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* Introduction/Motivation
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Introduction: Supersonic Aircraft

first flighTuplalenw 2u1B69(Cinst geg,ukarfkigittskid76; 20 planes
first flight: Devdadh 29681460 iegHal8ightatRddel6 planes
Mach 2.3p4P500 Kevihyd&kkeraathude) G
UNIVERSITAT Crash after take-off: July 25, 2000, Ingenieur- &4
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Introduction: Hypersonic Passenger Jets

From Times Online
February 5, 2008

Hypersonic jet could offer day trips Down Under

Day trips to Australia came a step closer to reality today
when a British firm unveiled plans for a hypersonic passenger jet
which could fly from Europe to Sydney in less than five hours.
Reaction Engines of Oxfordshire says
that its A2 plane could be in service within 25 years,
carrying 300 passengers at a top speed of almost 4,000 mph,
five times the speed of sound and twice the speed of Concorde.
The jet may be more environmentally friendly
than other plains because it uses liquid hydrogen
for power rather than fossil fuel.
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Introduction: Hypersonic Passenger Jets

http://www.reactionengines.co.uk/lapcat_anim.html
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Motivation: Hypersonic Passenger Jets

guasilinearPDE
nanlineasboundary: conditions
coupled withrODE )

Project LAPCAT Lehrstuhl
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* The hypersonic trajectory optimization problem

Lehrstuhl
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Introduction: The German Sanger Il Project

Collaborative Research Center,
Munich: 1989 - 2003

air-breathing
turbojet - ramjet / scramjet
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Model: Atmosphere

. air air air

temperature [K] density [kg/m?] pressure [bar]
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1=0

30} 30} l
E 2 st o(h) = exp :?5)_ .
X, >3 bk
Q 1=
'g 20 20 ]
= p(o, eair) = 0ROy,
5 15t 15} ﬂ
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a(h) s(Oair)
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Model: Atmosphere

Heat conductivity

Y09 Ohir if ©4, < 1400
MOairp) = €1 Y2 09iOL, + & Pr(©air,p) if 1400 < Oy < 1600
P\ (®ajr, p) if 1600 < Oy,

Heat capacity

cp(Oair) = R—"—  with
k—1

@a jr. air temperature
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Model: Dynamics: Forces

lift L = L(v,h,; o)

thrlust
1= T(Ua h; , 5T)

due to
hypersonic flight

weight |/ = mg(h)
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Model: Dynamics: Equations of Motion

1. Two-dimensional flight over a great circle of a rotational Earth
(- —
1

v o= — [ (v, h; oz,_5—|2 Cos(a_—l— o1)— D(v, h; oﬁ}

—g(h) siny + w%'r'(h) sin -~y

§ = - [T(,hia,97) sin(a+ o) + L(v, ;)
muv - —
2
+ cosy | — —g(h)-l-w T 2we
r(h) v v
h p— fUSin"Y

homotopy parameter 0 < € < 1

( = wvcosy 1

_ﬁT(Uah;aaé—r) or 7%

instantaneous instantaneous
. fuel consumption . fuel consumption

for thrust for active cooling
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Model: Dynamics: Boundary Conditions

~ [rad] h [m] (¢ [km] m [tO]
t = 150 0 500 0 244
tr free 150 0 500 ([9000 —

Houston — Rome: 9163 km = 5693 m
Munich — Houston: 8714 km =5414 m

Lehrstuhl
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Model: The Optimal Control Problem

Objective function

max m(ts)
Od,(ST

Constraints

~1.5° < a < 20° 0<ét<1

angle of attack : box constraints : throttle setting

O<n(v,hm o) <2 10<g(v,h) <50 [kPad]

control-state constr.: load factor state constr.: dynamic pressure
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Model: Active Engine Cooling

stagnation point (1300°C) engine (1350°C)
\ lower surface (700°C)
\ J|'l |

—

\ upper surface (600°C) Iil
\ |
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Model: Active Engine Cooling

8
Bc =3 Bi(v, hi a; Re, ) C " tank >

1=0 (¥) T H, pump

— .
instantaneous ﬁ'—_h _
cold air

fuel consumption
for cooling

compressor

air ~ cold air
cooler

instantaneous . BN s Jturbo/ramjet engine
fuel consumption "
for thrust - » y
control-state constraint
m = —O1(v,h; a, d1) Bc < Bt fuel is reused

for thrust
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Numerical Results: State Variables

velocity [m/s] ; altitude [1'0,000' m]

L L L 0 L L L
2000 4000 6000  8000[S] 2000 4000 6000

10path I'ength [1,0QO km] , mass [10'0,000'kg]

‘ : ‘ 1.8 ‘ ‘ ‘
2000 4000 6000 8000 [ S] 2000 4000 6000

UNIVERSITAT Markus Wéachter, Kurt Chudej
BAYREUTH Florent Le Bras

without
with

active
cooling

8000 [S]

8000 [s]
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Numerical Results: Control Variables

angle of attack [deg] throttle setting

7.5

7_

6.5

6

55¢

5_

451

4t

2.5 1 1 1 0 1 1 1
0 2000 4000 6000 8000 0 2000 4000 6000 8000

tr:7023 [s] == 7500 [s]

Lehrstuhl
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* The instationary heat constraint

Lehrstuhl
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Model: Instationary Heat Constraint: Thermal Protection System

.(i“ convection radiation
I \ hot air flow /

EEE——

convectlcV inner Surface leatlon
w UNIVERSITAT
BAYREUTH

outer surface

multiwall
packages
(metalic
sandwich
structure)

SiO, fleece
(variable)

multiwall package
damping layer
fuselage wall
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Model: Instationary Heat Constraint: Equations

affigedsikaeduRiDBns

18@

!

oTPs cp(O) e V- {)\(@) 6@] =0

in (X,t) €2 x(0,tf)

O(%,0) =0u(X) =300 [K] in X €
1 nonlinear boundary 1conditons

00
ﬁ(xa t) = qconv(v, h,a) — Qrad(@a @air(h))

in  (X,t) € 92 x (0, tf)

quasi-linear parabolic initial-boundary value problem
with nonlinear boundary conditions
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BAYREUTH Shomatik (eS8




Model: Instationary Heat Constraint: Boundary Conditions (1)

L —
|8@ . S
(X,t) = qconv — graq I (X,t) € 982 x (0, 1)

gconv = Qair(’Ua h, @air(h); a,xr,Q) Grad = €0 (@4 — egir(h))

anection radiation/

>
O 0
v
Convection/ Vdiation
_ 4
gconv = aq(Oint) (© — Ojnt) drad = €0 (O — mt)
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Model: Instationary Heat Constraint: State Constraint

I State-constraint for the temperature:

O(%,1) < Omax(%,t) for all (X,t) € Q2x(0,t)

ODE-PDE state-constrained optimal control problem

PDE: quasilinear parabolic with nonlinear bound. conds.

CONTROL: boundary controls indirectly
via ODE states and controls

CONSTRAINT: state constraint

UNIVERSITAT e
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Model: Instationary Heat Constraint: State Constraint

I State-constraint for the temperature:

@(i, t) S @max(%) for all (f, t) - m
QCQ
[tin 9 tout]

ODE-PDE state-constrained optimal control problem
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* Numerical results
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Numerical Method: Semi-Discretization in Space

convection radiation

\
:

conduction

X

v
Finite Volume Method: locally and globally conservative
second order convergent
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Numerical Method: Semi-Discretization in Space

(- — :
_ tank 18° K
I convection
\ \ ——= 300° K
$
X
SR R SR B
v ¥ conduction
@ - Wy ] — @
conservation law in each volume  wj; 4
d second order
—/ o dX = —/ ... d§  convergent
dt Juw; Ow; j FVM
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Numerical Method: Semi-Discretization in Space

orrs (@) 2~ Vo [\(©) VO] =0

o1ps cp(©;) ©;

z1+@) i—1 —

2 Az

O; + @z—l—l
2
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Numerical Method: Method of Lines

o1pPs cp(©;) ©;

1 [)\ (@i—l + ei) ©,-1— O
2

. (@ +2@7,—|—1) O; — @i—|—1] — 0

1 = 1: b.c.towards air b.c.towards interior: 7 = n — 1

|

coupled with ODE.

large scale multiply constrained ODE optimal control problem

DIRCOL (O. v. Stryk) with SNOPT (P. Gill)
" alternatively: NUDOCCCS (C. Buskens) Lehrstuhl 4200 Sy
UNIVERSITAT .. . ngenieur- (St i A
w BAYREUTH IPOPT (A Wachter) with AMPL :ngthemat,k o 1;'*
WORHP (Buskens, Gerdts)




Numerical Results: Stagnation Point (1D)

engine (1350°C)

lower surface (700°C)
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Numerical Results: Stagnation Point: States, Heat Loads

altitude [10,000 m]  flight path angle [deg]
3.5 10
f

n 0 n 2 n
5000 10000 0 5000 10000 0 5000 10000 [S]

temperature [K]

temperature [K]

temperature [K] limit
temperature
1000 1000 e 1000 K

800 800 {on aboundary arc

1200 1200

600 600
order concept?
400 400

1st layer 2nd layer 3rd layer
' 200 ' 200 '
0 5000 10000 0 5000 10000 5000 10000 [S]

Lehrstuhl
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* The hypersonic rocket car problems

Lehrstuhl
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The Hypersonic Rocket Car Problems

have nothing to do with the supersonic

Bloodhound-SSC-Projekt

1997, Oct. 15: Thrust SSC
officially 1.228 km/h

less than Ma 1=1.234,8 km/h

at 20°C

Aim: 1.000 m/h,

hence 1.609 km/h,

faster than a speeding bullet.

we are going with hypersonic speed

, curventa

UNIVERSITAT  http:/iwww.bloodhoundssc.com/ =" /& e
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The ODE-Part of the Model: The Rocket Car

1t
min {tf+—>\ffu2dt}, A>0
uelU 2 Jo

minimum time  control costs

subject to
w(t) = u(t)
w(0) =wg, w(0) = wp
w(t) =0, w(ty) =0

U = {u € L?(0,ts): [u(®)| < umax a.e. |

UNIVERSITAT
BAYREUTH




The PDE-Part of the Model: The Distributed Control Case

-(F-L— 5 friction term
oT 0T _
o7 (&t) = o5, t) = g(w(t)) convolvia

833‘ ODE state

in (0,1) x (0,tf)

Problem 1

T(x,0) =15 =0 on (0,1)

~2(0,1) = ~(T(0,1) ~ To)

Z—Z(l’t) = —(T'(l,t) —Tp) on [0,t]

instationary heating of the entire vehicle

UNIVERSITAT
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The PDE-Part of the Model: The Boundary Control Case

| or 92T
—(x,t) — —F(x,t) = O D—
Ot (1) Ox2 (%)
Problem 2 in (0,1) x (O,ty), o
ransformation
to ho_mogeneous
T(z,0) =Ty =0 on (0,1), Robin type b.c.
oT

——(0,t) = =(T(0,#) — Top), |
T control via

friction term ODE state

Z_Z(l’t) = —(T'(1,¢) — To) + h(w(t)) on [0, ]

instationary heating at the stagnation point
UNIVERSITAT
BAYREUTH




The State Constraint

T(:U,t) < Tmax a.€. In (O,l) X (O,tf)
I

The state constraint
regenerates
the PDE with the ODE

\ 4

UNIVERSITAT
BAYREUTH

Lehrstuhl 4
Ingenieur- [

mathematik A% sl
,§‘5:3




The Optimal Trajectories (Non-regularized, Minimum Time)

Problem 1

:O, Umax:l

switching curve

space -

| |
UNIVERSITAT distributed case o Bs %
BAYREUTH state unconstrained mathemat (A2




The Optimal Trajectories (Regularized, Control Constrained)

-<’i— Problem 1
| 1. [ty 5 1
min <t —)\/ dt}, A= —, =1
I ueU{f_I_Q o 10’  max

space

16 14 12 10 8§ 43

tl me I . ehrstu _' -’;"‘v:‘
UNIVERSITAT distributed case oo G B
BAYREUTH state unconstrained mathematic {40




Boundary Control Case

Problem 2

1
—
—

Coulomb Stokes Newton

UNIVERSITAT e e
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 Theoretical results
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Theoretical results for Problem 1

I » Existence, uniqueness, and continuous dependence on data

(w, T) € W3(0,t)x (W5 2(Q) N C([0,t4], L2(0,1)))

« Non-negativity of 1’ | Problem 1

- Symmetry T'(x,t) =T — x,t)

!
« Strong maximum in = = >

d .
« Classical solution aT + LT = g(w)

« Maximum regularity time

5

Ty € L" (6,15 L2(0,1)) < 5

- 4 T . 2 £ > O Lehrstuhl
w LBJN\R/ElRJ%”AT 0,1 €L (e,tf, L (O,l)) ingenieur-




Theoretical results (two formulations)

-(i— loss of convergence
Problem 1: Two equivalent formulations It differentiated

1) as ODE optimal control problem
[ s ¢ 2
T(5t) = Fn| [ 9i(s)) e ) ds| < Tmax
n=1

non-local, resp. integro-state constraint

. \ non-standard
2) as PDE optimal control problem /

Ti+Tex = g (u)o + /Otu(s) ds)

T(fL‘, t) S Tmax

plus two isoperimetric constraints on W due two ODE boundary conds.

U N |V E R S |TAT hzh;::::rl BTN
BAYRE UTH mathematik &% y
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Theoretical results (ODE formulations, distributed control)

_(,L Problem 1
- —

I Integro-state constraint
[
S(t,w((0,t]) := T (5, wa([0,4]) ) ~ Tinax < 0

Transformation

[
w3 =T (E,t; wa([O,t])) Integro-ODE
s (1) = dT ! £ wo ([0, 1]) corresponds to
W3t = 417 o b W2k Maurer‘s intermediate
w3(0) = 0 adjoining approach

w3(ton) = w3 (toff) = Tmax
w3(t) < Tmax pointwise

UNIVERSITAT Lehrstuhl - B 5
BAYREUTH mathomatik (G




Theoretical results (ODE formulations, distributed control)

| Necessary conditions: optimal control law

ty A o ty . bty .
L(W,u, P, ton, toff, tf) = /0 1+ dt—fo (w1 —w2) p1 dt—/o (wz — u) po dt

_/Otf lw3 — %T (é,t; ’wz([O:t]))} p3 dt

¢
+/Of(’w3 — Tmax) dup

+(w3(ton) — Tmax) oon + (w3 (tofr) — Tmax) ooff
—
DyuL[*] (u—u™) = A u*+p3) (u—u™) >0 Yu € [—umax, Umax]

—

* 1
u'(t) = P[—umax,+umax] (_XPQ)

U NIVER S |TAT hzh;::::rl : ; <\
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Theoretical results (ODE formulations, distributed control)

Necessary conditions: adjoint equations

Retrograde integro-ODE for the adjoint velocity

t o0
p2 = —p1—g (wa(t)) (p?,(t) —/tf > k2 An e kn(s=1) pa(s) ds)
n=1
|

Usual jJump conditions for adjoint auxiliary state discontinouities

< t t - — +
. 0 0 = = ton p3(ton/off) - p3(ton/off) — %on/off
P3 =44 M ton < t < toff
0 toff < t < iy p3(ty) =0, oonjoff = 0

complementarity

— T =0, >0 .
n (w3 max) H = condition

) difficult to solve
w EWRECTH T no standard software g (g

< ‘&3"' 2
e




Theoretical results (PDE formulations, distributed control)

-<’i— Problem 1
. t
9T g%(x,t) = g (o + [ u(s) ds)

ot
in (0,1) x (0, %)

T(x,0) =0 on (0,1)
_g—Z(o,t) = —T(0,%) g—Z(l,t) = —T'(l,¢) on [0, ty]

Ly . by ot .
/O u(t) dt = —wg /O /0 u(s) ds dt = —wg — wo ty

T(.CU,t) < Tmax in (O,l) X (O,tf)

UNIVERSITAT o 2.
BAYREUTH mathematik A%




Theoretical results (optimization problem in Banach space)

Byalobtaingnuously differentiable solution operator
ty
Ao
fu,ty) =/1 + Zud(t) dt = ming, ; yeo
\UIJ’ UJ-/ A
subject to

féf w(t) dt + g
Jo f5) u(s) ds dt 4+ wg + g tf

Gl(u,tf) ;

GQ(U,tf) .= ( S(u,tf) — Tmax ) SK 0
with the convex cone

K= {T € O([0,]] x [0,t4]), T —Tmax <0 a.e.}

UNIVERSITAT ;egh;fit::r'_
BAYREUTH mathematik o




Theoretical results (existence of Lagrange multiplier)

Theorem: Let (u*,t}"c) be a local solution

of the optimization problem.
Let be (u,tr) € int C(u*,t}’}) such that

Go(u*,t3) + Go(u*, t3)(4,Tf) <k O.

Then there exists a Lagrange multiplier

i€ M([0,1] x [0,tf]) associated with (u*,t}).
The set of all multipliers belonging

to (u*,t}?) € M is bounded.

UNIVERSITAT
BAYREUTH




Theoretical results (PDE formulations, distributed control)

Necessary conditions: adjoint equations
_Qt(mat) - Q.’,E:B(m:t) — /j

q(z,t})

so far all seems to be standard, but

Necessary condition: integro optimal control law

1
uw (t) = P[—umax,umax] {—X [1/1 + ot P2

+/ttfg’ (’liJO‘l'/Otu*(?“) d'r) : (/Olq(x,s) d:r) ds]}

extremely difficult to solve

=
Ingenieur- i

UNIVERSITAT %
DI BAYREUTH no standard software




Theoretical results (necessary conditions: ODE vs. PDE)

| By comparing the two optimal control laws
p1(t) = —vo
sk
t l

f
po(t) = vy +uvot+ /g’(’v*(s)) - /q(a:,s) dz | ds
t

0
\ discont. deriv. / jump —/

7 ) z
ps(®)— [ 3 K2 Fae D pa(s)ds = [ g(a,t) da
t n=1 0

\ jump
w UNIVERSITAT
BAYREUTH




Theoretical results (necessary conditions)

The two formulations allow the
comparison of the necessary conditions:

ODE version «known theory
 local jump conditions for ODE formulation

» multipoint boundary value problem G
for integro-ODEs

PDE version - existence of Lagrange parameter
* non-local jump conditions for PDE formulation

* projection formula for control with integro-terms <=

UNIVERSITAT o Bae
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* New necessary conditions
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Jump condition (PDE formulations, distributed control)

| Jump condition in the direction of t (equivalent to ODE case):
- L tF
/q(x,t) dz <0
10 Aty

Jump condition in the direction of  (no counterpart in ODE case):

] S L+
tf 2
/qx(a’:,t) dt <0
0 11—

- -2

UNIVERSITAT o Bs )
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* Numerical results
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Numerical results (Type: Problem 1)

I I I I
2 3 4 5

Umax = 1

control is

/

non-linear

Lehrstuhl
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Numerical results (Type: Problem 1)

- BA | time order 2 —
“ : \ [ \

T(=— ¢ | | | (L \ \ —
(3 (L) =

« TP BA

Il Il L ‘ | | |
0 1 2 3 4 t 0 . : ; t

A Lehrstuhl , \~a' N
w lBJNKE lRJ%:_ITAT touch point (TP) and boundary arc (BA) mememai (&% 3

-




Numerical results (Type: Problem 2)

Lehrstuhl

UNIVERSITAT Lerstunl - B e
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Numerical results (Type: Problem 2)

time order 1

=

BA

BA

UNIVERSITAT

BAYREUTH

4

BA
. ll
T (1,1) w
t % 3 4
T (1,t)°
4 | BA BA

only boundary arc

Lehrstuhl
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Numerical results (Type: Problem 2)

time order 1

two boundary arcs — typical for order 1

!

!

UNIVERSITAT
BAYREUTH
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Numerical results (FOTD vs. FDTO)

A posteriori verfication of optimality conditions:
projection formula (ODE)

15

10\\\ 1 ] Method:
BB\ p2 Ampl + IPOPT
5 \\ |
Ref.: IPOPT
0 : Andreas Wachter
2002
-57 1
u = P_ (——m)

10 - [=1,1] A
15, 1 2 3 4 5

UNIVERSITAT e B s
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Numerical results (FOTD vs. FDTO)

I A posteriori verfication of optimality conditions:
The PDE formulation: adjoint temperature

!
~at—ass = 018 (2 — 5 )®[028 (¢ ~ tom)+(D)F036 (¢ — torr)]
essential singularities

. I - R - . e R e . _:
| --'no-n--loéal-jurhp cond./l

x Lehrstuhl ’ & 3>
EAVKECIHAT  solution by method of lines e R




Numerical results (FOTD vs. FDTO)

o

A posteriori verfication of optimality conditions:
The PDE formulation: adjoint temperature

artefacts
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Numerical results (FOTD vs. FDTO)

A posteriori verfication of optimality conditions:
comparison of adjoints (ODE + PDE)

| P2 is discontinous

‘,/—‘
{
*
by !
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Numerical results (FOTD vs. FDTO)

A posteriori verfication of optimality conditions:

comparison of adjoints/jump conditions (ODE + PDE)
correct signs

“ . ofjumps
P3+is discontinous | P3 .
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T
u, [
p3=—p <0 ooff
o1 % : ; % L n? f_T—
t
= . s e s e |
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Conclusions (hypersonic aircraft problem)

IPros:
» Detailed model of high complexity for instationary heating
* Reduction of temperature of TPS due to optimal control

» Challenging problem: ODE - PDE state - constrained optimal control

cons:

 Lack of theory: nonlinear, state - constrained, ODE-PDE coupling
* Method of lines and SQP methods seem to be at their limits

» Adjoint based methods desirable, but almost impossible to handle
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Conclusions (hypersonic rocket car problems)

| - Staggered optimal control problems with state constraints

« Structural analysis w.r.t. switching structure

* Unexpectedly complicated necessary conditions

* Problems with free terminal time for PDE problems

« Jump conditions in Integro-ODE and PDE optimal control
 First optimize, then discretize hardly applicable

* First discretize, then optimize with reliable verification
of necessary conditions, but with limitations in time and storage

* Motivation from hypersonic flight path optimization
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