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Abstract: The local behavior of a function near a Holder singularity
located at a point xg can be finely described by means of its 2-microlocal
domain. We solve the issue of prescribing this domain. A more compact
description can be given using two parameters, the Holder exponent and the
chirp exponent. We give a necessary condition satisfied by this couple of
exponents considered as functions of zg.



1 Introduction

Let a be a positive real number and zo € R; a function f: R — R is C*(xo)
if there exists a polynomial P of degree less than « such that

/() = Pz = zo)| < Clz — o™ (1)

The Holder exponent hg(xg) is the supremum of all the values of o such
that (1) holds. A(.) thus defines a function, the pointwise values of which
describe the local variations of the irregularity of the function f. The Holder
exponent, as a measure of pointwise regularity of functions, is a powerful
tool in many applications such as image analysis or signal analysis [9] [4].
The issue of prescribing h¢(x) has been solved in [6] and [3]: The class of
all admissible functions hy(z) (when f € C°(R)) coincides with the class of
lower limits of continuous functions.

However, characterizing the regularity with the sole Holder exponent has
several drawbacks. It does not give any information about the oscillatory
behavior of the function near the Holder singularities; furthermore hy(z) is
not stable under the action of (pseudo) differential operators. This precludes,
for instance, the use of the Hilbert transform, commonly used for estimation
on sampled signals. The 2-microlocal spaces C%¢ [5, 8] have been introduced
by Bony [2] to cope with such issues in the frame of p.d.e. analysis. The rough
idea is to incorporate knowledge about the regularity “in a neighborhood of
the point”. These spaces can be defined by decay conditions on the wavelet
coefficients as follows, see [5].

If the 9, = 29/2¢(272 — k) form an orthonormal basis of L?(R), with 1
in the Schwartz class, we define the wavelet coefficients of f by

cjk=2j/f 2z — k)dzx
(note that we do not use a L? normalization here).

Definition 1.1 A distribution F belongs to the 2-microlocal space C;;f' if its
wavelet coefficients salisfy, for |rvo — k27| close enough to 0,

30> 0 Jejul < 02796 (279 4 k279 — o))~

It follows from this definition that the 2-microlocal domain of F at x,
ie. {(s,s’) e C;;f’}, is convex and F € C8 = F € 05797 Ve > 0.
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This set is thus completely determined by the function
S(o,x9) = sup {s :Fe Oj’o"_s} :

In addition, ¢ — S(o,x) is decreasing and concave. In Section 3 we will
show that, conversely, all such functions are functions S(o,zq) associated
with two-microlocal frontiers for a fized point xo. Note that this result has
been proved independently using a different method by Y.Meyer in [10]. This
mathematical result should also lead to improved estimation methods and
new tools for signal processing.

The 2-microlocal domains for all values of zy clearly give a very rich
information which is superfluous in some applications [1]. It is sometimes
sufficient to deal with two numbers: the usual Holder exponent, and another
exponent G(xg) which measures the oscillatory behavior of f near zy, and is
defined as follows.

Definition 1.2 Let F©™ a n-th order primitive of F. F is called a (h, §)-
type chirp at xq if
VYn € N : =) ¢ Ohn(+6)
Zo

The simplest example of a (h, 5) chirp at zq is supplied by the function
|z — x0|h3in(m). The interior of the set of points (h,3) such that a
function f is an (h, 3) type chirp at zq is always a domain of the form h < hq,
B < [Bo; this property, proved in [7], allows to define the chirp exponent at
zo [B(zo) as this real number (.

In sharp contrast with the problem of the prescription of the sole Holder
exponent, we show in Section 2 that the couple (h(zg), 8(zo)) must satisfy
a very strong a priori requirement: The function B(z) vanishes where it is
continuous.

The following inclusions relate the 2-microlocal and Holder spaces, [5]

Cs5 s C O, W(s+8)>0. (2)
It follows that the chirp exponents of f at zo are (h, ) if and only if the
boundary of the 2-microlocal domain of f at z is above the half-line starting
at (s,s") = (h,—h) of slope —(8 + 1)/, and if this property no more holds
for larger values of h or § (see figure 1).



I 2-microlocal frontier
-= = s’=h - s(1+p)/p 4

Figure 1: Relation between 2-microlocal domain and chirps exponents

2 A condition on chirps exponents

In this section, we show that it is not possible, in general, to prescribe arbi-
trarily the chirp exponents of a function independently at each point.

Proposition 2.1 Let F be a function whose Hélder exponent h(x) satisfies
forall z 0<h<h(z)<H<+o0;
then the chirp exponent B(x) vanishes on a dense set of points.

Proof: Let I be a non empty interior interval. Assume §G(z) > 0 for
aset F C I, E =1 ULete>0; for any z € E, there exists a sequence
(Jn, kn) — (400, x) such that
> |z — k,2

h(z)+e Z |.I' _ kﬂQ*jy,, H+te (3)

|cjn,kn

Moreover

(273 e e (1)

|z — k270 >
Z (27,7'11,)1‘1‘6‘
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Estimate (3) follows from (2); and (4) holds because, if 3 # 0, (¢; ) is rapidly
decreasing as a function of 277 in any domain 277 > |z — k277|1*F=¢ Thus,

|Cjo | > (273 )(AFOUTH) 5

Let Bj;, = {k,277 such that (5) holds} and F; = U; -, £,

For all z € E, the sequence (k,277") constructed above converges to z. We
construct an zg € [ for which the coeflicients ¢;;, verify (5) in the cone |zg —
k27| < 2.277 in the following way : Let ¢;, verify (5). We choose (5', k') such
that j' > j and k277 € [k279 — 277, k277 + 277]. This is possible because
F; = 1,Vj. Carrying on, we construct a sequence of points converging to a
point g for which G(zg) = 0.

3 2-microlocal prescription at one point

In this section, we deal with the prescription of the function ¢ — S(o, z¢)
for a fixed zg. The case where S(o, ) is a line can be excluded since for the
chirps | — o|* sin(|z — x| ™%), S(0,20) = h(z0) — B(wo)0

Proposition 3.1 Let S(o) be a concave and decreasing function defined on
R. Assume that S(o) is not a line. Then, the wavelel coefficients

¢ = inf2797(279 4+ |27k — x])S(@) 7 (6)
define a distribution F, the 2-microlocal frontier at zo of which is S(o).

Proof: The points (S(¢), 0 — S(o)) are clearly contained in the 2-microlocal
domain of F. For the optimality, we will assume that, without loss of gener-
ality, zo = 0. For sake of simplicity, let £ > 0:

Uj e = In (2_‘7(]€ + 1))
n(279)  In(k+1)

Gk T @k + 1)

The 2-microlocal condition, for £ > 0, at 0

|cjn] < C2797(279 4 k27950



can be written
In(lejxl) < In(C) + ujp-(ovjn + S(0)), (7)
and (6) becomes

In(cjk) = wjk- SgP(UUj,k +8(0)) = wjp- [=SC)]" (vjin) (8)

where f*(o) denotes the Legendre-Fenchel transform of f.
Let I(¥) = [-S()]" (J). As (=S(.)) is a continuous convex function,
[*(0) = —S(0), and thus

Yo,V > 0, g | (9g,) < 0050+ S(0) + 1. (9)

Moreover, 5, > 0, as S(.) is decreasing.

OS(U)+€,U—S(O’)—E Rela-

Suppose now that there exist o and € such that F' € Cj

tions (7) and (8) imply that
3C > 0,V(j, k) « ujrl(vig) <In(C) +ujp (o6 + S(o) +€),

which can be rewritten

+ o+ S(o) + e (10)

Let ¥,¢/2 be defined as above. Since ¥,¢/2 > 0, there exist (j(n), k(n)) such
that

i (twsm) b Vtmh()) = (=00, Dorez) - (11)

n—oo

As S(.) is not a line, [—S(.)]" is continuous on the right or on the left at
each point of its definition domain. Thus, applying (10) for this sequence
and taking the limit given by (11),

[ <1‘}076/2) > 052+ S(0) +€
which contradicts (9).
N.B. While the above local construction can obviously be made around

a finite number of points, it follows from Section 2 that the 2-microlocal
domain cannot be prescribed everywhere.

7



References

[1]

A. Arneodo, E. Bacry, S. Jaffard, and J. F. Muzy. Oscillating singularities
on Cantor sets: a grand-canonical multifractal formalism. J. Statist.
Phys., 87(1-2):179-209, 1997.

J-M Bony. Second microlocalization and propagation of singularities for
semilinear hyperbolic equations. In “Hyperbolic equations and related
topics” (Katata/Kyoto, 1984), pages 11-49. Academic Press, Boston,
MA, 1986.

K. Daoudi, J. Lévy Véhel, and Y. Meyer. Construction of continuous
functions with prescribed local regularity. To appear in Journal of Con-
structive Approzimation.

K. Daoudi and J. Lévy Véhel. Speech Signal Modeling Based on Local
Regularity Analysis. IASTED/IEEE International Conference on Signal
and Image Processing (SIP’95). Las Vegas, November 20-23, 95. .

S. Jaffard. Pointwise smoothness, two-microlocalization and wavelet co-
efficients. Publ. Mat., 35(1):155-168, 1991. Conference on Mathematical
Analysis (El Escorial, 1989).

S. Jaffard. Functions with prescribed Hélder exponent. Appl. Comput.
Harmon. Anal., 2(4):400-401, 1995.

S. Jaffard. Lacunary wavelet series. Preprint, 1997.

S. Jaffard and Y. Meyer. Wavelet methods for pointwise regularity and
local oscillations of functions. Mem. Amer. Math. Soc., 123 (587), 1996.

J. Lévy-Véhel. Fractal approaches in signal processing. In “Fractal Ge-
ometry and Analysis, The Mandelbrot Festschrift”, C.J.G. Evertsz, H.-O.
Peitgen & R.F. Voss Editors, World Scientific, 1996.

[10] Y. Meyer. Wavelets, vibrations and scalings. Presses de 'université de

Montreal. AMS CRM Series, 1997. To appear.



