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Introduction: Supersonic Aircraft 

Tupolew Tu 144 (Charger, Konkordski)

first flight: Dec 31, 1968; first regular flight: 1975; 16 planes

Mach 2.35 (2500 km/h, 18 km altitude)

Concorde

first flight: March 2, 1969; first regular flight: 1976; 20 planes

Mach 2.23 (2400 km/h, 18 km altitude)

Paris – New York 3-3.5 h

Crash after take-off: July 25, 2000, 

Paris, Charles de Gaule



Introduction: Hypersonic Passenger Jets 

From Times Online

February 5, 2008

Hypersonic jet could offer day trips Down Under

Day trips to Australia came a step closer to reality today

when a British firm unveiled plans for a hypersonic passenger jet

which could fly from Europe to Sydney in less than five hours. 

Reaction Engines of Oxfordshire says

that its A2 plane could be in service within 25 years,

carrying 300 passengers at a top speed of almost 4,000 mph,

five times the speed of sound and twice the speed of Concorde.

The jet may be more environmentally friendly

than other plains because it uses liquid hydrogen

for power rather than fossil fuel.  



Introduction: Hypersonic Passenger Jets 

http://www.reactionengines.co.uk/lapcat_anim.html

Project LAPCAT

Reading Engines, UK



Motivation: Hypersonic Passenger Jets 

Project LAPCAT

Reading Engines, UK

ODE

PDE

2 box constraints

1 control-state constraint

1 state constraint

quasilinear PDE

non-linear boundary conditions

coupled with ODE
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Introduction: The German Sänger II Project

Chudej: 1989; Schnepper: 1999

Collaborative Research Center, 

Munich: 1989 - 2003

air-breathing 

turbojet - ramjet / scramjet



Model: Atmosphere
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Markus Wächter  & Gottfried Sachs

Munich U of Technology, Germany



Heat conductivity

Heat capacity

air temperature 

Model: Atmosphere



Model: Dynamics: Forces

lift

drag

thrust

weight

due to

hypersonic flight 



Model: Dynamics: Equations of Motion

instantaneous 

fuel consumption

for thrust

Two-dimensional flight over a great circle of a rotational Earth

homotopy parameter

instantaneous

fuel consumption

for active cooling



Model: Dynamics: Boundary Conditions

Houston – Rome:      9163 km = 5693 m

Munich   – Houston:  8714 km = 5414 m



Model: The Optimal Control Problem

Objective function

Constraints

state constr.: dynamic pressurecontrol-state constr.: load factor

angle of attack     : box constraints :    throttle setting



Model: Active Engine Cooling

stagnation point (1300°C)

upper surface (600°C)

lower surface (700°C)
engine (1350°C)

leading edge (1200°C)



Model: Active Engine Cooling

turbo/ramjet engine

cold air

cooler

cold air

compressor

H2 pump

H2 tank

air
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control-state constraint

fuel is reused 

for thrust

instantaneous 

fuel consumption

for cooling

instantaneous 

fuel consumption

for thrust



Numerical Results: State Variables
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Markus Wächter, Kurt Chudej

Florent Le Bras



Numerical Results: Control Variables

angle of attack [deg] throttle setting

[s] [s]



Outline

• Introduction/Motivation

• The hypersonic trajectory optimization problem

• The instationary heat constraint

• Numerical results

• The hypersonic rocket car problems

• Theoretical results

• New necessary conditions

• Numerical results

• Conclusion

• Appendix: more applications



Model: Instationary Heat Constraint: Thermal Protection System
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Model: Instationary Heat Constraint: Equations

quasi-linear parabolic initial-boundary value problem

with nonlinear boundary conditions

affine linear functionsquasilinear PDE

nonlinear boundary       conditons



Model: Instationary Heat Constraint: Boundary Conditions (1)

radiationconvection

convection radiation



Model: Instationary Heat Constraint: State Constraint

ODE-PDE state-constrained optimal control problem

PDE: quasilinear parabolic with nonlinear bound. conds.

CONTROL: boundary controls indirectly 

via ODE states and controls

CONSTRAINT: state constraint

State-constraint for the temperature:



Model: Instationary Heat Constraint: State Constraint

ODE-PDE state-constrained optimal control problem

State-constraint for the temperature:
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Numerical Method: Semi-Discretization in Space

convection radiation

conduction

Finite Volume Method: locally and globally conservative

second order convergent



Numerical Method: Semi-Discretization in Space

convection

radiation

conduction

tank 18° K

300° K

conservation law in each volume

second order 

convergent

FVM



Numerical Method: Semi-Discretization in Space

1D case



Numerical Method: Method of Lines

b.c. towards air b.c. towards interior

large scale multiply constrained ODE optimal control problem

coupled with ODE.

DIRCOL (O. v. Stryk) with SNOPT (P. Gill)

alternatively: NUDOCCCS (C. Büskens)

IPOPT (A. Wächter) with AMPL

WORHP (Büskens, Gerdts)



Numerical Results: Stagnation Point (1D)

stagnation point (1300°C)

upper surface (600°C)

lower surface (700°C)
engine (1350°C)

leading edge (1200°C)



Numerical Results: Stagnation Point: States, Heat Loads

velocity [m/s] altitude [10,000 m] flight path angle [deg]

temperature [K] temperature [K] temperature [K]

1st layer 2nd layer 3rd layer

limit

temperature

1000 K

on a boundary arc

order concept?

[s]

[s]
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The Hypersonic Rocket Car Problems

Bloodhound-SSC-Projekt

have nothing to do with the supersonic

we are going with hypersonic speed

1997, Oct. 15: Thrust SSC

officially 1.228 km/h

less than Ma 1=1.234,8 km/h 

at 20°C

Aim: 1.000 m/h, 

hence 1.609 km/h,

faster than a speeding bullet.

http://www.bloodhoundssc.com/



The ODE-Part of the Model: The Rocket Car

minimum time control costs



The PDE-Part of the Model: The Distributed Control Case

friction term

instationary heating of the entire vehicle

control via 

ODE state

Problem 1



The PDE-Part of the Model: The Boundary Control Case

instationary heating at the stagnation point

friction term

control via 

ODE state

Problem 2
Transformation

to homogeneous

Robin type b.c.



The State Constraint

ODE

PDE

The state constraint

regenerates

the PDE with the ODE



The Optimal Trajectories (Non-regularized, Minimum Time)

distributed case

state unconstrained

Problem 1

space
time

switching curve



The Optimal Trajectories (Regularized, Control Constrained)

distributed case

state unconstrained

Problem 1

space

time

space

time



Boundary Control Case

Coulomb Stokes Newton

space space space

timetimetime

1.4 3.0 7.0

Problem 2
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• Existence, uniqueness, and continuous dependence on data

• Symmetry

• Strong maximum in 

space

time

Theoretical results for Problem 1

• Classical solution 

• Non-negativity of Problem 1

• Maximum regularity



Theoretical results (two formulations)

Problem 1: Two equivalent formulations 

1) as ODE optimal control problem

non-local, resp. integro-state constraint

2) as PDE optimal control problem

plus two isoperimetric constraints on        due two ODE boundary conds. 

non-standard

loss of convergence

if differentiated



Theoretical results (ODE formulations, distributed control)

Integro-state constraint

Transformation

Integro-ODE

pointwise

corresponds to

Maurer‘s intermediate

adjoining approach

Problem 1



Theoretical results (ODE formulations, distributed control)

Necessary conditions: optimal control law



Theoretical results (ODE formulations, distributed control)

Necessary conditions: adjoint equations

Retrograde integro-ODE for the adjoint velocity

difficult to solve

no standard software

discontinouitiesUsual jump conditions for adjoint auxiliary state

complementarity

condition



Theoretical results (PDE formulations, distributed control)

Problem 1



Theoretical results (optimization problem in Banach space)

By the continuously differentiable solution operatorone obtains

subject to

with the convex cone



Theoretical results (existence of Lagrange multiplier)



Theoretical results (PDE formulations, distributed control)

Necessary conditions: adjoint equations

Necessary condition: integro optimal control law

extremely difficult to solve

no standard software

so far all seems to be standard , but



Theoretical results (necessary conditions: ODE vs. PDE)

By comparing the two optimal control laws

jump

discont. deriv. / jump



Theoretical results (necessary conditions)

The two formulations allow the 

comparison of the necessary conditions:

• known theory

• local jump conditions for ODE formulation

• multipoint boundary value problem

for integro-ODEs

• existence of Lagrange parameter

• non-local jump conditions for PDE formulation

• projection formula for control with integro-terms

ODE version

PDE version
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Jump condition in the direction of      (equivalent to ODE case):

Jump condition in the direction of     (no counterpart in ODE case):

Jump condition (PDE formulations, distributed control)
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Numerical results (Type: Problem 1)

non-linear

linear

control is



Numerical results (Type: Problem 1)

bang

bang



Numerical results (Type: Problem 1)

touch point (TP) and boundary arc (BA)

time order 2

TP

TP

BA BA

BA

BA



Numerical results (Type: Problem 2)



Numerical results (Type: Problem 2)

only boundary arc

BA

BA

BA

BA

BA

time order 1



Numerical results (Type: Problem 2)

two boundary arcs – typical for order 1

time order 1



Numerical results (FOTD vs. FDTO)

A posteriori verfication of optimality conditions:

projection formula (ODE)

Method:

Ampl + IPOPT

Ref.:  IPOPT

Andreas Wächter 

2002



Numerical results (FOTD vs. FDTO)

A posteriori verfication of optimality conditions:

The PDE formulation: adjoint temperature

solution by method of lines

essential singularities 

non-local jump cond. 

in the energy

non-local jump cond. 

in the energyjump in 

except on the set of active constraint 



Numerical results (FOTD vs. FDTO)

A posteriori verfication of optimality conditions:

The PDE formulation: adjoint temperature

numerical

artefacts

estimate by IPOPT



Numerical results (FOTD vs. FDTO)

is discontinous

A posteriori verfication of optimality conditions:

comparison of adjoints (ODE + PDE)



Numerical results (FOTD vs. FDTO)

A posteriori verfication of optimality conditions:

comparison of adjoints/jump conditions (ODE + PDE)

is discontinous

correct signs

of jumps 
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Conclusions (hypersonic aircraft problem)

• Detailed model of high complexity for instationary heating

• Reduction of temperature of TPS due to optimal control

• Challenging problem: ODE - PDE state - constrained optimal control

• Lack of theory: nonlinear, state - constrained, ODE-PDE coupling

• Method of lines and SQP methods seem to be at their limits

• Adjoint based methods desirable, but almost impossible to handle

Pros:

Cons:



Conclusions (hypersonic rocket car problems)

• Staggered optimal control problems with state constraints

• Structural analysis w.r.t. switching structure

• Unexpectedly complicated necessary conditions

• Problems with free terminal time for PDE problems

• Jump conditions in Integro-ODE and PDE optimal control

• First optimize, then discretize hardly applicable

• First discretize, then optimize with reliable verification

of necessary conditions, but with limitations in time and storage

• Motivation from hypersonic flight path optimization


