N

N

*QmTHBM; b+?2K2b 7Q‘ BM+QKT‘2bbB#H2
BMi2 +iBQM, BKTHB+Bi- b2KB@BKTHB+
JB:m2H M:;2H 62 M€M/2X

hQ +Bi2 i?Bb p2 ' bBQM,

JB:m2H M;2H 62 "MEM/2xX *QmMTHBM; b+?2K2b 7Q° BM+QKT 2bbB#H?2
b2KB@BKTHB+Bi M/ 2tTHB+BiX a2J CQm M H, "QH2iBM /2 H aQ+B2/
kyRR- 88- TTX8N@RyY3X RyXRyydf"6yjjkk8Nj X BM'B @yy83yddkpk

> G A/, BM'B @yy83yddk
2iiTbh,ffBM B X? HXb+B2M+2fBM B @yy83yddk
am#KBii2/ QM 8 T  kyRR

> G Bb KmHiB@/Bb+BTHBM v GOT24WB p2 Dmbp2 "i2 THm B/BbBIBTHBN
"+?Bp2 7Q i?72 /2TQbBi M/ /Bbb2KIBEBMBR MNQ@T™+B2® " H /BzmbBQM /2 /
2MiB}+ "2b2 "+?2 /Q+mK2Mib- r?2i?@+B2MMiB}2mM2b#/@ MBp2 m "2+?22 +?22- T
HBb?2/ Q° MQiX h?2 /IQ+mK2Mib MK VW+RK2Z2EF IQKHBbb2K2Mib /62Mb2B;M
i2 +?BM; M/ "2b2 "+? BMbiBimiBQWER BM?8 7M#M2I @b Qm (i~ M;2 b- /2b H
#Q /-Q 7 QK Tm#HB+ Q T ' Bp i2T2HRAB+B @2MT2BIpXib X


https://inria.hal.science/inria-00580772v2
https://hal.archives-ouvertes.fr

Bol. Soc. Esp. Mat. Apl. n °0 (0000), 1{52

Coupling schemes for incompressible uid-structure
interaction: implicit, semi-implicit and explicit

Miguel A. Fern andez

INRIA, Rocquencourt, BP 105
F{78153 Le Chesnay Cedex, France

miguel.fernandez@inria.fr

Abstract

Over the last decade, the numerical simulation of incompressible uid-
structure interaction has been a very active research eld and the subject
of numerous works. This is due, in particular, to the increasing interest
of the research community in the simulation of blood ows in large
arteries. In this context, the uid equations have to be solved in a moving
domain and the incompressibility constraint makes the coupling sensitive
to the added-mass e ect. As a result, the solution procedure has to be
designed carefully in order to guarantee e ciency without compromising
numerical stability. In this paper, we review some of the coupling schemes
recently proposed in the literature. Some numerical results that show the
e ectiveness of the novel approaches are also presented.
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1. Introduction

Computational Fluid-Structure Dynamics (CFSD) is of great importance
in practically all engineering elds, from aeroelasticity to biomechanics (see,
e.g., [40, 93, 99, 85, 92, 113, 59, 118, 14, 70, 28, 42, 114, 8, 120, 33]). The
work summarized in this review stems from the numerical simulation of the
(mechanical) interaction between blood ow and the vessel wall in large arteries.
Over the last decade, this topic has been a very active eld of research and the
subject of numerous works (seee.g. [96, 59, 118, 87, 51, 121, 76, 77, 53]). The
underlying motivation is that computer based simulations of blood ows, in
patient-speci ¢ geometries, can provide valuable information to physicians €.g.,
in order to enhance diagnosis and therapy planing). Moreover, such simulations
can also be a major ingredient in the design/optimization of medical devices.

The numerical simulation of the uid-structure phenomena involved in blood
ows raises many issues. Among them, the displacement of the wall cannot be
supposed to be in nitesimal, geometrical nonlinearities are therefore present
in the structure and the uid has to be solved in a moving domain. On the
other hand, since blood is an incompressible uid, the arteries are slender and
the vessel and blood densities close, the coupling has to be tackled carefully in
order to avoid numerical instabilities.

In large (or medium size) arteries, blood is commonly modeled as a
homogeneous, viscous, Newtonian and incompressible uid (see,g. [115, 53]).
Although the artery wall has a viscoelastic behavior (seege.g. [56]), we limit
the presentation to the case of a non-linear elastic solid. Yet, the coupling
strategies discussed below are not restricted to this structural behavior. As
a mathematical model, we consider therefore the system of partial di erential
equations involving the Navier-Stokes equation (in a moving domain), the non-
linear elastodynamics equation and the following coupling conditions on the
interface :

= continuity of displacements (uid domain and structure):
d=d* on ; (1)
= continuity of velocity (uid and structure):

on (2)

on 3)

This paper concerns the numerical resolution of this coupled problem.

The time semi-discretizations of this system exploit, in general, the
heterogeneous structure of the coupled problem. That is, the uid and the
solid are time semi-discretized by di erent time-marching schemes, tailored by
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their di erent mathematical properties. On the other hand, the time semi-
discretization of the interface coupling conditions (1){(3) de nes the coupling
scheme

One of the most elementary coupling schemes (perhaps the most popular in
the aeroelastic community) is based on the following explicit treatment of (1)
and (2):

8 . .

2 df,n+1 - ds,n on :

N uf;n+1 — us,;n on : (4)
s;n+1ns: f;n+1nf on

This yields the procedure reported in Algorithm 1. This algorithm is known
as conventional serial staggeredscheme (seee.g. [100, 86, 102, 42]). Note that
Algorithm 1 is very appealing in terms of computational cost, since it allows a
fully uncoupled (sequential) solution of the discrete problem.

Algorithm 1 Explicit coupling (weakly or loosely coupled) scheme.
1. Update the uid domain con guration (mesh) and velocities via (4) q;

2. Advance in time the uid with the interface Dirichlet condition (4) »;
3. Advance in time the structure with the interface Neumann condition (4)3;

4. Go to next time-step.

Explicit coupling (weakly or loosely coupled) schemes are those in which (2)
or (3) are explicitly treated. A spurious numerical power is therefore generated
at the interface (energy is not exactly balanced due to the explicit treatment),
which has to be controlled in order to guarantee stability. Algorithm 1 is
an explicit coupling scheme, since it treats (2) explicitly. Although explicit
coupling algorithms are widely and successfully used in aeroelasticity (see,g.,
[101, 102, 55, 42]), a number of numerical studies (see,g. [91, 85, 105, 96, 59])
have shown that Algorithm 1 is unstable under certain choices of the physical
parameters. Typically, this happens when the uid is incompressible, the uid
and solid densities are comparable or when the domain has a slender shape,
irrespectively of the choice of the time-step size. Blood ows are a popular
example of such a situation.

Theoretical explanations of this issue have been reported in [25] (see also
[54]). In particular, the following instability condition is established in [25] for

a simpli ed framework:
S

: <1 (5)
add

where and ,qq are pure geometrical quantities. The former is related to
the thickness of the structure, whereas the latter increases with the length of
the domain (it is the largest eigenvalue of the so-calledadded-massinterface
operator). Note that the left hand-side of (5) is a pure physical quantity, it
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measures the amount ofadded-mass e ectin the system. In particular, since
(5) is independent of the time-step size, reducing it does not cure the instabilities
(as mentioned above).

Implicit coupling schemes are those that time semi-discretize (1){(3)
implicitly. The schemes that treat (2) and (3) in an implicit fashion are also
known asstrongly coupled The implicit coupling schemes are therefore strongly
coupled. These schemes have been, for years, the unique way of circumventing
the above mentioned numerical instabilities. Somehow, this explains why the
development of e cient methods for the resolution of the coupled non-linear
systems, arising in implicit coupling, has been (and still is) a very active eld
of research.

Some of these implicit coupling procedures are described k8. In particular,
we present the Newton algorithm proposed in [49]. The rest of the paper is
devoted to the problem of avoiding strong coupling, without compromising
stability. This issue is addressed from two di erent perspectives. Inx4, we
present the semi-implicit coupling paradigm proposed in [48]. A di erent point
of view is considered inx5, where we review the schemes recently proposed in
[22, 5], that are based on the weak treatment of the interface conditions at the
(space) discrete level. Some nal remarks and lines of future work are drawn in
X6.

The next section contains introductory material. We review there the main
ingredients of the general mathematical model used to describe the interaction
of a viscous incompressible Newtonian uid and an elastic structure.

2. Preliminaries

The modeling of uid-structure interaction systems under large displace-
ments involves, in a general way, the coupling of two formulations: the solid
classically treated in Lagrangian formulation, and the uid described by an ar-
bitrary Lagrangian-Eulerian (ALE) formulation (see, e.g., [40, 98, 90, 85, 45]).

_~

_v

Figure 1: Geometrical uid-structure con gurations.

We consider a mechanical system occupying a moving domain which consists
of a deformable structure 3(t) (e.g., the vessel wall) interacting with a uid
under motion (e.g the blood) in the complement f(t) of S(t), see Figure 1.

We denote by (t) the current con guration of the uid-structure interface,

thatis, (1) € @'(t)\ @5(t). Let [ S be a reference con guration of
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the system (e.g, the initial con guration). We denote by def @\ @S the
reference uid-solid interface and@ = [ o[ , @°s= 9] "[ ,
are given partitions of the uid and solid boundaries respectively. The uid
external boundaries ™ and °' are supposed to be xed. The corresponding
outward normal vectors to the uid and solid boundaries are denoted by n
and ns, respectively (the same notation is used for their reference and current
con gurations).

2.1. Fluid equations

The dynamics of the (moving) control volume f(t) are parametrized in
terms of a smooth injective mapA : T R* ! RY, the so-called ALE-map,
such that

"= A ")
with the notation A % A (;t). The corresponding deformation gradient
and Jacobian are denoted byF TN ¢ and J %" det F, respectively.

Moreover, we shall use the notationw def @A for the uid domain velocity,

and d"(h;t) e A (k) %,%2 F forthe uid domain displacement.

Remark 1 Thanks to the invertibility of A, we can de ne all the physical
quantities on the reference or on the current con guration, the choice being a
matter of convenience. When the same eld is evaluated in both the current
and the reference con gurations, we adopt the superscripb to indicate that it
isdenedin T R and we have the relations

def

b t) S oA (k);t) 8k2 T
aix;t) LA, Lx)it) 8x 2 f(b):

In the rest of situations (i.e., a eld is only used in one of the con gurations),
the superscriptb is not used.

We assume the uid to be homogeneous, Newtonian and incompressible. Its
behavior is described in terms of its velocityb : f R* | RY and pressure
b: T R* ! R elds, which are governed by the following Navier-Stokes
equations (written in ALE form):

f@uja + "(u w) ru div (u;p)=0 in (1)

divu=0 in (1) ©)

where ' stands for the uid density, @uja for the ALE time derivative and
(u;p) & pl +2 (u) for the uid Cauchy stress tensor, with  the uid
1

o . def :
dynamic viscosity and (u) = sru+r uT the strain rate tensor.

System (6) has to be supplemented with boundary conditions, for instance,
u=up on N

(u;p)n = poutn oOnN ;
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and initial condition ujizg = ug. Here, ujn, pout @nd ug are given boundary
and initial data. The conditions to be enforced on the uid-structure interface
( t) are discussed inx2.3.

Remark 2 Note that the importance of the presence of the ALE time-derivative
@uja in (6) emerges in the context of the numerical discretisation (we recall

that @ujA def @b). Indeed, when computing numerically a solution in a moving
domain we are usually interested in the time variation of quantities collocated
at the nodes of a computational mesh (not at a particular xed position), and
the latter necessarily follows the evolution of the computational domain.

2.2. Solid equations

The dynamics of the structure are parametrized in terms of its displacement
d: s R* 1 RY Its evolution is generally governed by the non-linear
elastodynamics equations

*@d div (d) =0 in S

d=@d in 3
where S represents the solid density,d the velocity and (d) the rst Piola-
Kirchho stress tensor of the structure. The latter being related to d through

an appropriate constitutive law (see, e.g., [66, 30, 82]). For instance, for an
hyper-elastic material, we have

()

@W
d)= F°— E®;
@D=F&
whereF S %" | +1 d, stands for the gradient of deformation,E * % 2 (FOTFS®

| for the Green-Lagrange strain tensor andwW : RY 9! R* is a given density
of elastic energy.
The solid equation (7) has to be supplemented also with boundary
conditions, for instance,
(

d=0 on ¢
(dn*=0 on

. . . . 0 .
and initial conditions dji=o = d®, @dji=o = d-. The boundary conditions to be
enforced on are discussed in the next subsection.

2.3. Interface coupling conditions

In order to ensure a correct energy balance, both the kinematic and the
kinetic continuity need to be enforced across the uid-structure interface at
all times (see,e.g, [85] and [45]). The equilibrium of stresses is given (in the
reference con guration) by

(dns= Jb(u;pF "n on
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The continuity of the velocity is enforced by setting

b=@ on : (8)
The uid domain displacement is taken such that

d=d on ;

that is, the uid and solid domains remain sticked at all times. This last equality
with (8) yields u = w on ( t).

Note that, since we have assumed (for simplicity) that the inlet and outlet
boundaries (™, ©°4) remain xed, we have

d=0 on ™[ o ©)

Therefore equations (2.3) and (9) constrain the value ofd’ on the whole
boundary @ f. Inside f, however, the displacementdf(and hence the map
A) is arbitrary: it can be any reasonable extension ofdj over f (subjected
to (9)). In the sequel we will denote this operation by

d' =Ext(dj ):
For instance, the operator Ext can be given in terms of an harmonic extension,
by solving: 8
3 d=0 in T
d'=0 on [ ou.
d'=d on
In summary, the interface coupling conditions are given by:
8 i _ Cy. - foo f.
>2d =Ext(dj); w=@d in ;
b=@ on ; (20)
(d)ns= Jb(u;p)F "n on

>

Remark 3 The main ingredients of the ALE (arbitrary Lagrangian-Eulerian)
formalism can be inferred from (10). Indeed, the conditions (10);., impose that
the interface points must follow the same displacement as the uid, thus the
Lagrangian terminology. In contrast, the motion of the remaining points is not
necessarily related to the uid kinematics, so the Eulerian terminology.

2.4. Summary of the equations and global energy balance

As mathematical model, we consider therefore the system of partial
di erential equations involving the Navier-Stokes equations (6), the non-linear
elastodynamics equations (7) and the interface coupling conditions (10). This
yields the following problem: nd the uid domain displacement d: f R
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RY, the uid velocity b: © R* ! RY the uid pressure p: f R*! R
and the structure displacementd : ¢ R* ! RY such that

% f@uja + f(u w) ru div (u;p=0 in T(t);
dvu=0 in (1)

E u=up on "M 1)
8 (U;Pn = Pown on

E s@d div (d) =0 in ?

2 d;z@p(d; :n d,; (12)
é (dn*=0 on

>d =Ext(dj ); w=@d" in

b=@ on ; (13)
(d)ns= Jbu;pF "'n on ;

>

with the initial conditions uji=g = u®, dji=g = d® and @dji=o = cLO. We refer
to [88] for a recent review on the mathematical analysis of this type of coupled
problems. This review paper is devoted to the numerical resolution of (11)-(13).

The next result (see,e.g., [94] and [46] for a proof) shows that the coupled
system (11)-(13) ensures a correct balance of the mechanical energy.

Lemma 1 Assume that the structure is hyper-elastic (with energy density
function W) and that the coupled uid-structure system is isolated, i.e.,u = 0
on [ ou |et

Z ¢ z Z
E(t) d:ef Ejuj2_'_ Ejd.j2_‘_ W ES(d)
(1) s s
{z oo {z }
Kinetic Elastic
energy potential energy

be the total mechanical energy of the uid-structure system described bgl1)-
(13). Then, the following energy identity holds:
zZ.Z
E(t)= E(0) 2 j (Wj*:
1Y% }

Viscous work

As expected, dissipation only comes from the uid viscous e ects and the power
exchanged by the uid and the structure exactly balance at the interface. This
balance is a direct consequence of the interface coupling conditions (13).
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3. Implicit coupling

In what follows, > 0 denotes a given time-step size andx" an

approximation of a given time-dependent eld x at time t, € , with n 2 N.

def .
Moreover, @x"*t = (x"*1  x")= denotes the rst order backward di erence

and x"* z d§f(x“+1 + x")=2 the mid-point value approximation.

The time semi-discretizations of (11)-(13) exploit, in general, the
heterogeneous structure of the coupled problem. That is, (11) and (12) are time
semi-discretized by di erent time-marching schemes, tailored by their di erent
mathematical properties. To X the ideas, we consider an implicit scheme for
the ALE Navier-Stokes equations (11),

in fin+l .

f@un+1jA + f(un+1 Wn+1) r un+l
% div (un+l;pn+l): 0
divu"t =0 in . (14)
g uttt = Uin(tn+1) on in;

(Un+1 ;pn+1)n = Pout (th+1) oON out;

and a mid-point rule for the structural equation (12),

n

"= @™t in

d"**'=0 on ¢

8 + 1
% s@d"™ div "i=0 in
E (15)

1
""ZpnS=0 on :

with the notation  "*# €I @)+ (d") .

As mentioned in the previous section, explicit coupling schemes may lead
to numerical instabilities. These numerical instabilities have been traditionally
circumvented by considering fully implicit time-discretizations of (11)-(13). For
instance, by combining (14) and (15) with the following implicit treatment of
(13):

; df;n+1 - EX'[( dn+1j ); \bn+1 - @df;n+1; fin+l =(| f+ df;n+1 )( f);

"t = @d"? on

-B N+ 23S = gn+l b(un+1;pn+1)(|:n+1) T™h on
(16)
This yields the time-marching procedure summarized in Algorithm 2.

Note that Algorithm 2 is an implicit coupling (so, strongly coupled) scheme,
since (13) is enforced exactly at each time-step. As a result, the scheme
can be proved to satisfy a discrete counterpart of Lemma 1 and, therefore,
is energy stable (under aGCL condition, see [94, 85, 83] and [46]). The payo
of this enhanced stability is that the equations (14), (15) and (16) yield a
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Algorithm 2 Implicit coupling scheme.
1. Solve the coupled problem (14), (15) and (16);

2. Go to next time-step.

highly nonlinear coupled system at each time-step. As a matter of fact, in
addition to the common nonlinearities of the uid and solid equations, implicit
coupling induces geometrical nonlinearities within the uid equations, due to
the dependence of fi™1 ondfn*t,

The solution procedures for this coupled non-linear problem (and for coupled
problems, in general) are commonly classied into two distinct categories:
monolithic and partitioned (see, e.g, [43]). An ad hoc single solver whose
purpose is to simultaneously solve (14)-(15) and (16) leads to a monolithic
procedure (seeg.g. [105, 113, 70, 14, 72, 51, 15, 11, 77, 58]). A solution method
that couples independent uid (14) and structure (15) solvers is termed a
partitioned procedure (see,e.g., [104, 92, 85, 89, 59, 38, 80, 36, 78, 9, 73, 32, 33]).

Remark 4 Needless to say that Algorithm 1 is a partitioned procedure.

Monolithic methods are, by construction, less modular than partitioned
approaches and do not allow the use ofegacy software Partitioned methods,
on the contrary, facilitate the reuse of existing code. Moreover, because of their
inherent modularity, new models and numerical schemes can be introduced
while keeping everything else the same (seeg.g, [117, 39, 6]). All these
advantages come, however, with a price: computational e ciency over a
monolithic approach is not necessarily guaranteed (see [71, 11, 77]).

3.1. \Variational setting

In variational form, the non-linear coupled system (14), (15) and (16) can be
formulated as the following monolithic problem (see,e.g, [46]): forn 0, nd
d™ 2 HYN e (D, 0" 2HCT, 2 L2 and d™ 2 H N 9)
with u"*1j w = ujy(tn+1 ), satisfying (16)1.» and such that

.z z z
o un+1 Vf un Vf + f un+1 Wn+1 r un+1 Vf
Z fin +1 fin Z fin +1 Z
f diVWn+l u Vf + (un+l : pn+1) r Vf + qd|V un+l
fin +1 . Z fin +1 Z fin +1
+ 27 "t odn dl ve+ AAE ARV
’ Z

= Pout (tn+1 )Vf n (17)

out

forall (B ;vS;) 2 H Y () H%( ) L2( Hywith b'j = vsj .



12 M.A. Fern andez

Partitioned methods for the numerical solution of (17) typically stem from
a domain-decomposition reformulation of this problem. LetBf : H %() !
H 1m[ « ( 7) be a given continuous linear lift operator and consider the
following splitting of the test functions space

(v 2HN () HYW( ) 0] =v§ = ®:0:0 2H% ()
Rf(vSj )ive TS 2 H Y (9

By applying this decomposition to (17) we recover the following equivalent
formulation, involving two coupled subproblems:

( E df;n+1;bn+l;pn+1; ntl —
S dn+1; n+1l =0

' (18)
where "1 %" gn*li s the interface displacement and "*!
Rf d""*1: 0" p*1  the variationally consistent representation of the uid
stress at the interface (whose expression is given below). In short, equation
(18); ensures the uid balance subjected to the interface displacement "+,

whereas (18) enforces the solid balance subjected to the interface uid stress
n+1

def

The uid operator

FiHYN w () HICH LA HEQ
I Hl.n[ ( f) L2( f) L2( in[ ) LZ( f) 0;

is de ned as
i z !
Fdiop (0he ;) & — u V' ut v
f(df) fin
Z Z
+ f u w@d) ru vl f divw(d") u vf
f f f f
z (d") 7 (2)
+ (u;p):r vi+ qdiv v + Pout (ta+1 )V’ 1
"(d" "(d o
Z Z Z

o d Ext( ) + b @ + U Uin(tns) (19)
forall (B';8; ;)2 H% () L2 " L32[ ) L3 7). Here,
we have used the notations(d’) €' (df d"")=, @ %' ( M= and

f(d) € o+ d .

The interface uid residual operator Rf : H*( ) H( Ty L2 H!

H %()isthen de ned by

o

R db:p; % Fdbp (R ;0,0,0) (20)

forall 2 H z().
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Remark 5 Note that the test function b' in (19) vanishes on the boundary
N[ so that Dirichlet boundary conditions are strongly imposed. The last
two terms of (19) are not included in practice in the variational formulation.
They have been incorporated in the de nition of the uid operator in order to
facilitate the presentation. The same observation applies to the third last term.

Similarly, the solid operator
SIHLN( S H 1)t HL( 9

is de ned as
def 2 s £ n z
Sd; )v® = — d d" d v+

S

(d)+ (d") :r v

NI =
o

+ VS
forall vs2 H 1 ( 9).
Finally, problem (18) can be reformulated as an interface problem in terms
of the nonlinear uid and solid Steklov-Poincae operators (see [36]). The

uid Steklov-Poincae operator Sf:H %() I H %() (also called Dirichlet-
Neumann map) is de ned by

S'()ERTA( )b ) ) 8 2H?(); (21)
where @d( );b( );p( ) is the solution of the Dirichlet uid subproblem:
F d'( );b( )ip(); =0 (22)

In other words, Sf( ) gives the interface uid stress associated to the
displacement of the interface. Analogously, the nonlinear solid inverse Steklov-

. 1 1 ..
Poincae operator S : H Z() ! H Z() (also called Neumann-Dirichlet
map) is given by

S()=d()i 8 2H ()
whered( ) is the solution of the Neumann solid subproblem:
Sd(); =0:

From the above de nitions, it follows that problem (18) (or, equivalently,
(17)) is equivalent to the following interface problem: nd "** 2 H %() such
that

SS Sf( n+1) — n+l: (23)
This equation is the so-called interface Dirichlet-Neumann formulation of (17).
The composition of (24) with the inverse operator (S%) !, gives rise to the
so-called Steklov-Poincae equation (see [36]):

(89 X ") S ")=o: (24)

Remark 6 For the sake of conciseness, we have limited the presentation to the
time semi-discrete problem(17). Nevertheless, the discussion also applies to
the fully discrete case, for instance, after space discretization 0of17) with nite
elements.
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3.2. Partitioned solution methods

These methods are generally based on the application of a particular
nonlinear iterative method to the interface formulations (23) or (24). In this
subsection we discuss some iterative procedures applied to (23). Some solution
methods for the non-linear problem (24) are introduced in [36]. Alternative
partitioned procedures, based on Robin-Neumann transmission conditions, have
been recently introduced in [9, 10].

The formulation (23) reduces problem (18) to the determination of a xed
point of the Dirichlet-Neumann operator S° Sf. This motivates the use of xed-
point (e.g., non-linear Richardson) based iterations, as shown in Algorithm 3
(see,e.g, [91, 92, 85, 96, 35, 107, 78]), wherex 2 (0; 1] is a given relaxation
parameter which is chosen in order to guarantee convergence. At the fully

Algorithm 3 Relaxed Dirichlet-Neumann xed-point iterations.
1. Initialize |

2. For k 0O until convergence of

a) Solve uid (including domain update):
k=S )

b) Solve solid:
€1 = S° )

c) Relaxation:
k+l — !kek+1 +(1 !k) k-

discrete level (.e., after discretization in space), an expression for this parameter
(which signi cantly improves the convergence) is given by the following multi-
dimensional Aitken's formula (see [92, 35, 78]):

e + e

!k: k .k 1 k+1 k k. k 1 . k 1: (25)
+ 2

J€k+1 kKt €k k 1)

Algorithm 3 can be considered as the simplest way of solving implicit
coupling in a partitioned fashion: existing uid and solid solvers (possibly
black-boX can be straightforwardly coupled, without signi cant modi cations
of the two solvers. The method, however, may su er from a poor convergence
behavior, which is dictated by the amount of added-mass e ect in the system.
Indeed, increased relaxation is required when the solid density decreases or the
domain length increases, which can compromise e ciency in real applications.
Theoretical explanations of this issue have been reported in [25] using a
simpli ed model (see also [85, 34, 74, 31]). The limitations of Algorithm 3
have led to the development of new variants: for instance, based on the use of
transpiration techniques [37], reduced order models [116], vector extrapolation
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[79], interface arti cial compressibility [104, 73, 33], and Robin-Neumann
coupling [9]. Itis worth noticing that these last two variants achieve convergence
without the need of relaxation and have a low sensitivity to the added-mass
e ect.

Alternatively, one can apply a Newton based method to (23), for a fast
convergence towards the solution (seeg.g, [59, 60, 32, 49]). This yields
Algorithm 4, which involves the Jacobian D R of the coupled operator

Algorithm 4  Interface Dirichlet-Neumann Newton's method.
1. Initialize

2. Fork O until convergence of
a) Solve uid (including domain update):
k=S

b) Solve solid:
€1 = S° )
c) Evaluate residual:
R( )= exn ks

d) Solve tangent problem:

D R( W) «= R( ) (26)
e) Update rule:
kt1 = kT ok
R()%Esssi() (27)

In practice, the linearized uid-structure problem (26) is solved using an
operator-free (Krylov) iterative method, as GMRES, which only requires
repeated evaluations ofD R( ) against given interface displacements . In
other words, the Jacobian operatorD R( ) is not explicitly needed.

Approximate evaluations of D R( ) (or resolutions of (26)) lead to the so-
called inexact (or quasi-) Newton methods (seee.g. [59, 78, 32]). For instance,
we can use as an approximation the di erence quotient

DR() ZR(+ ) R(); (28)

with > 0 a given small enough parameter (seee.g, [19]). Note that this
approach facilitates the use of black-box solvers (as Algorithm 3), since (28)
only requires residual evaluations. Nevertheless, as noticed in [59, Remark 5.1]
(see also [78]), such a strategy may lead to ine cient Newton iterations.
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Using the chain rule, we have
D R() =D sXs'()D s'() (29)

so that the exact evaluation of D R( ) can be split into the following three
sequential steps:

(i) Solve the linearized uid subproblem:
=D S'() ;
(i) Solve the linearized solid subproblem:

=D S%S'( ) ; (30)

(i) Update: D R( ) =

Steps (i) and (ii) require the linearized versions of the uid and solid solvers.
Note that step (ii) is standard in solid solvers. Step (i), on the contrary, is
non-standard and usually not available in most uid solvers. For this reason,
this step is usually approximated (see.e.g. [59, 60]).

In the rest of this subsection, we present the procedure proposed in [49] for
the evaluation of D R( ) , based on shape-derivative calculus (see [108, 1]).
By derivation of (21) with respect to  in the direction , we have

DS(); % DuFd()b()p ) 8;E ;000
Do HF d'( )s0( )p( ): (b5 b )i(B ;0,0,0) 5 (31)
forall 2 H () and with the notations 8" %' D d( ) , 6% D b()

and p ® b p( ) . While the second derivative in the right hand-side of

(31) is standard (e.g., a classical Fechet derivative), the cross-JacobianD 4« F
requires shape-derivative calculus, since it involves the derivation with respect
to d' of Eulerian integrals over ( df). This yields the following expression (see
[49] for details):

Z

Dy F(d';0:b; )Bf;(b:bi ;) = 1 fdiv du v

f

7 (4"

+ fdiv d)u w@) ru v frur du w@) v
(df 7 7 (d"
1 fd" ru v+ (u;p) I div d* (r d)T :irv
(a5 (df
rur d+(r dDT@r w)T oirv
f

(2) 7

(df)qdiv uldv d (¢ d) + B ; (32
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forall (b;h; ; )2H (") L2 ") L?( ™[ ) L?C". Note thatthe
above terms (see also (see [38, 15]) are not standard in a uid research code,
which explains why these terms have been usually neglected, or approximated
by nite di erences (see, e.g, [113, 89, 70]).

On the other hand, Bf, b and p can be obtained by implicit derivation
of (22). This yields
f
8 =D Ext( ) ; (33)

and ( b; p) solve the linearized uid subproblem:

D:wF d'( );0( );p( ); (b b);(b;4;0;0)
= DgF d'()0( )p ) B (b;4:0,0) (34)

for all (b;4) 2 Hlin[ ( ) L2 "), with the boundary conditions bj = =,
bj » = 0.

In summary, for each interface displacement , the sensitivity D S;( )
can be evaluated as follows:

(i) Compute the uid domain displacement sensitivity Bf from (33);
(i) Compute the uid sensitivities ( b; p) from (34) and (32);
(iii) Evaluate D S'( ) from (31) and (32).

Remark 7 Note that each operator-free evaluation (29) (one per GMRES
iteration in (26)) requires the resolution of the linearized uid subproblem(34)
and the linearized solid sub-problen(30).

We conclude this subsection with a few numerical illustrations from [49],
involving the coupling of the ALE Navier-Stokes equations with the linear
elasticity equations. The reported results correspond to the simulation of a
pressure wave propagation in a compliant straight vessel (see [52, 59]). The
following procedures are compared:

= FP-Aitken: Algorithm 3 with Aitken's dynamic relaxation (25);
= Newton: Algorithm 4 with exact Jacobian evaluation described above;

= Inexact-Newton: Algorithm 4 with the inexact Jacobian evaluation
obtained by neglecting the cross-JacobianD4+F (shape terms) in (34)
and (32).

Figure 2 (left) reports the number of iterations per time-step, performed by
each procedure. The superior convergence behavior of both Newton algorithms
is clearly visible. Figure 2 (right) shows that both Newton algorithms are about
2 times faster than the xed-point algorithm (see [49] for a detailed discussion).
Note that the cost of each Newton iteration is higher than the cost of a xed-
point iteration (see Remark 7).
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i Inexact-Newton-
45 FP-Aitken -~ _{

Algorithm CPU time

FP-Aitken 1.00

” Inexact-Newton 0.56
Newton 0.52

VoW il VWA WYY VWUV VWL

0 0.005 0.01 0.015 0.02 0.025 0.03
time

Figure 2: Left: number of non-linear iterations per time-step. Right:
dimensionless elapsed CPU time (=10 #s). From [49].

The impact of the exact Jacobian evaluations in Algorithm 4 can be
highlighted by increasing the time-step size. Figure 3 (left), reports the number
of iterations per time-step obtained with = 10 3s. The xed-point and
inexact-Newton algorithms fail to converge after two time steps (the allowed
maximum number of iterations is reached) whereas the exact Newton method
converges and requires a low number of iterations. Figure 3 (right) shows the
evolution of the residual during the iteration process in both Newton algorithms
at the third time step. While the exact Newton only requires 3 iterations to
reach the convergence threshold, the inexact-Newton algorithm is unable to
reduce the residual.

imber of iterati

L M PNNIY

0 0.005 001 0.015 0.02 0.025 0.03 0 20 40 60 80 100
time number of iterations

Figure 3: Left: number of non-linear iterations per time-step. Right: Newton
residuals ( =10 3 's). From [49].

Remark 8 Numerical evidence shows that the convergence of the GMRES
iterations involved in (26) is sensitive to the amount of added-mass e ect in
the system (see [11]), whereas the number of Newton iterations is practically
una ected. The overall sensitivity is, however, remarkably lower than that
of Algorithm 3 (see [11, x6.1]). Note that, for linear uid and solid solvers,
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Algorithms 3 and 4 can be viewed as, Dirichlet-Neumann preconditioned,
Richardson and GMRES iterations, respectively. Hence, the superiority of
Algorithms 4. At last, let us mention that the added-mass sensitivity of the
GMRES iterations can be reduced by using Robin-Neumann preconditioners, as
proposed in [10].

4. Semi-implicit coupling

A rst approach to reduce the computational complexity of implicit
coupling consists in treating the uid domain geometry explicitly (see, e.g.
[96, 110, 97, 111]). This corresponds to the followingxplicit-implicit treatment
of (13):

df;n+1 :EXt( dr‘lJ ), \bn+1 — @df;n+l; fin+1 :(I .+ df;n+1 )( f), (35)
bn+1 - @dn+l on :

n+l s _ n+1 n+l. . n+l n+ly T (36)
an®= J" bW p")F™) 'nooon

which, combined with (14) and (15), yields the time-marching scheme detailed
in Algorithm 5. Although not fully implicit, this scheme is strongly coupled
since the transmission conditions (13) and (13); are treated implicitly via (36).
As a result, the stability of Algorithm 5 is not compromised by the amount of
added-mass e ect in the system (see [110, 97, 111]).

Algorithm 5 Semi-implicit coupling scheme via explicit geometry treatment.
1. Update the uid domain con guration (mesh) and velocities via (35);

2. Solve the coupled problem (14), (15) and (36);

3. Go to next time-step.

At each time-step, Algorithm 5 involves the resolution of the non-linear
system (14), (15) and (36). This coupled problem enters the abstract framework
of the previous section (by simply removing the unknownd®™? in (18)) and,
therefore, can be solved by means of the partitioned procedures discussed
therein. Note however that, due to the explicit treatment of the uid geometry,
the corresponding uid operator S’ does not involve the computation of the
displacementdf. Hence, the shape terms, involved in the cross-derivativ® 4 F ,
are no longer needed for the exact evaluation ob Sf in the tangent problem
(26) of Algorithm 4.

4.1. Projection-based semi-implicit coupling

As mentioned above, Algorithm 5 is still a strongly coupled scheme, in
the sense that (13) and (13); are exactly enforced at each time-step. In this
subsection we present the alternative semi-implicit coupling scheme proposed in
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Algorithm 6  Semi-implicit coupling projection scheme ([48]).

1. Implicit step (pressure-structure coupling):

= Fluid projection sub-step:

8

n+1 n +r pn+1 =0 in
% divu"! =0 in
N = Uj(th+1) n on
% pn+1 = Pout (th+1) 0N

0" n=@d""* n on

un+1

= Solid:
8 n+l 1

‘@d’ " div "r=0

§ @d™t =" ¢

dn+1 - 0

% n*Ips=0

"“ins= J"b(e";p"*t)(F") Tn

2. Explicit step (viscous-structure coupling):

= Update uid domain:

d""*t = Ext( d"j );

fin+l :(l .+ df;n+l)( f)

. FIuid viscous sub-step:

\mn"'l - @df;n+l.

§ e u™ + f(@" w") r e"*?
A
2 div (e")=0
8" = Ujn(tns1)
§ i
Bn+1 - @dnt

3. Go to next time-step.

(37)

(39)
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[47, 48]. Though not strongly coupled, this scheme exhibits very good stability
properties. Basically this scheme relies upon the three following ideas:

= the pressure-structure coupling is treated implicitly in order to avoid
instabilities. This observation is motivated by the analysis reported in
[25], which shows that explicit pressure-structure coupling yields a scheme
whose stability is dictated by the amount of added-mass e ect in the
system;

= the remaining terms of the uid equations (dissipation, convection and
geometrical non-linearities) are explicitly coupled to the structure. This
drastically reduces the cost of the coupling without compromising the
overall stability of the scheme;

= this implicit-explicit coupling can be conveniently performed using a
Chorin-Temam projection scheme (seee.g [112, 29, 63]) in the uid.
Indeed, at each time step we propose to couple implicitly the projection
sub-step (carried out in a known uid domain) with the structure, so
accounting for the added-mass e ect in an implicit way, while the ALE-
advection-viscous sub-step is explicitly coupled.

The detailed steps of the semi-implicit coupling scheme proposed in [48]
are given in Algorithm 6. Here, the scheme is presented in its (non-
incremental) velocity-correction version and with a pressure-Darcy formulation
of the projection step (see [63, Section 4.1]).

Remark 9 Alternatively, the projection step (37) can be formulated as the
pressure-Poisson problem:

8 f

% p"tt = —dive" in M,

@pn+1 = f@Uin(tnﬂ) n on in;

1 - .
P = pout (tnsz) on O
f
@pn+l - . @dn+1 9n n on n.

(41)

Moreover, the divergence free velocity unknowmi"*? can then be eliminated in
(40) via the relation

f f

—ul = _g" ¢ pn+1

in  fn:

Note that step 2 of Algorithm 6 is performed only once per time-step. Step 1
involves the resolution of a coupled problem ((37)-(38) or (41)-(38)) of reduced
computational complexity (compared with step 1 of Algorithm 2 or with step 2
of Algorithm 5). This coupled problem can be solved, in a partitioned fashion,
with simpli ed versions of the procedures discussed inx3. As a matter of
fact, the main advantages of Algorithm 6 are its simplicity of implementation
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(specially compared to sophisticated Newton-like methods) and its e ciency
compared to the solution procedures presented so far. Obviously, its main
limitation is that it assumes the uid to be solved with a projection-based
scheme.

Remark 10 The ideas presented here can be generalized to other fractional step
schemes in the uid. For instance, extensions in the framework of algebraic
factorization methods have been reported in [103, 12].

Algorithm 6 is based on the following implicit-explicit time discretization of
the coupling conditions (13):

(

n+%ns: an(en;pn+1)(Fn) Tn on :
0"t n=@d""* n on
df;n+1 =EXt( dnj ); wn+1 - @df;n+1; fin+1 =(| C+ df;n+1)( f);
8" = @d" on

(

Note that (13)3 is not exactly enforced at each time-step and, therefore,
Algorithm 6 is not a strongly coupled scheme. Yet, this scheme is also not loosely
coupled since (13} is not treated explicitly (namely, the solid displacement and
the uid pressure are implicitly coupled).

Stability analysis (linear case)

In [48], the stability of Algorithm 6 has been analyzed in the framework of
the following linear model problem, coupling the Stokes equations with a linear
elastic solid model:

8 . _
% @u div (u;pp=0 in ;
divu=0 in ;

3 u=up on M (42)
'8 (u;p)n = pon on U,
> ‘@d div (d=0 in 3
S d=0 on ¢ (43)

(dn*=0 on

u=@d on ; (a4)

(dn°= " (u;p)n on

Though simplied, the linear coupled problem (42)-(44) contains the key
features of more complex uid-structure problems involving an incompressible
uid, as regards the stability of the coupling schemes (seee.g. [25]).

Since the analysis is carried out in the fully discrete case, we need to
introduce some notation for the discretization in space. We de neQ! as an



Coupling schemes for incompressible uid-structure interaction 23

internal continuous Lagrange nite element approximation of L2( ). Similarly,
th (resp. V{;h , with ! @, and V3})) is an internal continuous Lagrange
nite element approximation of H *( f) (resp. H{( f) and H 4( 9)). Since
the uid and solid space discretizations do not necessarily match at the interface
, We introduce an interface matching operator  : V() ! VL(), where
V$ () (resp. V{()) stands for the trace nite element space associated to
V3§ (resp. VL). The operator 1, can be, for instance, the standard Lagrange
interpolant (nodal-wise matching) or a projection based operator (see,e.g,
[41, 61, 7]).
The fully discretized problem writes as follows: forn 0,

1. Implicit step (pressure-structure coupling): nd (uf*™;pn*t;di*™) 2
VI QL V§ such that
Uin(tns1); on ™
h @yt on_
Z

4
up*t ey vl , ph*t div vl + G div up*t

SV AR 00
c C
>S5S T
N &
1 1

= PoutVh N BVHiGh) 2V wy  Qh:

out

n+1 n n 1 s s 4N+l .,,s
dyg 2dy + dy vy +a dy vy

s

= R (ep);Ln(vy)  Rpup™;ph™)iLn(vyj ) 8vy 2VE;
(45)

2. Explicit step (viscous-structure coupling): nd eﬂ” 2 VI, such that

% en’ = Un(thss); on ™
ep™ = @7 ; on
"z ; z
. en+l un+1 ef +2 Bn+1 . ef
g f h h h f ( h ) (h) 8EL2Vf[ in;h:
=0
(46)

Here, a5( ; ) stands for a general solid sti ness bilinear form and the uid stress
at the interface are given in terms of the (variationally consistent) residualsR
and R,, de ned as

z z
f
R (en+l);ef dgf en+1 un+1 ef+2 (Bn+1): (ef);
z' z
Rp(u”+l;p”+l);vf d:ef o un+l en Vf pn+l diVVf;
f f
and Ly : V§() ! VL stands for the standard discrete lifting operator,

satisfying Ln(br )] = n(bnj ) and Lp(bn)j n; o = O for all by 2 V).
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Remark 11 Note that, in (45), we impose up™ = j(@d}"™) on
(instead of (37)s) which is also optimal in the framework of nite element
approximations (see [62]).

Remark 12 We have considered here a simplied version of the coupling
scheme given by Algorithm 6. The uid domain being xed, no ALE terms
appear in the equations. Moreover, we assumed that the solid equations are
discretized in time with a (non-conservative) leap-frog scheme. In spite of
that, the main feature of the coupling scheme is preserved: the di usion step is
explicitly coupled with the structure. Without these simpli cations, the stability
analysis does not seem to be straightforward.

Let
f

S
EN S Skulk,  + o k@di kG, .+ %as(d” dn):;

be the discrete energy of the system at time-stem. In what follows, the symbol
indicates an inequality up to a multiplicative constant independent of the
discretization and physical parameters.
The following result (from [48]) provides the conditional stability of the
coupling scheme (45)-(46).

Theorem 2 Assume thatpe =0, uj, = 0, R (aﬂ) =0 and that the interface

matching operator  : V() !  Vf() is L?-stable. Then, under the
condition
( o
h ) gt O ifs=
f 42 S: with = _ 47
H h 1 if s6 ; (“7)
there holds,
K 1
EM + k (ef ")K3 (. E°
m=0
forn 1.

Some observations are now in order:

= The assumption on the L?-stability of the interface matching operator
is satised by the standard nite element interpolation operator, for
example, whenever the uid interface triangulation is a sub-triangulation
of the solid interface triangulation. This includes, in particular, the case
of interface matching meshes. By construction, a mortar based matching
operator also ful lls that assumption (see [17]).

= The su cient condition (47) can be satis ed by reducing the ratios h=H
and =(hH ). The later might be thought as a CFL-like condition. Note
that this is a major advantage compared to the (in)stability condition (5)
for the explicit-coupling scheme.
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= In the case s = (thin structure model), i.e., = 0, condition (47)
becomes independent of the solid mesh sizé. In particular, we may set
H = h, and stabilize the scheme by reducinch (and ).

» In the case S 6 , ie., = 1, the stability of the scheme can be
ensured provided that the uid mesh size h is small enough compared
to the structure mesh sizeH. Numerical simulations performed in 2D
and 3D, with h = H, showed however that this condition seems to be not
necessary, when dealing with physiological parameters.

Remark 13 We refer to [7] for an a priori error analysis of (45)-(46) which
ensures an overall O( T4 hK+ HM + h') convergence rate in the energy
norm. Here, k;m are respectively the polynomial degrees of the uid and solid
discretizations and | depends on the choice of the matching operatory,.

COUPLING ALGORITHM CPU time
FP-Aitken 24.86
Implicit Inexact-Newton 6.05
Newton 4.77
Semi-Implicit Newton 1

Table 1: Elapsed CPU time (dimensionless): straight cylinder, 50 time steps of
length =2 10 *s. From [48].

We conclude this section with a few numerical illustrations, involving the
coupling of the ALE Navier-Stokes equations with a non-linear shell model
(based on MITC4 shell elements [26]). Table 1 shows a comparison of the
elapsed CPU times (dimensionless) obtained in the simulation of a pressure wave
propagation in a compliant straight vessel (see [52, 59]). We can notice that the
semi-implicit coupling is 4.7 times faster than the best implicit coupling. This
performance rises much more when considering a more physiological situation.
In Table 2 we have reported the the elapsed CPU times (dimensionless) obtained
in the simulation of two cardiac cycles of blood ow in a idealized abdominal
aortic aneurysm (see Figure 4 (left)) under physiological conditions (see [106]).
The accuracy of the semi-implicit coupling scheme is highlighted in Figure 4
(right), in terms of the out ow rate.

COUPLING | CPU time
Implicit 9.3
Semi-Implicit 1.0

Table 2: Elapsed CPU time (dimensionless): blood ow in a idealized abdominal
aortic aneurysm, 2 cardiac cycles (1000 time-steps of length =1:68 10 3s).
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Figure 4: Left: idealized abdominal aortic aneurysm. Right: comparison of
implicit and semi-implicit coupling schemes, out ow rate.

5. Nitsche's based interface treatment

The coupling schemes described in the previous sections treat the interface
condition (13), as a (strongly imposed) Dirichlet boundary condition in the
uid, and (13) 3 as a Neumann boundary condition in the solid, respectively. We
shall see, in this section, that an appropriate weak treatment of these interface
conditions, based on Nitsche's interface method [16, 67], bene ts from:

= a speci ¢ treatment of the viscous contributions;
= further insights on the instability of explicit coupling (Algorithm 1).

These key features motivated the derivation of astabilized explicit coupling
scheme, in [22], and of a new semi-implicit coupling scheme, in [5], whose
stability properties are independent of the added-mass e ect. These schemes
are presented inx5.1 and in x5.2, respectively.

5.1. Stabilized explicit coupling

For the sake of simplicity and without loss of generality (see Remark 21
below), in this subsection we limit the presentation to the case of the linear
coupled problem (42)-(44). We shall also make use of some of the notations
introduced in x4.1 for the discretization in space.

Space semi-discretization: interface Nitsche's formulation

Originally, Nitsche's method [95] is a technique for enforcing Dirichlet
boundary conditions in a weak sense (instead of being built into the nite
element space). The method has recently been generalized to other boundary
conditions [75]. The extension of Nitsche's method to the approximation of
elliptic and parabolic problems with discontinuous piecewise polynomials is
known asdiscontinuous Galerkin (DG) method (see,e.g. [13, 119, 2, 3]). In[16],
Nitsche's method was proposed for the approximation of an interface problem
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arising in the framework of domain decomposition with non-matching grids.
Since then, it has been extended to di erent multi-physics problems (seee.g.,
[24, 23], and [67] for a review). In the context of uid-structure interaction, using
implicit coupling, some results are given for vibration problems (acoustics) in
[68] and for transient uid-structure interaction problems with moving uid
domains in [69].

The space semi-discrete Nitsche's interface formulation of (42)-(44) proposed
in [22] is given as follows: nd (Un; pn;dn;dy) 2 VL Qn [V {12, with up = uiy
on ™M such that

A (Uh;p%);(VL;QW) + A% (dnidn); (i)

(Unipa)n Vi VR up @ (Vhi a)n
z z
4 un @ vy VR = PoutVh N (48)
for all (vi;onviirn) 2 me;h Qn [Vi]?. Here, > 0 is a

dimensionless penalty parameter (specied below), and the uid and solid
volume contributions are given by

Z Z Z
AT unp)ivhia) T @ua vh+2 ) ) prdivyf
Z
+ Ch div up;
z' Z

AS (dnidn);(viirn) B S @dn VE+ @ dnivi + ° dy @y
s f

Remark 14 Note that, in (48), un and @dn (and v{ and v{) do not

necessarily match at the interface (interface DG formulation). The interface

integrals involving the uid stress (un;pn)n are computed face-wise, as broken
integrals.

By taking alternatively ( vi:q,) = 0 and Vi = rp = 0 in (48), this monolithic
problem can be reformulated (in a partitioned fashion) in terms of two interface
coupled problems:

= Solid subproblem: nd (dn;dpn) 2 [V ;]? such that

Z
A® (dn;dp);(viirn) + Y @dn vj
Z Z
=4 Un Vi (Un;pn)n vy (49)

forall (v§;rn) 2 V7%
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= Fluid subproblem: nd (un;pn) 2 V1,

Qn, with up = ujy on ™, such
that
Z
A" (un;pn); (vh o) (un;pn)n v
Z Z Z
un (Vi o)n+ T Un Vi = @y (v, t)n
Z Z

+ s @dn vh poutVL n (50)

out

forall (Vh;h) 2V ay  Qn.

Time semi-discretization: implicit and explicit coupling

As in x1, we consider a rst order backward di erence discretization in the

uid and a mid-point rule for the structure. The fully discrete uid and solid
volume terms at time-step n are thgn given by

Z
AT i) €T @upt viz ) (vh)
Z Z
f ph*t div v + G div uptt;
Z
A3 (dﬂ*l;dhnﬂ);(vf,;rh) E sz@dhnﬂ vi+asdp v
+ S d_ﬁ“’“? @dﬂﬂ r
and (49)-(50) can be discretized in time as follows: fon 0,
= Solid subproblem: nd (dp** ;dhnﬂ) 2 [V }1? such that
Z
+ +1 +
A (A iy )i (viire) + @Ayt i
Z Z
=4 Un Vi (ui;pi)n v (51)
for all (v§;rp) 2 [V 1%
= Fluid subproblem: nd (up*™;ph*™) 2 Vi Qn, with up*™ = ujn(tns1)
on ', such that
Z
AT Rttt ) (Vhi an) (uf;pn vi
Z Z Z
URT (i adn - Ut vi= @A (v go)n
Z Z

Y @dy™ v
forall (vi;eh) 2V ay  Qn.

Pout VL n (52

out
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If (uf;p?) = (up*t;pn*t), the scheme (51)-(52) corresponds to an implicit
coupling scheme. On the contrary, for (17;p7) = (uf;ph) the coupling scheme
is explicit (i.e., loosely coupled).
Let E" denote the total discrete energy of the system at the time leveh,
de ned by
ndef f. np2 s, L2 1 ¢ . ny.

E" = Ekuhko; Ekdhkc,; F 58 (dy;dp):
The next result (from [22]) summarizes the energy based stability of the coupling
schemes given by (51)-(52).

Theorem 3 Assume that the uid-structure system is isolated (i.e., uj, = 0
and poye =0) and let (up*™;pn**;dp* ;dhnﬂ) be given by(51)-(52).

= Implicit coupling: For (u?;p?) = (up*™;ph*h), 16Ct andn 1,
there holds
X 1 X 1
EN+ K (Up™)Kg, |+ + kut*t  @dp*tk3 . EY
m=0 m=0
= Explicit coupling: For (u?;p?) = (up;ph), 256CT; andn 1, there
holds
X 1 X 1
EN+ K (Up™)KG,  + + kuft  @dptt k3,
m=0 m=0
+ Tkuﬂkg; . E%+ Tkuﬂkg; + k(UK. |
h X1 m+1 m 2
+ — kpy, Pn Ko @ (53)
m=0

As expected implicit coupling is unconditionally stable. As regards explicit
coupling, Theorem 3 shows that the Nitsche interface penalty and the viscous
dissipation control the arti cial interface viscous perturbation, generated by
the explicit treatment of the coupling. Unfortunately, the arti cial interface
pressure contribution cannot be directly controlled by the discrete energy of
the system E", since we not have control on the time pressure uctuations
at the interface. Somehow this illustrates the already mentioned infamous
numerical instability featured by the explicit coupling scheme, when dealing
with incompressible uids (see x1 and [25, 54]). Yet, the energy estimate (53)
suggests that the scheme can betabilized by the addition of perturbations
giving enough control on the time pressure uctuations at the interface.

Remark 15 The consistency term R (up;pp)n v, in (52) could also be
evaluated at time leveh+1, as originally proposed in [21]. However, in this case
the arti cial interface viscous perturbation can not be controlled by the viscous
dissipation and the Nitsche's penalty term.
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Remark 16 The energy estimate (53) still remains pyvalid if we neglect

the viscous contribution of the (symmetrizinghterm (uﬂ+l @dﬂ+1

(v; a)n in (52), giving the consistentterm ¢, ul™  @dp™ n. Asa
result, the explicit coupling scheme (and the mentioned variant) can be formally
viewed as a space discrete counterpart of the following Robin-Robin based explicit
treatment of (44):

9

(@ Hns+ —@d™ = " ) =

e I on o (54)
p@di + (uhphn

(u”*l;pr”l)n + ?Un‘d

We will come back to this observation inx5.2.

Remark 17 Note that the scaling =h of the so-called Robin parameter in(54)

is provided by the Nitsche interface method. This choice di ers from the Robin-
Robin scaling proposed in [9], based on simplied models and which aims at
accelerating partitioned iterative solution methods within a fully implicit coupling
framework. At last, it is worth mentioning that (54) also di ers from recent
Robin-Robin procedures proposed for time-dependent problems, in the framework
of waveform relaxation methods (see, e.g., [57]).

Stabilized explicit coupling

The spurious oscillations of the uid pressure at the interface, arising in
the energy estimate (53), can be controlled by the following weakly consistent
penalty term: 7

+ h +
SE i) = - Pt Pl o (55)

with o > 0 a (dimensionless) parameter to be chosen su ciently large (see
Theorem 4). Hence, in [22], we propose to add (55) to the uid subproblem
(52). The resulting stabilized explicit coupling scheme is given in Algorithm 7.

The next theorem (from [22]) provides an energy estimate for the stabilized
explicit coupling scheme (Algorithm 7).

Theorem 4 Assume that the uid-structure system is isolated (i.e., uj, = 0
and pot = 0) and let (up**;pn*t;dp*t ;d.hnﬂ) be given by Algorithm 7. For
256CT;, o 8andn 1, the following energy estimate holds

X 1 X 1
E"+ K (u)KG,  + 4 kup ™ @dR kG, + ——kufk,

m=0 m=0

oh kpnk3. . EO“LT"”(“)"%? + k (up)k3  + oh

+

kppk3. @ (56)

Therefore, Algorithm 7 is energy stable under the (hyperbolic-CFL like)
condition
= O(h): (57)
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Algorithm 7 Stabilized explicit coupling ([22]).

1. Solid subproblem: nd (d?**;df ) 2 [V £]2 such that

z
G N (T B LY
4 4

= — up vj (upspp)n vy

h

for all (vi;rn) 2 [V 312

2. Fluid subproblem: nd (up™;pp*™) 2 Vi Qn, with uf* = Uiy (tne1)
on ", such that

z
AT (uR™ eyt (Vi o) up™  (vhi a)n
Y4 z
SR A AR D N CHH O L I
z Y4 z
@dﬂﬂ (VL; Ch)n + h @dﬂﬂ VL poutVL n

for all (vi;ch) 2V ny  Qn.

3. Go to next time-step.

Two observations are now in order.

= According to Theorem 4, the stability of Algorithm 7 is independent of
the added-mass e ect: the uid-solid density ratio = 5 and the length of
the domain do not come into play. This observation is con rmed by the
numerical results reported in Figure 5, corresponding to the simulation
of the pressure wave propagation in a two-dimensional straight channel.
The numerical solution remains stable irrespectively of the amount of
added-mass e ect. Note that this is a major advantage compared to
standard explicit-coupling schemes, whose (in)stability is dictated by
these quantities, irrespectively of the discretization parameters (see the
discussion inx1 and [25, 54]).

= The proof of Theorem 4 is based, exclusively, on the dissipation due
to the Nitsche coupling and the time pressure penalization term. As a
result, the stability result is independent of the dissipative features of the
uid and solid time discretization schemes. This is a signi cant progress
with respect to the stability result stated in Theorem 2, for the semi-
implicit coupling scheme (45)-(46), whose proof depends on the dissipative
properties of the solid time discretization scheme (see Remark 12). On
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the other hand, as regards the uid time-discretization, one could use, for
instance, a neutrally stable second order scheme.

Remark 18 The discrete continuity equation in step 2 of Algorithm 7 is given

b
Y z 4 4

@+ andivup™ = (up™ o @diT) na (58)

The right hand-side being a consistent term, we can interpret the stabilization
term (55) as a weakly-consistent interface arti cial compressibility. The
proposed approach has therefore clear connexions with the already mentioned
interface arti cial compressibility methods [104, 73, 33] for solving implicit
coupling in a partitioned fashion. In these iterative procedures, the
compressibility term vanishes at convergence and the arti cial compressibility
parameter is chosen so as to optimize e ciency and not for consistency or
stability purposes.

Remark 19 From Remarks 16 and 18, we can conclude that the main
ingredients in the stability of Algorithm 7 are:

= the Robin-Robin based explicit treatment of the interface coupling
conditions (54);

= the interface arti cial compressibility perturbation of the continuity
equation (58).

Remark 20 In the framework of a simplied structural behavior, given in
terms of a (d 1)-dimensional model (e.g., plates, membranes, shells or
inertial-algebraic models), alternative explicit coupling schemes have recently
been reported in [65, 64, 44] (see also [97%4.1.1]). Since in this case = 5,
the coupling condition (44) can be embedded into the uid equations (as a
Robin boundary condition) and, hence, treated implicitly through a specic
(inertial/elastic) time-splitting of the solid equation. A generalization of these
schemes to the case of thick structures can be found in [50].

In [22], a formal error estimate for the stabilized explicit coupling scheme

is obtained from the energy estimate provided by Theorem 4. Let | %

def def n def ,n
U RU(ta). Vh Z BR aP(tn), = di nd(th)and o S dy  nd(ty)
be the discrete errors, where , denotes a suitable interpolation operator. We

can derive the following error estimate

E". EC+ ry+ry; (59)
where
f s 1 K 1 .
En d:ef Ek Ekg, ¢ + Ek_hnkz, s + Eas( E, R)+ k( hm l)kg; ,
m=0
X 1 :
R Y | g N

m=0
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Figure 5: Stabilized explicit coupling (Algorithm 7). Left: interface mid-point
y-displacement for di erent values of the uid-solid density ratio (= 5. Right:
out- ow rate for di erent values of the vessel length L. From [22].
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Figure 6: Stabilized explicit coupling without correction: snapshots of the
pressure and solid deformation (exaggerated) at two time instants. From [22].

The terms on the right hand side of (59) consists o£°, which measures the error
in the initial data, r;, which consists of the terms related to the consistency of
the uid and solid discretizations, and r,, which contains the explicit coupling

consistency error and the weak-consistency introduced by the time penalty
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Algorithm 8  Stabilized explicit coupling with K 0 corrections ([22]).

def def
1. Setup™ = up and pp*t 0 = pn;

2. Correction loop: fork =0;:::;K solve

a) Solid subproblem: nd (d7****1: ™ "™y 2 [v $12 such that

Z
1;k+1 .
AS (dn+l k+1 . d'hn+ + ) ( h,rh) o @dﬂ+l'k+1 Vﬁ
z rd
_ +1 ;k +1 k +1 ;k
=5 U Vh (U™ PRI vy

for all (vi;rn) 2 [V}]%

b) Fluid subproblem: nd (up****;ph*t**y 2 vi  Qp, with
n+1;k+1

up = Uin(tns2) On M, such that

Z
Z Z

1;k+1 Oh 1:k+1 1k
+ ? UR+ + VL + 0 p2+ + pﬂ+ %
Z A
— (uﬂ+l;k n+l; k)n Vh @dﬂ+1;k+l (VL; q1)n
A Z
+ v @dﬂﬂ AV Pout (tn+1 )VE, N
out

forall (vi;gn) 2 V] Qn;

def n+1 ;K +1 n+l def n+1;K +1 n+l def n+1:K +1
3. Setul*t = ot p = p d = drtt
: h h + Ph h + Yh
n+1 def n+l ;K +1

dyt e

4. Go to next time-step.

and

stabilization operator S. For the latter term we have
!

(h )2

[SINTN

1 1
r,=0 ( )7h7%+ §H+7( )%
For xed h, the convergence order in time is imposed by the weak-consistency
of the time penalty stabilization, which scales asO( #). The other two terms
scale asO( ) but with a constant depends on 1=h. Therefore, when re ning
both in  and in h, the stability condition (57) (i.e., = O(h)) is not enough
to ensure convergence. We must take = O(h?) in order to keep r, = O(h).
Such a choice is optimal in the energy norm if piecewise a ne approximations
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are used in space.

In practice, the method su ers from a deterioration of the accuracy, due
to the weak consistency of the time penalty stabilization term, which rates
as O( %) in a xed mesh. As proposed in [22], accuracy can be improved
by performing one correction iteration (see,e.g. [109]). The stabilized explicit
coupling scheme withK 0 corrections iterations is given in Algorithm 8. Note
that, for K =0 (i.e., without corrections) Algorithm 8 reduces to the original
stabilized explicit coupling scheme (Algorithm 7). Conversely, forK '1  (i.e.,

iterating until convergence) we recover the implicit coupling scheme (51)-(52),
(ufiph) = (up™;pp™).

One of the main features of Algorithm 8 is that, after K 0 corrections,
estimate (59) is expected to hold with (seee.g, [81])

K +1 K +1 -

ro=0 H?“LWJ'(M p

(60)

Therefore, one correction iteration (.e., K =1) is enough to retrieve rst order
time accuracy in a xed mesh, since (60) yieldsr, = O( 2=h+ 2=h?+ h ).
Note that, in this case, overall r, = O(h) accuracy can be ensured under the
(weakened) condition = O(h%).

0015

" STABILIZED EXPLICIT: 0 CORRECTIONS
IWPLICI

mid-point vertical displacement (cm)
mid-point vertical displacement (cm)

Figure 7: Interface mid-point y-displacement: stabilized explicit coupling (with
and without correction) and implicit coupling (strongly enforced kinematic
condition). From [22].

Remark 21 Algorithm 8 can be extended to the non-linear case (i.e., to
problem (11)-(13)) without major diculty. Roughly, the idea consists in
replacing steps 2 and 3 of Algorithm 1 by the non-linear counterparts of the
uid and solid correction steps in Algorithm 8. We refer to [22, x5.5] for the
details.

We conclude this subsection with a few numerical illustrations (from [22])
in the framework of the already mentioned straight vessel benchmark. Some
snapshots of the uid pressure and solid deformation (half a section) obtained
with the non-linear version of Algorithm 8 are reported in Figure 6. The impact
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of the correction iterations is highlighted in Figure 7, where we compare the
results with those obtained with a fully implicit coupling scheme (Algorithm 2).
Figure 7 (left) shows that, without correction, the stabilized explicit scheme is
unable to accurately represent the solution provided by the implicit coupling
scheme. Figure 7 (right) shows that one correction iteration is su cient to
recover all the local features of the implicit coupling solution (.e., we recover
rst order time accuracy).

5.2.  Robin-based semi-implicit coupling

The theoretical and numerical results summarized inx4 show that the
projection semi-implicit coupling scheme drastically improves the stability
properties of conventional explicit coupling and the e ciency of implicit
coupling. In spite of that, the scheme has two aws. From a theoretical
point of view, a non-convervative solid time discretization (i.e., with numerical
dissipation) is required in the derivation of the energy stability estimate
provided by Theorem 2 (see Remark 12). Secondly, though much less sensitive
to the added-mass e ect than explicit coupling, numerical evidence shows that
the stability can be sensitive to changes in uid-solid density ratio and other
physical parameters (see the results reported in Figure 8 with the linear model
(42)-(44)). As a matter of fact, the stability condition (47) provided by Theorem

semi-implicit
L implicit

° °
5 °
8 g
T

vertical displacement
°
B
T

1
0 0.002 0.004 0.006 0.008 0.01
time

Figure 8: Comparison of the implicit and semi-implicit coupling: interface mid-
point vertical displacement ( f =1, $=1:2 10 2, =10). From [5].

2 depends on the solid and uid densities. In this subsection we present an
alternative semi-implicit coupling, proposed in [5], that circumvents these two
shortcomings. The key idea consists in treating the explicit part of the coupling
in a full weak sense, by using a speci c Robin-Robin coupling derived from
Remark 16 (see also Remark 19).

Let us consider the original semi-implicit coupling scheme (45)-(46) applied
to linear coupled problem (42)-(44). As we have already seen, this coupling
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scheme is based on the following implicit-explicit time discretization of (44):

u™l n=@d" n) _
ne Iyns S~ on ; (61)
(d*"zZ)n>= (e’;p""")n
" = @d"** on (62)

Note that, in (46), the kinematic interface conditions (61); and (62) are both
strongly imposed (.e., built in the nite element space). Instead, we now
propose to treat the explicit part of the coupling (i.e., the viscous-structure
coupling) weakly, by using the following explicit Robin-Robin treatment, derived
from (54):

9
u™ n=@d"" n=

(@ Hns+ —@d"* = —e"  (e";p"")n;

on ;

2 (@")n+ ?e”” = ?@d”” +2 (e")n on

Note that, in contrast to (54), the pressure-structure coupling remains implicit
and the kinematic interface condition (61); is strongly enforced (as in the
original semi-implicit coupling scheme).

The proposed Robin based semi-implicit coupling scheme, applied to the
linear coupled problem (42)-(44), reads therefore as follows (compare with (45)-
(46)): forn 0,

= Implicit step (pressure-solid coupling): nd (up*™;pn*t;dp™ ;d,nfl) 2

VI QL [V such that

8 n+l _ . in
Up ™ = Uin(th+1) on
upt™ = p(@dy™) on
.z z
% — uptt oen Vi pi*tdivvl + g divul*?
Z f f
-= wt Pout (tn+1 )VL n S(VL;%) 2 Vf [ M:h QL:
8 sZ n+1 n+ 1 z n+ 3 +1
%i @dy VR Hatdy vy o+ C dy T @Ayt Ty
A Z *Z
3 @yt vi= - el Vi 2 (e]n vi

h
Ro(Up™sph™ )iLn(vii ) 8(visrn) 2 [VE T
(63)
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= Explicit step (viscous-solid coupling): nd eﬂﬂ 2 VL such that

8 .

eﬂﬂ = uin(tn+l) on n.

'z z z

— eyt ouptt el +2 (ep™): (el)+ - el e

f f
E Z VA
S =4 @di?t el +2 (ep)n e, 8ep2V'i.,:
(64)

Note that in (63) we have considered a conservative time discretization for the
structure.

standard semi-implicit
L new semi-implicit
implicit

°
°
g

o
8
T

vertical displacement
°
5
T

1 1 1
0 0.002 0.004 0.006 0.008 0.01
time

Figure 9: Comparison of the implicit, semi-implicit and Robin based semi-
implicit coupling schemes: interface mid-point vertical displacement (f = 1,
$=1:2 10 2, =10). From [5].

Let us de ne the energy of the discrete coupled system, at time leveh, as:
f

S
EN = Skepk o+ Ekdﬂ kg <+ %as(d” Jdf):

The following result (from [5]) states the energy based stability of the Robin-
based semi-implicit coupling scheme (63)-(64).

Theorem 5 Let (ep™ ;pn*t;dn* ;dhnﬂ) be given by (63)-(64) and assume
that the system is isolated (i.e.,pout = 0 and u;, = 0). For 4Ct and
n 1, there holds

X 1 X 1
E"+ k (en ™)K, « + Yy kep ™ @diTKG + Tkeﬂkg;
m=0 m=0
EO+ Kk (epkd « + Tkeﬂkg; : (69)

Therefore, the semi-implicit coupling scheme(63)-(64) is energy stable under
the condition = O(h).
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Algorithm 9  Robin based semi-implicit coupling algorithm ([5]).
1. Explicit step: update uid domain (mesh)

(

di"*t =Extn(dlyj ); wpt = @d"*t in
fin+1 :(l .+ dL;n+l)( f):
2. Implicit step (pressure-structure coupling):
= Fluid projection sub-step: nd (ufl**;pt*) 2 vi,' QI such that
8 )
uﬂﬂ = Uin(th+1) on n
% bt = p(@dit) on
Z

Z
f
% — up*t ep vl ph*t div vl + Gh divul*t
fin fin fin
2 : :
= Paultns)Vh 0 BB 2V nyy Qs
(66)
= Solid: nd (d™;di™) 2 [V § ]2 such that
8 L z
N
% AS dldy vy + - @di?t v
Z Z n+1
= = ey vy 2 (Bp)n Vi (67)
g Z n+1 n+1
- L R R A

1
3. Explicit step (viscous-structure coupling): nd QE+ 2 VL such that

% 92+1 = uin(tn+l) OZn in; 7

f n+l , f n+1 f _ n+l f
g & Bh 'Eh * r n+1 ;h Eh - r n+1 @dH Eh (68)
. +2 (ep)n e, 8ep2V'i.,;

4. Go to next time step.
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Since the stability condition of Theorem 5 does not depend on the uid-
solid density ratio neither on the geometry of the domain, the semi-implicit
coupling scheme (63)-(64) remains stable irrespectively of the added-mass
e ect. Moreover, thanks to the natural interface dissipation of the Robin-Robin
coupling, a di usive time marching in the structure is no longer needed to ensure
stability. These observations are con rmed by the numerical results reported
in Figure 9. The numerical instabilities shown in Figure 8, for the original
semi-implicit coupling, are not present in the solution provided by the Robin
based semi-implicit coupling scheme, which accurately predicts the results of
the implicit coupling scheme.

Remark 22 Theorem 5 follows by a combination of the arguments involved
in the proofs of Theorems 2 and 3. Let us notice that, here, we do not need
to stabilize pressure uctuations, that is, to introduce the weakly consistent
arti cial compressibility at the interface (55). Indeed, due to the implicit
treatment (63) of the pressure-solid coupling, no articial interface pressure
perturbations appears in the energy estimateg69).

Remark 23 Theorem 5 can be extended to the case in which, instead of the
pressure-Darcy formulation (63)1, we consider the pressure-Poisson formulation
of the projection step (see Remark 9). We refer to [5x4.3] for the details.

The non-linear counterpart of the semi-implicit coupling scheme (63)-(64)
(namely, the Robin based counterpart of Algorithm 6) is detailed in Algorithm
9. Here, Ext, stands for a discrete version of the lifting operator Ext, the solid
mass and sti ness contribution are given by

Z
+1., 4n+1, . def n+l
AS d':' 1d1—| 1V|s—11rH - s @d'H Vls—1
Z ° Z
+ } (dn+1)+ (dn ) r VS + S d-:|+% @dn+1 [
2 . H H/ - H . H H»
while, for the uid
¢ Z tZ
f n+1, f def n+1 f n+1 f
A ey e = — e, e, — up™ ey
Z fin +1 Z fin
f
t 5 (dv el)el™ e f 1(divwﬂ+l)eﬂ+l e
n o+ n o+
Z Z
f n n+1 n+1 f n+ly . fy.
+ (8, wp") r e, e, +2 (en ") (en):

fin +1 fin +1

We conclude this subsection with an illustration of the numerical results
obtained (in [5]) with Algorithm 9 (pressure-Poisson version) and the
physiological test case considered irx4. Figure 10 presents some snapshots
of the wall deformation and the uid velocity elds at two time instants. Figure
11 shows that, even in this complex case, both the original and the Robin based
semi-implicit coupling schemes provide a prediction that compares well to the
reference implicit solution.
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Figure 10: Robin based semi-implicit coupling: shapshots of the solid
deformation and uid velocity eld at two di erent time instants. From [5].

Figure 11: Comparison of the implicit, standard semi-implicit and Robin based
semi-implicit coupling schemes: maximal displacement of the structure. From

(5]

6. Conclusion

The work summarized in this review was devoted to the approximation
and numerical resolution of the mechanical interaction between a viscous
incompressible uid and an elastic structure, with a strong added-mass e ect.
In this framework, standard explicit (or loosely coupled) schemes are known to
be unstable, irrespectively of the discretization parameters. In the context of
implicit coupling, we have seen that the exact evaluation of the cross-derivative
of the Jacobian (shape terms) leads to robust Newton iterations. Yet, these
procedures remain computationally expensive in real applications.

We have seen that implicit coupling can be avoided, without compromising
stability, via the semi-implicit and the explicit coupling schemes described in
x4 and x5, respectively. In particular, the explicit Robin-Robin treatment
derived from the Nitsche treatment of the coupling yields added-mass e ect
free schemes. The price to pay is a perturbation of the truncation error,
which enforces constraints on the rate of the discretization parameters€.g.
parabolic-CFL). Let us emphasize, that for standard loosely coupled schemes,
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these constraints do not cure the instabilities!

Many aspects of the studies presented in this review are open to further
investigations (some of them are in progress). In the context of the numerical
analysis of the schemes, the focus could be put on the convergence analysis
in the linear case, for instance, in the spirit of [84, 7]. Further investigations
could also address the generalization of the stability analysis to the non-linear
case (seee.g., [83] for implicit coupling). Alternative explicit coupling schemes,
motivated by the explicit Robin-Robin coupling (54), can be devised [20]:

(i) stabilized explicit coupling with a residual based treatment of the uid
stresses at the interface (instead of face-wise, as in the interface Nitsche's
method);

(i) ypstabilized explicit Robin-Robin coupling without the consistency term
upt o @dp™) nao;

(iii) explicit Robin-Robin coupling with (pressure-Poisson) projection scheme.

The variants (i) and (iii) can be proved to be energy stable. In particular,

it is worth noticing that the combination of the Robin-Robin splitting with

the pressure-Poisson treatment of the projection step, in (iii), leads to a
natural stabilization of the time pressure uctuations. Numerical evidence
suggests that also (ii) is energy stable, but the analysis does not seem to
be straightforward. The incremental displacement and displacement-velocity
correction schemes recently introduced in [44, 50] will also be the topic of
forthcoming investigations. An interesting feature of these loosely coupled
procedures is that they can be interpreted as optimally consistent kinematic
perturbations of an underlying implicit coupling scheme.

Regarding the applications, we plan to incorporate some of the proposed
procedures in the context of the simulation of the uid-structure interaction
phenomena in the heart (see [118]), using the reduced valves models recently
proposed in [4]. At last, in the context of inverse problems in blood ows .g.,
wall parameters estimation), some promising results [18], on the estimation of
the mechanical properties of the vessel wall, have already been obtained by
adapting the Itering techniques recently developed in [27].
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