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Remarques sur la stabilie des PMLs Cargésiennes dans les coins

Résune : Ce travail est une contribution a la compréhension de Estijpn de la stabilité des couches
absorbantes parfaitement adaptées (PMLs) dans les @irsjiveaux continu et discret. Des résultats
de stabilité sont d’abord présentés pour des PMLs Siariées associées a un systeme hyperbolique de
premier ordre général. Puis, dans le cadre de la fornomalii premier ordre pression-vitesse de I'équation
des ondes acoustiques, une formulation non splittée desRst discrétisée par des éléments finis mixtes
spectraux en espace et des differences finies en temps. Gmentravers I'analyse de stabilité de deux
schémas, comment un mauvais choix pour la discrétisatidamps peut détériorer la condition de stabilité
CFL. Ces résultats de stabilité sont illustrés par dggegnces numériques.

Mots-clés : PML, couches absorbantes parfaitement adaptées, &abléments finis, differences finies,
condition CFL
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1 Introduction

The Perfectly Matched Layers (PML) technique, introducetid94 by Bérenger [12] for electromagnetic
problems, is considered as an efficient tool to simulate micaléy wave propagation problems stated in
unbounded domains. In fact, during the last decade, thimtgque has been intensively applied in a wide
range of areas (acoustic and electromagnetic problem4 @129, 30, 33, 36], elastodynamicsl[6, 7, 9, 17],
aeroacoustics [4] 5, 18,123+26| 28] among others).

The mathematical analysis of the well-posedness and igyadiithe continuous PML models (both in
the original split formulation and in unsplit formulatigrisave been addressed in several works. Let us
cite e.g. [1| 2, 27, 31] for the well-posedness analysis 8rd ], 26] for the stability analysis. It is now
well-known that the original split PML model, as well as ulisBML models, are (at least weakly) stable
if the original physical model is isotropic. However, if tiplysical model is anisotropic then the PML
technique can lead to unstable behaviors (see [9] for mdedishe

On the other hand, a natural question is the analysis of #ilisy of fully discrete schemes used for
discretizing PMLs. In/[10], this question has been congddor the discretization of isotropic Maxwell's
equations. Precisely, it is shown that the Yee scheme,epfir discretizing both the split and the unsplit
PMLs, is stable under the standard CFL stability conditibhis result is obtained for a layer in only one
direction. When considering Cartesian PMLs with layersain {or three) directions, it is then natural to
address the question of stability in corners. It is well knaWwat this question is delicate for Absorbing
Boundary Conditions (ABCs) and has been considered by aleaethors (e.g.| [19, 32], and [22] where
long time instabilities for high order ABCs are mentioned).

The main goal of the present paper is to study if instabditieuld be generated from the corner PML
domains in 2D, as it is the case for some ABCs in corners. TRersult is that, on the continuous
level, PML corners are always stable (even in anisotropidei®assuming that the PML parameters for
each direction are constant and equal). On the discretk Ieigeshown that instabilities are related to an
inadequate time discretization of the auxiliary diffeiahéquations in the Cartesian PML formulation. In
fact, in the context of the isotropic acoustic model, we wraltwo different time discretizations whose
CFL stability conditions are different only in the cornerndains. Although both discrete scheme are
consistent with the continuous model, only one has a CFL iiondndependent of the PML parameters,
which coincides with the standard CFL of the scheme in thesjglaydomain.

Following is the outline of the paper. In Sectioh 2, we dédseithe split Berenger’s PML formulation,
written in Cartesian coordinates for a general first ordguehigolic system in two dimensions. We focus
our attention on the equation system stated only in a comaggh. It is shown that, in contrast to a layer in
only one direction, PMLs are always stable in a corner, at & a constant damping factor. In particular,
it means that, even for anisotropic models, the split PMlesséable at the continuous level.

Sectio B is devoted to the introduction of a model problémftvo dimensional wave equation, written
as a first-order pressure-velocity system. The PML modesidened here is the Zhao-Cangellaris unsplit
formulation. Again, if the PML coefficients are assumed ¢ansin the corner domain (but possibly
different), it is shown, via energy estimates, that the icatus model is stable.

The spatial semi-discretization, presented in Sedfiors 4lone with a spectral mixed finite element
method based on a quadrilateral mesh, used in [20].

Sectior b is devoted to the time discretization, using ekpdecond-order finite differences. We first
consider the scheme used|ini[20]. A stability analysis ofsitteeme shows that the CFL condition is dete-
riorated in the PML corner, when compared to the CFL conditiside the fluid domain, the deterioration
depending (in particular) on the damping factor. In ordemvoid this, a new discretization in time in the
PML corner is proposed, for which it is shown that the CFL dtad remains the same as in the fluid
domain. These results are illustrated in Sedfibn 6 with migaksimulations.

2 Stability of Bérenger's splitted PMLs in corners for a general hy-
perbolic system

Notation. Through the rest of the paper, standard notations aboutifurat Sobolev spaces are used
without explicit definitions||-|| ;. and(-, -) .2 denote respectively the?-norm and thel?-inner product.

RR n° 7620



Stability of Cartesian PMLs in corners 4

In [17], the authors have shown how to design a splitted PMdahdor a general first-order hyperbolic
system. This construction has been applied_in [9] for anafythe well-posedness and the stability of
a layer in one direction. In this section, we focus on the PMuations written in a corner domain.
Following [9,/17], we consider the first-order hyperbolimgeal Cauchy problem in the two dimensional
free space:

0U — Ay 0,U — Ayo,U =0,

U(.,0) =U",
whereU is am dimensional real-valued vector functiéh: (z,y,t) € R* x RT — U(z,y,t) € R™, A,
andA, arem x m real-valued symmetric matrices, and the initial détais am dimensional real-valued

vector function/? : (z,y) € R* = U°(z,y) € R™. Itis then classical to show that the solution satisfies
the energy conservation

d 2
— U372 = 0.
~ U1l
We now introduce the splitted Bérenger’'s PMLs equatior@artesian coordinates (|12,/17]) using the

splitting trick for the corner domain:
Find (U*, UY) solution of the first-order hyperbolic system

OUT 4 o,U* — A,0,U =0, (1)
oUY + o, UY — A,0,U = 0, (2)
U=U*+U"Y, (3)
U®(.,0) = (U*)°, UY(.,0) = (UY)". (4)

It is straightforward to verify the following

Theorem 1. If o, ando,, are constant and equal o then the solutiofU*, UY) of system{1)E{4) satisfies

d
SVl = ~20 U <o. ©)

In this case, the PML corner is strongly stable in the senagttie solution can be bounded by the initial
data, uniformly in time:

3C >0, U@ <ClU? vt > 0. (6)

-

Proof. Since the absorbing functions are equal, adding equafiyren@ [2), and usind{3), we see tliat
satisfies the following equation:

U + oU — Apd,U — Ayd,U = 0. @)

In this case, the PML corner appears as a “classical” digsipéerm. The energy identity{5) and the
estimate[(B) follow then easily. O

The strong stability shows in particular that the solutian oot grow linearly in time, therefore there
is no possible long-time instability coming from the cornvenen the damping factor is the same in the two
directions (contrarely to some high order ABCs|[22]).

The proof of an analogous energy estimate, for non-conatahtlifferent absorbing functioms. and
oy, femains open (see, for instance! [10]).

Remark 1. For several models as, for instance, Maxwell's equationtheracoustic scalar wave equation,
several authors [13, 15, 16, 33,/34] derived ther&nger's PML model in terms of a complex coordinate
stretching in the frequency domain. In the time domain, ploigit of view leads to the construction of the
so-called unsplit PMLs, which do not need the splitting efainknowns fields, but the introduction of new
additional unknowns. The main advantage of this formutattothat it preserves the spatial differential
operators and consequently the original spatial discegtans developed for the physical models. The
original Bérenger’s PML can then be reformulated in several forms (8,d.1,[21, 35]), depending on the

RR n° 7620



Stability of Cartesian PMLs in corners 5

choice of the auxiliary unknowns. Note that all these foatiahs are “equivalent”, in the sense that one
can go from one set of unknowns to the other through elemgtitegar operations (see e.g./[8,.10] for
Maxwell’s equations).

But contrarily to the split PMLSs, there is no way of designimgsplit PMLs (which preserve the original
operator) for a general first-order hyperbolic system. Hewm it is straightforward to see that in the
particular case of a PML corner, with, = o, = o, the complex coordinate stretching leads to equation
(@), i.e. to the same equation as the one obtained with thttisgl In that case actually there is neither
splitting anymore nor additional unknowns.

3 The model problem: unsplit PMLs for the scalar wave equatio

In the rest of the paper, we focus on a model problem, the tweidsional acoustic wave equation, written
as a first-order pressure-velocity system, for which wesitlate the construction of the Cartesian unsplit
PMLs at the corner and derive some energy estimates. Thermgogesquations of the original first-order
hyperbolic system in terms of pressure and velocity fieldggaren by

1
;@P =divV, (8)
poV = grad P, 9)

whereP is the pressurel = (1, V,)) is the velocity,; andp are the bulk modulus and the mass density
respectively, which are assumed to be positive boundedibmsc We denote by = /u/p the acoustic
sound velocity. Additionally, we should include the initéata for » andV and boundary conditions for
the pressure field in systefl (8)-(9), but in order to simpiifg presentation, in the rest of the paper they
will be systematically omitted.

We introduce the Cartesian unsplit PMLs at the corner fahawhe Zhao-Cangellaris’ formulation
[35] (recall that the solution of the split Berenger's PMLndae deduced by simple linear combinations
from the solution of the unsplit formulation and conversebe [10]):

Find (P, P*,V, V™) such that

%atp* — div V*, (10)

p (0 +0,1) Vy = 0, P, (11)

p (O +0y,I)V, = 0,P, (12)

POV = p (0 + oyl) Vy, (13)

POV = p (0 +o.1)Vy, (14)
1

;aftP* = (O + 0. 1) (0 + o, 1) P, (15)

satisfying the adequate initial conditions, whéré¢ = (V*,V,*) and[ is the identity operator. In the

following, we introduce the standard notation, for any &ey positive bounded functian

(¢7w)l/ = (Z/(b?w)LQa HpHi = (Vp7p)L2'

Using the same arguments showed for the Maxwell’s equatiofig], straightforward computations
lead to the following result:

Theorem 2. If o, ando, are constant (but eventually different), the energy

1 * * *
&) =5 {12P*|} , + 102V |2 + lowdeVi I + oV I12)

satisfies

d 2 2
76200 = =2 (o [V + o 2V, ) <

RR n° 7620
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Finally, the result showed in[11] can also be obviously edtsl here:
Theorem 3. If o, = 0, = o, whereo is a positive constant, we have the following identity:

1d

2 2 2 9
s UPIE T IV I+ IF IR} = —20 121,

where

This implies in particular the decrease of the energy of ofile
1 2 * 112
&o(t) = 5 {IPIF,.+ 1IV*I3} -

4 Semi-discretisation in space using a mixed spectral elemt&method

The systen{(Z0)=(15) is approximated in space With- Qs mixed spectral elements based on hexaedral
meshes, described in |14,/20]. For the sake of simplicittsrdescription, we first introduce the spatial
discretization for the original acoustic model before gppj it to the PML problem.

4.1 Spatial approximation in the fluid domain

In order to describe briefly the mixed finite elements, we ficstsider the approximation of the equations
set in the fluid domaif with Dirichlet boundary conditions for the pressure fieldheTvariational formu-
lation of (8)-[9) is then:

Find P € H}(Q),V € (L*(Q))? such that

d
at
d

(Vo) = (grad Pap) s, Vap € (L2(2))”.

(Pa w)l/u = 7(V7grad QD)L27 VSD € HOl(Q)a

We introduce] = Uﬁi’ﬁKi a partition ofQ with N quadrilateral elementdy = [0,1]2 the unit

element, and the conform mappingssuch thatF;(K) = K;, Vi = 1, ..., Ng. We setDF; the Jacobian
matrix of F; and its Jacobiad; = detDF;. We finally define the approximation spaces:

P;;O:{SQGCO(Q% SD\KiOFiEQr(I?), <p:00n89},

Vi={v € Q2 IHDF Yy, o Fi € (@u(R))?)

with Q,.(IA() the set of polynomials whose degree is less or equalitbeach spatial variable. For both
spaces, the interpolation points coincide with the Gausdsatto quadrature points. The semi-approximate
problem is then:

Find P, € Py, V €V}, such that

d T
E(P}wgoh)l/,u = _(V}ugrad Soh)LQa VSD}L S 7)0}7,7

d r
E(V}“"/)h’)p = (gradPh,wh)Lz, V'(/)h (S Vh'

Let{¢; : 1 < j < Np} the finite element basis d?], and{,, : 1 < m < Ny} the basis func-
tions of V] (see[14| 20] for a more detailed definition). These basisaaseciated to the interpolation

RR n° 7620
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points that coincide with the quadrature points of the Gdudsatto quadrature formula which is exact for
polynomials of degre@r — 1. We introduce the discrete mass and stiffness matrices

Mij = (i €5)1 0> 1<i,j < Np,
(Rz)jm = (0205, %) 125 1< < Np, 1<m < Ny,
(R )Jm*(y@yv m)L s 1<j< Np, 1<m< Ny,

= (Ym, 1), 1<m,l < Ny.

where all the integrals are computed by using the Gaussttamtyaadrature formula. The main advantages
of this method are: (@) it provides diagonal or block diaganass matrices (mass lumping) ; (b) the
stiffness matrices are independent of the mesh and of thaiqaiyproperties of the fluid medium (gain of
storage).

The semi-discretized scheme can then be written in the xrfatrin:

d

EMP}L + RIVJ;,}L + RyVy,h =0, (16)
d

—BVen =R Py, (7)
d .

=BV = Ry P, (18)

where we identify the notations for the unknowns and thesidbeoordinates.

4.2 Spatial approximation in the PML corner

Coming back to the semi-discretization of the PML cornerpem, we introduce some new matrices,
defined for any.! positive functiorv

Mil’, — (V@i,@j)l/u, 1 S ’L,] S NP,
ml_(Vwmawl)pa 1§m,l§Nv

The semi-discretized scheme can then be written in the cratform as:

d *
SMP; + RV + RV =0, 19)
d
<dtB + BUT> Vx,h = R;Ph, (20)
d o *
7B+ B V= RyPy, (21)
d d
%BV;,}L = <EB + Boy) Va s (22)
d d
— BV = (d B+ B"T) Vyons (23)
d2 * d2 d oztoy Tz0y 2

5 Two alternatives for the time discretization

We introduceAt the time step andP)", (P})", (V)"*z, (V})"+2) denote the spatial vector fields
associated to the degrees of freedom of each unknown in thediscrete problem at timeeA¢ and
(n 4+ 1/2)At, respectively. Since we work with the unsplit PML formutatj one notices that there is
the second-order equation in tinfe24) to be discretizethénRML corner. This leads to two different
second-order centered finite difference approximationisria.

RR n° 7620
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Notation. In the sequell|-|| and(- | -) denote respectively the Euclidian norm and its associaeer i
product. For any positive matri&, we introduce the notation:

UV)s=(SU|V) ; |VIz=(SV|V)

5.1 Time Discretization in the fluid domain

A centered second order finite difference scheme is usetiédirhe discretization of matrix systefn {16)-

(189):
(P)" ' = (P)"

M N + Ro(Van)" 12 4 Ry (V)" /2 = 0,
Ve n+1/2 _ V, n—1/2

B( ,h) At( .,h) — R;P}’?,
(V h)n+1/2 o (V h)nfl/Q

By v — R'P},

At
completed with the adequate initial conditions. We redwt this scheme is stable under the CFL stability
condition (e.g.\[14, 20]):

(M—1Ku |u) 4 A2 " -
< —— <= M — — K is positive definit
T P An i e ©

whereK is the stiffness matrix defined @ = RB~!R*, R is the Np x 2Ny matrix defined a® =
(R Ry) andB is the2Ny, x 2Ny, block diagonal matrix, each block of si2é, x Ny, being equal taB.
Classically, on a regular grid, this condition is expressed

A
c% <1, (25)

whereC' is a constant independentbfand At.
In a homogeneous fluid and using a regular mesh, this condiiduces to

At
/’L/pf < cfld,7'7

whered is the dimension of the space ands the degree of the polynomials. The constafif; . can be
related to the CFL number in dimension one (seée [20]) by

Cfll,r
\/E .

In particular forr = 1, we havecfi; ; = 1 and in dimensior we recover the classical CFL condition:

Cfld,r = (26)

At 1
<

which is natural since th@; — Q¢*¢ discretization on a regular grid is equivalent to the statidacond-
order finite difference scheme.

5.2 Time Discretization in the PML corner: scheme A

In this section we consider the scheme which was originagduin [20] for the time discretization of the
governing equations in the PML corners. Let us first intradseme useful notations:

(DAtU)k _ (Uk+1/2 _ Uk71/2)/Aﬁ : (IAtU)k — (Uk’+1/2 + Uk71/2)/2-

RR n° 7620
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The time approximation fof (19)-(24) provided by scheme #viitten as:

M(DAtPh)n+2 + Ro(VE)"HE 4+ Ry (V)2 =0,

B(DatVan)" + (IAth,h)n = Ry Py,
B(DAtVy n)" + B (IadVyn)" = Ry Py,
B(DA o) = B(DAtVz,h)" + B (IatVe,n)",
B(DadVyp)" = B(DatVyn)" + B (IatVy,n)",

M(DAtPh) = M(DA,Py)" + M= (DA In: Pp)™ + M=% P}

The initial motivation of this study comes from the instéthbdk observed in the numerical simulations
for some values of the PML parameters (see Setlion 6). ThHginds located in the PML corner domains
(both for variable and constaat,, « = z,y), and we also observed that these instabilities were rechove
when decreasing eithéxt or the values ob,.

Since the question of stability for variahig is an open question even for the continuous PML models,
we will assume for the analysis of the schemes thaare positive constants far = x, y in the corner
domains. Sincer, is constant, we hav&’> = ¢, B and we can define the discrete centered operator
(D"AItU)’“ = (DatU)* + 0, (Ia:U)* to approximate; + o,.I. With these notations and assumptions, the
scheme can be rewritten as:

M(DarPy)™ 2 + Ry (V)" 2 + Ry (V)" 2 =0, (27)
B(D&EVen)" = Ry Py, (28)
B(DXVy )" = Ry Py, (29)
B(DAtV::,h)n = B(Dmvm,hyla (30)
B(DaVyi)" = B(DZVy )™, (31)
M(D3,Py)" = M (DA, Pu)" + (0 + 0)(DacarPh)" + 020, P (32)

We can show the stability result:

Theorem 4. Assume that, and o, are constant and equal te. The discrete scheme A is stable if the

matrix A2
t
M — TK" (33)

is positive definite, wher®, = K + 0?>M andK = RB~'R*.

Proof. Since the absorbing functions are equal, it is possiblewiteethe scheme as

M(DacPy)™ % = Ro(Vy)™ % + Ry (V)" t 3, (34)
B(DaV,)" = RLPY, (35)
B(DaVy,)" = Ry Py, (36)

M (D%, P})" = M (DX, Pn)" + 20(DaidacPr)" + 0P . (37)

Applying D, to (33), it is then easy to elimina®’} by using [35),[(36), and(37), and rewrite a scheme
only in terms ofPy:

M ((D&¢Pn)" +20(DatIacPy)" 4+ 0 Py) + RB™'R*P)) = 0.

Introducing the stiffness matrik, = RB~'R* + 02 M, we see that the following discrete energy

n+1 n 2
5”+%:l Pyt — Py
Aho 9 At

+ (K Py [ Pt
M

RR n° 7620



Stability of Cartesian PMLs in corners 10

satisfies the identity

Ennl = Ennt )
g = =20 [|(DaiaePr)" I3 »
and that} , > 0 if matrix (33) is positive definite. O

Let us remark that the sufficient condition stated in the atidveorem for the stability of the numerical
scheme depends on the value of the absorbing funetievhich means that the CFL condition is not the
same in the PML corner than in the fluid domain. More precjsety is the constant appearing in the CFL
condition in the fluid domain (seE{25)), then the stabiliydition in the PML corner can be expressed as

c?  o? CAt 1
At? (h2+4)<1<:> - < ETPINIEL (38)
1
< +402)

which is more restrictive than the one in the fluid domain.

Application: homogeneous medium and approximation with seond order finite differences in time

and in space. We consider here an homogeneous medium and we use the lowlestnoixed spectral
elements for the approximation, i.e.= 1, on a regular grid. The scheme can then be written as a finite
difference scheme in space and time,

1 n * n n
M(DAtPh) +2 *(DAxV ) +2 JF(DAyVyh) +27

p(DZTtVI h)n (DAz )z+ ]7
P(DZZVy i1 = (Dayh
N

z]+ Y )
( )H- j (DUAZV h)
(Dm wijes = (DaiVyn)i,
(

(Dae)>PR)y = (((Dae)*Po)" + (Uz +0y)(DatIaePn)" + 0204 P} )ij

i+335)

where the subscriptg denote the degrees of freedom at nodes of coordirfaéfes, jAy) as usual in the
finite difference discretizations in the spatial variables

The scheme in the fluid corresponds to the classical secated finite difference scheme. In the two-
dimensional case, its CFL stability condition in the fluichain corresponds to také = +/2c¢ in (25) and
S0, we obtain

h
In the PML corner, this condition becomes
h 1
1 -
( + 8c2 )

RR n° 7620
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5.3 Time discretization in the PML corner: scheme B

In this section we propose a new scheme which correspondstbex time discretization of the last second
order differential equation (24):

M(DAtP*)nJr? + R (V2" 2 + Ry (Vi )"H2 =0,

B(DatVen)" + (IAtVz n)" = RiP,
B(DAtVy W)™+ B (IndVyn)" = RLPY,
B(DA wn)" = B(DatVen)" + B7 (IatVen)",
B(DaiVyp)" = B(DatVy,n)" + B7(IatVy,n)"

M(DAtPh) = M(DA,Pp)" + M= (DagIas Pp)™ 4 M=7v (12, Pn)".

For constant values of the damping parameters, this scheouartes:

M(DaeP)"™ % + Ro(Vy5)" 2 + Ry (V)" T2 =0, (41)
B(DZ V)" = RLPY, (42)
B(D szy, )" = Ry Py, (43)
B(DA )" = BDRVan)", (44)
B(DatVy )" = B(DX V)", (45)
M(Dm 7" = M(D%, DR, Py)", (46)

In this scheme, the operat@¥; + o,1)(0; + o,,I) appearing in[(24) has been approximatedfy, D%,
which is in some sense more natural than the discretizatied in [(32).
We can show the stability result:

Theorem 5. We assume that, ando, are constants (not necessarily equal). The discrete scliine
stable if the matrix

A

B - TR M™R (47)
is positive definite.
Proof. We applyD3,1a; to (#1) and multiply withD?% , P;*:
(DailaeM DA Py | DA, Py) + (DadadV, | R* DA Py) = 0.
) (11)

We develop each terifi) and(II) and separately:

1 *\ 71 n— x\n
(D) = 557 (DXPD™ = (DAL [(DAP)")

and, sincer,, ando,, are constants, using (46) and thienl (42)-(45), we obtain
(I1) = (DAJacV}, | DX, DRR Pr)
= (DAJaVyy, | DR DR, BDR Ve n) + (DA IV, | DX DA BDRVy n)

= (DAdaVEy [(DX)?DadVin) s + (DA IaeVyy [ (DR)*DadVyy) 5.
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The last two terms iffII) can be rewritten as a difference of norms. For instance, ithisofne leads to

2
(DA JAVE, (DR DAV s = (DadadVy, | DAV B + 20, DQAtIAtVz*,hHB

)

+O-3 (DQAtIAtV;,h | DAtIitVz*,h)B

1 -
= A7 <H(D2Atvz*,h) i

1

2
o D2 V* n—sz
@A

2

+20, (DR JseV2)" |

1

2
* B H(IA'&DAti*,h)n_g

2
O
t

2A (H(IAtDAtszh)"ﬂ

)

Hence, if the discrete energy is defined by

n+3 1 *\ T *\ T *\n4 % 2
L (A [ AR RS (A
48
2 * \n+i 2 2 * \n+1i 2 ( )
+O’$ (IAtDAtVz7h> 2 B + O'y (IAtDAtV%h) 2 B N

then we have the identity

n+l n—
5B,h2 - gB,h

At
In order to point out the stability condition we finally rev&rithe discrete energy (48) as

N[

= 20 | (DAaVin)" [ = 200 [ (DR oV [ < 0.

2 2
D2 V* n+%
u H( AtV 5

i

M(DgAtPif)nJri = *R(DQAtVZ)nJFEa

2 A2

ntt 1 vt L
&g’ = §{H(IA75D2AtPh) i o 1

[

2 1
+o? ol H(IAtDAtVyfh)wa

(IaeDadVyy,)"

Now, applyingDa; to (41), it holds

and so

2 At?

* — *\n+i *\n+3
(B S RMTIR)(DA VA (DR, V)

ntdt 1 PR
&g’ = 3 {H(IAtDQAtPh) ik

1|2 v vl
+0? (IneDadVy,) 2 B+U§H(IA15DAIS‘/%}L) t2

2
s
n+%

Finally, since the matriX(47) is assumed positive definite obtainf ;> > 0 and conclude the stability
of the scheme. O

Corollary 1. If the discrete scheme B is used, then the CFL stability ¢mmd{47) holds in the PML
corner and in the fluid domain.

Proof. We recall that the CFL condition in the fluid domain is giverrbyuiring M — ATﬁRIS’*lR* is def-

inite positive whereas the stability condition in the PMLrioer is obtained by assumiiy— Athl'%*M—lR
is definite positive.
If we denote by(\;,v;), j =1, ..., Np the positive eigenvalues and the eigenvectors of problem

RB™'R*v; = \jMv;,  wv; #0, (49)
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the CFL condition in the fluid domain can be expressethas; \; < AT‘EQ. Analogously, if we denote by
(nj,w;), 5 =1,...,2Ny, the eigenvalues and the eigenvectors of problem

R*M ™ 'Rw; = p;Bw;,  w; #0, (50)
the CFL condition in the PML corner can be expressedhas; ;1; < AT‘EQ. Then, it is easy to show that
A; is a nonzero eigenvalue df(49) if and only if it is also an eigdue of [GD). In fact, let us assume
that();, v;) is an eigenvalue and eigenvector associated o (49). If weptyu@9) by B-1R*M ! and
definew; = B~'R*v;, we haveB~'R*M 1 Rw; = \jw; (obviouslyw,; # 0 since\; andv; are not
null). Hence, it is clear thak; is also an eigenvalue of problem{50). Reciprocally, we csmanalogous
arguments to show the equivalence between both eigenvedidems. Hencepax; 1 = max; A; and
consequently the two CFL conditions coincide. O

6 Numerical illustration

We consider the free propagation of waves generated by aacnsppported initial condition (Ricker
impulse, e.g.[20]) for the pressure field centered at thetmmurce(17,17), a central frequency equal
to 1 and a spectral ratio equal t5. The computational domain {s-2,20]? and the thickness of the
Cartesian PML i€ (so that the physical domain 8, 18]2). The physical parameters gre= 1, u = 1.

The aim of this section is to illustrate numerically the stiéfnt conditions stated in Theorerfs 4
and[® with two different spatial discretizations. We coesid spectral finite element method based on
@-—Lagrange rectangular piecewise continuous elements éopttassure field® and P* and piecewise
discontinuous elements for the velocity fielsandV* on uniform grids. The numerical experiments are
performed withr = 1 andr = 5.

Remind that the theoretical CFL condition has been estaadisn the case of a constant absorbing func-
tion. In the following experiments, we first try to recoveesie results numerically for constant damping

functions:
0 if ze€ [0, 18] 0 if ye [0, 18]
o2(7) {a otherwise 7y(y) {a otherwise (1)

Then, we consider a quadratic damping function, i.e. weaeplthe constant value in (&) by the
guadratic profile which is continuous at the inner boundéithe PML and whose upper bound is denoted
by o*.

Second-order scheme and constant absorbing function.Forr = 1, the positive definite conditioh (#7)
for scheme B yields to the standard CFL condition (39), witicimcides with the original CFL condition
for the wave equation and then is independent of the values afndo,. For scheme A, the CFL condition
is expected to depend on the value of the absorbing funa®shown in[(40).

In Figured1 anfll2 the continuous lines illustrate the thigzakCFL condition for the discrete schemes
A and B, for different values of the constant absorbing fiorc{c = 1, 10, 25) and therefore define the
boundary of the stability region. In both Figures and thiotlte rest of this section, the markers (see the
circles, triangles and squares in the plots) are locatediatg)( h, At) corresponding to the largest value
of At for which the schemes have been checked numerically staplactice.

In both cases (schemes A and B), the marks lie closed to thedaowy of the stability region, so the
numerical results confirm the predicted CFL condition. Fot 1, the curve for scheme A is almost the
same as the one for scheme B, which means that the CFL canditiery closed to the one in the physical
domain, but this setup corresponds to a very low dampinghwimiqractice would require a very large
PML thickness. As soon as the damping factor is large enaughcan see that the CFL condition is much
more restrictive than the standard one.

Higher-order scheme and constant absorbing function. It has been shown in_[20] that, for = 5,
cflis = 0.1010. According to [26), we thus have in 2Bfl, 5 = 0.1010/+/2. Therefore, since in our
numerical test = 1, the CFL condition for the scheme A in the corner PML domaithvé constant
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||—CFLo=1 — Standard CFL
035 el =10 0.35[ v o=1
—CFL 0=25 0=10
03[l v 5=1 03[ o 0=25
0=10
0.251 o g=25 0.25
< 0.2 < 02t
0.15f 0.15f
0.1r 0.1fF
0.05r 0.05F : :
0.1 0.2 03 0.4 05 0.1 0.2 0.3 0.4 05

Figure 1: CFL condition for scheme A with a

h

h

Figure 2: CFL condition for scheme B with a

Q1 — Qs discretization and a constant absorbing @, —Q{*¢ discretization and a constant absorbing
function.

function.

absorbing functiom, is given by [38) withC' = 1/2/0.1010. In FiguredB anfl4, the results are similar
to the one obtained with = 1, again confirming the theoretical CFL conditions. In partie the CFL of

scheme B coincides again with the standard one. However atitees that the CFL condition of scheme
A is less restrictive than the one obtained with the loweeostheme.

—CFLo=1 —Standard CFL
0.07f CFL 0=10 0.07 v o=1
—CFL 0=25 0=10
0.06f} v o=1 0.06{{ © 0=25
0=10
0.05{| © 0=25 0.05F
< 0.04t < .04l
0.03r 0.03f
0.02F 0.02F
001~ ‘ ‘ ‘ ; 001~ ‘ ‘ ‘ ;
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1

h

h

Figure 3: CFL condition for scheme A with a  Figure 4: CFL condition for scheme B with a
Qs —Qdis discretization and a constant absorbing Q5 — Qg discretization and a constant absorbing
function. function.

Quadratic absorbing function. In this paragraph, we consider a continuous quadratic Abspfunc-
tion whose upper bound is given py. Notice that the theoretical CFL conditions have been obthi
for a constant damping, they are therefore not valid anyritotkis case. However we compare in this
paragraph : (i) the stability regions obtained with the tieioal CFL corresponding to a constant damping
equal tos* and (ii) the numerical stability region for the quadratiofie.

Figure[® shows that the CFL condition of scheme B, obtaingd @i — Q* finite elements, is still
independent of* and thus coincides with the standard CIEL]1(39). These nualedsults have been
checked also fo€5 — Q¢ finite elements, but since they are analogous to those shofigire 6, they
have not been included in the plots. This stability behawidrich was not guaranteed by the theoretical
results, allows us to conjecture that the CFL of scheme Bysdwamains the standard one whatever the
damping profile is.
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Figure[® (resp[]7) corresponds to numerical experimenfsmpeed with scheme A and = 1 (resp.

r = 5). In both cases the numerical stability regions still deben the absorbing profile, but this time the
markers are no longer in the interior of the theoreticalitalvegions. This could be expected, since the
theoretical CFL condition has been obtained with the maximalue of the damping profile and therefore
is more restrictive than the actual CFL condition of the sg@eAs in the constant case, the numerical CFL
condition gets closer to the standard one, when higherr@ldeents are used. In practice however, since
we cannot predict the CFL condition for a variable dampimfpesne A is not very convenient to use and
its stability condition is always more restrictive than tiree of scheme B.

035 —CFLo=1 — Standard CFL
: CFL 0=10 0.35[| v o*=1
—CFL 0=25 0*=10
03| v g*=1 03 © g*=25
0*=10
025’ o 0*:25 0.25,
< 02 < 02
0.15¢ 5 0.15f
0.1’ : > o N 01,
0.05/ : 0.05-
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5
h h

Figure 5: CFL condition for scheme A with a Figure 6: CFL condition for scheme B with a
Q1 — Q¥is discretization and a quadratic absorb- @, — Qs discretization and a quadratic absorb-

ing function. ing function.
—CFLo=1
0.07{ CFL 0=10 >
—CFL 0=25
0.06{] v o*=1
0*=10
0.05f © o*=25

At

0.04

S
0.03f /
0.02f

0.01p

012 014 0;6 0:8 1
Figure 7: CFL condition for scheme A with a
Qs — Qg discretization and a quadratic absorb-
ing function.

A comparison between scheme A and scheme BFinally, to illustrate the qualitative difference between
schemes A and B, we use a numerical example where schemeaBlis ahd scheme A is unstable. To this
purpose, we present some snapshots of two numerical siongatt different time steps. We have used a
Q1 — Qs discretization and a uniform grid with spatial sizés = Ay = 0.5, time stepAt = 0.2. For
the construction of the PML, we have used a constant abgpfbirctions witho = 25. In this case, since

At < h/v/2 = 0.354, the standard CFL holds in the physical domain and the PMherodomain for the
scheme B.
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=1 t=20

Figure 8: Snapshots at time steps= 1, 20 and30 for the scheme A.

As expected, whereas the scheme B remains stable (see Bijgwe instability arises by using the
scheme A (see Figuig 8). Actually, the more restrictive istalzondition for the corner PML, which
should be used for the scheme A, is ha&re< 0.078. Figurd8 shows that the instability starts at the corner
PML which is the closest one to the compact support of théainibndition. Moreover this instability
arises as soon as the wave penetrates the corner PML donthdoaesponds to an exponential blow up
of the numerical solution.

t=1 =20 t=100

Figure 9: Snapshots at time steps 1, 20 and100 for the scheme B.

Conclusion

We have emphasized that the PML models in the Cartesian rcdoneains are always stable and dissipa-
tive on the continuous level. However, when using the uh§MLs, one has to be careful on the time
discretization of the equation governing the addition&nown stated in the corner domain. In this work
we have shown that a bad choice for this discretization lémdsscheme which satisfies a restrictive sta-
bility condition depending on the absorbing function. Thenerical solution obtained with this scheme
blows up exponentially in the corner when one chooses thémuam time step allowed by the stability
condition of the physical domain. This instability comingrh the corner is not due to a lack of stability of
the continuous model and it can be avoided with a right choi¢he discretization. This new scheme (la-
beled as “B”) leads to a CFL condition independent of the gliag function and identical to the stability
condition of the discrete scheme in the physical domain.
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