Equations of Motion

The equations of motion are:

ẍ = 2 ẏ + x -(1 -µ) x -µ r 3 ps -µ x + 1 -µ r 3 pe + β 1 -µ r 2 ps r s , n 2 n x , ÿ = -2 ẋ + y - 1 -µ r 3 ps + µ r 3 pe y + β 1 -µ r 2 ps r s , n 2 n y , z = - 1 -µ r 3 ps + µ r 3 pe z + β 1 -µ r 2 ps r s , n 2 n z ,
where n = (n x , n y , n z ) is the normal to the surface of the sail with n x = cos(φ(x, y ) + α) cos(ψ(x, y , z) + δ), n y = sin(φ(x, y , z) + α) cos(ψ(x, y , z) + δ), n z = sin(ψ(x, y , z) + δ),

and r s = (x -µ, y , z)/r ps is the Sun -sail direction.
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Equilibrium Points

The RTBP has 5 equilibrium points (L i , i = 1, . . . , 5). For small β, these 5 points are replaced by 5 continuous families of equilibria, parametrised by α and δ.

For a fixed small value of β, we have 5 disconnected family of equilibria near the classical L i .

For a fixed and larger β, these families merge into each other. We end up having two disconnected surfaces, S 1 and S 2 , where S 1 is like a sphere and S 2 is like a torus around the Sun.

All these families can be computed numerically by means of a continuation method.

Interesting Missions Applications

Observations of the Sun provide information of the geomagnetic storms, as in the Geostorm Warning Mission. 

Sun

Interesting Missions Applications

To ensure reliable radio communication between Mars and Earth even when the planets are lined up at opposite sides of the Sun. 

Periodic Motion Around Equilibria

We must add a constrain on the sail orientation to find bounded motion. One can see that when α = 0 and δ ∈ [-π/2, π/2] (i.e. only move the sail vertically w.r.t. the Sun -sail line):

The system is time reversible ∀δ by R : (x, y , z, ẋ, ẏ , ż, t) → (x, -y , z, -ẋ, ẏ , -ż, -t) and Hamiltonian only for δ = 0, ±π/2.

There are 5 disconnected families of equilibrium points parametrised by δ, we call them FL 1,...,5 (each one related to one of the Lagrangian points L 1,...,5 ).

Three of these families (FL 1,2,3 ) lie on the Y = 0 plane, and the linear behaviour around them is of the type saddle×centre×centre.

The other two families (FL 4,5 ) are close to L 4,5 , and the linear behaviour around them is of the type sink×sink×source or sink×source×source.

We focus on ...

We focus on the motion around the equilibrium on the FL 1 family close to SL 1 (they correspond to α = 0 and δ ≈ 0).

We fix β = 0.051689.

We consider the sail orientation to be fixed along time. Let us see the periodic motion around these points for a fixed sail orientation and show how it varies when we change, slightly, the sail orientation. Design station keeping strategy to maintain the trajectory of a solar sail close to an unstable equilibrium point.

Instead of using Control Theory Algorithms, we want to use Dynamical Systems Tools to find a station keeping algorithm for a Solar Sail.

We focus on the previous missions, where the equilibrium points are unstable with two real eigenvalues, λ 1 > 0, λ 2 < 0, and two pair of complex eigenvalues,

ν 1,2 ± i ω 1,2 , with |ν 1,2 | << |λ 1,2 |.
The linear dynamics at the equilibrium point is of the type saddle × centre × centre.

We describe the trajectory of the sail in three reference planes defined by the eigendirections.

(x1, y1) (x2, y2) (x3, y3)
For small variations of the sail orientation, the equilibrium point, eigenvalues and eigendirections have a small variation. We will describe the effects of the changes on the sail orientation on each of these three reference planes.

In the saddle projection of the trajectory:

When we are close to the equilibrium point, p 0 , the trajectory escapes along the unstable direction.

If we change the sail orientation the equilibrium point is shifted. Now the trajectory will escape along the new unstable direction.

We want to find a new sail orientation (α, δ) so that the trajectory will come close to the stable direction of p 0 .

In the centre projection of the trajectory:

A sequence of changes on the sail orientation implies a sequence of rotations around different equilibrium points on the centre projection. As we have seen a sequence of rotations around different equilibrium points can result unbounded. How can we choose the position of the new equilibrium point on the centre projection to keep this projection bounded ? The constants ε min , ε max and d will depend on the mission requirements and the dynamics around the equilibrium point.

Results

We have applied this station keeping strategy to two different mission applications, the Geostorm Warning Mission and the Polar Observer.

For each mission:

We have done a Monte Carlo simulation taking a 1000 random initial conditions.

For each simulation we have applied the station keeping strategy for 30 years.

We have tested the robustness of our strategy including random errors on the position and velocity determination, as well as on the orientation of the sail at each manoeuvre. 

Results for the Geostorm (No Errors in Manoeuvres)

XY and XZ and XYZ Projections

Results

We manage to maintain the trajectory close to the equilibrium point for 30 years.

The most significant errors are the ones due to the sail orientation.

This station keeping strategy does not require previous planning as the decisions taken by the sail only depend on its position in the phase space.

The same ideas can be used to design strategies to move along the family of equilibrium points.

Surfing along the family of equilibria

Scheme on the idea to surf along the family of equilibria. The left hand side of equation (1),

L(x) = Dv (x)Ax -Bv (x),
is a linear operator w.r.t v (x) that diagonalizes if A and B are diagonal.

The right hand side of equation (1),

h(x) = g (x, v (x)) -Dv (x)f (x, v (x)), can be expressed as, h(x) = |k|≥2 h k x k
, where h k depend on v j in a known way.

It can be seen that for a fixed degree |k| = n, the h k depend only on the v j such that |j| < n.

Approximating the Centre Manifold (III)

We can solve equation ( 1) in an iterative way, equalising the left and the right hand side degree by degree.

Notice:

It is important to have a fast way to find the h k to compute high degrees.

We do not recommend to expand f (x, y ) y g (x, y ), and then compose with y = v (x). One should find other alternative ways, faster in terms of computational time.

For instance, compute the terms in a recurrent way and use the recurrences to derive an efficient algorithm.

The matrices A and B do not have to be diagonal, but then one must solve a larger linear system at each degree.

On the Centre Manifold

We have computed the centre manifold around different equilibrium points of the FL 1 family up to degree 16.

After this reduction we are in a four dimensional phase space (x 1 , x 2 , x 3 , x 4 ) that is difficult to visualise.

We need to perform suitable Poincaré sections to reduce the phase space dimension and help us visualise the phase space.

For δ = 0 the system is Hamiltonian and we have a first integral. We will use it to reduce the phase space dimension.

For δ = 0 the system is no longer Hamiltonian. We will take a function that varies little along the trajectories as an "approximate first integral", and use it to visualise the phase space.

Dynamics for δ = 0 (x 3 = 0 section) 

  Earth's poles, as in the Polar Observer.

(

  Schematic representation of the equilibrium points on Y = 0)

  the Station Keeping Strategy (VI)To control the saddle and centre projection we want the new equilibrium point to satisfy:
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Station Keeping around equilibria

Goal:

Design station keeping strategy to maintain the trajectory of a solar sail close to an unstable equilibrium point.

Instead of using Control Theory Algorithms, we want to use Dynamical Systems Tools to find a station keeping algorithm for a Solar Sail.

Idea:

We focus on the linear dynamics around an equilibrium point and study how this one varies when the sail orientation changes.

We want to change the sail orientation (i.e. the phase space) to make the system act in our favour: keep the trajectory close to a given equilibrium point.

Schematic Idea of the Station Keeping Strategy (I)

In the saddle projection of the trajectory:

When we are close to the equilibrium point, p 0 , the trajectory escapes along the unstable direction.

Schematic Idea of the Station Keeping Strategy (I)

In the saddle projection of the trajectory:

When we are close to the equilibrium point, p 0 , the trajectory escapes along the unstable direction.

If we change the sail orientation the equilibrium point is shifted. Now the trajectory will escape along the new unstable direction.

Schematic Idea of the Station Keeping Strategy (II)

In the saddle projection of the trajectory:

With these ideas we can control the instability due to the saddle. We need to take into account the centre projection of the trajectory, as it might grow.

Schematic Idea of the Station Keeping Strategy (III)

In the centre projection of the trajectory:

When we are close to the equilibrium point the trajectory is a rotation.

Schematic Idea of the Station Keeping Strategy (III)

In the centre projection of the trajectory:

When we are close to the equilibrium point the trajectory is a rotation.

If we change the sail orientation the equilibrium point is shifted. Now the trajectory will rotate around the new equilibrium point.

Schematic Idea of the Station Keeping Strategy (III)

In the centre projection of the trajectory:

When we are close to the equilibrium point the trajectory is a rotation.

If we change the sail orientation the equilibrium point is shifted. Now the trajectory will rotate around the new equilibrium point.

A sequence of changes on the sail orientation results in a sequence of rotations around the different equilibrium points.

Schematic Idea of the Station Keeping Strategy (V)

In the centre projection of the trajectory:

A sequence of changes on the sail orientation implies a sequence of rotations around different equilibrium points on the centre projection. As we have seen a sequence of rotations around different equilibrium points can result unbounded. How can we choose the position of the new equilibrium point on the centre projection to keep this projection bounded ?

Results for the Geostorm

We take β = 0.051689 (i.e. a satellite of 130kg mass with a 67m × 67m square sail). 

Success

Reduction to the Centre Manifold

Using an appropriate linear transformation, the equations around the fixed point can be written as,

where A is an elliptic matrix and B an hyperbolic one, and f (0, 0) = g (0, 0) = 0 and Df (0, 0) = Dg (0, 0) = 0.

We want to obtain y = v (x), with v (0) = 0, Dv (0) = 0, the local expression of the centre manifold.

The flow restricted to the invariant manifold is

Approximating the Centre Manifold (I)

To find y = v (x) we substitute this expression on the differential equations. Hence, v (x) must satisfy,

We take,

its expansion as power series. Then we solve equation ( 1) to find the coefficients v k up to high degree (|k| = N).

v k x k is a high order approximation of the centre manifold.

gives a high order approximation of the motion on the centre manifold.

Dynamics for δ = 0

Here the first integral is:

We fix a Poincaré section x 3 = 0 to reduce the system to a three dimensional phase space. (Taking x 3 = 0 is like taking Z = 0).

We fix the energy level to determine x 4 and reduce the system to a two dimensional phase space that is easy to visualise. (Taking x 4 (J c , x) is like taking Ż (J c , x)).

We have taken several initial conditions and computed their successive images on the Poincaré section.

Dynamics for δ = 0

Here we take an "approximated first integral" :

We fix a Poincaré section x 3 = 0 to reduce the system to a three dimensional phase space. (Taking x 3 = 0 is similar to taking Z = Z * ).

We fix J c to determine x 4 and reduce the system to a two dimensional phase space that is easy to visualise. (Taking x 4 (J c , x) is like taking Ż (J c , x)).

We have taken several initial conditions and computed their successive images on the Poincaré section.

Station Keeping around Periodic Orbits

We want to extend the ideas on the station keeping around an equilibrium point for the station keeping around a periodic orbit.

Again, the idea is to change the phase space, by changing the sail orientation, so that the system acts as we wish, maintaining the sail's trajectory close to the nominal orbit.

We will focus on the motion around a Halo-type orbit. Although the same ideas should apply to other families of periodic orbits with the same characteristics.

First approach

The first idea is to extend the methods used for equilibrium points to periodic orbits.

First approach

The first idea is to extend the methods used for equilibrium points to periodic orbits.

There is an extra difficulty: while the points are persistent when the orientation of the sail is changed, periodic orbits may not. Hence, a careful study of the dynamics is needed.

Second approach

A second idea is the following: assume that the periodic (for instance, Halo) orbit we want to follow corresponds to α = α 0 and δ = δ 0 .

The computation of variational equations (of suitable order) w.r.t. α and δ gives explicit expressions for the effect of different orientations (close to the reference values α = α 0 , δ = δ 0 ) trajectory.

Hence, we can impose conditions on the "future" of the orbit and find orientations that fulfill them (or show that the condition is unattainable).