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1 Introduction

Consider the Navier-Stokes equation

(1.1)

( Xy — 1 AX + (X -V)X = f. +Vp, in(0,00) x O,
V-X=0, in(0,00) x O,

X =0, on(0,00)x 00,

X(0) =z, inO.

\

\

where O is an open and bounded subset of R?, d = 2, 3, with smooth
boundary 0. Here f, € (L*(0))?is given.Let X, be an equilibrium
solution to (1.1), i.e.,

(1.2)

—1pAX, + (Xe ) V)Xe — fe + Vpe, In 07
V- X,=0 inQO,
Xe=0 on (0,00) x 00.

If we replace X by X — X, equation (1.1) reduces to

(1.3)

(Xi — AX + (X V)X, + (X V)X + (X V)X =Vp
in (0,00) x O,
(V- X=0inO,

X =0 on (0,00) x 00,

| X(0)=2 inO,

where x = zg — X,. If we set

H={X¢e(L*0)": V-X=0,Xv],,=0},
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where v is the normal to 9O and denote by P : (L*(0))¢ — H the
Leray projector on H, we can rewrite system (1.3) as

(1.4)

X))+ AX(t)+B(X(t) =0, t>0,
X(0) = x,

where
A=—PA, D(A)=H}O)NH*O)!NH,
Ajx = P((z- V)X, 4+ (X, - V)z), B(x)=P((x-V)x),
A=A+ A,, D(A) = DA

We have
<B(x),y>H=b(:C,:c,y), VCL’,yGD(A>,

where (-, ) is the scalar product induced by H as pivot space and

b(x,z,y) Z / r;Dizyr, Va,y,z€ D(A).

J,k=1

We recall that for large values of the Reynolds number the sta-
tionary solution X, to (1.1) is unstable. i.e. the correspondmg flow
is turbulent. Our purpose here is to stabilize (1.4) or, equivalently,
the stationary solution X, to (1.1), using a stochastic controller with
support in an arbitrary open subset Oy C O. To this aim we associate
with (1.4) the controlled stochastic system

(

dX (t) + (AX(t) + B(X(t))dt

(15) < D Vilt)bidph),

X(0) = x,

where {BJ} ', is an independent system of real Brownian motions in

a filtered probability space (2, P, F, {F;}i~0)-
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The main result, Theorems 2.2 below, amounts to saying that, in
the complexified space H associated with H , under appropriate as-
sumptions on A (and, implicitly, on X,), for each v > 0 there ex-
ist N € N, {?ﬂj}é\f:l C H, and an N-dimensional adapted process
{V, =Vj(t,w) é\le, w € (), such that for all z in a sufficiently small
neighbourhood of the origin, ¢t — eTX (t,w) is decaying to zero for
t — oo in aset (27 of positive probability which is precisely estimated.
Moreover, it turns out that the stabilizable controller arising in the

right hand side of (1.5) is a linear feedback controller of the form

(1.6)  Vi(t) =n(X(t), ), ¥y = Plmey), j=1,..N,

where [n] > 0 and ¢7 are the eigenfunctions of the dual Stokes-Oseen
operator A* corresponding to eigenvalues A; with Re A\; < v, {¢; }jvzl
is a system of functions related to 7 and m = I, is the characteristic
function of Oy where Oy is a given arbitrary open subset of O.

We may view (1.5) as the deterministic system (1.4) perturbed by
the white noise controller Zjvzl Vj(t)a;8; with the support in O

This work is a continuation of [2] where such a result is proved
for the linearized Navier-Stokes equation associated with (1.3). The
previous treatment of internal stabilization of Navier-Stokes equations
([1],[4]) is based on the stabilization by a linear feedback provided
by the solution of an algebraic infinite dimensional Riccati equation
associated with the Stokes-Oseen operator A. (This approach was also
used in [5],[6],[15],[16],[20],[21] for boundary stabilization of Navier-
Stokes equations.)

The main advantage of this stochastic based stabilization technique
with respect to the Riccati-feedback based approach in above men-
tioned works, is that it avoids the difficult computation problems re-
lated to infinite dimensional Riccati equations. Also a nice features of
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this feedback control which has a stabilizing influence with high prob-
ability if applied in a small neighborhood of a stationary solution is
that besides its simplicity it is robust in the class of finite dimensional
Gaussian multiplicative perturbations.

It should be said also that stabilization by noise of the dynamic
PDEs was already used in the literature and we refer to [6], [7], [8], [9],
[10], [12], [14] for related results. However, there is not overlap with
existing literature and methods used here are different and may be
viewed as a combination of spectral stabilization techniques ([1],[4])
with that of noise stabilization. In particular in [9] is studied the
stabilization of some classes of PDE using Stratonovich noise which
has a special interest in construction of an approximating stabilizing
controller.

1.1 Notations

Throughout in the following 3;, j = 1,..., N are independent real
Brownian motions in a filtered probability space (€2, P, F, {F; }i~0)
and we shall refer to [12, 14] for definition and basic results on stochas-
tic analysis of differential systems and spaces of stochastic processes
adapted to filtration {F;}s~o. The scalar product of H is denoted
(-,-Yg and the norm | - |;. We shall denote by H the complexified
space H + iH with scalar product denoted by (-,-)7 and norm by
|- 7. Cw([0,T); L*(Q, H)) is the space of all adapted square-mean

H-valued continuous processes on [0, T7.
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2 The main result

To begin with, let us briefly recall a few elementary spectral proper-
ties of the Stokes-Oseen operator A. Denote again by A the extension
of A to the complex space H. The operator A has a compact resolvent
(M — A)~! and —A generates a Cp-analytic semigroup e~ in H.
Consequently, A has a countable number of eigenvalues {;}72; with
corresponding eigenfunctions ¢; each with finite algebraic multiplic-
ity m;. Of course, certain eigenfunctions ¢; might be generalized and
so, in general, A is not diagonalizable, i.e., the algebraic multiplicity
of A\; might not coincide with its geometric multiplicity. Also, each
eigenvalue A; will be repeated according to its algebraic multiplicity
m;.

We shall denote by IV the number of eigenvalues A; with Re A; <,
j=1,...,N, where v is a fixed positive number.

Denote by Py the projector on the finite dimensional subspace

X, = lin Span{gpj}é\f:l.

We have X, = PyH and
1
2.1 Py=—=— [ (M —A)~"d\
where I' is a closed smooth curve in C which is the boundary of a
domain containing in interior the eigenvalues {\; }é\le
Let A, = PvA, As = (I — Py)A. Then A,, A leave invariant

the spaces X, and Xs; = (I — Py)H and the spectra o(A,), o(As)
are given by (see [10])

o(Ay) = {)‘j}év:h o(As) = {)‘j};‘i]\fﬂ-
Since o(As) C {A € C; ReA > v} and A generates an analytic
Cy-semigroup on H, we have

(2.2) e~ Alz| = < CeMx|~, Vo€ H, t>0.
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The eigenvalue A; is said to be semi-simple if its algebraic and geo-
metrical multiplicity coincides, or, equivalently, A; is a simple pole for
(M — A)~". If all eigenvalues {A;};1; of the matrix A, are semi-
simple, then A, is diagonalizable.
Herein, we shall assume that the following hypothesis holds.
(Hy) All eigenvalues A\j, j =1,..., N, are semi-simple.

As regards Hypothesis (Hy), it should be said that it follows by a
standard argument involving the Sard-Smale theorem that the pro-
perty of eigenvalues of the Stokes-Oseen operator to be simple (and,
consequently, semi-simple) is generic in the class of coefficients X..
(See [3], p- 159.) So, one might say that “almost everywhere” (in the
sense of a set of first category), hypothesis (Hy) holds.

Denote by A* the adjoint operator and by Py the adjoint of Py.
We have

1

(2.3) Pl = — (M — A",
ori T

The eigenvalues of A* are precisely the complex conjugates Xj of eigen-
values A; of A and they have the same multiplicity. Denote by ¢% the

eigenfunction of A* corresponding to the eigenvalue )\_j We have,
therefore,

(2.4) Ap; = Njpj, A'¢i=XNg;, jeN.

Since the eigenvalues {A; }N 1 are semi-simple, 1t turns out that the
system consisting of {gpj}J . {gpj ', can be chosen to form a

bi-orthonormal sequence in H e,

(25> <90j790;;>ﬁ:5jk7 ]7k: 17°'°7N7
where 4 is the Kronecker symbol (see, e.g., [4]). We notice also that
the functions ¢; and 7 have the unique continuation property, i.e.,

(2.6) 0; 0, ©; %0 on O forall j=1,..,N,
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(see, e.g., Lemma 3.7 in [4]).
We have also the following property which will be proven in Ap-
pendix.

Lemma 2.1 The system {¢], ..., o5} is linearly independent in
(L*(O))".

If the eigenvalues A; are the same then Lemma 2.1 follows by the
unique continuation property (2.6).

Consider the following stochastic perturbation of the system (1.4)
considered in the complex space

(

N
27 < dX + (AX + B(X z:: (X, ¢3) g P(me;)ds;,

X(0) ==,

where |n| > 0 and m = 1p, is the characteristic function of the open
subset Oy C O. Here {gbj} ', C H is a system of functions to be
precised in (2.9). This is a closed loop system with a stochastic linear
feedback controller associated with (1.4).

In two dimensions the stochastic differential equation (2.7) has a
global solution X € Cy([0,T]; L*(Q), H)) for all T > 0 (see e.g.

14)).
The closed loop system (2.7) can be equivalently written as
(2.8)
(dX (t )—VOAX( Vdt+(X (£)-V) Xodt+(Xo-V) X (8)dt+(X (¢)-V) X (¢)dt

= nmz ), ©3) 59;dB;(t) + Vp(t)dt in (0,00) x O, P-as.
V-X()zOmO, X()( — 0, ¥t >0, P-as.

00
X(0)=xinO.

\




Hence, in the space (L*(0))¢, the feedback controller

{u; = nm(X, %) 70}

has the support in Q.
We shall define now ¢;, 7 =1,..., N, as follows.

(2.9) $;(€) = aupi(€), £€0,

where ay; are chosen in such a way that

N

Zalj<9077¢z>025jk; j,k: 1,...,N.

=1
(Since, in virtue of Lemma 2.1 the Gram matrix {(p], gp,j)o}fykzl is
not singular, this is possible.) With this choice, we have

(210) <¢j7 QDZ>0 = 5@', ]{7,] = 1, . N.

Here, we have used the notation (u, v)y = fOo u(&)v(€)dE.

In the following we shall denote by A% « € (0,1), the fractional
power of order a of A, by D(A®) its domain and set |x|, = |A%x| for
all 2 € D(A®). Moreover, we shall denote by W the space D(A1) if
d =2 and D(Aélﬁe) if d = 3 where € > 0 is small.

Theorem 2.2 below is the main result of the paper.



Theorem 2.2 Let d =2,3, X, € C?*(O) and

> 1 — .
(211) ol 2 max /6y —2Re ),

Then, there is C* > 0, independent of w such that, for each
v e W, |z|w < (C*)? there is QF C Q with

. .

(2.12) P(Q) > 12 (O*\xy;; - 1) 2?

the solution X (t,x) to (2.7) satisfies

2.13 lim (e¥|X(t,2)]=) =0, P-as. in Q.
t—o00 ’ H ’ v

In particular, Theorem 2.2 implies that if ||y < py < (C*)~2 then
X = X(t,x) is exponentially decaying to 0 on a set 2% of probability

greater than
__

1
1 -2 (C*\x\wf - 1) 20Ny

The constant C* depends of X, only. The optimal n for which P(2})
is maximal is of course that which follows by (2.11), i.e.,

In| = max V67 — 2Re \;,
and we see that P(2F) — 1 as |z|w < pp — 0.

For the linearized Navier—Stokes equation, that is if one takes
B = 0, the exponential decay in (2.7) occurs with probability one.
In fact, as seen from the proof of Theorem 2.2 the constant C* comes
out from estimates on the nonlinear inertial term B and so, it is zero
if this term is absent from the equation.



Remark 2.3 As mentioned earlier, system (2.8) is written here in
the complex space H. If set X1(t) = Re X (t), Xo(t) = Im X (¢)
it can be rewritten as a real system in (X, X5). In this case, the
feedback controller is an implicit stabilizable feedback controller with
support in Oy for the real Navier-Stokes equation (1.3). Of course,

)

if \;, j =1,..., N, are real, then we may view X(¢) as a real valued
function and so, in (2.12), | X |z = | X|#.

In particular, by Theorem 2.2 we have

Corollary 2.4 Under the assumptions of Theorem 2.2 the feed-
back controller

N
(2.14) mm > (X — Xe, 05) 505

J=1

stabilizes exponentially the stationary solution X., P-a.e in (2.

3 Proof of Theorem 2.2

The idea of the proof is to transform equation (2.7) in a determi-
nistic equation with random coefficients via substitution

N
3. y(t) = [T X0, t20,
j=1

where I'; : H — H is the linear operator
(3.2) Uijx = n(x,¢;) g P(me;), x€H, j=1,..,N

and e*li € L(ﬁ : H ) is the Cy-group generated by I';, i.e.,

d ~
(3.3) P etiz —Tietiz =0, VseR, v € H.
s
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We have by (3.2) and by (2.9) that
(3.4) DThx ="z, ¢5) 3 P(mo)o, Vi k=1,.,N

and therefore the operators I'1,...,I'y commute, because the Leray
operator P is self-adjoint.
Then, by [13, p. 176] equation (2.7) reduces to

(dy(t) ] &
Y
T Ay(t) + 5 Z Cly(t) + F(t)y(t)
=1
3.5) 4 !
(85 e ij:lﬁj(t)FjB(ezéil ﬁj(t)rjy(t)>:(), vVt >0, P-as.
y(0) = =,
where

F(t)y(t) = e 2 00 A (X5 500y 1)) — Ay().

By a solution to (3.5) we mean a function y € C([0, 00); D(Ai)) N
L*(0, 00; D(A)) which fulfills (3.5) P-a.s. in the mild sense (see Lemma
3.3 below).

Conversely, if y is a solution to (3.5), then it is an adapted process
and so

N
(3.6) X(@t)=]]e"yr), t>0,
j=1
belongs to Cy([0, T]; LA(, P; D(AT)) N LX(Q, P, C((0, T); D(A1)))
and satisfies equation (2.7).
Then we shall confine in the following to study existence and expo-

nential convergence in probability to solutions y to equation to (3.5).
We notice first that, as easily follows by (3.2) and (3.4), we have

e iy=n""Ty(e”=1)+y=(e"—1){y, ©;) 5P (me;)+y.

(3.7) _
Vs>0,7=1,...,.N, ye H.
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respectively

e—sl“jy _ n—ley(e—ns _ 1) +y = (6—773 _ 1)<y7 gp}’f>ﬁp(mqu) + v,
Vs>0,7=1..,N, ye H.

This yields
N
(38) Fltly =3 (7 = 1) (9, 9)) 5(AP(me;) = A;P(mey)).
j=1
We consider the operator
;N
(3.9) Ary = Ay + 5 Y Iy, Vye DA
j=1

and notice that the Cy-semigroup e r* generated by —Ar on H is
analytic. The operator Ap + F'(t) generates an evolution operator

U(t,7) on H, that is
[ d

dtU( )+ (Ar+ F(t)U(t,7)=0, 0<7<t

| Ulr,7) =1

Lemma 3.1 Let v the number fixed at the beginning of Section 2.
We have for n > maxi<j<n /67 — 2Re A,
(3.10)

t
|U(t, T )HL 3 i) < Ce - T)<1_|_772)’$’ (1+/ 6“/(T+25><<8>d8>’

Vt>r1, P-as.,

where C' is independent of w and ((t) = Zjvzl it
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Proof. We shall use as in [2], [4] the spectral decomposition of the

system
( dy
E—i—AFy-l—F(t)y:O, t>T1
(3.11) {
y(r) =z

\

in the direct sum &, & X, of y-unstable and ~-stable spaces of the
operator A. Namely we set

yu:PNy7 ys:([_PN)y
and, since by (3.8), PyF'(t)y = 0, we may rewrite system (3.11) as

(

N
Ay, 1 2
(3.12) ) E+Auyu—|—§PN;iju—0, t>T1
| Yu(T) = Py
and
(
dys

N
1
“(I-P Iy,
A+ N) Y oy

(3.13) : j=1
+(I = Py)F(t)y, =0, t =7

| Ys(T) = (I — Pn)z.

We have y = yy + Ys, Yu = Zjvzl y;p; and by (2.4)
Aupj =N, j=1,...,N.

Recalling that in virtue of (3.4)

Dy = 0Ly = n*(y, ;) g P(me;),
we may rewrite (3.12) as

dy 1 ) .
—F F A 5 Y (Pmey) ¢5) g =0, 27, j =1, N,
yi(1) = (z,¢}) 5.
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Taking into account (2.10) it follows that

dy; 1 .
d—tj+)\jy]—|—277y]—0 t27_7]:17“'7N7
yj( ) = (, 90;(>H

This yields,

y(t) = e~ (Nitz ”2)t<:1:, ©i) g, J=1,.,N, t>0.

Hence for n? > 6v — 2 Re Aj, J=1,...;, N, we have

(3.14) yu(t)| 7 < Ce™U )= V>
Now coming back to system (3.13) we shall rewrite it as
d (e
Ys 2
i A 5wl = PP,
N
(B15) ) 47 (M=) gy (1= Py)(AP(mgy) =X P(me;)) =,
7=1
t>T
\ys(T) = (I = Py)z.

Then by (3.14) and (2.2) we have that
[ys(t )IH < [em (I — Py)zly

e [ Z (49 = 1) |4y, ()T ~ Py)

x| P(mg;) + AP(m¢j> — A 'P(msbj)\ﬁds

< Ce || + oL |x|H/ Z e 3% =3¢ (s)ds

t
< Ce7)(1 + 772)|$|H/ e T (s)ds, Vit >0, Pas.
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for some constant C' independent of x and w € €. This completes the
proof of (3.10). OJ

Now, we fix n.

Lemma 3.2 We have

T DN 7l dt
P |
< Ol (1+ [Fe T2 (t)dt)”, Vo e W,

where C' is independent of w € ), 0 < e < i.
Proof. We set
2(t) = e?UR 2, 0<T <t

Then by Lemma 3.1 we have

o0 00 2
/ 2(4)]% dt < Cla|? (1+/ e”“””C(t)dt) , VredH
while

N
d 1
d—j+V0Az—|—A0z+§ ZF?Z%—F(t)z:%z, t>T.

J=1

Multiplying the latter by z and Azt2e, (scalarly in H ) we have the
standard estimates for d = 2, 3

{Aoz, 20| = bz, X, 2)| < Claly, Xl |2l < Clely . |27

and

(Agz, A2+22)]

b(z, X,, A2T2%2)| + [b(X,, z, A2T%2)|
C|2] | Xy [A7722] g + [ Xy |2]y [AT7%2] )
Clzli

g+2€.

IAIA
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We get that

< O]y o0 + 20O, + [(F(1)z AT22(1))).

This yields, via interpolatory inequality
4o o
20l < [2(0)]5 [0, fora=
1

)

=~ =
DN | —

and since by (3.8) [(F(t)z, A%z(t)ﬂ < Clz|, we get
d

— 201, + =)

— <ClBP, t>7T

2

‘ %.}-6
which yields

9

/ |Z(t)|§+e dt < C’|zzc|;r€ <1 —i—/ 67(T+28>C(t)dt) 7

which is just (3.10) for d = 3. The case d = 2 follows completely
similarly by multiplying the equation by A2z, (Here and everywhere
in the following C' is a positive constant independent of w.) [J

We come back to (3.5) and set

Glt,y) = e T BT B(eXM 5 W0y) - Wy e H, t > 0.
Recalling (3.2) and (3.7) we see that

B(e"y) = B(y) + (y, ¢5)% (" — 1)’ B(P(mg;))

(3.17) |
= (") —1){y, ¢}) 5[Bily, P(m;)) + Baly, P(m;))].
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where B(y) = P((y - V)y) and
(3.18)  Bi(y,2)=P((y-V)z), Baly,2)=P((2-V)y), Yy, zeD(A).
Then by (3.7),(3.8) and (3.17) we have for all 7,k =1,...; N
e—ﬁk(t)FkB(eﬁj(t)ij)
= e W [B(y) + (y, ¢3)% (" — 1)2B(P(mg;))
+(e"i = 1){y, ¢5) 5[ Bily, P(mg;)) + Ba(y, P(mg;))]
But in virtue of (3.8) we have
K OTky = (50— 1)y, i) Plmon) + 3
Therefore
e—ﬁk(t)FkB(eﬁj(t)ij)
= B(e%Dly) + (e7® — 1)(B(e%Oliy), pf) = P(mey)
= B(y) + (y,¢))% (") — 1) B(P(mg;))

HE — 1){y, ) 5l Bi(y, P(ms)) + Baly, Pms))
He Y — 1)(B(e iy, o) g Pmoy,).

Taking into account that ¢7, ;. are smooth we may write the previous
relation as

(3.19) e OBy = B(y) + 0,4(t,y), 4, k=1,..,N.
where
0kt y)la < C(L+00)([{y, ¥5) gI* + | Bily, P(me;)|2

<
(3.20) + [Bo(P(ma)),y)la + [(By): ¥}) ).
Vt>0,ye DA, jk=1,...N,

where 0 < a < 1 (recall that |z|, = |A%|) and

(3.21) 5(t) = sup max{e M it
1<j<N

17



To conclude, we have by (3.17)—(3.21) that

(3.22) G(t,y) = Bly) +O(t,y), Yt>0,ye DA).
Here for each o € (0, 1)
(3.23)

O, y)la < C(1+67(1))

x(max {|Bi(y, P(mg;)l, + [Ba(P(mey) y)la} +1By)]7),

where 0 is given by (3.21) and C' is independent of £,y and w.
We write (3.5) as

dy(t
% + Ary(t) + G(t,y(t)) + F(t)y(t) =0, Vit>0, P-as.
We set z(t) = e%wy(t) and rewrite it as
dZ(t) 1 _2y .
(3.24) o + (Ar — 57)2(15) +e 2'G(t, 2(t)) + F(t)z(t) =0
2(0) = x.
Equivalently,

t
(325) () = S(t0)z — / S(t, s)e=35Gs, 2(s))ds, V>0,
0
where 1
S(t,7)=U(t,m)e 21",

We have seen earlier in Lemma 3.1 that S(t, 7) is exponentially stable
in H.

Lemma 3.3 There is ), C ), with
| 0
P<Q$> >1— (O*’JZ“;/Q B 1) 8(nN)? |

with C* > 0 independent of w and x such that for each x € X
with x|y < C* equation (3.25) has a unique solution

z € O([0,00); W)) N L*(0, 00; Z).
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Here W = D(A1), Z = D(A1) if d = 2 and W = D(A1t),
Z = D(A1) if d = 3.

Proof. We shall proceed as in the proof of [6, Theorem 5.1]. Namely,
we rewrite (3.25) as

2(t) = S(t,0)x + Nz2(t) == Az(t), t>0,
where N : L*(0, 00; Z) is the integral operator
Na(t) = — / S(t 5)e G (s, 2(s))ds.
We shall prove first the folloowing estimate
320) Wl <C [ G )

Indeed for any ¢ € L*(0,00;Z') (Z' is the dual of Z) we have via
Fubini’s theorem

| ovsto,cionde = [ a </o S(t. )16, (5))ds (1))

g/ dt/ St 8)e™ G (s, 2(5))| s [C(1)] 2

/ dT/ "G(1,2(7))| 2 [C(t)| 2dt
< /0 dr (/T |S(t, T)e 2TG(T,2(T))\QZdt> 1€l 22(0.00.27)-
Now we set

[ = /OOO dr (/Oo 1S(t, T)e 2 TG(T, 2(7))[% dt) : .

By Lemma 3.2 we have

o 0 2
/ yS(t,T)a;@dt < Clzl}, (1+/ eW“t)g(t)dt) , YzeW
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Next we apply this for x = 6_%TG<T, z(7)) and get

/ 1S(t — T)e 2 7G(T, 2(7)) [ dt
T N 5
< C|G(r, (7)) (1+ / 67(T+2t)g(t)dt) . VaeWw

and therefore
9

I < C’/OO |G (T, Z(T))’We_%TdT (1 + /OO 6_275C(3)d3> :
0 0

as claimed.
Next, by (3.26) and Lemma 3.2 we have
(3.27)

’AZ’LQ(O,OO;Z)

<C (]x]w + (1 + /OOO eMg(s)ds) /OOO e%TG(T,z(T>)deT) .

On the other hand by (3.22), (3.23) we have
G(t,y)lw < [Bylw + [O(t, y)w-
By [6, Lemma 5.4] we deduce also that
Bylw < Clylz, YyeZ
and, similarly, by (3.20) we have
Ot y)lw < CL+8"W))lyliy, YyeZ

Then (3.27) yields
(3.28)

el < O I+ [0+ 80D F o)), Pas.
0
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where Cf is a positive constant independent of w. By (3.21) we have
sup(1 4+ 6V (1) (w))e 2" = 1+ sup max {031
(3.29) t>0 >0 0<j<N

= 1+ p(w), wel

Similarly, we have

o2

> 1
/ e~ (t)dt < = sup supeDT2 < — py(w).
0

1
YV 1<j<N 20 g

So (3.28) yields

330) Nelpzooezy < CF (Il + (14 p@)P) o220z ) - Pros.

In order to estimate the right hand side of (3.30) we need the following
lemma.

Lemma 3.4 Let 5(t), t > 0 be a real Brownian motion in some
probability space (2, F,P). Then for each A > 0 we have

IP’(sup eIH=A > r) — [[D(esupbo(ﬁ(t)—ﬁ) > 7’)
t>0

(3.31) = P(sup(5(s) = As) 2 logr)

= r 2,

Proof. Fix T > 0. By Girsanov’s theorem, B(t):=pt) =X, t<T
is a Brownian motion in (2, F,P) where

dP = MO =3NTgp.
We have
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Setting M7 = supg<;<r e’® we have

P(Mr > 1) = / ﬂ[r,+oo)<MT>dP - / Il[7’,+oo)(AZWT)e_/\ﬁ(T)Jr%)\QTC’ZI?PB'
0 0
Replacing in the latter identity 8(¢) by B(t) + At yields

P(Mr > 1) = / Uy o) (Mr)e 35T gp,
Q

Because B is a Brownian motion with respect to P we can compute
the integral above by using the well known expression of the law of

(My, B(1)), see e.g. [18, (8.2) page 9]. We obtain that
2 > b 1,2 (2b—a)®
P(Mr >7r) = db [ (b—a)e N e da.
V 27T /r /oo

It follows that

1 — AT 1 AT
P(My > r) = = e *VErfe (T ) + — *VErfe <T Ll ) :
2 V2T

+OO
\/7

For T — oo we obtain (3.31). [
Proof of Lemma 3.3 (continued). By (3.31) it follows that
i

where

(3.32) P (sup N3t < 7‘) >1—7r s0? =1 ..,N,

£>0
and therefore by (3.29)
(3.33) Pl4p<r)>1—(r—1) R, Vp>1.
We set
Uw) = {z € L*(0,00; Z) : 2| 22(0,00:2) < Rlw)},
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where R : () — R is a random variable such that

(3.34)

1+ /1 —4(C)2|z|w (1 + p)?

< R(w) <

1= \/T— AC Pl (L +
Then, as easily follows from (3.30) and (3.34) for
(3.35) [zl < pr(w) = [8(1 + u(w)*) (T,

we have

w € .

AN (w) C U(w).
Now we shall apply the Banach fixed point theorem to A on the set

U(w). Let 21,29 € U(w). Arguing as in the proof of (3.30) we find
that

o

|N21 _NZQ‘LQ(O,OO;Z) < CT/ e_w\G(t, Zl) — G(t, ZQ)‘ZlI dt (1 —l—/ 6_275<
0

0

< €iC; (14800 a10) — 2aOlella Oz + Ll (14 o
oK

<cic; ([ a - z2<t>r%dt)% ([ et + 1

< 207C5(1+ p(w)*R(w)lz1 — 22l 12(0,00:2)5

where C7}, C5 are independent of w.

1

Now if we choose x such that besides (3.35) to have also

2 V2+1
Tlw <
2V2(CY)PC5 (1 + p)?
we see that there is R = R(w) satisfying (3.34) and such that
2CFC5(1+ p)*R < 1.
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Now we take

(336)  |zlw < p(w) = min{p1(w), pa(w)} = (C*)*(1+ p)*) ",

where C* is a suitable chosen constant independent of w. Then for x
satisfying (3.36) NV is a contraction on U (w) and maps U(w) on itself.
We set

(3.37) Q, ={w e |zlw < plw)}.

Hence for each w € €2, the equation (3.25) has a unique solution z
satisfying conditions in Lemma 3.3. On the other hand, by (3.33) and
(3.37) we see that

__7_2

1
as claimed. [

Lemma 3.5 Let z be the solution to (3.24) given by Lemma 3.3.

Then

(3.38) flim 2(t)|5 =0, P-as. in Q.

Proof. By (3.24) it follows as in the proof of Lemma 3.2 that
1 d 2 14 9
L o + 2 e

< Cilz(t)% + e (G(E, 2(1)), 2(1) + (F'(E, 2(2)), 2(1)] -
Taking into account that
e UG, 2(1)), 2())] = e (O, 2(1)), 2(1)] < Col2(1)]7
and that z € LQ(O,oo;D(A%)) we infer that 4 ]z(t)]% e L>(0, ),
and together with z € L2(0, oo: H)) this implies (3.38) as claimed. O
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Proof of Theorem 2.2 (continued). By Lemma 3.5 we have
that

(3.39) lim [y() S =0, YweQ,

Then, as seen earlier,

N
H iy(t), P-as.

is the solution to (2.7). Then by (3.7) and (3.8) we see that
(3.40)

X (6)] 5 el < Cr (1 © max {eNnﬁj(t)— t, —NnBj(H) - }) nor o

1<j<N
We set
(X, = qw € {): sup max {GNnﬁj(t)_%t e_Nnﬁj(t)—%t} <y
) t>0 1<5<N ) ~ ,

where r > 0. By Lemma 3.4 (see (3.32)) we have

o
(3.41) P(Q7) > 1 — 5 2077,
This yields

__ 7

1 _
(342) P, NQ)>1- (C’*‘gj|w2 _ 1) XN _ TR

for any r > 0. We set €27 = €2, N 27 where

1 1
r= (C*]:U\Mf — 1)
and by (3.41), (3.42) we get (2.12) and
lim | X (¢ )\He% =0 P-as in Q.

t—o00

This completes the proof of Theorem 2.2. [
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4 Final remarks

4.1 Stochastic stabilization versus deterministic stabilization

By the same proofs that of Theorem 2.2 it follows that the deter-
ministic feedback controller

(4.1) Z (X, ¢5) g P(me)),

where 7 is sufficiently large, stabilizes exponentially system (1.4) in a
neighbourhood {z € H : \x\% < p}. Here ¢; are chosen as in (2.10).
Apparently the feedback controller (4.1) is simpler than its stochastic
counterpart (1.6) above while the stabilization performances are com-
parable. It should be said, however, that the controller (4.1) though
stabilizable is not robust while the stochastic one designed here is. In
fact, it is easily seen that (4.1) is very sensitive to structural perturba-
tions in system (1.1) because small variations of the spectral system
{©] } might break the orthogonality condition (2.10) from which ¢; are
determined. In this way, the deterministic linear closed loop equation

dX + AXdt = —n ) (X, %) 5 P(me;)dt
j=1
might became unstable even for n > 0 and large. By contrary, this
does not happen for the stochastic system

N
(4.2) dX + AXdt = —n ) (X, ¢});P(me;)dB;,
j=1
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because its unstable part, that is, X = Zjvzl X;¢;, where

N
dX;+ N Xdt = =) X;(6), 95 oP(me;)ds,;,

Re )‘j S’}/, jZl,...,N,

(4.3)

still remains exponentially stable with probability one to small per-
turbations of {¢%}. Indeed in this case instead of (2.10) we have

(dj, %) —Okjl <€, Vik=1..,N

and therefore

N N N
DD K@l 1XG1P = ) 1X)°

j=1 =1 J=1
which, as seen earlier in [2] implies the stability of (4.3) for sufficiently
large |n).
As mentioned in Introduction, one might design, starting from (4.1),
a robust stabilizable controller via infinite dimensional Riccati equa-

tions associated with the linear system but this involves, however, hard
numerical computation.

4.2 Giving up to assumption (H1)

One might design a feedback stochastic feedback controller of the
above form in absence of assumption (H1).

Indeed if we replace {p; 1 by its Schmidt’s orthogonalization {@; }',
we still have X, = lin span {@;} and X, = lin span {;}%, ;.

Consider the feedback controller

(4.4) u=n Z<X L 67) g P(m®)) 5,
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where {®;} are determined by

~

(4.5) (@5, B0 = sy Gk =1,., N,

By Lemma 2.1 it follows that system {@;}", is independent on Oy and
so such a system {Cf)j}]lv , always exists. Then the proof of Theorem 2.2
applies with minor modifications to show that the controller v defined
by (4.4) is exponentially stabilizable in the sense of Theorem 2.2.The
details are omitted.

A  Proof of Lemma 2.1

Consider the Stokes—Oseen operator
Lo=—-1vAp+ (Y- V)o+(p-V)y., inO
and mention first the following unique continuation result.

Lemma A.1 Assume y. € C*(O) and let ¢ € C*(O) be the solu-
tion to the problem

Lo=X o+ Vp, inQO,
(A1)
Vip=0, in0O, =0, ondO,

such that ¢ = Vq on Oy where ¢ € CYO) and Oy is an open
subset of O. Then p = 0.

A simple proof of Lemma 2.1 for d = 2 can be given by reducing
(A.1), via the vorticity transformation = curl p=Dyp1— D12, to

—1AY +y. - Vo + - V(curl y.) = A\p, inO
and via the stream function ¢ to
(A.2) — AN+ ye - Vo + Vo - Ay, — AA¢ =0, inO.
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(Here p = V¢ = { D¢, —D18}.)

Then, it o = Vg in Oy, it follows that A¢ = 0 in Oy, which implies
that A¢p =0 in O.

To prove this (we are indebted to D. Tataru for suggesting us this
simple device), we set P(x, D)u = —1pAu + y. - Vu — Au and we
write (A.2) as

P(z,D)u= —Ay, - V¢, u=Agp.

Then, we apply the Carleman inequality (see [17, Theorem 8.3.1])

Z 72(2=lal) / | Dul?e*™Xdx < KT/ |P(x, D)ul?e*™,
la|<2
Vu € C5°(0), T >0,

where x is a smooth function such that Vx(zg) # 0, g € 00, and
the surface {x; x(x) = x(z¢)} is strongly pseudoconvex in . Then,
arguing as in the proof of Theorem 8.9.1 in [17], it follows that A¢ = 0
in O, which implies that ¢ = curl p = 0in O. Hence, Ap; = Ay =0
in @ and so ¢ =0 in O.

The case d = 3 follows in a similar way by reducing (A.1) to a
fourth-order equation of the form (A.2) via the transformation ¢ =
curl ¢ = V X . For details, we refer to Section 3.8 of the forthcoming
book |3].

Let {¢p; }é\le be eigenfunctions corresponding to eigenvalues A, i.e.,
Loi=Np;+Vp;, inO,
(AB) A\ PY; = O, n O,
w; =0, ond0.
One must prove that each system {1, ..., o}, 1 < m < N, is linearly

independent in @y. As mentioned earlier this is immediate if all ¢,
are eigenfunctions corresponding to the same eigenvalue A; and so,
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it suffices to prove this for distinct eigenvalues A;. For m = 1 this
follows by Lemma A.1. Let m = 2 and let (1, o two eigenfunctions
with corresponding eigenvalues A1, Ao. Assume that a1 + asps = 0
on Oy for aq, as # 0 and argue from this to a contradiction. We have

L(Xopr — Ai2) = M1 — @2) + AVp — AV,

(A4) |
= Vp, inO.

Replacing o7 by i‘—;gal and @9 by —i‘—fgpg, we see that Adgw; — A9 =0
in Oy and so, by (A.4) we see that 1 = aVp in Oy for some a.. Then,
by Lemma A.1, we infer that ¢; = 0 in O which is, of course, absurd.
We shall treat now the case m = 3. We have as above, besides (A.4),
that

L(A3pp1 — AMp3) = MAs(p1 —w3) + Vg, inO
and therefore
L((A2 = A3)01 — A2 + A1p3)
= MAa(p1 — 2) — MAs(p1 — w3) + Vg, in O.
If a1 + asps + +agps = 0 in Oy, then replacing @1, vs, 3 by

A;g?)gm, —i‘—fg@, i‘—ftpg respectively, we obtain that

(A.5)

()\2 — )\3)@01 — )\1g02 + )\1g03 = O, n Oo,
which, in virtue of (A.5) and Lemma A.1, implies
(A2 — A3)1 — Aagpa + A3p3 = Vg, in Oy,

This yields a1 + asps = Vg in Oy for @y, @y # 0, which, in virtue
of the previous step, is once again absurd. The argument works for
all m € N and this concludes the proof of Lemma 2.1. []

30



References

1]

2]

[10]

[11]

[12]

[13]

[14]

[15]

V. BARBU, Feedback stabilization of Navier-Stokes equations, Control, Optimization and
Calculus of Variations, 9, 197-206, 2003.

V. BARBU, The internal stabilization by noise of the linearized Navier-Stokes equations,
ESAIM Control, Optimization and Calculus of Variations, (to appear).

V. BARBU, Stabilization of Navier—Stokes Flows, Communications and Control Engi-
neering, Springer-Verlag, 2010 (to appear).

V. BARBU, R. TRIGGIANI, Internal stabilization of Navier-Stokes equations with finite
dimensional controllers, Indiana Univ. Math. J., vol. 53, 1443-1494, 2004.

V. BARBU, I. LASIECKA, R. TRIGGIANI, Boundary stabilization of Navier-Stokes equa-
tions, Memoirs Amer. Math. Soc., 2006.

V. BARBU, I. LASIECKA, R. TRIGGIANI, Abstract setting for tangential boundary sta-

bilization of Nawvier-Stokes equations by high and low-gain feedback controllers, Nonlinear
Analysis, 64, 2704-2746, 2006.

T. CArRABALLO, H. CRAUEL, J. LANGA, J. ROBINSON, The effect of noise on the

Chafee-Infante equation: a nonlinear case study. Proc. Amer. Math. Soc. 135 (2007), no.
2, 373-382 (electronic), 2007.

T. CARABALLO, J. LANGA, T. TANIGUCHI, The exponential behaviour and stabilizabil-
ity of stochastic 2D-Navier-Stokes equations. J. Differential Equations 179 (2002), no. 2,
714737, 2002.

T. CArRABALLO, K. Liu, X. MA0, On stabilization of partial differential equations by
noise, Nagoya Math. J., vol. 101, 155-170, 2001.

T. CARABALLO, J. ROBINSON, Stabilisation of linear PDFEs by Stratonovich noise. Sys-
tems Control Lett. 53, no. 1, 41-50, 2004.

S. CERRAI, Stabilization by noise for a class of stochastic reaction-diffusion equations,
Probab. Theory Rel. Fields, 133, 190-214, 2000.

G. DA Prato, An Introduction to Infinite Dimensional Analysis, Springer-Verlag,
Berlin, 2006.

G. DA PrATO, J. ZABCZYK, Stochastic equations in infinite dimensions, Encyclopedia
of Mathematics and its Applications, Cambridge University Press, 1992.

G. DA PRrATO, J. ZABCZYK, Ergodicity for Infinite Dimensional Systems, London Ma-
thematical Society Lecture Notes, n.229, Cambridge University Press, 1996.

A. FURSIKOV, Real processes of the 3—D Navier-Stokes systems and its feedback stabi-
lization from the boundary, M.S. Agranovic and M.A. Shubin (eds.), AMS Translations,
Partial Differential Equations, M. Vishnik Seminar, vol. 206, 95-123, 2002.

31



[16]

[17]

18]

[19]

[20]

[21]

A. Fursikov, Stabilization for the 3—D Navier-Stokes systems by feedback boundary
control, Discrete and Continuous Dynamical Systems, 10, 289-314, 2004.

L. HORMANDER, Linear partial differential operators. Springer Verlag, Berlin-New York,
1976.

[. KARATZAS, S. SHREVE, Brownian motion and stochastic calculus. Second edition.
Graduate Texts in Mathematics, 113. Springer-Verlag, New York, 1991.

T. KATO, Perturbation Theory of Linear Operators, Springer-Verlag, New York, Berlin,
1966.

J.P. RAYMOND, Feedback boundary stabilization of the two dimensional Navier-Stokes
equations, SIAM J. Control Optimiz., vol. 45, 3 (2006), 790-828.

J.P. RAYMOND, Feedback boundary stabilization of the three dimensional incompressible
Navier-Stokes equations, J. Math. Pures et Appl., vol. 87 (2007), 627-669.

32



