N
N

N

HAL

open science

Revisiting Numerical Pattern Mining with Formal
Concept Analysis

Mehdi Kaytoue, Sergei O. Kuznetsov, Amedeo Napoli

» To cite this version:

Mehdi Kaytoue, Sergei O. Kuznetsov, Amedeo Napoli. Revisiting Numerical Pattern Mining with
Formal Concept Analysis. Twenty second International Joint Conference on Artificial Intelligence -

IJCAI 2011, Jul 2011, Barcelona, Spain. inria-00584371

HAL 1d: inria-00584371
https://inria.hal.science/inria-00584371

Submitted on 23 Nov 2011

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://inria.hal.science/inria-00584371
https://hal.archives-ouvertes.fr

Revisiting Numerical Pattern Mining with Formal Concept An alysis

Mehdi Kaytoue! , Sergei O. Kuznetso¥, and Amedeo Napolt
!LORIA (CNRS - INRIA Nancy Grand Est — Nancy Université)
Campus Scientifique, B.P. 70239 — Vandceuvre-les-Nancgarcer
2Higher School of Economics — State University
Pokrovskiy Bd. 11 — 109028 Moscow — Russia
kaytouem@loria.fr, skuznetsov@hse.ru, napoli@loria.fr

Abstract complex descriptions can be associated with objecfay-
toueet al, 2011 we introduced closed interval patterns in
We investigate the problem of mining numerical the context of gene expression data mining. Intuitively, an
data with Formal Concept Analysis. The usualway interval pattern is a vector of intervals, each dimension co
is to use a scaling procedure —transforming numer-  responding to a range of values of a given attribute ; it is
ical attributes into binary ones— leading either to  closed when composed of the smallest intervals characteriz
a loss of information or of efficiency, in particu- ing a same set of objects.
lar w.r.t. the volume of extracted patterns. By con- In the present paper, we complete and extend this first at-
trast, we propose to directly work on numericaldata ~ tempt. Considering numerical data, some general character
in a more precise and efficient way. For that, the stics of equivalence classes remain, e.g. one maximal ele-

notions of closed patterns, generators and equiva-  ment which is a closed pattern and possibly several genera-
lent classes are revisited in the numerical context.  tors which are minimal patterns w.r.t. a subsumption retati
Moreover, two algorithms are proposed and tested  defined on patterns. We show that directly extracting paster
in an evaluation involving real-world data, showing data from numerical is more efficient using pattern struesur
the quality of the present approach. than working on binary data with associated scaling proce-
dures. We also provide a semantics to interval patternsein th
. Euclidean space, design and experiment algorithms toatxtra
1 Introduction frequent closed interval patterns and their generators.

In this paper, we investigate the problem of mining numérica The problem of mining patterns n numen.call data is usu-
data. This problem arises in many practical situations, e.g?lY referred as quantitative itemset/association rule-mi
analysis of gene and transcriptomic data in biology, sareh " [Srikant and Agrawal, 1996 Generally, an appropriate
acteristics and land occupation in agronomy, demographig'Scret'zat_'on splits attrllbute ranges into mterv_als Mmaz-
data in economics, temperatures in climate analysis, eec. WN9 SOme interest functions, e.g. support, confidence. How-
introduce an original framework for mining numerical data €V€f, nNone of these works covers the notion of_equwalence
based on advances in itemset mining and in Formal Conce&f.is.ses.’ closed patterns, and generators, and this is tine of
Analysis (FCA [Ganter and Wille, 1999, respectively con- °riginality of the present paper. . .
densed representations of itemsets and pattern strudgtures_ 1 1€ Plan of the paper is as follows. Firstly, we introduce
FCA [Ganter and Kuznetsov, 20DIThe mining of frequent e Problem of mining numerical data and interval patterns.
itemsets in binary data, considering a set of objects and a s hen, we recall the basms_of FCA and interordinal scaling.
of associated atfributes or items, is studied for a long time//€ POS€ a number of questions that we propose to answer us-
and usually involves the so-called “pattern flooding” peohl "9 OUr framework of interval pattern structures deahn@hm
[Bastideet al, 200d. A way of dealing with pattern flooding numerl_cal data. We then detail two or|g|_nal algorithms for
is to search for equivalence classes of itemsets, i.e. &ms €Xtracting closed interval patterns and their generaiidrese
shared by the same set of objects (or having the same imag@d0rithms are evaluated in the last section onreal-watdd
For an equivalence class, there is one maximal itemsethwhic inally, we end the paper in discussing related work and giv-
corresponds to a “closed set”, and possibly several minimad['d PErspectives to the present research work. As a comple-
elements corresponding to “generators” (or “key itemgets” ment, an extended_ Version .Of this paper is giveftiaytoue
From these elements, families of association rules can be et &l» 2010, providing algorithms pseudo-code and a longer
tracted. These itemsets are also related to FCA , where a coH'—SCUSS'On onthe usgfulness of m'_terval pattemns in dleasi
cept lattice is built from a binary context and where formallOn Problems and privacy preserving data-mining.
concepts are closed sets of objects and attributes. N

The present work is rooted both in FCA and pattern mining2 Problem definition
with the objective of extracting interval patterns fromrenm ~ We propose a definition of interval patterns for numerical
cal data. Our approach is based on “pattern structures”avhedata. Intuitively, each object of a numerical dataset corre



sponds to a vector of numbers, where each dimension stan@ Interval patterns in FCA
for an attribute. Accordingly, an interval pattern is a weaf

intervals, and each dimension describes the range of a rum X X ; . . .
ical attribute. We only consider finite intervals and that et calledinterordinal scaling transforming numerical data into

of attributes/dimensions is assumed to bed (canonicatly) o Pinary data thatencodes any interval of values from a numeri
dered. cal dataset. We recall here the basics on FCA and interdrdina

) ) o scaling.
Numerical dataset. A numerical dataset is given by a set of
objectsG, a set of numerical attribute’®/, where the range 3.1 Formal concept analysis

of m € M is afinite set notedl,,,. m(g) = w means thatv )
is the value of attribute: for objectg. FCA starts with a formal contextG, N,I) where G de-

notes a set of objectsy a set of attributes, or items, and
I C G x N a binary relation betweel and N. The
statementg,n) € I, or gIn, means: “the objecy has at-
tributen”. Two operatorg-)’ define a Galois connection be-
tween the powerset§3(G), C) and(P(N), C), with A C G
andB € N: A = {n € N | Vg € A: gIn} and
Table 1: A numerical dataset. B'={g € G|Vn e B:gln}. Apair(A,B), such that
A’ = BandB’ = A, is called aformal) conceptwhile A is
called theextent and B theintent of the conceptA, B).
: W TLER From an itemset-mining point of view, concept intents cor-

o & o (mSTion cOMEShOTCE 1 #espond to close emsets, sne! 1> a losure oeraor.
and | M| denotes the number of attributes. An objecis An equwale_nce class is a set of itemsets vv_lth same closure
in the image of an interval pattexfu, b)), ' when (and same |mage)_. For.any.SlJ_bBet; N, B is the largest

9 _ P i) ZilliEqL,.. |M|} itemset w.r.t. set inclusion in its equivalence class. Bual
mi(g) € lai,bil, Vi € {1,...,|M[}. The support ofl, de-  gonarators are the smallest itemsets w.rt. set inclusiami
noted bysup(d), is the cardinality of the image af equivalence class. Precisel§,C N is closed iffiC such as
Running examplélable 1 is a numerical dataset with objects B C C with ¢’ = B’ ; B C N is a generator iffC C B
inG = {g1,...,g5}, attributes inM = {my,mz,m3}. The withC" = B’.
range ofm; is W,,,, = {4,5,6}, and we haven,(g;) = 5.
Here, we do not consider either missing values or multiple3.2 Interordinal scaling
values for an attribute([5, 6], [7, 8], [4, 6]) is an interval pat-
tern in Table 1, with imagé€g: , g2, g5} and suppors.

e[panter and Wille, 1999define a discretization procedure,

L[ [ ma | ms |

g1
g2
93
94
95

g s b o U
00 © 00 0 |
U1 0 U~ O

Interval pattern and support. Inanumerical dataset, anin-

Given a numerical attributer with rangelV,,,, Interordinal
Scaling builds a binary table withx |WW,,,| binary attributes.
Interval pattern search space.Given a set of attributes They are denoted by# < w” and “m > w”, Yw € W,,, and
M = {m;},cq1,m)}, the search space of interval patternscalled 1S-items. An objegs has an I1S-item#h < w” (resp.
is the setD of all interval vectors([a;, bi])icq1,....\m (3, With — “m > w”) iff m(g) < w (resp.m(g) > w). Applying this

.....

ai,b; € W,,,. The size of the search space is given by scaling to our example gives Table 2. It is possible to apply
classical mining algorithms to process this table for esting
|D| = H (Wi | X (|Win, | +1))/2 itemsets composed of I1S-items. These itemsets are called IS
ie{1,...,|M|} itemsets in the following.

IS-itemsets can be turned into interval patterns, since an

Example. Al possible intervals for m; are in g jem gives a constraint on the ranyé,, of an attribute

{[4,4],[5,5],[6,6], [4,5],[5,6], [4,6]}. Considering also = =5 exam i
221 19, 9]5 19, 0], [, 9], 9, ’ - . ple, the IS-items¢in; < 5,m; < 6,m; >
attributesmn, andmg, we haves x 6 x 10 = 360 patterns. 4,my < 9,ms > T} corresponds to the interval pattern

The classical problem of “pattern flooding” in data-mining ([4. 5], [7,9], [4, 8]). We have here the interval, 8] for at-
is even worst for numerical data. Indeed, with three atteibu ~ tributemms: [4, 8] covers the whole range af; since no con-
there are only2? = 8 possible itemsets, compared to the 360straint is given form.
interval patterns in the above example with same number of Therefore, mining interval patterns can be considered with
attributes. A solution widely investigated in itemset-mgn  a scaling of numerical data. However, this scaling produces
for minimizing the effect of pattern flooding relies on con- a very important number of binary attributes compared to the
densed representations including closed itemsets and-gene@riginal ones. Hence, when original data are very large, the
ators[Bastideet al, 2000. By contrast, the analysis of nu- size of the resulting formal context involves hard computa-
merical datasets can be considered within the formal cdnceions. Accordingly, this raises the following questions:
analysis framework (FCA)Ganter and Wille, 1999 which (i) Can we avoid scaling and directly work on numerical
is closely related to itemset-minirl@tummeet al, 2004. data instead of searching for IS-itemsets? (ii) Can we adapt
Accordingly, we are interested in adapting the notionsi&-(f  the notions of condensed representations such as closed pat
guent) closed itemsets and their generatorsto intervedipet  terns and generators for numerical data, and efficiently-com
within the FCA framework, and in providing an appropriate pute those patterns? (ii) What would be the semantics that
semantics to these patterns. could be provided to closed patterns and generators?



< ie} Nej <t 0 Nej ~ ee] D ~ [ee] D <t 0 Nej [ee] <t 0 Nej ee]
VI VELVE AL ALAL VEVEVELAL AL AL VE]VE] VI VE AL AL AL AL
— — — — — — o [\ (2 o o [ [2e] [2e] [ [ [2e] [2e]
E|&E|&|s|&8|&||&|s|&g|&|s|g|&|l&|e|&g|&e|&g|&|¢&
g1 X X X X X X X X X X X
g2 X X X X X X X X X X X X X
gs X X X X X X X X X X X X X
ga X X X X X X X X X X X X X
gs X X X X X X X X X X X X X
Table 2: Interordinally scaled context encoding the nuozdataset from Table 1.
4 Revisiting numerical pattern mining 4.2 Semantics

In this section, we answer those questions. First, we shai th An interval pattern is a| M |-dimensional vector of intervals

a closure operator can be defined for interval patterns basethd can be represented by a hyper-rectangle (or rectangle fo
on their image. Then, we provide interval patterns with anshort) in Euclidean spad® !, whose sides are parallel to the
appropriate semantics for defining the notion of equivadenc coordinate axes. This geometrical representation previde
classes of patterns, closed and generator patterns. A$ter d semantics for interval patterns. In formal terms, an inerp
cussing why working with interordinal scaling is not aceept tation is given byZ = (RIM (.)T) whereR!™| is the in-
able thar)ks to the_semantics (_)f_interval patterns, we pmpo%erpretation domain, and)? : D — RIM! the interpretation
two efficient algorithms for mining closed interval pattern yction. Figure 1 gives four interval pattern represeote
and generators. Experiments follow in Section 5. in R2, with only attributesn; andms of our example. The

4.1 A closure operator for interval patterns image ofd, is given by all objectyy whose descriptiod(g)

We introduce the formalism of pattern structuf€anter and is included in the rectangle associated with i.e. the s;Det

Kuznetsov, 2001, an extension of formal contexts for dealing {91, 93> 94, g5} _We can interpret the_ closure opera(qE

with complex data in FCA. It defines a closure operator for a2ccording to this semantics. The first opergtoF applies

partially ordered set of object descriptions called pager ~ t0 @ rectangle and returns the set of objects whose descrip-
Formally, letG be a set of objects(D,) be a semi- tion is included in this rectangle. The second operétp?

lattice of object descriptions, ard: G — D be a mapping: applies to a set of objects and returns the smallest re@ang|

(G, (D,n),é)is called gattern structureElements ofD are  that contains their descriptions, i.e. the convex hull @fith

calledpatterns and are ordered as follows1d = ¢ <  corresponding descriptions.

¢ C d. Intuitively, objects inG have descriptions ifiD, ).

For exampleg; in Table 1 has descriptiof5, 5], [7, 7], [6, 6]) di = ([4,5],[5,8])
where D is the set of all possible interval patterns ordered $1 d? = {91, 93, 94,95}
with 11, as made precise below. Consider the two operators . dy = ([4,5],[4, 5]
(.)F defined as follows, withd C G andd € (D, ) . 5 = {g3, g5}

d® ={ge GldC é(g)} AP =T, 0(9) dz = ([5,6], [4,4])
These operators form a Galois connection between N , 33 _:<{[gQg] 14, 8])
(B(G),C) and (D,C). ()PY is a closure operator, 1 o) d4 — y ’ ! e
meaning that any patterhsuch as! = d-" is closed. s 1 s 8 ™ 4792
Interval pattern structures. This general closure operator Figure 1: Interval patterns in the Euclidean space.

can be used for interval patterns. Indeed, interval pattern .

can be ordered within a meet-semi-lattice when the infimunf-3 ~ Closed interval patterns and generators

is defined as follows. Let = ([a;, bi])icqa,..., M|y, @Ndd = Now, we can revisit the notion of equivalence classes of-tem

(le, fil)ieqr,...,\m1y two intervals patterns. Their infimum is sets as introduced ifBast_ideet al, 2004: an equivalence

given bycnd = (min(a;,e;),max(bs, fi)])ieqr,... - class of interval patterns is a set of rectangles contaitiiag

The ordering relation induced by this definition is: C same object descriptions (based on all rectangles in thelsea

d <= [e;, fi] C lai,bi], Vi € {1,...,|M|}. space as given in Section 2). This enables to define the no-
Consider now a numerical dataset, e.g. Tablé/2,C)is  tions of (frequent) closed interval patterns ((F)CIP) ainel-(

the finite ordered set of all interval patterdgg) € D is the — quent) interval pattern generators ((F)IPG), adapted#ets

pattern associated to an objgot G. Then: Equivalence class.Two interval patterns andd with same
([5,6],[7,8],[4,8))" = {g € G|{[5,6],[7,8],[4,8]) Zé(g9)} image are equivalent, i.eZ = = and we writec = d. = is
=1{91,92,95} an equivalence relation, i.e. reflexive, transitive and sy

{g1,92,95}7 = 8(g1) M (g2) M 6(g3) ric. The set of patterns equivalent to a pattéia denoted by

([5,6],17,8],[4, 6] [d] = {c|c = d} and called the equivalence classiof

6
This means that[5, 6], [7, 8], [4, 8]) is not a closed interval Closed interval pattern (CIP). A patternd is closed if there
pattern, its closure beingb [

)
,6],[7,8],[4,6]). does not exist any patterrsuch asi C e with d 2 e.



Interval pattern generator (IPG). A patternd is a genera-
tor if there does not exist a pattersuch ag C d with d = e.
Frequent Interval pattern. A patternd is frequent if its im-

4.5 Algorithms

We detail a depth-first enumeration of interval patterrestst

age has a higher cardinality than a given minimal supportng with the most frequent one. Based on this enumeration,

thresholdminSup.
We illustrate these definitions with two dimensional in-

terval patterns, and their representation in Figure 1, i.e!

considering attributesn,; and ms only. ([4,5],[6,8]) =
([4, 6], 6, 8]) withimage{ g1, g4 }. ([4, 6], [6, 8]) is not closed
as([4,6],[6,8]) C ([4,5],[6,8]), these two patterns having
same image, i.e.{g1,93,94,95}. {([4,5],[5,8]) is closed.
([4,6], [5,8]) and([4, 5], [4, 8]) are generators in the class of
the closed interval patterd; = ([4,5],[5, 8]) with image
{91, 93, 94,95} Among the four patterns in Figure &; is
the only frequent interval pattern withinSup = 3.

Based on the above semantics, an equivalence class is a
of rectangles containing the same set of object descrigtion
with a (unique) closed pattern corresponding to the sntalle
rectangle, and one or several generator(s) corresponading
the largest rectangle(s).

These definitions are counter-intuitive w.r.t. itemselse t
smallest rectangles subsume the largest ones. This is due
the definition of infimum as set intersection for itemsetslevhi

this is convex hull for intervals, which behaves dually as a

supremum.

4.4 |S-itemsets versus interval patterns

Interordinal scaling allows to build binary data encoditig a
interval of values from a numerical dataset. Therefore, on
may attempt to mine closed itemsets and generators in the

why this should be avoided.

Local redundancy of IS-itemsets. Extracting all 1S-
itemsets in our example (from Table 2) givas, 487 IS-
itemsets. This is surprising since there are at n368tpos-
sible interval patterns. In fact, many IS-itemsets arellgca
redundant. For exampl¢m; < 5} and{m; < 5,m; < 6}
both correspond to interval patte(pt, 5], [7, 9], [4, 8]): the
constraintm, < 6 is redundant w.r.tm; < 5 on the set of

valuesW,,, . Hence there is no 1-1-correspondence betweeh

iy

jerizing minimal changes are drawn on Figure 2. This figure

IS-itemsets and interval patterns. It can be shown thaethe
is a 1-1-correspondence only between closed IS-itemsédts a
CIP [Kaytoueet al, 201]. Later we show that local redun-
dancy of 1S-itemsets makes the computation of closed se
very hard.

Global redundancy of IS-itemset generators.Since |IS-

itemset generators are the smallest itemsets, they do n £

suffer of local redundancy. However, we can remark an
other kind of redundancy, called global redundancy: it hap
pens that two different and incomparable 1S-itemset gener
tors correspond to two different interval pattern genesto

we design the algorithmdinintChangeandMinintChangeG
for extracting respectively frequent closed interval @ats
(FCIP) and frequent interval pattern generators (FIPG).

Interval pattern enumeration. Consider firstly one numer-
ical attribute of the example, say;. The semi-lattice of
intervals(D,,, ,M) is composed of all possible intervals with
bounds iniV,,,, and is ordered by the relatian. The unique
smallest element w.r.tC is the interval with maximal size,
i.e. [4,6] [min(Wp,, ), max(Wy,,)] and maximal fre-
quency (here). The basic idea of pattern generation lies

g%tminimal changes$or generating the direct subsumers of a

given pattern. For example, two minimal changes can be ap-
lied to[4, 6]. The first consists in replacing the right bound
ith the value ofi¥/,,,, immediately lower thaé, i.e. 5, for
generating the intervél, 5]. The second consists in repeating
the same operation for the left bound, generating the iaterv
[%6]. Repeating these two operations allows to enumerate
all elements of D,,,,,M). A right minimal change is defined
formally as, giveru, b,v € W, a # b, mer([a,b]) = [a, v]
with v < band3w € W,, st. v < w < b while a left
minimal changencl([a, b]) is formally defined dually. Mini-
mal changes give direct next subsumers and implies a mono-
tonicity property of frequency, i.e. support @f, v] is less

éhan or equal to support ¢, b]. To avoid generating several

imes the same pattern, a lectic order on changes, or equiva-

data with existing data-mining algorithms. Here we show%ently on patterns, is defined. After a right change, one can

apply either a right or left change; after a left change one
can apply only a left change. Figure 2 shows the depth-first
traversal (numbered arrows) of diagram(éf,,,,M). Back-
track occurs when an interval of the forjm, w] is reached

(w € W,y,,), or no more change can be applied. Each minimal
change can be interpreted in term of an 1S-item. For example,
if [a,b] corresponds to the IS-itemsdts > a, m < b} then
mer([a, b]) = [a, v] correspondstém > a,m < b,m < v},

je. addingm < v to the original IS-itemset. The same ap-
lies dually to left minimal changes. These IS-items charac

accordingly represents a prefix-tree, factoring out therefb

grocess common prefixes or minimal changes, and avoiding

redundancy problems inherent in interordinal scaling. The
generalization to several attributes is straightforwakdec-

P’ order is classically defined on numerical attributes as a
exicographic order, e.gn; < ma < mgs. Then changes are

applied as explained above for all attributes respectiisgth

Aler, e.g. after applying a change to attribute, one cannot

apply a change to attribute;.

but one subsuming the other. In Table 2, both IS-itemsets

N = {m1 < 4,m3 < 5} andN2 = {m1 < 4,m3 < 6}

have the same imadgs} and are generators, i.e. there does
not exist a smaller itemset of these itemsets with same image

However, their corresponding interval pattern are re$pelgt
¢ = ([4,4],[7,9], 4, 5]) andd = ([4,4],[7,9]. [4,6]) and we
haved C ¢, while ¢& = d”, hence: is not an interval pattern
generator.

m <56 Tmi =5

AN
m < .13//,2\4‘1 mi>5 \ij mi>6

o @

Figure 2: Depth-first traversal of},, , ).



Extracting FCIP with MintintChange. The pattern enu- a generatoe associated to its equivalence class has already
meration starts with the minimal pattern wittand gener- been generated, ards discarded. To check the existence of
ates its direct subsumers with lower or equal support. The, we look up in an auxiliary data-structure storing already e
next problem now is that minimal changes do not necessarilyracted FIPG. Precisely, if the data structure containgPas-|
generate patterns with strictly smaller support. Theefawe ¢ with same support than candidatesuch thate C ¢, ¢
should apply changes until a pattern with different supjgort is discarded, and the algorithm backtracks. Otherwise
generated to identify a closed interval pattern (FCIP) bistt declared as a FIPG and stored. We have experimented the
would not be efficient. We adopt the idea of the algorithmMinIntChangeGalgorithm with two well-known and adapted
CloseByOnéKuznetsov and Obiedkov, 20Dh2before apply-  data structures, a trie and a hashtable.

ing a minimal change, the closure operatoF™ is applied

to the current pattern, allowing to skip all equivalentpats. 5 Experiments

Indeed, the minimal patterw.r.t. C is closed as it is given

by d = GF. Applying a minimal change returns a pattern - > >
¢ with strictly smaller support, sincé C ¢ andd is closed. Java, namelMinintChange MinIntChangeG-hwith aux-

If ¢ is frequent, we can continue, apply the closure Operai_Iiary hashtable andVinintChangeG-twith auxiliary trie.

tor and next changes in lectic order, allowing to completelyXecalling that closed IS-itemsets and CIP are in 1-1-

enumerate all FCIP. Since a FCIP may have several diﬁererﬁorrespondence, we compare the performance for mining

associated generators, it can be generated several titiles. Smterordinal scaled data with the closed-itemset-minihg a

following the idea ofCloseByOnga canonicity test can be gorithm LCMv2 [Uno et al, 2904' For studying the
defined according to lectic order minimal changes. global redundancy effect of 1S-itemset generators, we use

Conier et gt ' chgs f st e gEnersor g orrCnl ot o8
m; € M. lts closure is given by=". If 455 differs from P )

. 00 All experiments are conducted on a 2.50Ghz machine with
d for some attributesn, € M such asny, < m;, thend 16GB RAM running under Linux 2.6.18-92.e15. We choose
has already been generated: it is not canonically generategaiaset from the Bilkent repositdnynamely Bolts (BL), Bas-
hence the algorithms backtracks. ketball (BK) and Airport (AP), AP being worst case where

Example. We start from the minimal patterni =  ©achattribute value is different, ,
([4,6],[7,9],[4,8]). The first minimal change in lectic or- First experiments comparilinintChangefor extracting

der is a right change on attribute;. We obtain pattern FCIP andLCMv2 for extracting equivalent frequent closed
¢ = ([4,5],]7,9],]4,8]), and obviouslyd C ¢. However IS-itemsets in Table 3. Second experiments consist in ex-
oo T ’ - . o0 .. tracting frequent interval pattern generators (FIPG) with
c- = ([4,5],[7,9],[5,8]), hencec is not closed. c—- is ; .

stored aé[ FC]IP[ an<]:l r[1ext]2:hanges will be applied to it. MinIntChange-hand MinIntChange-t We also extract fre-

: - L uent itemset generators (FISG) in corresponding binay da
leftNg\(/)vrgg? %jre;tir;iiuptziifni.cgt.)taelnid avgin[;r?;l’ ([:;:aBTEe Orﬁtfter interordinal scaling withGrGrowth for studying the

We havec™D — ([4,5], [7,9], [5,8]). ¢ andeD differ for global redundancy effect in Table 4.

We evaluate the performances of the algorithms designed in

attribute m,, but e has been generated from a change on Dataset _minSupp _ MinintChange  LCMv2 |EFCID]
ms. Sincem; < mg, eZ is not canonical and has al- BL 50% <%0 <z L1
. (] 1’

ready been generated (previous example), hence the algo- 2504 1215 1,060 171.192
rithm backtracks. 10% 1,821 1,950 268975

) . . 1 1,905 2,090 272,223
Extracting FIPG with MintintChangeG. We now adapt AP 80% 4,595 1,470 346,741
MinintChangeto extract FIPG, following a well-known prin- gng’ }égggg égg’igg ég’g%ggi
ciple in itemset-mining algqr.lthmBCalders.and_ Goethals, 10% 506985 6810125 80504566
2009. For any FCIPd, a minimal change implies that the 1 517,548 6,813,591 82,467,124

support of the resulting patteenis strictly smaller than the
support ofd. Thereforec is a good generator candidate of

the next FCIP. Accordingly, at each step of the depth-first |n both cases, using binary data is better when the mini-
enumeration a FIPG candidatds generated from the pre- mal support is high (e.g. 90%). For low supports, a critical
vious oneb, by applying a minimal change characterized byissue, our algorithms deliver better execution times. Most
b5, Then, each candidatehas to be checked whether it is importantly, the global redundancy effect discards theafse

a generator or not. We know that the candidate has no sulpinary data, e.g. only.6% of all FISG are actually FIPG in
sumers in its branch with same support. However, it couldiataset BL. Finally, the algorithidlinintChangeG-outper-
exist a branch with another FIPGwith same image and re- forms MinintchangeG-h MinintChangeG-thowever needs
sulting from less changes. Considering the lectic order ormore memory since it stores each closed set of objects as a
minimal changes, we use a reverse traversal of the tree (s&@rd in the trie, and to each word the list of associated FIPG.
Figure 2: 7,8,9,10,1,4,5,2,3,6), as already suggestellein t |t is very interesting to analyse the compression ability of
binary case irfCalders and Goethals, 2005Since genera- closed interval patterns and generators. For that, we campa
tors correspond to largest rectangles, i.e. onwhichthedew

minimal changes have been appliedg¢ifs not a generator, http://funapp.cs.bilkent.edu.tr/

Table 3: Execution time for extracting FCIP (in ms).



Dataset minSupp]| GrGrowth  MinintChangeG-h  MinintChangeGY{ |FIPG|  |FISG| Ydzgt || [Fo1p| {5575
BL 90% <50 <50 <50 176 194 90% 112 157
80% <50 < 50 < 50 1,952 2,823 69% 1,130 173

50% 150 1,212 529 66,350 222,088 29% 32,107 2

25% 3,432 27,988 3,893 411,442 3,559,419 11% || 171,192 2.4

1 123,564 438,214 24,141 1,165,824 69,646,301  1.6% 272,223 4.3

BK 90% <50 1,268 1,207 67,737 75,058 84% 48,847 13
85% 4,565 26,154 12,139 554,956 799,574 69% || 403,562 1.37
80% Untractable 512,126 107,700 2,730,812 NA NA 1,938,984 1.40

Table 4: Execution time for extracting FIPG and global redhncy evaluation.

in each dataset the number of those patterns w.r.t. to all pogBoroset al, 2003 E. Boros, K. Elbassioni, V. Gurvich,

sible interval patterns. It gives the ratio of closed (geaiens) L. Khachiyan, and K. Makino. An intersection inequal-
in the whole search space. In both cases, ratio varies betwee ity for discrete distributions and related generation prob
10~7 and10~°. This means that the volume of useful inter-  lems. InInternational Colloquium on Automata, Lan-

val patterns, either closed or generators, is very low.vitrd guages and Programming (ICALFONCS (2749), pages

set of all possible interval patterns, justifying our irgstrin 543-555. Springer, 2003.

equivalence classes for interval patterns. [Calders and Goethals, 2005. Calders and B. Goethals.
. Depth-first non-derivable itemset mining. $1AM Inter-

6 Conclusion national Conference on Data Mining@005.

We discussed the important problem of pattern discovery ifGanter and Kuznetsov, 20DB. Ganter and S. O.
numerical data with a new and original formalization of in-  Kuznetsov.  Pattern structures and their projections.
terval patterns. The classical FCA/itemset-mining sg#in In 9th Int. Conf. on Conceptual Structures (ICCBNCS

are adapted accordingly: from a closure operator naturally (2120), pages 129-142. Springer, 2001.
rise the notions of equivalence classes, closed and gener,

tor patterns, and we designed corresponding algorithms. AﬁG%':)tﬁ(r::ntdAW”:e’ -13?9-8' Gafst)%rgand R. Wille. Formal

appropriate semantics of interval patterns shows fromea:the pEANAlysISSpringer, '

retical (redundancy) and practical (computation timespgso  [Kaytoueet al, 2014 M. Kaytoue, S. O. Kuznetsov, and

of view that mining equivalent binary data (encoding allpos ~ A- Napoli. Pattern mining in numerical data: extracting

sible intervals) is not acceptable. This is due to the fagt th ~ closed patterns and their generators. Research Report RR-

interval patterns are provided with a stronger partial drde 7416, INRIA, 2010.

than IS-itemsets (classical set inclusion), hence pastienc-  [Kaytoueet al, 2011 M. Kaytoue, S. O. Kuznetsov,

tures yield significantly less generators w.r.t. their setica. A. Napoli, and S. Duplessis. Mining gene expression data
Dealing with interval patterns has applications in com- with pattern structures in formal concept analysif.

putational geometry, machine learning and data-mining, Sci, 181(10):1989-2001, 2011.

e.g.[Boroset al, 2003 and references therein. It is indeed [Kuznetsov and Obiedkov, 20D3. O. Kuznetsov and S. A.
highly related to the actual problem of (maximahboxes Obiedkov. Comparing p;erformance of algorithms for gen-

which corresponds to interval patterns (generators) wigh s : |atti Exp. Th Artif. Intell. 14(2-
portk. Whenk = 0, it corresponds to largest empty sub- g;faltgg_czolréc%%togttlces]. Xp- Theor. Artif. Intell. 14(

spaces of the data. Our contribution to this field is the char- . ) )

acterization of smaller subsets (closed and generators). [Li etal, 2004 J. Li, H. Li, L. Wong, J. Pei, and G. Dong.
In data-mining, closed patterns and their generators are Minimum description length principle: Generators are

crucial for extracting valid and informative association Preferable to closed patterns. limovative Applications

rules[Bastideet al, 200d, while generators can be prefer- of Artificial Intelligence ConferencéAAl Press, 2006.

able to closed patterns following the minimum descriptiongLiu et al, 2004 G. Liu, J. Li, L. Wong, and W. Hsu. Pos-

length principle for so-called itemset-based classifierset itive borders or negative borders: How to make lossless

al., 2004. How these notions can be shifted to interval pat- generator based representations concise. SI¥M Int.

terns is an original perspective of research rising questio  Conf. on Data Mining2006.

concerning missing values, fault-tolerant patterns, aek- [Srikant and Agrawal, 1996R. Srikant and R. Agrawal.
estingness measures that are critical issues even inaahssi Mining quantitative association rules in large relatiowal

!temset mining: although the compression ability of closed  pes. INnACM SIGMOD Int. Conf. on Management of Data
interval patterns and generators is spectacular, the nuofibe pages 1-12. ACM, 1996.

patterns remains too high for large datasets. Howevergbrin ’ . .
ing the problem of numerical pattern mining into well known [Stummeetal, 2003 G. Stumme, R. Taouil, Y. Bastide,

settings in favor of these perspectives of research. N. Pasquier, and L. Lakhal. Computing iceberg concept
lattices with titanic.Data Knowl. Eng.42(2), 2002.
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