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Abstract

In this paper we discuss a method to design 2 dimensional E&R)filters with the help of Chebyshev
polynomials. The polynomial is first converted into a 2D ftioe and later a mapping function is used to design
the filters. By the proposed technique one can design filtéts warious types of passband.
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. INTRODUCTION

For image processing designing 2D FIR filters is one of thelfmmentals tasks. The issue Chebyshev
polynomial based filter design is addressed by various asitfid, [2], [3], [4]. Hu and Rabiner [3]
introduced a linear programming based technique. Fiasosng] reduced the amount computions
required in the aforesaid method and introduced a betterithgn. An equiripple linear phase FIR filter
design tecghnique was discussed by McClellan [6]. Lu [7] Bacand Hinamoto [8] introduced methods
based on semidefinite programming (SDP) and sequentiakati@agrogramming (SQP). These methods
work quite well except for the fact that the design complexiecomes rather high even for filters of
moderate order.

the design technique we are going to discuss in the presgwr ps produces linear phase 2D FIR
filters. The present method can be used to design filter haviagriety of pass bands. The parameters
involved in the design of these filters are few, thereforenpotation time is also less. Another advantage
of the present methos is the ease of understanding and afpmhiof present method. The transformation
involved in the present discussion is much easier to uraleisand apply than discussed in [9], [10].

[I. DESIGN

Design procedure for the FIR filters based on Chebyshev paiyais is discussed in the present section.
One dimensional Chebyshev polynomials are given by

B cos(m cos™lz) —1<|z| <1
Tn(z) = { cosh(m cosh™'x) |z| > 1 (@)

where,m represents the order of the filter.

To design a 2 dimensional FIR filter we first have to represéet €hebyshev polynomial in 2
dimensional domain. We replacewith a new variablep and the corresponding Chebyshev polynomial
is represented by

cos(m cos™tp) —1<|p| <1

cosh(m cosh™ p) |p| > 1 2)

7o) = {

wherep represents the mapping function; or in other woyds, mapped onto two variables by = 2242,
wherex — y is the plane of reference.



Figure 1. Chebyshev Polynomails in 2 Dimension

Some of these polynomials, Equation2, are representedgumré-i(1).

These polynomials will be used to design the required FIRrilt To convert these polynomials into
frequency domainu{-domain); or to get the corresponding filter we use a spe@aktormation function
given by [11], [12], [13]

w

p:pocos<§> —m<w<T 3)

wherep, is the maximum value op. To understand the transformation of Equation (3) bettediseuss
it in the following paragraph.

When we consider the value af = 0, it gives p = py; that is, maximum value op. As we increase
the value ofw from 0 to =/2 the value ofp comes out to bé and when the value ab is increased
further tor, the value ofp becomes—p,. In other words, as the value af increases frond) to = the
value of p decreases from, to —py. Similarily, whenw varies from—mx to 0, p will vary from —p, to
po- Therefore, we conclude that this transform converts tHgnoonial to low pass filter; that is, lower
values of the polynomial, variable will be converted to higher values in filter chacteristieariablew,
and vice versa.

After transformation the Chebyshev polynomial becomes

B cos [m cos™' {pocos(w/2)}] —1 < |p| <1
Tn(w) = { cosh {m cosh ™ {pocos(w/Q)}} lp| > 1 (4)

w represents the 2 dimensional frequency domainyor= u? + v2, wherew and v represent axis in
frequency domain. Therefore, Equation (4) becomes

Cos {m cos™! {pocos (7V“22+”2) H —1<pl <1

Tl v) = { cosh [m cosh™! {pocos (7”2;”2) H lp| > 1 ®)

Equation (5) represents the transfer function of the 2Dalinghase FIR filter.
The value ofp depends on order of the filter and the attenuation requiretthéyiser for the side bands.
Following the procedure given in [14] we can state that tHeevaf p, is given by

po = cosh(cosh™" b/m) (6)
where,m is the order of the filter, and is the absolute value of the attenuation and is given by

b= 10(attenuation in dB/20) (7)



Following the procedure outlined in [14] we can find out théuea of stop bandy,, and pass band,
wy, frequencies are given by

ws = 2cos ! {1/ {cosh(l/—mcosh_1 b)H (8)
e cosh {(1/m) cosh™ (b/v/2) } o
A cosh(1/m cosh™' b)

The design procedure discussed above produces a filter asth lpand centered @i, 0). To make sure
that the user has control over the placement of the pass banchange the Chebyshev polynomial of
Equation(5) to

Cos {m cos™! {pocos ( (U_UO);HU_UO)Q) H —-1<pl <1

cosh [m cosh™! {pocos ( (U_UO);HU_UO)Q) H lp| > 1

where,u, andv, represents the location of the pass band. By recursivellyagpthe above formula we
can design a multiband filter also.

Another constraint related with the filter design discusabdve is the size of pass band. The size of
pass band is not user dependent to make it so we introducéeanariable«. This variable will be
multiplied with p. Therefore, the updated Chebyshev polynomial will be

T (u,v) = (20)

B cos(m costap) —1<|p| <1
Tnlap) = { cosh(m cosh™tap) |p| > 1 (11)
New value ofw, can easly be calculated and it comes out to be
ws = 2cos [1/@ {cosh(l/mcosh_lb)H (12)

value ofw, remains the same.
Few examples discussed in the next section will clarify trecedure discussed in the present section.

I1l. EXAMPLES

To design a filter user have to provide order of the filter, value of«, value of attenuation of side
bands and the coordinates of the centre of the pass band.

A. Example |

Let us suppose that user needs to design a filter with its dtfleside band 40dB downy 1 (no
change in the size of passband) and centre of the passbaedaito(®,0). The values af;, andw, comes
out to be 1.0133 and 0.3607, respectively. The lowpass agitpbss filters for these values are shown in
Figures (2) and (3), respectively.

If we shift the centre of the passband to/2,7/2) the above filters with all other values unchanged
become as shown in Figures (4) and (5)

Let us extend the exapmle with a valuecbther than 1. Suppose we take the valuexaqual to1.3
and we shift the centre of the passband tg2(r/2) the above filters with all other values unchanged
become as shown in Figures (6) and (7)

Various figures in the present example show how various patemare interdependent and they change
the characteristics of the filter. In the next example weglesi filter with noncircular passband.



Lowpass Filter
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Figure 2. 10" order lowpass filter with value of = 1, sidebandst0dB down and centered a,0).
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Figure 3. 10" order highpass filter with value af = 1, sidebandst0dB down and centered a0,0).

Lowpass Filter

H(u,v)in dB

Figure 4. 10" order lowpass filter with value af = 1, sidebandst0dB down and centered atr(2,7/2).



Highpass Filter
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Figure 5. 10" order highpass filter with value af = 1, sidebandst0dB down and centered atr(2,7/2).

Lowpass Filter
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Figure 6. 10" order lowpass filter with value af = 1.3, sidebandst0dB down and centered air(2,7/2).

Highpass Filter
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Figure 7. 10" order highpass filter with value ef = 1.3, sidebandst0dB down and centered atr(2,7/2).



B. Example 11

In this exapmle we consider that a bank of 7 filter is constdwtith locatios at (0,0)(0.1,0.1)(0.2,0.2)(0.3,0.3)(-
0.1,-0.1)(-0.2,-0.2)(-0.3,-0.3), respectively, othatues remains same as in the previous case. The filter
characteristics of lowpass and highpasss are shown indsgi@) and (9). To get the detiled view of the
characteristics we show them on a frequency scale varyihgees —27 to 27 and they are shown in
Figures (10) and (11), respectively.

Lowpass Filter
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Figure 8. 10" order lowpass filter with value of = 1, sidebandst0dB down.

Highpass Filter
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Figure 9. 10" order highpass filter with value af = 1, sidebandst0dB down.

From Figures (10) and (11) it is clear that the shape of the pasd is noncircular.
Next we create a multiband filter with passbands centere® @Y, (pi/2,pi/2), (—pi/2,pi/2), (pi/2,—pi/2),
(—pi/2,—pi/2) while other values the same. The results are shown in Fgi’2) and (13)

IV. APPLICATION

If we pass image shown in Figure (14) through a high pass bliterder 10 with values ofi=1, Figure
(15), and 1.3, Figure(16), and passband centered at thim.oltigs clear from the figures that when the

value of alpha is increased the passband band becomes widienare low frequency details are visible
in the resulting image.

V. CONCLUSION

A design procedure for 2 dimensional FIR filters is presenflie procedure uses 2 dimensional
Chebyshev polynomials for creating image filters. The athga of this type of filter is its ease of design
and application. Although only few designs are presentdtienpaper, one can design a range of different
types of filters. As we increase the order of the filter the pasd of the resulting filter becomes narrower.
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Figure 10. 10*" order lowpass filter with value of = 1, sidebandst0dB down.

Highpass Fiter
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Figure 11. 10" order highpass filter with value af = 1, sidebandst0dB down.
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Figure 12. 10*" order lowpass filter with value of = 1, sidebandst0dB down.



Highpass Filter
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Figure 13. 10*" order highpass filter with value ef = 1, sidebandst0dB down.

original

Figure 14. Original Image.

HiGHpassed

Figure 15. Image passed through@" order highpass filter with value af = 1, sidebandst0dB down.



Figure 16. Image passed through@" order highpass filter with value af = 1.3, sidebandst0dB down.
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