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❙❝❛❧❛❜❧❡ ◗✉❛s✐♥❡✉tr❛❧ s♦❧✈❡r

❢♦r ❣②r♦❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥

●✳ ▲❛t✉ ∗ †✱ ❱✳ ●r❛♥❞❣✐r❛r❞ ∗✱ ◆✳ ❈r♦✉s❡✐❧❧❡s †✱ ●✲❉✐❢✳ Pr❛❞❛❧✐❡r‡

❉♦♠❛✐♥❡ ✿ ▼❛t❤é♠❛t✐q✉❡s ❛♣♣❧✐q✉é❡s✱ ❝❛❧❝✉❧ ❡t s✐♠✉❧❛t✐♦♥
➱q✉✐♣❡s✲Pr♦❥❡ts ❈❆▲❱■

❘❛♣♣♦rt ❞❡ r❡❝❤❡r❝❤❡ ♥➦ ✼✻✶✶ ✖ ▼❛✐ ✷✵✶✶ ✖ ✶✺ ♣❛❣❡s

❆❜str❛❝t✿ ▼♦❞❡❧✐♥❣ t✉r❜✉❧❡♥t tr❛♥s♣♦rt ✐s ❛ ♠❛❥♦r ❣♦❛❧ ✐♥ ♦r❞❡r t♦ ♣r❡❞✐❝t
❝♦♥✜♥❡♠❡♥t ✐ss✉❡s ✐♥ ❛ t♦❦❛♠❛❦ ♣❧❛s♠❛✳ ❚❤❡ ❣②r♦❦✐♥❡t✐❝ ❢r❛♠❡✇♦r❦ ❝♦♥s✐❞❡rs
❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐♥ ✜✈❡ ❞✐♠❡♥s✐♦♥s t♦ ❧♦♦❦ ❛t ❦✐♥❡t✐❝ ✐ss✉❡s ✐♥ ❛ ♣❧❛s♠❛✳
●②r♦❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥s ❧❡❛❞ t♦ ❤✉❣❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♥❡❡❞s✳ ❯♣ t♦ ♥♦✇✱ t❤❡
❣②r♦❦✐♥❡t✐❝ ❝♦❞❡ ●❨❙❊▲❆ ♣❡r❢♦r♠❡❞ ❧❛r❣❡ s✐♠✉❧❛t✐♦♥s ✉s✐♥❣ ❛ ❢❡✇ t❤♦✉s❛♥❞s
♦❢ ❝♦r❡s✳ ❚❤❡ ✇♦r❦ ♣r♦♣♦s❡❞ ❤❡r❡ ✐♠♣r♦✈❡s ●❨❙❊▲❆ ♦♥t♦ t✇♦ ♣♦✐♥ts✿ ♠❡♠♦r②
s❝❛❧❛❜✐❧✐t② ❛♥❞ ❡①❡❝✉t✐♦♥ t✐♠❡✳ ❚❤❡ ♥❡✇ s♦❧✉t✐♦♥ ❛❧❧♦✇s t❤❡ ●❨❙❊▲❆ ❝♦❞❡ t♦
s❝❛❧❡ ✇❡❧❧ ✉♣ t♦ ✻✹❦ ❝♦r❡s✳

❑❡②✲✇♦r❞s✿ ◗✉❛s✐♥❡✉tr❛❧✐t② s♦❧✈❡r✱ ●②r♦❦✐♥❡t✐❝s✱ ▼P■✱ ❖♣❡♥▼P

∗ ❈❊❆ ❈❛❞❛r❛❝❤❡✱ ✶✸✶✵✽ ❙❛✐♥t✲P❛✉❧✲❧❡s✲❉✉r❛♥❝❡ ❈❡❞❡①
† ■◆❘■❆ ◆❛♥❝②✲●r❛♥❞ ❊st ✫ ❯♥✐✈❡rs✐té ❞❡ ❙tr❛s❜♦✉r❣✱ ✼ r✉❡ ❉❡s❝❛rt❡s✱ ✻✼✵✵✵ ❙tr❛s❜♦✉r❣
‡ ❯❈❙❉✱ ▲❛ ❏♦❧❧❛✱ ❈❆ ✾✷✵✾✸✱ ❯❙❆



❙♦❧✈❡✉r ◗✉❛s✐✲♥❡✉tr❡ ❡①t❡♥s✐❜❧❡

♣♦✉r ❧❡s s✐♠✉❧❛t✐♦♥s ❣②r♦❝✐♥ét✐q✉❡s

❘és✉♠é ✿ ▲❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✉ tr❛♥s♣♦rt t✉r❜✉❧❡♥t ❡st ✉♥ ♣♦✐♥t ❝❧❡❢ ♣♦✉r
♣ré❞✐r❡ ❧❡s ♣r♦♣r✐étés ❞❡ ❝♦♥✜♥❡♠❡♥t ❞✬✉♥ ♣❧❛s♠❛ ❞❡ ❢✉s✐♦♥✳ ▲❛ t❤é♦r✐❡ ❣②✲
r♦❝✐♥ét✐q✉❡ ♣r♦♣♦s❡ ✉♥❡ ❞❡s❝r✐♣t✐♦♥ à ✺ ❞✐♠❡♥s✐♦♥s ♣❡r♠❡tt❛♥t ❞❡ ❝❛❧❝✉❧❡r ❡t
❝♦♠♣r❡♥❞r❡ ❧❡s ❡✛❡ts ❝✐♥ét✐q✉❡s ❞❛♥s ✉♥ ♣❧❛s♠❛✳ ▲❡s s✐♠✉❧❛t✐♦♥s ❣②r♦❝✐♥ét✐q✉❡s
❝♦♥❞✉✐s❡♥t à ❞❡s ❝♦ûts ❡♥ ❝❛❧❝✉❧ ré❡❧❧❡♠❡♥t ♣r♦❤✐❜✐t✐❢s✳ ❏✉sq✉✬à ♠❛✐♥t❡♥❛♥t✱
❧❡ ❝♦❞❡ ❣②r♦❝✐♥ét✐q✉❡ ●❨❙❊▲❆ ré❛❧✐s❛✐t ❞❡ ❣r♦ss❡s s✐♠✉❧❛t✐♦♥s ❡♥ ✉t✐❧✐s❛♥t
q✉❡❧q✉❡s ♠✐❧❧✐❡rs ❞❡ ❝÷✉rs ❞❡ ❝❛❧❝✉❧✳ ▲❡ tr❛✈❛✐❧ ♣r♦♣♦sé ✐❝✐ ❛♠é❧✐♦r❡ ●❨❙❊▲❆
s✉r ❞❡✉① ❛s♣❡❝ts✿ ❧✬❡①t❡♥s✐❜✐❧✐té ♠é♠♦✐r❡ ❡t ❧❡ t❡♠♣s ❞✬❡①é❝✉t✐♦♥✳ ▲❛ ♥♦✉✈❡❧❧❡
s♦❧✉t✐♦♥ ♣❡r♠❡t ❛✉ ❝♦❞❡ ●❨❙❊▲❆ ❞✬êtr❡ ♦♣ér❛t✐♦♥♥❡❧ ❡t s❝❛❧❛❜❧❡ ❥✉sq✉❡ ✻✹❦
❝÷✉rs ❛✉ ♠♦✐♥s✳

▼♦ts✲❝❧és ✿ ❙♦❧✈❡✉r q✉❛s✐✲♥❡✉tr❡✱ ●②r♦❝✐♥ét✐q✉❡✱ ▼P■✱ ❖♣❡♥▼P



❙❝❛❧❛❜❧❡ ◗✉❛s✐♥❡✉tr❛❧ s♦❧✈❡r ❢♦r ❣②r♦❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥ ✸

✶ ■♥tr♦❞✉❝t✐♦♥

❚♦ ❤❛✈❡ ❛❝❝❡ss t♦ ❛ ❦✐♥❡t✐❝ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❧❛s♠❛ ❞②♥❛♠✐❝s ✐♥s✐❞❡ ❛ t♦❦❛✲
♠❛❦✱ ♦♥❡ ✉s✉❛❧❧② ♥❡❡❞s t♦ s♦❧✈❡ t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ♥♦♥❧✐♥❡❛r❧② ❝♦✉♣❧❡❞ t♦
▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s✳ ❚❤❡♥✱ ❛ ♣❛r❛❧❧❡❧ ❝♦❞❡ ❛❞r❡ss✐♥❣ t❤❡ ✐ss✉❡ ♦❢ ♠♦❞❡❧❧✐♥❣ t♦❦❛✲
♠❛❦ ♣❧❛s♠❛ t✉r❜✉❧❡♥❝❡ ♥❡❡❞s t♦ ❝♦✉♣❧❡ ❛ ♣❛r❛❧❧❡❧ ❱❧❛s♦✈ s♦❧✈❡r ✇✐t❤ ❛ ♣❛r❛❧❧❡❧
✜❡❧❞ s♦❧✈❡r✳ ❖♥ t❤❡ ✜rst ❤❛♥❞✱ ❛ ❱❧❛s♦✈ s♦❧✈❡r ♠♦✈❡s t❤❡ ♣❧❛s♠❛ ♣❛rt✐❝❧❡s ❢♦r✲
✇❛r❞ ✐♥ t✐♠❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ r♦❧❡ ♦❢ t❤❡ ✜❡❧❞ s♦❧✈❡r ✐s t♦ ❣✐✈❡ t❤❡
❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s ❣❡♥❡r❛t❡❞ ❜② ❛ ❣✐✈❡♥ ♣❛rt✐❝❧❡s s❡tt✐♥❣ ✐♥ ♣❤❛s❡ s♣❛❝❡✳ ■♥
t❤✐s ♣❛♣❡r✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ st✉❞② ♦❢ t❤❡ ✜❡❧❞ s♦❧✈❡r ❡♠❜❡❞❞❡❞ ✐♥ ❛ ❣②r♦❦✐♥❡t✐❝
❝♦❞❡✱ ♥❛♠❡❧② ●❨❙❊▲❆✳ ❆♥ ❛❧❣♦r✐t❤♠ ✐s ♣r❡s❡♥t❡❞ ❤❡r❡ t❤❛t ❤❛s ❡①❝❡❧❧❡♥t ♣❡r✲
❢♦r♠❛♥❝❡ ✉♣ t♦ ❛ ❢❡✇ t❤♦✉s❛♥❞s ♦❢ ❝♦r❡s✳ ❆♥ ❛❞❛♣t❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ s❝❤❡♠❡
✐s ✐♥tr♦❞✉❝❡❞ t♦ ♦♣t✐♠✐③❡ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts ❢♦r ❡①❝❤❛♥❣✐♥❣ ✐♥❢♦r♠❛t✐♦♥
❜❡t✇❡❡♥ t❤❡ ❙❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❱❧❛s♦✈ s♦❧✈❡r ❛♥❞ t❤❡ ✜❡❧❞ s♦❧✈❡r ✭t❤❡ t✇♦ ♠❛✐♥
♣❛rts ♦❢ t❤❡ ❝♦❞❡✮✳ ❯s✐♥❣ ✻✹❦ ❝♦r❡s✱ t❤❡ ✜❡❧❞ s♦❧✈❡r t❡♥❞s t♦✇❛r❞s ❛♥ ❛s②♠♣t♦t✐❝
t✐♠❡ ❝♦st✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐ts s♠❛❧❧ ❝♦♠♣✉t❛t✐♦♥ ❝♦st ❝♦♠♣❛r❡❞ t♦ ♦t❤❡r ♣❛rts ♦❢
t❤❡ ❝♦❞❡✱ ❛❧❧♦✇s t❤❡ ●❨❙❊▲❆ ❝♦❞❡ t♦ ❣❡t ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡ ✉♣ t♦ ✻✹❦ ❝♦r❡
✇✐t❤ ✼✽✪ ♦❢ r❡❧❛t✐✈❡ ❡✣❝✐❡♥❝②✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛ ✇❡❧❧ ♣❛r❛❧❧❡❧✐③❡❞ s♦❧✉t✐♦♥ ✐s
✜♥❛❧❧② ♦❜t❛✐♥❡❞✳ ■♥ t❤❡ ❧❛st s❡❝t✐♦♥s✱ ♣❡r❢♦r♠❛♥❝❡ ✐s ❡✈❛❧✉❛t❡❞ ❜♦t❤ ✐♥ t❡r♠ ♦❢
❡①❡❝✉t✐♦♥ t✐♠❡ ❛♥❞ ✐♥ t❡r♠ ♦❢ ♠❡♠♦r② s❝❛❧❛❜✐❧✐t②✳

✷ ●②r♦❦✐♥❡t✐❝ ♠♦❞❡❧

✷✳✶ P❛r❛❧❧❡❧ s♦❧✈✐♥❣ ♦❢ ❱❧❛s♦✈ ❡q✉❛t✐♦♥

❖✉r ❣②r♦❦✐♥❡t✐❝ ♠♦❞❡❧ ❝♦♥s✐❞❡rs ❛s ❛ ♠❛✐♥ ✉♥❦♥♦✇♥ ❛ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ f̄
t❤❛t r❡♣r❡s❡♥ts t❤❡ ❞❡♥s✐t② ♦❢ ✐♦♥s ❛t ❛ ❣✐✈❡♥ ♣❤❛s❡ s♣❛❝❡ ♣♦s✐t✐♦♥✳ ❚❤✐s ❢✉♥❝t✐♦♥
❞❡♣❡♥❞s ♦♥ t✐♠❡ ❛♥❞ 5 ♦t❤❡r ❞✐♠❡♥s✐♦♥s✳ ❋✐rst✱ r ❛♥❞ θ ❛r❡ t❤❡ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s
✐♥ t❤❡ s❤♦rt❡st ❝r♦ss✲s❡❝t✐♦♥ ♦❢ t❤❡ t♦r✉s ✭❝❛❧❧❡❞ ♣♦❧♦ï❞❛❧ s❡❝t✐♦♥✮✱ ✇❤✐❧❡ ϕ r❡❢❡rs
t♦ t❤❡ ❛♥❣❧❡ ✐♥ t❤❡ ❧❛r❣❡st ❝r♦ss✲s❡❝t✐♦♥ ♦❢ t❤❡ t♦r✉s✳ ❙❡❝♦♥❞✱ t❤❡ ✈❡❧♦❝✐t② s♣❛❝❡
✐s ❛❧s♦ ❞✐s❝r❡t✐③❡❞✿ v‖ ✐s t❤❡ ✈❡❧♦❝✐t② ❛❧♦♥❣ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♥❡s ✭♦♥❡ ❤❛s
v‖ = ❞ϕ/❞t✮✱ ❛♥❞ µ t❤❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❛❝t✐♦♥ ✈❛r✐❛❜❧❡
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❣②r♦♣❤❛s❡✳ ❚❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❣✉✐❞✐♥❣✲❝❡♥t❡r ✺❉
❣②r♦❛✈❡r❛❣❡❞ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ f̄t(r, θ, ϕ, v‖, µ) ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ s♦✲❝❛❧❧❡❞
❣②r♦❦✐♥❡t✐❝ ❡q✉❛t✐♦♥ ❬✶✱ ✸❪✿

∂f̄

∂t
+

❞r

❞t

∂f̄

∂r
+

❞θ

❞t

∂f̄

∂θ
+

❞ϕ

❞t

∂f̄

∂ϕ
+

❞v‖

❞t

∂f̄

∂v‖
= 0. ✭✶✮

■♥ t❤✐s ❱❧❛s♦✈ ❣②r♦❦✐♥❡t✐❝ ❡q✉❛t✐♦♥✱ µ ❛❝ts ❛s ❛ ♣❛r❛♠❡t❡r ❜❡❝❛✉s❡ ✐t ✐s ❛♥
❛❞✐❛❜❛t✐❝ ♠♦t✐♦♥ ✐♥✈❛r✐❛♥t✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② Nµ t❤❡ ♥✉♠❜❡r ♦❢ µ ✈❛❧✉❡s✱ ✇❡
❤❛✈❡ Nµ ✐♥❞❡♣❡♥❞❛♥t ❊q✳ ✶ t♦ s♦❧✈❡ ❛t ❡❛❝❤ t✐♠❡ st❡♣✳ ❚❤❡ ❢✉♥❝t✐♦♥ f̄ ✐s
♣❡r✐♦❞✐❝ ❛❧♦♥❣ θ ❛♥❞ ϕ✳ ❱❛♥✐s❤✐♥❣ ♣❡rt✉r❜❛t✐♦♥s ❛r❡ ✐♠♣♦s❡❞ ❛t t❤❡ ❜♦✉♥❞❛r✐❡s
✐♥ t❤❡ ♥♦♥✲♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s r ❛♥❞ v‖✳

●❨❙❊▲❆ ✐s ❛ ❣❧♦❜❛❧ ♥♦♥❧✐♥❡❛r ❡❧❡❝tr♦st❛t✐❝ ❝♦❞❡ ✇❤✐❝❤ s♦❧✈❡s t❤❡ ❣②r♦❦✐♥❡t✐❝
❡q✉❛t✐♦♥s ✐♥ ❛ ✜✈❡ ❞✐♠❡♥s✐♦♥ ♣❤❛s❡ s♣❛❝❡ ✇✐t❤ ❛ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞ ❬✶✱ ✷❪✳
❚❤❡ ❙❡♠✐✲▲❛❣r❛♥❣✐❛♥ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ t❡❝❤♥✐q✉❡ ❬✽❪ ❝♦✉♣❧❡s t❤❡ ▲❛❣r❛♥❣✐❛♥ ❛♥❞
❊✉❧❡r✐❛♥ ♣♦✐♥ts ♦❢ ✈✐❡✇✳ ❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦✛❡r❡❞ ❜② t❤❡ s❡♠✐✲▲❛❣r❛♥❣✐❛♥
t❡❝❤♥✐q✉❡ ✐s t❤❛t t✐♠❡ st❡♣s ❛r❡ ♥♦t r❡str✐❝t❡❞ ❜② t❤❡ ❈❋▲ ❝♦♥❞✐t✐♦♥✳ ❲❡ ❝♦♠✲
❜✐♥❡ t❤✐s s❝❤❡♠❡ ✇✐t❤ ❛ s❡❝♦♥❞ ♦r❞❡r ✐♥ t✐♠❡ ❙tr❛♥❣ s♣❧✐tt✐♥❣ ♠❡t❤♦❞✳ ❚❤❡
r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❱❧❛s♦✈ ❊q✳ ✭✶✮ ✐s ♥♦t t❤❡ t♦♣✐❝ ♦❢ t❤✐s ♣❛♣❡r ❛♥❞ ✇❡ r❡❢❡r

❘❘ ♥➦ ✼✻✶✶



❙❝❛❧❛❜❧❡ ◗✉❛s✐♥❡✉tr❛❧ s♦❧✈❡r ❢♦r ❣②r♦❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥ ✹

t❤❡ r❡❛❞❡r t♦ ❬✶✱ ✹❪ ❢♦r ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥s✳ ❲❡ ✇✐❧❧ ♦♥❧② r❡❝❛❧❧ ❛ ❢❡✇ ✐ss✉❡s
❝♦♥❝❡r♥✐♥❣ t❤❡ ♣❛r❛❧❧❡❧ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ✉s❡❞ ❜② t❤✐s ❱❧❛s♦✈ s♦❧✈❡r✳

▲❛r❣❡ ❞❛t❛ str✉❝t✉r❡s ❛r❡ ✉s❡❞ ✐♥ ❱❧❛s♦✈ ❛♥❞ ❋✐❡❧❞ s♦❧✈❡r✿ t❤❡ ✺❉ ❞❛t❛ f̄ ✱
❛♥❞ t❤❡ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧ Φ ✇❤✐❝❤ ✐s ❛ ✸❉ ❞❛t❛ ✭❛♥❞ ❛❧s♦ s♦♠❡ ♦❢ ❞❡r✐✈❛t✐✈❡s ♦❢
t❤❡ ❣②r♦❛✈❡r❛❣❡ ♦❢ Φ ❛❧♦♥❣ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥s ❛s ✇❡ ✇✐❧❧ s❡❡✮✳ ❚❤❡ s✐③❡s ♦❢ t❤❡s❡
str✉❝t✉r❡s ❛r❡ ♣❛r❛♠❡tr✐③❡❞ ❜② t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❛❧♦♥❣ t❤❡ ❞✐♠❡♥s✐♦♥s✳ ▲❡t Nr✱
Nθ✱ Nϕ✱ Nv‖

✱ Nµ ❜❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥ ❡❛❝❤ ❞✐♠❡♥s✐♦♥ r✱ θ✱
ϕ✱ v‖✱ µ✳ ❚❤❡ s✐③❡ ♦❢ ✺❉ ❛♥❞ ✸❉ ❞❛t❛ ❛r❡ (Nr Nθ Nϕ Nv‖

Nµ) ❛♥❞ (Nr Nθ Nϕ)✳
■♥ t❤❡ ❱❧❛s♦✈ s♦❧✈❡r✱ ❛s µ ❛❝ts ❛s ❛ ♣❛r❛♠❡t❡r✱ ✇❡ ❣✐✈❡ t❤❡ r❡s♣♦♥s✐❜✐❧✐t② ♦❢

❡❛❝❤ ✈❛❧✉❡ ♦❢ µ t♦ ❛ ❣✐✈❡♥ s❡t ♦❢ ▼P■ ♣r♦❝❡ss❡s ❬✹❪ ✭❛ ▼P■ ❝♦♠♠✉♥✐❝❛t♦r✮✳ ❲❡
✜①❡❞ t❤❛t t❤❡r❡ ❛r❡ ❛❧✇❛②s Nµ s❡ts ♦❢ ♣r♦❝❡ss❡s✱ s✉❝❤ ❛s ♦♥❧② ♦♥❡ µ ✈❛❧✉❡ ✐s
❛ttr✐❜✉t❡❞ t♦ ❡❛❝❤ ❝♦♠♠✉♥✐❝❛t♦r✳ ❲✐t❤✐♥ ❡❛❝❤ s❡t✱ ❛ ✷❉ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥
❛❧❧♦✇s ✉s t♦ ❛ttr✐❜✉t❡ t♦ ❡❛❝❤ ▼P■ Pr♦❝❡ss ❛ s✉❜❞♦♠❛✐♥ ✐♥ (r, θ) ❞✐♠❡♥s✐♦♥s✳
❚❤✉s✱ ❛ ▼P■ ♣r♦❝❡ss ✐s t❤❡♥ r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ st♦r❛❣❡ ♦❢ t❤❡ s✉❜❞♦♠❛✐♥ ❞❡✜♥❡❞
❜②

f̄(r = [istart, iend], θ = [jstart, jend], ϕ = ∗, v‖ = ∗, µ = µvalue) .

❚❤❡ ♣❛r❛❧❧❡❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ✉s❡❞ ✐♥ t❤❡ ❱❧❛s♦✈ s♦❧✈❡r ✐s ✐♥✐t✐❛❧❧② s❡t ✉♣ t❤❛♥❦s
t♦ t❤❡ ❧♦❝❛❧❧② ♦✇♥❡❞ ♣❛r❛♠❡t❡rs ❧✐st ✭istart, iend, jstart, jend, µvalue✮✳ ❚❤❡② ❛r❡
❞❡r✐✈❡❞ ❢r♦♠ ❛ ❝❧❛ss✐❝❛❧ ❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ r ❞♦♠❛✐♥ ♦❢ s✐③❡ Nr ✐♥t♦ pr

♣✐❡❝❡s✱ ❛♥❞ ♦❢ t❤❡ θ ❞♦♠❛✐♥ ♦❢ s✐③❡ Nθ ✐♥t♦ pθ s✉❜❞♦♠❛✐♥s✳ ■t ❡♥❞s ✉♣ t❤❛t t❤❡
♥✉♠❜❡rs ♦❢ ▼P■ ♣r♦❝❡ss ✉s❡❞ ❞✉r✐♥❣ ♦♥❡ r✉♥ ✐s ❡q✉❛❧ t♦ pr × pθ × Nµ✳ ■♥s✐❞❡
❡❛❝❤ ▼P■ ♣r♦❝❡ss✱ ❖♣❡♥▼P t❤r❡❛❞s ❣✐✈❡ ❛❝❝❡ss t♦ ✜♥❡✲❣r❛✐♥❡❞ ♣❛r❛❧❧❡❧✐s♠✳

✷✳✷ ◗✉❛s✐♥❡✉tr❛❧✐t② ❡q✉❛t✐♦♥

❚❤❡ q✉❛s✐✲♥❡✉tr❛❧✐t② ❡q✉❛t✐♦♥ ❛♥❞ ♣❛r❛❧❧❡❧ ❆♠♣❡r❡✬s ❧❛✇ ❝❧♦s❡ t❤❡ s❡❧❢✲❝♦♥s✐st❡♥t
❣②r♦❦✐♥❡t✐❝ ❱❧❛s♦✈✲▼❛①✇❡❧❧ s②st❡♠✳ ❍♦✇❡✈❡r✱ ✐♥ ❛♥ ❡❧❡❝tr♦st❛t✐❝ ❝♦❞❡ ❛s ●❨✲
❙❊▲❆✱ t❤❡ ✜❡❧❞ s♦❧✈❡r r❡❞✉❝❡s t♦ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ q✉❛s✐✲♥❡✉tr❛❧✐t②
P♦✐ss♦♥ ❡q✉❛t✐♦♥ ✭✸✮ ✭s❡❡ ❬✸❪✮✳ ■t r❡q✉✐r❡s t❤❡ s♦❧✈✐♥❣ ♦❢ ❛ 3✲❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛✲
t✐♦♥✳ ■♥ t❤❡ ❢♦r♠ ✇❡ ❛r❡ ✇♦r❦✐♥❣ ♦♥✱ t❤✐s ❡q✉❛t✐♦♥ ✐♥✈♦❧✈❡s ❛ ♥♦♥ ❧♦❝❛❧ t❡r♠✱ t❤❡
❛✈❡r❛❣❡ ♦❢ Φ ❛❧♦♥❣ (θ, ϕ) ❞✐♠❡♥s✐♦♥s✱ ✇❤✐❝❤ ♣❡♥❛❧✐③❡s t❤❡ ♣❛r❛❧❧❡❧❧✐③❛t✐♦♥ ❬✺✱ ✻❪✳

❖♥❡ ♦❢ t❤❡ ♣♦ss✐❜❧❡ ✇❛②s t♦ ♥✉♠❡r✐❝❛❧❧② tr❡❛t t❤❡ q✉❛s✐✲♥❡✉tr❛❧✐t② ❡q✉❛t✐♦♥
❝♦♥s✐sts ✐♥ t❤❡ ✉s❡ ♦❢ ❋❛st ❋♦✉r✐❡r ❚r❛♥s❢♦r♠✱ ♦t❤❡r ❝❤♦✐❝❡s ❝❛♥ ❜❡ t♦ ✉s❡ ♠✉❧t✐✲
❣r✐❞ ♠❡t❤♦❞ ♦r ❛ ❞✐r❡❝t s♦❧✈❡r ❢♦r ❡①❛♠♣❧❡✳ ❊✈❡♥ ✐❢ t❤❡ ❋❋❚ ❛♣♣r♦❛❝❤ ✐s ♥♦t
❛❞❛♣t❡❞ t♦ ❣❡♥❡r❛❧ ❣❡♦♠❡tr✐❡s ❬✼❪✱ ✐❢ ♦♥❡ ❤❛s ❛ ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥ ✐t r❡♠❛✐♥s ❛
❢❛st✱ s✐♠♣❧❡ ❛♥❞ ❛❝❝✉r❛t❡ ♠❡t❤♦❞✳ ❍❡♥❝❡✱ ✇❡ ♣r♦♣♦s❡ ❤❡r❡ ❛ ♥❡✇ ◗✉❛s✐♥❡✉tr❛❧
s♦❧✈❡r ❜❛s❡❞ ♦♥ ❋❋❚✳

■♥ t♦❦❛♠❛❦ ❝♦♥✜❣✉r❛t✐♦♥s✱ t❤❡ ♣❧❛s♠❛ q✉❛s✐♥❡✉tr❛❧✐t② ✭❞❡♥♦t❡❞ ◗◆✮ ❛♣♣r♦①✲
✐♠❛t✐♦♥ ✐s ❝✉rr❡♥t❧② ❛ss✉♠❡❞ ❬✶✱ ✸❪✳ ❚❤✐s ❧❡❛❞s t♦ ni = ne ✇❤❡r❡ ni ✭r❡s♣✳ ne✮ ✐s
t❤❡ ✐♦♥✐❝ ✭r❡s♣✳ ❡❧❡❝tr♦♥✐❝✮ ❞❡♥s✐t②✳ ❖♥ t❤❡ ♦♥❡ s✐❞❡✱ ❡❧❡❝tr♦♥ ✐♥❡rt✐❛ ✐s ✐❣♥♦r❡❞✱
✇❤✐❝❤ ♠❡❛♥s t❤❛t ❛♥ ❛❞✐❛❜❛t✐❝ r❡s♣♦♥s❡ ♦❢ ❡❧❡❝tr♦♥s ❛r❡ s✉♣♣♦s❡❞✳ ❖♥ t❤❡ ♦t❤❡r
s✐❞❡✱ t❤❡ ✐♦♥✐❝ ❞❡♥s✐t② s♣❧✐ts ✐♥t♦ t✇♦ ♣❛rts✳ ❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ∇⊥ = (∂r,

1
r ∂θ)✱

t❤❡ s♦✲❝❛❧❧❡❞ ❧✐♥❡❛r✐③❡❞ ♣♦❧❛r✐③❛t✐♦♥ ❞❡♥s✐t② npol ✇r✐t❡s

npol(r, θ, ϕ) = −∇⊥ .

[

n0(r)

B0
∇⊥Φ(r, θ, ϕ)

]

,

✇❤❡r❡ n0 ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡♥s✐t②✱ B0 t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛t t❤❡ ♠❛❣♥❡t✐❝
❛①✐s✳ ❙❡❝♦♥❞✱ t❤❡ ❣✉✐❞✐♥❣✲❝❡♥t❡r ❞❡♥s✐t② nGi ✐s

nGi(r, θ, ϕ) = 2π

∫

B(r, θ)dµ

∫

dv//J0(k⊥
√

2µ)f̄(r, θ, ϕ, v//, µ), ✭✷✮
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❙❝❛❧❛❜❧❡ ◗✉❛s✐♥❡✉tr❛❧ s♦❧✈❡r ❢♦r ❣②r♦❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥ ✺

✇❤❡r❡ B ✐s t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ J0 ✐s t❤❡ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ❛♥❞ k⊥ ✐s t❤❡ tr❛♥s✈❡rs❡
❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✇❛✈❡ ✈❡❝t♦r ❛♥❞ Te(r) t❤❡ ❡❧❡❝tr♦♥✐❝ t❡♠♣❡r❛t✉r❡✳ ❍❡♥❝❡✱ t❤❡
◗◆ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ❞✐♠❡♥s✐♦♥❧❡ss ✈❛r✐❛❜❧❡s

− 1

n0(r)
∇⊥ .

[

n0(r)

B0
∇⊥Φ(r, θ, ϕ)

]

+
1

Te(r)

[

Φ(r, θ, ϕ) − 〈Φ〉θ,ϕ (r)
]

= ρ̃(r, θ, ϕ)

✭✸✮
✇❤❡r❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ρ̃ ✐s ❣✐✈❡♥ ❜②

ρ̃(r, θ, ϕ) =
2π

n0(r)

∫

B(r, θ)dµ

∫

dv//J0(k⊥
√

2µ)(f̄ − f̄eq)(r, θ, ϕ, v//, µ). ✭✹✮

■♥ t❤✐s ❧❛st ❡q✉❛t✐♦♥✱ f̄eq ❞❡♥♦t❡s ❛♥ ❡❧❡❝tr♦♥✐❝ ❧♦❝❛❧ ▼❛①✇❡❧❧✐❛♥ ❡q✉✐❧✐❜r✐✉♠✱
❛♥❞ 〈〉θ,ϕ t❤❡ ❛✈❡r❛❣❡ ♦♥t♦ t❤❡ ✈❛r✐❛❜❧❡s θ, ϕ✳

❖✉r ◗◆ s♦❧✈❡r ✐♥❝❧✉❞❡s t✇♦ ❝♦♠♣✉t❛t✐♦♥ ♣❛rts✳ ❋✐rst✱ t❤❡ ❢✉♥❝t✐♦♥ ρ̃ ✐s
❞❡r✐✈❡❞ t❛❦✐♥❣ ❛s ✐♥♣✉t ❢✉♥❝t✐♦♥ f̄ ❝♦♠✐♥❣ ❢r♦♠ ❱❧❛s♦✈ s♦❧✈❡r✳ ❙♣❡❝✐✜❝ ♠❡t❤✲
♦❞s ❬✻❪ ❛r❡ ✉s❡❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❣②r♦❛✈❡r❛❣❡ ♦♣❡r❛t♦r J0 ♦♥ (f̄ − f̄eq) ✐♥ ❊q✳ ✭✹✮✳
❙❡❝♦♥❞✱ t❤❡ ✸❉ ♣♦t❡♥t✐❛❧ Φ ✐s ❢♦✉♥❞ ✐♥ ❝♦♠♣✉t✐♥❣ ❞✐s❝r❡t❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠s ♦❢
ρ̃✱ ❢♦❧❧♦✇❡❞ ❜② s♦❧✈✐♥❣ ♦❢ tr✐❞✐❛❣♦♥❛❧ s②st❡♠s ❛♥❞ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠s✳ ❋♦r
t❤✐s st❡♣✱ s❡✈❡r❛❧ ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ❜❡❡♥ ❢♦r❡s❡❡♥ ❬✺✱ ✻❪✳ ❚❤❡ ♥♦✈❡❧ ❛❧❣♦r✐t❤♠ ♣r❡✲
s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r r❡t❛✐♥s ❝♦♠♣♦♥❡♥ts ♦❢ ❬✺❪✱ ✇❤✐❧❡ ✐♠♣r♦✈✐♥❣ ✐ts ♣❡r❢♦r♠❛♥❝❡s✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ r❡❢❡r t♦ s♦♠❡ ✸❉ ❞❛t❛ str✉❝t✉r❡s ❛s ✸❉ ✜❡❧❞ ❞❛t❛✳
❚❤❡② ❛r❡ ♣r♦❞✉❝❡❞ ❛♥❞ ❞✐str✐❜✉t❡❞ ♦✈❡r t❤❡ ♣❛r❛❧❧❡❧ ♠❛❝❤✐♥❡ ❥✉st ❛❢t❡r t❤❡ ◗◆
s♦❧✈❡r✱ ♦♥❝❡ ✇❡ ❦♥♦✇ t❤❡ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧ Φ✳ ❚❤❡s❡ ✜❡❧❞ ❞❛t❛ s❡t✱ ♥❛♠❡❧②✿

Φ,
∂J0(k⊥

√
2µ)Φ

∂r
,
∂J0(k⊥

√
2µ)Φ

∂θ
,
∂J0(k⊥

√
2µ)Φ

∂ϕ
,

❛r❡ ❞✐str✐❜✉t❡❞ ♦♥ ♣r♦❝❡ss❡s ✐♥ ❛ ✇❛② t❤❛t ❡①❝❧✉s✐✈❡❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❛r❛❧❧❡❧ ❞♦✲
♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ❝❤♦s❡♥ ✐♥ t❤❡ ❱❧❛s♦✈ s♦❧✈❡r✳ ■♥❞❡❡❞✱ t❤❡② ❛r❡ ✐♥♣✉ts ❢♦r t❤❡

❣②r♦❦✐♥❡t✐❝ ❱❧❛s♦✈ ❊q✳ ✭✶✮✱ ❛♥❞ t❤❡② ♣❧❛② ❛ ♠❛❥♦r r♦❧❡ ✐♥ t❡r♠s ❞r
❞t

, ❞θ
❞t

, ❞ϕ

❞t
,
❞v‖

❞t

♥♦t ❞❡t❛✐❧❡❞ ❤❡r❡✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✇✐❧❧ ✉s❡ ✶ t❤❡ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ (r, θ)
❞❡s❝r✐❜❡❞ ✐♥ ❬✹❪✳ ❙♦ ✇❡ ♥❡❡❞ t❤❛t t❤❡ s✉❜❞♦♠❛✐♥ ♦✇♥❡❞ ❜② ❡❛❝❤ ▼P■ ♣r♦❝❡ss
❤❛s t❤❡ ❢♦r♠ (r = [istart, iend], θ = [jstart, jend], ϕ = ∗) ❢♦r t❤❡ ✸❉ ✜❡❧❞ ❞❛t❛✳
❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ✸❉ ✜❡❧❞ ❞❛t❛ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✸✳

✸ ❙❝❛❧❛❜❧❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ◗◆ s♦❧✈❡r

✸✳✶ ✶❉ ❋♦✉r✐❡r tr❛♥s❢♦r♠s ♠❡t❤♦❞

❚❤❡ ♠❡t❤♦❞ t❤❛t ❢♦❧❧♦✇s ❝♦♥s✐❞❡rs ♦♥❧② ✶❉ ❋❋❚s ✐♥ θ ❞✐♠❡♥s✐♦♥ ❛♥❞ ✉♥❝♦✉♣❧❡
❤❛r❞❧② ❛❧❧ ❝♦♠♣✉t❛t✐♦♥s ✐♥ t❤❡ ϕ ❞✐r❡❝t✐♦♥✳ ❚❤✐s ❛❧❧♦✇s ❢♦r ❧♦♦♣ ♣❛r❛❧❧❡❧✐③❛t✐♦♥
❛❧♦♥❣ t❤✐s ❞✐r❡❝t✐♦♥✳ ❚❤❡ ❡q✉❛t✐♦♥ ✭✸✮ ❛✈❡r❛❣❡❞ ♦♥ (θ, ϕ) ❣✐✈❡s ✿

−
∂2 〈Φ〉θ,ϕ (r)

∂r2
− [

1

r
+

1

n0(r)

∂n0(r)

∂r
]
∂ 〈Φ〉θ,ϕ (r)

∂r
= 〈ρ̃〉θ,ϕ (r) ✭✺✮

✶❚❤❡ ✸❉ ✜❡❧❞ ❞❛t❛ ❝❛♥ ❜❡ s♣❧✐tt❡❞ ❛❝r♦ss ♣r♦❝❡ss❡s ✐♥ ❛♥♦t❤❡r ✇❛② ✐♥ t❤❡ ●❨❙❊▲❆ ❝♦❞❡✳

❆♥♦t❤❡r ❱❧❛s♦✈ s♦❧✈❡r ✐s ❛✈❛✐❧❛❜❧❡ ✐♥ ✇❤✐❝❤ s♦♠❡ ✸❉ ❞❛t❛ ❛r❡ ❞✐str✐❜✉t❡❞ ❛❧♦♥❣ ϕ ❞✐♠❡♥s✐♦♥✳

❚❤❡ t❡❝❤♥✐q✉❡ s❤♦✇♥ ❤❡r❡ ✐s ❛❧s♦ ❛♣♣❧✐❡❞ ✐♥ t❤✐s ❞✐✛❡r❡♥t s❡tt✐♥❣✱ ❜✉t ✐t ❣❡♥❡r❛t❡s ❢❡✇ ♠♦r❡

❝♦♠♠✉♥✐❝❛t✐♦♥s ❛♥❞ ✐s ❛ ❧✐tt❧❡ ❜✐t ♠♦r❡ ❝♦♠♣❧❡①✳
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❙❝❛❧❛❜❧❡ ◗✉❛s✐♥❡✉tr❛❧ s♦❧✈❡r ❢♦r ❣②r♦❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥ ✻

❆ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐♥ θ ❞✐r❡❝t✐♦♥ ❣✐✈❡s✿

Φ(r, θ, ϕ) =
∑

u Φ̂u(r, ϕ)ei u θ

ρ̃(r, θ, ϕ) =
∑

u ρ̂u(r, ϕ)ei u θ ✭✻✮

❚❤❡ ❡q✉❛t✐♦♥ ✭✸✮ ❝♦✉❧❞ ❜❡ r❡✇r✐tt❡♥ ❛s✿

❢♦r u > 0 :

−∂2Φ̂u(r, ϕ)

∂r2
− [

1

r
+

1

n0(r)

∂n0(r)

∂r
]
∂Φ̂u(r, ϕ)

∂r
+

u2

r2
Φ̂u(r, ϕ) +

Φ̂u(r, ϕ)

Zi Te(r)
= ρ̂u(r, ϕ) ✭✼✮

❢♦r u = 0 :

∂2 〈Φ〉θ (r, ϕ)

∂r2
− [

1

r
+

1

n0(r)

∂n0(r)

∂r
]
∂ 〈Φ〉θ (r, ϕ)

∂r
+

〈Φ〉θ (r, ϕ) − 〈Φ〉θ,ϕ (r)

Zi Te(r)
= 〈ρ̃〉θ (r, ϕ) ✭✽✮

❚❤❡ ❡q✉❛t✐♦♥ ✭✺✮ ❛❧❧♦✇s ♦♥❡ t♦ ❞✐r❡❝t❧② ✜♥❞ ♦✉t t❤❡ ✈❛❧✉❡ ♦❢ 〈Φ〉θ,ϕ (r)
❢r♦♠ t❤❡ ✐♥♣✉t ❞❛t❛ 〈ρ̃〉θ,ϕ (r)✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ Υ(r, θ, ϕ) ❛s
Φ(r, θ, ϕ) − 〈Φ〉θ,ϕ (r)✳ ❙✉❜str❛❝t✐♥❣ ❡q✉❛t✐♦♥ ✭✺✮ t♦ ❡q✉❛t✐♦♥ ✭✽✮ ❧❡❛❞s t♦

−∂2 〈Υ〉θ (r, ϕ)

∂r2
− [

1

r
+

1

n0(r)

∂n0(r)

∂r
]
∂ 〈Υ〉θ (r, ϕ)

∂r
+

〈Υ〉θ (r, ϕ)

Zi Te(r)
= 〈ρ̃〉θ (r, ϕ) − 〈ρ〉θ,ϕ (r) ✭✾✮

▲❡t ✉s ♥♦t✐❝❡ t❤❛t Φ̂0(r,ϕ)=〈Υ〉θ(r,ϕ)+〈Φ〉θ,ϕ(r)✳ ❙♦✱ t❤❡ s♦❧✈✐♥❣ ♦❢ ❡q✉❛t✐♦♥s ✭✺✮
❛♥❞ ✭✾✮ ❛❧❧♦✇s ♦♥❡ t♦ ❝♦♠♣✉t❡ 〈Φ〉θ,ϕ(r),〈Υ〉θ(r,ϕ) ❛♥❞ Φ̂0(r,ϕ) ❢r♦♠ t❤❡ q✉❛♥t✐t✐❡s
〈ρ̃〉θ(r,ϕ) ❛♥❞ 〈ρ̃〉θ,ϕ(r)✳

❚❤❡♥✱ t❤❡ ❡q✉❛t✐♦♥ ✭✼✮ ✐s s✉✣❝✐❡♥t t♦ ❝♦♠♣✉t❡ Φ̂u>0(r, ϕ) ❢r♦♠ ρ̃✳ ❚❤❡
❞✐✛❡r❡♥t ❡q✉❛t✐♦♥s ❛r❡ s♦❧✈❡❞ ✉s✐♥❣ ❛ ▲❯ ❞❡❝♦♠♣♦s✐t✐♦♥ ♣r❡❝♦♠♣✉t❡❞ ♦♥❝❡✳
▼♦r❡♦✈❡r✱ ✈❛r✐❛❜❧❡ ϕ ❛❝ts ❛s ❛ ♣❛r❛♠❡t❡r ✐♥ ❡q✉❛t✐♦♥ ✭✼✮✱ ❛❧❧♦✇✐♥❣ ❝♦♠♣✉t❛t✐♦♥s
t♦ ❜❡ ♣❛r❛❧❧❡❧✐③❡❞✳

✸✳✷ ❉❛t❛ ❞✐str✐❜✉t✐♦♥ ✐ss✉❡s

❲❡ ❛ss✉♠❡ t✇♦ ♠❛✐♥ ❤②♣♦t❤❡s✐s ❝♦♥❝❡r♥✐♥❣ t❤❡ ❞❛t❛ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ◗◆
s♦❧✈❡r✿ ✶✮ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ◗◆ s♦❧✈❡r ❡❛❝❤ ♣r♦❝❡ss ❦♥♦✇s t❤❡ ✈❛❧✉❡s ♦❢ ❛
s✉❜❞♦♠❛✐♥ f̄(r =[istart, iend], θ =[jstart, jend], ϕ= ∗, v// = ∗, µ=µvalue) ✭♦✉t♣✉t
♦❢ t❤❡ ❱❧❛s♦✈ s♦❧✈❡r✮✱ ❞✐str✐❜✉t❡❞ ♦✈❡r ♣r♦❝❡ss❡s✳ ■♥ ❡❛r❧✐❡r ✇♦r❦s ❬✺✱ ✻❪✱ ✇❡ ✉s❡❞
t♦ s✐♠♣❧✐❢② t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❛t❛ ❞❡♣❡♥❞❛♥❝✐❡s ✐♥ ❜r♦❛❞❝❛st✐♥❣ t❤❡ ❡♥t✐r❡ Φ ❞❛t❛
str✉❝t✉r❡ t♦ ❛❧❧ ♣r♦❝❡ss❡s ❛♥❞ t♦ ❝♦♠♣✉t❡ ✐♥ ❡❛❝❤ ▼P■ ♣r♦❝❡ss t❤❡ ❞❡r✐✈❛t✐✈❡s
♦❢ ❣②r♦❛✈❡r❛❣❡❞ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧ r❡❞♦♥❞❛♥t❧②✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤✐s str❛t❡❣② ❧❡❛❞s
t♦ ❛ ❜♦tt❧❡♥❡❝❦ ❢♦r ❧❛r❣❡ ♣❧❛t❢♦r♠s ✭t②♣✐❝❛❧❧② ♠♦r❡ t❤❛♥ ✹❦ ❝♦r❡s✮✳ ■♥❞❡❡❞✱ t❤❡
❜r♦❛❞❝❛st ✐♥✈♦❧✈❡s ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♠♦✉♥t t❤❛t ❣r♦✇s ❧✐♥❡❛r❧② ✇✐t❤ t❤❡ ♥✉♠✲
❜❡r ♦❢ ♣r♦❝❡ss❡s✱ ❛♥❞ t❤❡ s❡q✉❡♥t✐❛❧ ♥❛t✉r❡ ♦❢ ❞❡r✐✈❛t✐✈❡s ❝♦♠♣✉t❛t✐♦♥ ❜❡❝♦♠❡s
❛❧s♦ ♣r♦❜❧❡♠❛t✐❝✳ ❚❤❡s❡ t✇♦ ♦✈❡r❤❡❛❞s ❛r❡ ✉♥♥❡❝❡ss❛r②✱ ❡✈❡♥ t❤❡② s✐♠♣❧✐❢② t❤❡
✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ✈❛r✐♦✉s ❞✐❛❣♥♦st✐❝s ❛♥❞ r❡❞✉❝❡s ❛❧s♦ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❞❛t❛
♠❛♥❛❣❡♠❡♥t✳ ■♥ t❤❡ ✈❡rs✐♦♥ ♣r❡s❡♥t❡❞ ❤❡r❡✱ ♦♥❧② ❛ s♠❛❧❧ s✉❜❞♦♠❛✐♥ ♦❢ Φ ✐s s❡♥t
t♦ ❡❛❝❤ ♣r♦❝❡ss ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ◗◆ s♦❧✈❡r✳ ❆❧s♦✱ ❛ ❞✐str✐❜✉t❡❞ ❛❧❣♦r✐t❤♠ ❝♦♠✲
♣✉t❡s t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ J0(k⊥

√
2µ)Φ✱ ❛s ②♦✉ ✇✐❧❧ s❡❡ ✐♥ ❆❧❣♦✳ ✷ ❜❡❝❛✉s❡ t❤❡s❡

q✉❛♥t✐t❡s ❛r❡ ✐♥♣✉ts ♦❢ ❱❧❛s♦✈ s♦❧✈❡r✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r
t❤✐s ✸❉ ✜❡❧❞ ❞❡r✐✈❛t✐✈❡s ♦♥ ♠✉st ♠❛t❝❤ t❤❡ ♥❡❡❞s ♦❢ t❤❡ ❱❧❛s♦✈ s♦❧✈❡r✳

❘❘ ♥➦ ✼✻✶✶



❙❝❛❧❛❜❧❡ ◗✉❛s✐♥❡✉tr❛❧ s♦❧✈❡r ❢♦r ❣②r♦❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥ ✼

✸✳✸ P❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠ ❞❡s❝r✐♣t✐♦♥s

❚❤❡ ❛❧❣♦r✐t❤♠ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛r❛❣r❛♣❤ ❞❡s❝r✐❜❡s ❛ s❝❛❧❛❜❧❡ ♣❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠
♦❢ t❤❡ ◗◆ s♦❧✈❡r✷✳

❆❧❣♦r✐t❤♠ ✶✿ P❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ◗◆ s♦❧✈❡r

■♥♣✉t ✿ ❧♦❝❛❧ ❜❧♦❝❦✶

f̄(r = [istart, iend], θ = [jstart, jend], ϕ = ∗, v// = ∗, µ = µvalue)

✷

✭✯ t❛s❦ ✶✯✮✸

❈♦♠♣✉t❛t✐♦♥ ✿ ρ̃1 ❜② ✐♥t❡❣r❛t✐♦♥ ✐♥ dv// ♦❢ f̄✹

✭♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✐♥ µ, r, θ✮✺

❙❡♥❞ ❧♦❝❛❧ ❞❛t❛ ρ̃1(r = [istart, iend]), θ = [jstart, jend], ϕ = ∗, µ = µvalue)✻

❘❡❞✐str✐❜✉t❡ ρ̃1 ✴ ❙②♥❝❤r♦♥✐③❛t✐♦♥✼

❘❡❝❡✐✈❡ ❜❧♦❝❦ ρ̃1(r = ∗, θ = ∗, ϕ = [sϕ
start, s

ϕ
end

], µ = [sµ
start, s

µ
end

])✽

✾

✭✯ t❛s❦ ✷✯✮✶✵

❢♦r ϕ = [sϕ
start, s

ϕ
end] and µ = [sµ

start, s
µ
end] ❞♦✶✶

✭♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✐♥ µ, ϕ✮✶✷

❈♦♠♣✉t❛t✐♦♥ ✿ ❢r♦♠ ρ̃1 ❛t ♦♥❡ ϕ✱ ❝♦♠♣✉t❡s ρ̃2 ❛♣♣❧②✐♥❣ J0(k⊥
√

2µ)✶✸

✭❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐♥ θ✱ ❙♦❧✈✐♥❣ ♦❢ ▲❯ s②st❡♠s ✐♥ r✮✶✹

∀µ ∈ [sµ
start, s

µ
end]

❈♦♠♣✉t❛t✐♦♥ ✿ ρ̃3 ❢♦r ❛ ❣✐✈❡♥ ϕ ❜② ✐♥t❡❣r❛t✐♦♥ ✐♥ dµ ♦❢ ρ̃2✶✺

❡♥❞✶✻

✐❢ [sµ
start, s

µ
end] 6= [0, Nµ − 1] t❤❡♥✶✼

❙❡♥❞ ❧♦❝❛❧ ❞❛t❛ ρ̃3(r = ∗, θ = ∗, ϕ = [sϕ
start, s

ϕ
end

])✶✽

❘❡❞✉❝❡ ❙✉♠ ρ̃ += ρ̃3 ✴ ❙②♥❝❤r♦♥✐③❛t✐♦♥✶✾

❘❡❝❡✐✈❡ s✉♠♠❡❞ ❜❧♦❝❦ ρ̃(r = ∗, θ = ∗, ϕ = [gstart, gend])✷✵

❡♥❞✷✶

✷✷

✭✯ t❛s❦ ✸✯✮✷✸

❢♦r ϕ = [gstart, gend] ❞♦✷✹

✭♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✐♥ ϕ✮✷✺

❈♦♠♣✉t❛t✐♦♥ ✿ ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ ρ̃ ✈❛❧✉❡s t♦ ❣❡t 〈ρ̃〉θ (r = ∗, ϕ)✷✻

❡♥❞✷✼

❙❡♥❞ ❧♦❝❛❧ ❞❛t❛ 〈ρ̃〉θ(r=∗,ϕ=[gstart,gend])✷✽

❇r♦❛❞❝❛st ♦❢ 〈ρ̃〉θ ✴ ❙②♥❝❤r♦♥✐③❛t✐♦♥✷✾

❘❡❝❡✐✈❡ 〈ρ̃〉θ(r=∗,ϕ=∗)✸✵

✸✶

✭✯ t❛s❦ ✹✯✮✸✷

❈♦♠♣✉t❛t✐♦♥ ✿ ❙♦❧✈✐♥❣ ♦❢ ▲❯ s②st❡♠ t♦ ✜♥❞ 〈Φ〉θ,ϕ ❢r♦♠ 〈ρ̃〉θ✱ ❡q✳ ✭✺✮✸✸

❢♦r ϕ = [gstart, gend] ❞♦✸✹

✭♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✐♥ ϕ✮✸✺

❈♦♠♣✉t❛t✐♦♥ ✿ ✶❉ ❋❋❚s ♦❢ ρ̃ ♦♥ ❞✐♠❡♥s✐♦♥ ✭θ✮✸✻

❈♦♠♣✉t❛t✐♦♥ ✿ ❙♦❧✈✐♥❣ ♦❢ ▲❯ s②st❡♠s ❢♦r Φ̂ ♠♦❞❡s ✭∀u > 0✮✱ ❡q✳ ✭✼✮✸✼

❈♦♠♣✉t❛t✐♦♥ ✿ ❙♦❧✈✐♥❣ ♦❢ ▲❯ s②st❡♠ ❢♦r 〈Υ〉θ(r=∗,ϕ)✱ ❡q✳ ✭✾✮✸✽

❈♦♠♣✉t❛t✐♦♥ ✿ ❆❞❞✐♥❣ 〈Φ〉θ,ϕ t♦ 〈Υ〉θ(r=∗,ϕ) ❣✐✈❡s Φ̂0(r=∗,ϕ)✸✾

❈♦♠♣✉t❛t✐♦♥ ✿ ✐♥✈❡rs❡ ✶❉ ❋❋❚s ♦♥ Φ̂0 ❛♥❞ Φ̂u>0 t♦ ❣❡t Φ(r=∗,θ=∗,ϕ)✹✵

❡♥❞✹✶

❙❡♥❞ ❧♦❝❛❧ ❞❛t❛ Φ(r = ∗, θ = ∗, ϕ = [gstart, gend]) Nµ t✐♠❡s✹✷

❇r♦❛❞❝❛st ♦❢ ✈❛❧✉❡s ✴ ❙②♥❝❤r♦♥✐③❛t✐♦♥✹✸

❘❡❝❡✐✈❡ ❣❧♦❜❛❧ ❞❛t❛ Φ(r = ∗, θ = ∗, ϕ = [qstart, qend])✹✹

❖✉t♣✉ts ✿ Φ(r = ∗, θ = ∗, ϕ = [qstart, qend])✹✺

❚❤✐s ❛❧❣♦r✐t❤♠ ✐♠♣r♦✈❡s ♣r❡✈✐♦✉s ♦♥❡s ❬✶✱ ✺✱ ✻❪ ✐♥ ✐♥tr♦❞✉❝✐♥❣ ❛ ❜❡tt❡r ✇♦r❦
❞✐str✐❜✉t✐♦♥✱ ❛♥❞ ❛❧s♦ ✐♥ r❡❞✉❝✐♥❣ t❤❡ ✜♥❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥✳ ❆t t❤❡ ❡♥❞ ♦❢ t❤❡

✷❚❤✐s ❢♦r♠✉❧❛t✐♦♥ ✐s ♥♦t ②❡t ✈❛❧✐❞ ✐♥ t♦r♦ï❞❛❧ s❡tt✐♥❣✱ ❝②❝❧✐♥❞r✐❝❛❧ ❣❡♦♠❡tr② ✐s ✉s❡❞ ❤❡r❡✳

❘❘ ♥➦ ✼✻✶✶



❙❝❛❧❛❜❧❡ ◗✉❛s✐♥❡✉tr❛❧ s♦❧✈❡r ❢♦r ❣②r♦❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥ ✽

s♦❧✈❡r✱ ✇❡ ❞✐str✐❜✉t❡ t❤❡ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧ Φ ❛♠♦♥❣ ♣r♦❝❡ss❡s✱ ✐♥st❡❛❞ ♦❢ ❜r♦❛❞✲
❝❛st✐♥❣ ✐t✳
❚❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s t♦ ❣❡t 〈Φ〉θ,ϕ ❢♦r s♦❧✈✐♥❣ ❡q✳ ✭✾✮✱ ❛♥❞ t❤❡♥ t♦

✉♥❝♦✉♣❧❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ Φ̂u ❛❧♦♥❣ ϕ ❞✐r❡❝t✐♦♥ ✐♥ t❤❡ P♦✐ss♦♥ s♦❧✈❡r ✭t❛s❦ ✹ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐st✮✳ ❋✐♥❛❧❧②✱ ❡❛❝❤ ♣r♦❝❡ss s❡♥❞ ❡❛❝❤ ❧♦❝❛❧❧② ❝♦♠♣✉t❡❞ Φ(r, θ, ϕ)
✈❛❧✉❡ t♦ ♣r♦❝❡ss t❤❛t ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r ✐t✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ s❡q✉❡♥❝❡ ✐s✿

❼ ❚❛s❦ ✶✿ ✐♥t❡❣r❛t❡ f̄ ♦✈❡r v‖ ❞✐r❡❝t✐♦♥

❼ ❚❛s❦ ✷✿ ❝♦♠♣✉t❡ r✐❣❤✲❤❛♥❞ s✐❞❡ ρ̃ ✐♥ s✉♠♠✐♥❣ ♦✈❡r µ ❞✐r❡❝t✐♦♥

❼ ❚❛s❦ ✸✿ ♣❡r❢♦r♠ ❛✈❡r❛❣❡s 〈ρ̃〉θ(r=∗,ϕ=∗) ❛♥❞ 〈ρ̃〉θ,ϕ(r=∗)

❼ ❚❛s❦ ✹✿

✕ ❣❡t 〈Φ〉θ,ϕ ❢r♦♠ 〈ρ̃〉θ,ϕ t❤❛♥❦s t♦ ❡q✳ ✭✺✮

✕ ❋♦r ❡❛❝❤ ϕ ✈❛❧✉❡

⋄ ❋❋❚ ✐♥ θ ♦♥ ρ̃

⋄ ❞❡r✐✈❡ Φ̂u ♠♦❞❡s ✭∀u > 0✮ ✇✐t❤ ❡q✳ ✭✼✮

⋄ ❝♦♠♣✉t❡ 〈Υ〉θ(r=∗,ϕ) ✇✐t❤ ❡q✳ ✭✾✮

⋄ ❛❞❞ 〈Φ〉θ,ϕ+〈Υ〉θ(r=∗,ϕ) t♦ ❣❡t Φ̂0(r=∗,ϕ)

⋄ ✐♥✈❡rs❡ ❋❋❚ ✐♥ θ ♦♥ Φ̂

❚❤❡ ♣r❡s❡♥t❡❞ ❛❧❣♦r✐t❤♠ ✶ ❤❛s s♦♠❡ ♣❛r❛♠❡t❡rs✿ t❤❡ ♠❛♣♣✐♥❣s s✱ g ❛♥❞ q
t❤❛t ❛r❡ ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✳ ❚❤❡② ❝❤❛r❛❝t❡r✐③❡s t❤❡ ❡✛❡❝t✐✈❡ ❞❛t❛
❛♥❞ ❝♦♠♣✉t❛t✐♦♥ ❞✐str✐❜✉t✐♦♥s ♦♥ t❤❡ ♣❛r❛❧❧❡❧ ♠❛❝❤✐♥❡✳

❚❤❡ ❆❧❣♦✳ ✷ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❧② t❤❡ ◗◆ s♦❧✈❡r✳ ■t ❛♣♣❧✐❡s t❤❡ ❣②r♦❛✈❡r❛❣❡ ♦♥
Φ ❛♥❞ t❤❡♥ ❝♦♠♣✉t❡s ✐ts ❞❡r✐✈❛t✐✈❡s ❛❧♦♥❣ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥s✳ ❚❤❡s❡ ✸❉ ✜❡❧❞s
✭♥❛♠❡❞ A1, A2, A3 ✐♥ t❤❡ ❛❧❣♦r✐t❤♠✮ ❛r❡ ✐♥♣✉ts ♦❢ t❤❡ ❱❧❛s♦✈ s♦❧✈❡r✳ ❚❤❡♥✱
t❤❡② ❛r❡ r❡❞✐str✐❜✉t❡❞ ✐♥ ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ st❡♣s ✐♥ ♦r❞❡r t♦ ♠❛t❝❤ t❤❡ ♠❛♣♣✐♥❣
♥❡❡❞❡❞ ❜② t❤❡ ❱❧❛s♦✈ s♦❧✈❡r✳ ■♥ t❤❡ task 2✱ ❞❡r✐✈❛t✐✈❡s ❛❧♦♥❣ ϕ ❞✐r❡❝t✐♦♥ ❛r❡
❝♦♠♣✉t❡❞❀ t❤❡s❡ ❝♦♠♣✉t❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❞❡❧❛②❡❞ ❜❡❝❛✉s❡ ✐t ✐s ♠✉❝❤ ❡❛s✐❡r t♦
❞❡r✐✈❡ t❤❡♠ ❤❛✈✐♥❣ ❛❝❝❡ss t♦ ❛❧❧ ✈❛❧✉❡s ❛❧♦♥❣ ϕ ❞✐r❡❝t✐♦♥✳

❆❧❣♦r✐t❤♠ ✷✿ P❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠ t♦ ❣❡t ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ♣♦t❡♥t✐❛❧

■♥♣✉t ✿ ❧♦❝❛❧ ❜❧♦❝❦ Φ(r = ∗, θ = ∗, ϕ = [qstart, qend])✶

✷

✭✯ t❛s❦ ✶✯✮✸

❢♦r ϕ = [qstart, qend] and µ = µvalue ❞♦✹

✭♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✐♥ µ, ϕ✮✺

❈♦♠♣✉t❛t✐♦♥ ✿ A0(r = ∗, θ = ∗, ϕ) = J0(k⊥
√

2µ) Φ(r = ∗, θ = ∗, ϕ)✻

A1(r = ∗, θ = ∗, ϕ) = ∂A0(r=∗,θ=∗,ϕ)
∂r✼

A2(r = ∗, θ = ∗, ϕ) = ∂A0(r=∗,θ=∗,ϕ)
∂θ✽

❡♥❞✾

❙❡♥❞ ❧♦❝❛❧ ❞❛t❛ A0|A1|A2(r = ∗, θ = ∗, ϕ = [qstart, qend])✶✵

❘❡❞✐str✐❜✉t❡ A0|A1|A2 ✐♥s✐❞❡ µ ❝♦♠♠✉♥✐❝❛t♦r✴ ❙②♥❝❤r♦♥✐③❛t✐♦♥✶✶

❘❡❝❡✐✈❡ ❜❧♦❝❦s A0|A1|A2(r = [istart, iend], θ = [jstart, jend], ϕ = ∗)✶✷

✶✸

✭✯ t❛s❦ ✷✯✮✶✹

❢♦r r = [istart, iend] and θ = [jstart, jend] and µ = µvalue ❞♦✶✺

✭♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✐♥ µ, r, θ✮✶✻

❈♦♠♣✉t❛t✐♦♥ ✿ A3(r, θ, ϕ = ∗) = ∂A0(r,θ,ϕ=∗)
∂ϕ✶✼

❡♥❞✶✽

✶✾

❖✉t♣✉ts ✿ A1|A2|A3(r = [istart, iend], θ = [jstart, jend], ϕ = ∗)✷✵

❘❘ ♥➦ ✼✻✶✶



❙❝❛❧❛❜❧❡ ◗✉❛s✐♥❡✉tr❛❧ s♦❧✈❡r ❢♦r ❣②r♦❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥ ✾

✸✳✹ ▼❛♣♣✐♥❣ ❢✉♥❝t✐♦♥s

❚❤❡ t✇♦ ♣r❡s❡♥t❡❞ ❛❧❣♦r✐t❤♠s ✉s❡ t❤r❡❡ ❞✐✛❡r❡♥t ♠❛♣♣✐♥❣s t♦ ❞✐str✐❜✉t❡ ❝♦♠✲
♣✉t❛t✐♦♥s ❛♥❞ ❞❛t❛ ♦♥ t❤❡ ♣❛r❛❧❧❡❧ ♠❛❝❤✐♥❡✳ ❚❤❡s❡ ♠❛♣♣✐♥❣s ❝♦♥❝❡r♥s ϕ ❛♥❞ µ
✈❛r✐❛❜❧❡s ❛♥❞ ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡s ✶ ❛♥❞ ✷ ❢♦r ❛ ❧❛r❣❡ t❡st❜❡❞ ❛♥❞ ❛ s♠❛❧❧
♦♥❡ r❡s♣❡❝t✐✈❡❧②✳ ▲❡t #C ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦r❡s ✉s❡❞ ❢♦r ❛ s✐♠✉❧❛t✐♦♥ r✉♥ ❛♥❞
#P ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ▼P■ ♣r♦❝❡ss✳ ❚❤❡ ♥✉♠❜❡r ♦❢ t❤r❡❛❞s #T ♣❡r ▼P■ ♣r♦❝❡ss
✐s ✜①❡❞✱ s♦ ✇❡ ❤❛✈❡ #C = #P#T✳
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❋✐❣✉r❡ ✶✿ ▼❛♣♣✐♥❣s ♦❢ ϕ ❛♥❞ µ ✈❛r✐❛❜❧❡s ✭Nµ = 32, Nϕ = 16✮ ♦♥ ♣r♦❝❡ss❡s ❢♦r
❛ ❧❛r❣❡ t❡st❜❡❞ ✭#P = 1024✮
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❋✐❣✉r❡ ✷✿ ▼❛♣♣✐♥❣s ♦❢ ϕ ❛♥❞ µ ✈❛r✐❛❜❧❡s ✭Nµ = 8, Nϕ = 16✮ ♦♥ ♣r♦❝❡ss❡s ❢♦r ❛
s♠❛❧❧ t❡st❜❡❞ ✭#P = 8✮

❊❛❝❤ r❡❝t❛♥❣❧❡ ♦♥ t❤❡ ❋✐❣✉r❡s ✶ ❛♥❞ ✷ r❡♣r❡s❡♥ts ❛ ▼P■ ♣r♦❝❡ss✳ Pr♦❝❡ss❡s
✜❧❧❡❞ ✐♥ ❞❛r❦ ❣r❛② ♦r ❧✐❣❤t ❣r❛② ❤❛✈❡ ❝♦♠♣✉t❛t✐♦♥s t♦ ♣❡r❢♦r♠✱ ✇❤❡r❡❛s t❤❡ ✇❤✐t❡
❝♦❧♦r ❞❡♥♦t❡s ♣r♦❝❡ss❡s t❤❛t ❛r❡ ✐❞❧❡✳ ❚❤❡s❡ ♠❛♣♣✐♥❣s ❛❧s♦ ✐♠♣❧✐❝✐t❧② ♣r❡s❝r✐❜❡
❤♦✇ ❝♦♠♠✉♥✐❝❛t✐♦♥ s❝❤❡♠❡s ❡①❝❤❛♥❣❡ ❞❛t❛ ❞✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ t✇♦
❛❧❣♦r✐t❤♠s✳ ❲❡ ❣✐✈❡ ❤❡r❡ ❛ ❜r✐❡❢ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡s❡ ♠❛♣♣✐♥❣s✿

❼ ▼❛♣♣✐♥❣ ❙ ✲ ■t ❞❡✜♥❡s t❤❡ r❛♥❣❡s ϕ ∈ [sϕ
start, s

ϕ
end] ❛♥❞ µ ∈ [sµ

start, s
µ
end]✳

■♥ t❤❡ t❛s❦ ✷ ♦❢ ◗◆ s♦❧✈❡r✱ ✇❡ ✉s❡ t❤✐s ♠❛♣♣✐♥❣ t♦ ❞✐str✐❜✉t❡ t❤❡ ❝♦♠♣✉✲

❘❘ ♥➦ ✼✻✶✶



❙❝❛❧❛❜❧❡ ◗✉❛s✐♥❡✉tr❛❧ s♦❧✈❡r ❢♦r ❣②r♦❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥ ✶✵

t❛t✐♦♥ ♦❢ t❤❡ ❣②r♦❛✈❡r❛❣❡ J0✳ ❚❤❡ ♠❛①✐♠❛❧ ♣❛r❛❧❧❡❧✐s♠ ✐s t❤❡♥ ♦❜t❛✐♥❡❞
✇❤❡♥❡✈❡r ❡❛❝❤ ❝♦r❡ ❤❛s ❛t ♠♦st ♦♥❡ ❣②r♦❛✈❡r❛❣❡ ♦♣❡r❛t♦r t♦ ❛♣♣❧②✳ ❲❡
❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❡①❛♠♣❧❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✶ t❤❛t ❡❛❝❤ ▼P■ ♣r♦❝❡ss
❤♦sts #T = 8 t❤r❡❛❞s✱ s♦ t❤❛t ✐t ❝❛♥ ❞❡❛❧ ✇✐t❤ ✽ ❣②r♦❛✈❡r❛❣✐♥❣ s✐♠✉❧✲
t❛♥♦✉s❧② ✭sµ

end − sµ
start + 1 = 8✮✳ ❚❤✐s ❞✐str✐❜✉t✐♦♥ ✐s ❝♦♠♣✉t❡❞ ✐♥ ❡s✲

t❛❜❧✐s❤✐♥❣ ❛ ❜❧♦❝❦ ❞✐str✐❜✉t✐♦♥ ♦❢ ❞♦♠❛✐♥ [0,Nµ − 1] × [0,Nϕ − 1] ♦♥ #C
❝♦r❡s✳

❼ ▼❛♣♣✐♥❣ ● ✲ ■t ❞❡✜♥❡s t❤❡ r❛♥❣❡ [gstart, gend] ❢♦r t❤❡ ϕ ✈❛r✐❛❜❧❡✳ ❆
s✐♠♣❧❡ ❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ✉s❡❞ ❛❧♦♥❣ ϕ ❞✐♠❡♥s✐♦♥✳ ❋♦r ❛ ❧❛r❣❡ ♥✉♠❜❡r
♦❢ ❝♦r❡s✱ t❤✐s ❞✐str✐❜✉t✐♦♥ ❣✐✈❡s t♦ ♣r♦❝❡ss❡s 0 t♦ Nϕ − 1 t❤❡ r❡s♣♦♥s❛❜✐❧✐t②
t♦ ❝♦♠♣✉t❡ t❤❡ Nϕ s❧✐❝❡s ♦❢ Φ ❞❛t❛ str✉❝t✉r❡ ✭t❛s❦ ✹ ♦❢ t❤❡ ◗◆ s♦❧✈❡r✮✳
❋♦r ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ❝♦r❡s ✭s❡❡ ❋✐❣✳ ✷✮✱ t❤✐s ♠❛♣♣✐♥❣ ✐s ✐❞❡♥t✐❝❛❧ t♦ ❙
♦♥❡ ✭[sµ

start, s
µ
end] = [0, Nµ − 1]✮✳ ■♥ s✉❝❤ ❝❛s❡✱ ✇❡ s❛✈❡ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥

st❡♣ ✐♥ t❛s❦ ✷ ♦❢ ◗◆ s♦❧✈❡r✳

❼ ▼❛♣♣✐♥❣ ◗ ✲ ❚❤❡ ♠❛♣♣✐♥❣ ◗ ❞❡✜♥❡s t❤❡ r❛♥❣❡ ϕ ∈ [qstart, qend] ✐♥ ❡❛❝❤
▼P■ ♣r♦❝❡ss✳ ❲❡ ✉s❡ ✐♥s✐❞❡ ❡❛❝❤ µ ❝♦♠♠✉♥✐❝❛t♦r ❛ ❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥
❛❧♦♥❣ ϕ ❞✐♠❡♥s✐♦♥✳ ■t ✐s ❞❡s✐❣♥❡❞ t♦ ❝❛rr② ♦✉t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❣②✲
r♦❛✈❡r❛❣❡ ♦❢ Φ✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ✐ts ❞❡r✐✈❛t✐✈❡s ✭❆❧❣♦✳ ✷✮✳
❚❤❡s❡ ❝❛❧❝✉❧❛t✐♦♥s ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ µ✳ ■t ✐s ❝♦st ❡✛❡❝t✐✈❡ t♦ ♣❡r❢♦r♠
t❤❡♠ ✐♥s✐❞❡ ❛ µ ❝♦♠♠✉♥✐❝❛t♦r✿ ✇❡ ♥❡❡❞ t♦ ♦♥❧② ❧♦❝❛❧❧② r❡❞✐str✐❜✉t❡ ❞❛t❛
✐♥s✐❞❡ t❤❡ µ ❝♦♠♠✉♥✐❝❛t♦r ❛t t❤❡ ❡♥❞ ♦❢ ❆❧❣♦✳ ✷ ✐♥ ♦r❞❡r t♦ ♣r❡♣❛r❡ t❤❡
✐♥♣✉t ✸❉ ❞❛t❛ ✜❡❧❞s ❢♦r t❤❡ ❱❧❛s♦✈ s♦❧✈❡r✳

✸✳✺ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts ❛♥❛❧②s✐s

▲❡t ✉s ❤❛✈❡ ❛ ❧♦♦❦ ♦♥ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ◗◆ s♦❧✈❡r
✭❆❧❣♦ ✶✮✳ ❋r♦♠ ❧✐♥❡ ✻ t♦ ❧✐♥❡ ✽✱ ❛ ✹❉ ❞❛t❛ ρ̃1 ✐s r❡❞✐str✐❜✉t❡❞ ✭❛ ❣❧♦❜❛❧ tr❛♥s♣♦s✐✲
t✐♦♥ t❤❛t ✐♥✈♦❧✈❡s ❛❧❧ ▼P■ ♣r♦❝❡ss❡s✮✳ ❚❤❡ ❛♠♦✉♥t ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡♣r❡s❡♥ts
t❤❡ ❡①❝❤❛♥❣❡ ♦❢ NrNθ NϕNµ ✢♦❛ts✳ ❋♦r t❤❡ ❧✐♥❡s ✶✽ t♦ ✷✵✱ t❤❡ ❛♠♦✉♥t ♦❢ ❝♦♠✲
♠✉♥✐❝❛t✐♦♥ ✐s str✐❝t❧② ❧♦✇❡r t♦ NrNθ NϕNµ ✢♦❛ts✱ ❛♥❞ t✐❣❤t❧② ❞❡♣❡♥❞s ♦♥ t❤❡
♠❛♣♣✐♥❣ ❙✳ ❚❤❡ ❜r♦❛❞❝❛st ♦❢ ❧✐♥❡s ✷✽ t♦ ✸✵ ❝♦rr❡s♣♦♥❞s t♦ ❛ s♠❛❧❧❡r ❝♦♠♠✉♥✐✲
❝❛t✐♦♥ ❝♦st ♦❢ NrNϕ min(#C,Nϕ)✳ ❚❤❡ ✜♥❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦❢ ❧✐♥❡s ✹✷✲✹✹ s❡♥❞s
Nµ t✐♠❡s ❡❛❝❤ ✷❉ s❧✐❝❡ ♦❢ Φ ❧♦❝❛❧❧② ❝♦♠♣✉t❡❞✳ ■t ❤❛s ❛ ❝♦st s✐♠✐❧❛r t♦ t❤❡ ✜rst
♦♥❡ ✇✐t❤ NrNθ NϕNµ ✢♦❛ts t♦ s❡♥❞✱ ❜✉t ✇✐t❤♦✉t t❤❡ ♥❡❡❞ ♦❢ ❞❛t❛ tr❛♥s♣♦s✐t✐♦♥
✭s♦ ❧❡ss ♠❡♠♦r② ❝♦♣✐❡s✮✳

❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❞❡r✐✈❛t✐✈❡s ✐♠♣❧② ❛❧s♦ ❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ■♥ ❆❧❣♦ ✷✱ ❛
❝♦♠♠✉♥✐❝❛t✐♦♥ st❡♣ tr❛♥s♣♦s❡ t❤r❡❡ ✸❉ ❞❛t❛ ✐♥s✐❞❡ ❡❛❝❤ µ ❝♦♠♠✉♥✐❝❛t♦r✳ ❚❤❡
♦✈❡r❛❧❧ ❝♦st ✐s 3 Nr Nθ Nϕ Nµ ✢♦❛ts✱ ❜✉t ♦♥❧② ❧♦❝❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥s ✐♥s✐❞❡ µ
❝♦♠♠✉♥✐❝❛t♦rs ❛r❡ ✐♥✐t✐❛t❡❞✳

✹ P❡r❢♦r♠❛♥❝❡ ❛♥❛❧②s✐s

✹✳✶ P❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ s❝❛❧❛❜✐❧✐t②

❚✐♠✐♥❣ ♠❡❛s✉r❡♠❡♥ts ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ ♦♥ ❈❘❆❨✲❳❚✺ ❏❛❣✉❛r ♠❛❝❤✐♥❡ ✸

✭❉❡♣❛rt♠❡♥t ♦❢ ❊♥❡r❣②✬s ❖❛❦ ❘✐❞❣❡✮✳ ❚❤✐s ♠❛❝❤✐♥❡ ❤❛s ✶✽ ✻✽✽ ❳❚✺ ♥♦❞❡s
❤♦st✐♥❣ ❞✉❛❧ ❤❡①✲❝♦r❡ ❆▼❉ ❖♣t❡r♦♥ ✷✹✸✺ ♣r♦❝❡ss♦rs ❛♥❞ ✶✻ ●❇ ♦❢ ♠❡♠♦r②✳

✸▼❛♥② t❤❛♥❦s t♦ ❈✳❙✳ ❈❤❛♥❣ ❢♦r ❣✐✈✐♥❣ ✉s ❛❝❝❡s t♦ ❏❛❣✉❛r✱ ♣r♦❥❡❝t r❡❢❡r❡♥❝❡ ❋❯❙✵✷✷✳

❘❘ ♥➦ ✼✻✶✶



❙❝❛❧❛❜❧❡ ◗✉❛s✐♥❡✉tr❛❧ s♦❧✈❡r ❢♦r ❣②r♦❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥ ✶✶

❚❤❡ ❚❛❜❧❡ ✶ r❡♣♦rts t✐♠✐♥❣ ♦❢ t❤❡ ◗◆ s♦❧✈❡r ❡①tr❛❝t❡❞ ❢r♦♠ ●❨❙❊▲❆ r✉♥s✳
❚❤❡ s♠❛❧❧❡st t❡st ❝❛s❡ ✇❛s r✉♥ ❢r♦♠ ✷✺✻ ❝♦r❡s t♦ ✹✵✾✻ ❝♦r❡s✳ ❚❤❡ ♣❛r❛♠❡t❡rs
t❤❛t ❤❛s ❜❡❡♥ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✭s♠❛❧❧ ❝❛s❡✮✿

Nr = 128, Nθ = 256, Nϕ = 128, Nv‖ = 64, Nµ = 32 .

■♥ ❚❛❜❧❡ ✷✱ t✐♠✐♥❣s ❢♦r ❛ ❜✐❣❣❡r t❡st ❝❛s❡ ❛r❡ ♣r❡s❡♥t❡❞✳ ■ts s✐③❡ ✐s

Nr = 512, Nθ = 512, Nϕ = 128, Nv‖ = 128, Nµ = 32 .

❋♦r t❤✐s s❡❝♦♥❞ ❝❛s❡✱ t❤❡ ♣❛r❛❧❧❡❧ t❡st❜❡❞ ✇❡r❡ ❝♦♠♣♦s❡❞ ♦❢ ✹❦ ❝♦r❡s t♦
✻✹❦ ❝♦r❡s✳ ■♥ t❛❜❧❡s✱ t❤❡ ✐♦✶✱ ✐♦✷✱ ✐♦✸✱ ✐♦✹ st❡♣s st❛t❡s ❢♦r ❝♦♠♠✉♥✐❝❛t✐♦♥s
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❛s❦ ✶✱ t❛s❦ ✷✱ t❛s❦ ✸✱ t❛s❦ ✹ r❡s♣❡❝t✐✈❡❧②✳ ❈♦♠♣✉t❛t✐♦♥ ❝♦sts✱
❝♦♠♣✶✱ ❝♦♠♣✷✱ ❝♦♠♣✸✱ ❝♦♠♣✹ st❛♥❞s ❢♦r ❝♦♠♣✉t❛t✐♦♥s r❡❧❛t✐✈❡ t♦ t❛s❦ ✶✱ t❛s❦ ✷✱
t❛s❦ ✸✱ t❛s❦ ✹ r❡s♣❡❝t✐✈❡❧②✳

◆♦t❡ t❤❛t t❤❡ ❱❧❛s♦✈ s♦❧✈❡r ♦❢ t❤❡ ●❨❙❊▲❆ ❝♦❞❡ ✉s❡s ❛ ♣❛r❛❧❧❡❧✐③❛t✐♦♥
❜❛s❡❞ ♦♥ ❛ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧♦♥❣ ❞✐♠❡♥s✐♦♥s µ, r ❛♥❞ θ✳ ❚❤❡ ♥✉♠❜❡r
♦❢ ♣r♦❝❡ss❡s #P ✐s ❣✐✈❡♥ ❜② t❤❡ ♣r♦❞✉❝t ♦❢ Nµ t❤❡ ♥✉♠❜❡r ♦❢ µ ✈❛❧✉❡s ✇✐t❤
pr × pθ t❤❡ ♥✉♠❜❡r ♦❢ ❜❧♦❝❦s ❛❧♦♥❣ r ❛♥❞ θ ❞✐♠❡♥s✐♦♥s ✭#P = Nµ × pr × pθ✮✳
❚❤❡ ♥✉♠❜❡r ♦❢ µ ✈❛❧✉❡s ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❝❛s❡s ✐s Nµ = 32✱ t❤❡♥ ●❨❙❊▲❆
r❡q✉✐r❡s ❛ ♠✐♥✐♠✉♠ ♦❢ ✸✷ ♥♦❞❡s t♦ r✉♥✳

●❡♥❡r❛❧ ♦❜s❡r✈❛t✐♦♥s ❚❤❡ ❖♣❡♥▼P ♣❛r❛❞✐❣♠ ✐s ✉s❡❞ ✐♥ ❛❞❞✐t✐♦♥ t♦ ▼P■
♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✭★❚ t❤r❡❛❞s✮✳ ❆❧❧ ❝♦♠♣✉t❛t✐♦♥s ❝♦sts ❛r❡ ❧♦✇❡r❡❞ t❤❛♥❦s t♦ t❤✐s
✜♥❡ ❣r❛✐♥ ♣❛r❛❧❧❡❧✐③❛t✐♦♥✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ❢♦r t❤✐s ❖♣❡♥▼P ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ❤❛s
❜❡❡♥ t♦ t❛r❣❡t ϕ ❧♦♦♣s✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ❡✣❝✐❡♥t ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ t❛s❦ ✶ ♦❢
◗◆ s♦❧✈❡r ✭✐♥t❡❣r❛❧s ✐♥ v‖✮✳ ❇✉t ✐♥ t❤❡ t❛s❦s ✸✱✹✱ t❤✐s str❛t❡❣② ❝♦♠♣❡t❡s ✇✐t❤
t❤❡ ▼P■ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ t❤❛t ✉s❡s ❛❧s♦ ✈❛r✐❛❜❧❡ ϕ ❢♦r t❤❡ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥✳
❚❤✉s✱ ❛❜♦✈❡ Nϕ ❝♦r❡s✱ ♥♦ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ❣❛✐♥ ✐s ❡①♣❡❝t❡❞✳ ❚❤✐s ❢❛❝t ✐s ♥♦t t❤❡
❤❛r❞❡st ❝♦♥str❛✐♥t ✉♣ t♦ ♥♦✇✿ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts ❛r❡ t❤❡ ❝r✐t✐❝❛❧ ♦✈❡r❤❡❛❞✱
♠✉❝❤ ♠♦r❡ t❤❛♥ ❝♦♠♣✉t❛t✐♦♥ ❞✐str✐❜✉t✐♦♥ ✭❛s ②♦✉ s❡❡ ✐♥ ❚❛❜❧❡ ✷✮✳ ❆ r❡❝❡♥t
✐♠♣r♦✈❡♠❡♥t ❤❛s ❜❡❡♥ t♦ ❛❞❞ ❛ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ❛❧♦♥❣ µ ❞✐r❡❝t✐♦♥ ✐♥ t❛s❦ ✷✳
❊✈❡♥ ✐❢ t❤✐s ❝❤❛♥❣❡ ❛❞❞s ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ st❡♣ t❤❛t ❝❛♥ ❜❡ ❛✈♦✐❞❡❞ ✭✐♦✷✮✱ ✐t ✐s
✇♦rt❤✇❤✐❧❡ ♦♥ ❧❛r❣❡ ♣❧❛t❢♦r♠s✳ ❲❡ ❜❡♥❡✜t ❢r♦♠ t❤✐s ❡①tr❛ ❧❡✈❡❧ ♦❢ ♣❛r❛❧❧❡❧✐s♠✱
❛s s♦♦♥ ❛s ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦❢ t❛s❦ ✷ ✭✐♦✷✮ r❡♠❛✐♥s ❧♦✇✳ ◆♦t❛❜❧②✱ ✇❡ s❡❡ t❤❛t
❝♦♠♣✷ s❝❛❧❡s ❜❡②♦♥❞ Nϕ = 128 ❝♦r❡s ✐♥ ❚❛❜❧❡ ✷✳

❈♦♠♠❡♥ts ❢♦r t❤❡ s♠❛❧❧ ❝❛s❡ ■♥ ❚❛❜❧❡ ✶✱ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts ❢♦r ❡①✲
❝❤❛♥❣✐♥❣ ρ̃1 ✈❛❧✉❡s ✭✐♦✶ ✲ t❛s❦ ✶✮ ✐s r❡❞✉❝❡❞ ❛❧♦♥❣ ✇✐t❤ t❤❡ ✐♥✈♦❧✈❡❞ ♥✉♠❜❡r ♦❢
♥♦❞❡s✳ ❚❤✐s ✐s ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡ ♦✈❡r❛❧❧ ❛✈❛✐❧❛❜❧❡ ♥❡t✇♦r❦ ❜❛♥❞✲
✇✐❞t❤ ✐♥❝r❡❛s❡s ✇✐t❤ ❧❛r❣❡r ♥✉♠❜❡r ♦❢ ♥♦❞❡s✱ ✇❤✐❧❡ t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ ❞❛t❛
❡①❝❤❛♥❣❡❞ r❡♠❛✐♥s t❤❡ s❛♠❡✳ ❚❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦st ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐♦✸ ✐s
♠❛✐♥❧② ❝♦♠♣♦s❡❞ ♦❢ s②♥❝❤r♦♥✐③❛t✐♦♥ ♦❢ ♥♦❞❡s ❛♥❞ ❜r♦❛❞❝❛st✐♥❣ t❤❡ ✷❉ ❞❛t❛ s❧✐❝❡
〈ρ̃〉θ (r = ∗, ϕ = ∗)✳ ❚❤❡ ✐♦✹ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐♥✈♦❧✈❡s ❛ s❡❧❡❝t✐✈❡ s❡♥❞ ♦❢ ♣❛rts
♦❢ t❤❡ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧ Φ t♦ ❡❛❝❤ ♥♦❞❡❀ ❛♥❞ ♦♥❡ ❝❛♥ ♥♦t❡ t❤❡ s❛♠❡ ❞❡❝r❡❛s✐♥❣
❜❡❤❛✈✐♦✉r ❞❡♣❡♥❞✐♥❣ ♦♥ ♥✉♠❜❡r ♦❢ ❝♦r❡s ❛❧s♦ ♦❜s❡r✈❡❞ ✐♥ ✐♦✶ ✳

❚❤❡ ❝♦♠♣✶ ❝❛❧❝✉❧❛t✐♦♥ ✐s ♦♥❡ ♦❢ t❤❡ ❜✐❣❣❡st ❈P❯ ❝♦♥s✉♠❡r ♦❢ t❤❡ ◗◆ s♦❧✈❡r❀
✐t s❝❛❧❡s ✇❡❧❧ ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦r❡s✱ ❝♦♠❜✐♥✐♥❣ ▼P■ ❛♥❞ ❖♣❡♥▼P ♣❛r❛❧✲
❧❡❧✐③❛t✐♦♥s✳ ❚❤❡ ❝♦♠♣✸ ✐s ♥❡❣❧✐❣✐❜❧❡ t✐♠❡ ❛♥❞ ❝♦♠♣✹ ✐s ❛ s♠❛❧❧ ❝♦♠♣✉t❛t✐♦♥
st❡♣✱ t✐♠❡ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ♥❡❛r❧② ❝♦♥st❛♥t ❢♦r ❛❧❧ ♥✉♠❜❡r ♦❢ ❝♦r❡s s❤♦✇♥✳ ■♥

❘❘ ♥➦ ✼✻✶✶



❙❝❛❧❛❜❧❡ ◗✉❛s✐♥❡✉tr❛❧ s♦❧✈❡r ❢♦r ❣②r♦❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥ ✶✷

◆❜✳ ❝♦r❡s ✷✺✻ ✶❦ ✹❦

◆❜✳ ♥♦❞❡s ✸✷ ✶✷✽ ✺✶✷

◗◆ s♦❧✈❡r

❝♦♠♣✶ ✷✸✵✵ ♠s ✺✽✵ ♠s ✶✵✵ ♠s

✐♦✶ ✸✵✵ ♠s ✶✻✵ ♠s ✾✵ ♠s

❝♦♠♣✷ ✶✼✵ ♠s ✹✸ ♠s ✶✸ ♠s

✐♦✷ ✵ ♠s ✵ ♠s ✽ ♠s

❝♦♠♣✸ ✵ ♠s ✵ ♠s ✷ ♠s

✐♦✸ ✶✼ ♠s ✹✷ ♠s ✹✸ ♠s

❝♦♠♣✹ ✹ ♠s ✸ ♠s ✹ ♠s

✐♦✹ ✶✵✵ ♠s ✹✵ ♠s ✸✺ ♠s

❚♦t❛❧ t✐♠❡ ✷✾✵✵ ♠s ✽✼✵ ♠s ✸✵✵ ♠s

❘❡❧❛t✐✈❡ ❡✛✳ ✶✵✵✪ ✽✸✪ ✻✵✪

❚❛❜❧❡ ✶✿ ❚✐♠❡ ♠❡❛s✉r❡♠❡♥ts ❢♦r ♦♥❡ ❝❛❧❧ t♦

t❤❡ ◗◆ s♦❧✈❡r ✲ ❙♠❛❧❧ ❝❛s❡

◆❜✳ ❝♦r❡s ✹❦ ✶✻❦ ✻✹❦

◆❜✳ ♥♦❞❡s ✺✶✷ ✷❦ ✽❦

◗◆ s♦❧✈❡r

❝♦♠♣✶ ✷✷✵✵ ♠s ✺✼✵ ♠s ✾✺ ♠s

✐♦✶ ✹✺✵ ♠s ✸✵✵ ♠s ✹✼✵ ♠s

❝♦♠♣✷ ✸✷✵ ♠s ✶✽✵ ♠s ✶✽✵ ♠s

✐♦✷ ✸✵ ♠s ✻✵ ♠s ✼✵ ♠s

❝♦♠♣✸ ✸ ♠s ✷ ♠s ✸ ♠s

✐♦✸ ✶✺✵ ♠s ✶✹✵ ♠s ✶✸✵ ♠s

❝♦♠♣✹ ✸✵ ♠s ✸✵ ♠s ✸✵ ♠s

✐♦✹ ✶✽✵ ♠s ✶✵✵ ♠s ✻✺ ♠s

❚♦t❛❧ t✐♠❡ ✸✹✵✵ ♠s ✶✹✵✵ ♠s ✶✵✵✵ ♠s

❘❡❧❛t✐✈❡ ❡✛✳ ✶✵✵✪ ✻✶✪ ✷✶✪

❚❛❜❧❡ ✷✿ ❚✐♠❡ ♠❡❛s✉r❡♠❡♥ts ❢♦r ♦♥❡ ❝❛❧❧ t♦

t❤❡ ◗◆ s♦❧✈❡r ✲ ❇✐❣ ❝❛s❡

❢❛❝t Nϕ ❝♦r❡s ✐s t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ ♣❛r❛❧❧❡❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r t❤❡s❡ st❡♣s✳
❚❤❡♥✱ ❜❡t✇❡❡♥ ✶ ❛♥❞ Nϕ ❝♦r❡s t❤❡ s♣❡❡❞✉♣ ✐♥❝r❡❛s❡s✱ ✇❤❡r❡❛s t❤❡ s♣❡❡❞✉♣ ❛♥❞
❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ❛r❡ ❝♦♥st❛♥t ❛❜♦✈❡ t❤✐s ❧✐♠✐t ✭Nϕ❂✶✷✽ ❝♦r❡s ❢♦r t❤❡ ❝❛s❡s
s❤♦✇♥ ❤❡r❡✮✳ ❚❤❡ r❡❧❛t✐✈❡ ❡✣❝✐❡♥❝② ❢♦r t❤❡ ♦✈❡r❛❧❧ ◗◆ s♦❧✈❡r ✐s ✻✵✪ ❛t ✹❦ ❝♦r❡s
✇❤✐❝❤ ✐s ❛ ❣♦♦❞ r❡s✉❧t ❢♦r t❤✐s ❝♦♠♣✉t❛t✐♦♥❛❧ ♣r♦❜❧❡♠ t❤❛t s②♥❝❤r♦♥✐③❡s ❛♥❞
r❡❞✐str✐❜✉t❡ ✐♥❢♦r♠❛t✐♦♥ ❜❡t✇❡❡♥ ❛❧❧ ♣r♦❝❡ss❡s①✳

❈♦♠♠❡♥ts ❢♦r t❤❡ ❜✐❣ ❝❛s❡ ❚❤❡ r❡❧❛t✐✈❡ s♣❡❡❞✉♣s s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✷ ❝♦♥✲
s✐❞❡rs ❛s ❛ r❡❢❡r❡♥❝❡ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡s ♦♥ ✹❦ ❝♦r❡s✱ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛❝❝❡ss t♦
❡♥♦✉❣❤ ♠❡♠♦r②✳ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts ❛r❡ ❧❛r❣❡r t❤❛♥ ✐♥ t❤❡ s♠❛❧❧ t❡st ❝❛s❡✳
❇❛❞❧② ❝♦♠♣✷ ❛♥❞ ❝♦♠♣✹ ❞♦ ♥♦t s❝❛❧❡ ✇❡❧❧✳ ❖♥❧② ❝♦♠♣✶ ❛♥❞ ✐♦✹ ♣❛rts ❜❡❤❛✈❡
❛s ✇❡ ✇✐s❤✳ ■♥ ❢✉t✉r❡ ✇♦r❦s✱ ✇❡ ❡①♣❡❝t ✐♠♣r♦✈✐♥❣ t❤❡ s❝❛❧❛❜✐❧✐t② ♦❢ t❤✐s ❛❧❣♦✲
r✐t❤♠ ✐♥ ❧♦✇❡r✐♥❣ ♣❛r❛❧❧❡❧ ♦✈❡r❤❡❛❞s✳ ❚❤❡ r❡❞✉❝t✐♦♥ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts ✐s
♦♥❡ ❝❛♥❞✐❞❛t❡ ✭✇❡ ❢♦r❡s❡❡ t♦ ✉s❡ ❛ ❝♦♠♣r❡ss✐♦♥ ♠❡t❤♦❞✮✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ❝❛♥
❜❡ t♦ ✜♥❞ ❛ ✇❛② t♦ ❜❡tt❡r ❞✐str✐❜✉t❡ ❝♦♠♣✉t❛t✐♦♥s ✐♥ t❤❡ ❝♦♠♣✷✱ ❝♦♠♣✸✱ ❝♦♠♣✹
♣❛rts✳ ❊✈❡♥ ✐❢ ✐♠♣r♦✈❡♠❡♥ts ❝❛♥ ❜❡ ❢♦✉♥❞✱ ❛ ❣♦♦❞ ♣r♦♣❡rt② ♦❢ t❤✐s s♦❧✈❡r ✐s t❤❛t
❡①❡❝✉t✐♦♥ t✐♠❡ ❣❧♦❜❛❧❧② ❞❡❝r❡❛s❡s ❛❧♦♥❣ ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦r❡s✱ ❛♥❞ ❞♦❡s ♥♦t
❡①♣❧♦❞❡ ❛t ❛❧❧ ✭❢♦r ❡①❛♠♣❧❡ ❞✉❡ t♦ ❣r♦✇✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts✮✳ ❲❡ s❡❡ ✐♥
❋✐❣✳ ✻ t❤❛t t❤✐s ❝❤❡❛♣ ❝♦st ♦❢ t❤❡ ◗◆ s♦❧✈❡r ❜r✐♥❣s t♦ ●❨❙❊▲❆ ❝♦❞❡ ❛ ❣♦♦❞
♦✈❡r❛❧❧ s❝❛❧❛❜✐❧✐t②✳ ●❨❙❊▲❆ r❡❛❝❤❡s ✼✽✪ ♦❢ r❡❧❛t✐✈❡ ❡✣❝✐❡♥❝② ❛t ✻✹❦ ❝♦r❡s✳ ■♥
❋✐❣✳ ✸ ❛♥❞ ✹✱ t✐♠✐♥❣s ❢♦r s❤♦rt r✉♥s ♦❢ ●❨❙❊▲❆ ❛r❡ ♣r❡s❡♥t❡❞✳ ❚❤❡ ✜❡❧❞ s♦❧✈❡r
❛♥❞ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❣②r♦❛✈❡r❛❣❡❞ Φ ❛r❡ ✈❡r② ❧♦✇ ❝♦♠♣❛r❡❞
t♦ ❱❧❛s♦✈ s♦❧✈❡r ❛♥❞ ❞✐❛❣♥♦st✐❝s ❝♦sts✳ ❚❤❡♥✱ t❤❡✐r ❧✐♠✐t❡❞ s❝❛❧❛❜✐❧✐t② ❛t ✈❡r②
❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❝♦r❡s✱ ❞♦❡s ♥♦t ✐♠♣❛❝t s✐❣♥✐✜❝❛♥t❧② t❤❡ s❝❛❧❛❜✐❧✐t② ♦❢ t❤❡ ♦✈❡r❛❧❧
●❨❙❊▲❆ ❝♦❞❡✳

❆❧s♦✱ ▲❡t ✉s r❡♠❛r❦ t❤❡ ❡①❝❡❧❧❡♥t s❝❛❧❛❜✐❧✐t② ♦❢ ●❨❙❊▲❆ ❢♦r t❤❡ s♠❛❧❧ ❝❛s❡
✭❋✐❣✳ ✺✮ ✇✐t❤ ❛ ✾✼✪ ♦❢ ♦✈❡r❛❧❧ r❡❧❛t✐✈❡ ❡✣❝✐❡♥❝② ❛t ✹❦ ❝♦r❡s✳

✹✳✷ ▼❡♠♦r② s❝❛❧❛❜✐❧✐t②

❚❤❡ ❛❧❣♦r✐t❤♠ ✶ ♣r♦♣♦s❡❞ ❢♦r t❤❡ P♦✐ss♦♥ s♦❧✈❡r ❛✈♦✐❞s t❤❡ ❝❛✈❡❛t ♦❢ t❤❡ ✜♥❛❧ Φ
❜r♦❛❞❝❛st t♦ ❛❧❧ ▼P■ ♣r♦❝❡ss❡s✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s ✐♥ s♣❛t✐❛❧
❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ❣②r♦❛✈❡r❛❣❡❞ ♣♦t❡♥t✐❛❧ ❤❛s ❛❧s♦ ❜❡❡♥ ♣❛r❛❧❧❡❧✐③❡❞✱ ❝♦♠♣❛r❡❞
t♦ t❤❡ ♣r❡✈✐♦✉s ✈❡rs✐♦♥ ♦❢ ●❨❙❊▲❆✳ ■t ❢♦❧❧♦✇s t❤❛t ✇❡ ❛✈♦✐❞ t❤❡ st♦r❛❣❡ ♦❢

❘❘ ♥➦ ✼✻✶✶



❙❝❛❧❛❜❧❡ ◗✉❛s✐♥❡✉tr❛❧ s♦❧✈❡r ❢♦r ❣②r♦❦✐♥❡t✐❝ s✐♠✉❧❛t✐♦♥ ✶✸

256 512 1024 2048 4096
Nb. of cores

0.1

1

10

100

1e+03

1e+04

1e+05
Vlasov solver
Field solver
Derivatives computation
Diagnostics
Total for one run

Execution time for one Gysela run (Strong Scaling)

❋✐❣✉r❡ ✸✿ ❙♠❛❧❧ ❝❛s❡ ✲ ●❨❙❊▲❆ t✐♠✐♥❣s

4096 8192 16384 32768 65536
Nb. of cores

0.1

1

10

100

1e+03

1e+04

1e+05
Vlasov solver
Field solver
Derivatives computation
Diagnostics
Total for one run

Execution time for one Gysela run (Strong Scaling)

❋✐❣✉r❡ ✹✿ ❇✐❣ ❝❛s❡ ✲ ●❨❙❊▲❆ t✐♠✐♥❣s

256 512 1024 2048 4096
Nb. of cores

0

20

40

60

80

100

120

Vlasov solver
Field solver
Derivatives computation
Diagnostics
Total for one run

Relative efficiency for one Gysela run (Strong Scaling)

❋✐❣✉r❡ ✺✿ ❙♠❛❧❧ ❝❛s❡✱ ●❨❙❊▲❆ ❡✣❝✐❡♥❝②

4096 8192 16384 32768 65536
Nb. of cores

0
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Vlasov solver
Field solver
Derivatives computation
Diagnostics
Total for one run

Relative efficiency for one Gysela run (Strong Scaling)

❋✐❣✉r❡ ✻✿ ❇✐❣ ❝❛s❡✱ ●❨❙❊▲❆ ❡✣❝✐❡♥❝②

❝♦♠♣❧❡t❡ ✸❉ ❞❛t❛ str✉❝t✉r❡s ✐♥ ♠❡♠♦r② ♦♥ ❡❛❝❤ ♥♦❞❡✳ ❲❡ ❡♥❞ ✉♣ ✇✐t❤ ❛ ♣❛✐r
♦❢ ❛❧❣♦r✐t❤♠s ❢♦r P♦✐ss♦♥ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s t❤❛t ♦♥❧② r❡q✉✐r❡s
❞✐str✐❜✉t❡❞ ✜❡❧❞ ✸❉ ❞❛t❛ str✉❝t✉r❡s✳ ❊❛❝❤ ♥♦❞❡ ♦✇♥s ♦♥❧② ♦♥❡ ▼P■ ♣r♦❝❡ss t❤❛t
❤✐♠s❡❧❢ ❤♦sts ❖♣❡♥▼P t❤r❡❛❞s✳ ❆❧❧ t❤r❡❛❞s ✐♥s✐❞❡ ♦❢ ❛ s✐♥❣❧❡ ▼P■ ♣r♦❝❡ss s❤❛r❡
t❤❡s❡ ✸❉ ✜❡❧❞ ❞❛t❛✳

❚❤❡ ❚❛❜❧❡ ✸ s❤♦✇s t❤❡ ♠❡♠♦r② ❝♦♥s✉♠♣t✐♦♥ ❢♦r ❣r♦✇✐♥❣ ♥✉♠❜❡r ♦❢ ❝♦r❡s
❢♦r ❛ ❣✐✈❡♥ ♣r♦❜❧❡♠ s✐③❡ ✭str♦♥❣ s❝❛❧✐♥❣✮✳ ❚❤❡ ♣❛r❛♠❡t❡r Nµ r❡♠❛✐♥s ❝♦♥st❛♥t
✇❤✐❧❡ ❜♦t❤ pr ❛♥❞ pθ ❛r❡ ✐♥❝r❡❛s❡❞✳

❚❤❡ ♠❛✐♥ r❡s✉❧t ❝♦♥❝❡r♥s t❤❡ ♦✈❡r❛❧❧ ♠❡♠♦r② ❝♦♥s✉♠♣t✐♦♥ t❤❛t ❤❛s ❞✐♠✐♥✲
✐s❤❡❞ ❜❡t✇❡❡♥ t❤❡ ♣r❡✈✐♦✉s ❛♥❞ t❤❡ ♣r❡s❡♥t ✈❡rs✐♦♥✳ ❇✉t✱ t❤❡ ♠❡♠♦r② s❝❛❧❛❜✐❧✐t②
✐s ❛❧s♦ ❣r❡❛t❧② ✐♠♣r♦✈❡❞✿ ❡❛❝❤ t✐♠❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦r❡s ✐s ❞♦✉❜❧✐♥❣✱ t❤❡ ♠❡♠♦r②
♦❝❝✉♣❛♥❝② ❞❡❝r❡❛s❡s ❜❡tt❡r t❤❛♥ ♣r❡✈✐♦✉s❧②✳ ❆t ✻✹❦ ❝♦r❡s✱ t❤❡r❡ ✐s ♠♦r❡ t❤❛♥
❛ ❢❛❝t♦r ✷ ♦❢ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠❡♠♦r② ❝♦♥s✉♠♣t✐♦♥ ♦❢ t❤❡ t✇♦ ●❨❙❊▲❆
✈❡rs✐♦♥s✳

■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ s♣❧✐tt✐♥❣ ♦❢ ✸❉ ❞❛t❛ str✉❝t✉r❡ ♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞✱ ♦t❤❡r
♠♦❞✐✜❝❛t✐♦♥s ❤❛✈❡ ♦❝❝✉r❡❞ ✐♥ t❤❡ ♥❡✇ ✈❡rs✐♦♥✳ ❆ s❡t ♦❢ ✸❉ ❛♥❞ ✷❉ ❞❛t❛ ❜✉✛❡rs
❤❛✈❡ ❜❡❡♥ r❡♠♦✈❡❞ ❛♥❞ r❡♣❧❛❝❡❞ ❜② ❛ ✉♥✐q✉❡ ❧❛r❣❡ ✶❉ ❛rr❛②✳ ■t ❡①♣❧❛✐♥s ✇❤②
t❤❡ ♥❡✇ ✈❡rs✐♦♥ ❡①❤✐❜✐ts ❛ ❧❛r❣❡r ❛♠♦✉♥t ♦❢ ♠❡♠♦r② ♦❢ ✶❉ ❞❛t❛ ✇❤✐❧❡ ✸❉ ❛♥❞
✷❉ ❞❛t❛ ❛r❡ ❞r❛st✐❝❛❧❧② r❡❞✉❝❡❞ ❝♦♠♣❛r❡❞ t♦ ♣r❡✈✐♦✉s ✈❡rs✐♦♥✳ ❆♥♦t❤❡r ❜❡♥❡✜t✿
❧✐♠✐t❛t✐♦♥ ❝♦♥❝❡r♥✐♥❣ t❤❡ ♠✐♥✐♠❛❧ ♥✉♠❜❡r ♦❢ ❝♦r❡s r❡q✉✐r❡❞ t♦ r✉♥ ❛ ❣✐✈❡♥ t❡st
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◆❜✳ ♥♦❞❡s ✺✶✷ ✶❦ ✷❦ ✹❦ ✽❦

Pr❡✈✐♦✉s ✈❡rs✐♦♥

✹❉ ❞❛t❛ str✉❝t✳ ✻✳✽✷ ✸✳✹✺ ✶✳✽✵ ✵✳✾✸ ✵✳✹✾

✸❉ ❞❛t❛ str✉❝t✳ ✷✳✼✾ ✷✳✼✺ ✷✳✼✸ ✷✳✼✷ ✷✳✼✷

✷❉ ❞❛t❛ str✉❝t✳ ✶✳✽✸ ✶✳✽✷ ✶✳✽✶ ✶✳✽✶ ✶✳✽✶

✶❉ ❞❛t❛ str✉❝t✳ ✵✳✵✾ ✵✳✵✹ ✵✳✵✷ ✵✳✵✶ ✵✳✵✶

❆❧❧ ❞❛t❛ str✉❝t✳ ✶✶✳✺✺ ✽✳✵✼ ✻✳✸✽ ✺✳✹✽ ✺✳✵✷

Pr❡s❡♥t ✈❡rs✐♦♥

✹❉ ❞❛t❛ str✉❝t✳ ✻✳✽✷ ✸✳✹✺ ✶✳✽✵ ✵✳✾✷ ✵✳✹✾

✸❉ ❞❛t❛ str✉❝t✳ ✶✳✵✼ ✵✳✽✷ ✵✳✺✽ ✵✳✸✾ ✵✳✷✹

✷❉ ❞❛t❛ str✉❝t✳ ✶✳✵✺ ✶✳✵✹ ✶✳✵✸ ✶✳✵✸ ✶✳✵✸

✶❉ ❞❛t❛ str✉❝t✳ ✵✳✺✺ ✵✳✺✷ ✵✳✺✶ ✵✳✺✶ ✵✳✺✶

❆❧❧ ❞❛t❛ str✉❝t✳ ✾✳✺✵ ✺✳✽✸ ✸✳✾✸ ✷✳✽✻ ✷✳✷✼

❚❛❜❧❡ ✸✿ ▼❡♠♦r② ❝♦♥s✉♠♣t✐♦♥ ✭✐♥ ●❇✮ ♦♥ ❡❛❝❤ ♥♦❞❡ ❜② ●❨❙❊▲❆✱ ❜✐❣ ❝❛s❡

❝❛s❡✳ ❋✉rt❤❡r ✇♦r❦ ❝❛♥ ❜❡ ❞♦♥❡ t♦ ❝✉t ❞♦✇♥ ♦♥ r❡♠❛✐♥✐♥❣ ✷❉ ❛♥❞ ✶❉ ❞❛t❛
st♦r❛❣❡✳ ❇✉t ✐t ✇✐❧❧ ✐♠♣❧② t♦ ❝❤❛♥❣❡ ❡①✐st✐♥❣ ❛❧❣♦r✐t❤♠s t♦ ♥❡✇ ♦♥❡s t❤❛t s❛✈❡s
♠❡♠♦r②✳

✺ ❈♦♥❝❧✉s✐♦♥

❲❡ ❞❡s❝r✐❜❡ t❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ ❛ q✉❛s✐♥❡✉tr❛❧ P♦✐ss♦♥ s♦❧✈❡r ✉s❡❞ ✐♥t♦ ❛ ❢✉❧❧✲f
❣②r♦❦✐♥❡t✐❝ ✺❉ s✐♠✉❧❛t♦r ✹✳ ❚❤❡ ♣❛r❛❧❧❡❧ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✈✐♥❣
♠❡t❤♦❞ ✐s ❞❡♠♦♥str❛t❡❞✳ ■t ❛❝❤✐❡✈❡s ❛ ❣♦♦❞ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥ s❝❛❧❛❜✐❧✐t② ✉♣
t♦ ✻✹❦ ❝♦r❡s ❝♦♠❜✐♥✐♥❣ s❡✈❡r❛❧ ❧❡✈❡❧s ♦❢ ♣❛r❛❧❧❡❧✐s♠ ❛♥❞ ❛♥ ❤②❜r✐❞ ❖♣❡♥▼P✴▼P■
❛♣♣r♦❛❝❤✳ ❚❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ q✉❛s✐♥❡✉tr❛❧ s♦❧✈❡r ❛♥❞ t❤❡ ❱❧❛s♦✈ ❝♦❞❡ ❤❛s ❜❡❡♥
✐♠♣r♦✈❡❞ ❛ ❧♦t ❝♦♠♣❛r❡❞ t♦ ♣r❡✈✐♦✉s r❡s✉❧ts ❬✶✱ ✹✱ ✺✱ ✻❪✳ ❚❤❡ ♠♦❞✐✜❝❛t✐♦♥s r❡s✉❧t
❛❧s♦ ✐♥ s❛✈✐♥❣s ✐♥ t❤❡ ♠❡♠♦r② ♦❝❝✉♣❛♥❝②✱ ✇❤✐❝❤ ✐s ❛ ❜✐❣ ✐ss✉❡ ✇❤❡♥ ♣❤②s✐❝✐sts
✇✐s❤ t♦ r✉♥ ✈❡r② ❧❛r❣❡ ❝❛s❡✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❱✳ ●r❛♥❞❣✐r❛r❞✱ ▼✳ ❇r✉♥❡tt✐✱ P✳ ❇❡rtr❛♥❞✱ ◆✳ ❇❡ss❡✱ ❳✳ ●❛r❜❡t✱ P✳ ●❤❡♥✲
❞r✐❤✱ ●✳ ▼❛♥❢r❡❞✐✱ ❨✳ ❙❛r❛③✐♥✱ ❖✳ ❙❛✉t❡r✱ ❊✳ ❙♦♥♥❡♥❞r✉❝❦❡r✱ ❏✳ ❱❛❝❧❛✈✐❦✱
❛♥❞ ▲✳ ❱✐❧❧❛r❞✳ ❆ ❞r✐❢t✲❦✐♥❡t✐❝ s❡♠✐✲❧❛❣r❛♥❣✐❛♥ ✹❞ ❝♦❞❡ ❢♦r ✐♦♥ t✉r❜✉❧❡♥❝❡
s✐♠✉❧❛t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ P❤②s✐❝s✱ ✷✶✼✭✷✮✿✸✾✺ ✕ ✹✷✸✱ ✷✵✵✻✳

❬✷❪ ❱✳ ●r❛♥❞❣✐r❛r❞✱ ❨✳ ❙❛r❛③✐♥✱ ❳✳ ●❛r❜❡t✱ ●✳ ❉✐❢✲Pr❛❞❛❧✐❡r✱ P❤✳ ●❤❡♥❞r✐❤✱
◆✳ ❈r♦✉s❡✐❧❧❡s✱ ●✳ ▲❛t✉✱ ❊✳ ❙♦♥♥❡♥❞r✉❝❦❡r✱ ◆✳ ❇❡ss❡✱ ❛♥❞ P✳ ❇❡rtr❛♥❞✳ ❈♦♠✲
♣✉t✐♥❣ ■❚● t✉r❜✉❧❡♥❝❡ ✇✐t❤ ❛ ❢✉❧❧✲❢ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❝♦❞❡✳ ❈♦♠♠✉♥✐❝❛t✐♦♥s
✐♥ ◆♦♥❧✐♥❡❛r ❙❝✐❡♥❝❡ ❛♥❞ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥✱ ✶✸✭✶✮✿✽✶ ✕ ✽✼✱ ✷✵✵✽✳ ❱❧❛s♦✲
✈✐❛ ✷✵✵✻✿ ❚❤❡ ❙❡❝♦♥❞ ■♥t❡r♥❛t✐♦♥❛❧ ❲♦r❦s❤♦♣ ♦♥ t❤❡ ❚❤❡♦r② ❛♥❞ ❆♣♣❧✐❝❛✲
t✐♦♥s ♦❢ t❤❡ ❱❧❛s♦✈ ❊q✉❛t✐♦♥✳

❬✸❪ ❚✳ ❙✳ ❍❛❤♠✳ ◆♦♥❧✐♥❡❛r ❣②r♦❦✐♥❡t✐❝ ❡q✉❛t✐♦♥s ❢♦r t♦❦❛♠❛❦ ♠✐❝r♦t✉r❜✉❧❡♥❝❡✳
P❤②s✐❝s ♦❢ ❋❧✉✐❞s✱ ✸✶✭✾✮✿✷✻✼✵✕✷✻✼✸✱ ✶✾✽✽✳

✹❆❝❦♥♦✇❧❡❞❣♠❡♥ts✿ ❚❤✐s ✇♦r❦ ✇❛s ♣❛rt✐❛❧❧② s✉♣♦rt❡❞ ❜② ❛♥ ❆◆❘ ●❨P❙■ ❝♦♥tr❛❝t✳
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