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4 A

Min [(a,z(a), b, x(D))

u(t) € U(t) (x(t),
(

[ If {(2(a), 2(b)) and (z(a), z(b)) € E, FIXED TIME PROBLEM.]
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NONSMOOTH PROBLEMS

1. Nondegenerated Necessary Conditions for State Constrained Problems
2. Refining Necessary Conditions
= weak assumptions and/or stronger conclusions
= easily translated in computational schemes
= gpecial interest on state constrained problems
3. Necessary Conditions for various non standard problems
= Hybrid optimal control, Free time problems,
= infinite horizon problems, nonregular mixed constrained problems
5. Relations between sets of Necessary Conditions

6. Applications vs Theory
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Necessary conditions under “minimal assumptions”

‘ Based on Clarke’s monograpgh 2005.

Multifunction I :R"™ — R™ multifunction.

Graph of I : G C R" x R™.

Definition: I satisfies the bounded slope condition
near (z,v) (with parameters ¢, R, K), if

r € B(Z,¢), v e B(v,R), (a,8) € N5 (x,v) = |a| < K|S|.

If T is pseudo Lipchitz, then it satisfies the bounded slope condition.
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(R : [a, b] —]0, 400] a measurable function

T local minimum of radius R if

S de>0: |2(t) —z(t)| < R(t) a.e,




Faculdade de Engenharia

& FE U Universidade do Porto NEW DEVELOPMENTS

This result is a main tool in the derivation of refinements of

necessary conditions for various problems.

For example:

Gew)Nonsmooth Maximum Principle

~

v'For standard optimal control problems—for convex-linear case it is a

sufficient and necessary condition

v" For general mixed constrained problems including problems with DAE

O For problems with state constraints ?

@cessary conditions for general free time problems

Open problem
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s.t.

————  Asuuming Lipschitz continuity
(t) = f(t,x(t),u(t)) a.ec. of f wrt (x,u) jointly
u(t) € Ul(t) a.c.

L (#(a),2(b) €

, (t,i‘(t)aﬂ(t)))— max (p(t), f((£,Z(1),u))
,—p(b)) € A0"U(z(a), (b)) + N[

0,
O (D), [t 2(1), u(t))) + {0} x Ny7( (a(t))
(

wel(t)

);
+ N ((a), 7(D)).

/
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MIXED CONTRAINED O.C. P.

Min 1(z(a), 2(b)) [F(t,:m —{v: v = (o), (u) e s<t>}]
S.t.

(t) € F(t,z(t)) ae.

(z(a),z(b)) € E Necessary conditions for such problems called for

some regularity assumptions on the mixed constraints

For Example:
If S(t) ={(z,u): b(t,x,u) =0}, 1

then assume that det B(t)B’(t) > K, where B(t) = V,b(t,x(t), u(t))

called full rank conditions

10
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MIXED CONTRAINED O.C. P.

(Min lz(a). o) ) F(ta) ={v: v=f(t,z,u) (x,u)es*(t)}]

(t) € F(t,x(t)) a.e.

\_ (w(a),x(b)) € E Y

Si(t) ={(z,u) € 5(t) : [x = 2(t)| < e, [u—ul < R(#)} ]

MAJOR HYPOTHESES

ﬂ) S(t) locally closed at (x,u) € S(t). \
(it) 3k, kS e L

|f(t, 1, ur) — f(t, o, u0)| < kL(t)|x1 — xa] + kL (8)|ur — ual,
V(x;, u;) € SE(t)

(i) s € L () € S5(0). (o 3) € Ny () = Jo] < Ks(0)]3].
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[Min [(x(a),x(D)) A

S.t.
(t) € F(t,x(t)) a.e.

| (wla).a () € B )

NEW NECESSARY CONDITIONS

(T p

) (Ao, p(t)) # 0,

12



? F E U
g
B
%
G

Universidade do Porto
Faculdade de Engenharia NEW DEVELOPMENTS

IMPORTANCE OF SUCH RESULT:
Necessary conditions in the form of a

maximum principle
under somewhat

minimal assumptions

KNOWN REGULARITY ASSUMPTIONS ON S(t)

1 X

BOUNDED SLOPE CONDITION ON S(t)
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THE BOUNDED SLOPE CONDITION

JKs € L': (x,u) € Si(t), (a,B) € Ng(t)(a:,u) = |a| < Kg(t)|8].

v GOOD situation (a,p)  **BAD situation

(2(t), u(t))

(@(t), a(t))
(,0)

Some sets S(t)

/S(t) ={(z,u): p(t,r,u) € &(t)} >

\»S(t) ={(z,u): b(t,z,u) =0, g(t,z,u) <0, uw€e U(t)}
—

S(t) = (@)~ () € X(t)}
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SPECIAL CASEs

4 )
In many problems we have state-control constraints with “'two”’ controls:
u(t) = (v(t),w(t)), (x(t),v(t)) € S(t), w(t) unconstrained.
\_ Then the bounded slope condition is imposed only on S(t). )
/ PROBLEMS WITH DIFFERENTIAL AND ALGEBRAIC EQUATIONS \
The Problem .
Min I(z(a), 2 (b)) “Bounded Slope” condition
S.t. (x,u,v) € SS(t), X € RN, p € NU(t)L(ﬁ,(t),
Alt, 2(t), u(t), £(8) =0 a.c (@, 8 — p,7) € 0%(h(t, z,u,v), \)
u(t) € U(t a.e

\(w(a),x(b); e - = |af < M(0)|(8,7)]- /

15
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Euler Inclusion:

(=b(t),0) € 95, (p(t), f(t,2(2), a(t))) {Nﬁt)(f(t)aﬁ(t)) ]

With
S(t) =A{(z,u): wel, gt,x,u) <0, b(t,r,u) =0}

one would hope to have some MULTIPLIERS}in the Euler inclusion

instead of the Normal cone.

This is possible if one assumes g and b to be continuously.
differentiable, for example.

16
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Assuming some smoothness...

JKs e L' : (x,u) € Si(t), (o, ) € Ng(t)(a:,u) = |a| < Kg(t)|8].

° ° /
Regularity Assumptlon\

(x,u) € SE(t): all A\, v such that v > 0, (v, g(t,x,u)) =0,

Du(()\vf\/)v (b,g))(t,x,u) = Nllf(u) — A=0,7=0

17
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Euler Inclusion: Nonsmooth to Smooth

Nonsmooth
S(t)={(x,u): weU(t), glt,r,u) <0, b(t,r,u) =0} b and g:

(=p(1),0) € 05 (p(t). f(1)) + N5 (F(1)(1). a(t))

(=5(1).0) € Duu((p, A7), (f, =0, =7)) + {0} x Ny (a(t))

Smooth b and g: 4

18
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Drawback: |f(t,:c1,u1) — f(t,.flﬁg, UQ)| S ka{(t”ﬂ?l — 5132| + k,;f(t)|u1 — ’LL2|

Question: Any alternative regularity assumption for the bounded slope condition and
w/o Lipschitz continuity wrt u?

Answer: in some cases, YES. Roughly speaking we get NC assuming, for

S(t) ={(x,u): p(t,z,u) € ®(t)}, wu(t) e Ult)
that the following holds

| Bl a(0).6) € p(ta.Um) | SOVERING

but we also need to assume that

{{(f(x,u),go(t,:c,u)) Cw e Ut)} is convex.}
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Open Problems

¢ For mixed (state-control) constraints
Identify other situations where multipliers can stated in terms

of multipliers and not the normal cone to the constrained set.

¢ Extensions to state constrained problems and problems with

both state and mixed constraints.

+» Determination of NC for general Free Time problems

20
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