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❙♦♠❡ ♣❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡

◗✉❛s✐♥❡✉tr❛❧✐t② s♦❧✈❡r ♦❢ ●❨❙❊▲❆

●✳ ▲❛t✉ ∗ †✱ ❱✳ ●r❛♥❞❣✐r❛r❞ ∗✱ ◆✳ ❈r♦✉s❡✐❧❧❡s † ✱

❘✳ ❇❡❧❛♦✉❛r †✱ ❊✳ ❙♦♥♥❡♥❞rü❝❦❡r †

❉♦♠❛✐♥❡ ✿ ▼❛t❤é♠❛t✐q✉❡s ❛♣♣❧✐q✉é❡s✱ ❝❛❧❝✉❧ ❡t s✐♠✉❧❛t✐♦♥
➱q✉✐♣❡s✲Pr♦❥❡ts ❈❆▲❱■

❘❛♣♣♦rt ❞❡ r❡❝❤❡r❝❤❡ ♥➦ ✼✺✾✶ ✖ ❆✈r✐❧ ✷✵✶✶ ✖ ✶✺ ♣❛❣❡s

❆❜str❛❝t✿ ❚❤❡ ✈❡r② ✜rst ♣❛r❛❧❧❡❧✐③❛t✐♦♥s ♦❢ t❤❡ q✉❛s✐♥❡✉tr❛❧✐t② P♦✐ss♦♥ s♦❧✈❡r
✉s❡❞ ✐♥ t❤❡ ●❨❙❊▲❆ ❝♦❞❡ ❛r❡ ♣r❡s❡♥t❡❞ ❤❡r❡✳ ❲❡ ✐♥✈❡st✐❣❛t❡ s♦♠❡ ♥✉♠❡r✐❝❛❧
s❝❤❡♠❡s✳ ❋♦r ❡❛❝❤ ❝♦♥s✐❞❡r❡❞ s❝❤❡♠❡✱ ✇❡ ♣r♦♣♦s❡ ❛♥ ❛❧❣♦r✐t❤♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥
✐♥ t❡r♠ ♦❢ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ✐♥t❡r✲♣r♦❝❡ss♦r ❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ❆ s❡t ♦❢
❜❡♥❝❤♠❛r❦s ♦♥ ❛ ♣❛r❛❧❧❡❧ ♠❛❝❤✐♥❡ ❤❛s ♣❡r♠✐tt❡❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡
♦❢ t❤❡ ❞✐✛❡r❡♥t ✈❡rs✐♦♥s ♦❢ t❤❡ ◗✉❛s✐♥❡✉tr❛❧✐t② s♦❧✈❡r✳

❑❡②✲✇♦r❞s✿ ◗✉❛s✐♥❡✉tr❛❧✐t② s♦❧✈❡r✱ ●②r♦❦✐♥❡t✐❝s✱ ▼P■
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† ■◆❘■❆ ◆❛♥❝②✲●r❛♥❞ ❊st ✫ ❯♥✐✈❡rs✐té ❞❡ ❙tr❛s❜♦✉r❣✱ ✼ r✉❡ ❉❡s❝❛rt❡s✱ ✻✼✵✵✵ ❙tr❛s❜♦✉r❣



◗✉❡❧q✉❡s ❛❧❣♦r✐t❤♠❡s ♣❛r❛❧❧è❧❡ ♣♦✉r ❧❡ s♦❧✈❡✉r

P♦✐ss♦♥ ◗✉❛s✐✲♥❡✉tr❡ ❞❡ ●❨❙❊▲❆

❘és✉♠é ✿ ▲❡s t♦✉t❡s ♣r❡♠✐èr❡s ♣❛r❛❧❧❡❧✐s❛t✐♦♥s ❞✉ s♦❧✈❡✉r P♦✐ss♦♥ ◗✉❛s✐ ◆❡✉✲
tr❡ ✉t✐❧✐sé❡s ❞❛♥s ❧❡ ❝♦❞❡ ●❨❙❊▲❆ s♦♥t ♣rés❡♥té❡s ✐❝✐✳ ▲❡s s❝❤é♠❛s ♥✉♠ér✐q✉❡s
q✉✐ ♦♥t été ❡♥✈✐s❛❣és ♣♦✉r ❝❡ s♦❧✈❡✉r P♦✐ss♦♥ s♦♥t ❞é❝r✐ts✳ P♦✉r ❝❤❛q✉❡ s❝❤é♠❛✱
♥♦✉s ♣r♦♣♦s♦♥s ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ t❡r♠❡ ❞✬ét❛♣❡s ❞❡ ❝❛❧❝✉❧s ❡t ❞❡ ❝♦♠♠✉✲
♥✐❝❛t✐♦♥s ✐♥t❡r✲♣r♦❝❡ss❡✉rs✳ ❉❡s ❜❡♥❝❤♠❛r❦s s✉r ♠❛❝❤✐♥❡ ♣❛r❛❧❧è❧❡ ♦♥t ♣❡r♠✐s
❞✬é✈❛❧✉❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❝❡s ❞✐✛ér❡♥t❡s ✈❡rs✐♦♥s ❞✉ s♦❧✈❡✉r P♦✐ss♦♥ ◗✉❛s✐
♥❡✉tr❡✳

▼♦ts✲❝❧és ✿ ❙♦❧✈❡✉r ◗✉❛s✐ ♥❡✉tr❡✱ ●②r♦❝✐♥ét✐q✉❡✱ ▼P■



P❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ●❨❙❊▲❆✬s P♦✐ss♦♥ s♦❧✈❡r ✸

✶ ■♥tr♦❞✉❝t✐♦♥

◆♦✇❛❞❛②s✱ t❤❡ ♠♦❞❡❧✐③❛t✐♦♥ ♦❢ ♠❛❣♥❡t✐③❡❞ ♣❧❛s♠❛s ✐s ❛ ❦❡② ✐ss✉❡ ❢♦r ❝♦♥tr♦❧❧❡❞
t❤❡r♠♦♥✉❝❧❡❛r ❢✉s✐♦♥✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡ st✉❞② ♦❢ s✉❝❤ ♣❧❛s♠❛s r❡q✉✐r❡s t♦ s♦❧✈❡
t❤❡ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ❝♦✉♣❧❡❞ t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♣❧❛s♠❛ r❡s♣♦♥s❡✳
❉✐✛❡r❡♥t ✇❛②s ❛r❡ ♣♦ss✐❜❧❡ t♦ ❝♦♠♣✉t❡ t❤✐s r❡s♣♦♥s❡✿ t❤❡ ✢✉✐❞ ♦r t❤❡ ❦✐♥❡t✐❝
❞❡s❝r✐♣t✐♦♥✳ ❖❜✈✐♦✉s❧② s♦❧✈✐♥❣ t❤❡ ❢✉❧❧ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✭❦✐♥❡t✐❝ ❞❡s❝r✐♣t✐♦♥✮
✐♥✈♦❧✈❡s t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ s✐①✲❞✐♠❡♥s✐♦♥❛❧ ♣❤❛s❡ s♣❛❝❡ ✭✸❉ s♣❛❝❡✱ ✸❉
✈❡❧♦❝✐t②✮✱ ✇❤✐❝❤ ✐s ❛ ❝❤❛❧❧❡♥❣✐♥❣ ♣r♦❜❧❡♠✳ ❖♥ t❤❡ ♦t❤❡r s✐❞❡✱ t❤❡ ✢✉✐❞ ❛♣♣r♦❛❝❤
✐s ♥♦t ❛❜❧❡ t♦ ❝❛♣t✉r❡ ❦✐♥❡t✐❝ ❡✛❡❝ts s✉❝❤ ❛s ♥♦♥❧✐♥❡❛r ✇❛✈❡✲♣❛rt✐❝❧❡ ✐♥t❡r❛❝t✐♦♥
✭s❡❡ ❬✷✱ ✸❪✮✳

■♥ t❤❡ ❝♦♥t❡①t ♦❢ str♦♥❣❧② ♠❛❣♥❡t✐③❡❞ ♣❧❛s♠❛s✱ ❣②r♦❦✐♥❡t✐❝s ❡♥❛❜❧❡ t♦ r❡❝❛st
t❤❡ ❱❧❛s♦✈ ❡q✉❛t✐♦♥ ✐♥t♦ ❛ ✺❉ ❡q✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ❢❛st ❣②r♦♠♦t✐♦♥ ✐s ❛✈❡r✲
❛❣❡❞✳ ❇✉t t❤❡ ♣❛rt✐❝❧❡ ✐♥❢♦r♠❛t✐♦♥ ✐s ♥♦t ❧♦st s✐♥❝❡ t❤❡ ✜♥✐t❡ ▲❛r♠♦r r❛❞✐✉s
❡✛❡❝ts ❛r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t t❤r♦✉❣❤ t❤❡ ❣②r♦❛✈❡r❛❣❡ ♦♣❡r❛t♦r ✐♥ t❤❡ ❣②r♦❦✐✲
♥❡t✐❝ P♦✐ss♦♥ ❡q✉❛t✐♦♥✳ ❚❤❡ ♣❤②s✐❝❛❧ ♠♦❞❡❧ ✐s t❤❡♥ ❜❛s❡❞ ♦♥ ❛ ❣②r♦❦✐♥❡t✐❝
❡q✉❛t✐♦♥ ❢♦r t❤❡ ✐♦♥s✱ ✇❤❡r❡❛s ❛♥ ❛❞✐❛❜❛t✐❝ r❡s♣♦♥s❡ ✐s ❝✉rr❡♥t❧② ❛ss✉♠❡❞ ❢♦r
t❤❡ ❡❧❡❝tr♦♥s ❬✶✱ ✼✱ ✶✹❪✳ ❚❤❡s❡ ❡q✉❛t✐♦♥s ❛r❡ s✉♣♣❧❡♠❡♥t❡❞ ❜② t❤❡ q✉❛s✐♥❡✉✲
tr❛❧✐t② ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧ ✭✐✳❡✳ t❤❡ ❣②r♦❦✐♥❡t✐❝ P♦✐ss♦♥ ❡q✉❛t✐♦♥
✐♥ ✇❤✐❝❤ q✉❛s✐♥❡✉tr❛❧✐t② ✐s ❛ss✉♠❡❞✮✳ ❚❤✐s s♦✲♦❜t❛✐♥❡❞ ❣②r♦❦✐♥❡t✐❝ ♠♦❞❡❧ ❝❛♥
❜❡ ✉s❡❞ t♦ ♥✉♠❡r✐❝❛❧❧② st✉❞② ✐♦♥ t❡♠♣❡r❛t✉r❡ ❣r❛❞✐❡♥ts ✭■❚●✮ ✐♥st❛❜✐❧✐t✐❡s ❢♦r
❡①❛♠♣❧❡✳ ❚♦ t❤❛t ♣✉r♣♦s❡✱ t✇♦ ❝❧❛ss❡s ♦❢ ♠❡t❤♦❞s ❛r❡ ✉s❡❞ t♦ ❛♣♣r♦①✐♠❛t❡ s✉❝❤
❛ ♠♦❞❡❧❀ t❤❡ ♠♦st ♣♦♣✉❧❛r ♠❡t❤♦❞ ✐s t❤❡ P❛rt✐❝❧❡ ■♥ ❈❡❧❧ ✭P■❈✮ ♠❡t❤♦❞ ✭s❡❡
❬✹✱ ✽✱ ✶✵❪✮✱ ❜✉t ❱❧❛s♦✈ t②♣❡ s✐♠✉❧❛t✐♦♥s ❛r❡ ❛❧s♦ ❝♦♥❝❡✐✈❛❜❧❡ ✐♥ t❤✐s ❝♦♥t❡①t ✭s❡❡
❬✺❪✮✳ ❇♦t❤ ♠❡t❤♦❞s r❡q✉✐r❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧ ♦♥ ❛ ❣r✐❞ ♦❢
t❤❡ ♣❤②s✐❝❛❧ s♣❛❝❡✳ ❍❡♥❝❡✱ ❛ ❢❛st ❛♥❞ ❡✣❝✐❡♥t ✇❛② ♦❢ s♦❧✈✐♥❣ t❤❡ q✉❛s✐♥❡✉tr❛❧✐t②
❡q✉❛t✐♦♥ s❡❡♠s t♦ ❜❡ ✐♠♣♦rt❛♥t✳

❆ ♣❛r❛❧❧❡❧ ❣②r♦❦✐♥❡t✐❝ ❝♦❞❡ ♥❡❡❞s t♦ ❝♦✉♣❧❡ ❛ ♣❛r❛❧❧❡❧ ✈❧❛s♦✈ s♦❧✈❡r ✇✐t❤ ❛
♣❛r❛❧❧❡❧ ◗◆ s♦❧✈❡r t♦ ❜❡ ❛♥ ❡✣❝✐❡♥t ♠❡t❤♦❞✳ ❚❤❡ r♦❧❡ ♦❢ ❛ q✉❛s✐✲♥❡✉tr❛❧✐t② ✭◗◆✮
s♦❧✈❡r ✐s t♦ ❣✐✈❡ t❤❡ ♣♦t❡♥t✐❛❧ Φ t❛❦✐♥❣ ❛s ❛♥ ✐♥♣✉t t❤❡ ♣❛rt✐❝❧❡s ❞❡♥s✐t②✱ ✇❤❡r❡❛s
t❤❡ ❱❧❛s♦✈ s♦❧✈❡r ♠♦✈❡s t❤❡ ♣❛rt✐❝❧❡ ❞❡♥s✐t② ❢♦r✇❛r❞ ✐♥ t✐♠❡✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡
❢♦❝✉s ♦♥ t❤❡ st✉❞② ♦❢ t❤❡ ◗◆ ❡q✉❛t✐♦♥✳

▼♦r❡♦✈❡r✱ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ◗◆ ❡q✉❛t✐♦♥ r❡q✉✐r❡s t❤❡ s♦❧✈✐♥❣ ♦❢
❛ 3 ❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥✱ ✐♥✈♦❧✈✐♥❣ ❛ ♥♦♥ ❧♦❝❛❧ t❡r♠ ✇❤✐❝❤ ♣❡♥❛❧✐③❡s ❛♥ ❡✣❝✐❡♥t
♣❛r❛❧❧❡❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✭s❡❡ ❬✾❪✮✳

❖♥❡ ♦❢ t❤❡ ♣♦ss✐❜❧❡ ✇❛②s t♦ ♥✉♠❡r✐❝❛❧❧② tr❡❛t t❤❡ q✉❛s✐✲♥❡✉tr❛❧✐t② ❡q✉❛t✐♦♥
❝♦♥s✐sts ✐♥ t❤❡ ✉s❡ ♦❢ ❋❛st ❋♦✉r✐❡r ❚r❛♥s❢♦r♠✱ ♦t❤❡r ❝❤♦✐❝❡s ❛r❡ ♠✉❧t✐❣r✐❞ ♦r ✉s❡
♦❢ ❛ ❞✐r❡❝t s♦❧✈❡r ❢♦r ❡①❛♠♣❧❡✳ ❊✈❡♥ ✐❢ t❤❡ ❋❋❚ ❛♣♣r♦❛❝❤ ✐s ♥♦t ❛❞❛♣t❡❞ t♦
❣❡♥❡r❛❧ ❣❡♦♠❡tr✐❡s ❬✶✶❪ ✭✐✳❡✳ r❡❛❧✐st✐❝ t♦❦❛♠❛❦ ❣❡♦♠❡tr②✮✱ ✐♥ ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥
t❤❡② r❡♠❛✐♥s ❛ ❢❛st✱ s✐♠♣❧❡ ❛♥❞ ❛❝❝✉r❛t❡ ♠❡t❤♦❞✳ ❍❡♥❝❡✱ ✇❡ ♣r♦♣♦s❡ ❤❡r❡ ❛
♥❡✇ s♦❧✈❡r ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧✳ ❋✐rst✱
♦♥❡ s♦❧✈❡s Nϕ ✐♥❞❡♣❡♥❞❡♥t 2D ❍❡❧♠❤♦❧t③ t②♣❡ ❡q✉❛t✐♦♥s ✭Nϕ ✐s t❤❡ ♥✉♠❜❡r ♦❢
♣♦✐♥ts ✐♥ t❤❡ ϕ ❞✐r❡❝t✐♦♥✮✳ ❙❡❝♦♥❞✱ ❛ s✐♠♣❧❡ 1D ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥
❤❛s t♦ ❜❡ s♦❧✈❡❞ ♦♥ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧ ♦♥ t❤❡ ♠❛❣♥❡t✐❝ s✉r❢❛❝❡✳

❆♥ ❛❞❛♣t❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ s❝❤❡♠❡ ✐s ✐♥tr♦❞✉❝❡❞ t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♠✉♥✐❝❛✲
t✐♦♥ ❝♦st ❜❡t✇❡❡♥ t❤❡ ❱❧❛s♦✈ s♦❧✈❡r ❛♥❞ t❤❡ ◗◆ s♦❧✈❡r ✭t❤❡ t✇♦ ♠❛✐♥ ♣❛rts ♦❢ ❛
❣②r♦❦✐♥❡t✐❝ ❝♦❞❡✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛ ❣❧♦❜❛❧ ♣❛r❛❧❧❡❧✐③❡❞ ❣②r♦❦✐♥❡t✐❝ s♦❧✈❡r ✐s
t❤❡♥ ♦❜t❛✐♥❡❞✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ✇❤✐❝❤ ❛r❡ ♣r❡s❡♥t❡❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣❛♣❡r✳

❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ■♥ ❛ ✜rst ♣❛rt✱ ✇❡ ✐♥t❡♥❞ t♦
♣r❡s❡♥t t❤❡ ◗◆ ❡q✉❛t✐♦♥ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❣②r♦❛✈❡r❛❣❡ ♦♣❡r❛t♦r✳ ❚❤❡♥✱ t❤r❡❡
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P❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ●❨❙❊▲❆✬s P♦✐ss♦♥ s♦❧✈❡r ✹

❞✐✛❡r❡♥t ♠❡t❤♦❞s ❛r❡ ❡①♣♦s❡❞ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ◗◆ ❡q✉❛t✐♦♥✳ ❋✐♥❛❧❧② ✈❛r✐♦✉s
♥✉♠❡r✐❝❛❧ t❡sts ❤❛✈❡ ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ t♦ ❝♦♠♣❛r❡ t❤❡s❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✱
❛♥❞ t❤❡✐r ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❝♦✉♣❧✐♥❣ ✇✐t❤ ❛ ❢✉❧❧✲f ❣②r♦❦✐♥❡t✐❝ ❱❧❛s♦✈ ❝♦❞❡✿ ●❨✲
❙❊▲❆ ❬✺❪✳

✷ ●②r♦❛✈❡r❛❣✐♥❣ ❛♥❞ ❣②r♦❦✐♥❡t✐❝ ✜❡❧❞ ❡q✉❛t✐♦♥s

✷✳✶ ◗✉❛s✐♥❡✉tr❛❧✐t② ❡q✉❛t✐♦♥

■♥ t♦❦❛♠❛❦ ❝♦♥✜❣✉r❛t✐♦♥s✱ t❤❡ ♣❧❛s♠❛ q✉❛s✐♥❡✉tr❛❧✐t② ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❝✉r✲
r❡♥t❧② ❛ss✉♠❡❞ ✭❬✺✱ ✼❪✮✳ ❚❤✐s ❧❡❛❞s t♦ ni = ne ✇❤❡r❡ ni ✭r❡s♣✳ ne✮ ✐s t❤❡ ✐♦♥✐❝
✭r❡s♣✳ ❡❧❡❝tr♦♥✐❝✮ ❞❡♥s✐t②✳ ❖♥ t❤❡ ♦♥❡ s✐❞❡✱ ❡❧❡❝tr♦♥ ✐♥❡rt✐❛ ✐s ✐❣♥♦r❡❞✱ ✇❤✐❝❤
♠❡❛♥s t❤❛t ❛♥ ❛❞✐❛❜❛t✐❝ r❡s♣♦♥s❡ ♦❢ ❡❧❡❝tr♦♥s ❛r❡ s✉♣♣♦s❡❞✳ ❖♥ t❤❡ ♦t❤❡r s✐❞❡✱
t❤❡ ✐♦♥✐❝ ❞❡♥s✐t② s♣❧✐ts ✐♥t♦ t✇♦ ♣❛rts✳ ❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ∇⊥ = (∂r,

1
r ∂θ)✱ t❤❡

s♦✲❝❛❧❧❡❞ ❧✐♥❡❛r✐③❡❞ ♣♦❧❛r✐③❛t✐♦♥ ❞❡♥s✐t② npol ✇r✐t❡s

npol(r, θ, ϕ) = −∇⊥ .

[

n0(r)

B0
∇⊥Φ(r, θ, ϕ)

]

,

✇❤❡r❡ n0 ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡♥s✐t② ❛♥❞ B0 t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛t t❤❡ ♠❛❣♥❡t✐❝
❛①✐s✳ ❙❡❝♦♥❞✱ t❤❡ ❣✉✐❞✐♥❣✲❝❡♥t❡r ❞❡♥s✐t② nGi ✐s

nGi(r, θ, ϕ) = 2π

∫

B(r, θ)dµ

∫

dv//J0(k⊥
√

2µ)f̄(r, θ, ϕ, v//, µ), ✭✶✮

✇❤❡r❡ B ✐s t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ f̄ ❞❡♥♦t❡s t❤❡ ✐♦♥✐❝ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❡✈♦❧✈✲
✐♥❣ t❤r♦✉❣❤ ❛ ❱❧❛s♦✈ t②♣❡ ❡q✉❛t✐♦♥✱ v// t❤❡ ♣❛r❛❧❧❡❧ ✈❡❧♦❝✐t②✱ µ t❤❡ ♠❛❣♥❡t✐❝
♠♦♠❡♥t✉♠ ❛♥❞ J0 ✐s t❤❡ ❇❡ss❡❧ ❢✉♥❝t✐♦♥✳

❍❡♥❝❡✱ t❤❡ ◗◆ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ❞✐♠❡♥s✐♦♥❧❡ss ✈❛r✐❛❜❧❡s

−
1

n0(r)
∇⊥ .

[

n0(r)

B0
∇⊥Φ(r, θ, ϕ)

]

+
1

Te(r)

[

Φ(r, θ, ϕ)− 〈Φ〉θ,ϕ (r)
]

= ρ̃(r, θ, ϕ)

✭✷✮
✇✐t❤ Te t❤❡ ❡❧❡❝tr♦♥✐❝ t❡♠♣❡r❛t✉r❡ ❛♥❞ ✇❤❡r❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ρ̃ ✐s ❣✐✈❡♥ ❜②

ρ̃(r, θ, ϕ) =
2π

n0(r)

∫

B(r, θ)dµ

∫

dv//J0(k⊥
√

2µ)(f̄ − f̄eq)(r, θ, ϕ, v//, µ). ✭✸✮

■♥ t❤✐s ❧❛st ❡q✉❛t✐♦♥✱ f̄eq ❞❡♥♦t❡s ❛♥ ❡❧❡❝tr♦♥✐❝ ❧♦❝❛❧ ▼❛①✇❡❧❧✐❛♥ ❡q✉✐❧✐❜r✐✉♠✱
❛♥❞ 〈〉θ,ϕ t❤❡ ❛✈❡r❛❣❡ ♦♥t♦ t❤❡ ✈❛r✐❛❜❧❡s θ, ϕ✳

❚❤❡ ◗◆ s♦❧✈❡r ✐♥❝❧✉❞❡s t✇♦ ❝♦♠♣✉t❛t✐♦♥ ♣❛rts✳ ❋✐rst✱ t❤❡ ❢✉♥❝t✐♦♥ ρ̃ ✐s
❞❡r✐✈❡❞ t❛❦✐♥❣ ❛s ✐♥♣✉t ❢✉♥❝t✐♦♥ f̄ ✳ ❙♣❡❝✐✜❝ ♠❡t❤♦❞s✱ t❤❛t ✇✐❧❧ ❜❡ ❞❡s❝r✐❜❡❞
❛❢t❡r✇❛r❞s✱ ❛r❡ ✉s❡❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❣②r♦❛✈❡r❛❣❡ ♦♣❡r❛t♦r J0 ♦♥ (f̄ − f̄eq) ✐♥
❊q✳ ✭✸✮✳
❙❡❝♦♥❞✱ t❤❡ ✸❉ ♣♦t❡♥t✐❛❧ Φ ✐s ❢♦✉♥❞ ✐♥ ❝♦♠♣✉t✐♥❣ ❞✐s❝r❡t❡ ❢♦✉r✐❡r tr❛♥s❢♦r♠s
♦❢ ρ̃✱ ❢♦❧❧♦✇❡❞ ❜② s♦❧✈✐♥❣ ♦❢ tr✐❞✐❛❣♦♥❛❧ s②st❡♠s ❛♥❞ ✐♥✈❡rs❡ ❢♦✉r✐❡r tr❛♥s❢♦r♠s✳
❋♦r t❤✐s st❡♣✱ t✇♦ ❦✐♥❞s ♦❢ s♦❧✈✐♥❣ ♣r♦❝❡❞✉r❡ ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ♣❛♣❡r✳ ❚❤❡✐r
❞❡s❝r✐♣t✐♦♥s ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ❡✈❛❧✉❛t✐♦♥ ❛r❡ t❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r✳

✷✳✷ ●②r♦❛✈❡r❛❣❡ ♦♣❡r❛t♦r

▲❡t ✉s ♥♦✇ ❞❡t❛✐❧ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ρ̃✳ ❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ✐♦♥✐❝ ❣✉✐❞✐♥❣ ❝❡♥t❡r
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ f̄ = f̄(r, θ, ϕ, v//, µ)✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ✐♦♥✐❝ ❞❡♥s✐t② ♦♥
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P❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ●❨❙❊▲❆✬s P♦✐ss♦♥ s♦❧✈❡r ✺

t❤❡ ♣❛rt✐❝❧❡ ❝♦♦r❞✐♥❛t❡s t❤❛♥❦s t♦ ❛ ❣②r♦❛✈❡r❛❣❡ ♦♣❡r❛t♦r✳ ❆❢t❡r s♦♠❡ ❝♦♠♣✉✲
t❛t✐♦♥s✱ t❤✐s ♦♣❡r❛t♦r ♠❛❦❡s ❛♣♣❡❛r t❤❡ ❇❡ss❡❧ ♦♣❡r❛t♦r ❛♥❞ ❧❡❛❞s t♦ (3)✳ ■♥ t❤❡
s❡q✉❡❧✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ g = g(r, θ, ϕ) s❛t✐s❢②✐♥❣

ḡ(r, θ, ϕ) = J0(k⊥
√

2µ)g(r, θ, ϕ) ✭✹✮

❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s♦❧✉t✐♦♥ ♦❢ s✉❝❤ ❛ ♣r♦❜❧❡♠ ✐s ❜❛s❡❞ ♦♥ ❛ P❛❞é ❛♣♣r♦①✐♠❛t✐♦♥
✇❤✐❝❤ ✐s ❝✉rr❡♥t❧② ♣❡r❢♦r♠❡❞ ❢♦r t❤❡ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ J0

J0(k⊥
√

2µ) ≈
1

1 + (k⊥
√

2µ)2

4

. ✭✺✮

❚❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❝♦rr❡❝t ❢♦r s♠❛❧❧ ✇❛✈❡♥✉♠❜❡rs k⊥ ❛♥❞ ❦❡❡♣s J0 ✜♥✐t❡
✐♥ t❤❡ ♦♣♣♦s✐t❡ ❧✐♠✐t |k⊥| → +∞✳ ■♥❥❡❝t✐♥❣ t❤❡ P❛❞é ❛♣♣r♦①✐♠❛t✐♦♥ ✭✺✮ ✐♥
✭✹✮✱ ❛ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❡♥❛❜❧❡s t♦ ✉s❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ (ik⊥) ❛♥❞ ∇⊥✳
❋✐♥❛❧❧②✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ g ❜② s♦❧✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣❧✐❝✐t ❡q✉❛t✐♦♥

[

1−
µ B

2 ωc
2 mi

∇2
⊥

]

ḡ(r, θ, ϕ) = g(r, θ, ϕ).

✷✳✸ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ❣②r♦❛✈❡r❛❣✐♥❣

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❢✉♥❝t✐♦♥ f ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ♦♥ ❛ ❣❧♦❜❛❧ ❞♦♠❛✐♥ [r0, rNr] ⊂ IR✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ ri = r0 + i dr✱ ✇❤❡r❡ dr ✐s t❤❡ ♠❡s❤
s✐③❡✿ dr = (rNr − r0)/(Nr + 1)✳

▲❡t ✉s ♥♦✇ r❡str✐❝t t❤❡ st✉❞② ♦❢ g : r → g(r) ♦♥ ❛♥ ✐♥t❡r✈❛❧ [r0, rNr]✱ Nr ∈ IN✱
✇❤❡r❡ ❛❧❧ ri ❛r❡ ❦♥♦✇♥✳ ❖✉r ❣♦❛❧ ✐s t♦ ❣❡t t❤❡ ❣②r♦❛✈❡r❛❣❡ ḡ ❢r♦♠ ❛ ❦♥♦✇♥ g
❢✉♥❝t✐♦♥✳

▲❡t ✉s ❞♦ ❛ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐♥ ✈❛r✐❛❜❧❡ θ✳ ❊❛❝❤ k ❢♦✉r✐❡r ♠♦❞❡
♦❢ ḡ ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✭❛❢t❡r s♦♠❡
❛♣♣r♦①✐♠❛t✐♦♥s ❬✺✱ ✻❪✮✿

[

1−
µ B0

2ω2
c mi

(
∂2

∂r2
−

k2

r2
)

]

ḡ k(r, ϕ) = g k(r, ϕ)

❲❡ ❛ss✉♠❡ t❤❛t ✇❡ ❤❛✈❡ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ❛♥❞ t❤❛t g1
m =

g2
m ❡t gNr

m = gNr−1
m✳ ❙♦✱ s♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥ r❡q✉✐r❡s✱ ❢♦r ❡❛❝❤ ϕ✱ t❤❡

✐♥✈❡rs✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ tr✐❞✐❛❣♦♥❛❧ s②st❡♠✿















a+b2 a 0
a b3 a 0

✳ ✳ ✳
✳ ✳ ✳

✳ ✳ ✳
0 a bNr−2 a

0 a a+bNr−1





























ḡk
2 (ϕ)

ḡk
3 (ϕ)
✳✳✳

ḡk
Nr−2(ϕ)

ḡk
Nr−1(ϕ)















=















gk
2 (ϕ)

gk
3 (ϕ)
✳✳✳

gk
Nr−2(ϕ)

gk
Nr−1(ϕ)















✭✻✮
✇✐t❤

{

a = − B0

2ω2
c mi

µ 1
∆r2

bj = 1 + B0

2ω2
c mi

µ( 2
∆r2 + k2

r2

j

)
✭✼✮

■♥ t❤❡ ❝♦❞❡✱ t❤❡ ❤②♣♦t❤❡s✐s B0 = 2ω2
c mi ✐s ❞♦♥❡ ✐♥ ❛ s❡t ♦❢ s✐♠♣❧✐✜❡❞ ❣❡♦♠❡✲

tr✐❡s ✇❤❡r❡ B ✐s ❝♦♥s✐❞❡r❡❞ ❝♦♥st❛♥t ✐♥ t❤❡ ♣♦❧♦ï❞❛❧ ♣❧❛♥❡✳ ■t ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣
s②st❡♠ t♦ s♦❧✈❡✿

❘❘ ♥➦ ✼✺✾✶



P❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ●❨❙❊▲❆✬s P♦✐ss♦♥ s♦❧✈❡r ✻















α+β2 α 0
α β3 α 0

✳ ✳ ✳
✳ ✳ ✳

✳ ✳ ✳
0 α βNr−2 α

0 α α+βNr−1





























ḡk
2 (ϕ)

ḡk
3 (ϕ)
✳✳✳

ḡk
Nr−2(ϕ)

ḡk
Nr−1(ϕ)















=















gk
2 (ϕ)

gk
3 (ϕ)
✳✳✳

gk
Nr−2(ϕ)

gk
Nr−1(ϕ)















✭✽✮
✇✐t❤











ζ = 1
∆r2

α = −µ
2 ζ

βj = 1 + µ
2 (2 ζ + k2

r2

j

)
✭✾✮

❚❤❡ s♦❧✈✐♥❣ ♦❢ s②st❡♠ ✭✽✮ ❛❧❧♦✇s ♦♥❡ t♦ ❛♣♣❧② t❤❡ ❣②r♦❛✈❡r❛❣❡ ♦♣❡r❛t♦r ♦♥
❢✉♥❝t✐♦♥ g✳ ❆ LU ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❞♦♥❡ ♦♥❝❡ ❢♦r t❤❡ tr✐❞✐❛❣♦♥❛❧ ♠❛tr✐① ♦❢
s②st❡♠ ✭✽✮✳ ❚❤❡ ♠❛tr✐❝❡s L ❛♥❞ U ❛r❡ ✉s❡❞ ❡✈❡r② t✐♠❡ ❛ ❣②r♦❛✈❡r❛❣✐♥❣ ✐s
♥❡❡❞❡❞ ✇✐t❤ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ Θ(Nr) ❢♦r t❤❡ s♦❧✈✐♥❣ ♣r♦❝❡❞✉r❡
❛♥❞ Θ(Nr log(Nθ)) ❢♦r t❤❡ ❢♦✉r✐❡r tr❛♥s❢♦r♠s✳

✷✳✹ ✷❉ ❋♦✉r✐❡r tr❛♥s❢♦r♠s ♠❡t❤♦❞

❚❤❡ ◗◆ ❡q✉❛t✐♦♥ ✭✷✮ ❝♦✉❧❞ ❜❡ s♦❧✈❡❞ ✐♥ t❤❡ ❋♦✉r✐❡r s♣❛❝❡ ❛❧♦♥❣ t❤❡ t✇♦ ♣❡r✐♦❞✐❝
❞✐r❡❝t✐♦♥s ✭θ ❛♥❞ ϕ✮ t❛❦✐♥❣ ❛s ✐♥♣✉t t❤❡ ✈❛❧✉❡s ♦❢ ρ̃✳ ❚❤✐s ♠❡t❤♦❞ ✐s ♣r❡s❡♥t❡❞
✐♥ ❬✺❪✳ ▲❡t Φ ❛♥❞ ρ̃ ❜❡ ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ ❋♦✉r✐❡r ❡①♣❛♥s✐♦♥ ❛s✿

Φ(r, θ, ϕ) =
∑

u

∑

w Φ̂u,w(r)ei u θei w ϕ

ρ̃(r, θ, ϕ) =
∑

u

∑

w ρ̂u,w(r)ei u θei w ϕ ✭✶✵✮

■♥ t❤✐s ✇❛✈❡ ♥✉♠❜❡r r❡♣r❡s❡♥t❛t✐♦♥✱ t❤❡ ◗◆ ❡q✉❛t✐♦♥ ❝♦✉❧❞ ❜❡ ✇r✐tt❡♥ ❛s✿

−
∂2Φ̂u,w(r)

∂r2
−[

1

r
+

1

n0(r)

∂n0(r)

∂r
]
∂Φ̂u,w(r)

∂r
+

(

u2

r2
+

(1− δu=0,w=0)

Zi Te(r)

)

Φ̂u,w(r) = ρ̂u,w(r)

▲❡t Nr ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ r❛❞✐❛❧ ♣♦✐♥ts✳ ❲❡ ✇❛♥t t♦ ❝♦♠♣✉t❡ ❡❛❝❤ Φ̂u,w s✉❝❤ ❛s✿














m2 o2 0
p3 m3 o3 0

✳ ✳ ✳
✳ ✳ ✳

✳ ✳ ✳
0 pNr−2 mNr−2 oNr−2

0 pNr−1 mNr−1































Φ̂u,w
2 (r)

Φ̂u,w
3 (r)
✳✳✳

Φ̂u,w
Nr−2(r)

Φ̂u,w
Nr−1(r)

















=















ρ̂u,w
2 (r)

ρ̂u,w
3 (r)
✳✳✳

ρ̂u,w
Nr−2(r)

ρ̂u,w
Nr−1(r)















✭✶✶✮
✇✐t❤



















pi = −( 1
∆r2 −

α(ri)
2∆r ) where α(ri) = 1

r + 1
n0(ri)

d n0(ri)
dr

mi = 2
∆r2 + m2

r2

i

+ (1− δu=0,w=0)
1

Zi Te(ri)

oi = −( 1
∆r2 + α(ri)

2∆r )
ρ̂u,w

i = ρ̂u,w(ri)

✭✶✷✮

❲❡ ❛ss✉♠❡ ❤❡r❡ ✈❛♥✐s❤✐♥❣ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ r ❞✐r❡❝t✐♦♥ ✶✿
Φ̂u,w

1 (ϕ) = Φ̂u,w
Nr (ϕ) = 0✳ ❚❤❡ s②st❡♠ ✭✶✶✮ ✐s s♦❧✈❡❞ ✉s✐♥❣ ❛ LU ❞❡❝♦♠♣♦s✐t✐♦♥

♦❢ t❤❡ ♠❛tr✐① ✭t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❝♦♠♣✉t❡❞ ♦♥❧② ♦♥❝❡✮✳
✶✐♥ t❤❡ ●❨❙❊▲❆ ❝♦❞❡✱ ♥❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ❛❧s♦ ❛✈❛✐❧❛❜❧❡✳

❘❘ ♥➦ ✼✺✾✶



P❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ●❨❙❊▲❆✬s P♦✐ss♦♥ s♦❧✈❡r ✼

✷✳✺ ✶❉ ❋♦✉r✐❡r tr❛♥s❢♦r♠s ♠❡t❤♦❞

❚❤❡ ♣r❡✈✐♦✉s ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ◗◆ s♦❧✈❡r ✉s✐♥❣ ✷❉ ❢♦✉r✐❡r tr❛♥s❢♦r♠s ❤❛s ❛
♠❛✐♥ ❞r❛✇❜❛❝❦ ❢r♦♠ ❛ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ■♥ ♦r❞❡r t♦ s♦❧✈❡ t❤❡ ❡q✉❛✲
t✐♦♥ ✭✶✶✮ ❢♦r ❛ ❣✐✈❡♥ ❝♦✉♣❧❡ (u, w)✱ ♦♥❡ ♠✉st ❝♦♠♣✉t❡ ✷❉ ❋❋❚s t❤❛t r❡q✉✐r❡ t♦
❦♥♦✇ ❛❧❧ ✈❛❧✉❡s ♦❢ ρ̃ ✐♥ ❞✐♠❡♥s✐♦♥s θ ❛♥❞ ϕ✳ ❚❤❡♥✱ s②st❡♠s ❛r❡ s♦❧✈❡❞ ✐♥ ❞✐♠❡♥✲
s✐♦♥ r✳ ❚❤❡r❡ ✐s ♥♦ s✐♠♣❧❡ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ρ̃ t❤❛t ❧❡❛❞s t♦ t❤❡ ❞❡s✐❣♥ ♦❢
❛ ◗◆ s♦❧✈❡r ✇✐t❤ ❛ ❣♦♦❞ ❧♦❛❞ ❜❛❧❛♥❝❡ ❛♥❞ t❤❛t ✐♥❞✉❝❡s ❢❡✇ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✇✐t❤
s✉❝❤ ✷❉ ❋❋❚s✳ ❚❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ❛❧❣♦r✐t❤♠s ♣❡r❢♦r♠ ❣❧♦❜❛❧ tr❛♥s♣♦s✐t✐♦♥s ♦❢ ρ̂
❛♥❞ Φ̂ ❜❡❢♦r❡ ♦r ❛❢t❡r ❋❋❚ tr❛♥s❢♦r♠s ✭❛s ✇✐❧❧ ❜❡ s❤♦✇♥ ✐♥ ❛❧❣♦r✐t❤♠ ✶✮✳ ❚❤❡s❡
tr❛♥s♣♦s✐t✐♦♥s ❝♦♥st✐t✉t❡ ❛♥ ♦✈❡r❤❡❛❞ t❤❛t ❞♦❡s ♥♦t s❝❛❧❡ ✇❡❧❧ ♦♥ ♠❛♥② ♣r♦❝❡s✲
s♦rs✳ ❙♦✱ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛♥♦t❤❡r ♠❡t❤♦❞ t❤❛t ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❝♦♥s✐❞❡r
❛❧❧ ✈❛❧✉❡s ✐♥ ♦♥❡ ♦❢ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✱ ❛♥❞ t❤❡♥ ✉♥❝♦✉♣❧❡s t❤❡ ❞✐♠❡♥s✐♦♥s
(r, θ, ϕ)✳

❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ♠❡t❤♦❞ t❤❛t ❢♦❧❧♦✇s ✭❢r♦♠ ❛ ✇♦r❦ ❞✐str✐❜✉t✐♦♥
♣♦✐♥t ♦❢ ✈✐❡✇✮ ✐s t♦ ❝♦♥s✐❞❡r ♦♥❧② ✶❉ ❋❋❚s ✐♥ θ ❞✐♠❡♥s✐♦♥ ❛♥❞ t♦ ✉♥❝♦✉♣❧❡
❤❛r❞❧② ❛❧❧ ❝♦♠♣✉t❛t✐♦♥s ✐♥ ϕ ❞✐r❡❝t✐♦♥✳

❚❤❡ ❡q✉❛t✐♦♥ ✭✷✮ ❛✈❡r❛❣❡❞ ♦♥ (θ, ϕ) ❣✐✈❡s ✿

−
∂2 〈Φ〉θ,ϕ (r)

∂r2
− [

1

r
+

1

n0(r)

∂n0(r)

∂r
]
∂ 〈Φ〉θ,ϕ (r)

∂r
= 〈ρ̃〉θ,ϕ (r) ✭✶✸✮

❆ ❢♦✉r✐❡r tr❛♥s❢♦r♠ ✐♥ θ ❞✐r❡❝t✐♦♥ ❣✐✈❡s✿

Φ(r, θ, ϕ) =
∑

u Φ̂u(r, ϕ)ei u θ

ρ̃(r, θ, ϕ) =
∑

u ρ̂u(r, ϕ)ei u θ ✭✶✹✮

❚❤❡ ❡q✉❛t✐♦♥ ✭✷✮ ❝♦✉❧❞ ❜❡ r❡✇r✐tt❡♥ ❛s✿

❢♦r u > 0 :

−
∂2Φ̂u(r, ϕ)

∂r2
− [

1

r
+

1

n0(r)

∂n0(r)

∂r
]
∂Φ̂u(r, ϕ)

∂r
+

u2

r2
Φ̂u(r, ϕ) +

Φ̂u(r, ϕ)

Zi Te(r)
= ρ̂u(r, ϕ) ✭✶✺✮

❢♦r u = 0 :

∂2 〈Φ〉θ (r, ϕ)

∂r2
− [

1

r
+

1

n0(r)

∂n0(r)

∂r
]
∂ 〈Φ〉θ (r, ϕ)

∂r
+
〈Φ〉θ (r, ϕ)− 〈Φ〉θ,ϕ (r)

Zi Te(r)
= 〈ρ̃〉θ (r, ϕ) ✭✶✻✮

❚❤❡ ❡q✉❛t✐♦♥ ✭✶✽✮ ❛❧❧♦✇s ♦♥❡ t♦ ❞✐r❡❝t❧② ✜♥❞ ♦✉t t❤❡ ✈❛❧✉❡ ♦❢
〈Φ〉θ,ϕ (r) ❢r♦♠ t❤❡ ❞❛t❛ 〈ρ̃〉θ,ϕ (r)✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ Υ(r, θ, ϕ)
❛s Φ(r, θ, ϕ) − 〈Φ〉θ,ϕ (r)✳ ❙✉❜str❛❝t✐♥❣ ❡q✉❛t✐♦♥ ✭✶✽✮ t♦ ❡q✉❛t✐♦♥ ✭✷✶✮ ❧❡❛❞s t♦

−
∂2 〈Υ〉θ (r, ϕ)

∂r2
− [

1

r
+

1

n0(r)

∂n0(r)

∂r
]
∂ 〈Υ〉θ (r, ϕ)

∂r
+
〈Υ〉θ (r, ϕ)

Zi Te(r)
= 〈ρ̃〉θ (r, ϕ)− 〈ρ〉θ,ϕ (r) ✭✶✼✮

▲❡t ✉s ♥♦t✐❝❡ t❤❛t Φ̂0(r,ϕ)=〈Υ〉θ(r,ϕ)+〈Φ〉θ,ϕ(r)✳ ❙♦✱ t❤❡ s♦❧✈✐♥❣ ♦❢ ❡q✉❛t✐♦♥s ✭✶✽✮
❛♥❞ ✭✷✷✮ ❛❧❧♦✇s ♦♥❡ t♦ ❝♦♠♣✉t❡ 〈Φ〉θ,ϕ(r),〈Υ〉θ(r,ϕ) ❛♥❞ Φ̂0(r,ϕ) ❢r♦♠ t❤❡ q✉❛♥t✐t✐❡s
〈ρ̃〉θ(r,ϕ) ❛♥❞ 〈ρ̃〉θ,ϕ(r)✳

❚❤❡♥✱ t❤❡ ❡q✉❛t✐♦♥ ✭✷✵✮ ✐s s✉✣❝✐❡♥t t♦ ❝♦♠♣✉t❡ Φ̂u>0(r, ϕ) ❢r♦♠ ρ̃✳ ▲❡t ✉s
♥♦t✐❝❡ t❤❛t ♦♥❡ ❤❛s t❤❡ ❡q✉❛❧✐t② t♥♦t❡✐♥ t❤❡ ●❨❙❊▲❆ ❝♦❞❡✱ ♥❡✉♠❛♥♥ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ❛r❡ ❛❧s♦ ❛✈❛✐❧❛❜❧❡✳✿ Φ̂u,w

1 (ϕ) = Φ̂u,w
Nr (ϕ) = 0✳ ❚❤❡ s②st❡♠ ✭✶✶✮ ✐s s♦❧✈❡❞

✉s✐♥❣ ❛ LU ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♠❛tr✐① ❝♦♠♣✉t❡❞ ♦♥❧② ♦♥❝❡✳

❘❘ ♥➦ ✼✺✾✶



P❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ●❨❙❊▲❆✬s P♦✐ss♦♥ s♦❧✈❡r ✽

✷✳✻ ✶❉ ❋♦✉r✐❡r tr❛♥s❢♦r♠s ♠❡t❤♦❞

❚❤❡ ♣r❡✈✐♦✉s ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ◗◆ s♦❧✈❡r ✉s✐♥❣ ✷❉ ❢♦✉r✐❡r tr❛♥s❢♦r♠s ❤❛s ❛
♠❛✐♥ ❞r❛✇❜❛❝❦ ❢r♦♠ ❛ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ■♥ ♦r❞❡r t♦ s♦❧✈❡ t❤❡ ❡q✉❛✲
t✐♦♥ ✭✶✶✮ ❢♦r ❛ ❣✐✈❡♥ ❝♦✉♣❧❡ (u, w)✱ ♦♥❡ ♠✉st ❝♦♠♣✉t❡ ✷❉ ❋❋❚s t❤❛t r❡q✉✐r❡ t♦
❦♥♦✇ ❛❧❧ ✈❛❧✉❡s ♦❢ ρ̃ ✐♥ ❞✐♠❡♥s✐♦♥s θ ❛♥❞ ϕ✳ ❚❤❡♥✱ s②st❡♠s ❛r❡ s♦❧✈❡❞ ✐♥ ❞✐♠❡♥✲
s✐♦♥ r✳ ❚❤❡r❡ ✐s ♥♦ s✐♠♣❧❡ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ρ̃ t❤❛t ❧❡❛❞s t♦ t❤❡ ❞❡s✐❣♥ ♦❢
❛ ◗◆ s♦❧✈❡r ✇✐t❤ ❛ ❣♦♦❞ ❧♦❛❞ ❜❛❧❛♥❝❡ ❛♥❞ t❤❛t ✐♥❞✉❝❡s ❢❡✇ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✇✐t❤
s✉❝❤ ✷❉ ❋❋❚s✳ ❚❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ❛❧❣♦r✐t❤♠s ♣❡r❢♦r♠ ❣❧♦❜❛❧ tr❛♥s♣♦s✐t✐♦♥s ♦❢ ρ̂
❛♥❞ Φ̂ ❜❡❢♦r❡ ♦r ❛❢t❡r ❋❋❚ tr❛♥s❢♦r♠s ✭❛s ✇✐❧❧ ❜❡ s❤♦✇♥ ✐♥ ❛❧❣♦r✐t❤♠ ✶✮✳ ❚❤❡s❡
tr❛♥s♣♦s✐t✐♦♥s ❝♦♥st✐t✉t❡ ❛♥ ♦✈❡r❤❡❛❞ t❤❛t ❞♦ ♥♦t s❝❛❧❡ ✇❡❧❧ ♦♥ ♠❛♥② ♣r♦❝❡ss♦rs✳
❙♦✱ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛♥♦t❤❡r ♠❡t❤♦❞ t❤❛t ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❝♦♥s✐❞❡r ❛❧❧ ✈❛❧✉❡s
✐♥ ♦♥❡ ♦❢ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✱ ❛♥❞ t❤❡♥ ✉♥❝♦✉♣❧❡s t❤❡ ❞✐♠❡♥s✐♦♥s (r, θ, ϕ)✳

❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ♠❡t❤♦❞ t❤❛t ❢♦❧❧♦✇s ✭❢r♦♠ ❛ ✇♦r❦ ❞✐str✐❜✉t✐♦♥
♣♦✐♥t ♦❢ ✈✐❡✇✮ ✐s t♦ ❝♦♥s✐❞❡r ♦♥❧② ✶❉ ❋❋❚s ✐♥ θ ❞✐♠❡♥s✐♦♥ ❛♥❞ t♦ ✉♥❝♦✉♣❧❡
❤❛r❞❧② ❛❧❧ ❝♦♠♣✉t❛t✐♦♥s ✐♥ ϕ ❞✐r❡❝t✐♦♥✳

❚❤❡ ❡q✉❛t✐♦♥ ✭✷✮ ❛✈❡r❛❣❡❞ ♦♥ (θ, ϕ) ❣✐✈❡s ✿

−
∂2 〈Φ〉θ,ϕ (r)

∂r2
− [

1

r
+

1

n0(r)

∂n0(r)

∂r
]
∂ 〈Φ〉θ,ϕ (r)

∂r
= 〈ρ̃〉θ,ϕ (r) ✭✶✽✮

❆ ❢♦✉r✐❡r tr❛♥s❢♦r♠ ✐♥ θ ❞✐r❡❝t✐♦♥ ❣✐✈❡s✿

Φ(r, θ, ϕ) =
∑

u Φ̂u(r, ϕ)ei u θ

ρ̃(r, θ, ϕ) =
∑

u ρ̂u(r, ϕ)ei u θ ✭✶✾✮

❚❤❡ ❡q✉❛t✐♦♥ ✭✷✮ ❝♦✉❧❞ ❜❡ r❡✇r✐tt❡♥ ❛s✿

❢♦r u > 0 :

−
∂2Φ̂u(r, ϕ)

∂r2
− [

1

r
+

1

n0(r)

∂n0(r)

∂r
]
∂Φ̂u(r, ϕ)

∂r
+

u2

r2
Φ̂u(r, ϕ) +

Φ̂u(r, ϕ)

Zi Te(r)
= ρ̂u(r, ϕ) ✭✷✵✮

❢♦r u = 0 :

∂2 〈Φ〉θ (r, ϕ)

∂r2
− [

1

r
+

1

n0(r)

∂n0(r)

∂r
]
∂ 〈Φ〉θ (r, ϕ)

∂r
+
〈Φ〉θ (r, ϕ)− 〈Φ〉θ,ϕ (r)

Zi Te(r)
= 〈ρ̃〉θ (r, ϕ) ✭✷✶✮

❚❤❡ ❡q✉❛t✐♦♥ ✭✶✽✮ ❛❧❧♦✇s ♦♥❡ t♦ ❞✐r❡❝t❧② ✜♥❞ ♦✉t t❤❡ ✈❛❧✉❡ ♦❢
〈Φ〉θ,ϕ (r) ❢r♦♠ t❤❡ ❞❛t❛ 〈ρ̃〉θ,ϕ (r)✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ Υ(r, θ, ϕ)
❛s Φ(r, θ, ϕ) − 〈Φ〉θ,ϕ (r)✳ ❙✉❜str❛❝t✐♥❣ ❡q✉❛t✐♦♥ ✭✶✽✮ t♦ ❡q✉❛t✐♦♥ ✭✷✶✮ ❧❡❛❞s t♦

−
∂2 〈Υ〉θ (r, ϕ)

∂r2
− [

1

r
+

1

n0(r)

∂n0(r)

∂r
]
∂ 〈Υ〉θ (r, ϕ)

∂r
+
〈Υ〉θ (r, ϕ)

Zi Te(r)
= 〈ρ̃〉θ (r, ϕ)− 〈ρ〉θ,ϕ (r) ✭✷✷✮

▲❡t ✉s ♥♦t✐❝❡ t❤❛t Φ̂0(r,ϕ)=〈Υ〉θ(r,ϕ)+〈Φ〉θ,ϕ(r)✳ ❙♦✱ t❤❡ s♦❧✈✐♥❣ ♦❢ ❡q✉❛t✐♦♥s ✭✶✽✮
❛♥❞ ✭✷✷✮ ❛❧❧♦✇s ♦♥❡ t♦ ❝♦♠♣✉t❡ 〈Φ〉θ,ϕ(r),〈Υ〉θ(r,ϕ) ❛♥❞ Φ̂0(r,ϕ) ❢r♦♠ t❤❡ q✉❛♥t✐t✐❡s
〈ρ̃〉θ(r,ϕ) ❛♥❞ 〈ρ̃〉θ,ϕ(r)✳

❚❤❡♥✱ t❤❡ ❡q✉❛t✐♦♥ ✭✷✵✮ ✐s s✉✣❝✐❡♥t t♦ ❝♦♠♣✉t❡ Φ̂u>0(r, ϕ) ❢r♦♠ ρ̃✳ ▲❡t
✉s ♥♦t✐❝❡ t❤❛t ♦♥❡ ❤❛s t❤❡ ❡q✉❛❧✐t② Φ̂u>0(r, ϕ) = Υ̂u>0(r, ϕ)✳ ❚❤❡ ❞✐✛❡r❡♥t
❡q✉❛t✐♦♥s ❛r❡ s♦❧✈❡❞ ✉s✐♥❣ ❛ ▲❯ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ t❤❡ s❛♠❡ ✇❛② t❤❛t ✇❡ ❞♦
✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥ ✇✐t❤ s②st❡♠ ✭✶✶✮✳ ▼♦r❡♦✈❡r✱ ✈❛r✐❛❜❧❡ ϕ ❛❝ts ❛s ❛
♣❛r❛♠❡t❡r ✐♥ ❡q✉❛t✐♦♥ ✭✷✵✮✱ ❛❧❧♦✇✐♥❣ ❝♦♠♣✉t❛t✐♦♥s t♦ ❜❡ ♣❛r❛❧❧❡❧✐③❡❞✳

❘❘ ♥➦ ✼✺✾✶



P❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ●❨❙❊▲❆✬s P♦✐ss♦♥ s♦❧✈❡r ✾

✸ ❆❧❣♦r✐t❤♠s ❢♦r t❤❡ ◗◆ s♦❧✈❡r

❍❡r❡❛❢t❡r✱ t❤r❡❡ ❛❧❣♦r✐t❤♠s ❛r❡ ♣r♦♣♦s❡❞ t♦ s♦❧✈❡ t❤❡ ◗◆ ❡q✉❛t✐♦♥✳ ❚❤❡s❡ ❛❧❣♦✲
r✐t❤♠s ✇✐❧ ❜❡ ❞❡♥♦t❡❞ ❜② ✷❞❴❢❢t✱ ✶❞❴❢❢t✱ ♣✶❞❴❢❢t✳
❚♦ ❞✐str✐❜✉t❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♣❛rt ✶✱ ❛❧❧ ❛❣❧♦r✐t❤♠s ✉s❡ ❛ s✐♥❣❧❡ s✐♠♣❧❡ ❢♦r♠✉❧❛✲
t✐♦♥ t♦ ♦❜t❛✐♥ ρ̃ ❞❛t❛ str✉❝t✉r❡ ❢r♦♠ ✐♥t❡❣r❛❧s ♦♥ f̄ ✳
❍♦✇❡✈❡r✱ s❡✈❡r❛❧ s♦❧✉t✐♦♥s ❜❛s❡❞ ♦♥ t❡❝❤♥✐q✉❡s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜✲
s❡❝t✐♦♥s ✭✷✳✹✱ ✷✳✻✮ ❛r❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ♣❛rt ✷ t❤❛t ❞❡r✐✈❡s Φ✳ ❊❛❝❤ s♦✲
❧✉t✐♦♥ ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ✐♥ ❛ ♣❡❝✉❧✐❛r s✉❜s❡❝t✐♦♥✳ ❲❡ ❛ss✉♠❡ t✇♦ ♠❛✐♥ ❤②✲
♣♦t❤❡s✐s ❝♦♥❝❡r♥✐♥❣ t❤❡ ❞❛t❛ ❞✐str✐❜✉t✐♦♥✿ ✶✮ ✐♥✐t✐❛❧❧② ❡❛❝❤ ♣r♦❝❡ss♦r ❦♥♦✇s t❤❡
✈❛❧✉❡ ♦❢ ❛ ❜❧♦❝❦ f̄(r = block, θ = block, ϕ = ∗, v// = ∗, µ = value)✱ ✷✮ ❛t t❤❡
❡♥❞ t❤❡ ❞❛t❛ Φ ♠✉st ❜❡ ❦♥♦✇♥ ♦♥ ❛❧❧ ♣r♦❝❡ss♦rs✳ ■♥ ❢♦rt❤❝♦♠✐♥❣ ✇♦r❦s✱ ✇❡
s❤♦✉❧❞ tr② t♦ r❡♠♦✈❡ t❤❡ ❧❛tt❡r ❤②♣♦t❤❡s✐s t♦ ♦♥❧② ♣r♦❞✉❝❡ s♠❛❧❧ ❜❧♦❝❦s s✉❝❤
❛s Φ(r = block, θ = block, ϕ = ∗) ♦♥ ❡❛❝❤ ♣r♦❝❡ss♦r✳ ❇✉t ❞❡♣❛♥❞❛♥❝✐❡s ✐♥ t❤❡
●❨❙❊▲❆ ❝♦❞❡ ✭✇❤✐❝❤ ❡♥❝❛♣s✉❧❛t❡s ♦✉r ◗◆ s♦❧✈❡r✮ ♣r❡✈❡♥t ✉s t♦ ❞♦ s♦ ❛t t❤❡
♣r❡s❡♥t ❞❛②✳

✸✳✶ P❛rt✐❛❧ ♣❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠ ✇✐t❤ ✷❉ ❋❋❚

❚❤❡ ❛❧❣♦r✐t❤♠ t❤❛t ❢♦❧❧♦✇s ✭❆❧❣♦r✐t❤♠ ✶✮✱ ❢♦❝✉s❡s s✐♥❣❧② ♦♥ t❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥
♦❢ ♣❛rt ✶✳ ❚❤❡ ♣❛rt ✷✱ t❤❛t ♣❡r❢♦r♠s t❤❡ Φ ❝♦♠♣✉t❛t✐♦♥✱ ✉s❡s ❛♥ ✉♥♣❛r❛❧❧❡❧✐③❡❞
❛♣♣r♦❛❝❤ ✇✐t❤ ✷❉ ❋❋❚s✳

▲❡t Nr✱ Nθ✱ Nϕ✱ Nv‖
✱ Nµ ❜❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥ ❡❛❝❤ ❞✐♠❡♥✲

s✐♦♥ r✱ θ✱ ϕ✱ v‖✱ µ✳ ▲❡ P ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss♦rs✳ ❚❤❡ ✺❉ ❞❛t❛ f ❤❛s s✐③❡
(Nr Nθ Nϕ Nv‖

Nµ)✱ ✇❤❡r❡❛s t❤❡ ✸❉ ❞❛t❛ ρ̃ ❤❛s s✐③❡ (Nr Nθ Nϕ)✳ ❇❡❝❛✉s❡ ♦❢ ✷❉
❋❋❚s✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❝♦♠♣❧❡①✐t② ♦❢ ♣❛rt ✷ ✐s ✐♥ Θ(Nθ Nϕ Nr ln(Nθ) ln(Nϕ))✳
❚❤❡ ❞❛t❛ str✉❝t✉r❡s ρ̃ ❛♥❞ Φ ❤❛✈❡ s✐③❡ Θ(Nθ NϕNr)✳ ❍❡r❡✱ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ t♦
♣❡r❢♦r♠ t❤❡ ♣❛rt ✷ r❡❞♦♥❞❛♥t❧② ♦♥ ❡❛❝❤ ♣r♦❝❡ss♦r✳ ❚❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ ♣❛rt
✷ ✇♦✉❧❞ ✐♠♣❧② ❛❞❞✐♥❣ ❝♦♠♠♠✉♥✐❝❛t✐♦♥ t♦ r❡❞✐str✐❜✉t❡ ❞❛t❛ ❛❢t❡r ❧✐♥❡ ✷✶ ❛♥❞
❜❡❢♦r❡ ❧✐♥❡ ✷✹✳ ❚❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✇✐t❤ t❤❡s❡ ❡①tr❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❛♥ ♥♦t ❜❡
s❝❛❧❛❜❧❡ ♦♥ ♠❛♥② ♣r♦❝❡ss♦rs ❜❡❝❛✉s❡ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦✈❡r ❝♦♠♣❧❡①✐t② ❝♦sts
r❛t✐♦✳ ❚❤❡ ❆❧❣♦r✐t❤♠ ✭✶✮ ✇✐❧❧ ❜❡ t❛❦❡♥ ❛s ❛ r❡❢❡r❡♥❝❡ t♦ ❡✈❛❧✉❛t❡ t❤❡ ♦t❤❡r
❛❧❣♦r✐t❤♠s ♣r❡s❡♥t❡❞ ❛❢t❡r✇❛r❞s✳

❚❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ ♣❛rt ✶ ❝♦♥s✐st ✐♥ ❛ ❣❧♦❜❛❧ tr❛♥s♣♦s✐t✐♦♥ ♦❢ ❞❛t❛ f̄
✭❧✐♥❡ ✼✮ ❛♥❞ ❛ ❜r♦❛❞❝❛st ♦❢ ❞✐str✐❜✉t❡❞ ❞❛t❛ ρ̃ ✭❧✐♥❡ ✶✻✮✳ ❚❤❡ r❡s♣❡❝t✐✈❡ ❝♦sts
✐♥ t❡r♠ ♦❢ ❣❧♦❜❛❧ ✈♦❧✉♠❡ ❡①❝❤❛♥❣❡❞ ❛r❡ Nθ Nϕ Nr Nµ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ✢♦❛t✐♥❣
♣♦✐♥t ✈❛❧✉❡s ❢♦r t❤❡ ✜rst ♦♥❡ ❛♥❞ Nθ Nϕ Nr (P− 1) ❢♦r t❤❡ s❡❝♦♥❞ ♦♥❡✳
❚❤❡ ♠❡t❤♦❞ t❤❛t ❡✈❛❧✉❛t❡s t❤❡ ❣②r♦❛✈❡r❛❣❡ ♦♣❡r❛t♦r ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✶
r❡q✉✐r❡s t❤❛t ✇❡ ❦♥♦✇✱ ❢♦r ❛ ❣✐✈❡♥ ❝♦✉♣❧❡ (ϕ, µ)✱ ❛❧❧ ✈❛❧✉❡s ρ̃1(r=∗, θ=∗, ϕ, µ)✳
❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ t♦ ✐♥t❡❣r❛t❡ ♦✈❡r dµ ✭❧✐♥❡ ✶✸✮ t♦ ❣❡t ρ̃ ❀ t♦ ❛✈♦✐❞ ❡①tr❛
❝♦♠♠✉♥✐❝❛t✐♦♥✱ ✐t ✐s s❛❢❡ t♦ ♣✉t ❛❧❧ ρ̃1(r=∗, θ=∗, ϕ, µ=∗) ♦♥ t❤❡ s❛♠❡ ♣r♦❝❡ss♦r
✐♥ ♦r❞❡r t♦ ♣❡r❢♦r♠ t❤❡ ✐♥t❡❣r❛❧s ❧♦❝❛❧❧②✳ ❙♦✱ ✇✐t❤ ♦✉r ❣②r♦❛✈❡r❛❣✐♥❣ ♠❡t❤♦❞
✭t❤❛t ❝♦✉♣❧❡s r ❛♥❞ θ ❞✐♠❡♥s✐♦♥s✮✱ t❤❡ ♣❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞
✐♥❞✉❝❡s s♠❛❧❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦st ❛♥❞ ❣♦♦❞ ❧♦❛❞ ❜❛❧❛♥❝❡✳ ■t ♠❛✐♥❧② ✉s❡s ❛
♣❛r❛❧❧❡❧ ❧♦♦♣ ✐♥ ϕ ❛t ❧✐♥❡ ✾✳

❲❡ ♥♦✇ ❛ss✉♠❡ t❤❛t ρ̃1✱ ✇❤✐❝❤ ✐s t❤❡ ♦✉t♣✉t ♦❢ ♣❛rt ✶ ❝♦♠♣✉t❛t✐♦♥s✱ ✐s ❞✐s✲
tr✐❜✉t❡❞ ❛❧♦♥❣ ✇✐t❤ ϕ ♦✈❡r t❤❡ ♣❛r❛❧❧❡❧ ♠❛❝❤✐♥❡ ❜❡❝❛✉s❡ ♦❢ ♣r❡✈✐♦✉s ❛r❣✉♠❡♥ts✳
❆s ✇❡ ❡①♣❡❝t t❤❛t ❡❛❝❤ ♣r♦❝❡ss♦r ✜♥❛❧❧② ❦♥♦✇s t❤❡ ❞❛t❛ Φ✱ t❤❡♥ ❛ ❣❧♦❜❛❧ ❝♦♠♠✉✲
♥✐❝❛t✐♦♥ ✇✐❧❧ tr❛♥s❢❡r ♣❛rts ♦❢ ❧♦❝❛❧❧② ❝♦♠♣✉t❡❞ Φ str✉❝t✉r❡ ❜❡t✇❡❡♥ ♣r♦❝❡ss♦rs✳

❘❘ ♥➦ ✼✺✾✶



P❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ●❨❙❊▲❆✬s P♦✐ss♦♥ s♦❧✈❡r ✶✵

❆❧❣♦r✐t❤♠ ✶✿ P❛rt✐❛❧ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ ◗◆ s♦❧✈❡r ✭✷❞❴❢❢t✮

■♥♣✉t ✿ ❧♦❝❛❧ ❜❧♦❝❦ f̄(r = block, θ = block, ϕ = ∗, v// = ∗, µ)✶

✷

✭✯ ♣❛rt ✶ ✯✮✸

❈♦♠♣✉t❛t✐♦♥ ✿ ρ̃1 ❜② ✐♥t❡❣r❛t✐♦♥ ✐♥ dv// ♦❢ f̄✹

✭♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✐♥ µ, r, θ✮✺

❙❡♥❞ ❧♦❝❛❧ ❞❛t❛ ρ̃1(r = block, θ = block, ϕ = ∗, µ)✻

❘❡❞✐str✐❜✉t❡ ρ̃1 ✴ ❙②♥❝❤r♦♥✐③❛t✐♦♥✼

❘❡❝❡✐✈❡ ❜❧♦❝❦ ρ̃1(r = ∗, θ = ∗, ϕ = block, µ = ∗)✽

❢♦r ❧♦❝❛❧ ϕ ✈❛❧✉❡s ❞♦ ✐♥ ♣❛r❛❧❧❡❧✾

✭♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✐♥ ϕ✮✶✵

❈♦♠♣✉t❛t✐♦♥ ✿ ρ̃2 ❢♦r ❛ ❣✐✈❡♥ ϕ ❜② ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♦♣❡r❛t♦r J0✶✶

❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐♥ θ✱ ❙♦❧✈✐♥❣ ♦❢ ▲❯ s②st❡♠s ✐♥ r✶✷

❈♦♠♣✉t❛t✐♦♥ ✿ ρ̃ ❢♦r ❛ ❣✐✈❡♥ ϕ ❜② ✐♥t❡❣r❛t✐♦♥ ✐♥ dµ ♦❢ ρ̃2✶✸

❡♥❞✶✹

❙❡♥❞ ❧♦❝❛❧ ❞❛t❛ ρ̃(r = ∗, θ = ∗, ϕ = block)✶✺

❇r♦❛❞❝❛st ♦❢ ρ̃ ✴ ❙②♥❝❤r♦♥✐③❛t✐♦♥✶✻

❘❡❝❡✐✈❡ ❣❧♦❜❛❧ ❞❛t❛ ρ̃(r = ∗, θ = ∗, ϕ = ∗)✶✼

✶✽

✭✯ ♣❛rt ✷✱ ♥♦t ♣❛r❛❧❧❡❧✐③❡❞ ✯✮✶✾

❈♦♠♣✉t❛t✐♦♥ ✿ ✷❉ ❋❋❚s ♦❢ ρ̃ ♦♥ ❞✐♠❡♥s✐♦♥s ✭θ✱ϕ✮✷✵

❈♦♠♣✉t❛t✐♦♥ ♦❢ ρ̂✷✶

❈♦♠♣✉t❛t✐♦♥ ✿ ❙♦❧✈✐♥❣ ♦❢ ▲❯ s②st❡♠s ♦♥ ❞✐♠✳ r ✱✷✷

❈♦♠♣✉t❛t✐♦♥ ♦❢ Φ̂✷✸

❈♦♠♣✉t❛t✐♦♥ ✿ ✷❉ ✐♥✈❡rs❡ ❋❋❚s ✷❉ ♦♥ ❞✐♠✳ ✭θ✱ϕ✮✷✹

✷✺

❖✉t♣✉ts ✿ Φ(r = ∗, θ = ∗, ϕ = ∗)✷✻

❲✐t❤ t❤❡s❡ ❤②♣♦t❤❡s✐s✱ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦st ♦❢ Nθ Nϕ Nr (P− 1) ✐s ❜❡st r❡✲
❞✉❝❡❞✳ ❙♦✱ ❢r♦♠ ♦✉r ❛❝t✉❛❧ ❦♥♦✇❧❡❞❣❡✱ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ❢♦r ♣❛rt ✶✱ ❞♦❡s
t❤❡ ♠✐♥✐♠✉♠ ♣♦ss✐❜❧❡ ✈♦❧✉♠❡ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦❣❡t❤❡r ✇✐t❤ ❛ r❡❛s♦♥❛❜❧❡
❝♦♠♣✉t❛t✐♦♥ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ ♣❛r❛❧❧❡❧ ♦✈❡r❤❡❛❞ ✐s ✈❡r② ❧♦✇ ❢♦r t❤✐s s♦❧✉t✐♦♥
❛♥❞ ✐t ✐s ❞✐✣❝✉❧t t♦ ❢✉rt❤❡r r❡❞✉❝❡ ✐t✳

❘❘ ♥➦ ✼✺✾✶



P❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ●❨❙❊▲❆✬s P♦✐ss♦♥ s♦❧✈❡r ✶✶

✸✳✷ P❛rt✐❛❧ ♣❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠ ✇✐t❤ ✶❉ ❋❋❚

❚❤❡ ♣❛rt ✷ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✉s❡s t❤❡ ❛♣♣r♦❛❝❤ ✇✐t❤ ✶❉ ❋❋❚s✳

❆❧❣♦r✐t❤♠ ✷✿ P❛rt✐❛❧ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ ◗◆ s♦❧✈❡r ✭✶❞❴❢❢t✮

■♥♣✉t ✿ ❧♦❝❛❧ ❜❧♦❝❦ f̄(r = block, θ = block, ϕ = ∗, v// = ∗, µ)✶

✷

✭✯ ♣❛rt ✶ ✯✮✸

❈♦♠♣✉t❛t✐♦♥ ✿ ρ̃1 ❜② ✐♥t❡❣r❛t✐♦♥ ✐♥ dv// ♦❢ f̄✹

✭♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✐♥ µ, r, θ✮✺

❙❡♥❞ ❧♦❝❛❧ ❞❛t❛ ρ̃1(r = block, θ = block, ϕ = ∗, µ)✻

❘❡❞✐str✐❜✉t❡ ρ̃1 ✴ ❙②♥❝❤r♦♥✐③❛t✐♦♥✼

❘❡❝❡✐✈❡ ❜❧♦❝❦ ρ̃1(r = ∗, θ = ∗, ϕ = block, µ = ∗)✽

❢♦r ❧♦❝❛❧ ϕ ✈❛❧✉❡s ❞♦ ✐♥ ♣❛r❛❧❧❡❧✾

✭♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✐♥ ϕ✮✶✵

❈♦♠♣✉t❛t✐♦♥ ✿ ρ̃2 ❢♦r ❛ ❣✐✈❡♥ ϕ ❜② ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♦♣❡r❛t♦r J0✶✶

❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐♥ θ✱ ❙♦❧✈✐♥❣ ♦❢ ▲❯ s②st❡♠s ✐♥ r✶✷

❈♦♠♣✉t❛t✐♦♥ ✿ ρ̃ ❢♦r ❛ ❣✐✈❡♥ ϕ ❜② ✐♥t❡❣r❛t✐♦♥ ✐♥ dµ ♦❢ ρ̃2✶✸

❡♥❞✶✹

❙❡♥❞ ❧♦❝❛❧ ❞❛t❛ ρ̃(r = ∗, θ = ∗, ϕ = block)✶✺

❇r♦❛❞❝❛st ♦❢ ρ̃ ✴ ❙②♥❝❤r♦♥✐③❛t✐♦♥✶✻

❘❡❝❡✐✈❡ ❣❧♦❜❛❧ ❞❛t❛ ρ̃(r = ∗, θ = ∗, ϕ = ∗)✶✼

✶✽

✭✯ ♣❛rt ✷✱ ♥♦t ♣❛r❛❧❧❡❧✐③❡❞ ✯✮✶✾

❢♦r ϕ← 1 t♦ Nϕ ❞♦✷✵

❈♦♠♣✉t❛t✐♦♥ ✿ ✶❉ ❋❋❚s ♦❢ ρ̃ ♦♥ ❞✐♠❡♥s✐♦♥ ✭θ✮✷✶

❈♦♠♣✉t❛t✐♦♥ ✿ ❙♦❧✈✐♥❣ ♦❢ ▲❯ s②st❡♠s ❢♦r Φ̂ ♠♦❞❡s ✭u > 0✮✱ ❡q✳ ✭✷✵✮✷✷

❈♦♠♣✉t❛t✐♦♥ ✿ ✐♥✈❡rs❡ ✶❉ ❋❋❚s ♦♥ ❞✐♠✳ ✭θ✮✷✸

❈♦♠♣✉t❛t✐♦♥ ✿ ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ ρ̃ ✈❛❧✉❡s t♦ ❝♦♠♣✉t❡ 〈ρ̃〉θ (r = ∗, ϕ)✷✹

❡♥❞✷✺

❈♦♠♣✉t❛t✐♦♥ ✿ ❙♦❧✈✐♥❣ ♦❢ ▲❯ s②st❡♠ t♦ ✜♥❞ 〈Φ〉θ,ϕ ❢r♦♠ 〈ρ̃〉θ✱ ❡q✳ ✭✶✽✮✷✻

❢♦r ϕ← 1 t♦ Nϕ ❞♦✷✼

❈♦♠♣✉t❛t✐♦♥ ✿ ❙♦❧✈✐♥❣ ♦❢ ▲❯ s②st❡♠ ❢♦r 〈Υ〉θ(r=∗,ϕ)✱ ❡q✳ ✭✷✷✮✷✽

❈♦♠♣✉t❛t✐♦♥ ✿ ❆❞❞✐♥❣ 〈Φ〉θ,ϕ t♦ 〈Υ〉θ(r=∗,ϕ) ❣✐✈❡s Φ̂0(r = ∗, ϕ)✷✾

❈♦♠♣✉t❛t✐♦♥ ✿ ❈♦♠♣✉t❡ Φ(r = ∗, θ = ∗, ϕ) ✐♥ ❛❞❞✐♥❣ Φ̂0(r = ∗, ϕ)✸✵

❡♥❞✸✶

✸✷

❖✉t♣✉ts ✿ Φ(r = ∗, θ = ∗, ϕ = ∗)✸✸

❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ❝♦♠♣❧❡①✐t② ♦❢ ♣❛rt ✷ ✐s ✐♥ Θ(Nθ Nϕ Nr ln(Nθ))✳ ❚❤❡ ❋❋❚
tr❛♥s❢♦r♠s ❞♦♠✐♥❛t❡ t❤❡ t✐♠❡ ❝♦st ♦❢ t❤✐s ♣❛rt✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ❝♦♠✲
♣❧❡①✐t②✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❝♦st ✐s ❞✐✈✐❞❡❞ ❜② ln(Nϕ) ❝♦♠♣❛r❡❞ t♦ t❤❡ ❛❧❣♦r✐t❤♠ ✶
✭✷❞❴❢❢t✮✳ ❚❤✉s✱ ♦♥❡ ♠❛② ❡①♣❡❝t t♦ ✐♠♣r♦✈❡ ♣❡r❢♦r♠❛♥❝❡s ❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢
Nϕ✳ ❲❡ ✇✐❧❧ ❜❡ ❝♦♥❝❡r♥ ✇✐t❤ t❤✐s ❢❛❝t ✇❤❡♥ ❛♥❛❧②s✐♥❣ t❤❡ ❜❡♥❝❤♠❛r❦s✳ ■♥ t❤❡
♥❡①t s✉❜s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ tr② t♦ ❞♦ ❝♦♥❝✉rr❡♥t❧② s♦♠❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ ♣❛rt ✷✳

❘❘ ♥➦ ✼✺✾✶



P❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ●❨❙❊▲❆✬s P♦✐ss♦♥ s♦❧✈❡r ✶✷

✸✳✸ ❋✉❧❧ ♣❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠ ✇✐t❤ ✶❉ ❋❋❚

❚❤❡ ❧❛st ❛❧❣♦r✐t❤♠ ✈❡rs✐♦♥ ❢✶❞❴❢❢t✱ ♣r❡s❡♥t❡❞ ❤❡r❡✱ ❞❡s❝r✐❜❡s ❛ ❢✉❧❧ ♣❛r❛❧❧❡❧
❛❧❣♦r✐t❤♠ ✭❡①❝❧✉❞✐♥❣ ❛ ✈❡r② s♠❛❧❧ r❡❞♦♥❞❛♥t ❝♦♠♣✉t❛t✐♦♥ ❧✐♥❡ ✷✶✮✳ ❚❤✐s ❛❧❣♦✲
r✐t❤♠ ✐♠♣r♦✈❡s t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ✐♥ ♣❛r❛❧❧❡❧✐③✐♥❣ t❤❡ ✜♥❛❧ ❝♦♠♣✉t❛t✐♦♥s ❛t t❤❡
❡①♣❡♥s❡ ♦❢ ❛ ❢❡✇ ♠♦r❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s✳

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❢✉♥❝t✐♦♥ Υ(r, θ, ϕ) = Φ(r, θ, ϕ) − 〈Φ〉θ (r, ϕ)✳
❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t♦ ❝♦♠♣✉t❡ 〈Φ〉θ,ϕ ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✳ ❚❤✉s✱ ✐t ❛❧❧♦✇s ✉s t♦
♣❡r❢♦r♠ t❤❡ ❝♦♠♣✉t❛t✐♦♥s 〈Υ〉θ(r=∗,ϕ) ✐♥ ♣❛r❛❧❧❡❧✱ ❛♥❞ ✇❡ ✉s❡ t❤❡s❡ q✉❛♥t✐t✐❡s t♦
♦❜t❛✐♥ Φ̂0(r = ∗, ϕ) ❛♥❞ t❤❡♥ Φ(r = ∗, θ = ∗, ϕ)✳

❆❧❣♦r✐t❤♠ ✸✿ ❋✉❧❧ P❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ ◗◆ s♦❧✈❡r ✭❢✶❞❴❢❢t✮

■♥♣✉t ✿ ❧♦❝❛❧ ❜❧♦❝❦ f̄(r = block, θ = block, ϕ = ∗, v// = ∗, µ)✶

✷

✭✯ ♣❛rt ✶✯✮✸

❈♦♠♣✉t❛t✐♦♥ ✿ ρ̃1 ❜② ✐♥t❡❣r❛t✐♦♥ ✐♥ dv// ♦❢ f̄✹

✭♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✐♥ µ, r, θ✮✺

❙❡♥❞ ❧♦❝❛❧ ❞❛t❛ ρ̃1(r = block, θ = block, ϕ = ∗, µ)✻

❘❡❞✐str✐❜✉t❡ ρ̃1 ✴ ❙②♥❝❤r♦♥✐③❛t✐♦♥✼

❘❡❝❡✐✈❡ ❜❧♦❝❦ ρ̃1(r = ∗, θ = ∗, ϕ = block, µ = ∗)✽

❢♦r ❧♦❝❛❧ ϕ ✈❛❧✉❡s ❞♦ ✐♥ ♣❛r❛❧❧❡❧✾

✭♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✐♥ ϕ✮✶✵

❈♦♠♣✉t❛t✐♦♥ ✿ ρ̃2 ❢♦r ❛ ❣✐✈❡♥ ϕ ❜② ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♦♣❡r❛t♦r J0✶✶

❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐♥ θ✱ ❙♦❧✈✐♥❣ ♦❢ ▲❯ s②st❡♠s ✐♥ r✶✷

❈♦♠♣✉t❛t✐♦♥ ✿ ρ̃ ❢♦r ❛ ❣✐✈❡♥ ϕ ❜② ✐♥t❡❣r❛t✐♦♥ ✐♥ dµ ♦❢ ρ̃2✶✸

❈♦♠♣✉t❛t✐♦♥ ✿ ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ ρ̃ ✈❛❧✉❡s t♦ ❣❡t 〈ρ̃〉θ (r = ∗, ϕ)✶✹

❡♥❞✶✺

✶✻

✭✯ ♣❛rt ✷✯✮✶✼

❙❡♥❞ ❧♦❝❛❧ ❞❛t❛ 〈ρ̃〉θ(r=∗,ϕ=block)✶✽

❇r♦❛❞❝❛st ♦❢ 〈ρ̃〉θ ✴ ❙②♥❝❤r♦♥✐③❛t✐♦♥✶✾

❘❡❝❡✐✈❡ 〈ρ̃〉θ(r=∗,ϕ=∗)✷✵

❈♦♠♣✉t❛t✐♦♥ ✿ ❙♦❧✈✐♥❣ ♦❢ ▲❯ s②st❡♠ t♦ ✜♥❞ 〈Φ〉θ,ϕ ❢r♦♠ 〈ρ̃〉θ✱ ❡q✳ ✭✶✽✮✷✶

❢♦r ❧♦❝❛❧ ϕ ✈❛❧✉❡s ❞♦ ✐♥ ♣❛r❛❧❧❡❧✷✷

✭♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✐♥ ϕ✮✷✸

❈♦♠♣✉t❛t✐♦♥ ✿ ✶❉ ❋❋❚s ♦❢ ρ̃ ♦♥ ❞✐♠❡♥s✐♦♥ ✭θ✮✷✹

❈♦♠♣✉t❛t✐♦♥ ✿ ❙♦❧✈✐♥❣ ♦❢ ▲❯ s②st❡♠s ❢♦r Φ̂ ♠♦❞❡s ✭u > 0✮✱ ❡q✳ ✭✷✵✮✷✺

❈♦♠♣✉t❛t✐♦♥ ✿ ❙♦❧✈✐♥❣ ♦❢ ▲❯ s②st❡♠ ❢♦r 〈Υ〉θ(r=∗,ϕ)✱ ❡q✳ ✭✷✷✮✷✻

❈♦♠♣✉t❛t✐♦♥ ✿ ❆❞❞✐♥❣ 〈Φ〉θ,ϕ t♦ 〈Υ〉θ(r=∗,ϕ) ❣✐✈❡s Φ̂0(r=∗,ϕ)✷✼

❈♦♠♣✉t❛t✐♦♥ ✿ ✐♥✈❡rs❡ ✶❉ ❋❋❚s ♦♥ Φ̂0 ❛♥❞ Φ̂u>0 t♦ ❣❡t Φ(r=∗,θ=∗,ϕ)✷✽

❡♥❞✷✾

❙❡♥❞ ❧♦❝❛❧ ❞❛t❛ Φ(r = ∗, θ = ∗, ϕ = block)✸✵

❇r♦❛❞❝❛st ♦❢ ✈❛❧✉❡s ✴ ❙②♥❝❤r♦♥✐③❛t✐♦♥✸✶

❘❡❝❡✐✈❡ ❣❧♦❜❛❧ ❞❛t❛ Φ(r = ∗, θ = ∗, ϕ = ∗)✸✷

❖✉t♣✉ts ✿ Φ(r = ∗, θ = ∗, ϕ = ∗)✸✸

❚❤❡ ❛♠♦✉♥t ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛❞❞❡❞ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ♣r❡✈✐♦✉s ❛❧❣♦✲
r✐t❤♠s ✐s O(Nr Nϕ P)✳ ❚❤✐s ✐s ♥❡❣❧✐❣✐❜❧❡ ✇❤❡♥ ♦♥❡ ❝♦♥s✐❞❡rs ♦t❤❡r ❝♦♠♠✉♥✐❝❛✲
t✐♦♥ ❝♦sts✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛ s②♥❝❤r♦♥✐③❛t✐♦♥ ♦❢ ♣r♦❝❡ss♦rs ✐s ❛❧s♦ ✐♥❞✉❝❡❞✳

❘❘ ♥➦ ✼✺✾✶



P❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ●❨❙❊▲❆✬s P♦✐ss♦♥ s♦❧✈❡r ✶✸

✹ P❡r❢♦r♠❛♥❝❡ ❆♥❛❧②s✐s

◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ♦♥ ❛ ❝❧✉st❡r ♦❢ ✾✸✷ ♥♦❞❡s ♦✇♥❡❞
❜② ❈❈❘❚✴❈❊❆✱ ❋r❛♥❝❡✳ ❊❛❝❤ ♥♦❞❡ ❤♦sts ❡✐❣❤t ■t❛♥✐✉♠✷ ✶✳✻●❤③ ❝♦r❡s
❛♥❞ ♦✛❡rs ✷✹●❇ ♦❢ s❤❛r❡❞ ♠❡♠♦r②✳ P❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ❞✐✛❡r❡♥t ✈❡r✲
s✐♦♥s ♦❢ t❤❡ ◗◆ s♦❧✈❡r ❢♦r ♦♥❡ ✺❉ t❡st ❝❛s❡ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❛❜❧❡ ✶
✭Nr = 256, Nθ = 64, Nϕ = 256, Nv‖

= 16, Nµ = 32✮✳ ◆♦t❡ t❤❛t t❤❡ ❱❧❛s♦✈ s♦❧✈❡r ♦❢ t❤❡
●❨❙❊▲❆ ❝♦❞❡ ✉s❡s ❛ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ❜❛s❡❞ ♦♥ ❛ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ ❞✐✲
♠❡♥s✐♦♥ µ ❛♥❞ r✳ ❙♦✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss♦rs P ✐s ❣✐✈❡♥ ❜② t❤❡ ♣r♦❞✉❝t ♦❢ pµ

t❤❡ ♥✉♠❜❡r ♦❢ µ ✈❛❧✉❡s ✇✐t❤ pr t❤❡ ♥✉♠❜❡r ♦❢ ❜❧♦❝❦ ✐♥ ❞✐♠❡♥s✐♦♥ r✳ ❚❤❡ ♥✉♠✲
❜❡r ♦❢ µ ✈❛❧✉❡s ✐♥ t❤❡ ♣r❡s❡♥t❡❞ t❡st ❝❛s❡ ✐s pµ = 32✱ t❤❡♥ ♦✉r ♣❛r❛❧❧❡❧ ♣r♦❣r❛♠
✉s❡s ❛ ♠✐♥✐♠✉♠ ♦❢ ✸✷ ♣r♦❝❡ss♦rs✳ ❚❤❡♥✱ t❤❡ r❡❧❛t✐✈❡ s♣❡❡❞✉♣s s❤♦✇♥ ✐♥ t❛❜❧❡
✶ ❝♦♥s✐❞❡rs ❛s ❛ r❡❢❡r❡♥❝❡ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡s ♦♥ ✸✷ ❝♦r❡s ♦❢ ❢♦✉r ❝♦♠♣✉t❛t✐♦♥
♥♦❞❡s✳

■♥ ♦r❞❡r t♦ ❣✐✈❡ ✜♥❡ ♣❡r❢♦r♠❛♥❝❡ r❡s✉❧ts✱ ✇❡ ✇✐❧❧ s✉❜❞✐✈✐s❡ t❤❡ ❛❧❣♦r✐t❤♠s
✐♥t♦ s♠❛❧❧ r❡❝♦❣♥✐③❛❜❧❡ ♣❛rts✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ρ̃ ✭♣❛rt ✶✮ ❝♦♥s✐sts ✐♥ ❛ ❝♦♠✲
♠✉♥✐❝❛t✐♦♥ ♣❛rt ❛♥❞ ♣❛r❛❧❧❡❧✐③❡❞ ✐♥t❡❣r❛❧ ❝❛❧❝✉❧❛t✐♦♥s✳ ❋♦r t❤❡ ❞✐✛❡r❡♥t ✈❡rs✐♦♥s✱
t❤❡ s♦❧✈❡r ❣✐✈✐♥❣ Φ ❞❡♣❡♥❞✐♥❣ ♦♥ ρ̃ ✭♣❛rt ✷✮ ❝♦✉❧❞ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❝♦♠♠✉♥✐✲
❝❛t✐♦♥ st❡♣s ♣❧✉s t✇♦ t②♣❡s ♦❢ ❝♦♠♣✉t❛t✐♦♥✿ t❤❡ r❡❞♦♥❞❛♥t ♦♥❡s ❛♥❞ t❤❡ ♣❛r❛❧❧❡❧
♦♥❡s✳ ❋✐♥❛❧❧②✱ ♦♥❡ ❝❛♥ ❤❛✈❡ ❛ ❧♦♦❦ t♦ t✐♠❡ ❝♦sts ♦❢ t❤❡ ◗◆ s♦❧✈❡r ❝♦♥s✐❞❡r✐♥❣
t❤r❡❡ ♠❡s✉r❡s✿ ✶✮ t❤❡ t✐♠❡ s♣❡♥t ✐♥ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✭t❤❡ ♠❛①✐♠✉♠ ❛♠♦♥❣ ❛❧❧
♣r♦❝❡ss♦rs ✐s ❣✐✈❡♥ ✐♥ t❛❜❧❡ ✶✮✱ ✷✮ t❤❡ t✐♠❡ s♣❡♥t ✐♥ s❡q✉❡♥t✐❛❧ ❝♦♠♣✉t❛t✐♦♥s
✭❡❛❝❤ ♣r♦❝❡ss♦rs ❤❛s ❡①❛❝t❧② t❤❡ s❛♠❡ ✇♦r❦ t♦ ❞♦✮✱ ✸✮ t❤❡ t✐♠❡ s♣❡♥t ✐♥ ♣❛r❛❧❧❡❧
t❛s❦s ✭t❤❡ ♠❛①✐♠✉♠ ❛♠♦♥❣ ❛❧❧ ♣r♦❝❡ss♦rs ✐s t❛❦❡♥✮✳

❚❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♠❡❛s✉r❡♠❡♥ts ♦❢ ❛❧❣♦r✐t❤♠s ✷❞❴❢❢t✱ ✶❞❴❢❢t ❛♥❞
❢✶❞❴❢❢t ❛r❡ ❣✐✈❡♥ ✐♥ t❛❜❧❡ ✶✳ ❋♦r t❤❡ r❡❢❡r❡♥❝❡ ❛❧❣♦r✐t❤♠ ✷❞❴❢❢t✱ t❤❡r❡ ✐s
♦♥❧② ♦♥❡ ❝♦♠♣✉t❛t✐♦♥ ♣❛rt t❤❛t ✐s ♣❛r❛❧❧❡❧✐③❡❞✿ t❤❡ ρ̃ ❝♦♠♣✉t❛t✐♦♥ ✭♣❛rt ✶✮✳
❚❤❡ t✐♠✐♥❣ r❡s✉❧ts s❤♦✇s t❤✐s ♣❛rt ✐s s❝❛❧❛❜❧❡✳ ❆ ♠❛❥♦r ♣r♦❜❧❡♠ ✐s t❤❛t t❤❡
s♦❧✈❡❴s❡q ❜❡❝♦♠❡s t❤❡ ❞♦♠✐♥❛♥t ❝❛❧❝✉❧❛t✐♦♥ ❛s s♦♦♥ ❛s P ✐s ❛❜♦✈❡ ❛ t❤r❡s❤♦❧❞✳
❚❤❡ ❆♠❞❤❛❧✬s ❧❛✇ ❧✐♠✐ts t❤❡ ♦✈❡r❛❧❧ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ✇✐t❤ ✉s✉❛❧
♣❛r❛♠❡t❡r s❡ts✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ r❡❧❛t✐✈❡ s♣❡❡❞✉♣ ♦♥ ✷✺✻ ♣r♦❝❡ss♦rs ✭✶✳✺
❝♦♠♣❛r❡❞ ✇✐t❤ ✸✷ ♣r♦❝❡ss♦rs ❛s ❛ r❡❢❡r❡♥❝❡✮ ✐s ❡①tr❡♠❡❧② ❧♦✇✳ ❚❤❡ ❝♦♠♠✉♥✐❝❛✲
t✐♦♥ ♣❛rt ✐s ♣❛rt❧② r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❛t❀ ✐t ❤❛s ❛♥ ♦✈❡r❛❧❧ ❝♦st ✐♥ Θ(Nθ Nϕ Nr Nµ✰
Nθ Nϕ Nr (P− 1)) t❤❛t ✐♥❝r❡❛s❡s ✇✐t❤ P✳

■♥ t❤❡ ✶❞❴❢❢t ✈❡rs✐♦♥✱ t❤❡ ❝♦st ❛ss♦❝✐❛t❡❞ ✇✐t❤ s♦❧✈❡❴s❡q ✭❝♦rr❡s♣♦♥❞✐♥❣
t♦ ♣❛rt ✷ ✇♦r❦✮ ✐s ❛r♦✉♥❞ ✺ t✐♠❡s s♠❛❧❧❡r t❤❛♥ ✐♥ t❤❡ ✷❞❴❢❢t ✈❡rs✐♦♥✳ ❚❤✐s ♦❜✲
s❡r✈❡❞ r❛t✐♦ ✐s ♥❡❛r t♦ t❤❡ ❛s②♠♣t♦t✐❝ ❝♦st r❛t✐♦ ✇❤✐❝❤ ✐s log(Nϕ) = 8✳ ❚❤❡ ♣❡r✲
❢♦r♠❛♥❝❡ ♦❢ t❤❡ ◗◆ s♦❧✈❡r ✶❞❴❢❢t ✐s ❢❛r ❢r♦♠ ♣❡r❢❡❝t✱ ❜✉t t❤❡ r❡❧❛t✐✈❡ s♣❡❡❞✉♣
♦❢ ❝♦♠♣✉t❛t✐♦♥ ✭s♦❧✈❡❴♣❛r✰❴s❡q✮ ✐s ♥❡✈❡rt❤❡❧❡ss ✐♠♣r♦✈❡❞✳

❚❤❡ ❢✶❞❴❢❢t ❛❧❣♦r✐t❤♠ ✐♠♣r♦✈❡s t❤❡ ♣r❡✈✐♦✉s ✶❞❴❢❢t ❛❧❣♦r✐t❤♠ ✇✐t❤ ❛ ❜❡t✲
t❡r ✇♦r❦ ❞✐str✐❜✉t✐♦♥✳ ❋♦r t❤❡ ❢✶❞❴❢❢t ❛❧❣♦r✐t❤♠✱ ❛❧♠♦st ❛❧❧ ❝♦♠♣✉t❛t✐♦♥s ❛r❡
♣❛r❛❧❧❡❧✐③❡❞✳ ❆♥❞ t❤❡ s♣❡❡❞✉♣ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♣❛rt ✭s♦❧✈❡❴♣❛r✰❴s❡q✮ ✐s
✐♠♣r❡ss✐✈❡✿ ✼✳✼ ✐♥st❡❛❞ ♦❢ ✽ ✐♥ t❤❡ ✐❞❡❛❧ ❝❛s❡✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ♣❛r❛❧❧❡❧ ♦✈❡r❤❡❛❞
❝♦♠❡ ❢r♦♠ t❤❡ s♠❛❧❧ s❡q✉❡♥t✐❛❧ ❝♦♠♣✉t❛t✐♦♥ ♦❢ s♦❧✈❡❴s❡q ❛♥❞ ❛❜♦✈❡ ❛❧❧ ❝♦♠✲
♠✉♥✐❝❛t✐♦♥ ❝♦♠♠✳ ❚❤✐s ◗◆ s♦❧✈❡r ✐s ❡✣❝✐❡♥t ❛♥❞ r❡❞✉❝❡ ♦♥ ✷✺✻ ♣r♦❝❡ss♦rs t❤❡
t✐♠❡ ♦❢ ✺✳✼ s ✇✐t❤ ✷❞❴❢❢t t♦ ✶✳✷ s ✇✐t❤ ❢✶❞❴❢❢t✳

❖♥❡ ❝♦✉❧❞ t❤✐♥❦ ❛❜♦✉t ✉s✐♥❣ ♦t❤❡r ♠❡t❤♦❞s s✉❝❤ ❛s ♠✉❧t✐❣r✐❞ ♦r ❛ ❞✐r❡❝t
s♦❧✈❡r ❢♦r t❤❡ ♣❛rt ✷ ♦❢ t❤❡ ✇♦r❦✳ ❇✉t ✐t ✇♦♥✬t ❞✐♠✐♥✐s❤ t❤❡ ❝♦st ♦❢ ❝♦♠♠✉♥✐❝❛✲
t✐♦♥s r❡q✉✐r❡❞ ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ρ̃✱ ❛♥❞ ❢♦r t❤❡ ✜♥❛❧ ❜r♦❛❞❝❛st✳ ❙♦✱ ✇❡ ❝♦✉❧❞
♥♦t ❡①♣❡❝t ❛ ❧❛r❣❡ ❡♥❤❛♥❝❡♠❡♥t ♦❢ ♣❛r❛❧❧❡❧ ♣❡r❢♦r♠❛♥❝❡ ✐♥ s✉❝❤ ❛ ✇❛②✳

❘❘ ♥➦ ✼✺✾✶



P❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ●❨❙❊▲❆✬s P♦✐ss♦♥ s♦❧✈❡r ✶✹

◆❜✳ ♣r♦❝s✳ ✭P✮ ✸✷ ✶✷✽ ✷✺✻

pr ✶ ✹ ✽

❆❧❣♦r✐t❤♠ ✷❞❴❢❢t

❝♦♠♠ ✵✳✸✺✵ s ✵✳✻✽✼ s ✵✳✼✻✼ s

s♦❧✈❡❴s❡q ✹✳✷✵✽ s ✹✳✻✶✸ s ✹✳✺✸✺ s

s♦❧✈❡❴♣❛r ✸✳✾✵✽ s ✶✳✵✼✻ s ✵✳✺✺✺ s

❘❡❧✳ s♣❡❡❞✉♣ s♦❧✈❡❴♣❛r✰❴s❡q ✶✳✵ ✶✳✹ ✶✳✻

❚♦t❛❧ ✷❞❴❢❢t ✽✳✹✹✹ ✻✳✷✾✾ ✺✳✼✼✶

❘❡❧✳ s♣❡❡❞✉♣ ✷❞❴❢❢t ✶✳✵ ✶✳✸ ✶✳✺

❆❧❣♦r✐t❤♠ ✶❞❴❢❢t

❝♦♠♠ ✵✳✸✾✺ s ✵✳✺✾✽ s ✵✳✼✷✻ s

s♦❧✈❡❴s❡q ✵✳✾✻✵ s ✵✳✾✼✷ s ✵✳✾✾✽ s

s♦❧✈❡❴♣❛r ✸✳✾✷✺ s ✵✳✾✾✻ s ✵✳✺✵✹ s

❘❡❧✳ s♣❡❡❞✉♣ s♦❧✈❡❴♣❛r✰❴s❡q ✶✳✵ ✷✳✺ ✸✳✸

❚♦t❛❧ ✶❞❴❢❢t ✺✳✷✶✶ s ✷✳✺✷✾ s ✷✳✶✼✹ s

❘❡❧✳ s♣❡❡❞✉♣ ✶❞❴❢❢t ✶✳✵ ✷✳✶ ✷✳✹

❆❧❣♦r✐t❤♠ ❢✶❞❴❢❢t

❝♦♠♠ ✵✳✸✼✼ s ✵✳✺✾✸ s ✵✳✻✻✽ s

s♦❧✈❡❴s❡q ✵✳✵✵✸ s ✵✳✵✵✻ s ✵✳✵✶✽ s

s♦❧✈❡❴♣❛r ✹✳✵✼✽ s ✶✳✵✸✾ s ✵✳✺✷✽ s

❘❡❧✳ s♣❡❡❞✉♣ s♦❧✈❡❴♣❛r✰❴s❡q ✶✳✵ ✸✳✾ ✼✳✼

❚♦t❛❧ ❢✶❞❴❢❢t ✹✳✸✼✺ s ✶✳✻✵✸ s ✶✳✶✼✽ s

❘❡❧✳ s♣❡❡❞✉♣ ❢✶❞❴❢❢t ✶✳✵ ✷✳✼ ✸✳✼

❚❛❜❧❡ ✶✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ t❤r❡❡ ❛❧❣♦r✐t❤♠s ✐♥tr♦❞✉❝❡❞✳ ❚✐♠❡ ♠❡❛s✉r❡♠❡♥ts

❢♦r ♦♥❡ ❝❛❧❧ t♦ t❤❡ ◗◆ s♦❧✈❡r ✐♥ s❡❝♦♥❞s ❛♥❞ r❡❧❛t✐✈❡ s♣❡❡❞✉♣ ❛r❡ ❣✐✈❡♥ ✭❝♦♠♣❛r❡❞

t♦ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ✸✷ ♣r♦❝❡ss♦rs ✇✐t❤ pr = 1 ❛♥❞ pµ = 32✮✳

✺ ❈♦♥❝❧✉s✐♦♥

❲❡ ❞❡s❝r✐❜❡ t❤❡ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ♦❢ ❛ q✉❛s✐♥❡✉tr❛❧ P♦✐ss♦♥ s♦❧✈❡r ✉s❡❞ ✐♥t♦ ❛ ❢✉❧❧✲
f ❣②r♦❦✐♥❡t✐❝ ✺❉ s✐♠✉❧❛t♦r✷✳ ❚❤❡ ♣❛r❛❧❧❡❧ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧
s♦❧✈✐♥❣ ♠❡t❤♦❞s ✐s ❞❡♠♦♥str❛t❡❞✳ ❚❤❡ ❧❛st ♠❡t❤♦❞ ❛❝❤✐❡✈❡s ❣♦♦❞ s❝❛❧❛❜✐❧✐t② ✉♣
t♦ ✷✺✻ ♣r♦❝❡ss♦rs✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② t❤❡ ❝♦✉♣❧✐♥❣ ♦❢
t❤❡ q✉❛s✐♥❡✉tr❛❧ s♦❧✈❡r ❛♥❞ t❤❡ ❱❧❛s♦✈ ❝♦❞❡ r❡♠❛✐♥s ❤✐❣❤ ❛♥❞ ❞❡t❡r✐♦r❛t❡ t❤❡
❡✣❝✐❡♥❝② ♦❢ t❤❡ ♠❡t❤♦❞✳ ▼♦r❡ ✇♦r❦ ❤❛s t♦ ❜❡ ❞♦♥❡ ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡s❡
❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts t♦ ❢✉rt❤❡r ✐♠♣r♦✈❡ t❤✐s s♦❧✈❡r✳ ❆✈♦✐❞✐♥❣ t❤❡ ❜r♦❛❞❝❛st ♦❢ Φ
✸❉ ❞❛t❛ str✉❝t✉r❡ ✇♦✉❧❞ ❜❡ ❛ s♦❧✉t✐♦♥✳ ❖♣❡♥▼P ♣❛r❛❞✐❣♠ ✇✐❧❧ ❤❡❧♣ t♦ ❢✉rt❤❡r
r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❝♦sts ✇❤❡♥❡✈❡r t❤❡② ❛r❡ ❧❛r❣❡ ❡♥♦✉❣❤✱ ❡✳❣✳ ❢♦r ❧❛r❣❡
Nv‖

✈❛❧✉❡s✳

✷❆❝❦♥♦✇❧❡❞❣♠❡♥ts✿ ❚❤✐s ✇♦r❦ ✇❛s ♣❛rt✐❛❧❧② s✉♣♦rt❡❞ ❜② ❊❯❘❆❚❖▼✴❈❊❆✱ ❝♦♥tr❛❝t ❱✳✸✺✷✾✳✵✵✶✳

❘❘ ♥➦ ✼✺✾✶



P❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ●❨❙❊▲❆✬s P♦✐ss♦♥ s♦❧✈❡r ✶✺

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆✳❏✳ ❇r✐③❛r❞✱ ❚✳❙✳ ❍❛❤♠✱ ❋♦✉♥❞❛t✐♦♥s ♦❢ ♥♦♥❧✐♥❡❛r❣②r♦❦✐♥❡t✐❝ t❤❡♦r②✱ PPP▲ r❡♣♦rt
✹✶✺✸✱ ✷✵✵✻✳

❬✷❪ ❆✳▼✳ ❉✐♠✐ts ❡t ❛❧✳✱ ❈♦♠♣❛r✐s♦♥s ❛♥❞ ♣❤②s✐❝s ❜❛s✐s ♦❢ t♦❦❛♠❛❦ tr❛♥s♣♦rt ♠♦❞❡❧s ❛♥❞
t✉r❜✉❧❡♥❝❡ s✐♠✉❧❛t✐♦♥s✱ P❤②s✳ P❧❛s♠❛s ✼✱ ♣♣✳ ✾✻✾✲✾✽✸✱ ✭✷✵✵✵✮✳

❬✸❪ ●✳❲✳ ❍❛♠♠❡t✱ ❋✳❲✳ P❡r❦✐♥s✱ ❋❧✉✐❞ ♠♦❞❡❧s ❢♦r ▲❛♥❞❛✉ ❞❛♠♣✐♥❣ ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥
t♦ t❤❡ ✐♦♥✲t❡♠♣❡r❛t✉r❡✲❣r❛❞✐❡♥t ✐♥st❛❜✐❧✐t②✱ P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✻✹✱ ♣♣✳ ✸✵✶✾✲✸✵✷✷✱
✭✶✾✾✵✮✳

❬✹❪ ❙✳ ❏♦❧❧✐❡t✱ ❆✳ ❇♦tt✐♥♦✱ P✳ ❆♥❣❡❧✐♥♦✱ ❘✳ ❍❛t③❦②✱ ❚✳▼✳ ❚r❛♥✱ ❇✳❋✳ ▼❝♠✐❧❧❛♥✱
❖✳ ❙❛✉t❡r✱ ❑✳ ❆♣♣❡rt✱ ❨✳ ■❞♦♠✉r❛✱ ▲✳ ❱✐❧❧❛r❞✱ ❆ ❣❧♦❜❛❧ ❝♦❧❧✐s✐♦♥❧❡ss P■❈ ❝♦❞❡
✐♥ ♠❛❣♥❡t✐❝ ❝♦♦r❞✐♥❛t❡s✱ ❈♦♠♣✳ P❤②s✳ ❈♦♠♠✳✱ ✶✼✼✱ ♣♣✳ ✹✵✾✲✹✷✺✱ ✭✷✵✵✼✮✳

❬✺❪ ❱✳ ●r❛♥❞❣✐r❛r❞✱ ▼✳ ❇r✉♥❡tt✐✱ P✳ ❇❡rtr❛♥❞✱ ◆✳ ❇❡ss❡✱ ❳✳ ●❛r❜❡t✱ P❤✳ ●❡♥✲
❞r✐❤✱ ●✳ ▼❛♥❢r❡❞✐✱ ❨✳ ❙❛r❛③✐♥✱ ❖✳ ❙❛✉t❡r✱ ❊✳ ❙♦♥♥❡♥❞r✉❝❦❡r✱ ❏✳ ❱❛❝❧❛✈✐❦✱
▲✳ ❱✐❧❧❛r❞✱ ❆ ❞r✐❢t✲❦✐♥❡t✐❝ ❙❡♠✐✲▲❛❣r❛♥❣✐❛♥ ✹❉ ❝♦❞❡ ❢♦r ✐♦♥ t✉r❜✉❧❡♥❝❡ s✐♠✉❧❛t✐♦♥✱
❏✳ ❈♦♠♣✉t✳ P❤②s✳✱ ✷✶✼✭✷✮✱ ♣♣✳ ✸✾✺✲✹✷✸✱ ✭✷✵✵✻✮✳

❬✻❪ ❱✳ ●r❛♥❞❣✐r❛r❞✱ ❨✳ ❙❛r❛③✐♥✱ ❳✳ ●❛r❜❡t✱ ●✳ ❉✐❢✲Pr❛❞❛❧✐❡r✱ P❤✳ ●❤❡♥❞r✐❤✱ ◆✳
❈r♦✉s❡✐❧❧❡s✱ ●✳ ▲❛t✉✱ ❊✳ ❙♦♥♥❡♥❞rü❝❦❡r✱ ◆✳ ❇❡ss❡✱ P✳ ❇❡rtr❛♥❞✱ ❈♦♠♣✉t✐♥❣
■❚● t✉r❜✉❧❡♥❝❡ ✇✐t❤ ❛ ❢✉❧❧✲❢ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ❝♦❞❡✱ ❱❧❛s♦✈✐❛ ✷✵✵✻✱ ❈♦♠♠✉♥✐❝❛t✐♦♥s
✐♥ ◆♦♥❧✐♥❡❛r ❙❝✐❡♥❝❡ ❛♥❞ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥✱ ✶✸✭✶✮✱ ♣♣✳ ✽✶✲✽✼✱ ✭✷✵✵✽✮✳

❬✼❪ ❚✳❙✳ ❍❛❤♠✱ ◆♦♥❧✐♥❡❛r ❣②r♦❦✐♥❡t✐❝ ❡q✉❛t✐♦♥s ❢♦r t♦❦❛♠❛❦ ♠✐❝r♦t✉r❜✉❧❡♥❝❡✱ P❤②s✳
❋❧✉✐❞s✱ ✸✶✱ ♣✳ ✷✻✼✵✱ ✶✾✽✽✳

❬✽❪ ❘✳ ❍❛t③❦②✱ ❚✳▼✳ ❚r❛♥✱ ❆✳ ❑♦❡♥✐s✱ ❘✳ ❑❧❡✐❜❡r✱ ❙✳❏✳ ❆❧❧❢r❡② ❊♥❡r❣② ❝♦♥s❡r✈❛✲
t✐♦♥ ✐♥ ❛ ♥♦♥❧✐♥❡❛r ❣②r♦❦✐♥❡t✐❝ ♣❛rt✐❝❧❡✲✐♥✲❝❡❧❧ ❝♦❞❡ ❢♦r ✐♦♥✲t❡♠♣❡r❛t✉r❡✲❣r❛❞✐❡♥t✲❞r✐✈❡♥
♠♦❞❡s ✐♥ θ✲♣✐♥❝❤ ❣❡♦♠❡tr② P❤②s✐❝s ♦❢ P❧❛s♠❛✱ ❱♦❧✳ ✾✱ ✷✵✵✷✳

❬✾❪ ●✳ ▲❛t✉✱ ◆✳ ❈r♦✉s❡✐❧❧❡s✱ ❱✳ ●r❛♥❞❣✐r❛r❞✱ ❊✳ ❙♦♥♥❡♥❞rü❝❦❡r✱ ●②r♦❦✐♥❡t✐❝
s❡♠✐✲▲❛❣❛r♥❣✐❛♥ ♣❛r❛❧❧❡❧ s✐♠✉❧❛t✐♦♥ ✉s✐♥❣ ❛ ❤②❜r✐❞ ❖♣❡♥▼P✴▼P■ ♣r♦❣r❛♠♠✐♥❣✱ ❘❡✲
❝❡♥t ❆❞✈❛♥❝❡s ✐♥ P❱▼ ❛♥ ▼P■✱ ❙♣r✐♥❣❡r✱ ▲◆❈❙✱ ♣♣✳ ✸✺✻✲✸✻✹✱ ❱♦❧✳ ✹✼✺✼✱
✭✷✵✵✼✮✳

❬✶✵❪ ❲✳❲✳ ▲❡❡✱ ●②r♦❦✐♥❡t✐❝ ❛♣♣r♦❛❝❤ ✐♥ ♣❛rt✐❝❧❡ s✐♠✉❧❛t✐♦♥✱ P❤②s✳ ❋❧✉✐❞s ✷✻✱ ♣✳ ✺✺✻✱
✭✶✾✽✸✮✳

❬✶✶❪ ❩✳ ▲✐♥✱ ❲✳❲✳ ▲❡❡✱ ▼❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ t❤❡ ❣②r♦❦✐♥❡t✐❝ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ✐♥ ❣❡♥❡r❛❧
❣❡♦♠❡tr②✱ P❤②s✳ ❘❡✈✳ ❊ ✺✷✱ ♣✳ ✺✻✹✻✲✺✻✺✷✱ ✭✶✾✾✺✮✳

❬✶✷❪ ❘✳●✳ ▲✐tt❧❡❥♦❤♥✱ ❏✳ ▼❛t❤✳ P❤②s✳ ✷✸✱ ♣✳ ✼✹✷✱ ✭✶✾✽✷✮✳

❬✶✸❪ ❨✳ ◆✐s❤✐♠✉r❛✱ ❩✳ ▲✐♥✱ ❏✳▲✳❱✳ ▲❡✇❛♥❞♦✇s❦✐✱ ❆ ✜♥✐t❡ ❡❧❡♠❡♥t P♦✐ss♦♥ s♦❧✈❡r ❢♦r
❣②r♦❦✐♥❡t✐❝ ♣❛rt✐❝❧❡ s✐♠✉❧❛t✐♦♥s ✐♥ ❛ ❣❧♦❜❛❧ ✜❡❧❞ ❛❧✐❣♥❡❞ ♠❡s❤✱ ❏✳ ❈♦♠♣✉t✳ P❤②s✱ ✷✶✹✱
♣♣✳ ✻✺✼✲✻✼✶✱ ✭✷✵✵✻✮✳

❬✶✹❪ ❍✳ ◗✐♥✱ ❆ s❤♦rt ✐♥tr♦❞✉❝t✐♦♥ t♦ ❣❡♥❡r❛❧ ❣②r♦❦✐♥❡t✐❝ t❤❡♦r②✱ PPP▲ r❡♣♦rt ✹✵✺✷✱
✷✵✵✺✳
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