exa
tly.1http://www.python.org/2http://www.s
ipy.org/RR n° 7625
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hFigure 4: Experimental 
onvergen
e analysis: free �ight.Problem 4.3 (Boun
ing ball : rest phase) Dis
uss the s
alar initial value problem
q (0) := 0 , v (0) := 0 , (71)

q̇ = v , v̇ = −10 t2 + r , (72)
0 ≤ q ⊥ r ≥ 0 (73)in terms of measures.The analyti
al solution is given by

q (t) = 0 , v (t) = 0 , i (t) =
10

3
t3 . (74)During rest phase, the intera
tion is of order two for Algorithm 3.4 and of order one forAlgorithm 1.4 with θ = 1 (
f. Fig. 5). The state is zero and resolved exa
tly.Problem 4.4 (Boun
ing ball : 
ombined analysis) Given the Newton restitution 
o-e�
ient ǫN = 0.5, dis
uss the s
alar initial value problem

q (0) := 1 , v (0) := 0 , (75)
q̇ = v , v̇ = −2 , (76)

v+

j = v−j + max
{

0, − (1 + ǫN ) v−j

} if qj = 0 (77)in terms of measures.The analyti
al solution is given byRR n° 7625
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hFigure 5: Experimental 
onvergen
e analysis: rest phase.free �ight � 0 ≤ t < 1

q (t) = 1− t2 , v (t) = −2t , i (t) = 0 (78)Zeno state � ∀n ∈ IN0 : 3− 1

2n−1 ≤ t < 3− 1

2n

q (t) = − (t− 3)2 −
3

2n
(t− 1) +

1

2n−1

(

3−
1

2n

)

, (79)
v (t) = −2 (t− 3)−

3

2n
, (80)

i (t) =

n
∑

k=0

3

2k
. (81)For the 
ombined analysis, the global error of state and intera
tion is of order one forboth Algorithm 3.4 and Algorithm 1.4 with θ = 1 (
f. Fig. 6).5 Con
lusionIn this paper, we have shortly summarised the state-of-the-art des
ription of nonsmoothdynami
al systems with either measure or distribution di�erential in
lusions. Two 
las-si
 integration methods have been identi�ed for this type of evolution problems: event-driven and timestepping s
hemes. The intrinsi
 di�
ulty of event-driven integration isits high e�ort of event dete
tion. The drawba
k of 
lassi
 timestepping s
hemes is theirlow integration order; re
ently, this had been ta
kled with augmentation and mixing. WeRR n° 7625
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hFigure 6: Experimental 
onvergen
e analysis: 
ombined analysis.have proposed a new strategy o�ering both a 
onsistent embedding in time dis
ontinuousGalerkin methods, as well as a splitting of smooth and nonsmooth for
e propagation. Theframework has been developed in its full generality with molli�er fun
tions, Clenshaw-Curtis quadrature rules and appropriate impa
t representation. Altogether, we havestated two Runge-Kutta 
ollo
ation families as resulting timestepping methods. Theorder of the lo
al error only depends on the order of the underlying quadrature rule forsmooth episodes. Choosing pie
ewise 
onstant ansatz and test fun
tions on velo
ity level,the 
lassi
 expli
it and impli
it Moreau-Jean timestepping s
hemes have been found outto be spe
ial 
ases of the general method. For the pie
ewise linear 
ase, the two familiesrelate to a 'fore
asting' and to a '
ontemplating' trapezoidal rule. An experimental 
on-vergen
e analysis dis
usses the boun
ing ball example in di�erent episodes. We 
omparethe properties of the 
onstant ansatz to the 
hara
teristi
s of the linear ansatz. Whereaswe have always integration order one for the Moreau-Jean timestepping, the new linears
heme o�ers integration order two in smooth phases. This observation mat
hes exa
tlythe expe
tations and should be the starting point for further investigations. Can wederive any theoreti
al results about the global order of timestepping s
hemes? How 
ansplitting methods improve timestepping s
hemes? What is ne
essary to de�ne 
onsistentautomati
 time step-size adaptations for timestepping s
hemes? Answers to these ques-tions are important for even more su

essful time integration of nonsmooth industrialexamples.
RR n° 7625
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