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Abstract

We consider a set df autonomous robots that are endowed with visibility sengbus that are
otherwise unable to communicate) and motion actuatorssd habots must collaborate to reach a sin-
gle vertex that is unknown beforehand, and to remain theredfter. Previous works on gathering in
ring-shaped networks suggest that there exists a tradetffeen the size of the set of potential initial
configurations, and the power of the sensing capabilitiéisefobotsi(e. the larger the initial configura-
tion set, the most powerful the sensor needs to be). We phatéttere is no such trade off. We propose
a gathering protocol for an odd number of robots in a ringpgldanetwork that allows symmetric but not
periodic configurations as initial configurations, yet ugely local weak multiplicity detection. Robots
are assumed to be anonymous and oblivious, and the executidel is the non-atomic CORDA model
with asynchronous fair scheduling. Our protocol allows ldmgest set of initial configurations (with
respect to impossibility results) yet uses the weakestipligity detector to date. The time complexity
of our protocol isO(n?), wheren denotes the size of the ring. Compared to previous work tisat a
uses local weak multiplicity detection, we dot have the constraint that< n/2 (here, we simply have
2<k<n-3).

Keywords: Gathering, Discrete Universe, Local Weak Multiplicity teetion, Asynchrony, Robots.

1 Introduction

We consider autonomous robots that are endowed with vigilsiensors (but that are otherwise unable
to communicate) and motion actuators. Those robots mukthoohte to solve a collective task, namely
gathering despite being limited with respect to input from the emiment, asymmetry, memory, etc. The
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area where robots have to gather is modeled as a graph andttiezigg task requires every robot to reach
a single vertex that is unknown beforehand, and to remane thereafter.

Robots operate igyclesthat comprisdook, compute andmovephases. The look phase consists in
taking a snapshot of the other robots positions using itibility sensors. In the compute phase a robot
computes a target destination among its neighbors, basddeoprevious observation. The move phase
simply consists in moving toward the computed destinatisingimotion actuators. We consider an asyn-
chronous computing model, i.e., there may be a finite but untbed time between any two phases of a
robot’'s cycle. Asynchrony makes the problem hard since atron decide to move according to an old
shapshot of the system and different robots may be in diffggbases of their cycles at the same time.

Moreover, the robots that we consider here have weak cémcihey areanonymougthey execute
the same protocol and have no mean to distinguish themsttumsthe others)pblivious (they have no
memory that is persistent between two cycles), and have mpass whatsoever (they are unable to agree
on a common direction or orientation in the ring).

1.1 Related Work

While the vast majority of literature on coordinated distited robots considers that those robots are evolv-
ing in a continuoustwo-dimensional Euclidean space and use visual sensomspeitfect accuracy that
permit to locate other robots with infinite precision, a r@deend was to shift from the classical continuous
model to thediscretemodel. In the discrete model, space is partitioned infmige number of locations.
This setting is conveniently represented by a graph, whedesirepresent locations that can be sensed, and
where edges represent the possibility for a robot to mova foae location to the other. Thus, the discrete
model restricts both sensing and actuating capabilitiessefy robot. For each location, a robot is able to
sense if the location is empty or if robots are positionedtdinstead of sensing the exact position of a
robot). Also, a robot is not able to move from a position totaeo unless there is explicit indication to do
so (.e,, the two locations are connected by an edge in the repragegtaph). The discrete model permits
to simplify many robot protocols by reasoning on finite staues {.e., graphs) rather than on infinite ones.
However, as noted in most related papérs [15[1L8] B.19] 14.[.[8),[1]1], this simplicity comes with the
cost of extra symmetry possibilities, especially when thinarized paths are also symmetric.

In this paper, we focus on the discrete universe where two praiblems have been investigated under
these weak assumptions. Theploration problenconsists in exploring a given graph using a minimal
number of robots. Explorations come in two flavouvgith stop(at the end of the exploration all robots
must remain idle)[]6[] 5} 14] angerpetual(every node is visited infinitely often by every robof) [1]1h&
second studied problem is thhatheringproblem where a set of robots has to gather in one singleidocat
not defined in advance, and remain on this locatjpr][9,]7[ AD, 1

The gathering problem was well studied in the continuousehwith various assumptionf|[B, &, [8]171.
In the discrete model, deterministic algorithms have bempgsed to solve the gathering problem in a
ring-shaped network, which enables many problems to aghesato the high number of symmetric config-
urations. In[IB[13]4], symmetry was broken by enablingtsho distinguish themselves using labels, in
[[Al, symmetry was broken using tokens. The case of anonynamysichronous and oblivious robots was
investigated only recently in this context. It should beeabthat if the configuration is periodic and edge
symmetric, no deterministic solution can exist][11]. Thstfiwo solutions[[41], 10] are complementary:] [11]
is based on breaking the symmetry whergaf [10] takes adjyeofasymmetries. However, both J11] and
[L3] make the assumption that robots are endowed with tHiéyatoi distinguish nodes that host one robot
from nodes that host two robots or more in the entire netwthik property is referred to in the literature as
global weak multiplicity detection). This ability weakens the lgaing problem because it is sufficient for
a protocol to ensure that a single multiplicity point existdiave all robots gather in this point, so it reduces
the gathering problem to the creation of a single multipfigioint.



Investigating the feasibility of gathering with weaker tiplicity detectors was recently addressed in
[B]. In this paper, robots are only able to test that theirenirhosting node is a multiplicity noded. hosts
at least two robots). This assumption (referred to in trezdiure asocal weak multiplicity detection) is
obviously weaker than the global weak multiplicity detenti but is also more realistic as far as sensing
devices are concerned. The downside[bf [9] comparefl fo EL@j4t only rigid configurationsi.€. non
symmetric configuration) are allowed as initial configuras (as in [[I]]), while[[30] allowed symmetric
but not periodic configurations to be used as initial onesoAl9] requires that < n/2 even in the case of
non-symmetric configurations.

1.2 Our Contribution

We propose a gathering protocol for an odd number of robatsiimg-shaped network that allows symmetric
but not periodic configurations as initial configurationgt wses only local weak multiplicity detection.
Robots are assumed to be anonymous and oblivious, and thatiexemodel is the non-atomic CORDA
model with asynchronous fair scheduling. Our protocolvedidhe largest set of initial configurations (with
respect to impossibility results) yet uses the weakestiptioity detector to date. The time complexity of
our protocol isO(n?), wheren denotes the size of the ring. By contrast[{o [oinay be greater tham/2, as
our constraint is simply that 2 k < n— 3 andk is odd.

2 Preliminaries

2.1 System Model

We consider here the case of an anonymous, unoriented airdated ring ofn nodesug,us,..., Un-1) such
asy; is connected to both;_1) andug,.1). Note that since no labeling is enabled (anonymous), tisene i
way to distinguish between nodes, or between edges.

On this ring,k robots operate in distributed way in order to accomplishraroon task that is to gather
in one location not known in advance. We assume khiastodd. The set of robots considered here are
identical they execute the same program using no local parametergrendannot distinguish them using
their appearance, and aoblivious which means that they have no memory of past events, they can
remember the last observations or the last steps takenebdfoaddition, they are unable to communicate
directly, however, they have the ability to sense the envirent including the position of the other robots.
Based on the configuration resulting of the sensing, theiddeghether to move or to stay idle. Each robot
executes cycles infinitely many times, (1) first, it catchessgat of the environment to see the position of
the other robots (look phase), (2) according to the observat decides to move or not (compute phase),
(3) if it decides to move, it moves to its neighbor node towgaadarget destination (move phase).

At instantt, a subset of robots are activated by an entity knowthasscheduler The scheduler can
be seen as an external entity that selects some robots fontex® this scheduler is considered to be fair,
which means that, all robots must be activated infinitely ynimes. TheCORDA modelfL] enables the
interleaving of phases by the scheduler (For instance, @& can perform a look operation while another
is moving). The model considered in our case is the CORDA mnaitle the following constraint: the Move
operation is instantaneoui®. when a robot takes a shapshot of its environment, it seestliee mbots
on nodes and not on edges. However, since the scheduleovgedllto interleave the different operations,
robots can move according to an outdated view since duriagCibmpute phase, some robots may have
moved.

During the process, some robots move, and at any time ocaggsrof the ring, their positions form a
configuration of the system at that time. We assume thatstdnit = O (i.e., at the initial configuration),
some of the nodes on the ring are occupied by robots, suctaels,de contains at most one robot. If



there is no robot on a node, we call the n@tepty node The segmenjup, Ug] is defined by the sequence
(Up,Up+1,---,Ug—1,Uq) Of consecutive nodes in the ring, such as all the nodes ofehaesice are empty
exceptup andug that contain at least one robot. The distaﬁl';)eof segmenfup, Ug] in the configuration of
timet is equal to the number of nodes]in,, ug] minus 1. We define holeas the maximal set of consecutive
empty nodes. That is, in the segmémg, ug], (Up11,---,Uqg—1) iS @ hole. The size of a hole is the number of
free nodes that compose it, the border of the hole are the impdyenodes who are part of this hole, having
one robot as a neighbor.

We say that there istawerat some nodej;, if at this node there is more than one robot (Recall that this
tower is distinguishable only locally).

When a robot takes a snapshot of the current configuratiorodaw at timet, it has aviewof the sys-
tem at this node. In the configurati@it), we assuméus, U], [z, Us],- - -, [Uw, U] are consecutive segments
in a given direction of the ring.Then, the view of a robot oml@q; atC(t) is represented by
(max{(D{,D%,---,D,),(D%,D., ,,---,D})},mh), wherem is true if there is a tower at this node, and
sequence(d;, a1, - -,a;) is larger than(b;,bi;1,---,bj) if there ish(i < h < j) such thata, = by for
i <l <h-1anda, > by Itis stressed from the definition that robots don't makdéediénce between a
node containing one robot and those containing more. Hawthey can deteatt of the current node,e.
whether they are alone on the node or not (they have a loc& mediplicity detection).

When(DY, DS, ---,D},) = (D, D, ,,---,D}), we say that the view ow is symmetri¢ otherwise we say
that the view ony; is asymmetric Note that when the view is symmetric, both edges incident ook
identical to the robot located at that node. In the case thetran this node is activated we assume the worst
scenario allowing the scheduler to take the decision onitieettbn to be taken.

Configurations that have no tower are classified into thrassels in[[12]. Configuration is call@eri-
odicif it is represented by a configuration of at least two copies sub-sequence. Configuration is called
symmetricdif the ring contains a single axis of symmetry.Otherwise tonfiguration is calledigid. For
these configurations, the following lemma is provedin [11].

Lemma 1 If a configuration is rigid, all robots have distinct viewst d configuration is symmetric and
non-periodic, there exists exactly one axis of symmetry.

This lemma implies that, if a configuration is symmetric and+periodic, at most two robots have the same
view.

We now define some useful terms that will be used to describalgorithm. We denote by thiater-
distance dthe minimum distance taken among distances between eacbfgdistinct robots (in term of
the number of edges). Given a configuration of inter-digtah@ d.blockis any maximal elementary path
where there is a robot eved/edges. The border of dblock are the two external robots of tdeblock.
The size of a.block is the number of robots that it contains. We calldhaock whose size is biggest the
biggest d.blockA robot that is not in anyl.block is said to be arsolated robot

We evaluate the time complexity of algorithms with asyndaus rounds. An asynchronous round is
defined as the shortest fragment of an execution where ebohperforms a move phase at least once.

2.2 Problem to be solved

The problem considered in our work is the gathering probletrerek robots have to agree on one location
(one node of the ring) not known in advance in order to gathet,@nd that before stopping there forever.

3 Algorithm

To achieve the gathering, we propose the algorithm compobédo phases. The first phase is to build
a configuration that contains a single 1.block and no isdlatbots without creating any tower regardless
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of their positions in the initial configuration (providedaththere is no tower and the configuration is ape-
riodic.) The second phase is to achieve the gathering frontanfiguration that contains a single 1.block
and no isolated robots. Note that, since each robot is obis/iit has to decide the current phase by ob-
serving the current configuration. To realize it, we defingecsal configuration setsp which includes
any configuration that contains a single 1.block and no iedlaobots. We give the behavior of robots for
each configuration i@sp, and guarantee that the gathering is eventually achiewsad &ny configuration in
Csp Without moving out ofcs,. We combine the algorithms for the first phase and the secbasgepin the
following way: Each robot executes the algorithm for theosetphase if the current configuration isdgy,

and executes one for the first phase otherwise. By this wag@s as the system becomes a configuration
in ¢sp during the first phase, the system moves to the second phdskeagathering is eventually achieved.

3.1 First phase: An algorithm to construct a singlel.block

In this section, we provide the algorithm for the first phdkat is, the algorithm to construct a configuration
with a single 1.block. The strategy is as follows; In thei@iconfiguration, robots search the biggest
d.block B;, and then robots that are not 8a move to joinB;. Then, we can get a singtéblock. In the
single d.block, there is a robot on the axis of symmetry because thabeu of robots is odd. When the
nearest robots from the robot on the axis of symmetry movédcakis of symmetry, then we can get a
d — 1.blockBy, and robots that are not @» move towardB, and joinB,. By repeating this way, we can get
a single 1.block.
We will distinguish three types of configurations as follows
e Configuration of type 1. In this configuration, there is only a singleblock such asl > 1, that is,
all the robots are part of thetblock. Note that the configuration is in this case symmg#ia since
there is an odd number of robots, we are sure that there isotnoé on the axis of symmetry.

If the configuration is this type, the robots that are allow@dhove are the two symmetric robots
that are the closest to the robot on the axis. Their destimaditheir adjacent empty node towards the
robot on the axis of symmetry. (Note that the inter-distamag decreased.)

e Configuration of type 2. In this configuration, all the robots belongddolocks (that is, there are no
isolated robots) and all thtblocks have the same size.

If the configuration is this type, the robots neighboring tdehand with the maximum view are
allowed to move to their adjacent empty nodes. If there gxégth a configuration with more than
one robot and two of them may move face-to-face on the holéeheraxis of symmetry, then they
withdraw their candidacy and other robots with the secongimam view are allowed to move.

e Configuration of type 3. In this configuration, the configuration is not type 1 ande, all the other
cases. Then, there is at least one biggesiock whose size is the biggest.

— If there exists an isolated robot that is neighboring to thygdstd.block, then it is allowed
to move to the adjacent empty node towards the nearest rigbtbiggestd.block. If there
exist more than one such isolated robots, then only robatsatte closest to the biggekiblock
among them are allowed to move. If there exist more than ool swlated robots, then only
robots with the maximum view among such isolated robots llve&ed to move. The destination
is their adjacent empty nodes towards one of the nearedtlmaiipg biggestl.blocks.

— If there exist no isolated robot that is neighboring to thgglesstd.block, the robot that does not
belong to the bigged.block and is neighboring to the biggakblock is allowed to move. If
there exists more than one such a robot, then only robotsthétimaximum view among them
are allowed to move. The destination is their adjacent emptle towards one of the nearest
neighboring biggedt.blocks. (Note that the size of the biggesblock has increased.)

Correctness of the algorithm In the followings, we prove the correctness of our algorithm
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Lemma 2 From any non-periodic initial configuration without towéne algorithm does not create a peri-
odic configuration.

Proof: Assume that, after a robét moves, the system reaches a periodic configuraionLet C be
the configuration thaf observed to decide the movement. The important remark isdime we assume
an odd number of robots, any periodic configuration shoule lz least thred.blocks with the same size
or at least three isolated robots.

C is a configuration of type 1 Then,C has a singla@l.block and there is another robBtthat is allowed to
move. After configuratior€, three cases are possiblemoves beford8 moves,A moves aftelB moves, or
A andB move at the same time. After the movement of all the cases;ahfigurationC* has exactly one
(d—1).block and thu€* is not periodic.

C is a configuration of type 2 Let s be the size ofl.blocks inC (Remind that alld.blocks have the same
size). Since the number of robots is odd; 3 holds.

o If Cis not symmetric, onhA is allowed to move. WheA moves, it either becomes an isolated robot
or joins anothed.block. Then,C* has exactly one isolated robot or exactly ahblock with size
s+ 1. ThereforeC* is not periodic.

e If Cis symmetric, there is another rotB®that is allowed to move €.

— If Amoves beford movesC* is not periodic similarly to the non-symmetric case.

— If AandB move at the same time, they become isolated robots or joir dthlocks. Then,
three cases are possiblg¥ has exactly two isolated robotS; has exactly twal.blocks with
sizes+ 1, orC* has exactly ond.block with sizes+ 2. For all the caseS* is not periodic.

— Consider the case th& moves beforéA moves. ThenB becomes an isolated robot or joins
anotherd.block. LetC’ be the configuration aftd8 moves. IfA moves inC’, C* is not periodic
sinceC* is the same one asandB move at the same time {@. Consequently, the remaining
case is that other robots other thamove inC'.

First, we consider the case thRtjoins d.block inC’. Then, thed.block becomes a single
biggestd.block. This implies that all other robots move toward tthislock. Consequently, the
following configurations contain exactly one biggdsblock, and thu€* is not periodic.

Second, we consider the case tBas an isolated robot i@’. Since onlyB is an isolated robot
in C', only B is allowed to move irC" and it moves toward its neighborirtgblock. If A moves
beforeB joins thed.block,C* contains exactly two isolated robots, and tikids not periodic.
After B joins thed.block,C* is not periodic similarly to the previous case.

C is a configuration of type 3 Lets be the size of biggest.blocks inC.

e If Cis not symmetric, onhA is allowed to move. WheA moves, it either becomes an isolated robot
or joins anothed.block. In the latter cas&;* has exactly oné.block with sizes+ 1, and thusC* is
not periodic. In the previous case, there may exist multgg&ated robots. Howeveh is the only one
isolated robot such that the distance to its neighboringdstd.block is the minimum. This means
C* is not periodic.

e If Cis symmetric, there is another rol®that is allowed to move .

— If Amoves beford3 movesC* is not periodic similarly to the non-symmetric case.

— If AandB move at the same time, they become isolated robots or joer dtblocks. In the
latter caseC* has exactly twal.block with sizes+ 1 or exactly onel.block with sizes+ 2, and
thusC* is not periodic. In the previous caskandB are only two isolated robots such that the
distance to its neighboring biggetblock is the minimum. For both casés; is not periodic.

— Consider the case th& moves beforeA moves. ThenB becomes an isolated robot or joins
anotherd.block. LetC’ be the configuration afte8 moves. IfA moves inC’, C* is not periodic
sinceC* is the same one asandB move at the same time [@. Consequently, the remaining
case is that other robots other thamove inC'.



First, we consider the case thRtjoins d.block inC’. Then, thed.block becomes a single
biggestd.block. This implies that all other robots move toward tthislock. Consequently, the
following configurations contain exactly one biggdsblock, and thu€* is not periodic.

Second, we consider the case tBas an isolated robot i€’. Then,B is the only one isolated
robot such that the distance to its neighboring biggestock is the minimum. Consequently,
only B is allowed to move irC’ and it moves toward its neighborirtyblock. Even ifA moves
beforeB joins thed.block, B is the only one isolated robot such that the distance to ighber-
ing biggestd.block is the minimum. Consequently, in this c&Seis not periodic. AfteB joins
thed.block,C* is not periodic similarly to the previous case.

For all casesC* is not periodic; thus, a contradiction. O

Lemma 3 No tower is created before reaching a configuration with aykiriL.block for the first time.

Proof: If each robot that is allowed to move immediately moves wwttiler robots take new shapshots,
that is, no robot has outdated view, then it is clear that meetas created.

Assume that a tower is created. Then, two rol#ogdB were allowed to move in a configuration, but
the scheduler activates omly and other robo€ takes a snapshot after the movemenfdifeforeB moves.
BecauseB moves based on the outdated viewBiindC moves face-to-face, thadd andC may make a
tower.

By the algorithm, in a view of a configuration, two robots altevaed to move if and only if the config-
uration is symmetric, because the maximum view is only ome&zh configuration other than symmetric
configurations. If the configuration is not symmetric, onheaobotE is allowed to move and the view of
each robot does not change uiiiimoves. Therefore, we should consider only symmetric cordiinns,
andA andB are two symmetric robots.

e Consider the configuration of type 1 as befétanoves. Then, there is a robBt on the axis of
symmetry, and- is not allowed to move. The robofsandB are neighbor td-. In the case where
the scheduler activates omlyandA moves, therA andF create a newd — 1.block. By the algorithm
of the type 3(1), the closest isolated robot to this mew1.bock is allowed to move in the new view.
However, it is roboB, because the distance frddrto thed — 1.block isd but from other neighbor of
thed — 1.block isd + 1. Therefore, other robots cannot move, and this is a cantiaal.

e Consider the configuration of type 2 as beférenoves. Then, by the exception, the robots that are
face-to-face on the hole on the axis of symmetry are not atbte move. Thereford andB are not
neighboring to such hole on the axis of symmetry. Afemoves,A becomes isolated or joins the
otherd.block, and thel.block A belonged to becomes not the biggest on the new vieAbiécomes
isolated, by the algorithm of type 3(14,are allowed to move on the new view. Therefoke&an move
and others thaB cannot move until it joins the neighboring biggesblock. After A joins the other
d.block, the configuration becomes type 3(2) anddh#ock D A belongs to is the biggest whi
does not move. After that, other proces€aseighboring tdD can move towardD. BecauseB is not
neighboring tdD, C andB cannot move face-to-face. This is a contradiction.

e Consider the configuration of type 3(1) as beférenoves. ThenA andB are isolated robots that
are neighboring to the biggedtblock. Their destinations are the empty nodes towards dtaeest
neighboring biggedt.blocks respectively. The configuration affemove is type 3(1) untiA join the
nearest neighboring biggedtblock D. Then,A andB are allowed to move and others cannot move
until AjoinsD. Consider the case aftérjoinsD.

— If there exist other isolated rob@ neighboring toD, then it can move towar® because the
configuration becomes type 3(1). Howewverand B cannot move face-to-face becauSare
neighboring tdD andB moves toward the border of othéiblock. This is a contradiction.



— If there does not exist other isolated robot neighboringdfahen the configuration becomes
type 3(2) on the new view. Then, the rolibheighboring tdD can move toward®. HoweverC
andB cannot move face-to-face becaGare neighboring t® andB moves toward the other
neighboringd.block. This is a contradiction.

e Consider the configuration of type 3(2) as beférenoves. ThenA andB are neighboring to the
biggestd.blocks and are members of any (not biggelsblocks. AfterA moves,A becomes isolated
until A joins the biggestl.block D that is the destination oA. By the algorithm of type 3(1)A is
allowed to move on the new view and others cannot move. Aft@ins D, D becomes biggest,
the configuration becomes type 3(2). Then, the other praCessighboring toD can move toD.
However,B andC cannot move face-to-face beca@are neighboring t® andB moves toward the
other neighboringl.block. This is a contradiction.

From the cases above, we can deduct that no tower is credtmeé tiee gathering process. O

From Lemmag]2 and 3, the configuration is always non-periadit does not have a tower from any
non-periodic initial configuration without tower. Sincendigurations are not periodic, there exist one or
two robots that are allowed to move unless the configuratiornains a single 1.block.

Lemma 4 Let C be a configuration such that its inter-distance is d dmelgize of the biggest d.block is s
(s < k—1). From configuration C, the configuration becomes such thatsize of the biggest d.block is at
least s+ 1 in O(n) rounds.

Proof: From configurations of type 2 and type 3, at least one robgheiring to the biggesd.block
is allowed to move. Consequently, the robot move®it) rounds. If the robot joins the biggedtblock,
the lemma holds.

If the robot becomes an isolated robot, the robot is alloveeshdve toward the biggestblock by the
configurations of type 3 (1). Consequently the robot joireskilggestd.block in O(n) rounds, and thus the
lemma holds. O

Lemma 5 LetC be a configuration such that its inter-distance is d .mri@onfiguration C, the configuration
becomes such that there is only single d.block {Rr{prounds.

Proof: From Lemmdl4, the size of the biggesblock becomes larger i@(n) rounds. Thus, the size of
the biggest.block become& in O(kn) rounds. Since the configuration that hadlalock with sizek is the
one such that there is only singleblock. Therefore, the lemma holds. O

Lemma 6 Let C be a configuration such that there is only single d.block 2). From configuration C, the
configuration becomes one such that there is only sifdyle 1).block in Q’kn) rounds.

Proof: From the configuration of type 1, the configuration becomessueh that there il — 1).block
in O(1) rounds. After that, the configuration becomes one such tieetis only singlgd — 1).block in
O(kn) rounds by Lemm§ 5. Therefore, the lemma holds. O

Lemma 7 From any non-periodic initial configuration without towdine configuration becomes one such
that there is only singlé.block in Q'n?) rounds.

Proof: Letd be the inter-distance of the initial configuration. Fromittigal configuration, the configu-
ration becomes one such that there is a sidghock inO(kn) rounds by Lemm§ 5. Since the inter-distance
becomes smaller i®(kn) rounds by Lemm§| 6, the configuration becomes one such thatithenly single
1.block inO(dkn) rounds. Sincel < n/k holds, the lemma holds. O



3.2 Second phase: An algorithm to achieve the gathering

In this section, we provide the algorithm for the second phtmat is, the algorithm to achieve the gathering
from any configuration with a single 1.block. As describedhiea beginning of this section, to separate the
behavior from the one to construct a single 1.block, we defispecial configuration set, that includes
any configuration with a single 1.block. Our algorithm gumes that the system achieves the gathering
from any configuration incsp without moving out ofcsp. We combine two algorithms for the first phase
and the second phase in the following way: Each robot exedhtealgorithm for the second phase if the
current configuration is iwsp, and executes one for the first phase otherwise. By this vgagpan as the
system becomes a configurationdgp, during the first phase, the system moves to the second phdsbean
gathering is eventually achieved. Note that the system stavéhe second phase without creating a single
1.block if it reaches a configuration inyp before creating a single 1.block.

The strategy of the second phase is as follows. When a coafignrwith a single 1.block is reached,
the configuration becomes symmetric. Note that since tlseam iodd number of robots, we are sure that
there is one robdR1 that is on the axis of symmetry. The two robots that are fmigbhf R1 move towards
R1. ThusR1 will have two neighboring holes of size 1. The robots thatregighbor of such a hole not being
on the axis of symmetry move towards the hole. By repeatirgptocess, a new 1.block is created (Note
that its size has decreased and the tower is on the axis of sig)mConsequently robots can repeat the
behavior and achieve the gathering. Note that due to thechsymy of the system, the configuration may
contain a single 1.block of size 2. In this case, one of therteaes of the block contains a tower (the other
is occupied by a single robot). Since we assume a local wedtipiiuity detection, only the robot that does
not belong to a tower can move. Thus, the system can achie\gathering.

In the followings, we define the special configuration sgtand the behavior of robots in the configu-
rations. To simplify the explanation, we define a block as aimal consecutive nodes where every node
is occupied by some robots. The sRz€B) of a blockB denotes the number of nodes in the block. Then,
we regard an isolated node as a block of size 1.

The configuration seatspis partitioned into five subsets: Single blocl, block leadercy, semi-single
block Cssh semi-twincst, semi-block leadetsy. Thatis,Csp= CspU ChiU CsshJ CstU Cspi holds. We provide
the definition of each set and the behavior of robots. Notg #ithough the definition of configurations
specifies the position of a tower, each robot can recogniedhfiguration without detecting the position
of a tower if the configuration is igsp.

e Single block. A configurationC is a single block configuration (denoted By cgyp) if and only if

there exists exactly one blo®0 such thaSiz€BO0) is odd or equal to 2. Note that Hiz&¢BO0) is equal
to 2, one node oBO is a tower and the other node is occupied by one rob&iz€BO0) is odd, letting
V¢ be the center node &0, no node other thaw is a tower.

In this configuration, robots move as follows: 1)3fz€B0) is equal to 2, the robot that is not on
a tower moves to the neighboring tower. 2)SizéB0) is odd, the configuration is symmetric and
hence there exists one robot on the axis of symmetry (Letdhist beR1). Then, the robots that are
neighbors oR1 move toward$1.

¢ Block leader. A configurationC is a block leader configuration (denoted ®\¢ cy) if and only if

the following conditions hold (see Figuk 3): 1) There erisactly three block80, B1, andB2 such
that Siz€B0) is odd andSizé€B1) = SizéB2). 2) BlocksB0 andB1 share a hole of size 1 as their
neighbors. 3) Block80 andB2 share a hole of size 1 as their neighbors. 4) Lettinge the center
node inBO, no node other thawn is a tower. Note that, sinde< n— 3 implies that there exist at least
four free nodes, robots can recogni&@, B1, andB2 exactly.

In this configuration, the robots Bl andB2 that share a hole witB, as its neighbor move towards
BO.

e Semi-single block. A configurationC is a semi-single block configuration (denoted®¥ Csgy) if
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and only if the following conditions hold (see Figie 4): T)efe exist exactly two block81 andB2
such thatSiz€B2) = 1 andSiz€B1) is even (Note that this implieSiz€B1) + Siz€B2) is odd.). 2)
Blocks B1 andB2 share a hole of size 1 as their neighbors. 3) Lettinige a node irB1 that is the
(Siz€B1)/2)-th node from the side sharing a hole w8, no node other thaw is a tower.
In this configuration, the robot iB2 moves toward81.
e Semi-twin. A configurationC is a semi-twin configuration (denoted By< cq) if and only if the
following conditions hold (see Figurig 5). 1) There exist@katwo blocksB1 andB2 such that
SizéB2) = Siz€B1) + 2 (Note that this implieSizé€B1) + Siz€B2) is even, which is distinguishable

from semi-single block configurations). 2) BlocR& andB2 share a hole of size 1 as their neighbors.

3) Lettingw be a node iB2 that is the neighbor of a hole sharediilyandB2, no node other thawn

is a tower.

In this configuration, the robot iB2 that is a neighbor of; moves towards;.
e Semi-block leader. A configurationC is a semi-block leader configuration (denotedy cqp)) if
and only if the following conditions hold (see Figyie 6). T)efe exist exactly three blockgo, B1,

andB2 such thaSiz€BO0) is even and5iz€B2) = SizéB1) + 1. 2) BlocksBO andB1 share a hole of
size 1 as their neighbors. 3) BlocB§ andB2 share a hole of size 1 as their neighbors. 4) Letéing
be a node irBO that is the(Siz€B0) /2)-th node from the side sharing a hole wig, no node other
thany; is a tower. Note that, sinde< n— 3 implies that there exist at least four free nodes, robots
can recognizé0, B1, andB2 exactly.

In this configuration, the robot iB2 that shares a hole witB0 as a neighbor moves towarg8.

Correctness of the algorithm In the followings, we prove the correctness of our algoritiim prove the
correctness, we define the following notations.
e (Csh(b): A set of single block configurations such ti&iz€B0) = b.
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Col(bo, b1): a set of block leader configurations such tBet&B0) = by andSiz€B1) = Siz€B2) = b;.
Csshb): A set of semi-single block configurations such tBa€B1) = b.

Csi(b): A set of semi-twin configurations such tiiz€B1) = b.

Cshi(bo, b1): A set of semi-block leader configurations such tBetgB0) = by andSiz€B1) = b;.

Note that every configuration insp has at most one node that can be a tower (denoteglibyhe definition).
We denote such a node by a tower-construction node. In additie define an outdated robot as the robot
that observes the outdated configuration and tries to masetben the outdated configuration.

From LemmaﬂS t[l& we show that, from any configura@ancs, with no outdated robots, the system
achieves the gathering. However, some robots may move loasind configuration in the first phase. That
is, some robots may observe the configuration in the firstgphad try to move, however the configuration
reaches one in the second phase before they move. Thus, im&ff, we show that the system also
achieves the gathering from such configurations with oattledbots.

Lemma 8 From any single block configuration € csp(b) (b > 5) with no outdated robots, the system
reaches a configuration’G ¢y, (1, (b— 3)/2) with no outdated robots in Q) rounds.

Proof: In C the robots that are neighbors of the tower-constructioreroash move. Two sub cases are
possible. First, the scheduler makes the two robots moveaame time. Once the robots move, they join
the tower-construction node. Then, the configuration be&soome incy (1, (b—3)/2) and there exist no
outdated robots. In the second case, the scheduler astivetdwo robots separately. In this case, one of
the two robots first joins the tower-construction node amddbnfiguration becomes onedg((b—3)/2).
After that, the other robot joins the tower-constructionl@@No other robots can move in this configuration).
Then, the configuration becomes onecii(1, (b— 3)/2) and there exist no outdated robots. In both cases,
the transition requires at moS(1) rounds and thus the lemma holds. O

Lemma 9 From any single block configuration € csp(3) with no outdated robots, the system achieves the
gathering in Q1) rounds.

Proof: In C the robots that are neighbors of the tower-constructioreraah move. Two sub cases are
possible. First, the scheduler makes the two robots moveaame time. Once the robots move, they join
the tower-construction node. Then, the system achievegdtiering. In the second case, the scheduler
activates the two robots separately. In this case, one ofwtheobots first joins the tower-construction
node and the configuration becomes onedg(2). After that, the other robot joins the tower-construction
node because robots on the tower never move due to the lod@blinily detection. And thus, the system
achieves the gathering. In both cases, the transitionnesjat mosO(1) rounds and thus the lemma holds.
a

Lemma 10 From any block leader configuration€cy (bg, b1) (b1 > 2) with no outdated robots, the system
reaches a configuration’G ¢y (bp + 2,b; — 1) with no outdated robots in Q) rounds.

Proof: In C the robots inB1 andB2 that share a hole of size 1 wiBO can move. Two sub cases are
possible. First, the scheduler makes the two robots moveaame time. Once the robots move, they join
BO. Since the size d80 is increased by two and the sizeRiff andB2 is decreased by one, the configuration
becomes one iy, (bo+ 2,by — 1). In addition, there exist no outdated robots. The seconsllpitiy is that
the scheduler activates the two robots separately. In #se,cone of the two robots first joi80. Then,
since the size dBO is increased by one and the size of eitB&ror B2 is decreased by one, the configuration
becomes one iasp(bp + 1,by — 1). After that, the other robot joinBO (No other robots can move in this
configuration). Then, the configuration becomes ongifby + 2,b; — 1) and there exist no outdated robots.
In both cases, the transition requires at m@gt) rounds and thus the lemma holds. 0
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Lemma 11 From any block leader configuration € ¢y (bg, 1) with no outdated robots, the system reaches
a configuration Ce csp(bp + 2) with no outdated robots in @) rounds.

Proof: In C the robots inB1 andB2 can move. Two sub cases are possilfleThe scheduler makes
the two robots move at the same time, then once the robots, riexejoinB0. Then, the system reaches a
configuration incsp(bo + 2) with no outdated robotgii) The scheduler activates the two robots separately.
In this case, one of the two robots first joiB8. Then, the configuration becomes oneigy by + 1). After
that, the other robot joinBO, and thus the configuration becomes onesisibo + 2) with no outdated robots.

In both cases, the transition requires at m@gt) rounds and thus the lemma holds. 0

Lemma 12 From any single block configuration € csp(b) (b > 5) with no outdated robots, the system
reaches a configuration’& csp(b— 2) with no outdated robots in &) rounds.

Proof: From Lemmd]g, the configuration becomes oneiil, (b— 3)/2) in O(1) rounds. After that,
from Lemmag 70 and 1L 1, the configuration becomgéb— 2) in at mostO((b— 3)/2) rounds. Sincé < k,
the lemma holds. O

Lemma 13 From any single block configuration € csp(b) with no outdated robots, the system achieves
the gathering in @k?) rounds.

Proof: From Lemmd 12, ifb > 5, the size of the block is decreased by twadtk) rounds. From
Lemma[p, if the size of the block is 3, the system achieves dltieeging inO(1) rounds. O

Lemma[ 1B says that the system achieves the gatheri@gkif) rounds from any single block configu-
ration incsp. For other configurations, we can show the following lemmas.

Lemma 14 From any block leader configuration € ¢y with no outdated robots, the system achieves the
gathering in Gk?) rounds.

Proof: Consider configuratio€ € ¢y (bo,b;). From Lemmag 30 and J11, the configuration becomes
Csb(bo + 2b1) in O(k) rounds sinceb; < k holds. After that, from Lemm@ [L3, the system achieves the
gathering inO(k?) rounds. ]

Lemma 15 From any semi-single block configurationeCcsspwith no outdated robots, the system achieves
the gathering in @k?) rounds.

Proof: Consider configuratiof € cssy(b). Then, the configuration becomes,(b+ 1) in O(1) rounds.
After that, from Lemmﬂ& the system achieves the gathéxni@{kz) rounds. O

Lemma 16 From any semi-twin configuration € cg with no outdated robots, the system achieves the
gathering in Gk?) rounds.

Proof: Consider configuratio® € cs(b). Then, the configuration becomeg(1,b) in O(1) rounds.
After that, from Lemmd 34, the system achieves the gathémi@(k?) rounds. O

Lemma 17 From any semi-block leader configurationeCcsp with no outdated robots, the system achieves
the gathering in @k?) rounds.

Proof: Consider configuratio® € cspi(bo,b1). Then, the configuration becomes (bo+ 1,b;) in O(1)
rounds. After that, from Lemnia]14, the system achieves ttieegag inO(k?) rounds. O

From Lemmag¢ 13, 14} 119, |16 anid] 17, we have the following lemma.
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Lemma 18 From any configuration G ¢sp with no outdated robots, the system achieves the gatheming i
O(k?) rounds.

Lemma 19 From any configuration G- ¢sp with outdated robots, the system achieves the gathering in
O(k?) rounds.

Proof: We call the algorithm to construct a single 1.blo&lgl, and the algorithm to achieve the
gatheringAlg2.

To construct a configuratio@ € ¢sp with outdated robots duringlgl, two robotsP and Q have to
observe a symmetric configurati@i if they are activated by the scheduler they will move. From th
behavior ofAlgl, P and Q move toward their neighboring biggedtblocks. SinceP and Q observe a
symmetric configuration, the directions of their movememesdifferent each other.

We assume thd& was activated by the scheduler however it executed onlyoiblephase thus it doesn’t
move based on a configurationAfg1,and the system reaches a configura@oa csp by the behavior 0Q
(and other robots that move aft@rjoins the biggestl.block). Note thaP andQ are isolated robots or the
border of a block irC*.

We have two possible types of configurationasased on the behavior &f.

e We sayC is of TypeA if Q joins its neighboring biggest.block betweerC* andC. In this case, the
join of Q creates exactly one biggesblock. From the behavior dklgl, other robots move toward
this biggesd.block and thus there exists only one biggi&tiock inC. In addition, since& and other
robots do not move to the block &f from the behavior ofAlgl, the biggesd.block inC does not
includeP.

e We sayC is of TypeB if Q does not join its neighboring biggediblock betweerC* andC. In this
caseQis an isolated robot i€. In addition, positions of non-isolated robots other tRaandQ are
the same ilC andC*.

We consider five cases according to the type of the configur&@i single block, block leader, semi-

single block, semi-twin, and semi-block leader.

Single block Consider the case thétis single block. However, i€ is of TypeA, there exist at least two
blocks. IfC is of TypeB, there exist at least one isolated robot. Both cases caocitrde single block
configuration.

Semi-twin Consider the case th@tis semi-twin. Since the number of nodes occupied by robatsés,
there exists a tower. However, since the behavioklgL does not make a tower, this is a contradiction.

Semi-single block Consider the case th@tis semi-single block.

If Cis of TypeA, sinceP is not in the biggest block® is in B2. If P moves toB1 by the same direction
of Alg2, the system reaches a single block configuratiorR fioves to the opposite direction, the system
reaches a configuration with a single biggest block and antated roboP. In this configuration, only can
move byAlgl and the system reaches a semi-single block configuratidnneibutdated robots. Therefore,
the system reaches a single block configuratioAlg? and achieves the gathering@(k?) rounds.

If Cis of TypeB, Qs in B2. However, this mean® moved out fronB1 and thus the configuration was
single block befor&) moves. Thus, this is a contradiction.

Block leader Consider the case th@tis block leader.
First, we assumbg > by, that is,BO is the biggest block i€. Without loss of generality, we assurRe
is in B1 because the size BfL andB2 is same.

13



e Consider the case th@tis of TypeA.

— Consider the case that the sizeRff is bigger than 1, then the size BR is also bigger than
1. If Pis the border oB1 that shares a hole witR0, the destinations d® by Algl andAlg2
are the same. IP is the other border dB1, the biggestl.block of the destination i€* is B2.
Because 2 k < n— 3, the size of holdd betweenP andB2 is more than two. Becaus$g is
symmetric andB2 does not move betwedi andC and the size of holes other thahis one, it
is a contradiction.

— Consider the case that the sizeBifis equal to 1, the the size BR is also equal to 1. Then the
destination 0B2 isBO by Alg2. If the destination oP is BO, the system achieves the semi-single
block or single block with no outdated robots. If the dedioraof P is B2, the system reaches
a configuration with a single biggest block and at least oaktisd robotP with no outdated
robots. However, byAlgl, the robot on the biggest block cannot move, and the isolatieots
are the one that move to the biggest block. Therefore, themyseaches a semi-single block
configuration or single block configuration with no outdatetiots and achieves the gathering
in O(k?) rounds.

e Consider the case th@tis of TypeB. Because&) is an isolated roboQ is part ofB2 which is of size

1. Thus,Bl is also of size 1.

Second, we assunig < b;. Then, there exist two biggedtblocks, and thu€ is of TypeB. (Note that,
in TypeA, the biggest.block is only one.) Therefor& is an isolated robot and iBO. Without loss of
generality, we assume that the destinatioiQd$ B2 because the size &fl andB2 is same. Since the size
of a hole betweeB1 andQ is one inC, Q belongs tB1 in C*. This implies that the size @1 isb; + 1 and
the size oB2 isb; in C*. SinceQ moves to the smaller block @, this is a contradiction.

Finally, we assumég = b;. There are three biggedtblocks. IfC is of TypeA, because the biggest
d.block is only one to whiclQ belongs. This is a contradiction. T is of TypeB, becaus&) is an isolated
robot, each size oB0O, B1 andB2 is equal to 1. Then, because there are only three robotarnsl
symmetric,P andQ are notBO and the destination of both of themB8 by type 1 ofAlgl. This destination
is same as bylg2.

Semi-block leader Consider the case th@tis semi-block leader. Thei0 or B2 is the biggest block in
C.

If bp = by + 1, there are two biggest blocks. This impl@ss of TypeB, and therQ is an isolated robot.
ConsequentlyB1 contains onlyQ, and thusBO andB2 contain two robots. Sinc® moves to the biggest
block inC*, Qis an isolated robot i€* (OtherwiseQ is in a blockBO or B2 with the size three). Remind
thatP andQ are symmetric irC*. However,P is in block BO or B2. This is a contradiction, and thus this
case never happens.

If bp > by + 1, BO is the biggest block i€. If Cis of TypeA, Qjoins BO. Then,Pis in B1 orB2. By the
definition of B2, the size oB2 is bigger than 1.

e Consider the case th&tis in B1. If the destination oP in Algl is to BO, Q joins from B2 because

C* is symmetric and both destination BfandQ is BO. However, because the size B2 is bigger
thanB1, itis a contradiction. If the destination @fin Algl is to B2, then the position dB2 does not
change fronC* because the size &2 is bigger than 1. However, because the size of hole between
B1 andB2 is more than 2 an@* is symmetric, then there is another hole which size is mae #) it
is a contradiction.

e Consider the case th&tis in B2. If the destination oP in Algl is to BO, then it is same as the
destination byAlg2 and the other robot does not move. Therefore, the systeravashihe gathering
in O(k?) rounds. If the destination d¢? in Alg1l is to B1 and the size oB1 is bigger than 1, then the
position ofB1 does not change fro@r. However, because the size of hole betwB&mndB2 is more
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than 2 andC* is symmetric, then there is another hole which size is mae f it is a contradiction.
If the destination oP in Algl is to Bl and the size oB1 is equal to 1, theB1 moves tdB0, the size
of B2 is 2, and the robdR in B2 other tharP moves toB0. Then, the members &0 cannot move.
If P moves, afteRjoins BO, then new destination & is to BO by both ofAlgl andAlg2. Therefore,
the system achieves the gatheringitk?) rounds.

If Cis of TypeB, Q is an isolated robot and thu&l contains onlyQ. ConsequentlyB2 contains two
robots. SinceQ moves toward the biggest bloc moves toward30. This meand is in B2 and moves
towardBO0. However, sincd has a hole of size one in its directid@,should also have a hole of size one in
its direction inC*. Then,Q joins a block immediately afte moves, and thu€ never becomes diypeB.
Therefore, this case never happens.

If bp < by + 1, thenB2 is the biggest.block. IfC is of TypeA, Q joins B2. Then,P is in BO or B1.

Consider the case th&tis in BO. If the destination oP is B1, thenQ joins B2 from BO because the
size of a hole betweeB0O andB2 is one. However, ii€*, the configuration is block leader, it is a
contradiction. If the destination &f is B2, thenQ joins B2 from the side oB1. If Q is a member of
B1in C*, then the size 0Bl is bigger tharB2. If Q is not a member dB1 in C*, then until all block
members to whicl® belongs irC* join B2, the size of hole between the block @lis 1 because the
size of hole betweeR andB2 is 1. Therefore, irC, all members to whicl® belongs inC* join B2.
By considering the size d1 andB2, Q is an isolated robot i€*. ThereforeP in BO is an isolated
robot, that is, the number of robots in this case is 4. Thisdgrdaradiction.

Consider the case thitis in B1.

— Consider the case thRtis a neighbor ta2. Then, inC, Q moves toB2, soQ is in BO. Because
both size of holes betwedsil andBO and betweeB0 andB2 is 1, andP andQ are symmetric
in C*, the size of a hole betwedil andB2 is also 1. Because> k+ 4, it is a contradiction.

— Consider the case th&tis a neighbor td0. Then,P tries to move toward0. SinceP andQ
are symmetric irc*, Q joins B2 from the side oB1.

Remind that the difference between the sizeBtfand that ofB2 is one inC and the size
of B1 does not increase fro@* to C. Therefore, the size d81 and that ofB2 are the same
immediately before) joins B2. On the other hand, sind@andQ are symmetric irC* andP
belongs tdB1, Q also belongs t®1. This implies the size d81 is bigger than that dB2 in C*.
This is a contradiction.

If Cis of TypeB, Q is an isolated robot.

Consider the case thRtis in BO. Then, the member &1 is onlyQ, and the size oB2 isb; +1= 2.
Becausdy < b; +1 = 2, the member oBO is only P. Then, the humber of robot is 4, and this is a
contradiction.

Consider the case th&tis in B1. Then, the member d@0 is only Q. SinceQ moves toward the
biggest blockQ moves toward32. This impliesQ is in B1 in C*, and consequently there exist only
two blocks with the same size @©". SinceP andQ are symmetric irC*, the sizes of holes in both
directions are the same. This impli@&$is periodic, and this is a contradiction.

Consider the case th&tis in B2. Then, since is in the biggest block i€, P is also in the biggest
block inC*. ConsequentlyP moves toward the neighboring biggest block which is the ssimeeas
B2. This implies the size d80 is at leasb; + 1, and this is a contradiction.

a

From Lemmag]7, 18 ar[d]19, we have the following theorem.

Theorem 1 From any non-periodic initial configuration without towehe system achieves the gathering
in O(n?) rounds.
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4 Concluding remarks

We presented a new protocol for mobile robot gathering omg-shaped network. Contrary to previous
approaches, our solution neither assumes that globalpticilty detection is available nor that the network
is started from a non-symmetric initial configuration. Nekeless, we retain very weak system assump-
tions: robots are oblivious and anonymous, and their sdlmedis both non-atomic and asynchronous. We
would like to point out some open questions raised by our wéikst, the recent work of [5] showed that
for the exploration with stopproblem, randomized algorithm enabled that periodic amdnsgtric initial
configurations are used as initial ones. However the prapapproach is not suitable for the non-atomic
CORDA model. It would be interesting to consider randomipeotocols for the gathering problem to
bypass impossibility results. Second, investigating #esibility of gathering without any multiplicity de-
tection mechanism looks challenging. Only the final configion with a single node hosting robots could
be differentiated from other configurations, even if rolars given as input the exact number of robots.
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