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De I’Expressivité de I’Abstraction de Coercions

Résumé : Les coercions effacables dans le Systéme F,, aussi connues sous le nom de fonctions
de retypage, sont des n-expansions de l'identité. Elles peuvent changer le type des termes sans
en changer leur comportement et peuvent donc étre effacées avant la réduction. Les coercions
de F,, peuvent modéliser le sous-typage entre types connus ou le déplacement de quantificateurs,
mais elles ne permettent pas certaines formes d’instanciation retardée ni de raisonner sous des
hypotheses de sous-typage. Nous généralisons F, en introduisant I’abstraction des fonctions de
retypage. Nous suivons une approche générale ot le calcul avec des coercions peut étre vu comme
une réduction dans le A-calcul gardant trace de la partie des termes qui sont des coercions. Nous
obtenons un langage ou les coercions ne contribuent pas au calcul, mais peuvent le bloquer et ne
sont donc pas effagables. Nous retrouvons des coercions effacables en choisissant une stratégie de
réduction faible et en restreignant ’abstraction de coercions aux valeurs ou bien en restreignant
I’abstraction aux coercions qui sont polymorphes en leur domaine ou en leur codomaine. Cette
seconde variante généralise F,;, MLF et F.. dans un cadre unifié.

Mots-clés : Types, Systéme F, Polymorphisme, Coercion, Conversion, Fonction de retypage,
Type containment, Sous-typage, Bounded Polymorphism
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1 Introduction

When designing programming languages, types help choosing a small number of well-understood
orthogonal language constructs; they also help programmers by ruling out all unsafe programs as
ill-typed. However, type-safety is only an approximation of good-behavior by design: there will
always remain useful well-behaved programs rejected as ill-typed as well as well-typed programs
that don’t behave as intended. These two gaps can be reduced simultaneously by increasing the
expressiveness and accuracy of type systems and so capturing finer program invariants. Although
this is an endless process, considerable progress has been made over the last couple of decades.

Parametric polymorphism and subtyping polymorphism are the two most popular means of
increasing expressiveness of type systems: although first studied independently, they can be ad-
vantageously combined together. Each mechanism alone is relatively simple to understand and
has a more or less canonical presentation. However, their combination is more complex. The most
popular combination is the language F.. |[Cardelli, 1993]. However, this is just one (relatively
easy) spot in the design space. In fact, much work in the 90’s has been devoted to improving
the combination of parametric and subtyping polymorphism, motivated by its application to the
typechecking of object-oriented features.

Contravariance, the key ingredient of subtyping polymorphism, is already modeled in the
language F, proposed by Mitchell [1988]. One way to define F, is as the closure of Curry-style
System F by n-conversion. We write C[M] for filling a context C with a term M. A retyping context
from 7 to o is a closed one-hole context C such that Az.C{x) is an n-expansion of the identity,
also called a retyping function, and has type 7 — ¢ in System F. If C is a retyping context from
T to 0 and M is a term of type 7, then C[M] is a term of type o in System F. In System F,, the
type-containment rule allows M itself to be claimed of type o. Moving to Church-style System F,
we may keep type-containment, i.e. filling of retyping contexts explicit. We write G(M) for the
application of retyping context (i.e. a coercion) G to the term M. We write ¢7 for the empty
(retyping) context of type 7. Contravariance is induced by n-expansion as follows: if G and G»
are retyping contexts from 71 to 7; and from 75 to 74, then A(z : 71) G2(0T1 7™ (Gy(z))) is a
retyping context from type 7 — 72 to 71 — 7.

Besides contravariance, n-expansion also introduces opportunities for inserting type abstrac-
tions and type applications, which may change polymorphism a posteriori. For instance, from the
type Ya.T — o, we can find a retyping context to any type of the form (Va.7) — (VB.co[a + pl)
provided (3 does not appear free in V. o; this context is A(z : Ya.7) A3 OV 777 p (zp). Such
retypings are not supported in F.. where polymorphism can only be introduced and eliminated
explicitly at the topmost part of terms.

Conversely, F.. allows reasoning under subtyping assumptions, which F, does not support.
Indeed, bounded quantification A(a <:7) M of F.. introduces a type variable « that stands for
any subtype of 7 inside M. In particular, a covariant occurrence of oo in M can be converted to
type 7 by subtyping.

Therefore F, and F.. are incomparable: is there a language that supersedes both? Before we
tackle this question, let us first consider another form of retyping assumptions that have been
introduced in MLF [Le Botlan and Rémyl, [2009]: instance-bounded polymorphism A(a > 7) M in-
troduces a type variable a that stands for any instance of 7 inside M. That is, an occurrence of type
« within M in an instantiable position can be converted to any instance of 7. Instance-bounded
quantification delays the choice of whether a polymorphic expression should be instantiated im-
mediately or kept polymorphic. This mechanism enables expressions to have more general types
and has been introduced in MLF to enable partial type inference in the presence of first-class
second-order polymorphism and some type annotations.

Notice that bounded type instantiation allows for deep type instantiation of binders, as F, does,
but using a quite different mechanism. Bounded type instantiation has similarities with bounded
quantification of F.., but the two also differ significantly, since for instance, type conversion is not
congruent on arrow types in MLF.

Surprisingly, among the three languages F,, F<., and MLF, any combination of two have features
in common that the other one lacks! Hence, the challenge becomes whether all their features can be

RR n°® 7587



On the Power of Coercion Abstraction 5

combined together. This question has in fact already been raised in previous work on MLF |[Rémy,
and Yakobowskil, 2010].

Our contributions We answer positively by introducing a language FP that extends F, with
abstraction over retyping functions, combining all features simultaneously in a unified framework
(§5). The language FP subsumes F,, F.., and MLF (§6)); it also fixes and extends a previous
language of coercions designed for modeling MLF alone [Manzonetto and Tranquilli, [2010]. Our
subset of FP that coincides with MLF is well-behaved: it satisfies the subject reduction and progress
lemmas and strongly normalizes. It also has an untyped semantics.

Actually, the extension of F,, with abstraction over coercion functions leads to a larger language
F, of which F? is a restriction (§2)). The language F, is well-behaved. We show that F, can be
simulated into System F. Hence, reduction rules in F, are just particular instances of S-reduction
(. F, can also be simulated into the untyped A-calculus, by dropping coercions, which shows
that coercions do not contribute to the computation. Unfortunately, they may block it, and are
thus not erasable (§3). Erasability can be recovered by choosing a weak reduction strategy (§7),
but this is not entirely satisfactory. So, other restrictions or extensions of F, with erasable coercions
are still to be found. Nevertheless, we believe that F, is a solid ground for understanding erasable

coercions (§9)).

System F All languages we consider are second order calculi whose origin is System F. System
F comes in two flavors: in Curry-style, terms do not carry type information and are thus a subset
of the untyped A-calculus, while in Church-style, terms carry explicit type information, namely
type abstractions, type applications, and annotations of function parameters.

Of course, both presentations are closely related, since there is a bisimulation between the
reduction of terms in Church-style and terms in Curry-style via type erasure, where the reduction
of type application between terms in Church-style is reflected as an equality on terms in Curry-
style. That is, calling ¢« the reduction of type applications and S the reduction of term applications,
the type erasures of two explicitly-typed terms related by S-reduction (resp. t-reduction) are
related by S-reduction (resp. equality); conversely, if the erasure of a term M S-reduces to a term
M’ then M also reduces by a sequence of (-reductions followed by a single S-reduction to a term
whose erasure is M’.

Both views are equally useful: we prefer source expressions to be explicitly typed, so that type
checking is a trivial process and types can be easily maintained during program transformations;
we also wish types to be erasable after compilation for efficiency of program execution. Moreover,
a source language with an untyped semantics is generally simpler to understand, reason about, and
use. We may argue that even if the source language has intentional polymorphism, it should first be
compiled in a type-dependent way to an intermediate language with an untyped semantics [Crary
et al.}, 2002].

From types to type conversions Our approach to coercions is similar to polymorphism in
System F because we focus here on retyping functions that are erasable. In some circumstances,
one may use other forms of coercions that may have some computational content, e.g. change the
representation of values, and thus not be erasable. Then, we should compile source expressions
into an intermediate language where remaining coercions, if any, are erasable; this is then the
language we wish to study here.

Erasability also means that the dynamic semantics of our language is ultimately that of the
underlying A-calculus—possibly enriched with more constructs. Therefore the semantics only
depends on the reduction strategy we choose and not on the typechecking details nor on the
coercions we may use. Types are useful for programmers to understand their programs. It is also
useful for programmers that types do not determine the semantics of their programs. At least, we
should provide an intermediate representation in which this is true.

Coercions may also be introduced a posteriori to make type conversions explicit inside source
terms. Coercions usually simplify the meta-theoretical study of the language by providing a
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concrete syntax to manipulate typing derivations. Proofs such as subject reduction become com-
putation on concrete terms instead of reasoning on derivations.

While in practice programming languages use weak evaluation strategies, strong evaluation
strategies provide more insight into the calculus by also modeling reduction of open terms. Since
our focus is on understanding the essence of coercions, and the meta-theoretical properties, we
prefer strong reduction strategies. Imposing a weak reduction strategy on a well-behaved strong
calculus afterward is usually easy—even if all properties do not automatically transfer. Conversely,
properties for weak reduction strategies do not say much about strong reduction strategies.

The two faces of F, Let us first return to the definition of F,, which in Mitchell’s original
presentation is given in Curry-style. It is defined by adding to System F a type containment rule
that allows to convert a term M of type 7 to one of type o whenever there exists a retyping context
from type 7 to o, which we write - 7> . This judgment, called type containment, is equivalent
to the existence of a (closed) retyping function M’ of System F such that F M’ : 7 — o, i.e. a
function that is an n-expansion of the identity.

Interestingly, Mitchell gave another characterization of type containment, exhibiting a proof
system for the judgment - 7> o, which can be read back as the introduction of a language of
coercions whose expressions (G witness type containment derivations. Then, we write - G : 7> 0o
where G fully determines the typing derivation—much as a Church-style System-F term M fully
determines its typing derivation. For example, G; — G5 is a coercion that, given a function M,
returns a function that coerces its argument with G4, passes it to M, and coerces the result with
Go—hence the contravariance of type containment. (A full presentation of coercions appears in
where F, is described as a subset of F,.)

The interpretation of coercions as A-terms is more intuitive than coercions as proof witnesses.
Unfortunately, its formal presentation F}, which is equivalent to F,, is technically more involved for
reasons explained in Hence, we prefer to present F, first in §2|and only introduce F? informally
in {4 Interestingly, the reification of F, into System F given in §3.3] already reveals this intuitive
interpretation of coercions—without the technicalities—and we refer to it when describing the
typing rules and reduction rules of F,.

In Church-style System F, the use of a coercion G around a term M is witnessed explicitly as
G(M). (We may continue seeing a coercion G as a retyping context and reading this as filling
the hole of G or, equivalently, see G as a retyping function and read this as an application of a
coercion to a term.) Reduction rules are added to reduce such applications when both G and M
have been sufficiently evaluated—in a way depending on the form of both—so that a coercion G
is never stuck in the middle of a (well-typed) redex as in (G{A(z : 7) M)) N. The type system
ensures that G is of a certain shape for which a reduction exists. In the above example, G may
be G; % G5 and then G(\(z : 7) M) can be reduced to A(z : o) Go(M[z + G1(x)]).

The genesis of F, To abstract over coercion functions, we introduce a new form A(c¢: 7>0) M
in F,, where the parameter ¢ stands for a coercion function that can be used inside M to convert
an expression of type 7 to one of type o. This abstraction can be typed as (7>0) = p where p is
the type of M. Correspondingly, we need a new application form M{G} to pass a coercion G to
a coercion abstraction, i.e. a term M of type (7>0) = p.

By typing constraints, coercion abstractions can only be instantiated with coercions, which by
construction are erasable. Thus, intuitively, coercions do not really contribute to the computation.
Is this enough to erase them? Formally, we can exhibit a forward simulation between reduction of
terms in F, and of their erasure in the untyped A-calculus. Moreover, F, has the subject reduction
property and is strongly normalizing. Still, coercions cannot be erased in F,, since although they
do not create new evaluation paths, they may block existing evaluation paths: a subterm may
be stuck while its erasure could proceed. Since coercions are erasable in F,, this can only be due
to the use of a coercion variable. Indeed, a coercion variable ¢ may appear in the middle of a
B-redex as in (¢{A(z : 7) M)) N. This is irreducible because reduction of coercion applications
G(M) depends simultaneously on the shapes of G and M so that no rule fires when G is unknown.
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T,y variables
M=z M| MM|(MM)|M1| M2 terms
C o= defl | M |IM]] M) | M D)][1]].2 reduction contexts
RED/?AOIT)X/I/ REDBETA REDPROJFIRST REDPROJSECOND
_ Az M) M~ M M Mi, M3). 1~ M Mi, M3).2 ~~» M
CIM] — CIM] (Az. M) [z < M (M1, M) 1 (M, Ma) 2

Figure 1: A-calculus: syntax and semantics

More generally, we call a wedge an irreducible term of the form (G{A(z : 7) M)) N. Notice that
the erasure of a wedge (A(x : 7) | M) | N] can be reduced, immediately. Hence, the existence of
wedges in reduction contexts prevents erasability.

Taming coercions in F? An obvious solution to recover erasability is to make wedge config-
urations ill-typed—so that they never appear during the reduction of well-typed programs. One
interesting restriction, called F? (read Parametric F,), is to request that coercion parameters be
polymorphic in either their domain or their codomain. This allows coercion variables to appear
either applied to a function or inside an application, but not both simultaneously.

Another solution is to change the semantics: choosing a weak reduction strategy for coercion
abstractions and restricting them to appear only in front of value forms, coercion variables, hence
wedges, cannot occur in a reduction context any more. This variant is called F (read Weak F,).

Although our main goal—combining F,, F., and MLF in a same language—is reached, both F?
and F are restrictions of F,. We may thus wonder whether other yet more interesting solutions
exist. We further discuss some of the issues in §9] argue about some of the difficulties in the general
case, and suggest other restrictions worth exploring. We defer a discussion of related works to

2 The language F,

The language F, generalizes F,, with abstraction over coercions, but does not ensure erasability.
Still coercions do not contribute to the evaluation. That is, reduction in F, can be simulated into
the untyped A-calculus, after erasure. Since coercions allow more terms to be typed, the coercion
erasure will not in general be in the implicitly typed System F.

We recall the definition of the (untyped) A-calculus on Figure We include pairs and pro-
jections both to have non trivial errors (otherwise, even untyped terms cannot be stuck) and to
have more interesting forms of subtyping. We assume an enumerable collection of term variables,
ranged over by letters x and y. Untyped terms, written M, include variables, abstractions Ax.M,
applications M M’ pairs (M, M’), and projections M.1 and M.2. The semantics of untyped
A-terms is given by a small-step strong reduction relation. Reduction contexts of the A-calculus
are all one-hole contexts, written C. We now write C[M] for the term obtained by filling the hole
of C with M and Mz + M/’] for the capture avoiding substitution of M’ for  in M. Expressions
are considered equal up to the renaming of bound variables, which are defined in the usual way.
This convention applies to the A-calculus, as well as to all typed languages presented below.

2.1 Syntax of F,

The language F, is explicitly typed. Types are described on Figure 2] We assume given an
enumerable set of type variables, ranged over by letters a and S. Types are type variables,
arrow types 7 — 7, product types (7 % 7), polymorphic types V., the top type T, or coercion
abstractions ¢ = 7 where the coercion type ¢ is of the form 7> 7. Coercions are not first class,
hence a coercion type ( is not itself a type.
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7,0 n= a|T—=7|(T*7T) | Var | T Types
| o= 7 coercion abstraction
p = T>T coercion type
M,N = x| MNe:7) M| MM|(M,M)|M.1|M.2 Terms
| \a M | M 7 type abs & app
| G(M) term coercion
| Mc:p) M| M{G} coercion abs & app
G = c|Top” |07 |G 5G| (GxG) Coercions
| Dist/%;, | Dist?=, | Dist(7,, | Distf,, distributivity
| \a G| GT type abs & app
| G(G) coercion coercion

|

Ae: ) G| G{G}

coercion abs & app

I':=0|Ta|l,z:7|T,c: ¢ Typing environments

Figure 2: Syntax of F,.

The language of expressions is split into terms and coercions. We reuse the term variables of
the A-calculus. In addition, we assume an enumerable set of coercion variables written c. Terms
are an extension of Church-style System F. Hence, they include type variables z, abstractions
Az : 7) M, applications M M, pairs (M, M), projections M.1 and M .2, type abstractions Aa M,
and type applications M 7. A construct already present in F, is the use of the application G (M)
of a coercion GG to a term M. There are two new constructs specific to F, and not present in
F,: coercion abstraction A(c : ¢) M which is annotated with the coercion type ¢; and coercion
application M{G} that passes a coercion G to a term M—and should not be confused with the
earlier construct G(M) of F, that places a coercion G around a term M.

Since the main purpose of coercions is to change types, we could postpone the description
of coercion constructs together with their typing rules—and their associated reduction rules that
justify the typing rules. Still, each coercion expression can be understood as a one-hole retyping
context witnessing some type-containment rule. So we introduce each construct with the retyping
context it stands for, also preparing for the reification of coercions as System-F terms given in

A coercion variable ¢ stands for the coercion it will be bound to. The opaque coercion Top” is
a downgraded version of existential types (we currently do not handle existential types for reasons
explained in §9): it turns a term of any type into an opaque term of type T that can only be
used abstractly. The empty coercion {7 stands for the empty retyping context and witnesses
reflexivity of type containment. The arrow coercion Gy —» Go stands for A\(z : 7) Go([] (G1(z)))
and witnesses contravariance of the arrow type constructor. The distributivity coercion Dist]%;
stands for A(z : 7) Ao [] @ z and permutes a type abstraction with a term abstraction: assuming
the hole has type Va. 7 — o where a does not appear free in 7, it returns a term of type 7 — Va. 0.
For instance, the coercion of a polymorphic function Aa A(y : 7) N makes it appear as if it had
been defined as A(y : 7) Ao N—which is actually what it will reduce to once coerced. The other
distributivity coercion Dist?~, which stands for A(z : 7) A(c : ¢) ([[{c} ), is similar but permutes
a coercion abstraction with a term abstraction.

The product coercion (G; x G2) stands for (G1([].1), G2([].2)) and allows congruence on the
product type constructor. The distributivity coercion Dist\(jf*'g) stands for (Aa ([] @).1, Aa ([] @).2)
and permutes a type abstraction with a pair constructor: assuming the hole has type Va. (7*0), it
returns a term of type ((Va. 7)* (V. 0)). The other distributivity coercion Dist“(”:(r), which stands
for (A(c: @) ([[{c})-1,A(c: ¢) ([J[{c})-2) is similar but permutes a coercion abstraction with a pair
construct.

RR n°® 7587



On the Power of Coercion Abstraction 9

2] ==
A7) M| = e[ M] [Aa M| = [M]
[M N| =[M][N] (M 7] =[M]
(M, N)| = ([M], [N]) [G(M)] = [M]
[M.1] = [M]1 AMe:p) M| = [M]
[M.2] =[M].2 [ M{G}] = [M]

Figure 3: Coercion erasure

We may need more distributivity coercions when extending the language of terms. Hence, the
notation Dist, uses the following mnemonic: the superscript a and the subscript b indicate the
kind of the first and second type constructs, respectively. The first type construct a should be an
erasable quantifying type construct, i.e. a binding coercion type construct, like type or coercion
abstraction. The second type construct b should be a stle (simply-typed lambda-calculus) type
construct, like arrow or product. The type of the hole is ab and the coerced type is b where all
positive holes ¢ become ac and negative holes stay the same. When b is [| — [], the positive
(covariant) hole is the right one, while the negative (contravariant) one is the left one. When b is
(1 *[]), both holes are positive. This is why we get (a[] * a[]). This heavy-weighted distributivity
mechanism might in the end overcome the difficulties about binding coercions in F (§4), which
would then become preferable to work with.

The remaining coercions are the lifting of all term constructs without computational content
to coercions: type abstraction Aa G and type application G T; coercion of a coercion G'(G) which
intuitively stands for G'(G([])) and witnesses transitivity of coercions: it has type p> o if G’
and G have coercion types 7> o and p > 7, respectively; finally, coercion abstraction A(c: ¢) G
and coercion application G’{G}. All these coercions are of the form P[G] where P is one of the
contexts A [], [| 7, G'{[]), AMc: ¢) [], or [{G'}, where the hole is filled with G. It is convenient to
overload the notation P when the hole holds a term instead of a coercion, although this is formally
another syntactic node.

We recover the syntax of System F, by removing coercion types from types and coercion
variables, coercion abstractions and applications from both terms and coercions. We recover the
syntax of System F by further removing the top type, term coercions, and all coercion forms,
which become vacuous.

The coercion erasure, written |- |, defined on Figure is as expected: type annotations on func-
tion parameters and coercions are erased, while other constructs are projected on their equivalent
constructs in the untyped A-calculus.

2.2 Typing rules

Typing environments, written I', are lists of bindings where bindings are either type variables «,
coercion variables along with their coercion type c : ¢, or term variables along with their type
z : 7 (Figure . We write I' - M : 7 if term M has type 7 under I and I' = G : ¢ if coercion G
has coercion type ¢ under I'.

The two typing judgments are recursively defined on figures [] and They use auxiliary
well-formedness judgments for types and typing contexts: we write I' F ok to mean that typing
environment I' is well-formed and I' + 7 or T' F ¢ to mean that type 7 or coercion type ¢ is
well-formed in T'.

As usual, we require that typing contexts do not bind twice the same variable, which is not
restrictive as all expressions are considered equal up to renaming of bound variables. This is
enforced by well-formedness judgments defined on Figure[6] This restriction allows us to see I' as
a partial function from term, coercion, or type variables to their types if they have ones.

Typing rules for terms are described in Figure @] Rules TErMVar, TERMTERMLAM, TERM-
TERMAPP, TERMPAIR, TERMFIRST, TERMSECOND, TERMTYPELAM, and TERMTYPEAPP are exactly
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TERMVAR TerMTERMLAM TERMTERMAPP
'k ok z:T7el Fz:7THFM:o 'EM:7—o0 'EN:7T
Fta:7 F'FXaz:m)M:7—0 'MN:o
TeErRMPAIR TeRMFIRST TERMSECOND TerMTYPELAM
I'M 7 ' My:m PHM:(r 1) T M: (1 x72) I'a-M:T
I (M, M) : (11 % 72) '-M1:m 'EM2:m I'Xa M :Va.1
TeErRMTYPEAPP TeErRMCOER TErRMCOERLAM
I'-M:Va.t I'kFo 'FG:7m>0 '-M:r Lic:opbFM: T
' Mo: 1o+ o] r-GM):o F'FXe:p)M:p=1
TErRMCOERAPP
'-M:p=r71 'EG:p
' M{G}:r
Figure 4: System F,: term typings
CoerDoT CoEerRFORGET COERARROW
I'tr I'tr FrFGy:m>7 I'EGy:m>T)
P07 iror I'ETop" : 7T TG B Gy (1] = )b (1 — 75)
CoerDisTTYPEARROW CoerDIiSTCOERARROW
't~ IakFo 'kFr I'Foe I'Fo
[ Dist’®, :Va.(r — o)>7 = Va.o I'EDist?Z, : (¢ = (1 = 0))> (T = (p = 0))
CoEerPaAIrR CoerDisTTYPEPROD
'-Gr:m>m I'EGy:m>T) akFr I'Nato

T (G % Ga): (11 % m2) b (14 % T5) '+ Dist\(ff*‘g) Va. (tx0)> (Va. 7+ Va. o)

CoerDisTCoERPROD

CoerTYPELAM
'y 'kr I'kFo 'kr NaFG:1t>0
NS Distf::(r) (o= (tx0))p((p=7)x(p=0)) ' G:7>Va.o
CoeErTYPEAPP CoerCOER CoerCoERLAM
'G:7v>Va.o et 'G:7vo G :p>r Fec:pFG:7m>0
I'EGr:7'>ofa+ 1] -GG :pro FTEXc:p)G:7>(p=0)
CoErRCOERAPP CoOERVAR
G 7o (p=o0) I'FG:p I'kok c:pel
'-G{G}:7vo Fkc:p
Figure 5: System F,: coercion typings
TYPEVAR TYPEARROW CoEerTYPE TypeEPrROD
't ok a € dom(T") '~ I'o '-r I'Fo I'r ko
o T'tFr—o0o F'rpo Lk (t*x0)
TyrPEFORALL TyPECOERARROW EnvCoER
Nakr 'kr | ) ¢ ¢ dom(T") | )
I'-VYa.7 =17 T, (c:p)t ok
EnvTYPE ENVTERM
ggm;gy Ikok  «¢dom(T) k7T ¢ dom(D)
o
T, at ok T,(z:7)F ok

Figure 6: System F: well-formedness rules
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the typing rules of System F. Rule TERMCOER is similar to rule TErRMTERMAPP, except that a co-
ercion G of coercion type 70 is used instead of a function M of type 7 — o. Rule TErMCOERLAM
is similar to TERMTERMLAM, except that the parameter ¢ stands for a coercion of coercion type
@ instead of a term of type o: the result is a coercion abstraction of type ¢ = 7. Consistently,
TerMCoOERAPP applies a term that is a coercion abstraction of type ¢ = 7 to a coercion G of
coercion type ¢.

Typing rules for coercions are described in Figure [5l They are all straightforward when read
with the retyping context that the coercion stands for in mind. Rule CorrVaRr reads the coercion
type of a coercion variable from its typing context. The empty coercion has type 77 provided 7 is
well-formed in the current context. As all basic coercions, it contains just enough type information
so that its typing rule is syntax-directed. The top coercion Top” converts an expression of type 7 to
the top type, provided 7 is well-formed. The arrow coercion G; = G5 turns an arrow type T] = To
into an arrow type 71 — 74, provided G; coerces type 7; into 7/ for i in {1,2}. The distributivity
coercion Disti‘ia turns an expression of type Va.7 — o into one of type 7 — Va. o provided 7
is well-formed in the current environment, which prevents a from appearing free in 7, and o is
well-formed in the current environment extended with «. Finally, Rule CoerDisTCOERARROW is
similar to CoERDISTTYPEARROW, but swaps a coercion abstraction and a term abstraction.

The product coercion (G * G2) turns a product type (71 * 72) into a product type (7] * 75),
provided G; coerces type 7; into 7/ for ¢ in {1,2}. The distributivity coercion Dist\(ffigg) turns
an expression of type Va. (7 * o) into one of type (V.7 * Va.o) provided 7 and o are well-
formed in the current environment extended with a. Rule CorrDistCoerProD is similar to
CoerDistTYPEPROD, but swaps a coercion abstraction and a pair constructor.

The remaining rules CoerTyPELAM, COoERTYPEAPP, COERCOER, COERCOERLAM, and COER-
CoerAPP are similar to their counterpart for terms, but where the term M of type 7 has been
replaced by a coercion (i.e. a one-hole context) G of coercion type 71 > 75, where 71 is the type of
the hole and 75 the type of the body. Rule CoerTvypreLaM for typing Aa G introduces a variable
« that is bound in G and can be used in the type of the body of G but not in the type of its hole,
which is enforced by the first premise. In particular, Aa G builds a coercion to a polymorphic type
7> Va.o and not a polymorphic coercion Va. 7 > 0. Accordingly, only the codomain of the type
of the conclusion is polymorphic. Rule CoerCoerLAM is typed in a similar way: A(c: ¢) G has
type 71 > (p = 72) and not ¢ = (71 >72) as one could naively expect—which would be ill-formed.
Type and coercion applications are typed accordingly (rules CoerTypeAprp and COERCOERAPP).

The typing rules for F, are obtained by removing TERMCoERLAM and TERMCOERAPP for terms
and their counter parts CoERCoErLAM and CoerCoERAPP for coercions as well as Rule COERVAR
for coercion variables and Rules CoErDisTCoERARROW and CoerRDisTCoerPRroD for distributivity
of coercion abstraction.

The type superscripts that appear in reflexivity, distributivity, and top coercions make type
checking syntax directed. The type superscript in arrow coercions is not needed for typechecking
but to keep reduction a local rewriting rule. (We may leave superscripts implicit when they are
unimportant or can be unambiguously reconstructed from the context.)

Our presentation of F, is in Church-style. Curry-style F, is the image of F, by coercion erasure.
That is, it is the subset of terms of the untyped A-calculus that are the erasure of a term of
Church-style System F,. We write I' = M : 7 to mean that there exists M such that I' - M : 7
and | M| is M.

2.3 Dynamic semantics

The dynamic semantics of System F, is given by a standard small-step strong reduction relation.
The syntax of values and reduction contexts is recalled on Figure

A value is an abstraction of a value, a pair of values, an opaque value Top” (v), or a prevalue. A
prevalue is a variable, a prevalue applied to a value, type, or coercion, a projection of a prevalue, a
value coerced by a coercion variable, or a partial application of a distributivity coercion. Reduction
contexts C are all one-hole term contexts. For convenience, we have distinguished a subset of
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p = x|pv|pl|p2|p7]|p{G}]|cv) Prevalues
| Dist;% (p) | Dist;% {Aa p) | (G = G)(p)
| Dist?=, (p) | Dist?=, (A(c: ¢) p)
| Dist/%0)(p) | Dist/Ss,) (A 1) | (G % ) o)
| Dist(f:*:) (p) | Distf::_r)@\(c 1) p)
vu=plAz:T)v] (v,v) | Aav]| e @) v]| Top™ (v) Values
Cuo=MNe:n)[J|IMIM[]I{,M)|(MDI]DLI[]2]P Reduction contexts
P o= Xal|[7| G| Aec:e) | {G} Retyping contexts

Figure 7: System F,: values and reduction contexts

REDCONTEXTBETA RepConTEXTIOTA

M N Mo N ?,\EE TERM) M) N ~p Mz  N] ?EFJIVRS)T1 M
: ~ — L
C[M]~;C[N]  C[M]~, C[N] o o ’ ’
REDSECOND REDTYPE REDCOER
(M,N).2~3 N (A M) 1 ~, Mo + 7] (Me: o) M){G} ~, M[c + G

REDCOERARROW

(G1 5 Go)(Nx : o) M) ~, XNz : 7) Go(M[z + G1(z)])

REDCOERDISTTYPEARROW

Dist’™, ,(Aa A(z : 7) M) ~, XNz : 7) v M

T'—0o!
REDO?ERDISTCOERARROW REDCoERPROD
Dist?, =, (A(c: @) Mz : 7) M) ~, Az : 7) Ac: o) M (G1 % G2)((M, N)) ~, (G1(M),G2(N))

ReEpCoERDIsTTYPEPROD

Dist{/, o) (Aa (M, N)) ~, (Aa M, A N)

REDC?ERDISTCOERPROD RepCoerDoOT
Distf_rja,)()\(c 2) (M,N)) ~, (Mce: ) M, A(c: ) N) OT(M) ~, M

RepCoERFILL

(PG])(M) ~, P[G(M)]

Figure 8: Reduction rules for F,

reduction contexts P, called retyping reduction contexts: a term M placed in a retyping reduction
context is just a retyping of M, i.e. a term that behaves as M but possibly with another type.

Reduction rules are defined on Figure |8} We have indexed the reduction rules so as to dis-
tinguish between [-steps with computational content (REDTERM, REDPROJFIRST, and REDPROJ-
SEconD), that are preserved after erasure, and t-steps (REDTYPE) that become equalities after
erasure. We write ~g, for the union of ~45 and ~-,.

Hence, Rule REDCoONTEXT is split into two rules, so as to preserve the index of the premise.
The only S-redexes are REDTErRM, REDPROJFIRST, and REpPRrROJSECOND; all other reductions are
t-reductions. Rule REDTYPE is type reduction (a t-reduction). The first six rules cover System
F. Notice that REDCoNTEXT allows all possible contexts. Hence, there is no particular reduction
strategy and a call-by-value evaluation would be a particular case of reduction.

Rule REpCoER is the counterpart of S-reduction for coercion application M{G}. It only reduces
a term applied to a coercion; a coercion applied to a coercion is a coercion and is not reduced
directly, but only when it is applied to a term so that rule REnCoerCorerApP eventually applies.
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All other rules reduce the application G(M) of a coercion G to a term M, which plays the role
of a destructor: both G and M must be sufficiently evaluated before it reduces—except when G
is the opaque coercion or a variable since Top” (v) and ¢(v) are values.

Other coercion nodes are all constructors. We thus have one rule for each possible shape of G.
The most interesting rules are for basic coercions:

e When G is an arrow coercion G; — Go and M is a function \(z : 0) M, Rule REpCoERAR-
row reduces the application by pushing G on all occurrences of x in M and G5 outside of
M. This changes the type of the parameter x from o to 7, hence the need for the annotation
T On arrow coercions.

e When G is a distributivity coercion Dist’s, , and M is a polymorphic function Aax A(z :

7) M, Rule REpCoErRDISTTYPEARROW reduces the application to A(z : 7) Aa M by ex-

changing the type and value parameters; this is sound since a cannot be free in 7.

e When G is a distributivity coercion Distf,/ja, and M is a coercion abstraction followed
by a value abstraction A(c : ¢) A(z : 7) M, Rule REpDCorErDI1STCOERARROW reduces the
application to A(x : 7) A(c: ¢) M by exchanging the coercion and value parameters.

Notice that as in the previous rule, the type annotation on Dist and the parameters need
not be identical since reduction does not assume that terms are well-typed.

e When G is a product coercion (G1+G2) and M is a pair (M, N), Rule REnCorrProD reduces
the application by pushing G; on M and G5 on N.

e When G is a distributivity coercion from a forall on a product, Dist\Zf‘,;m,), and M is a
polymorphic product Aa (M, N), Rule RenCoerDistTypeProD reduces the application by
exchanging the type and pair construct to (Aa M, Aa N).

o'=

(1'*x0")

product A(c: ¢) (M, N), Rule REpCoerDisTCoErPROD similarly exchanges the parameters

to (A(c: @) M, A(c:¢) N).

e When G is a distributivity coercion Dist and M is a coercion abstraction followed by a

The remaining cases for G can be factored as P[G’]. Rule RepCoerFiLL fills G’ with M, trans-
forming P[G'|{M) into P[G'(M)]. Notice that the two occurrences of P are different abstract
nodes on each side of the rule—a coercion on the left-hand side and a term on the right-hand side.
Rule REDCoERFILL is actually a meta-rule that could be expanded into, and should be understood
as, the following five different rules:

Ao G)(M) ~, Aa (G{M)) REDCOERTYPELAM
(GT)M) ~, (GM))T REDCOERTYPEAPP
(Go(G1))(M) ~, Go(G1(M)) REDCOERCOER
(Me @) GY (M) ~, Mc:p) (GIM)) REDCOERCOERLAM
(Gi{G2})(M) ~, (G1(M)){G2} REDCOERCOERAPP

The use of the meta-rule emphasizes the similarity between all five cases; it is also more concise.

For example, the application G1{G2} of a coercion abstraction G; to a coercion G is only
reduced when it is further applied to a term M (as other complex coercions), by first wrapping
elements of G around M (two first steps below) so that Rule REDCoER can finally fire (last step):

((Me: 72 o) GG M) ~, (Alc: 7> 0) G)(M)){G'}
v (Me: 7o) (GIM)){G'}
v (GM))[e = @]

The reduction rules for System F, are obtained by removing rules REDCoER, REDCOERCOER-
LaM, REDCOERCOERAPP, REDCOERDISTCOERARROW, and REDCOERDISTCOERPROD

RR n°® 7587



On the Power of Coercion Abstraction 14

Optional reduction rules Our presentation of F, could be extended with additional reduction
rules for arrow, distributivity and product coercions such as:

(Dist”™, ,(M)) N p~», M p N (Dist”™, ,(Aa M)) N ~», \a M N
(Dist?,~_,(M)) NG ~, MG N (Dist?, =, (A(c: @) M)) N ~, A(c: @) M N

REDCOERARROWAPP

((G1 5 G2)(M)) N ~, G2{M (G1(N)))

(G % G2)(M)).1 ~», Gy (M 1) ((Gy % G2)(M)).2 ~», Go(M.2)
(Dist(, ) (M))-1p ~, (M p).1 (Dist(7r, ) (M))-2p v, (M p).2
(Dist{<, ) (A M)).1 ~>, A M 1 (Dist{, oy (A M)).2 ~, A M.2
(Dist?,7,) (M) 1{G} ~, (M{G}).1 (Dist?7,) (M)).2{G} ~, (M{G}).2
(Dist?’ 7, (e s @) M)).1~, Mc: ) M1 (Dist? 7, (A(c s @) M)).2~, Ac: @) M.2

However, this narrows the set of values and reestablishing progress would require binding coercions,
as for F* described in which are technically more involved. For sake of simplicity, the current
presentation has fewer, but sufficiently many, reduction paths. To better understand why we need
binding coercions, let’s forget about pairs and focus on arrows. The rule REDCOERARROWAPP is
telling us that (G; = Gq)(M) behaves like a arrow constructor, since when it is under the arrow
destructor (which is the application node) they reduce. This morally means that (G; = G2)(M)
behaves like A(z : 7) M’—actually this can be easily understood after reification (Section[3.3)). This
correspondence implies that we should define an additional reduction rule with (G; = G2)(M)
everywhere we previously had a A(z : 7) M’, and in particular in REpCorrDIsT. So we have to
define the reduction of Dist”", (Ao (G1 = G2)(M)) where T,a b M : 7/ — o/, T,a - Gy : 77,
and T',a = Gy : 0/ > 0. We would like to say it reduces to (G = (A G2))(M) but we need the
A to bind additionally in both G; and M.

2.4 Examples

Let us first see examples in the F, subset. Retyping functions in F, allow for the commutation
of quantifiers and removal of useless quantifiers. They also let terms have more principal types.
For example, in System F, the S-combinator Az.\y.\z.x z (y z) can be given the two incomparable

types:
Va.VB.Vy. (a—=B—=>9) = (a—=F) > a—~y

Va.a = a) = (Va.a = a) = Va.a = a) = (Va.a — a)

However, the former type is more general as it can be coerced to the latter (already in F,), using
three n-expansions. This example does not use distributivity, but the following example, still in
F,, does. (In the examples, we use type constructors List and D, which we assume to be covariant.)
The map function has type:

Va.VB. (o« — B) — List a — List § (1)
It can also be given the type

(Va.a = D a) — Vau List (D a) — List (D(D «)) (2)
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for some type constructor D, using the following coercion, which is already typable in F,:

((0 = Aa O (Da)){Dist™)) (A (0@ = 0)(0 a (D))
Indeed, applying the coercion Aa (O a — ¢)(¢ a (D «)) turns a term of type (1) into one of type:
Va. (Ya. o = D o) — List (o) — List (D «)) (3)

which in turn (0 — Aa ¢ (D «))(Dist”) coerces to type (2). This example also illustrates the
low-level nature of the language of coercions, to which we will come back in §4]

The last two examples illustrate coercion abstraction. We define a function first, inspired from
F.., that implements the first projection for non-empty tuples of arbitrary length. Tuples are
encoded as chained pairs ending with T. The function first

ABAaA(c:ar (BxT)) Mz : a) (clx)).1

of type VB.Va. (a> (8% T)) = a — [ abstracts over a coercion ¢ from arbitrary tuples to the
singleton tuple. It can be applied to any non-zero tuple by passing the appropriate coercion. (In
this example, subtyping could be encoded with just polymorphism instead of coercion abstration,
but this is not true in general.)

The other example of coercion abstraction, inspired from MLF, delays the instantiation of a
call to the polymorphic function choose of type Vvy.v — v — =, say ocn, when given itself as an
argument. Let chch be Ay A(c : . > y) choose v (c(choose)) of type V. (gep >y) = v — 7. We
may then pass chch the function plus of type int — int — int, say ops. This application is written
(chch 0p1ys) {07 int} plus and has type opiys.

3 Properties of F,

In this section, we show that F, is well-behaved: it has the subject reduction property and strongly
normalizes; moreover, there is a forward simulation between terms of F, and their coercion erasure.
Hence, coercions do not really contribute to the reduction. However, coercions are not erasable as
they may sometimes appear in wedges and block the reduction.

The termination of F, is proved by reifying proof terms as plain System-F terms in which
shows that the dynamic semantics of proof-terms is in fact derivable. Unfortunately, in System F,
one cannot distinguish between terms that are reification of proof terms and terms that compute.
We then present the retyping function view of coercions, which is much closer to the reified
approach in System F. We may regain this disjunction in F}, which is the presentation of F, as
retyping functions (§4). Terms of F* may still be reified into System F, but the reification is a
so simple transformation that F* can be seen almost (but not quite) as an annotated version of
System F.

3.1 Soundness

Type soundness of F, follows as usual from the subject reduction and progress lemmas. The proof
of subject reduction uses substitution lemmas for terms, types, and coercions, which in turn use
weakening. The proof is easy because coercions are explicit. So the reduction rules actually are
the proof.

Definition 1 (Valid Extension). A valid extension of a well-formed context T" is a well-formed
context T that contains T (i.e. as it extends T as a partial function).

Lemma 2 (Extract Environment). IfI'F M : 7, 'F G : ¢, or I' - 7 holds, then I - ok.
Lemma 3 (Weakening). If TV is a valid extension of T, then:
1. If T'F 7 holds, then TV = 7 holds.
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[a] =« [z] ==
[T—o]=]71]—[o] Ax:7) M| =Xz 7)) [M]
[(r x0)] = (7]  [o]) M N = M1 [N]

[Va. 7] =Va. 7] [(M,N)] = ([M],[N])
[p=7]=[p] =[] [M.1]=[M].1
[T] =Va. (V8.8 — a) = « [M.2] =[M].2
[T>o] =[1] = [o]
[Aa M| = Ao [M] [0] =0
[M7]=[M][r] [T, B] = [I',[B]
[G(M)] =[G] [M] al =a
[Alc: o) M| = Nz : [¢]) [M] [(x:7)] = (z:[7])
[M{G}] = [M] [G] [(c: )] = (zc: [¢])
[c] = [z]
[07] = [Mz : 7) 2]
[Top™] = [y : 7) A )\(x :VB.8 = a) xT y]
[Gr 5 Ga] = Ay : dom (G 5 Ga)) Az : 7) Galy (G ()]
[Dist’™®; ] = [A(y : dom(Dist’® ) Mz : 7) Aa ya |
[Dist?=, ] = [AMy: dom(D'Stfjg)) Mz 2 7) Me: @) y{c} 2]
[(G1 = G2ﬂ = [A(y : dom(G1 * Ga)) (G1<y 1),G2(y.2))]
[DISt(T*U)—I = [A(y m(DISt(T*U )) ( ( ) 1 A ( ) 2)—|
MDist? -] = [A(y : dom(Dist?2.)) (A(c: ©) (y{ch)-1.Alc ) (y{e})-2)]
[P[G]] = [A(z : dom(G)) P[G(z)]]

Figure 9: Reification of F, into System F

2. IfT'+ M : 7 holds, then T' &= M : 7 holds.

3. IfT'+ G : ¢ holds, then T" - G : ¢ holds.

Lemma 4 (Type Substitution). IfI' - p holds and 6 is [« < p], we have:

1.
If (¢: p) €T, a,T" holds, then (c

NS v

Lemma 5 (Extract Type).

1. If T+ M : 7 holds, then ' = 7 holds.
2. If T'F G : ¢ holds, then I' - ¢ holds.

If T, a, T & ok holds, then T',T"0 \~ ok holds.
If T, a,T" = 7 holds, then T', 0 - 760 holds.

If (x:7) €T, a,T holds, then (z: 70) € T',I'0 holds.
:p0) € I',T0 holds.
If 8 € dom(T', o, I) holds and o # B, then B € dom(T',IV0) holds.

IfT,a,T" = M : 7 holds, then T, TV0 = M6 : 70 holds.
IfT,a,T" = G : ¢ holds, then T',TV0 = GO : ©f holds.

The following assertions hold:

Lemma 6 (Term Substitution). If I' = N : p holds, then:
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1. IfT,x:pk M : 7 holds, then T'+ M[xz < N]: 7 holds.
2. If Tz : pt G : ¢ holds, then T+ Glx + NJ : ¢ holds.

3. IfTU,x: pk 7 holds, then T' = 7 holds.
[(Proof p. [50)]

Lemma 7 (Coercion Substitution). IfI'+ G’ : ¢’ holds, then:
1 IfT,c:¢' = M : 7 holds, then T' = M[c < G'] : T holds.
2. IfT,c: ¢+ G : ¢ holds, then T+ Glc + G'] : ¢ holds.

3. IfT',c: ¢' 1 holds, then T 7 holds.
(Proof p. [50]|

Proposition 8 (Subject Reduction). IfI'+ M : 7 and M ~+g, N hold, then I' = N : 7 holds.

[(Proof p. [50]]
The proof of progress is standard, using the classification lemma to determine the shape of values
from the shape of their types. Under a strong reduction strategy, the classification of values is
stated as follows:

Lemma 9 (Classification). If 't v : 7 holds, then either v is a prevalue p or:
1. If 7 is of the form 71 — 7o, then v is of the form Az : 7") v'.
2. If T is of the form (11 * T2), then v is of the form (vy,vs).
3. If T is of the form VYa. 7', then v is of the form Ao v'.
4. If T is of the form ¢ = 7', then v is of the form A(c: ') v'.

5. If T is of the form T, then v is of the form Top™ (v').
[Proof p. [51]]

Proposition 10 (Progress). If ' = M : 7 holds, then either M is a value or M reduces.
[(Proof p. [51)]

3.2 Termination of reduction

The termination of reduction for F, can be piggybacked on the termination of reduction in System
F: following [Manzonetto and Tranquilli| [2010], we show a forward simulation between F, and
System F, by translating F, into System F so that every reduction step in F, is simulated by at
least one reduction step in System F.

3.3 Reification of F, in System F

There is indeed a natural translation of F, into System F obtained by reifying coercions as actual
computation steps: even though we ultimately erase ¢-steps, we do not actually need to do so, and
on the contrary, we may see them as computation steps in System F.

Reification is described on Figure @ We write [M] for the reification of M. Coercions of
coercion type 7 > o are reified as functions of type 7 — o. Hence, a coercion abstraction A(c :
7> o) M is reified as a higher-order function A(z. : [7] — [o]) [M]. A coercion variable c is
reified as a term variable x. (we assume an injective mapping of coercion variables to reserved
term variables). Thus, the type (7> 0) = p of a term abstracted over a coercion is translated
into the type ([7] — [o]) — [p] of a higher-order function. Other type expressions are reified
homomorphically. The application of a coercion to a term and the application of a term to a
coercion are both reified as applications.
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The remaining cases are the translation of coercions G, which are all done in two steps: we first
translate G into some F,-term performing n-expansions to transform a coercion from 7 to o into
a function from 7 to o. For atomic coercions (variables, identity, or distributivity), the result of
this step is in the System-F subset of F,. However, for complex coercions, the result still contains
inner coercions. Hence, in the second step, we recursively translate the result of the first step.
This translates types and residual coercions. Notice that the first step may introduce applications
of coercions to terms, which are then turned into applications of terms to terms during the second
step.

The translation of P[G] covers five subcases, one for each form of P. Here as in the reduction
rules, the two occurrences of P are different abstract nodes since P is a coercion on the left-hand
side and a term on the right-hand side.

The translation uses an auxiliary predicate dom that computes the domain of a coercion: the
domain of a coercion G in environment I' is the unique type 7 such that I' F G : 7> o for some
type o. This cannot be computed locally. Hence, we assume that terms of F, have been previously
typechecked and all coercions have been annotated with their domain type. Alternatively, we can
define the reification as a translation of typing derivations. We actually use such a translation to
show that reification preserves well-typedness.

Proposition 11 (Well-typedness of reification). The following assertions hold:
1. If T+ M : 7 holds, then [T'| - [M] : [7] holds.
2. If T'F G : ¢ holds, then [T'] - [G] : [¢] holds.
3. If ' -7 holds, then T [7] holds.
4. If T+ ok holds, then [T'| - ok holds.

Proof. The translation of typing derivations can be easily deduced from Figure [J] since we are
explicitly typed. To prove each assertion we proceed by induction on its judgment. For each
typing rule we just verify that the translated derivation is valid in System F using induction
hypothesis. O

It is easy to verify that reduction in F, can be simulated in the translation, which implies the
termination of reduction in F,.

Lemma 12 (Forward simulation). If ' M : 7 holds, then:
1. If M ~»g N, then [M] ~ [N];

2. If M ~, N, then [M] ~* [N].
[(Proof p. [53)|

Corollary 13 (Termination). Reduction in F, is terminating.

Proof. Assume that M is well-typed in F,. By Lemma [11] [M] is well-typed in System F, hence
the length of reduction sequences starting with [M] in System F is bounded by some integer N.
By Lemma N is also a bound to the length of reduction sequence starting with M in F,. O

3.4 Confluence

Reduction in F, is allowed in any term-context. Since coercions do not contain terms and coercions
are never reduced alone, we may equivalently allow reduction in all coercion contexts, since no
rule will ever apply. Hence, reduction in F, is a rewriting system.

An analysis of reduction rules in F, shows that there are no critical pairs. Hence, the reduction
is weakly confluent. Since reduction is also terminating, it is confluent.

Corollary 14 (Confluence). Reduction in F, is confluent.
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Proof. There is no critical pairs in F,. Rule REDCOERFILL cannot be part of a critical pair because
its left-hand side is of the form P[W](M) and reduction contexts do not allow reduction in contexts
of the form [[(M). The left-hand sides of all other rules start with a destructor and do not contain
any other destructor underneath— destructors are term, type, and coercion applications (M M,
M 7, and M{G}), term projections (M.1 and M.2), and term coercion (G(M)). Thus, there is
no opportunity for superposition.

Because reduction is permitted in any term context, it is a rewriting system. Hence, the
reduction in F, is locally confluent. Because it is terminating (Lemma, it is confluent (Newman’s
lemma). O

In fact, the relation ~~, alone is confluent.

Lemma 15. If both M ~; M; and M ~»} My hold, then there exists a term N such that
M ~* N and My ~7 N.

Moreover, the reduction ~»g and ~7 commute:

Lemma 16. If M ~»g My and M ~+, M hold, then there is a term N such that M, ~»7 N and
M2 3 N.

3.5 Forward simulation

Coercion erasure sends terms of F, into the (untyped) A-calculus. It also induces a simulation from
the reduction in F, by the reduction in the A-calculus, where ¢-steps becomes equalities.

Lemma 17 (Forward simulation). If T'F M : 7 holds, then:
1. If M ~»g N, then | M| ~ | N|.

2. If M ~», N, then |[M]| = |N|.
(Croof o 5]
Unfortunately, the backward simulation fails. The wedge AMc:7 = 77 = 7) Ay : 7) c(Ma :
7) x) y is a well-typed closed value in F, while its erasure A\y.(Az.z)y S-reduces to Ay.y.
To recover bisimulation, the definition of the language must be adjusted so that wedge config-

urations cannot appear in a reduction context. This observation leads to two opposite solutions,
which we present in §5| and §7}

4 Coercions as retyping functions: F

While the reification of F, into System F carries good intuitions about what coercions really are,
it lacks the ability to distinguish coercions from expressions with computational content. There
is an alternative presentation of F,, called F*, that maintains the distinction between coercions
and expressions while remaining closer to the reified form of coercions: F} is mainly a coercion
decoration of System F. In this sense, it can be seen as an explicit version (with pairs and coercion
abstraction) of Mitchell’s presentation of F, as System F with retyping functions.

The main difference is that coercions are directly built as retyping functions in F*, using the
constructs of the A-calculus instead of the combinator-like coercion language of F,. This makes it
easier to write coercions manually and it is thus more appealing from a practical point of view.

The reification of F, into System F can be redefined as the composition of a translation from
F. to F* that keeps the distinction between coercions and terms and the final erasing of this
differenceobtained by mapping all abstraction-like nodes and application-like nodes of F* to term
abstractions and applications of System F. The first part, along with its inverse, define translations
between F, and F} that preserves well-typedness and coercion erasure. Although we have not
proved it, F, and F} should be the same up to their representation of coercions.

Unfortunately, typechecking in F is more involved than in F,, as we need to typecheck coercions
as binding expressions.
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T,y term

c coercion
a,B  type
10) hole
M,N 2=z |XNz:7) M| MM | (M,M)|M.1|M.2 terms

| HM | MaM | M7 | Top™ M
| Mc: )M | MH
| M¢:7)G{d« MG} (G,G){¢,¢ < M}

G = ¢|HG | AaG|G7|Top” G open coercions
| Mc:9)G|GH
| M¢:7)G{d « GG} (G, G){¢,¢ < G}
H:=c|XNo:7)G close coercions
T,0,p n= a|ToT|(Tx7) |[Var | o=7|T types
p = TD>T coercion types
F:=0|T,z:7|T,a|T,c: ¢ expression environments
A= 0la,Alc: o, A coercion type environments
Z w=0|Ax(¢:7) coercion types

Figure 10: System F}: syntax

L

The reason is that coercions are not ezactly A-expressions. Having coercions as A-expressions
would require an even more elaborated type system, as it would have to ensure that coercions are
n-expansions, which means maintaining a stack of the currently n-expanded variables to remember
closing them. For example, consider typechecking the retyping context A(z : 7) Aa [Ja x that
permutes term abstraction and type abstraction (known as distributivity): when typechecking the
subterm A« [] o «, we must verify that it is the body of an 7-expansion with the variable z. We
initially followed this approach and it was cumbersome; moreover, it did not scale to products as
the type system must also ensure that two sub-derivation trees have the same coercion erasure.

Instead, we make the n-expansion of a term M an atomic construct, namely A(¢; : 7) G2 {¢2 + M G}
where ¢’s stand for hole variables. This can be interpreted as A(z : 7) G5[M Gf[z]] which is the
n-expansion of M (i.e. \x.M z) using coercion G (interpreted as G}) around the argument and co-
ercion Gy (interpreted as G%) around the result. Here G3 may bind coercion or hole variables that
are used inside M and G;. Hence, the type system must keep track of those variables with their
types when typechecking G5 and extend the typing environment accordingly when typechecking
M and Gl.

We presented F, rather than its more intuitive version F* to avoid the additional complexity in
the type system; moreover, it is not obvious how to extend F with projectors, as discussed in

4.1 Definition of F}

Syntax The syntax of F* is described on Figure The main differences between F, and F} is
the replacement of distributivity and both arrow and product congruence rules with more general
constructs based on n-expansion (last two forms of expressions). However, there are also a few
changes in the presentation. We introduce a new kind of variables, called hole variables and
written ¢, to name the hole of coercions—when seen as retyping contexts. The main reason for
naming the holes in F is to bring the representation of coercions closer to their reified form, which
is abstracted over their unique hole. This induces changes in the syntax of expressions. We also
distinguish between close and open coercions, respectively written with letter H and G, which
can also be respectively understood as retyping functions and retyping contexts.

RR n°® 7587



On the Power of Coercion Abstraction 21

LExPRTERMVAR LExprRTERMLAM LExPRTERMAPP
FT P(x)=r1 Dx:tH-M:o r-M:7—-o0 'FN:7
F'ka:7 F'FXz:T)M:7—0 '-MN:o
LExprRTERMPAIR LExprRTERMFsT LEXxPRTERMSND LExPRHOLEVAR
'e-M:7 '-N:o THM:(1t*x0) 'EM:(r*xo) '-r
'E(M,N): (t%0) r=M1:7 '-M2:0 Tidx(p:7m)F o 7
LExpPrRHOLEAPP LExPrRTYPELAM LExPrRTYPEAPP
I'FH:71>p0 L, Z-W:r o, ZEW:r I ZFW:Va.o F'kFr
;ZFHW 0o (o, 0), Z - AaW :Va.r T ZEWr:ola+ 1]
LExprToP LExPrRCoERLAM LExPrRCOERAPP
L, Z-W:r Tiecip; ZEWip ZEW:ip=p I'FH:p
I ZFTop” W:T Ti(c: 0,0, ZEXNc:o)W:p=p ZEWH:p
LExPRETAARR

DA% (p2:0')FGaio DA ZEW: 7' =0 DAA % (i) Gy 7! 'kt
F;A,Zl—)\((bl IT)G2{¢2<—WG1}:T—)U

LExpPrRETAPRD
;A% (g7 FGyo T A% (pg:0")FGy:o A Z W (1 % 0)

F;A,Z = (Gl,Gg){(bl,qbg — W} : (T*O’)

LExPrRCOERVAR LExprRHOLELAM

T I(c)=¢ DiAx(@p:T)FG: 0o '+~
F'ke:gp FEXo:7)G:T>0

Figure 11: System F}: typing rules

L

Terms are presented in four groups (each one on a separate line). The first group corresponds
to constructs of the A-calculus. The second group corresponds to coercion application, System-
F coercion constructs, and coercion to top. Terms of these two groups are as in F, up to minor
differences. The third group corresponds to coercion abstraction. The last group describes the new
n-expansion coercion forms: A\(¢1 : 7) G2 {¢p2 < M G;} for arrows and (G1, G2){¢1, 2 < M} for
products. The brace notation suggests the substitution of hole variables by an expression. In both
terms variables ¢ is bound in G (but not in G3) and variable ¢5 is bound in G2 (but not in Gy).
As suggested by the notation these are let-like bindings except for ¢; in A(¢1 : 7) G2 {2 + M G1 },
which is A-bound.

Coercions are in three groups. The first group corresponds to reflexivity, transitivity, System-F
coercion constructs, and coercion to top. The third group corresponds to coercion abstraction.
The last group describes the new n-expansion coercion forms.

Notice that there are four kinds of A-abstractions, which can be immediately distinguished by
the syntactic class of the variable they bind: z is used for term abstraction, « for type abstraction,
c for coercion abstraction, and ¢ is used for hole abstraction. Correspondingly, there are four kind
of applications. There are all syntactically written by juxtaposition but can be distinguished as
follows: type application is M 7; coercion application is W H; hole application H W; and term
application M M being the default, where H is syntactically recognizable as it is either a coercion
variable ¢ or a coercion abstraction A(¢ : 7) G.

We introduce a subset of environments, called a coercion type environment and written A,
that does not bind term variables, which is used in the static semantics to allow coercions to bind.
Notice however that A is extended on the left, while T" is extended on the right.
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LTyYPEVAR LTvYPEARROW LTypeProDUCT LTypEFORALL LTyrPeCOER
T I'(«) | ko | ko Nakr L'k L'kp
'« 't7—0o 'k (rxo0) '+ Va.r F'Fp=p
LTypeToP
FT
=T
LENVEXPR LENVTYPE LENVCOER
'I:E(Z;WEMPTY ''tr  z¢dom(T) FT a ¢ dom(T) 'y  c¢dom(T)
Flx:7 FT,a FT,c:o
LDE~NVTYPE LDENvVCoER
lEDwENVEMPTY FA a ¢ dom(A) 0,AF¢  c¢dom(A)
Fa,A Fe:p A

Figure 12: System F*: well-formedness rules

Typing The static semantics, defined on Figure [11] is quite similar to the one of F,. To factor
out typing rules, we use a new judgment I'; Z - W : o where Z is either J or Ax (¢ : 7): when Z
is O, then W is a term M of type o under T', whereas when Z is A x (¢ : 7) then W is a coercion
G that may bind, retyping a term (bound to ¢) of type 7 under I', A into one of type o under
T". For conciseness, we just write I' = M : 7 instead of I';d0 + M : 7. The notation A, Z, defined
on Figure [13] is used for optional extension of coercion type bindings. These judgments could
be expanded into several more basic judgments by eliminating disjunctions on Z. We also define
I'F H : ¢ to type close coercions.

For example, LExprTypELAM can be seen as the union of the two following rules (the first is
for terms and the second for coercions):

Nak-M:71 Da;Ax(p: ) FG: 7
'k XaM:Var Dia,Ax(¢: @)k AaG :Va.r

However, the use of A cannot be eliminated in typing rules. Consider for example LEXPRETAARR,
which becomes when Z is [:
LExPRETAARR
A% (pe:0")FGy:io LAFM:7 =0 LA A % (i) Gy 7! 'er
TEMN¢or:7)Go{pa+— MG} :7— 0

The coercion Go retypes a term ¢o of type ¢’ under I', A into a term G of type o under T
this allows M and G to use both type and coercion variables that are bound in G3. We need
this expressiveness to encode distributivity. For example, Distiﬁg in F, is translated to A(¢7 :
7) (A ¢2) {¢2 < (¢ ) #1} in F*, which is only well-typed (and in particular well-scoped) if we
allow coercions to bind as described above.

Rules LExPRETAARR and LExPRETAPROD are the two new typing rules in F}—for each of the
two new language constructs A(zy : 7) Go {z2 <~ W G1} and (G1, G2){z1, 22 < W}, which apply
coercions in the n-expansions of terms (A-abstractions and pairs, respectively). For instance,
A1 : 7) G2 {¢2 + M G1} can be understood as A(z : 7) Ga[pa < M Gi[¢1 + z]] which is the
coerced n-expansion of M, and similarly (G1,G2){¢1, P2 + M} can be understood as (G1[¢1
M 1], Go[¢2 < M.2]). However, while in the later case the n-expansion duplicates M, the primitive
construct does not—it only shares the typechecking of G; and G5 with the same coercion typing
context A.

Well-formedness rules for types and environments are defined in the obvious way on Figure

Operational semantics Values and reduction contexts are defined on Figure reduction
rules are given on both Figure [15] which are as in F,, and Figure [16] which are just S-reduction
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AO=0
A (A" % (p:7))= (A, A)x(¢d:7T)

Figure 13: System F: coercion type extension

p = x|pv|pl|p2|cv|pr|pH prevalues
v = plAz:T)v| (v,v) | Aav ]| Ac: p)v | Top™ v values
| M¢:7)G{o pG}| (G, G){¢,¢ « p}
Cuo=XNe:n)[JIIM|IM[J|I{,M)|MDINL]2]P evaluation contexts
P = HI[ | ] |7 Me:o)[]| []H | Top ] retyping contexts
| A(@:7)G{o = [1G} [ (G, G){¢, ¢ < [}
Figure 14: System F: values and reduction contexts
LREDCONTEXTBETA LRepConTEXTIOTA
M g N M ~, N LREDTERM LREDFIRST
Mz :7)M)N ~>5 M[z < N] (M,N).1~g M
ClM] ~5 C[N] C[M] ~», C[N]
LREDSECOND LREDTYPE LREDpCoER
(M,N).2~g N A M) T ~>, Mo < 7] (Me: @) M) H ~, M[c <+ H|

LREDHOLE

M@ :7)G) M ~, Gl¢ « M]

Figure 15: System F}: usual reduction rules

for the new n-expansion constructs. This can be seen by reification into System F (defined in
Figure [17| below). For example, the reification of Rule LREDETAARRAPP is:

Az = [T]) [Gallge  [MT [G1][¢1 = 2]]) [N] ~ [Gallg2  [M] [Gi][d1 = [N]]]

Another minor difference is that (A(¢ : 7) G) M is now reduced in one big step to G[¢ + M] in
rule LREDHOLE, instead of a sequence of smaller step-by-step reductions as in F,. The advantage
is that after reification, this will be a usual S-reduction, hence the mathematical substitution in
one big step. Notice that this substitution G[¢ < M| has to convert all the P nodes between the
occurence of ¢ in G and the root of G. This was already happening in F,, but in small step. Now,
because the hole substitution happens in one big step, we also rewrite the nodes along the path
to the hole in one big step.

Rules LREDETAARRAPP, LREDETAARRETAARR, LREDETAPRDFST, LREDETAPRDSND, and LRE-
DETAPRDETAPRD are the missing rules of F,.

4.2 Soundness

In order to prove subject reduction, we need the usual weakening and substitution lemmas, as
usual. We will only give the substitution lemma for hole variables since A plays a particular role.
Other substitution lemmas and weakening lemmas are as usual. Their proofs are routine.

Lemma 18 (Hole substitution). If T;A % (¢:7)F G :0 and T,A+ M : 7 hold, then T'F G[¢ +
M]:o.

As usual, soundness follows from subject reduction and progress lemmas.

Proposition 19 (Subject Reduction). IfI't+ M : 7 and M ~»g, N hold, then I' = N : T holds.

[Proof p. p4]
Progress lemmas uses the following classification of values.
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LREDETAARRAPP
(M1 :7) G2 {2 = M G1}) N ~, Ga[d2 < M G1[d1 < N]|

LREDETAARRLAM
M1 :7)Ga{de < Nz : 7)) M) G} ~, Mz : T) Go[pg + M|z + G1[p1 « z]]]

LREDETAARRETAARR
A1 7) Go {d2 <= (A\(¢1 : 7') Gy {8y <= M G1}) Gi} ~, A(61 2 7) Galg2 = Go] {9 + M G'[¢) « Gil}

LREpDETAPRDFST LREDETAPRDSND

((Gr, Go){1, @2 = M}).1 v, Gl = M| ((Gr, Go){d1, ¢2 = M}).2 v, Gl = M 2]

LREDETAPRDPAIR
(G1,Go){¢1, 02 < (M, N)} ~, (Gi[¢1 < M], Ga[p2 <+ NJ)

LREDETAPRDETAPRD

(G1, G2){91, 02 < ((G1, GL){¢, 6 = M})} ~, (Gi[dr = G, Galgo < Go]){, ¢y < M}

Figure 16: System F: eta-related reduction rules

Lemma 20 (Classification of values). If '+ v : 7 holds, then either v is a prevalue p or:

1. If 7 is of the form 71 — T2, then v is either of the form Az : 1) v or of the form A(¢; :
Tl) G2 {¢2 < pGl}

If 7 is of the form (71 * T2), then v is either of the form (vi,v2) or (G1,G2){¢1, P2 < p}.
If T is of the form VYa.7’, then v is of the form Aav'.

If T is of the form ¢ = 7', then v is of the form \(c: ¢)v'.

Cro e D

If T is of the form T, then v is of the form TopT/ v,

Proposition 21 (Progress). If ' M : 7 holds, then either M is a value or M reduces.
[(Proof p. F4]

4.3 Confluence

The new n-reduction rules introduce several critical pairs in F* each originating from one of the
following configurations:

(A(@1:7) Ga {2 = (Az : 7') M) G1}) N
(M1 1 7) G2 {2 = (M@} : 7') Gy { = M G1}) G1}) N
A(@1 1) Ga {2 = (A9 : 7') Go {d = (A(x : 7") M) G'}) G}
A1 :7) Ga{da = (A9 : 7) Gy {8 < (A(#7 : ") G5 {d + M G1}) G1}) Gr}
(G1,G2){¢1, b2 « (G, Gy){h, 65 « (M, N)}}
(G1,G2){¢1, 92 = (M,N)}.1 (G1,Ga2){¢, 6 < (M,N)}.2
(G1,G2){d1, 92 < (G, Go){81, 05 = M}t (G, Ga){61, 02 (G, Go){¢h, ¢y « M}}.2
(G1,G2){¢1, 82 < (G, GR){1, ¢ + (G, GR){¢Y, ¢y < M}}}

For example, the first configuration can be reduced with either LREDETAARRLAM or LREDE-
TAARRAPP leading to the following critical pair, which however converges in one step as described
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below:
LREDETAARRLAM/ (A1 :7) Go {2 < (M(w: 7') M)G1}) N \LREDETAARRAPP

Mz : 7) Galgg « Mz + Gi[p1 < z]]]) N Galg + (Mz : ') M) G1[¢1 + N

LREDTI;RM\ Gsalp2 < Mz < G1[p1 < N]]] k/LREDTERM

Other configurations are similar.

4.4 Reification into System F

The reification, which is mainly decoration erasure, is defined on Figure We reify a well-formed
type of F to a well-formed type of System F. And we reify a well-typed expression to a well-typed
term in System F.

We have the following properties:

Lemma 22. The following assertions hold:
e IfT'F- M : 7 holds, then [T'| F [M] : [7] holds.
e I[fT+H:7>0 holds, then [T F [H] : [T] — [o] holds.
o If bothT; A% (¢ : 7) F G : 0 and [T,Al F M : [7] hold, then [I']| - [G]|[zy < M] : [o]
holds.

Notice that A is absent in the last assertions. This is because A is the environment when
typing ¢ (which becomes M) and is not used to type G or o, but only ¢ and 7.

Lemma 23. If M ~5, N holds in F}, then [M] ~~* [N] holds.

One step is not translated to exactly one step because products n-expansion duplicates terms.
Using some parallel reduction, we might have a step to step translation.

4.5 Completeness

We show that F, is complete wrt F* by defining a translation from F* expressions to F, expressions,
that preserves coercion-erasure and typing—see figures and for the translation of terms
and coercions, respectively. Types and environments remain the same. We use two translation
judgments: one for terms I' - M : 7 ~» ' = M : 7 where the left side is a judgment in F* and the
right side is a judgment in F,; and one for coercions 'A% (¢p: 7)F G :0 ~ T F G :VA.T>o.
We write VA. 7 and AA 7, and W A in F, for the folding of universal quantification, A-abstraction
and application over A, defined as follows:

VO. T =171 N =1
Y(a,A). 7 =Va. VAT Ma,A) T=da AT
V((c: ), A).T=p=VA.T AM(c:9),A)T=Xc:p) AAT
Wo=w

W (a,A) = (Wa) A
W ((c:9),A) = (W{c}) A

We also omit type annotations when they can easily be rebuilt from context, in particular for
reflexivity ¢ and arrow congruence G; — Go. We use two helper functions Dist’2 and Dist(vﬁ'g)
to build sequences of distributivity coercions from a coercion type environment A, defined as

follows:

Dist”™: = ¢7°
DiStX(—a)t)rA)' = DiStXiVA.U</\O‘ Dis‘tiﬁ'a<<> Oé>>

Dist? (594 = Dist?,, , (A(c: ) Dist?S, (0{c})
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[a] =«
[T—o0o]=]1| = [o]
[(Tx0)] = (7] [o])
[Va.r] =Va. [1]
[(r>o)=p]l=([7] = [a]) = [p]
[T] =Va. (V8.8 = a) = «

(2] =2
. o (9] =z
A7) M| = Az : [7]) [M] ~ =
[M N =[M][N] A [gf)vﬂ - U(Lﬁ W‘[/Tﬂ) “
[(M,N)] = ([M],[N]) MaW] = Xa [W]
%g - %% (Wrl=[W][r]

[c] =z,
Ae:moo) W] =MNae: [7] = [o]) [W]
[WH|=[W][H]
[Top” W] =da Az : V8.8 = ) z[1] [W]
|—)\(¢1 : T) G2 {¢2 «— WG1}1 = |—)\(£E : T) Gg[(bz — WG1[¢1 — (E]H
[(G1,G2){¢1, 92 < W} = [(Gi[p1 + W], G2[g2 <~ W])]

Figure 17: System F): reification

and
Distv@. ) _ <>(7-*a)

(T*0
Dist; "3 = Dist{f4_r.va o) (A Dist{2) (0 a))
. V((ep),A). . : .
Dlst(T(iUf) ) = D'Stfvi.r*vmo) Ac: ) DlstYﬁg) (O{c}))

All the rules but CTERMETAARR, CCOERETAARR, CTERMETAPROD, and CCoOERETAPROD are quite
easy to understand and retype. We prove that CTERMETAARR and CCoerETAARR produce a well-
typed F, term and coercion. The other cases are similar.

Lemma 24. Assume that T 7 and T F Gy :VA.0'bo and T, AFM : 7" — o and T, A+ Gy :
VA'. 77" hold. Then, T (O — Ga)(Dist™™, (AA ((G1(AA O)) = O)M))) : 7 — o also holds.
(Proof p. o)l

Lemma 25. Assume that T'F- Gy : VA.o'>o and T, A+ G : VA .p>7 — ¢ and T,A +
Gy : VA'.7> 7" hold. ThenT F (0 — Gg)(Dist\Zﬁ'U/O\A (G1(AA" Q)) = O){G[o + O AD)) -
V(A A"). p>7 — o also holds.

[(Proof p. 55|
Remark The proofs of both lemmas rely on the fact that the notation Dist’%;, is total on A.
This is indeed the case in F,. However, this means that if we were to extend F, with an erasable
binder, we should add a distributivity coercion between this binder and any other type construct
(arrow and product until now) in order to preserve completeness. Without this guideline, it would
be quite easy to propose extensions of the language where completeness is lost.

4.6 Soundness

We show that F, is sound wrt F* by defining a translation from F, expressions to F* expressions
that preserves typings and coercion-erasure—see figures 20} [2I]and [22]for the translation of terms
and coercions, respectively.
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CTERMTERMVAR CTeErRMTERMLAM .
It ok I(x)=r1 Lz:")FM:o~T(z:7)FM:0o
'tz:7~Tkax:7 CEXz:T)M:T—=o~TkXNa:T)M:7—0
CTeErMTERMAPP N CTeErRMTERMPAIR N
't-M:7m—o0o~TFM:7—0 '-M:7~TFM:T
T'N:7~TFN:7T 'N:o~TFN:o
’FMN:o~THMN:o DH(M,N):(rs0)~TF(M,N):(r0)
CTeErMTERMEST R CTERMTERMSND .
PEM:(rxo)~TFM:(rx0) F'FM:(rxo)~THEFM:(rx0)
TFMA:7~TkFMA1:7 PFM2:0~THM2:0
CTeErMHOLEAPP R
I'rH:7o~TFH:7>0 CTerRMTYPELAM
PFM:7~THM:T F,a#M:TwF,aFM:T
TFHM:0~TFH(M):o T'HXaM:Va.7~TFX M:Va.7
CTEeErRMTYPEAPP . CTerMToP R
I'EM:Va.o~THFM:Va.o 't~ '-M:7~TFM:7
PFM7:ola+ 71| ~TFMT7:o0[0+ 7] DHTop” M :T ~ T FTop” (M) : T
CTERMETAARR
'~

F;A*((bg:0/)|—G2:UWFFGQ:VA.UIDU
DAFM:7 =0 ~T,AFM:7 =o'
A A % (¢1 7)) F Gy :T’WF,Al—Gl VA > 1
TEXo1:7)Ga{pa+— MG} :T =0 ~s
T F (O = G2)(Dist) 5, (AA ((G1((AA' 0))) = O)(M)))) : 7 = o

CTerMETAPROD R
DA% (p TG :T7~»T G VAT > T
F;A*(gbg:U’)FGQ:UWFFGQ:VA.JIDJ
DA M: (7 %0') ~T,AFM: (7' *0")
I'F (G1,Go){o1,d0 « M} : (T x0) ~ T F (G % Go)(Dist™ TV (AA N : (1 % 0)

CTeErRMCoERLAM

L,(c:too)FM:p~T,(c:Too)bkM:gp

FEXc:mpo)M:(tpo)=>p~TFXNc:Tro)M: (Tp0)=¢

CTerRMCOERAPP R
F'FM:(tro)=¢o~TFM:(tro)=¢
I'rH:7o~TFH:7>0

TMH:p~TFM{H}:¢

Figure 18: System F}: completeness for terms
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CCoerHOLEVAR CCoerHoLELAM R
7 A% (p:T)FG:io~~»THG: VA T>O
Lidx(p:m)Fg:T7~»THEO i7DT CEX¢o:7)G:r0~»THGAAOT)) :7>0
CCorrHoOLEAPP R
''-H:to~TFH:7>0
A% (p:o)FG:iT~~THG: VA . o>T
D;Ax(p: ) FHG:0~TFH(G) :VA. oo
CCoerTYPELAM

D,;Ax(¢:p)FG:r~TakG:VA. o> T
L (0, A)x (¢p: ) F A G : Va7 ~TFAaGlo+— Oa]:

Y(a,A).p>Va.
CCoEerRTYPEAPP ~
DA% (p:9)FG:Va.o ~THG:YVA.p>Va.o '-r

T;Ax(¢p: @) FGr:ola— 7] ~TFGT:VA ovofa+ 7]

CCoerTopr
D;Ax(p:0)FG:T~»THG:VA. o> T
D;Ax(¢p:0)FTop” G: T ~»THTop™(G):VA.o> T

CCoerCOERVAR
FT T(c)=7>0
I'tec:7o~TFc:T>0

CCoerCoErLAM R
Ti(c:mp0);Ax(¢:p)FG:ip~T,(c:Tro)FG:VA.p >
Li(cim>0),Ax (o P )VEXNe:Tro)G:(Tro) = p ~
F'EXc:Tp0o)G [<><—<>{c}] V((c:t>0),A).p>(tbo)=¢

CCoerCoERAPP R
DAx(p:p)FG:(tpo)=p~TFG: VA >(T>0)= ¢
I'FH:70T+FH:mp0
DiAx(¢p:p)FGH:p~»THG{H} :VA.p' >

CCoERETAARR
I'r
D;Ax(¢pg:0')FGo:o~THFGy:VA.0'bo
TAA % (6: ) FG 7' =0 ~»T,AFG: VA . o>7 = o
F,A;A'*(gbl:T)FGl:T'WF,AFGH:VA’.TDT'
FAAH (qﬁ:(p)l—)\((bllT)Gg{(bg%GGl} T —0 ~>
F (0 — Ga)(Dist?2, (AA ((G1{(AA' 0)) = O)(Glo O A]))) : V(A A").opT = 0
CExpPrRETAPROD
TiAx(¢1:7)FGriTw»THG VAT b T
[5A%(pe:0")F Gy oc~TFGy:VA.0' >0
DAA % (¢ ) FG: (7' x0") = T,AFG:VA . o> (7' % 0')
TyAA x(¢: @) F (Gr,Go){d1, 02 + G} : (T*0) ~
- (Gy * Go)(Dist”™ T*7) (AA Glo + O A]))) : V(A, A'). o (7% 0)

Figure 19: System F*: completeness for coercions
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STERMVAR STeErRMTERMLAM )
't ok (x:1)el Fz:m)FM:0~T,2:7H-M:0o
'czx:7~Tkx:7 TEXNz:T)M:1—=o~TFXNe:T)M:7 >0
STERMTERMAPP STeRMPAIR R
'-M:7r—wo0o~TFM:7—0 FFMZTWFFMZT
'EN:7~THFN:T I'FN:o~TFN:0o
’FMN:0~TFMN:o DH(M,N):(rx0)~TF(M,N):(r0)
STERMFIRST R STERMSECOND .
PEM:(rxo)~TFM:(rx0) 'EM:(rxo)~THFM:(rx0)
F-Mi:7~TFM1:7 F-M2:0~TFM2:0
STERMTYPELAM R STErRMTYPEAPP R
arFM:7~T,aF-M:T1 I'-M:Ya.Tr~TFM:Va.r I'o
T A M:Va.7~TFAaM: Vot IFMo:7la o] ~TFMo: 7o+ o
STErRMCOER ~
r'rG:7r>0~TFG:70 STerMCoOERLAM
'-M:7~TFM:T D(c:opp)F-M:o~Tcippf-M:o

PFGM):0~THGM:0o TEXc:popYM:(ppp)=o~THFNc:@)pM:9o=po
STeErMCOERAPP .
F'FG:pop ~TFG: @y
TFM:(ppp)=0~TFM:9=po
T-M{G}:0~TFHMG: 0o

Figure 20: System F}: soundness for terms
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SCoERTRANS R
'EGeiovp~~T'FGy:op
FFGlsTDUWFFélsTJ

THGyG):moo~THEMNG:T)Ga (G10): T

SCoerTYPELAM

'k~ IakG:roo~T,akG:70
LA G:7oVa.o~THFMNo:T)AaGé: Va0

SCoerRTYPEAPP . SCoerDoT
'k '-G:7>Va.o ~»T'FG: Va0 'kr

IFGo:roofla— g ~TEXNo:7)Gdyp:Tola ¢ FEQ" o7 ~~TENG:T)G:TT

SCoERFORGET SCOERVAR

k7 '+ ok (c:tro)el
PFTop” :7>T ~THEXG:7)Top”" ¢: 7T 'keitpo~The:70o
SCoerCoOERLAM

L,(c:prp)FG:moo~Tc:pp FG:70
CEXc:pop)G:rmo(ppp)=0~~TEXNG:T)Nc: @) pGo:T(ppp) =0

SCoerCoOERAPP .
TG pop ~TFG :pp
F'tG:ro(ppp)=>0~THG:7(prp) =0
THG{G} 70 ~THXN¢:7)GoG 10

Figure 21: System F}: soundness for coercions 1,2

4.7 Bisimulation between F, and F}

Of course, these two translations (soundness and completeness) preserve typing and coercion
erasure. But they also preserve wedging configurations. This means that a wedging configuration is
translated to a wedging configuration and reciprocally, only wedging configurations are translated
to wedging configurations.

Lemma 26. For M in F, in t-normal form, if the .-normal form M’ of its translation M B-reduces
to N', then M B-reduces to N which is t-equivalent to N'.

(Proof p- 5]

Lemma 27. For My in F, in t-normal form, if the .-normal form of its translation M, B-reduces
to Ny, then there is a My such that My ~7 ~g My and My is t-equivalent to M.
[(Proof p. [55)]

5 Parametric F,

Parametric F,, written F?, restricts the language so as to rule out wedge configurations by means
of typechecking. The restriction is on the type ¢ of coercion abstractions A(c : ¢) M, i.e. on
the type of coercion variables. Observe that a coercion variable appearing in a wedge position
c¢{Mx : 7) M) N has a coercion type o > p where o and p are both arrow types. To prevent this
situation from happening in FP, we require that either the domain or the codomain of the type of
a coercion parameter be a variable. Hence, we only allow A(c: a>p) M or A(c: o> a) M.

In order to preserve this invariant by reduction, we must request the type variable to be
introduced simultaneously. So, we may write Ao A(c : a>7) M but not A(c: a>7) M alone. This

is a form of parametricity since either the domain or the codomain of ¢ must be treated abstractly
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SCOERARROW R
'-G:mo7 ~TFG: 77
FFGQ:UDU'WFFGQ:UUI

'G5 Gy:7 o> =0 ~
TEXo:T — o) N1 :7) (é2¢2){¢2<—¢(é1¢1)} i o

SCoeErRTrRANSDISTTYPEARROW

'~ Iako

Tk Dist’%, :Va.(r — o)>7 —= Va.o ~

TEX¢:Va. (T = 0)) M1 : 7)) (Aada) {p2 < (pa) ¢1} : Va. (T — o) — Va0
SCoErRPROD .
F'Gi:mo7 ~»TFHG 77
TFGy:ob0 ~TFGy:00
'k (Gy*Gy): (tx0)> (7' *0') ~
T'F Mo : (m%0)) (G161, G2 ¢2){¢1, 62 < ¢} : (Tx0) (7' x0”)

SCoerDiIsTTYPEPROD

NakFr INato
[+ Dist!  :Va.(r *o)> (Va. 7% Va. o)~

(Tx0)

T'EX¢: V. (T x0)) (A g1, Aad2){p1,¢p2 + da}:Va.(rxo)Va. T xVa. o)

SCoErRDISTCOERARROW
'tkr Tre TrHY Ttro
TFDist? = : (oo p) = (1 = 0)) b (T (pop) = 0)  ~
CEXNG: (epp)= (1= 0) X1 :T)Nc: @) p'da{d2  (dc)¢1}:
((ppp) = (1 =0)) > (1= (prp) =0)

SCoerDisTCOERPROD

T'Foe -y 'k~ I'Fo
D EDistf?! > : ((ppp) = (r%0) & (((ppp) = 1) * ((prp) = 0)  ~

(Tx0)

TEX@: (ppp) = (T50)) (Mc: @) p'd1, Nt @) pd2) {1, ¢2 < dc}
(o p) = (1x0)) » (((prp) = 7) x (9> p) = 0))

Figure 22: System F}: soundness for coercions 2,2
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S n= Q> bounds

T : Ne=T|ViaeweT)=>T types

M= ... f Mc:o) M| MNawc:T) M expressions
I M{G} | M{T < G}

G == ... f Dist?Z, | Dist?*>™= coercions
[ Dist? | | Dist{257~

S Ac:0) G|l ANawve:T)G
I G{G} | GiT < G}

= ... [T cio|Tawe:T environments

Figure 23: Parametric F,: syntax restriction wrt F,

TeERMTCoERLAM TeErRMTCoERAPP
Mawvc:TFM:o 'eEM:Vaw1)=17 TFG:0w71[a+ 0]
F'EXa<wce:T)M:VawsT)=>0 ' M{ocwG}:7'|a+ o]
TCoERVAR CoerTCoerLAM
't ok aw>c:TEeD Iawvc:THFG: 00’ I'ko
F'ke:awT F'EXawc:T)GiopV(aweT) =0
COERTCO/ERAPP , CoErRDISTTCOERARROW
PG :ppYiaweT)=>T T'+r Talp INato
FIFG:U®T[O¢<TU} I+ Dist’*®’= : (Y(a @ p) = 7 — 0)
I'-G{owG}:pr o« o] > (1t = VY(awp) =o0)

CoerDisTTCoErRPROD

Takr Fakp I'ato
I+ Dist’ %% . Y(aw p) = (T%0) > (V> p) = 7+ V(a < p) = o)

(T*0)

Figure 24: Parametric F,: typing rules wrt F,

(and thus not as an arrow type) in M. To enforce this restriction we stick a type abstraction to
every coercion abstraction and see Ao A(c: a>7) M as a single syntactic node, which we write
AMar>c: ) M to avoid confusion. Although, we modify the syntax of source terms, F? can still be
understood as a syntactic restriction of F,.

5.1 Syntax changes

The syntax of Parametric F, is defined on Figure [23|as a patch to the syntax of F, (we write | for
removal of a previous grammar form). We replace coercion abstraction A(c: 7>0) M of F, by two
new constructs A(a>c:7) M and A(a<c: 7) M to mean Ao A(c: a>7) M and Ao A(c: 7>a) M
but atomically. For conciseness, we introduce a mode <> that ranges over > and <. Hence, we
write M(a <> ¢ : 7) M for either A(a>c: 7) M or A(a<c: 7) M. Note that the type variable « is
bounded in both 7 and M. As a mnemonic device, we can read the type of the coercion variable
by moving “c:” in front, i.e. a>c¢: 7 becomes c¢: a> 7 while a<c: 7 becomes ¢ : a <7 which can
also be read ¢ : 7> a. The reason to keep the type variable « before the coercion variable is to
preserve the order of the abstractions in F,.

We say that AM(abc:7)M and AM(a<c: 1) M are negative and positive coercion abstractions,
respectively. The positive form is parametric on the codomain of the coercion and implements a
lower bounded quantification 7> «, as in zMLF. The negative form is parametric on the domain
of the coercion and implements an upper bounded quantification o> 7, as in F...
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p == ... f p{G} | p{T > G} prevalues
| Dist?=_ (p) | Dist} %27 (p)
[ Dist?Z (A(c: ¢) p) | Dist}™~ (A <> c: 7) p)

| Dist}37= (p)

c: 90) p> ‘ DiSt(T*T) <)\(OZ <>c: T) p>

/Y DiStL(pq—::T)<p> (7%7)

{ Dist? 7 (\( loor=
v = fAeip)v| Mawe:iT)v values
Pu= ... fAc:o)[]| Mawc:T)[] [ [{G} | [{T <> G} retyping contexts

Figure 25: Parametric F,: changes in values wrt F,

TCoOERARROW EnvCoER
Iakr lako TakrT a, ¢ ¢ dom(T")
F'EY(awer)=0 Mawc: 7k ok

Figure 26: Parametric F,: well-formedness judgments wrt F,

Continuing with the definition of F?, we replace coercion application M{G} by M{r < G} to
perform type and coercion applications (M 7){G} atomically. Both positive and negative versions
have the same meaning, but different typing rules. Type 7 appears before G to remind that
the type application is performed before the coercion application in the expanded form. As a
mnemonic device, the <> is oriented towards the side of the variable it instantiates in the coercion
type of M. Hence, if M is A(a>c: o) N, we must write M{r>G}.

We must change types accordingly, replacing coercion types ¢ = 7 by V(a <> 7) = o, which
factors the two forms V(a>7) = ¢ and V(a < 7) = o whose expansions in F, are Va. (a>7) = ¢
and Ya. (7> a) = o, respectively. Typing environments are modified accordingly. Notice that
I,a<wc: 7 stands for I',a, ¢ : a <> 7 (¢ : a <7 should be read as ¢ : 7> «) and therefore o may
appear free in 7—as for coercion abstractions: this allows the encoding of “recursively defined
bounds” discussed below.

In the syntax of coercions, we replace coercion abstractions and coercion applications as we
did for expressions. We also change the distributivity coercion that exchanges term abstraction
with coercion abstraction to reflect the change in coercion types: it must simultaneously permute
the term abstraction with the type abstraction and coercion abstraction that are stuck together.
The same modifications are also done for product type.

5.2 Adjustments to the semantics

The syntactic changes imply corresponding adjustments to the semantics of the language. Notice
that all restrictions are captured syntactically, so no further restriction of typing rules is necessary.

Typing rules Consistently with the change of syntax, we replace the typing rules TERMCOERLAM
and TERMCOERAPP by rules TERMTCoErLAM and TErRMTCoOERAPP given on Figure 24 The
corresponding typing rules CoerCoerLam and CoerCoERAPP for coercions are changed similarly.
We also replace CoErVAR by TCoerVAR. Finally, the modified distributivity coercions are typed as
described by rules CoerDisTTCoerARROW and CoerDisTTCoerProD. Notice that <> is a meta-
variable as M or 7 and different occurrences of the same meta-variable can only be instantiated
simultaneously all by > or all by <. (We use different meta-variables <>; and <> when we mean
to instantiate them independently.)

The new typing rules for F? are derived from the typing rules of the corresponding nodes in F,.
For example, TERMTCoERLAM is just the combination of rules TErMCoerLAM and TERMTYPELAM
in F,.

Well-formedness judgments are adjusted in the obvious way, as described on figures
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REDTCoER
Ma<wc:7)M){o G} ~, M[a + o][c + G

REDCoERDISTTCOERARROW
Dist}*7 = (AN c: T) Mz : o) M) ~,
Mz:o) Mawc:T) M

REDCoERDISTTCOERPROD

Dist”*®71= (N> ¢ : 7) (M, N)) ~, (Ma<wc:7) M, \a<wc:7)N)

(o2%03)

Figure 27: Parametric F,: new reduction rules wrt F,

Mawc: )W) =X )\(c a7 We
(W{r < G})° = (W°r°){G°}
(D|st\Zaj;p:>) = Dist"¢ *}(oz<1>p )00 (A Dist®>?" 7 (0 o))
) =

T°—0°
(DlStva@pi

(e = D|st (e 570 e po @) (A Dlst‘(’ff[f?(o a))

T>0o° =71°D>0°
T40° =0°>7°
VMa<w7)=0)° =Va.(aw7°) = 0°
T,awc:7)° =T,a,c:a>T°

Figure 28: Translation of F? into F,

Operational semantics The operational semantics is modified in the obvious way. The syntax
of values for F? is defined on Figure 25| as a modification of the syntax of F,. The adjustments in
the reduction rules are the replacement of REpCoer by REDTCoOER, REDCOERDISTCOERARROW
by REDCOERDI1STTCOERARROW, REDCOERDISTCOERPROD by REDCOERDISTTCOERPROD, and the
change of retyping contexts that induces a change in REnCoerFiLL as described in Figure

5.3 Properties

Since FP can be seen as a restriction of F, where coercion abstraction is always preceded by a type
abstraction, some properties of FP can be derived from those of F,. In particular, normalization
and subject reduction properties are preserved, just by observing that FP is syntactically closed
by reduction.

This can be formalized by making the correspondence between F? and F, explicit.

Definition 28 (FP to F, traduction). We define a Translation from FP to F, witnessing the language
inclusion on Figure [28 We write M° the translation of M. We only give the translations that
do not simply reuse the same construct by calling recursively the translation function on subtrees.
The meta-variable W stand for either M or G.

Lemma 29 (Restriction equivalence). The following assertions hold.
1. T'F M : 7 holds in FP if and only if I'° = M° : 7° holds in F,.
2. ' G :71>0 holds in FP if and only if I'° = G° : 7° >0 holds in F,.
3. I'- 1 holds in FP if and only if I'° = 7° holds in F,
4. I'F ok holds in FP if and only if I'° - ok holds in F,
Lemma 30. The following assertions hold.
1. If M ~g N in FP, then M° ~»g N° in F,.
2. If M ~, N in FP, then M° ~~F N° in F,.
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Proposition 31 (Preservation). If '+ M : 7 and M ~»g, N hold, then I' = N : 7 holds.
((Proof p. [55))

Proposition 32 (Termination). Reduction in FP is terminating.
[(Proof p. 55|
Confluence and progress must still be verified. For confluence, we observe that there are still
no critical pairs (although this does not follow from the absence of critical pairs in F,), so weak
confluence is still preserved and confluence comes as a corollary.

Corollary 33 (Confluence). Reduction in FP is confluent.

[(Proof p. 55|
Progress is a proof on its own, but it is similar to the one in F,.

Lemma 34 (Classification). If T'F v : 7 holds, then either v is a prevalue p or:
1. If 7 is of the form T — 7, then v is of the form \(z : T) v.
2. If 7 is of the form (7 % 7), then v is of the form (v,v).
3. If T is of the form Ya. T, then v is of the form Ao v.
4. If T is of the form ¥(a <> 7) = 1, then v is of the form Ma < c: T)wv.

5. If T is of the form T, then v is of the form Top™ (v).
[(Proof p. [56])

Proposition 35 (Progress). If ' M : 7 holds, then either M is a value or M reduces.

[(Proof p. [56]]

As expected, coercions are erasable in FP. Because the new reduction rules are a combination

of two ¢-rules, and are themselves (-rules, the forward simulation follows from forward simulation
in F,. It remains to check the backward simulation.

Lemma 36 (Forward simulation). If I'+ M : 7 holds, then:
1. If M ~g N, then | M| ~ |N|.

2. If M ~», N, then | M| = |N|.
(Proof p 7]

Lemma 37 (Classification). If T' - Q[A(z:p) M] : 7 (resp. T + Q[(M,N)] : 7) holds and
Q[A(x : p) M] (resp. Q[(M, N)]) is in t-normal-form, then:

1. If T is o0 — o' (resp. (o0 x0')) then Q is |].

2. If 7 isVa.o then Q is Aa Q'.

3. IfrisV(a<o) =1 then Q is Ma<>c:0)Q'.
4. Foralla>c:o inT, 7 is not .

Proof. We only do the proof for Q[A(z : p) M]. The proof for Q[(M, N)] is similar. By induction
on Q.

e [|: Conditions 2 and 3 do not apply. Conditions 1 and 4 hold trivially.

e \a Q'": Conditions 2 and 4 hold trivially. Other conditions do not apply.

Q' 7': By typing we have I' - Q'[A(z : p) M] : Va. p’ such that p'[a + 7] = 7. By induction
hypothesis we have Q' of the form Aa @Q”, which contradicts the fact that we were in (-
normal-form, since REDTYPE applies.

e G(Q'): By induction on G.
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z, Mz :7) M, M M, (M, M), M.1, and M.2: These are refused by typing, because
they are terms instead of coercions.

AW, Wr, GW), N(a<>c:7)W, and W{r <> G}: These are not in ¢-normal-form,
since REDCoOERFILL applies.

— Q7: It is not in t-normal-form, since REnCoerDoOT applies.

— ¢ when < ¢ : 7: Conditions 1 to 3 do not apply. And 4 holds because « cannot be
bounded twice in I" and it is already present with a<c: 7.

— ¢ when a>c : 7: This case is rejected by induction hypothesis, since we have T" I
Q'Mz:p) M]: o with a>c:7 el

— G 5 G: By typing we have T' = Q'[\(z : p) M] : ¢ — ¢’. By induction hypothesis we
have that Q' is empty, which contradicts the fact that we were in (-normal-form, since
REDCOERARROW applies.

— Dist’;,: By typing and induction hypothesis used twice, we have that Q' is Ao A( :
p) M, which contradicts the fact that we were in (-normal-form, since REDCOERDIST-
TypEARROW applies.

— DistY*>™=: By typing and induction hypothesis used twice, we have that @’ is A(a <>

¢ : o)Az : p) M, which contradicts the fact that we were in t-normal-form, since
REDCOERDISTTCOERARROW applies.

— Top”, (Gx @), Dist\(ff*‘ﬂ, and Dist(vffj;:: Conditions 1 to 3 do not apply, and condition
4 trivially holds.

e Mo < c:a)@'": Conditions 3 and 4 hold trivially. Other conditions do not apply.

e Q'{c’>G}: By typing we have '+ Q'[A(z : p) M] : V(o <> 0) = 7. By induction hypothesis
we have @’ of the form A(a<>c¢: o) Q”, which contradicts the fact that we were in (-normal-
form, since REDTCOER applies.

O

Proposition 38 (Backward simulation). If T' - M : 7 and | M| ~ M, then M ~} ~»g N such
that [N | = M.

Proof. The proof schema is not original: following Manzonetto and Tranquilli [2010]. we show
that the t-normal-form of M S-reduces to N with | N| equal to M. Since F, strongly normalizes,
we may assume, without lost of generality that M is already in ¢-normal-form. Because |M |
reduces, we can use the reduction derivation to show that it must be of the form e[(Az.M1) Ma].
By inversion of the coercion-erasure function, we show that M is of the form C[Q[A(z : 7) M;] My]
where C' is a reduction context and @) a retyping context of arbitrary depth, such that C', My,
and M, erase to e, Mi, and My respectively. We show using Lemma that if a (-normal
term of the form Q[A(z : 7) M] has an arrow type, then @ is empty. Hence, M is of the form
C[(Ma : 7) My) Ms] and B-reduces to C[M[xz < Ms] | whose erasure is e[ai[x < ag]]. A similar
proof holds for pairs instead of arrows. O

6 Expressiveness of Parametric F,

Although it is bridled by-design, F? is already an interesting spot in the design space, as it subsumes
in a unified framework three known languages: F,, aMLF, and F.. (in fact, its more expressive
version with F-bounded polymorphism [Canning et al.l [1989]).

By construction, F, is included (and simulated) in Parametric F,. In the rest of this section, we
show that zMLF and F.. are also subsumed by FP. In each case, we exhibit a translation of typing
judgments from the source language to typing judgments of F? so that the coercion erasure of the
translation of a source term is equal to the type erasure of this term, and therefore the translation
is semantics preserving.
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KERNEL-FsuB FurL-Fsus
Ya<:AFB<: B LA < A YSa<:A'F-B<: B
LFY(a<:A)B<:V(a<:A) B SFY(a<:A)B<:V(a<:A)B

F-BoOUNDED

Sa<:Aba< A YSa<:A+B<: B
SFY(a<:A)B<:V(a<:A) B

Figure 29: Bounded polymorphism: variants on the subtyping rule

To avoid confusion between source and target terms, we write T or S for terms, A or B for
types, and X for typing environments in the source language. Formally, we exhibit a translation of
judgments X T : A~»T'F M : 7 that is well-defined, type preserving, and semantics preserving.
That is, if X VT : Athen X T : A~ T' v M : 7 holds for some I', M, and 7 such that
' M:7and |T] =|M]. As a consequence, reduction in the source language terminates, since
it is simulated in FP.

Bounded polymorphism. F_. is a well-known extension of System F with subtyping. There
are several variations on F.., all sharing the same features, but with different expressiveness due to
the way they deal with subtyping of bounded quantification. Bounded quantification V(« <: A) B
restricts types A’ that a ranges over to be subtypes of the bound A. The differences lie in when
the subtyping judgment ¥ F V(o <: A) B <: Y(a <: A’) B’ holds. Different versions of the
corresponding subtyping rule are given on Figure In Kernel F.., the bounds A and A’ must
be equal, whereas Full F.. only requires the bound A’ to be a subtype of the bound A. Moreover,
a cannot appear free in the bounds A or A’ in Kernel or Full F.., while F,.. allows this form of
recursion, called F-bounded polymorphism. The most general assumption, ¥, <: A" - «a <: A,
is that of F,«.. Perhaps surprisingly, this is a slightly more general rule [Baldan et al., 1999 than
the more intuitive one X, <: A’ A’ <: A. In summary, we have Kernel F.. C Full F.. C F,.
where all inclusions are strict.

We show that the most expressive version F,.. is included into FP. The translation of typing
judgments uses auxiliary translations of subtyping judgments ¥ - A <: B~ T'F G : 7> 0 and
well-formedness judgments. Bounded polymorphism V(a <: A) B is translated into a negative
coercion abstraction V(a > 7) = o which encodes upper bounds. (Positive coercion abstraction
V(o< 7) = o encodes lower bounds and are never needed in the translation of F,..)

Translation of expressions is easy. For example, the translation of a type application is a
coercion application, as follows:

LT :V(a<:B)B' ~TkFM:V(a>o) =o' YFA<:Bla+ Al ~THFG: >0+ 7]
YT A:Bla+ Al ~TFM{r>G}:o'[a+ 7]

The most involved part in the translation is for subtyping judgments—in particular, for the
bounded-quantification case:

Sa<Ata<iA~T,avc: T FG:a>T (1)
S,a<tA'FB<:B ~Tavc:7+G :on0" (2)
YEVY(a<:A)B<:V(a<:A) B ~
' XNave: )G {(0{arG}) :V(a>T) = o>V(arT) =0

Let us check that the judgment returned by the conclusion holds under the assumptions returned
by the premises (1) and (2). The implicit superscript of the hole in the conclusion is the domain
of the coercion V(a > 7) = o, say p. In environment I', a > ¢ : 7/, the coercion O{a > G} has type
p> o by rule CoerTCoerAPP and, since G’ coerces o to o’, the coercion G'{(Q{a > G}) has type
p>c’. Hence, by rule CoerTCorrLaM, the coercion of the conclusion has type p>V(a>7') = o,
as expected.
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U"

=
=1
(T%S)b:T — SP b
)P b b (A,a<:T)° :A ,(a>cy : TP)
(V(a<:T) )b::_(aDT):S’ (Az: T = A°, (z : T)
Figure 30: F,<.: type and environment translation
BSuss
BTERMVAR Arm:T~TFM:71
T = A(x) AT <:S~TFG:7>0
Abax:T~ A F2:T° AFm:S~THGM):0o
BTErMAPP
BTeErMLAM AFmT-}SWF}_MT—}O’
Az :TFm:S~T,(z:7)FM:0o ArFrn:T~TFN:7T
AFXz:Tom : T = S~TkFXNz:7)M:7 >0 ArFmn):S~TFMN:o
BTypeLAMm

Aja<:SEm:T~~T,(c<qcq:a)F M T
AFAa<:S)m :V(a<:S)T ~TkFMNadcy:0) M :Y(aro)=T1

BTvyreApp
AFm:Va<T)S~TFM:Y(arTt)=0
AT < Tla+T]~TFG:7>7[a+ 7]

AEm{T'}: Sla+ T ~TFM{7"<G}:ola+ 7]

Figure 31: F,..: term translation

Notice that F,.. is missing type abstraction and type application in coercions, as well as
distributivity of the universal on the arrow as in F,. Indeed, F,.. only allows instantiation of
quantifiers at the root of types, as in System F and contrary to F,. Hence, the inclusion F,.. C F?
is strict.

It is remarkable that FP naturally matches the most expressive version F,... This encourages
following a systematic approach and viewing type conversions as erasable coercions as in F? rather
then a limited subtyping relation. Additionally, F? may simplify the proof of type soundness for
Fu.<:, as coercions are explicit.

To show that F,. is included in FP, we define a translation for types and environments on
Figure for term judgments on Figure and for subtyping rules on Figure

We have the following obvious lemma stating that the translation of term and subtyping
judgments respect the translation of types and environments:

Lemma 39. 1. IfA-m:T ~TF M :7 holds thenT = A® and 7 = T® hold.
2. If AT <:S~TFG:7>0 holds then ' = A®, 7 =T®, and 0 = S® hold.

We show that F,.. is included in F? by showing in Proposition that well-typed expressions
are included.

Proposition 40. The following assertions hold:
1. IfAFm:T~THFM:7 holds, then ' = M : 7 holds.

2. If AT <:S~TFG:7>0 holds, then T - G : 7> 0 holds.
[(Proof p. 57|
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BTraNs
AFT<:S~THFG):T>0C
Blp AFS < U~TFG:0>p

AFT < T~TFOT . TP T?
< 0 > AFT < U~TFEGGy) :T>p

BCOERVAR

a<:TeA BTor
AFT <:T~TFTop" : 70T
AFa<T~Tkey:avT

BARROW
AFT < T~~»THG 7>
AFS <8 ~»TFGy:0p0

AFT%S<:T'%S’WFFG1iGg:T%GDT'%U’

BForaLL
Aa<T Fa<:T~T,(abcy:T)FG:a>T
Aa<T'FS<:8 T, (abcy:T)FG :o>0’

AFV(a<:T)S <:V(a<:T)S ~»TkFXNavc:7)G(0{a<GY}) :V(arT) = opV(ab 1) =0

Figure 32: F,..: subtyping translation

T o= ... fVY(a>T)=>T types

M == fXNavec:T)M ) M{r>G} expressions

G = .../ G5 G [fDist’  f Dist!T= coercions
1 (G +G) | Dist]%,, f Dist{o

f Mave: )G G{r>G}

Figure 33: F/**: syntax and notations

Instance-bounded polymorphism. The language zMLF [Rémy and Yakobowski, [2010] is the
internal language of MLF which is itself an extension of System F with instance-bounded polymor-
phism. Instance-bounded polymorphism is a mechanism to delay type instantiation of System F;
it is a key to performing type inference in MLF and keeping principal types—given optional type
annotations of function parameters. As our current concern is not type inference but expressive-
ness, we use ¢MLF rather than MLF for comparison with FP. By lack of space, we cannot formally
present zMLF. Instead, we identify a subset F¥ of FP and explains how it closely relates to zMLF
without giving all the details of zMLF.

We first define the subset F/* of FP by removing negative coercion abstractions (in types,
terms, and coercions), arrow coercions G - G, and distributivity coercions from the syntax of
terms. Of course, we remove typing rules and reduction rules for these constructs, accordingly.

We then define F? as the restriction of F/* where a type variable cannot appear in its instance
bound, i.e. « is not free in 7 in V(aw < 7) = 0. Both restrictions are closed by reduction, so they
preserve the properties of FP.

We claim that #MLF is equivalent to F¥. Unsurprisingly, the translation of instance-bounded
polymorphism V(« > A).B is a positive coercion abstraction V(« <7) = o where 7 and o are the
translation of A and B. The translation of expressions and type instantiations is then routine.
The proof for the direct inclusion is similar to one by Manzonetto and Tranquilli [2010]. The proof
for the reverse inclusion is new but not much more difficult.

In summary, we have aMLF ~ F¥ C F/** C FP. 1t is interesting that the natural restriction of F,
that resembles zMLF allows variables to appear in their instance bounds, much as with F-bounded
polymorphism. This suggests an extension to #MLF with recursively defined bounds. However,
we do not know whether this extension could still permit partial type inference in MLF.
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X

ax:oz 0x=10
(T —8)" =T*— 5% x x x
. : . (A, (a>T)) = A% (a<decy : TF)
(V(CVZT)S) —V(OLQT):>S ( ,;L';T))X:AX,(CCZTX)

1*=Va.«
Figure 34: zMLF: type and environment translation

XVar XLET
x:TeA Abm:T~~T+FM:7 A(z:T)Fn:S~T,(z:7)FN:o

Aoz T~ A"z T Abletz=minn:S~TFMNz:7)N)M:0o

XAprp
Arm:T—-S~TFM:7T—o0 AFn:T~TFN:T

AFmn:S~TFMN:o

XABs
Az:T)Fm:S~T,(z:7)FM:0o

AF XNz :Tym:T—-S~TkFXz:T)M:7—0

XTABs
Ala>S)Fm:T~T,(adcq:0)FM: 1 a ¢ ftv(A4,S)

AFAa>S)m:Y(a>S5)T ~»T'FAXNadey :0) M :V(a<o) =T

XTAPp
Abm:T~~TFM:71 Ao T<S~THFG:7>0

AFm¢:S~THGM): o

Figure 35: zMLF: term translation

Moreover, reduction in ZMLF is simulated in F¥. This implies termination of reduction in zMLF
(a result already proved by Manzonetto and Tranquillil [2010]).

To show that 2MLF is included into F{, we define a translation for types and environments on
Figure [34] for term judgments on Figure 35 and for instance judgments on Figure [36]

We have the following obvious lemma stating that the translation of term and instance judg-
ments respect the translation of types and environments:

Lemma 41. 1. If AFrm:T ~TF M :1 holds then I' = A* and 7 = T* hold.
2. If A ¢p: T<S~TFG:7>0 holds then T = A*, T =T*, and 0 = S* hold.

We show that zMLF is included in F{ by showing in Proposition that well-typed expressions
are included and in Proposition [43| that the reduction relation is included.

Proposition 42. The following assertions hold:
1.IfAbm:T~TkF M :7 holds, then T'- M : 7 holds and |m| = |M].

2. If A ¢p:T<S~TFG:7>0 holds, then '+ G : 7> 0 holds.
[(Proof p. BT

Proposition 43. If Arm:T~T+FM:7, Abn:T~TFN:7, and m ~ n hold, then
M w;% N holds.
[(Proof p. [57)]
To show that F¥ is included into 2MLF, we define a translation for types and environments on
Figure [37] and for expressions on Figure
We show that F{ is included in #MLF by showing in Proposition [#4] that well-typed expressions
are included in terms and instances and in Proposition 45| that the reduction relation is included.
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XIABs
ALT:L<T Tk Qv ar.y azTed
: ~ : Vo
- TovearT AFla: T<a~Tlkcy:m7>a

XITUNDER
A(a>T)kF ¢ Th <Tho ~T,(a<dcqy:T)FG T

AFV(a>)p:Y(a>T)Ty <V(a>T).T ~
DHMadey : 1) GOV =T 0 b e, ) V(aar) = 1 pV(adT) = 7

XIINSIDE

A}_(Z)ZTl STQWFFGZleTQ
AFY(>¢):V(a>T).T <V(a>Ty)T  ~
T Ma<cy 1) 07T o e (G :V(a<m) = ToVY(a<dm) =T

XIINTRO
a ¢ ftv(T)

AFB:T<V(a>1)T~TFXadcy :Va.a) QT i 7> V(a<aVa. o) =71

XIComp
A|_¢)1IT1ST2WF|_G12T1I>TQ A}_d)QZTQST?,WF}_GQ:TQDTE}

AbF 1500 : Ty <T3~~TFGo(Gy) : 11> T3

XIELIM
AF & :Y(a>T).8 < S[a+ T]~ Tk OV@M=Z0r b 0T} Y(aaT) = o b ola « 7]

XIIp
AF1:T<T~TEO :7>T

Figure 36: zMLF: instance translation

ol =« =0
(r—=o) =7 =0 (T, (a<c:7)) =17, (a > 1Y)
Va.7)y =V(a > 1).77 (T, (x:7)) =19, (x:7Y)
V(a<a1)=0) =V(a>717).07 (T,a) =T, (> 1)

Mz :7) Ma)jy z f\(z CYY MY (QT)Z i '1( dom(®))
Y — MY NV ¢/ = (codom(T
S ALY Z Ao 1y ap (\a G)Y = 3:¥(a )G
(M7)! = M3 (v(> 7); &) (G =G e
(Aaac:r) MY = Aa > ) MY A A A
(M{(E;Ei;y i %z gy(z &) &) (G<G/>)y -G G;

Figure 38: zMLF: expression reverse translation
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’ Extension of System F H F, ‘ F. ‘ zMLF H Fr ‘

Deep instantiation v - v v
Arrow congruence vV - v
Permutation of V and — v - - v
Upper bounds - v - v
Lower bounds - - v v

Figure 39: Language and feature comparison

Proposition 44. The following assertions hold.
1. IfT'E M : 7 holds, then TY = MY : 79 holds and | MY | = | M|.

2. IfTFG:7>0 holds, then TV F GY : 79 < oY holds.
[(Proof p. [B3)|

Proposition 45. If M ~»g, N holds, then MY ~* NY holds.
(Frool - B3]

Summary Features of F? and its variants are summed up on Figure The expressiveness
of F,,, aMLF, and F.. can be compared by checking which feature is present in one language and
not in the others. Deep instantiation corresponds to the Aa G and G 7 constructs, allowed in F,
and zMLF, but not in F... Upper bounds are used in F.. and lower bounds are used zMLF. They
correspond to coercion abstraction A(cw<>c : 7) G and G{7 <G} when <> is 1 or <, respectively. F,
allows neither. Arrow congruence is the G — G construct, allowed in F, and F... Distributivity
Dist’®;_ is used in F,. The other form Dist’*>"= is only used in F? since it involves coercion
abstraction.

Notice that MLF and F.. only have coercion abstraction in common, but with opposite polar-
ities. Each of them share a different feature with F,. None of them uses distributivity as it only
makes sense when deep instantiation and arrow congruence are available simultaneously.

All examples of are actually typable in FP—with some syntactic adjustment of course. For
instance, the last example becomes A(y<c : o.p,) choose {y<(c{choose})} of type V(y<ocn) = v — 7.
For instance, it can be coerced to the type V(v < opus) = v — . This uses the coercion

Ay Qe oprus) O{y < (O int)}.

7 Weak F,

Another solution to recover erasability is to prevent wedges from appearing in a reduction context.

At first, it seems to suffice to use weak reduction on coercion abstraction. Indeed, if a coercion
variable cannot appear under a reduction context, it cannot appear in a wedging configuration.
However, since A(c : ¢) M is irreducible, its erasure | M | should also be irreducible, i.e. a value.
If we choose strong reduction for term abstraction, we must also choose strong reduction in the
A-calculus used as the target, hence | M | must be a value for strong reduction. That is, A(c: ) M
would only be allowed when M is fully evaluated, which would considerably limit the interest of
abstracting over c. Therefore, we choose a weak strategy for both coercions and terms. Keeping
strong reduction on types is optional and independent.

Syntactic restrictions The syntax of Weak F,, written F, is defined on Figure 0] as a re-
striction of the syntax of F,. We remove distributivity of coercion abstraction on term abstraction
Dist?=_ in order to preserve the value restriction during reduction. We replace A(c : ») M in

terms by A(c: ¢) u where u is a value form. A wvalue form is a term that erases to a value, i.e. a
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M= ... fXMc:o) M| Xc:p)u expressions
G == ... [ Dist?Z, coercions
v ou= Ma:T) M| dav | Ae:p)ul| (v,v) ]| Top™ (v) values
u = v | Glu) value forms
Cou= [ MIM|({,M) (M) T2 02 A [0 G [I{G) reduction ctx

REDCOERCOERLAMY

(Ale:9) G)(u) ~. Ale: ¢) Glu)

Figure 40: Weak F,: syntax and semantics wrt F,

value or an application of a coercion G to a value form. A value is any form of abstraction whose
subterm is an arbitrary term for a term abstraction, a value for a type abstraction (because we
may evaluate under type abstractions), or a value form for a coercion abstraction.

The static semantics of F and F, are the same.

Changes in the dynamic semantics The reduction relation of F” is a subrelation of the re-
duction relation of F, that prevents evaluation under term and coercion abstractions and preserves
the value restriction. Reduction contexts are modified accordingly: A(z : 7) [| and A(c : ¢) [] are
removed. Rule REnCoerCoERLAM (the coercion abstraction part of REpCoOERFILL) is restricted
to make it call-by-value. Indeed, keeping the F, rule:

(Ale: @) GYM) ~=, Ac: ) G(M)

would place the arbitrary term M under a coercion abstraction. We also completely remove
REDCOERDISTCOERARROW as it can never happen.

Preservation of properties By construction, a well-typed term of Weak F, is also a well-typed
term of F,, since the syntax of Weak F, is a subset of that of F, and the typing rules are the same.

Additionally, the reduction relation of Weak F, is included into the reduction relation of F,.
This is the case because we restricted the reduction contexts to implement weak reduction and
the REDCoErRCOERLAM rule to preserve the value restriction.

As a consequence, subject reduction and normalization properties of F, are preserved in Weak
F,. The progress lemma cannot be lifted in a similar way, because the reduction relation of Weak
F, is strictly included into the one of F, and we changed the values. Because we do strong reduction
only on types, we state the progress lemma for terms that are typed in an environment containing
only type variables. The proof is done as usual. But prior to this, we prove that reduction stays
in the language.

Lemma 46 (Value restriction preservation). If M is syntactically correct and M ~~g, N holds,
then N 1is syntactically correct.
[(Proof p. 58]

Lemma 47. If ' M :7, ' G:7p0, ' 7, I'F ok, or M ~~g, N holds in Weak F,, then it
also holds in F,.

i
Ot
loe]
I~

Proof p.

B

Lemma 48. If '+ M : 7 holds in F, and M is syntactically correct in Weak F,, then I' - M :
holds in Weak F,.

Proposition 49 (Preservation). If '+ M : 7 and M ~»g, N hold, then T' - N : 7 holds.
((Proof p. [59))

=~

Proposition 50 (Termination). Reduction in Weak F, is terminating.
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[Proof p. 59|
Lemma 51 (Classification). If I'F v : 7 holds, then:
1. If 7 is of the form T — 7, then v is of the form \(z : T) v.
If T is of the form (T = 7), then v is of the form (v,v).
If 7 is of the form Y., then v is of the form Ao v.

If T is of the form (t7>71) = 7, then v is of the form A(c:7>7)v.

SvoA o

If 7 is of the form T, then v is of the form Top™ (v).
[(Proof p. [59))

Lemma 52 (Progress). If @ & M : 7 holds, then either M is a value or it reduces.

[(Proof p. I

Confluence in Weak F, must be proved separately because its statement uses reduction both

in premises and conclusion. However, since the only source of non-determinism if the order of
evaluation between the function and the argument of an application, confluence is easy to establish.

Corollary 53 (Confluence). Reduction in Weak F, is confluent.

Bisimulation It remains to check that coercions are erasable in Weak F,, i.e. to establish a
bisimulation with A-calculus. Of course, this is when A-calculus is also equipped with a weak
evaluation strategy. The forward simulation holds, since it holds in F, and the reduction relation
is smaller in Weak F,, and the erasure of reduction contexts in F” are Call-by-value reduction
contexts in A-calculus.

Lemma 54 (Forward simulation). If ' M : 7 holds, then:
1. If M ~g N, then | M| ~ | N|.

2. If M ~, N, then |M| = |N].
[(Proof p. [59)]
It remains to check that the backward simulation also holds. Because backward simulation is
similar to a progress lemma for ¢-reduction, we first show a classification lemma on ¢-normal-forms.
To do so, we define retyping contexts of arbitrary depth @ as a sequence of retyping contexts P.
These @) are arbitrary contexts that erase to their hole.

Lemma 55 (Classification). If @ + Q[A(z:7') M] : 7 (resp. @ F Q[(M,N)] : 7) holds and
Q[N x : 7") M] (resp. Q[(M, N)]) is in t-normal form, then:

1. If T is o — o' (resp. (o0 x0')) then Q is |].
2. If T is Va. o then Q is \a Q’.
3. If T is o = o then Q is Mc: v) Q.
Proof. By induction on Q.
e [|: Only the first case is possible by typing. And it has the right form.
e \a @': Only the second case is possible by typing. And it has the right form.

e Q'7': By typing we have @ + Q'[\x: p) M] : Yo p/ (resp. o + Q[(M,N)] : Yo p')
such that p'[a + 7] = 7. By induction hypothesis we have @’ of the form Ao Q”, which
contradicts the fact that we were in (-normal-form, since REDTYPE applies.

e G(Q'): By induction on G.
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—z, NMa:7) M, M M, (M,M), M.1, and M.2: These are refused by typing, because
they are terms instead of coercions.

- daW,Wr, GIW), X(c: 7>7) W, and W{G}: These are not in (-normal-form, since
REDCOERCOER applies.

— O7: It is not in ¢-normal-form, since RepCoerDoT applies.

— ¢: This is refused by typing, since we only have type variables in the environment.

— Top”: No case apply.

— G5 G: By typing we have o - Q'[A(z : p) M] : 0 — ¢’. By induction hypothesis we

have that @’ is empty, which contradicts the fact that we were in -normal-form, since
REDCOERARROW applies.

— Dist’®;,: By typing and induction hypothesis used twice, we have that Q' is Ao A( :
) M, which contradicts the fact that we were in (-normal-form, since REDCOERDIST
applies.

- (G *G), Dist\(ff;T), and Dist?”_.: No case apply.

(7*7)
— G5 @ and Dist’®;_ (resp.): No case apply.
— (G % @) (resp.): By induction hypothesis, RepCoerProbp applies.
y y
— Dist} resp.): By induction hypothesis used twice, REDCoERDISTTYPEPROD applies.
(Tx7)

— Dist‘(P:T) (resp.): By induction hypothesis used twice, REnCoerDisTCOERPROD applies.

e Ac:op>0o’)Q": Only the third case is possible by typing. And it has the right form.

e Q'{G}: By typing we have @ + Q'[\Nz:p) M] : (6>0') = 7 (resp. d + Q'[(M,N)] :
(c>0¢’) = 7). By induction hypothesis we have @’ of the form A(c : o> ¢’) Q”, which
contradicts the fact that we were in (-normal-form, since REDCoER applies.

O

Lemma 56 (Backward simulation). If @ = M : 7 and |[M| ~ a, then M ~* ~5 N such that
|IN| = a.

Proof. We show that the t-normal-form of M fS-reduces to N with |N| equal to a. Since F,
strongly normalizes, we may assume, without lost of generality, that M is already in ¢-normal-
form. Because | M | reduces, we can use the reduction derivation to show that it must be of the
form e[(Az.a1) as]. By inversion of the coercion-erasure function, we show that M is of the form
C[Q[A(z : 7) My] Ms] where C is a reduction context (we can have neither term abstraction since
we do not have them in the A-calculus, nor coercion abstraction because we have an application
node below, and there is no way to have an application node under a coercion abstraction without
using a term abstraction) and @) a retyping context of arbitrary depth, such that C, M7, and M,
erase to e, aj, and as respectively. We show using Lemma [55] that if a (-normal term of the form
Q[A(x : 7) M] has an arrow type, then @ is empty. Hence, M is of the form C[(A(z : 7) My) M>)
and S-reduces to C[M;[x < Ms] | whose erasure is e[aj[z < ag]]. A similar proof holds for
reduction of pairs. O

8 Related work

Although many type systems could be explained using coercions, since for instance they use a form
of subtyping, very few have followed this path and made the connection with coercions explicit.
We have already widely discussed F,, F<., and 2MLF. Parts of FY is closely related to the work
of Manzonetto and Tranquilli| [2010] who proposed the first encoding of #MLF in a calculus of
coercions, but for the main purpose of proving the termination of ztMLF. They exhibit a type and
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semantics preserving encoding of ZMLF into (their version of) F¥ and show a simulation of compu-
tation between their F¥ and System F. Unfortunately, subject reduction and other properties that
depend on it do not hold in their system. Our version of FY can be seen as a fix to their definition.
Hence, there are many resemblances between their development of FY and our development of
F,—but the typing rules differ. We omitted the proof of inclusion from zMLF into F? by lack of
space, but also because it resembles theirs. In fact, their translation of zMLF into F¥ has itself
been inspired by the translation of MLF into System F by [Leijen and Loh| [2005] and Leijen| [2007].
However, Manzonetto and Tranquilli restrict their study to the termination of zMLF without any
interest in F,, or F.., while our main interest is not in F¥, but in F? and F,, 4.e. a general treatment
of abstraction over coercion functions that extends F,, and as a side result a possible enhancement
of zMLF.

Although F, subsumes core F.., we have not included records in F,, which are often the first
application of F... Our formalization includes tuples, and therefore models tuple inclusion. We
claim that F, can model record subtyping as well. However, our treatment of records in F, would
be similar to their treatment in F.. and require an expressive runtime system so that subtyping is
erasable.

Record subtyping in F.. may also be compiled away into records without subtyping in plain
System F by inserting coercions with computational content |Breazu-Tannen et al., [1991] that
change the representation of records whenever subtyping is used. Since these coercions are not
erasable and can be inserted in different ways, the soundness of the approach depends on a coher-
ence result to show that the semantics of the translation does not actually depend on the places
where coercions are inserted.

Another method for eliminating subtyping has been used by |Crary| [2000|: bounded polymor-
phism V(a < 7). 0 is compiled away into an intersection type Va. oo < o N 7] while intersection
types are themselves encoded with explicit erasable coercions. This directly relates to our work
by their canonization, which is similar to our t-reduction, and their use of bisimulation up to
canonization to show erasability of coercions. Of course, the languages are different, as we do
not consider intersection types while they do have neither coercion abstraction nor distributivity
and only consider call-by-value reduction. Their work could serve as a reference to extend F, with
recursive types.

Languages with dependent types often split terms with and without computational content
using kinds so that parts of terms that contribute only to the static semantics can be dropped
at runtime. This is more powerful than our notion of coercions; for instance, it could allow to
build coercions by computation—a feature that we would like to have. However, we do not know
whether this approach could be applied and benefit to our extension of F,.

Coercions introduced in FCy [Weirich et al., 2011], the internal language of Haskell, are inter-
esting because they use coercion projections and cannot be expressed in F}. Although FCy uses
a weak evaluation strategy, it can declare abstract coercions at the toplevel, which amount to a
form of coercion abstraction—hence they need coercion projections to regain erasability. However,
coercions in FCy are non-oriented, do not have distributivity nor deep instantiation of quantifiers
and are thus structural, which allows for an easier setting and a simple criteria to be used for
consistency checking. A new version of FCy [Vytiniotis and Jones| [2011] makes coercions first-
class values in an otherwise comparable setting. Coercions can be abstracted over as in F, and
also stored in data-structures. However, as a result of being first-class, coercions may change the
termination (hence the semantics) of programs and are not erasable in our terminology. The two
languages F, and FC; follow orthogonal approaches and are thus not easily comparable; combining
the features of both would be an interesting challenge.

Adding coercion projections to F, and taking distributivity away, we could obtain a version
much closer to FCy but where coercions are oriented. Surprisingly few works have consider dis-
tributivity and include the power of F,, apart from theoretical papers on F, itself.

Retyping functions can also be seen as a way of rearranging typing derivations. Abstraction
over coercions is then abstraction over type derivation transformations. There might be interesting
connections to establish with expansion variables for V-quantifiers introduced by |Lenglet and Wells
[2010].
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9 Discussion and future work

The language F, extends F, with abstraction over coercion functions in a general way where
coercions are retyping functions, i.e. certain terms of the A-calculus that do not contribute but
may block the evaluation. In order to solve this problem and make coercions erasable, we have
proposed two restrictions of F,.

Weak F, restricts the reduction relation by choosing a weak evaluation strategy for both co-
ercions and terms and restrict coercion abstraction to value forms. The main advantage of this
solution is its simplicity and its generality. Still, the restriction of coercion abstractions to value
forms, which is analogous to value-only polymorphism in languages with side effects, is significant.
Moreover, it allows the abstraction over coercions of uninhabited coercion types, which are never
applicable, thus leaving the possibility of non-sensible code hidden under coercion abstraction
undetected—or at least delaying its detection.

Instead, FP restricts the types of coercion parameters and forces them to be polymorphic in
either their domain or codomain. The advantage of F? is to retain a strong reduction relation,
which shows that the calculus is really well-behaved. Although restrictive, it already subsumes
F,, 2MLF, and F... We believe it is an interesting point in the design space. It also shows that
an extension of zMLF with subtyping would be possible and beneficial, even if the question of
designing the surface language to make type inference possible remains open.

Still, as both solutions are significant and orthogonal restrictions to F,, we may explore other
possibilities.

Relaxing F? Relaxing FP so that it could type more expressions but still prevent wedges from
being typable is probably the easiest extension to this work. An obvious but minor generalization
is to let A(aw <> ¢ : 7) M abstract over several coercions simultaneously, but all with the same
polarity. Allowing multiple polarities cannot come without further restrictions, as transitivity
could then be used to build an abstract coercion between arrow types.

A more ambitious generalization is to replace the local constraint on the type of coercions by a
global constraint defined by some auxiliary consistency judgment. We could allow abstractions of
the form A(&, ¢ : 7>d) M using a side condition on the typing rule to ensure that the combination
of coercions in context still prevents the creation of wedges. However, finding a suitable notion of
consistency in the presence of distributivity is challenging.

Beyond F, So far, we have explored restrictions of F, to prevent wedges from appearing in a
reduction context. Instead, we could perhaps extend the calculus to allow breaking them apart.
Observe that when a coercion variable appears in a wedge, it is always a coercion between arrow
types and that any actual coercion that will be passed at runtime will start with an arrow coercion
G1 5 Gy that can be decomposed into G; and Gy and pushed out of the way. So, we could
decompose the abstract coercion as well, by introducing coercion projections Left G and Right G
that behaves as G; and Gy whenever G is G1 = Gs.

While this idea is intuitively simple, it is actually quite involved as new difficulties appear one
after the other when solving them, due to the presence of distributivity. Projectors require both
binding coercions as in F* and, independently, a notion of structural equivalence to treat coercions
up to some rearrangements; unfortunately, the combination of both breaks confluence; a fix to
confluence is to reduce coercions themselves, which introduces further problems! Moreover, even
assuming that such a calculus can be set up, there will remain to solve a typechecking problem
quite similar to (although more flexible than) the one for relaxing F? with non-local consistency.
Indeed, decomposing nonsensical coercions cannot ensure erasability, (-reduction may either get
stuck, being unsound, or loop forever. We leave this exploration for future work.

Here are some hints on the difficulties to add projectors. Since we can abstract over coercions,
we can have in context a coercion ¢ between arbitrary arrow types for which they may not be
any actual coercion. For example, we may assume ¢ of coercion type (Int — Va.«) > (Char —
Bool). Although, we cannot build any coercion of such type in F,, it could be considered valid,
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semantically: since Int — Va.« is empty, any function of such type can also be treated as a
function of type Char — Bool. However, Left ¢ would then have coercion type Char > Int, which
is semantically nonsensical. We thus need stronger typing rules to rule out these types from
which projection could be meaningless. However, because of distributivity it is not obvious how
to syntactically do so. (Removing distributivity is a huge source of simplifications, which might
be worth exploring when adding projectors, even if it reduces expressiveness accordingly.)

Here is the intuition why we need binding coercions. Consider the wedge M equal to c{Aa A(n :
Int) XMz : ) z) 3, typed as follows ¢ : (Va.Int - a = «)> (Int — 7) B M : 7 where 7 is
Voa.a — a. It erases to (An.Az.z) 3 which reduces to Az.z. The reduction of M should result
in something like (Rightc{Aa O0)){(A(z : a) z) : Ya.a — « where Rightc(Aa ) binds the type
variable a.

We also need structural equivalence. In the previous example we need the two following terms
to be equivalent:

My =c(ha X(n: Int) Mz : ) x) (1)
My = (c(ha O)){(A(n: Int) Mz : «) ) (2)

M7 must reduce to Ms so that the projection reduction can occur. Ms must also reduce to M;
to handle all our previous rules about coercions (like REDTYPE or REDCOERDISTTYPEARROW).
However, we cannot add both reductions simultaneously, as the calculus would not terminate.
Instead, one solution is to treat M; and My as structurally equivalent. (Notice that we just need
an equivalence relation on terms, not on coercions.)

Leaving F, and freezing quantifiers We have added coercion abstraction to the language
F, as it is the reference in the absence of abstraction. However, many of the difficulties in F,
come from the distributivity rules, which allow coercions to move quantifiers inside types, or more
precisely, from the combination of distributivity with contravariance of the arrow constructor—
which is already the source of difficulties in F,, including undecidability of type-containment. This
suggests exploring a restriction of F, that does not have distributivity, nor type abstraction and
type application of coercions, that would not extend F,, but have a much simpler metatheory.

Language extensions Several features of programming languages have also been left out of F,.
We have only included pairs in our presentation of F,, but labeled products should work similarly.

We do not expect difficulties with tagged unions or iso-recursive types, e.g. following [Crary
[2000] although details are subtle and still need to be checked. We don’t foresee any difficulties
for adding fix points to the source language.

Some care is needed for existential types, which already raise a problem in System F as they
do not have an erasing semantics with a strong evaluation strategy. Therefore, we left them out
of F, and replaced them by a top type. This is, however, an orthogonal issue.

An interesting extension is to make coercion first-class objects which raises another challenge
for erasability: since coercions can then be built by computation, should a computation that just
builds coercions be erasable as well? Coercion types are monomorphic in F, but between possibly
polymorphic types. We do not expect difficulties to have polymorphic coercion types. First-class
coercions would naturally bring polymorphic coercion types.

We have studied coercions for second-order polymorphism. We should not expect difficulties
with higher-order polymorphism. However, adding coercions to a language with dependent types
may be more challenging.

Conclusions
We have explored extensions of System F, with abstraction over coercion functions. We have

proposed a typed calculus F, that strongly normalizes. Coercions do not contribute to the reduction
but may block it and are thus non erasable.
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We have proposed two restrictions of coercion abstraction to ensure erasability: Weak F, pre-
vents evaluation under coercion abstraction while Parametric F, prevents coercion variables to
appear in the middle of redexes. We believe that Parametric F, is an interesting point in the
design space, as it factors out several known languages in a simple framework.

Still, Parametric F, only permits a limited use of coercion abstraction. We have sketched a few
other directions for recovering erasability, which we leave for future work.

Finally, we would like to better understand the logical counter-part of erasable coercions. An
intriguing question is a better characterization of the expressiveness of F, which is more expressive
than F,, which is itself already closed by n-expansion.
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A Delayed Proofs
Proof of [Lem 3

The proof is standard. It uses Lemma [2] to ensure well-formedness of I" from the hypothesis. The
second and third cases are proved by mutual induction. ]

Proof of [Lem 4

This proof is standard. Cases 4 and 5 are proved by mutual induction, as well as for cases 6 and
7. [ |

Proof of [Lem 5l

The proof is standard and uses lemmas [3] and [4 |

Proof of [Lem 6l

The proof is standard and uses Lemma [3] [ ]

Proof of [Lem 7|

The proof is standard and uses Lemma [3] ]

Proof of

By induction on My ~~g, No.

e REDCoNTEXTBETA and REDCoNTEXTIOTA: By case analysis on the context. By inversion
of typing, only one typing rule match, and we reuse it along with the induction hypoth-
esis to build the premise in the hole (other premises stay the same) since typechecking is
compositional.

e RepTerm: By Lemma [6]
e RepFirst and ReEnSeconD: We use the corresponding subderivation.
e RepCoer: By Lemmal[7]

e RepType: By Lemma [4
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REDCOERARROW: By inversion of typing we have ' - Gy : 7> 7, T' F G2 : o> 0o/, and
Dz:™)FM:0. Webuld T, (y : ) F Gy : 77 and T',(y : 7) F Gy : o> o’ using
Lemma [5| (to show the valid extension) and Lemma, [3| where y is fresh for T' and z. We
build T, (y : 7), (z : 7/) F M : ¢ using Lemma [5| and [} We can now use Lemma [f] to build
T,(y:7)F M[z < G1(y)] : ¢’. The result follows by rules TERMCOER and TERMTERMLAM.

ReDCOERDISTTYPEARROW: We have ', (x : 7) F M : 0. We build I',(z : 7),a - M : o
using Lemma [3| We use T' - 7 (which means a ¢ ftv(7)) to show that T', (z : 7), « is a valid
extension of T, o, (x : 7).

REDCOERDISTCOERARROW: We have ', (¢ : p>p/),(z:7)F M : 0. We build T, (z : 7), (c :
p>p')F M : o using Lemma [3| We show T I 7 using Lemma

RepCoerProb: Obvious.
RepCoerDistTTYPEPROD: We have I'a - M : 7 and I', « = N : ¢. The result is obvious.

REDCOERDISTCOERPROD: We have I', (¢ : prp) F M : 7and I', (¢ : p>p') = N : 0. The
result is obvious.

RepCoerDoT: Obvious.
REDCOERFILL: By cases on P.
— Xa[]: Wehave I',a G :7>0 and I'- M : 7. We use Lemma [3| to build I',a - M : 7
(and Lemma [2] to show T, a - ok).
— [] 7+ Easy.
— G([]): Easy.

— XMc:pep)[: Wehave I, (c: p>p/)F G: 70 and I' - M : 7. We use Lemma [3] to
build I, (¢ : p>p') - M : 7 (and Lemma[2] to show T, (c: p> p') I ok).

— [{G}: Easy.

Proof of [Lem 9l

This is proved by induction on v. At a higher level, we observe that value forms are partitioned
and mapped to a partition of types, hence the mapping can be inverted. [ ]

Proof of

This is a standard proof using Lemma [9] By induction on M.

C[M] when M is not a value: The induction hypothesis applies to M, and we use REDCON-
TEXTBETA or REDCONTEXTIOTA to build C[M] ~»g, C[N].

x, Mz : 1) v, Aa v, ANc: 71 >73) v, and (v1,v2): These are values.

07, Gi & Ga, Dist]%;,, Dist?S,, (G1 * Gs), Dist(;,, Dist |, Top”, and c: These expres-

T—0? T—0) (Tx0)?
sions are rejected by typing because they are coercions and not terms.

v1 vg: Using Lemma [9on v;.

— p: It is a value.

— M« : 7) v3: REDTERM applies.
v7: Using Lemma [9] on v.

— p: It is a value.
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— Aa v': REDTYPE applies.

v{G}: Using Lemma[9]on v.

— p: It is a value.

— Me: > 7o) v": REDCOER applies.

v.1: Using Lemma [J] on v.

— p: It is a value.

— (v1,v2): REDFIRST applies.
e v.2: Using Lemma [J] on v.

— p: It is a value.
— (v1,v2): REDSECOND applies.
e G(v): By induction on G.
—x, Mz :7) M, M N, (M,N), M.1, M.2: These expressions are rejected by typing
because they are terms and not coercions.
— ¢, Top™: These are values.
— ¢7: REpCoOERDOT applies.
Aa W, W, AMc:m>1e) W, W{G}, and G(W): REDCOERFILL applies.
- G5 Gy Using Lemma@ on v.

x p: It is a value.
* A(z:7)v": REDCoErRARROW applies.
— Dist’*_: Using Lemma|§| on v.
x p: It is a value.
* Ao v': Using Lemma 9] on v’
- p': Tt is a value.
- Mz : 7) v": REDCOERDISTTYPEARROW applies.

Dist?=,: Using Lemma [Jon v.
* p: It is a value.
* Ac: pwp')v': Using Lemma[9]on v’
- p': It is a value.
- Mz : 7) v": REDCOERDISTCOERARROW applies.
— (G1 % G3): Using Lemma[9 on v.
x p: It is a value.
* (v1,v2): REDCOERPROD applies.
- DistYTa*‘g): Using Lemma|§|0n v.
x p: It is a value.
* Ao v': Using Lemma 9 on v’
- p': Tt is a value.
- (v1,v2): REDCOERDISTTYPEPROD applies.

Dist‘(‘:a): Using Lemma|§|0n v.

x p: It is a value.
* A(c: p>p')v': Using Lemma[9)on v'.
- p': Tt is a value.
- (v1,v2): REDCOERDISTCOERPROD applies.
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Proof of Lem 12

The proof consists in reducing the translation of every redex. This is just simple computation and
all details below could be easily rebuilt by the reader.

1. By induction on M ~-g N.

e REpConTEXTBETA: By case on the context. Reduction contexts are reified on System F
contexts, and because we are in strong reduction, all contexts are reduction contexts.

e RepTERM, REDFIRST, and REDSECcOND: These rules were already in System F and are
reified on themselves.

2. By induction on M ~-, N.

e RepConTeExTIOTA: Same argument as for S-reduction.
e RepTYpPE: This was already a rule of System F and is reified on itself.

e RenpCorrArrROW: We have

e REDCoOERDIST: We have

My :Va. [T = [o]) Mx : [7]) dayaz) (Aa Az : [7]) [M])

Az (7)) da (Aa Az [7]) [M])ax
Az (7)) da (Mz: [7]) [M]) =
~ Az [7]) A [M]

Ay ([pl = [ = [71 = [o]) Ma: 7) Mae : [p] = [0']) y 2 )
(Aae = [p] = [p1) A= [1) [M])
wAMw o 7) Mae s [pl = [p]) (Mae : [p] = [p'1) Ma = [7]) [M]) e =
A7) Mae : [p] = [p']) (M : [7]) [M])
Az 1) Mae = [p] = [p']) [M]

x[a])) ([G1] y.1,[G2] y.2)) ([M],[N])
(1G] (TM], [NT).1, [G2] ([M],[NT)-2)
[G1]

e REDCOERDISTTYPEPROD: We have

Ay : Ve (T4 0)) (Aa (y @).1, A (y @).2)) (Aer ([M], [NT))
v (Aa (A ([M], [N])) @).1, Aa (Aa ([M], [NT)) a).2)
v (A ([M], [NT).1, de ([M], [NT).2)

(A [MT, A [NT)

A A
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e REDCOERDISTCOERPROD: We have

Aly = (Tpl = [p"1) = ([71 % [o1))
(Mae = [pl = [p'1) (y me)-1, Mae = [p] = [p']) (v 2c).2))
(A(ze : [p] = [p']) (TMT,[NT))
~(Mae: [p] = [p']) (Mae : Tpl = [p'1) ([M],[N1)) )
Az s [p] = [p']) (Mae = [p] = [p"]) ([MT,[N1)) zc)-2)
e (Mae : [p] = [p']) (TMT,[NT).1
s Awe = [p] = [p"]) ([M], [NT).2)
o (Awe s [p] = [p'1) [M], Mae = [p] = [p']) [NT)

e RepCoerDot: We have (M(x: [7]) ) [M] ~ [M]
e REDCOERCOER: We have (A(z : [7]) P[[G] z]) [M] ~ P[[G] [M]]

e REpCoER: This reifies on a simple REDTERM.

Proof of Lem 17

The proof is by simple computation. [ ]

Proof of

The proof is by induction on the reduction and unsurprising. We only detail the most significant
cases; other cases are either similarly or easy.

e LREDCoER and LREDHOLE work with substitution lemmas.

e LREDETAARRAPP: By inversion of typing we have
—T;Ax(¢pe:0") -Gy 0

TVARM: 7' — o,

— DA A x (1 :T) Gy T

—T'EN:T.

which leads to the result with weakening, substitution, and LExpRTERMAPP.

e LREDETAPRODFST: By inversion of typing we have T; A x (¢ : 7) - Gy : 7/ and T, A+ M :
(Tx0).
|

Proof of

By induction on the term.
e C[M]: If M reduces, then we apply the context rule.
o z, ANz :7)v, (v1,v2), Aawv, A(c: p)v, Top” v, and cv: These are values.
e ¢: Refused by typing.
e vy vy: By classification of values on v;.

— p: This is a value.

RR n°® 7587



On the Power of Coercion Abstraction 55

— A : 7)v: LREDTERM applies.
— M1 : 7) G2 {p2 < pG1}: LREDETAARRAPP applies.

e v'.1 and v’.2: By classification of values on v’ and LREpFIrST, LREDETAPRODFST, LRED-
SECcoND, or LREDETAPRODSND.

e Hv': By cases on H. If it is a coercion variable ¢ then the whole application is a value, else
it is a hole abstraction A(¢ : 7) G and LREDHOLE applies.

e v' 7 and v' H: By classification of values on v’ and LREDTYPE or LREDCOER.

o Aoy : 7)Go{p2 < pG1} and (G1,G2){¢1, 02 < p}: By classification of values on v and
LREDETAARRLAM, LREDETAARRETAARR, LREDETAPRODPAIR, Or LREDETAPRODETAPROD.
|

Proof of [Lem 24

We first check that G5, M, and G are used in the correct environments. (G5 is used under T,
whereas M and G7 appear under AA which extends their environment to I, A. Then we check
that the term is typed 7 — o under I'. We observe that (G1(AA’ 0)) — ¢ istyped 7/ — o'>T — o',
So its application to M is typed 7 — o’. Abstracting over A gives type VA.7 — ¢’. Applying
the distributivity returns a term of type 7 — VA. ¢’ (this is where we use I' F 7). And finally we
apply ¢ — G5 which coerces our term into a term of type 7 — o which was our goal. [ ]

Proof of [Lem 25l

The proof is very similar to the previous one but for G[o +— ¢ A]. This allows us to start from
type V(A, A”). p instead of VA" . p. [ |

Proof of [Lem 26
Using M’ ~»g N’, we have that M’ is of the form C[(A(x : 7) My) My].

We observe that no t-reduction rule can reveal a S-redex which was not already present. H
Proof of
Let’s call Ny the (-normal form of M. [ ]

Proof of

Using Lemma and Lemma we build I'° = M° : 7° and M° WEL N°. Using Lemma
potentially several times, in F,, we build I'° - N° : 7°. Finally, we use Lemma to show
I'EN:T. [ ]

Proof of

Assume we have an infinite reduction path starting from M. Then using Lemma[29)and Lemma 30}

we build an infinite reduction path in F,. However it contradicts Corollary |
Proof of

There is no critical pairs in FP. Thus the reduction in FP is locally confluent. Because it is
terminating, it is confluent (Newman). n
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Proof of [Lem 34

This holds with a simple induction on v. [ ]

Proof of

This is a standard proof using Lemma [34] The proof is by induction on M. Using REDCONTEXT-
BeTa and REDCoNTEXTIOTA, we can only consider cases where subterms are values.

o z, NMx:7)v, Aav, A(a<>c:T)v, and (v,v): These are values.

¢ 07, G5 G, Dist]%,, Dist!*%*=, (G * G), Dist(r:,, Dist(;7 o, Top”, and c: These expres-

T—0) T—0
sions are rejected by typing because they are coercions and not terms.

e v; v: Using Lemma @ on vj.

— p: It is a value.

— M@ : 7) v: REpTERM applies.
e v7: Using Lemma [34 on v.

— p: It is a value.

— Aa v: REDTYPE applies.
e v{r < G}: Using Lemma [34 on v.

— p: It is a value.

— Ma < c¢: 7)v: REnTCoER applies.
e v.1: Using Lemma [34 on v.

— p: It is a value.

— (v,v): REDFIRsST applies.
e v.2: Using Lemma [34]on v.

— p: It is a value.
— (v,v): REnDSECOND applies.
e G(v): Using Lemma 34/ on G.
—xz, Mz :7) M, M M, (M,M), M.1, M.2: These expressions are rejected by typing
because they are terms and not coercions.
— ¢, Top”: These are values.
— ¢7: REpCOERDOT applies.
AW, Wr, Mawc: )W, W{r <G}, and G(W): REDCOERFILL applies.
- G5 G: Using Lemmaon v.

* p: It is a value.

* A(z:7)v: RepCoerARROW applies.
Dist’®; : Using Lemma (34| on v.

T—T"

* p: It is a value.
* Ao v: Using Lemma [34] on v.
- p: It is a value.
- Mz : 7) v: REnCorrDisT applies.
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Dist?*>"=: Using Lemma [34{on v.
x p: It is a value.
* AMa < c:7)v: Using Lemma [34] on v.
- p: It is a value.
- M@ : 7) v: REDCOERDISTTCOERARROW applies.
— (G % G): Using Lemma[34] on v.
x p: It is a value.
* (v,v): REDCOERPROD applies.
Dist\(ffﬁ): Using Lemma on v.
x p: It is a value.
* Ao v: Using Lemma [34] on v.
- p: It is a value.

- (v,v): REDCOERDISTTYPEPROD applies.
— Dist{%%7=": Using Lemma [34) on v.
x p: It is a value.
* Ma < c:7)v: Using Lemma [34 on v.
- p: It is a value.
- (v,v): REDCoERDISTTCOERPROD applies.

|
Proof of [Lem 36
We simply use Lemma 29| and Lemma [30] to call Lemma |
Proof of
1. By induction on A-m : T ~ T'F M : 7. All the proof are just type-checking.
2. By induction on AT <: S~ '+ G : 7>0. All the proof are just type-checking.
|
Proof of
1. By induction on AF-m : T ~ T'F M : 7. All the proof are just type-checking.
2. By inductionon AF ¢: T < S~ T'F G :7>0. All the proof are just type-checking.
|

Proof of

By induction on m ~» n. The context and beta rules are translated on the same rules. Let’s
consider the remaining rules, which are all the rules involving instantiations. We proceed by
inversion of Abm:T~TFM:7and Abn:T~THFN:7toget M and N.

e m1~>m: We have 0" (M) ~~, M with RenCoerDOT.
o m(p;¢') ~ (me)¢': We have (G'(G))(M) ~, G'{G{M)) with REDCOERCOER.

e m%B ~ Ala> L)m (with a ¢ ftv(m)): We have (A(a<cy : Va.a) O)(M) ~, Ma<e, :
Va. o) M with REDCOERCOER.
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e (AMla>T)m)& ~» m[la + 1][a + T]: We have with REDCoERCOER and REDCOERPOS:
(O{rp 0" H{Ma<deq : 7) M) ~> (Ma<dey :7) M){r>07}
~ Mo+ T][co < O7]
e (AMla>T)m) V(o >)p) ~ Al > T) (m ¢): We have:

Ma<cq : 1) GOV ab e ) (Ma<eq : T) M)
(a<cy : 1) G{(Ma<cy : 7) M){a>cq})
(

adcq :T) G(M)

L

A
WA

~
~

e (Ala>T)m) V(> @) ~ Ala > To) m[la + ¢;la]: We have:

(Ma ey = 72) O7OT=Tab o (V) Ma<eq - ) M)
o AMadey i T2) (Madey : 1) M) {ab e (G)}
A <ey s Ta) Meq < co(G)]

|
Proof of
By induction. This is just type-checking. [ |
Proof of
By induction on M ~»g, N. |

Proof of [Lem 46

By induction on M ~5, N. We have two syntactic restrictions: first, we removed Dist?=_; then,
we added a value restriction on coercion abstraction. We notice that no rules introduce a Dlstij,
so we only need to check the preservation of the second restriction:

e RepConTExTBETA and REpConTExTIOTA: By induction on C.

e RepCorrFILL: Only the REnCorerCorrLAM involves a coercion abstraction and it was mod-
ified to work correctly.

e RepCorerDisTCoerProD: The pair has to already be a value, so both subterms are values.
Hence the resulting term does not break the restriction.

e Remaining rules do not involve coercion abstraction.

|
Proof of
Obvious, since the syntax, typing rules, and reduction rules are restrictions of those in F,. ]

Proof of [Lem 48|

The derivation of the judgment in F, is a valid derivation in Weak F, because typing rules are the
same. =
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Proof of

Using Lemma [7} we can call Lemma [§]in F,, and then use Lemma [I8] to come back in Weak F,.m

Proof of

Assume we have an infinite reduction path starting from M. Then using Lemma [47], we build an
infinite reduction path in F,. However it contradicts Corollary [T3] ]

Proof of [Lem 51]

This holds with a simple induction on v. [ ]

Proof of Lem 52

By induction on M. Using REDCONTEXTBETA and REDCONTEXTIOTA, we can only consider cases
where subterms are values when reduction contexts allow it. For each reduction context we need
to check that it only binds type variables in his hole, which is the case.

e z: This is refused by typing since we only have type variables in the environment.
e ANz :7) M, v, AN(c:7>7)u, and (v,v): These are values.

e 07, G5 G, Dist™;_, (G @), Dist™ (7 Dist(#>r)=(7x0) Top”, and ¢: These expressions
are rejected by typing because they are coercions and not terms.

e vy v: Using Lemma [51| on v;, REDTERM applies.
e v7: Using Lemma[51]on v, ReEnTypPE applies.

e v{G}: Using Lemma [51] on v, REnCoER applies.
e v.1: Using Lemma [51jon v, REDFIRST applies.

e v.2: Using Lemma [51|on v, REDSECOND applies.
e G(v): By induction on G.

—x, Mz :7) M, M M, (M,M), M.1, M.2: These expressions are rejected by typing
because they are terms and not coercions.

— ¢: This is refused by typing since we only have type variables in the environment.

Top™: It is a value.

¢7: REDCOERDOT applies.
AaW W, Me:rm>1)W, W{G}, and G(W): RepCorerCokr applies.
G 5 G: Using Lemma on v, REDCOERARROW applies.

Dist\Zi;T: Using Lemma [51| consecutively twice on v, REDCoERDIST applies.
(G * G): Using Lemma on v, ReEnCoerPRroD applies.
— Dist\(ff:T): Using Lemma consecutively twice on v, REDCoOERDIsTTYPEPROD applies.

Dist‘(PzT): Using Lemma |51| consecutively twice on v, REDCOErRDISTCOERPROD applies.
|

Proof of [Lem 54

We simply use Lemma [A7] to call Lemma [T7] [ |
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