Reachable Sets

Let t 0 < t f , U = ∅ convex, compact, and X 0 ⊆ R n be given.

Control problem

For a given u

∈ L ∞ ([t 0 , t f ], R m ) find x ∈ W 1,∞ ([t 0 , t f ], R n ) with x (t) = f (t, x(t), u(t))
a.e. in [t 0 , t f ] Approximation on grid with stepsize h = (t f -t 0 )/N: 

x(t 0 ) ∈ X 0 ψ(x(t f )) = 0 s(t,
grid functions u h (t i ) = u i , x h (t i ) = x i , i = 0, . . . , N Discrete Control Problem (Euler) For a discretized control function u h (•) find a solution x h (•) with x h (t i+1 ) = x h (t i ) + hf (t i , x h (t i ), u h (t i )), i = 0, 1, . . . , N -1 x h (t 0 ) ∈ X 0 ψ(x h (t N )) = 0 s(t i , x h (t i )) ≤ 0, i = 0, 1, . . . , N u h (•) ∈ U h Discrete reachable set at t i : R h (t i , t 0 , X 0 ) := y ∈ R n | ∃u h (•)
d H (R(T , t 0 , x 0 ), R h (T , t 0 , x 0 )) ≤ C 1 h.
Hausdorff distance: Approximation of Discrete Reachable Set I Strategy 1: collect all grid points with distance

√ n 2 ρ R 1 ρ := gρ∈Gρ dist(gρ,R h )≤ √ n 2 •ρ {g ρ }
To be computed: 

dist(g ρ , R h ) = inf r ∈R h g ρ -r M.
{ŝ ρ }
To be computed:

ŝρ ∈ Π R h (g ρ ) = {r ∈ R h : g ρ -r = dist(g ρ , R h )} M. Gerdts
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Approximation of Discrete Reachable Set III Strategy 3: outer approximation by complement of open balls

R 3 ρ := R n \ gρ∈ρZ n int B dist(gρ,R h ) (g ρ )
To be computed: Computing Distance and Best Approximations Algorithm: Choose a region G ⊆ R n and cover G by a grid G h with step-size h (or h p ) For every g h ∈ G h solve (discretized) optimal control problem: 

dist(g ρ , R h ) = inf r ∈R h g ρ -r
(OCP g h ) Min 1 2 x(t f ) -g h 2 2 s.t. x (t) = f (t, x(t), u(t)) x(t 0 ) ∈ X 0 ψ(x(t f )) = 0 s(t, x(t)) ≤ 0 u(t) ∈ U Solution: x (•; g h )
d H R, R 1 ρ ≤ (C 1 + √ n 2 • C 2 ) • h
Strategy 2 (best approximations): Direct Shooting Example 3: Kenderov Example 4: Bilinear 

d H R, R 2 ρ ≤ (C 1 + √ n • C 2 ) • h Strategy 3 (complement of open balls): d H R, R 3 ρ ≤ (C 1 + √ n • C 2 ) • h Assumptions: f lipschitz w.r.t. t, C 1 w.r.t. x, C 0 w.r.t. u, ∅ = U convex, compact, ρ = C 2 • h,
¡ ¢ £ ¤ ¤ ¥ ¥ ¦ § © ! " # $ $ $ $ $ $ $ $ % % % % % % % % control grid t 0 t N u 1 u N u h (B-
i ; z), u h (t i ; z)) ≤ 0, ∀i, s(x h (t i ; z)) ≤ 0, ∀i, ψ(x h (0; z), x h (1; z)) = 0,
Control problem: (t ∈ [0, 1], u(t) ∈ [-1, 1]) x (t) = 8 (a 11 x(t) + a 12 y (t) -2a 12 y (t)u(t)) , x(0) = 2 y (t) = 8 (-a 12 x(t) + a 11 y (t) + 2a 12 x(t)u(t)) , y (0) = 2 (a 11 = σ 2 -1, a 12 = σ 1 -σ 2 , σ = 0.
(t ∈ [0, 1], u(t) ∈ [0, 1]) x (t) = πy (t), x(0) = -1 y (t) = -πu(t)x(t), y ( 
Control problem: (t ∈ [0, 1], u(t) ∈ [0, 1]) x (t) = πy (t), x(0) = -1 y (t) = -πu(t)x(t), y (0) 

Adaptivity

Idea:

Let g h be a grid point and x (t f ; g h ) an optimal solution.

Every grid point within the ball B r (g h ) and radius r = x (t f ; g h ) -g h is not reachable and thus needs not to be projected. 

  d H (S, S) = max{d(S, S), d( S, S)}, d(S, S) = sup s∈S dist(s, S) M. Gerdts Optimal control techniques for reachable set computations SADCO, Kickoff, Mar 3-4, 2011

  x h ( tj ; z) -x j = 0, ∀j Structure M = 1 (single shooting) : small & dense; z = (x 1 , u 1 , . . . , u N ) M > 1 (multiple shooting) : large-scale & sparse; z = (x 1 , . . . , x M-1 , u 1 , . . . , u N ) M. Gerdts Optimal control techniques for reachable set computations SADCO, Kickoff, Mar 3-4, 2011 Numerical Solution Software OC-ODE, OC-DAE1, SODAS [G.]: direct multiple shooting discretization SQP method (non-monotone linesearch, BFGS update, primal active-set QP solver) various integrators (Runge-Kutta, BDF methods, linearized Runge-Kutta methods) various control approximations (B-splines of order k ) gradients by sensitivity differential equation sensitivity analysis and adjoint estimation extensions to adjoint gradient computation and mixed-integer optimal control problems Large-scale problems: www.worhp.de (academic licenses available) (t ∈ [0, 1], u(t) ∈ [-π, π]) x (t) = 2gy (t) cos(u(t)), x(0) = 0 y (t) = 2gy (t) sin(u(t)), y (0) = 1 Reachable sets for N = 5, 10, 20, 40: M. Gerdts Optimal control techniques for reachable set computations SADCO, Kickoff, Mar 3-4, 2011 Example 2: Rayleigh problem Control problem: (t ∈ [0, 2.5], u(t) ∈ [-1, 1]) x (t) = y (t), x(0) = -5 y (t) = -x(t) + y (t)(1.4 -0.14y (t) 2 ) + 4u(t), y (0) = -5 Reachable sets for N = 10, 20, 40, 80, 160: M. Gerdts Optimal control techniques for reachable set computations SADCO, Kickoff, Mar 3-4, 2011 Example 3: Kenderov Control problem: (t ∈ [0, 1], u(t) ∈ [-1, 1]) x (t) = 8 (a 11 x(t) + a 12 y (t) -2a 12 y (t)u(t)) , x(0) = 2 y (t) = 8 (-a 12 x(t) + a 11 y (t) + 2a 12 x(t)u(t)) , y (0) = 2 (a 11 = σ 2 -1, a 12 = σ 1 -σ 2 , σ = 0.9) Reachable sets for N = 20, 40, 80, 160, 320: M. Gerdts Optimal control techniques for reachable set computations SADCO, Kickoff, Mar 3-4, 2011

  0) = 0 Reachable sets for N = 10, 20, 40, 80, 160: M. Gerdts Optimal control techniques for reachable set computations SADCO, Kickoff, Mar 3-4, 2011

  sets with higher order methods zooming into interesting sub-regions possible state-space grid O(h) only once and not O(h 2 ) in each Euler step as in Chahma'03, avoiding an obstacle (time to collision 0.5...2 s) Scenario 2: overtaking maneuver Questions: Can a collision be avoided at all? If yes, how? M. Gerdts Optimal control techniques for reachable set computations SADCO, Kickoff, Mar 3-4, 2011 Optimal Trajectory to a Secure Target State Objective: (t f =free final time) (y (t f ) -y target ) 2 → min Single track model: x = F x cos(ψ) -F y sin(ψ) /m y = F x sin(ψ) + F y cos(ψ) /m ψ = ( v F sv cos(δ)h F sh + v F uv sin(δ)) /I z δ = w δ Constraints: initial conditions and (a) state constraints: 1.3 ≤ y (t) ≤ 5.7 (stay on road), (F sv , F uv ) ≤ F max,v , (F sh , F uh ) ≤ F max,h (Kamm's circle) (b) boundary conditions: x(t f ) = d (d =initial distance to obstacle), y (t f ) = 0 (no velocity in y-direction when passing obstacle) (c) control constraints: w δ,min ≤ w δ ≤ w δ,max (steering velocity), F B,min ≤ F B ≤ F B,max (braking force) width 2.6 m, road width 7 m, initial y-position of car 1.75 m, distance 70 m, velocity 200 km/h, CPU: 0.05 s -0.07 s