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The large deviation multifractal spectrum gives important statistical informations on
irregular measures. However it is difficult to estimate. In this paper, we propose two
new definitions of the large deviation spectrum better adapted to the design of various
estimators. They rely on the computation of the Lebesgue measure of the reunion
of all intervals of same size whose coarse grain Holder exponent is equal to a Holder
exponent. In particular, we introduce the continuous large deviation spectrum for which
we construct different estimators. We finally show some numerical results obtained on
both deterministic and random synthetical signals.
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1 Introduction

Multifractal Analysis (MA) is concerned with the analysis, characterization and
classification of irregular measures, capacities or functions””’?. Here, we will restrict
ourselves to the study of probability measures p defined on the unit interval [0,1). In
this framework, it is natural to consider P := (P,)n>1 the sequence of partitions P,
of the unit interval [0,1), each P,, made of dyadic intervals, i.e P,, := (Iﬁ)ogkgwq
with I¥ := [k27", (k + 1)27"). On this dyadic net, the large deviation spectrum is
defined as*’

fola) == lim Hl log, N, (a), (1)

e—=>0n—oon
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where NZ(a) := #{IF¥ C P, : |af —a|] < e} and af := —1/nlog, u(I¥). Loosely
speaking, (1) reflects the exponential decreasing rate of NZ(a), which is the num-
ber of dyadic intervals having a coarse grain Hélder exponent af close to a Hélder
erponent o up to a precision €, when the resolution n tends to co. More precisely,
it is equal, up to 1, to a Large Deviation (LD) rate function >%*. It is closely
linked to two other well-known spectrum definitions, namely: the Hausdorff spec-
trum, defined as the Hausdorff dimension of sets of points having the same Holder
exponent, and the Legendre spectrum, based on the Legendre transform of the so-
called Rényi exponents T(q) of the ¢** moments of the measure. In short, the large
deviation spectrum gives a statistical description of the measure, whereas the Haus-
dorff spectrum fj gives a geometrical description and the Legendre spectrum f; is
naturally linked to thermodynamics. Though in some cases it can be proved that
fn = fg = fi — we say that the multifractal formalism holds — , in general we only
have f, < fy < fi and f;* = fi, where f;* is the concave hull of f, LT,

The problem of getting accurate estimates of the Hausdorff spectrum fj, is not
solved yet. Since f, gives important informations related to the statistical properties
of irregular measures, it seems worth trying to design estimators for it. When the
weak version of the multifractal formalism holds, we have f;, = f; and thus f; is
given by the estimation of f;, which is easy and robust. Indeed, it only involves
average quantities, and only one limit is needed for its estimation . However,
in a general setting, its use implies a sever loss of information since the Legendre
spectrum f; is always a concave function. For instance, compound multiplicative
processes have a non-concave large deviation spectrum ™’ and the detection of this
specific large deviation property is of interest for applications. As a consequence, it
seems necessary to keep the large deviation approach together with an attempt to
make its estimation easier and more robust.

Large deviation spectrum estimators have been considered by a number of au-
thors. Histogram methods *’ yield satisfactory results, when well adapted, on
strictly multiplicative cascades, but they fail to estimate a good approximation
in more complex situations. In’, an estimator of fq has been proposed which is
based on a classical tool in non-parametric estimation: the kernel method?. Such
a method has been used extensively with good results in density estimation and
rather precise theorems are known that assess the quality of the results. The diffi-
culty here is that f, is not a probability density function, but a double logarithmic
normalization of a density. However, it has proved to be a valuable tool in the MA
framework as it gave good results on both synthetic and real signals, such as fully
developed turbulence flows and LAN traffic”’.

In section 2, we recall the histogram method and the principle of the kernel
estimator of the large deviation spectrum f,. In section 3, we propose two new
definitions of the large deviation spectrum better adapted to the design of various
estimators. They rely on the computation of the Lebesgue measure of the reunion
of all intervals of same size whose coarse grain Holder exponent is equal to a Holder
exponent. In particular, we introduce the continuous large deviation spectrum fg
for which we construct different estimators in section 4. We finally show in section
7?7 some numerical results obtained on both deterministic and random synthetical
signals.



2 Large Deviation Multifractal Spectrum Estimation

2.1 Histogram method

Roughly speaking, all histogram algorithms involve the following steps:
1. for each n, compute all coarse grain Holder exponents o ;

2. compute the minimum and maximum coarse grain Holder exponents aj"" =

miny a’;; and o' = maxy afl;

3. divide [afM™, a™**] into N boxes;

4. compute the number N! of intervals I¥ whose af falls in the i-th box, for
1=0,---,N—1;

5. Estimate f! by a linear regression on (logn,log N?).
There are two types of limitations with those methods:

e The choice of the averaging number (step 1): if we deal with, say, a trinomial
measure, decimating (that is, summing the measure of two adjacent intervals)
at each resolution n produces strong oscillations with induce errors in the
linear regression estimation (step 5).

e The choice of the number of “boxes” on the a axis (step 3): this choice is
ad-hoc, although it influences a lot the result. In particular, it does not take
into account the precision £ limit of (1).

2.2 Kernel method

The starting point of this estimation method is to remark that NZ(«) may be re-
written as the following convolution

om _1 ate

Ni(@) = 3 U gla—ak) =2° / Pa(B)dB = 2"(pn 5 1. 1)), (2)
k=0 o

—€

where 1j_. ;) is the indicator function of the centered interval [—¢, +¢] and p,(«)
is the empirical probability density function of the coarse grain Holder exponents

Pula) =27" > d(a—af). (3)

It is easily shown that the indicator function 1[_. .| can be replaced by any com-
pactly supported positive kernel K such as fD K =1, where D is the support of K.
Let us note K (a) = 3~ K (%) and pf,(a) = 2¢(p, * K.)(a). We obtain

—1
fola) :=1+lim lim —log, p} (), (4)

e—>0n—oon
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One of the key problem in non-parametric density estimation is the choice of the
optimal bandwidth h such that the empirical density convoluted by the kernel p,, x
K}, is “as close as possible” to the density p. In this setting, h becomes a function
of n denoted h). Adapting classical techniques allows us to reduce the two limits
to one limit together with an optimal choice of precision ¢}. However, the first
thing to check is under which conditions it is indeed possible to get rid of this limit
on € °. Another crucial topic is the spatial adaptivity of h,. Indeed, if the use of
smooth kernels allows us to obtain more regular estimates, it can also hide changes of
concavity. Data adaptive local bandwidth” allows us to obtain accurate estimators,
the precision € being adapted to the spatial variable a. Note that no linear regression
needs to be done, since the spectrum is estimated at only one resolution. Of course,
in the general case, one needs to verify that the spectra estimated at each resolution
n are consistent. Such a verification should be performed carefully’.

2.3 Desired Properties

Ideally, the properties that any estimator of f; should possess are the following
ones:

P1) If a implicit dependency between precision ¢ and resolution n is introduced,
it should be designed carefully;

P2) The precision ¢ should be spatially adaptive;

P3) The resolution range nmin < 1 < Npmax on which the spectrum estimation re-
sults are stable and which represents the multifractal behavior of the measure
should be well determined.

Let us comment the first property. As said in subsection 2.1, histogram methods
introduce an implicit dependency between the resolution n and the precision .
Even though, from an estimation point of view, it is obviously desirable to pass
from the two limits, on 1 and then on £, to one limit on n, it is clear the dependency
between precision and resolution should be designed carefully. The kernel estimator
take this requirement into account. The second property is needed in the case of
spatially non-stationary measures such as lumping or sum of measures, which results
in changes in the concavity of f,. The last property is necessary because of finite
size effects.

3 New definitions of the Large Deviation Multifractal Spectrum

Instead of trying to improve kernel estimators according to these properties, we
propose here two new definitions of the large deviation multifractal spectrum which
are both better adapted than f; to the construction of various estimators, and share
its large deviation properties. In addition, these new spectra coincide with f; on
some classical multifractal signals such as deterministic or random multiplicative
cascades and other stochastic processes **. In particular, we used these theoretical
spectra as benchmarks for the estimators constructed on these new definitions, see
section ?77.



3.1 A first approach

A first candidate is defined as follows. For every interval I of size |I| = 7, let
ay(I) :=log u(I)/logn be the coarse grain Hélder of I (this notation will be used
throughout this paper). Define first the set E,(«) as the reunion of all intervals of
same size ) whose coarse grain Holder exponent is equal to a Holder exponent «

Ey(0) = U{T € [0,1) : 1] = 1, ay(I) = a}. 5)
Let pj(a) be its Lebesgue measure

pi(a) i= By (o). ©)
We define

(7)
This new definition, close to (1), allows us to use all available values u(I) for all
intervals I of the unit interval [0,1) and to get rid of the double limit problem. It
gives good results only for random measures, where the values u(I) for all I of a
given size follow a smooth distribution (see subsection ?7). Results are especially
bad on such “geometrical” measures as the binomial one: in this case the exact

calculations of p%(a) is extremely tedious and the experimental results are far from
the theoretic spectrum.

3.2 Continuous Large Deviation Spectrum

To avoid these difficulties, let us re-introduce the precision ¢, as in the discrete
spectrum definition of (4). One way is to compute the following Lebesgue measure

By (@)] = [U{T €0,1): [I[ =1, [y (I) — af < e}]. (8)

Unfortunately, this quantity is hard to evaluate and prefer to use an integral on
horizontal sections as follows

a-+te
Py (@) == / Py (B)dB = 2e(pfy * Nj_. o) (). (9)

—£&

Then the continuous large deviation multifractal spectrum stands as

1 c,e
fgc(a) :=1— lim lim 08Py \Y (a).

10
e—017—0 logn ( )

Of course, as in 2.2, the indicator function in (9) can be replaced by any admissible
kernel K.

4 Discretization and estimation

4.1  Discretization of (6)

In an experimental setting, we consider samples of a signal, that is measures u(IF)
of dyadic intervals. Let us consider the special case of intervals I of the form

5



I,(z) = [z, + 1) where 2 € [0,1 —n). Let us define p,, as the approximation of
measure g at resolution n: it is uniform on each dyadic interval and is equal to
w(I¥). Tt admits a piece-wise constant density du, (z) and we can write

T+n
i) = [ dun(a)ds, (1)

where dp,(z) = 2", (IF) for all z € I¥. The continuous integral (11) can be
discretized and we obtain for all z € [0,1 —n) and for all (n,n) such that n >, =
2771

-1

pn(Iy(2)) = (@t = 2)2u(If) + Y () + (@ +n—ap)2"u(l}),  (12)
m=k+1

where k = |22"], 1 = [(z +71)2"| and 2% = k27 ". Note that when n = n,, (12)
reduces to the following convex linear formula

(e +277) = (k+1 = a2")u(E) + (@2 — K)u(IE). (13)

Moreover, if # = k2" then pu, (I, (x)) = u(IF). The coarse grain Holder exponent of
measure g, on the interval I;(z) is ap ,(z) := log pn (I(x))/ log n, which converges
to ay(z) = logu(l,(x))/logn when n tends to co. Using the continuity of the
coarse grain Holder exponent a, (), for all o, amin < & < Qmag, it is possible to
find at least one x such that o, (x) = a as in (6).

4.2 Solutions of a,(x) = o when n =1,
Each dyadic interval I¥ contains one and only one solution iff:
e cither a = of and z = zF;

e or afL >a > af{"l or afl <a< af{"l. In this case we must solve the following
equation
(k +1—22")(I%) + (@27 — Wyu(IE+) =277,

which yields
27" — p(Ly)
p(In ™) — ul(Lf)’

Replacing the measure on the dyadics with its coarse grain Holder exponent

n

=k +27 (14)

2—no _ 2—naﬁ

r=ak 427" (15)

27no/,”,',+1

— 9—nak

Each dyadic interval contains zero or one solution in [@min, @max], denoted z;. We
sort these solutions by increasing order (z;)o<i<r—1, L < 27" and compute

py(a) = U [T, 20+ )| = Z min {7, ;41 — 1} . (16)

0<I<L—1 0<I<L—1



Finally, the continuous coarse grain spectrum can be obtained with

Py () = 2e(K. % pg)(a), (17)
and -
== B log pr° ()
gm(a) =1 logn (18)

Note that the following coarse grain spectrum may also give good results (see 77)

_ logpj(a)
logn

fila) =1 (19)

4.3  Estimation using vertical sections

Let us remark that it is not necessary to evaluate the horizontal sections to estimate
py© (@) in (10). Indeed, if we define

i) a; () :=inf{ay(l) sz €I, |[I| =n}

ii) af(z) :=sup{a,(I) :a € I, |I| = n};

1
iii) g (z,a) = > (min{a +¢,a; ()} — max{a —€,a; (z)}) ,
we get
af(x) —ay(x) if a—e<a,(r)<af(z)<ate
o ( a):i a;(x)—a7+6 %f a;(m)ﬁaf—sgaﬁ(x)§a+s.
m 26 Jate—o,(x) if a—-e<ao,(z)<ateLaof(n)

2e if a,(r)<a-e<ate<La(n)
Note that 2eg; (7, a) does not differ much from the n-oscillation of a,(I) which is

oscy(an, I) = a;f (z) — aj (z).

n n
The two-variables function g; can be re-written as
€ 1 - +
In(2,0) = |la —e,a+e] N o (2), oy (2)]]- (20)

Let us show that p(®(a) can be obtained by the integration of g;(z,a) on the
support of measure pu, denoted suppyu. Indeed

+
1 o (z) _
25/ gz, a)dr = 25/ — (/ T_y g (ﬁ oz) dﬁ) dz
suppu suppu 26 \Jaj (2) €

400
= /su / ]l[a;(z)@j;(z)](ﬂ)]l[a—s,mf] (B)dBdzx
bbu J—o0

+0oo
= / ]l[a—g,oH-E] (ﬁ) (/ ]l[oz;(m),oz;;'(m)] (ﬁ)dl‘) dﬁ
> suppu




Since

Bela, (x),0) ()] <=3, ay()=p:zel
=z € EyP),

then ]l[a;(x),af,r(x)] = 1lg, p)(z) for every (z, (). Therefore

1 - + dr = |E, = .
L, s @raion B = 52 (3) = ()

Finally
a+te

2w [ it = [ p0)ds = i)

(21)

Note that this technique of changing an integral from horizontal sections to vertical

sections is used in fractal dimension theory **. In particular, the quantity p%(a) is

closely related to the p-variation V,, and to the irregularity function 57(700,1).

4.4 Using a kernel

Estimation results can be improved with the help of a kernel K as defined in section

2.2. Let p > 1. We generalize (20) as follows

aj{(z) 1/p
K. — _ P
oK+ (z,0) l / RCACER) dﬂ] .

+
x 1 /an(x) B—a
€ = — K dg.
o =5 [ (50 )as

If moreover K = 1_; 1}, we find

e lfp=1

91 (@,0) = o_lla = 5,0 + €] Ny (), 05 ()]

o If p=occ

gy (@, 0) = sup  K.(8-a).
Belay (2),a7 ()]

As K is a positive and non-decreasing function on the positive real line

K.(af(z) —a) if a> %(a*‘(m) —a,

gy (z,0) =

K.(a,(r) —a) if a< %(oﬁ(m) —a,

Moreover, if K = 1[_; 1}, we have

95 (@,0) = 1 &= [ay (), 0 (@] N[a —c,a +2] £ 0

< 1 € Ey(a),

whence p}(a) = |E;(a)|.

(22)



When K is any admissible kernel and p = 1, the quantity pj® can be obtained with
horizontal sections as in section 4.3, which gives

a, (x
/ / — a)dfBdx
suppu v a,, (z)
2 / P (B)K- (8 — a)dB = 26(pS, % K. )(@). (23)

Note that if p # 1, integrals can not be inverted.

5 Estimation results

5.1 Deterministic measures

We first tested our estimators on the binomial measure, which is the paradigm of
multifractal measures. The binomial measure p of parameter pg, 0. < py < 1., is
a probability measure which is defined conveniently via a recursive construction.
Start by splitting I := [0,1) into two subintervals I and I] of equal length and
assign the masses pg and p; := 1—pg to them. With the two subintervals, proceed in
the same manner: at step two, the four subintervals I2, I}, I? and I3 have masses
P2, pop1, popr and p? and so on. This defines a sequence of measures (i )n>1
on partitions P, with pu, (IF) = pon“’ﬁ-“pln(l_“”ﬁ-ﬂ), where ‘Pﬁ,o is the proportion
of 0 in the binary decomposition of k at the n'” order, which converges weakly
toward p. Figure 7?7 displays the four first steps of the recursive construction
of the binomial measure (a), its theoretical spectrum and estimation results (b)
and related compound multiplicative cascades (lumping (¢) and sum (d) of two
binomials). The vertical bias in (b, ¢,d) on the bounds is due to the symmetry of
the kernel. Horizontal bias in (¢,d) are caused by the finite size of the samples.
Indeed, to synthesize a pre-multifractal measure of resolution n corresponding to
the lumping or the sum of two measures, we need to synthesize two pre-multifractal
measures of resolution n — 1. In the case of a lumping of two binomial measures
i, resp. v, of parameter py, resp. o, we know ° that the theoretical minimum,
resp. maximum, Holder exponent are o™ = mln{amm a™n} = —log, po, resp.
Q™M — ma,x{czm"X a®™} = —logy,p1 with pp < go. The estimated minimum
coarse grain Holder exponent is @™ = —(1 — 1/n)log, py and the maximum is
amex = —(1 — 1/n)logyp1. In the case of the sum, the theoretical minimum,
resp. maximum, Holder exponent is a™i® = mln{am“1 a™nl = —log, po, resp

—log, q;. Here, &™" = —1/nlog,(ph +qf) and &> =

max max max —
, ot =

™ = min{a"
—1/nlog, (p} + ql)-

5.2 Random measure

We also tested our estimator on a random uniform measure W, as defined in *
The iterative construction of this random measure W is the same as the one of the
binomial measure, except that, at each step of the construction, the parameter pq
is replaced by a random variable P uniformly chosen on the unit interval (0,1) and

9



parameter p; by 1 — P. Figure ?? shows one realization of this measure (a) and
both theoretical spectrum (its analytic expression can be found in”) and estimation
result. Note that the estimator based on (7) already yields good results as the
distribution of the coarse grain Hélder exponents is smooth enough. In this case,
introducing a kernel hardly improves the results.

6 Conclusion

In this paper, we have defined new multifractal spectra which are related the large
deviation properties of the analyzed measure but are easier to estimate than f;. Re-
sults obtained on synthetical signals, such as deterministic (subsection ??) or ran-
dom cascades (subsection ??), and on real signals show small dependencies w.r.t.
the precision € and the form of kernel K. Current work is being done to define
methods where the precision € is adapted to the spatial distribution of the Holder
exponents «, and to determine the scale range Nmin < 7 < NPmax on which the multi-
fractal spectrum can be estimated. All described methods have been implemented
and tested in FRACLAB, a fractal analysis toolbox for signal processing®.

Acknowledgments

This work was partially supported by ANRT grant CIFRE #116/95.

References

1. M. Arbeiter, N. Patzschke, Random self-similar multifractals, J. Math.
Nachr., 181:5-42, 1996.

2. B.B. Mandelbrot, A class of multinomial multifractal measures with negative
(latent) values for the “dimension” f(a), In Fractals’ Physical Origins and
Properties: Erice Meeting, 1988, L. Pietronero Editor, Plenum Press, New-
York, 3-29, 1990.

3. G. Brown, G. Michon and J. Peyriere, On the multifractal analysis of mea-
sures, J. Stat. Phys., 66: 775-790, 1992.

4. A.B. Chhabra, C. Meneveau, R.V. Jensen and K.R. Sreenivasan, Direct Deter-
mination of the f(a) singularity spectrum and its application to fully developed
turbulence, Phys. Review A, 40(9): 5284-5294, 1989.

5. L. Devroye, L. Gyorfi, Nonparametric density estimation: the L; view, John
Wiley & Sons, New-York, 1984.

6. R.S. Ellis, Entropy, large deviations, and statistical mechanics, Springer-
Verlag, New-York, 1985.

7. C.J.G. Evertsz and B.B. Mandelbrot, Multifractal Measures, In Chaos and
Fractals: New Frontiers in Science, H.-O. Peitgen, H. Jiirgens and D. Saupe
Editors, Springer, New-York, 849-881, 1992.

8. K.J. Falconer, Fractal Geometry: Mathematical Foundations and Applica-
tions, John Wiley & Sons, New York, 1990.

%You can download this free of charge toolbox from our W3 pages at the following URL:
http://www.inria.fr/fractales/

10



10.

11.

12.

13.

14.

15.

16.
17.

R. Holley and E. Waymire, Multifractal dimensions and scaling exponents for
strongly bounded random cascades, Ann. App. Prob., 2(4): 819-845, 1992.

S. Jaffard, Multifractal formalism for functions: I. Results valid for all func-
tions, II. Self-similar functions, STAM J. Math. Anal., 28(4): 944-998, 1997.
J. Lévy Véhel, Numerical Computation of the Large Deviation multifractal
Spectrum, In CFIC96 Rome, 1996.

J. Lévy Véhel and R. Riedi, Fractional Brownian Motion and data traffic
modelling: the other end of the spectrum, In Fractal in Engineering, J. Lévy
Véhel, E. Lutton and C. Tricot Editors, Springer, New-York, 185-202, 1997.

J. Lévy Véhel and R. Vojak, Multifractal Analysis of Choquet Capacities:
Preliminary results, Adv. Appl. Math., 20(1): 1-43, 1998.

O. Lepskii, E. Mammen, V.G. Spokoiny, Optimal spatial adaptation to inho-
mogeneous smoothness: An approach based on kernel estimates with variable
bandwidth selectors, Ann. Stat. 25(3): 929-947, 1997.

R. Riedi, An improved Multifractal Formalism and Self-Similar Measures, J.
Math. Anal. Appl., 189: 462-490, 1995.

C. Tricot, Curves and fractal dimension, Springer, New-York, 1994.

C. Tricot, Functions norms and fractal dimension, STAM J. Math. Anal.,
28(1): 189-212, 1997.

11



4 irst steps of pre-mulifractal binomial measure of parameter: p,=0.1 large deviation spectra of a binomial
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Figure 1: (a): four first steps of the recursive construction of the binomial measure of parameter
po = .1; (b): theoretical spectrum and estimation results obtained for different decimated resolu-
tions (Nmin = 5 (©) to mmax = 10 (%)) with a Gaussian kernel for a binomial measure (parameter

po = .1 and n = 10); (¢): theoretical spectrum and estimation result for the lumping of two
binomial measures; (d): theoretical spectrum and estimation result for the sum of two binomial
measures (first measure p of parameter pg = .1, second measure v of parameter gg = .45 and

compound measure of resolution n = 16 in both (¢) and (d)).
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Pre-multifractal random uniform measure (resolution n=10)
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Figure 2: (a): one realization of a uniform random measure W (resolution n = 10); (b):

spectrum and estimation result for this realization.
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