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❛❣❡♠❡♥t✳ ❘❛♥❞♦♠♥❡ss t❛❦❡s ♣❧❛❝❡ ♦♥❧② ✐♥ t❤❡ ♣r✐❝❡s ♦♥ ✇❤✐❝❤ t❤❡ ❝♦♠♠♦❞✐t✐❡s
❛r❡ ❡①❝❤❛♥❣❡❞ ✇❤✐❧st st❛t❡ ✈❛r✐❛❜❧❡ ✐s ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧✳ ■♥ ❬✽❪✱ ✇❡ ♣r♦♣♦s❡❞
❛♥ ❛❧❣♦r✐t❤♠ t♦ ❞❡❛❧ ✇✐t❤ s✉❝❤ ♣r♦❜❧❡♠✱ ❜❛s❡❞ ♦♥ q✉❛♥t✐③❛t✐♦♥ ♦❢ r❛♥❞♦♠ ♣r♦✲
❝❡ss ❛♥❞ ❛ ❞✉❛❧ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ t②♣❡ ❛♣♣r♦❛❝❤✳ ❲❡ ♦❜t❛✐♥❡❞ ❛❝❝✉r❛t❡
❡st✐♠❛t❡s ♦❢ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ❛♥❞ ❛ s✉❜♦♣t✐♠❛❧ str❛t❡❣② ❢r♦♠ t❤✐s ❛❧❣♦r✐t❤♠✳
■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛♥❛❧②s❡ t❤❡ s❡♥s✐t✐✈✐t② ✇✐t❤ r❡s♣❡❝t t♦ ♣❛r❛♠❡t❡rs ❞r✐✈✐♥❣ t❤❡
♣r✐❝❡ ♠♦❞❡❧✳ ❲❡ ❞✐s❝✉ss t❤❡ ❡st✐♠❛t❡ ♦❢ ♠❛r❣✐♥❛❧ ♣r✐❝❡ ❜❛s❡❞ ♦♥ t❤❡ ❉❛♥s❦✐♥✬s
t❤❡♦r❡♠✳ ❋✐♥❛❧❧②✱ s♦♠❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛♣♣❧✐❡❞ t♦ r❡❛❧✐st✐❝ ❡♥❡r❣② ♠❛r❦❡t
♣r♦❜❧❡♠s ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞✳ ❈♦♠♣❛r✐s♦♥s ❜❡t✇❡❡♥ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ ❬✽❪
❛♥❞ ♦t❤❡r ❝❧❛ss✐❝❛❧ ♠❡t❤♦❞s ❛r❡ ♣r♦✈✐❞❡❞ ❛♥❞ ❡✈✐❞❡♥❝❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❡st✐✲
♠❛t❡ ♦❢ ♠❛r❣✐♥❛❧ ♣r✐❝❡s✳

❑❡②✲✇♦r❞s✿ s❡♥s✐t✐✈✐t②✱ st♦❝❤❛st✐❝ ♣r♦❣r❛♠♠✐♥❣✱ ❉❛♥s❦✐♥ t❤❡♦r❡♠✱ ❞✉❛❧ ❞②✲
♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣

∗ ❚♦t❛❧✱ P❛r✐s ▲❛ ❉❡❢❡♥s❡✱ ❈❖▼▼❆◆❉❙ t❡❛♠✱ ■◆❘■❆✲❙❛❝❧❛② ❛♥❞ ❈▼❆P✱ ❊❝♦❧❡ P♦❧②t❡❝❤✲
♥✐q✉❡✱ P❛❧❛✐s❡❛✉✱ ❋r❛♥❝❡ ✭③❤✐❤❛♦✳❝❡♥❅♣♦❧②t❡❝❤♥✐q✉❡✳❡❞✉✮✳

† ❈❖▼▼❆◆❉❙ t❡❛♠✱ ■◆❘■❆✲❙❛❝❧❛②✱ ❈▼❆P✱ ❊❝♦❧❡ P♦❧②t❡❝❤♥✐q✉❡✱ P❛❧❛✐s❡❛✉✱ ❛♥❞ ▲❛❜♦✲
r❛t♦✐r❡ ❞❡ ❋✐♥❛♥❝❡ ❞❡s ▼❛r❝❤és ❞❡ ❧✬❊♥❡r❣✐❡✱ P❛r✐s✱ ❋r❛♥❝❡ ✭❋r❡❞❡r✐❝✳❇♦♥♥❛♥s❅✐♥r✐❛✳❢r✮✳

‡ ❚♦t❛❧✱ P❛r✐s ▲❛ ❉❡❢❡♥s❡✱ ❋r❛♥❝❡ ✭t❤✐❜❛✉❧t✳❝❤r✐st❡❧❅t♦t❛❧✳❝♦♠✮✳



❆♥❛❧②s❡ ❞❡ s❡♥s✐❜✐❧✐té ❞❡ ♣r♦❜❧é♠❡s ❞❡ ❣❡st✐♦♥ ❞❡

❝♦♥tr❛ts ❞✬é♥❡r❣✐❡ ♣❛r ❞❡s t❡❝❤♥✐q✉❡s ❞❡

♣r♦❣r❛♠♠❛t✐♦♥ st♦❝❤❛st✐q✉❡

❘és✉♠é ✿ ◆♦✉s ❝♦♥s✐❞ér♦♥s ✉♥ ♠♦❞è❧❡ ❞❡ ❣❡st✐♦♥ ❞❡ ❝♦♥tr❛ts ❞❡ ♣r♦❞✉✐t ❞❡
❜❛s❡ ❡♥ ♠♦②❡♥ t❡r♠❡✳ ▲❡s ❛❧é❛s ♥❡ ♣♦rt❡♥t q✉❡ s✉r ❧❡ ❞②♥❛♠✐q✉❡ ❞❡ ♣r✐①✳ ❉❛♥s
❬✽❪✱ ♥♦✉s ❛✈♦♥s ♣r♦♣♦sé ✉♥ ❛❧❣♦r✐t❤♠❡ ♣♦✉r ❝❡ t②♣❡ ❞❡ ♣r♦❜❧è♠❡✱ ❜❛sé s✉r ❧❛ ♠é✲
t❤♦❞❡ ❞❡ q✉❛♥t✐✜❝❛t✐♦♥ ❞❡ ♣r♦❝❡ss✉s ❛❧é❛t♦✐r❡✱ ❡t ❧✬❛♣♣r♦❝❤❡ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥
❞②♥❛♠✐q✉❡ ❞✉❛❧❡✳ ◆♦✉s ❛✈♦♥s ♦❜t❡♥✉ ✉♥ ❡st✐♠❛t❡✉r ♣ré❝✐s ❞❡ ❧❛ ✈❛❧❡✉r ♦♣t✐✲
♠❛❧❡ ❡t ✉♥❡ str❛té❣✐❡ s♦✉s✲♦♣t✐♠❛❧❡ ♣❛r ❝❡t ❛❧❣♦r✐t❤♠❡✳ ❉❛♥s ❝❡t ❛rt✐❝❧❡✱ ♥♦✉s
❛♥❛❧②s♦♥s ❧❛ s❡♥s✐❜✐❧✐té ♣❛r r❛♣♣♦rt ❛✉① ♣❛r❛♠ètr❡s ❞❛♥s ❧❡ ♣r♦❝❡ss✉s ❛❧é❛t♦✐r❡
✭♠♦❞è❧❡ ❞❡ ♣r✐①✮✳ ◆♦✉s ❞✐s❝✉t♦♥s ✉♥ ❡st✐♠❛t❡✉r ❞❡ ❝♦ût ♠❛r❣✐♥❛❧ ❜❛sé s✉r ❧❡
t❤é♦rè♠❡ ❞❡ ❉❛♥s❦✐♥✳ ❆ ❧❛ ✜♥✱ ❞❡s t❡sts ♥✉♠ér✐q✉❡s ❛♣♣❧✐q✉és à ❞❡s ♣r♦❜❧è♠❡s
ré❡❧s ❞❛♥s ❧❡ ♠❛r❝❤❡ ❧✬é♥❡r❣✐❡ ♦♥t été ré❛❧✐sés✳ ▲❡s ❝♦♠♣❛r❛✐s♦♥s ❞✉ rés✉❧t❛t ♣❛r
❧❛ ♠ét❤♦❞❡ ❞❛♥s ❬✽❪ ❡t ❝❡❧✉✐ ♣❛r ❞❡s ❛✉tr❡s ♠ét❤♦❞❡s✱ ❞♦♥♥❡♥t ❞❡s ❡st✐♠❛t❡✉rs
♣ré❝✐s s✉r ❧❡ ❝♦ût ♠❛r❣✐♥❛❧✳

▼♦ts✲❝❧és ✿ s❡♥s✐❜✐❧✐té✱ ♣r♦❣r❛♠♠❛t✐♦♥ st♦❝❤❛st✐q✉❡✱ t❤é♦rè♠❡ ❉❛♥s❦✐♥✱
♣r♦❣r❛♠♠❛t✐♦♥ ❞②♥❛♠✐q✉❡ ❞✉❛❧❡



❙❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ♦❢ ❡♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ♣r♦❜❧❡♠ ✸

✶ ▼♦t✐✈❛t✐♦♥

❲❡ st✉❞② ❛ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡tt✐♥❣s✳ ❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❝♦♥s✐❞❡r
❛ ✉♥✐❢♦r♠ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t✐♠❡ ❤♦r✐③♦♥ [0, T ]✱ 0 = t0 < t1 < · · · < tK = T ✱ ❛♥❞
❛ ❞✐s❝r❡t❡ t✐♠❡ ▼❛r❦♦✈ ♣r♦❝❡ss (ξk) := (ξtk

) ✭✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ r❡♣❧❛❝❡
✐♥ ✐♥❞❡① tk ❜② k ❢♦r s❛❦❡ ♦❢ ❝❧❛r✐t②✮ ✐♥ t❤❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ L2(Ω, (Fk),P; Rd)✳
❚❤❡ ❝❛♥♦♥✐❝ ✜❧tr❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ (ξk) ✐s ❞❡♥♦t❡❞ ❜② Fk := σ(ξs, 0 ≤ s ≤ k)✳
❲❡ ♠❛② ✇r✐t❡ ✐ts ❞②♥❛♠✐❝s ❛s

ξk+1 = f(Wk, ξk, αk) 0 ≤ k ≤ K − 2, ✭✶✮

✇❤❡r❡ ξ0 ✐s ❞❡t❡r♠✐♥✐st✐❝✱ (αk) ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❞❡t❡r♠✐♥✐st✐❝ ♣❛r❛♠❡t❡rs✱ ❛♥❞
(Wk) ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t sq✉❛r❡❞ ✐♥t❡❣r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ✐♥❞❡✲
♣❡♥❞❡♥t ♦❢ Fk✱ ✜♥❛❧❧② f ✐s ❛ ♠❡❛s✉r❛❜❧❡ ♠❛♣♣✐♥❣✳

❚❤❡ st♦❝❤❛st✐❝ ❞②♥❛♠✐❝ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥✿

inf
(uk)∈U

E

[

K−1
∑

k=0

ck(ξk) · uk

]

s✉❜❥❡❝t t♦ uk ∈ Uk, ❛❧♠♦st s✉r❡❧②,

xk+1 = xk +Akuk, x0 = 0,

xT ∈ XT ❛❧♠♦st s✉r❡❧②✳

✭✷✮

✇❤❡r❡ uk ∈ R
n ✐s t❤❡ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡✱ U := L2(Ω, (Fk),P; Rn) ✐s t❤❡ ❢✉♥❝t✐♦♥❛❧

s♣❛❝❡ ♦❢ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡ uk✱ Uk ✐s ❛ ❝♦♠♣❛❝t ♥♦♥❡♠♣t② ♣♦❧②❤❡❞r❛❧ s❡t ✐♥ R
n✱

xk ∈ R
m r❡♣r❡s❡♥ts t❤❡ st❛t❡ ✈❛r✐❛❜❧❡✱ XT ✐s t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ✜♥❛❧ st❛t❡

❛ss✉♠❡❞ t♦ ❜❡ ❛ ♥♦♥❡♠♣t② ♣♦❧②❤❡❞r❛❧ s❡t ✐♥ R
m t❛❦✐♥❣ ♣❧❛❝❡ ✐♥ t❤❡ ✜♥❛❧ st❛❣❡

❝♦♥str❛✐♥t ♦✈❡r st❛t❡ ✈❛r✐❛❜❧❡ xT ✱ Ak ∈ R
m×n ✐s t❤❡ ❞②♥❛♠✐❝ ♠❛tr✐①✱ ck(·) :

R
d → R

n ✐s t❤❡ r✉♥♥✐♥❣ ❝♦st ✉♥✐t✱ ❛ss✉♠❡❞ t♦ ❜❡ ▲✐♣s❝❤✐t③✳
❙✉❝❤ ❢♦r♠✉❧❛t✐♦♥ ✭✷✮ ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ♠♦st ♠❡❞✐✉♠ ❛♥❞ ❧♦♥❣✲

t❡r♠ ❡♥❡r❣② ❝♦♥tr❛❝ts ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞ ❛s ♠✉❧t✐ st❛❣❡ st♦❝❤❛st✐❝ ❞②♥❛♠✐❝ ♣r♦✲
❣r❛♠s✳ ■♥❞❡❡❞✱ ♠♦st ♦❢ t❤❡ ❝♦♥tr❛❝ts ❞❡✜♥❡ t❤❡ t❡r♠s ♦♥ ❤♦✇ t❤❡ ❝♦♠♠♦❞✐t②
✇✐❧❧ ❜❡ ❡①❝❤❛♥❣❡❞ t❤r♦✉❣❤♦✉t t❤❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr❛❝t✳ ❚❤❡s❡ t❡r♠s ❣❡♥❡r✲
❛❧❧② st❛t❡ t❤❛t t❤❡ q✉❛♥t✐t② t♦ ❜❡ t❛❦❡♥ ❛t t✐♠❡ tk ✭♠♦❞❡❧❧❡❞ ❜② t❤❡ ❝♦♥tr♦❧ uk✮
✐s ❜♦✉♥❞❡❞ ❜② ♠✐♥✐♠❛❧ ❛♥❞ ♠❛①✐♠❛❧ ❛♠♦✉♥ts✳ ❚❤❡② ❛❧s♦ s♣❡❝✐❢② t❤❡ ♣r✐❝❡ ❛t
✇❤✐❝❤ t❤❡ ❝♦♠♠♦❞✐t② ✇✐❧❧ ❜❡ ❡①❝❤❛♥❣❡❞ ❛t t✐♠❡ tk❀ t❤✐s ♣r✐❝❡ ✐s ❣❡♥❡r❛❧❧② ❛ ❢✉♥❝✲
t✐♦♥ ♦❢ t❤❡ s♣♦t ♣r✐❝❡ ✭♠♦❞❡❧❧❡❞ ❜② ck(ξk)✮ ♦❜s❡r✈❡❞ ❛t t❤❛t ♣❡r✐♦❞✳ ❙✐♥❝❡ t❤❡
s♣♦t ♣r✐❝❡ ✐s ✉♥❦♥♦✇♥ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣✱ t❤❡ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s st♦❝❤❛st✐❝✳ ❚❤❡
❛✐♠ ♦❢ t❤❡ ❤♦❧❞❡r ♦❢ s✉❝❤ ❝♦♥tr❛❝t ✐s t♦ ♦♣t✐♠✐③❡ ✐ts ❞❡❝✐s✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
♣r✐❝❡ ✐♥❢♦r♠❛t✐♦♥ ❛✈❛✐❧❛❜❧❡ t♦ ❤✐♠ ❛t t❤❛t t✐♠❡✳ ❍❡r❡✱ ✇❡ ❝❤♦♦s❡ t♦ ♠❛①✐♠✐③❡
t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ r❡✈❡♥✉❡✳ ■♥ ♦r❞❡r t♦ ❜❡ ❝♦♠♣❧✐❛♥t ✇✐t❤ t❤❡ ❢♦r♠✉❧❛t✐♦♥
♦❢ ✭✷✮✱ ✇❡ ✇✐❧❧ ✢✐♣ t❤❡ s✐❣♥ ♦❢ t❤❡ r❡❛❧ ❝♦st✲r❡✈❡♥✉❡ ❢✉♥❝t✐♦♥s t♦ tr❛♥s❢♦r♠ ❛
♠❛①✐♠✐③✐♥❣ ♣r♦❜❧❡♠ ✐♥t♦ ❛ st❛♥❞❛r❞ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳

▼♦st ♦❢ t❤❡ ❛rt✐❝❧❡s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❢♦❝✉s ♦♥ t❤❡ ♣r♦❝❡❞✉r❡s ♦♥ ❤♦✇ t♦ s♦❧✈❡
♣r♦❜❧❡♠ ✭✷✮ ❛♥❞ ❤❡♥❝❡ ❤♦✇ t♦ ❣❡t t❤❡ ❝♦♥tr❛❝t✬s ♣r✐❝❡ ✭s❡❡ ❈❛r♠♦♥❛ ❛♥❞ ❚♦✉③✐
❬✶✷❪✱ ❈❛r♠♦♥❛ ❛♥❞ ▲✉❞❦♦✈s❦✐ ❬✶✶❪✱ ❛♥❞ ❇❛rr❡r❛✲❊st❡✈❡ ❡t ❛❧ ❬✻❪✮✳ ❆❧t❤♦✉❣❤
❡ss❡♥t✐❛❧✱ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ♥❡❡❞s t♦ ❜❡ ❝♦✉♣❧❡❞ ✇✐t❤ s❡♥s✐t✐✈✐t② ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛
tr❛❞✐♥❣ ♣❡rs♣❡❝t✐✈❡✳ ■♥❞❡❡❞✱ t❤❡ ✈❛❧✉❡s ♦❢ s❡♥s✐t✐✈✐t✐❡s ✭❝❛❧❧❡❞ t❤❡ ❣r❡❡❦s✮ ❛❧❧♦✇
tr❛❞❡rs t♦ r❡♣❧✐❝❛t❡ t❤❡ ♣r✐❝❡ ✈❛r✐❛t✐♦♥s ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ t❤❡ ❝♦♥tr❛❝ts t❤❡② ❤❛✈❡
t♦ ♠❛♥❛❣❡ ♦♥ ❛ r❡❣✉❧❛r ❜❛s✐s✳ ❙❡❡ ❬✷✵✱ ❈❤❛♣t❡r ✶✼❪ ❢♦r ❢✉rt❤❡r ❞✐s❝✉ss✐♦♥s ♦♥
❤❡❞❣✐♥❣ str❛t❡❣✐❡s ✉s✐♥❣ t❤❡ ❣r❡❡❦s ❛♣♣❧✐❡❞ t♦ ✈❛♥✐❧❧❛ ♦♣t✐♦♥s✳

❘❘ ♥➦ ✼✺✼✹



✹ ❩✳ ❈❡♥✱ ❏✳❋✳ ❇♦♥♥❛♥s ❛♥❞ ❚✳ ❈❤r✐st❡❧

❆ ❧♦t ♦❢ ❡✛♦rts ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ ✐♥ ♦r❞❡r t♦ ❛ss❡ss ♣r♦♣❡r s❡♥s✐t✐✈✐t✐❡s ❢r♦♠
❞✐s❝♦♥t✐♥✉♦✉s ♣❛②♦✛s s✉❝❤ ❛s ❞✐❣✐t❛❧ ♦r ❜❛rr✐❡r ♦♣t✐♦♥s✳ ❍♦✇❡✈❡r✱ ♦♥❧② ❛ ❤❛♥❞✲
❢✉❧ ♦❢ ♣❛♣❡rs ❢♦❝✉s ♦♥ ♦♣t✐♠❛❧ ❡①❡r❝✐s❡ t②♣❡ ♦♣t✐♦♥s ❛♥❞ ♠♦st ♦❢ t❤❡♠ ❝♦♥❝❡r♥
❇❡r♠✉❞✐❛♥ ♦♣t✐♦♥s ✇❤✐❝❤ ❛r❡ ❝♦♠♠♦♥ ✐♥ t❤❡ ❜❛♥❦✐♥❣ ✐♥❞✉str②✳ ❘❡❝❡♥t❧②✱ ❈♦♥t
❛♥❞ ❋♦✉r♥✐é ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ❢✉♥❝t✐♦♥❛❧ ■tô ❢♦r♠✉❧❛ ✐♥ ♦r❞❡r t♦ st✉❞② t❤❡ s❡♥s✐✲
t✐✈✐t✐❡s ♦❢ ♣❛t❤ ❞❡♣❡♥❞❡♥t ♦♣t✐♦♥s ✇✐t❤♦✉t ❝♦♥tr♦❧ ❬✶✹✱ ✶✸❪✳ ❖✉r ♣✉r♣♦s❡ ✐♥ t❤✐s
♣❛♣❡r ✐s t♦ ♣r♦✈✐❞❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ ♠❡t❤♦❞ t♦ ❡st✐♠❛t❡ s❡♥s✐t✐✈✐t✐❡s ❢♦r ♣r♦❜❧❡♠
✭✷✮ ❜❛s❡❞ ♦♥ t❤❡ ❉❛♥s❦✐♥✬s t❤❡♦r❡♠ ✇❤✐❝❤ ✐s ✇❡❧❧ ❦♥♦✇♥ ❛♠♦♥❣ t❤❡ ♦♣t✐♠✐③❛t✐♦♥
♣r❛❝t✐t✐♦♥❡rs✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❉❛♥s❦✐♥✬s t❤❡♦r❡♠ ✐s t❤❛t ✐t ❝❛♥ ❜❡ ❛ss♦❝✐✲
❛t❡❞ t♦ ❛♥② ❞✐s❝r❡t✐③❛t✐♦♥ t②♣❡ ♠❡t❤♦❞ s✉❝❤ ❛s P❉❊✱ ▼♦♥t❡ ❈❛r❧♦ ♦r ♦♣t✐♠❛❧
q✉❛♥t✐③❛t✐♦♥✳ ❆❧s♦✱ ✐t ❞♦❡s ♥♦t r❡q✉✐r❡ t♦ r❡❡st✐♠❛t❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛✲
t✐♦♥s ♦♥❝❡ t❤❡② ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞ ❞✉r✐♥❣ t❤❡ ♣r✐❝❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐s❡❞ ❛s ❢♦❧❧♦✇s✿ s❡❝t✐♦♥ ✷ ♣r❡s❡♥ts t❤❡ r❡s♦❧✉t✐♦♥ ❢r❛♠❡✲
✇♦r❦ ♦❢ ♣r♦❜❧❡♠ ✭✷✮ ❛rt✐❝✉❧❛t❡❞ ❛r♦✉♥❞ ♦♣t✐♠❛❧ q✉❛♥t✐③❛t✐♦♥ ❛♥❞ st♦❝❤❛st✐❝
❞✉❛❧ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ✭❙❉❉P✮✳ ❙❡❝t✐♦♥ ✸ ✐♥tr♦❞✉❝❡s t❤❡ ♠♦❞❡❧ ❞r✐✈✐♥❣
t❤❡ ♣r✐❝❡s ❛♥❞ s❡❝t✐♦♥ ✹ ❢♦❝✉s❡s ♦♥ t❤❡ ❉❛♥s❦✐♥✬s t❤❡♦r❡♠ t❤r♦✉❣❤ t❤❡ ❝♦♠✲
♣✉t❛t✐♦♥ ♦❢ s❡♥s✐t✐✈✐t✐❡s✳ ❈♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❛r❡ ❛❧s♦ ♣r♦✈✐❞❡❞ ✐♥ s❡❝t✐♦♥ ✹✳
❋✐♥❛❧❧②✱ ♥✉♠❡r✐❝❛❧ t❡sts ❛r❡ ♣❡r❢♦r♠❡❞ ✐♥ s❡❝t✐♦♥ ✺✳

✷ ❆ r❡✈✐❡✇ ♦❢ q✉❛♥t✐③❛t✐♦♥ ❞✐s❝r❡t✐③❛t✐♦♥ ❛♥❞ st♦❝❤❛s✲

t✐❝ ❞✉❛❧ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❜r✐❡✢② ♣r❡s❡♥t t❤❡ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ♦✉r
♣r❡✈✐♦✉s ❛rt✐❝❧❡ ❬✽❪✳

✷✳✶ ❉✐s❝r❡t✐③❛t✐♦♥

■♥ ♠❛♥② r❡❛❧ ❧✐❢❡ ♣r♦❜❧❡♠s✱ t❤❡ ❞✐s❝r❡t❡ t✐♠❡ r❛♥❞♦♠ ♣r♦❝❡ss (ξk) ♠❛② ♣♦ss✐❜❧②
t❛❦❡ ✈❛❧✉❡ ✇✐t❤✐♥ ❛♥ ✐♥✜♥✐t❡ s❡t✳ ■♥ ♦r❞❡r t♦ ♠❛❦❡ t❤❡ ♣r♦❜❧❡♠ ♥✉♠❡r✐❝❛❧❧②
tr❛❝t❛❜❧❡✱ ✇❡ st❛rt ❜② ❞✐s❝r❡t✐③✐♥❣ t❤❡ r❛♥❞♦♠ ♣r♦❝❡ss ❜② ❛ tr❡❡✳ ❇❡❝❛✉s❡ ♦❢ t❤❡
▼❛r❦♦✈ ♣r♦♣❡rt② ♦❢ r❛♥❞♦♠ ♣r♦❝❡ss✱ ❛ r❡❝♦♠❜✐♥✐♥❣ tr❡❡ ✐s t❤❡ ♠❡t❤♦❞ ♦❢ ❝❤♦✐❝❡
❢♦r r❡❞✉❝✐♥❣ ❝♦♠♣❧❡①✐t②✳ ❇❛❧❧② ❡t ❛❧ ❬✸✱ ✷❪ ✐♥tr♦❞✉❝❡❞ t❤❡ ✈❡❝t♦r✐❛❧ q✉❛♥t✐③❛t✐♦♥
tr❡❡ ♠❡t❤♦❞ ❛s ❛ ♥❡✇ ❞✐s❝r❡t✐③❛t✐♦♥ ♠❡t❤♦❞✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t♦ r❡♣❧❛❝❡ ξk ❜②
t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ξ̂k ✇❤♦s❡ s✉♣♣♦rt ✐s ❛ ✜♥✐t❡ s❡t Γk =

{

ξi
k, 1 ≤ i ≤ Nk

}

✳ ❚❤❡

q✉❛♥t✐③❛t✐♦♥ ξ̂ ✐s s❛✐❞ t♦ ❜❡ ♦♣t✐♠❛❧ ✐❢ ✐t ♠✐♥✐♠✐③❡s t❤❡ ❡rr♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
L2 ♥♦r♠✿

ξ̂ ∈ argmin

{

‖ξ − ξ̂‖2 :=

(

K−1
∑

k=0

‖ξk − ξ̂k‖
2
2

)1/2

: ξ̂k ∈ Γk,

K−1
∑

k=0

#(Γk) =

K−1
∑

k=0

Nk ≤ N

}

✭✸✮

✇❤❡r❡ N ✐s t❤❡ ♥✉♠❜❡r ♦❢ q✉❛♥t✐③❡❞ ♣♦✐♥ts ✐♥ t❤❡ tr❡❡✳ ❚❤❡♥✱ ✇❡ ❞❡✜♥❡ ❛
❱♦r♦♥♦✐ t❡ss❡❧❧❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ q✉❛♥t✐③❡❞ ♣♦✐♥ts ξi

k ∈ Γk ❜②

Ci
k :=

{

ξk : |ξk − ξi
k| ≤ min

j 6=i
|ξk − ξj

k|

}

.

■◆❘■❆



❙❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ♦❢ ❡♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ♣r♦❜❧❡♠ ✺

❚❤❡ ✜♥❛❧ st❡♣ ❝♦♥s✐sts ✐♥ ❜✉✐❧❞✐♥❣ t❤❡ r❡❝♦♠❜✐♥✐♥❣ tr❡❡ ❜② ❝♦♠♣✉t✐♥❣ ♣r♦❜✲
❛❜✐❧✐t② tr❛♥s✐t✐♦♥s✿

pij
k := P

[

ξ̂k+1 = ξj
k+1 | ξ̂k = ξi

k

]

= P

[

ξk+1 ∈ Cj
k+1 | ξk ∈ Ci

k

]

❜❛s❡❞ ♦♥ t❤❡ ❧❛✇ ♦❢ (ξk)✳ ❇❛❧❧② ❛♥❞ P❛❣ès ❛❧s♦ ♣r♦♣♦s❡❞ ✐♥ ❬✸❪ t❤❡ ❝♦♠♣❡t✐t✐✈❡
❧❡❛r♥✐♥❣ ✈❡❝t♦r q✉❛♥t✐③❛t✐♦♥ ✭❈▲❱◗✮ ❛❧❣♦r✐t❤♠ ❛✐♠❡❞ ❛t ❜✉✐❧❞✐♥❣ ❛ ✈❡❝t♦r✐❛❧
q✉❛♥t✐③❛t✐♦♥ tr❡❡ ❜❛s❡❞ ♦♥ t❤❡ st♦❝❤❛st✐❝ ❣r❛❞✐❡♥t ♠❡t❤♦❞✳

✷✳✷ ❙t♦❝❤❛st✐❝ ❞✉❛❧ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛❧❣♦r✐t❤♠

❆❢t❡r ❤❛✈✐♥❣ ❞✐s❝r❡t✐③❡❞ t❤❡ r❛♥❞♦♠ ♣r♦❝❡ss (ξk) ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ✈❡❝t♦r✐❛❧
q✉❛♥t✐③❛t✐♦♥✱ ✇❡ ♥♦✇ ❢♦❝✉s ♦♥ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✷✮✳ ❚❤✐s ♣r♦❜❧❡♠ ❝❛♥
❜❡ ♥❛t✉r❛❧❧② ❝♦♠♣♦s✐t❡❞ ✐♥ t✐♠❡ ❜② t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡✳ ❲❡
❞❡♥♦t❡ ❜② Q(k, xk, ξk) t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡✿

Q(k, xk, ξk) = inf
(us)∈U

E

[

K−1
∑

s=k

cs(ξs) · us

]

s✉❜❥❡❝t t♦ us ∈ Us ❛❧♠♦st s✉r❡❧②,

xs+1 = xs +Asus, x0 = 0,

xT ∈ XT ❛❧♠♦st s✉r❡❧②✳

✭✹✮

❚❤❡♥✱ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Q(k, xk, ξk) = inf
uk∈Uk

ck(ξk) · uk + Q(k + 1, xk+1, ξk) ✭✺✮

✇❤❡r❡
Q(k + 1, xk+1, ξk) = E[Q(k + 1, xk+1, ξk+1) | Fk]

❛♥❞ ✜♥❛❧ t✐♠❡ ❝♦♥❞✐t✐♦♥✿

Q(T, xT , ξT−1) = χXT
(xT ) =

{

0 ✐❢ xT ∈ XT

∞ ♦t❤❡r✇✐s❡

■♥ t❤❛t ♣❡rs♣❡❝t✐✈❡✱ ✇❡ ❤❛✈❡ ♦♣t❡❞ ❢♦r t❤❡ st♦❝❤❛st✐❝ ❞✉❛❧ ❞②♥❛♠✐❝ ♣r♦✲
❣r❛♠♠✐♥❣ ✭❙❉❉P✮ t②♣❡ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ✐s ✇❡❧❧ s✉✐t❡❞ t♦ ♦✉r ♣r♦❜❧❡♠✳ ❚❤❡
♠❛✐♥ ✐❞❡❛ ♦❢ ❙❉❉P ❛❧❣♦r✐t❤♠ ✐s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡ ❢✉♥❝t✐♦♥
Q(k, xk, ξk−1) ❜② t❤❡ s✉♣r❡♠✉♠ ♦❢ ❛ ❢❛♠✐❧②✱ ❞❡♣❡♥❞✐♥❣ ♦♥ tk ❛♥❞ ξk✱ ♦❢ ❛✣♥❡

❢✉♥❝t✐♦♥ ♦❢ xk✱ ❞❡♥♦t❡❞ ❜② ϑ(k + 1, xk+1, ξ̂k,M
ξ̂k

k+1)✳ ❚❤✐s ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥
s✉❝❝❡ss✐✈❡ ✐t❡r❛t✐♦♥s ♦❢ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ♣❛ss❡s✳

❚❤❡ ❢♦r✇❛r❞ ♣❛ss ❣❡♥❡r❛t❡s ❛ s❡t ♦❢ r❛♥❞♦♠ tr❛❥❡❝t♦r✐❡s ❢♦❧❧♦✇✐♥❣ t❤❡ ❞②✲
♥❛♠✐❝ ♦❢ (ξk) ❛♥❞ r✉♥s t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦♥ t❤❡ ✢② ♦✈❡r t❤❡s❡ tr❛❥❡❝t♦r✐❡s ✉s✐♥❣
t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✿

inf
uk∈Uk

ck(ξk) · uk + ϑ(k + 1, xk+1, ξ̂k,M
ξ̂k

k+1)

s✉❜❥❡❝t t♦ xk+1 = xk +Akuk,

ϑ(k + 1, xk+1, ξ
i
k,M

ξ̂k

k+1) ≥ x∗ · xk+1 − e; ∀(x∗, e) ∈ M
ξ̂k

k+1,

✭✻✮

❘❘ ♥➦ ✼✺✼✹



✻ ❩✳ ❈❡♥✱ ❏✳❋✳ ❇♦♥♥❛♥s ❛♥❞ ❚✳ ❈❤r✐st❡❧

✇❤❡r❡ M
ξ̂k

k+1 ✐s t❤❡ s❡t ♦❢ ♦♣t✐♠❛❧✐t② ❝✉ts ❝✉♠✉❧❛t❡❞ ❛t ✈❡rt❡① ξ̂k ∈ Γk✳ ❚❤❡
st❛t✐st✐❝❛❧ ❛✈❡r❛❣❡ ♣❡r❢♦r♠❡❞ ♦✈❡r t❤❡ ✈❛❧✉❡ ❛ss♦❝✐❛t❡❞ t♦ ❡❛❝❤ ❢♦r✇❛r❞ ♣❛ss
♣r♦✈✐❞❡s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ ✭✷✮✳

❚❤❡ ❜❛❝❦✇❛r❞ ♣❛ss ✉♣❞❛t❡s t❤❡ ♦♣t✐♠❛❧✐t② ❝✉ts Mξ̂k

k+1 ♦♥ ❡❛❝❤ ✈❡rt❡① ✐♥ t❤❡
tr❡❡ ✉s✐♥❣✿

inf
uk∈Uk

ck(ξ̂k) · uk + ϑ(k + 1, xk+1, ξ̂k,M
ξ̂k

k+1)

s✉❜❥❡❝t t♦ xk+1 = xk +Akuk,

ϑ(k + 1, xk+1, ξ
i
k,M

ξ̂k

k+1) ≥ x∗ · xk+1 − e; ∀(x∗, e) ∈ M
ξ̂k

k+1.

✭✼✮

❚❤❡r❡❢♦r❡ t❤❡ ❜❛❝❦✇❛r❞ ♣❛ss ❣❡♥❡r❛t❡s ❛ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ❛t
✜rst st❛❣❡✳

◆♦t❡ t❤❛t ✇❡ ❛r❡ ✉s✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ❝♦♥t✐♥✉♦✉s r❛♥❞♦♠ ♣r♦❝❡ss (ξk) ✐♥ t❤❡
❢♦r✇❛r❞ ♣❛ss✱ ✇❤❡r❡❛s t❤❡ ❞✐s❝r❡t✐③❡❞ r❛♥❞♦♠ ♣r♦❝❡ss (ξ̂k) ✐s ✉s❡❞ ✐♥ t❤❡ ❜❛❝❦✲
✇❛r❞ ♣❛ss✳

✸ Pr✐❝❡ ♠♦❞❡❧

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ r❛♥❞♦♠ ♣r♦❝❡ss✱ t❛❦✐♥❣ ♣❛rt ✐♥ t❤❡ ♠♦❞❡❧✐♥❣
♦❢ ❢✉t✉r❡s ❝♦♠♠♦❞✐t② ♣r✐❝❡ ❡✈♦❧✉t✐♦♥✱ ❢♦❧❧♦✇s t❤❡ ❝❡❧❡❜r❛t❡❞ ❇❧❛❝❦ ♠♦❞❡❧ ❬✼❪✳
❆❧t❤♦✉❣❤ s✐♠♣❧✐st✐❝✱ t❤✐s ♠♦❞❡❧ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♦♥❡ ❢❛❝t♦r ●❛✉ss✐❛♥ ❍❏▼
♠♦❞❡❧ ✭s❡❡ ❬✶✺❪✮ ✇❤✐❝❤ ✐s ✇❡❧❧ ❛❞❛♣t❡❞ ❢♦r ❢♦r✇❛r❞ ❝✉r✈❡ ♠♦❞❡❧✐♥❣✳ ❚❤✐s ♠♦❞❡❧ ✐s
❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♣r❛❝t✐❝❡✲❜❛s❡❞ ❧✐t❡r❛t✉r❡✱ ❊②❞❡❧❛♥❞ ❛♥❞ ❲♦❧②♥✐❡❝❬✶✼✱ ❈❤❛♣t❡r
✺❪✱ ❛♥❞ ▲❛✐ ❡t ❛❧ ❬✶✽❪✳ ❙✐♥❝❡ ✇❡ ❛r❡ ✉s✐♥❣ t❤❡ ✈❡❝t♦r✐❛❧ q✉❛♥t✐③❛t✐♦♥ ♠❡t❤♦❞
t♦ ❞✐s❝r❡t✐③❡ t❤❡ ✉♥❞❡r❧②✐♥❣ r❛♥❞♦♠ ♣r♦❝❡ss✱ ✇❡ ❛r❡ ♥♦t ❧✐♠✐t❡❞ t♦ t❤❛t ♠♦❞❡❧✳
❖t❤❡r ✜♥❛♥❝✐❛❧ ♣r✐❝❡ ♠♦❞❡❧s ❝❛♥ ❛❧s♦ ❜❡ ❛♣♣❧✐❡❞✳

❚❤❡ ♣r✐❝❡ ♠♦❞❡❧ t❛❦❡s ❛s ♣❛r❛♠❡t❡rs t❤❡ ♠❛r❦❡t ✈♦❧❛t✐❧✐t✐❡s σ✱ ❝♦❧❧❡r❛t✐♦♥
ρ ❛s ✇❡❧❧ ❛s t❤❡ ❢♦r✇❛r❞ ❝✉r✈❡ F0✳ ❚❤❡ ❇❧❛❝❦ ♠♦❞❡❧ st❛t❡s t❤❛t ❢✉t✉r❡ ♣r✐❝❡s
♦❢ ❝♦♠♠♦❞✐t✐❡s ❛r❡ ♠❛rt✐♥❣❛❧❡s ✇❤♦s❡ ❡①♣❡❝t❛t✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♦r✐❣✐♥❛❧
❢♦r✇❛r❞ ❝✉r✈❡ ❧❡✈❡❧ F0 ❞✉❡ t♦ ❧❛❝❦ ♦❢ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t✐❡s✳ ❚❤❡ ❢♦r✇❛r❞
❝♦♥tr❛❝t ♣r✐❝❡ F t

s ❛t t✐♠❡ s✱ ✇✐t❤ ♠❛t✉r✐t② ✭❛❧s♦ ❝❛❧❧❡❞ t❡♥♦r✮ t✱ ❢♦❧❧♦✇s ✉♥❞❡r
t❤❡ ❡q✉✐✈❛❧❡♥t ♠❛rt✐♥❣❛❧❡ ♠❡❛s✉r❡ ✭❊▼▼✮ P t❤❡ ❢♦❧❧♦✇✐♥❣ ❞②♥❛♠✐❝✿

ln
(F t

k+1)
i

(F t
k)i

= σiW i
k −

1

2
(σi)2 i = 1, . . . , d; ✭✽✮

✇❤❡r❡ W i
k ✐s ❛ st❛♥❞❛r❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ N (0, 1)✱ ✇✐t❤ ❝♦rr❡❧❛t✐♦♥

corr(W i
s ,W

j
s ) = ρij .

❚❤❡♥✱ t❤❡ s♣♦t ♣r✐❝❡s ❛t t✐♠❡ tk ❛r❡ s✐♠♣❧② ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ t❤❡ tk✲❡①♣✐r✐♥❣
❢♦r✇❛r❞ ❝♦♥tr❛❝ts ❛t t✐♠❡ tk✿ ξk = F k

k ✱

ξi
k := (F k

k )i = (F k
0 )i exp

(

k−1
∑

s=0

σiW i
s −

1

2
(σi)2k

)

i = 1, . . . , d; ✭✾✮

✇❤❡r❡ (F k
0 ) ✐s t❤❡ ♦r✐❣✐♥❛❧ ❢♦r✇❛r❞ ❝✉r✈❡ ♦❜s❡r✈❡❞✳ ❙❡tt✐♥❣

Si
k := exp

(

k−1
∑

s=0

σiW i
s − (σi)2k/2

)

,

■◆❘■❆



❙❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ♦❢ ❡♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ♣r♦❜❧❡♠ ✼

✇❡ t❤❡♥ ❤❛✈❡ ξi
k = (F k

0 )iSi
k✳

✹ ❙❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s

❚❤❡ ♣r✐♥❝✐♣❛❧ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ❧✐❡s ✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❉❛♥s❦✐♥✬s
t❤❡♦r❡♠ ❢♦r ❝♦♠♣✉t✐♥❣ ❝❡rt❛✐♥ s❡♥s✐t✐✈✐t✐❡s ♦❢ ♣r♦❜❧❡♠ ✭✷✮✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡
❜❡❣✐♥ ❜② st❛t✐♥❣ t❤✐s t❤❡♦r❡♠ ❛♥❞ ❛♣♣❧② ✐t t♦ ♦✉r s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s✳ ❚❤❡♥✱ ✇❡
♣r♦✈✐❞❡ ❛ r❡s✉❧t ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s❡♥s✐t✐✈✐t② ❡st✐♠❛t❡ ♦❢ ♦✉r
❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐♥ s❡❝t✐♦♥ ✷ t♦ t❤❡ ❛❝t✉❛❧ s❡♥s✐t✐✈✐t✐❡s ♦❢ t❤❡ ♦r✐❣✐♥❛❧
♣r♦❜❧❡♠ ✭✷✮✳

■♥ t❤❡ s✉❜s❡q✉❡♥t ❛♥❛❧②s✐s✱ ❣✐✈❡♥ t✇♦ ❇❛♥❛❝❤ s♣❛❝❡s X ❛♥❞ Y ✱ ✇❡ s❛② t❤❛t
φ : X → Y ✐s ❞✐r❡❝t✐♦♥❛❧❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t ❛ ♣♦✐♥t x ∈ X ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ h ∈ X
✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♠✐t ❡①✐sts✿

φ′(x;h) := lim
t↓0

φ(x+ th) − φ(x)

t
. ✭✶✵✮

✹✳✶ ❉❛♥s❦✐♥✬s t❤❡♦r❡♠ ❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥

▲❡t ✉s ❞❡♥♦t❡ ❜② v(F, σ) ✭r❡s♣✳ U∗(F, σ)✮ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✭r❡s♣✳
t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ s❡t✮ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✭✷✮✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇
t❤❛t v(F, σ) ✐s ❞✐r❡❝t✐♦♥❛❧❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t ❡✈❡r② F ∈ R

d×K ❛♥❞ σ ∈ R
d
+✱ ❛♥❞

❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❧♠♦st ❡✈❡r②✇❤❡r❡✳
❲❡ ✜rst st✉❞② t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✷✮ ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥

❛s✿

f(F, σ, u) = E

[

K−1
∑

k=0

ck(ξk(F k
0 , σ)) · uk

]

. ✭✶✶✮

f(F, σ, u) ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦♥ R
d×K×R

d
+×U ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝♦♥t✐♥✉✐t②

♦❢ ck ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ (ξk) ✐♥ t❤❡ ♣r✐❝❡ ♠♦❞❡❧ ✭✾✮✳ ❚❤❡♥✱ ✇❡ s❤♦✇ t❤❡ ❋ré❝❤❡t
❞✐✛❡r❡♥t✐❛❜✐❧✐t② ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✹✳✶✳ ❚❤❡ ♦❜❥❡❝t✐♦♥ ❢✉♥❝t✐♦♥ f(F, σ, u) ✐s ❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤
r❡s♣❡❝t t♦ F ∈ R

d×K ❛♥❞ σ ∈ R
d✱ ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡ ✐s

DF,σf(F, σ, u) = E

[

K−1
∑

k=0

DF,σck · uk

]

. ✭✶✷✮

Pr♦♦❢✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ♦❢ ck✱ ❘❛❞❡♠❛❝❤❡r✬s t❤❡♦r❡♠ ❬✷✶✱
❚❤❡♦r❡♠ ✾✳✻✵❪ st❛t❡s t❤❛t ✐t ✐s ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❜❧❡✱ ❛♥❞
✐ts ❞❡r✐✈❛t✐✈❡ ✐s ❜♦✉♥❞❡❞✳ ◆♦t❡ t❤❛t t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ f(F, σ, u) ✇✐❧❧ ❛♣♣❡❛r t❤❡
❞❡r✐✈❛t✐✈❡ ♦❢ ck ❛s ❛♥ ✐♥t❡❣r❛♥❞ ❛❣❛✐♥st ♠❡❛s✉r❡ ♦❢ ξk✳ ❋✉rt❤❡r♠♦r❡✱ ❛t t✐♠❡
tk✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξk ❢♦❧❧♦✇s ❛ ❧♦❣✲♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ♦✉r
♣r✐❝❡ ♠♦❞❡❧✱ ✇❤♦s❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ❚❤✉s✱ ✉s✐♥❣ t❤❡ ❝❤❛✐♥ r✉❧❡ ♦❢ ❞❡r✐✈❛t✐✈❡ ♦♥ t❤❡ ❝♦♠♣♦s✐t❡
♠❛♣♣✐♥❣ ❛s ✇❡❧❧ ❛s t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ❡♥❞s t❤❡ ♣r♦♦❢✳

❇② t❤✐s ❧❡♠♠❛✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② ❞❡❞✉❝❡ ❛♥♦t❤❡r ♣r♦♣❡rt② ♦❢ f(F, σ, u) ✿ ✐ts
❞❡r✐✈❛t✐✈❡ DF,σf ✐s ❛❧s♦ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦♥ R

d×K ×R
d
+ ×U ❛♥❞ ✐s ✇❡❛❦❧②

❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ u✳
◆❡①t✱ ✇❡ r❡❝❛❧❧ ❉❛♥s❦✐♥✬s ❚❤❡♦r❡♠✿

❘❘ ♥➦ ✼✺✼✹



✽ ❩✳ ❈❡♥✱ ❏✳❋✳ ❇♦♥♥❛♥s ❛♥❞ ❚✳ ❈❤r✐st❡❧

❚❤❡♦r❡♠ ✹✳✷✳ ❬✾✱ ❚❤❡♦r❡♠ ✹✳✶✸❪ ▲❡t V ❜❡ ❛ ♥♦♥❡♠♣t②✱ ❝♦♠♣❛❝t t♦♣♦❧♦❣✐❝❛❧
s♣❛❝❡ ❛♥❞ ψ : R

n × V → R✳ ▲❡t φ(x) ❜❡ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛♥❞ V ∗(x)
❜❡ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ s❡t✿

φ(x) := min
v∈V

ψ(x, v) V ∗(x) := argminv∈V ψ(x, v)

■❢ ψ(·, v) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❢♦r ❡✈❡r② v ∈ V ❛♥❞ Dxψ(x, v) ✐s ❝♦♥t✐♥✉♦✉s ♦♥ R
n×V ✱

t❤❡♥ φ(x) ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✱ ❞✐r❡❝t✐♦♥❛❧❧② ❞✐✛❡r❡♥t✐❛❜❧❡✱ ❛♥❞

φ′(x;h) = inf
v∈V ∗(x)

Dxψ(x, v)h. ✭✶✸✮

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ ❢♦r s♦♠❡ x ∈ R
n✱ t❤❡ s❡t V ∗(x) = {v∗} ✐s ❛ s✐♥❣❧❡t♦♥✱ t❤❡♥ t❤❡

♠✐♥✲❢✉♥❝t✐♦♥ ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t x ❛♥❞

φ′(x) = Dxψ(x, v∗). ✭✶✹✮

■♥ ♦r❞❡r t♦ s❤♦✇ t❤❡ ❞✐r❡❝t✐♦♥❛❧ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ v(F, σ)✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦
✈❡r✐❢② t❤❡ ❝♦♠♣❛❝t♥❡ss ❛ss✉♠♣t✐♦♥ ♦❢ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ s♣❛❝❡ ✐♥ t❤❡ ❉❛♥s❦✐♥✬s
t❤❡♦r❡♠ ✹✳✷✳ ■♥ ♦✉r ❢r❛♠❡✇♦r❦✱ t❤❡ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ s❡t U t❛❦✐♥❣ ✈❛❧✉❡ ✐♥ (Uk)
✐s ❛ ❜♦✉♥❞❡❞ ❝❧♦s❡❞ s✉❜s❡t ♦❢ L2 ∩ L∞✳ ❋r♦♠ t❤❡ ❇❛♥❛❝❤ ❆❧❛♦❣❧✉ ❇♦✉r❜❛❦✐
t❤❡♦r❡♠ ❬✶✵✱ t❤❡♦r❡♠ ✸✳✶✻❪✱ ✐t ✐s ❛ ✇❡❛❦ ❝♦♠♣❛❝t s✉❜s❡t ✐♥ L2✳

❈♦r♦❧❧❛r② ✹✳✸✳ ❚❤❡ ♦♣t✐♠❛❧ ❢✉♥❝t✐♦♥ v(F, σ) ✐s ❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t ❛❧♠♦st
❡✈❡r② F ∈ R

d×K ❛♥❞ σ ∈ R
d
+✱ ❛♥❞ ❛t t❤❡ ♣♦✐♥t ✇❤❡r❡ v(F, σ) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡✱

✇❡ ❤❛✈❡
Dv(F, σ) = DF,σf(F, σ, u), ❢♦r ❛❧❧ u ∈ U∗✳ ✭✶✺✮

Pr♦♦❢✳ ❚❤❡ ❛❧♠♦st ❡✈❡r② ❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢
❘❛❞❡♠❛❝❤❡r✬s t❤❡♦r❡♠ ❬✷✶✱ ❚❤❡♦r❡♠ ✾✳✻✵❪ ❛♥❞ t❤❡ ❢❛❝t t❤❛t v(F, σ) ✐s ❧♦❝❛❧❧②
▲✐♣s❝❤✐t③ ❜② ❉❛♥s❦✐♥✬s t❤❡♦r❡♠✳ ❆♥❞ ✐❢ u1 ❛♥❞ u2 ❛r❡ t✇♦ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s s✉❝❤
t❤❛t DF,σf(F, σ, u1) 6= DF,σf(F, σ, u2)✱ t❤❡♥ ✭✶✸✮ st❛t❡s t❤❛t f ✐s ♥♦t ❋ré❝❤❡t
❞✐✛❡r❡♥t✐❛❜❧❡ ❛t (F, σ)✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤❡ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❉❛♥s❦✐♥✬s t❤❡♦r❡♠ ❧❡❛❞s t♦ ♦♥❡ ♠❡t❤♦❞ t♦ ❝♦♠♣✉t❡
t❤❡ ✈❛❧✉❡ ♦❢ s❡♥s✐t✐✈✐t✐❡s✳ ❲❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ s❡♥s✐t✐✈✐t✐❡s δF (dF ) ❛♥❞ δσ(dσ)
❛♥❞ ❣✐✈❡ ❛♥ ❡①♣r❡ss✐♦♥ t❤❡ ❞✐r❡❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ v(F, σ)
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❢♦r✇❛r❞ ❝✉r✈❡ F ❛♥❞ ✈♦❧❛t✐❧✐t② ✈❡❝t♦r σ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥s dF
❛♥❞ dσ✿

δF (dF ) := v′(F, σ; dF, 0) = inf
(u∗

k
)∈U∗

E

[

K−1
∑

k=0

DF ckdF
k
0 · u∗k

]

✭✶✻✮

δσ(dσ) := v′(F, σ; 0, dσ) = inf
(u∗

k
)∈U∗

E

[

K−1
∑

k=0

Dσckdσ · u∗k

]

✭✶✼✮

❉❛♥s❦✐♥✬s t❤❡♦r❡♠ r❡q✉✐r❡s ❛❧❧ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ❣❡♥❡r❛❧❧②
❞✐✣❝✉❧t t♦ ♦❜t❛✐♥ ✐♥ st♦❝❤❛st✐❝ ♣r♦❣r❛♠♠✐♥❣s✱ ✇❤✐❝❤ ❛r❡ ♥♦t str♦♥❣❧② ❝♦♥✈❡① ✐♥
❣❡♥❡r❛❧✳ ■♥ ♠♦st ❝❛s❡s✱ ✇❡ ❝❛♥ ♦♥❧② ❣❡t ♦♥❡ ♦♣t✐♠❛❧ ♣♦❧✐❝② (u∗k)✱ ❛♥❞ t❤❡ ✇❤♦❧❡
♦♣t✐♠❛❧ ♣♦❧✐❝② s❡t ✐s ❤❛r❞ t♦ ❝♦♠♣✉t❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ♦♥❧② ♦❜t❛✐♥ ❛♥ ✉♣♣❡r

■◆❘■❆



❙❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ♦❢ ❡♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ♣r♦❜❧❡♠ ✾

❜♦✉♥❞ ♦❢ t❤❡ s❡♥s✐t✐✈✐t② ✈❛❧✉❡✿

δF (dF ) ≤ δ̄F (dF, u∗) := E

[

K−1
∑

k=0

DF ckdF
k
0 · u∗k

]

✭✶✽✮

δσ(dσ) ≤ δ̄σ(dσ, u∗) := E

[

K−1
∑

k=0

Dσckdσ · u∗k

]

✭✶✾✮

❍♦✇❡✈❡r✱ ❜② t❤❡ ❝♦r♦❧❧❛r② ✹✳✸✱ v(F, σ) ✐s ❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❧♠♦st ❡✈❡r②✲
✇❤❡r❡✳ ❚❤✉s✱ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ✐♥ ✭✶✽✮ ❛♥❞ ✭✶✾✮ ❜❡❝♦♠❡ ❡q✉❛❧✐t② ❛t ❛❧♠♦st ❡✈❡r②
F ❛♥❞ σ✳ ❙♦✱ ❦♥♦✇✐♥❣ ♦♥❡ ♦♣t✐♠❛❧ ♣♦❧✐❝② u∗ ∈ U∗✱ ❛❧❧♦✇s ✉s t♦ ❣❡t t❤❡ ❞❡r✐✈❛t✐✈❡
✈❛❧✉❡ ❛❧♠♦st ❡✈❡r②✇❤❡r❡✳

❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝❛♥ st✉❞② t❤❡ ❞❡r✐✈❛t✐✈❡s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ st❛♥❞❛r❞ ❜❛s❡
♦❢ F ❛♥❞ σ✳ ❆t ❛❧♠♦st ❡✈❡r② F ❛♥❞ σ✱ ✇❡ ❤❛✈❡✿

(δF )i
k := δF (ei

k) = E

[

∂ck(ξk)

∂(F k
0 )i

· u∗k

]

i = 1, . . . , d ✭✷✵✮

(δσ)i := δσ(ei) = E

[

K−1
∑

k=0

∂c(ξk)

∂σi
· u∗k

]

i = 1, . . . , d ✭✷✶✮

❚❤❡♥✱ ❛t ❛❧♠♦st ❡✈❡r② F ❛♥❞ σ✿

δF (dF ) =

K−1
∑

k=0

d
∑

i=1

(dF )i
k(δF )i

k δσ(dσ) =

d
∑

i=1

(dσ)i(δσ)i. ✭✷✷✮

❋✐♥❛❧❧②✱ ❛ s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥ ♦♥ t❤❡ ♣r✐❝❡ ♠♦❞❡❧ ✭✾✮ s❤♦✇s t❤❛t✿

∂ξi
k

∂(F k
0 )i

= Si
t , ✭✷✸✮

∂ξi
k

∂σi
= ξi

k

(

k−1
∑

s=0

W i
s − σik

)

. ✭✷✹✮

✳

✹✳✷ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ s❡♥s✐t✐✈✐t② ❡st✐♠❛t❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st❛rt ❜② ♣r❡s❡♥t✐♥❣ t✇♦ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ ♣r♦❜❧❡♠
✭✷✮ ❤❡❧♣✐♥❣ ✉s ❞❡s❝r✐❜❡ t❤❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❛♣♣r♦①✐♠❛t✐♦♥s ♠❛❞❡ ✐♥ ♦✉r
❛❧❣♦r✐t❤♠ ✐♥ s❡❝t✐♦♥ ✷✳ ❚❤❡♥ ✇❡ s❤♦✇ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡
❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❜❧❡♠s ❛♥❞ ♣r❡s❡♥t t❤❡✐r ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ s♦❧✉t✐♦♥
♦❢ ♣r♦❜❧❡♠ ✭✷✮✳ ❊✈❡♥t✉❛❧❧②✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❡♥s✐t✐✈✐t② ❡st✐✲
♠❛t❡s ♦❢ t❤❡ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❜❧❡♠s t♦ t❤❡ s❡♥s✐t✐✈✐t✐❡s ♦❢ ❝♦♥t✐♥✉♦✉s
♣r♦❜❧❡♠✳

❲❡ ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ ♦♣t✐♠❛❧ ✈❡❝t♦r q✉❛♥t✐③❛t✐♦♥ tr❡❡ ξ̂
m

∈ Γm✱ s✉❝❤
t❤❛t t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ q✉❛♥t✐③❡❞ ♣♦✐♥ts ✐s Nm ❛♥❞ limm→∞Nm = ∞✳ ❉❡♥♦t❡
❜② (F̂m

k ) t❤❡ ❝❛♥♦♥✐❝ ✜❧tr❛t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❞✐s❝r❡t✐③❡❞ r❛♥❞♦♠ ♣r♦❝❡ss
(ξ̂

m

k )✿ F̂m
k := σ(ξ̂

m

s , 0 ≤ s ≤ k)✳

❘❘ ♥➦ ✼✺✼✹



✶✵ ❩✳ ❈❡♥✱ ❏✳❋✳ ❇♦♥♥❛♥s ❛♥❞ ❚✳ ❈❤r✐st❡❧

▲❡t ✉s ❝♦♥s✐❞❡r t✇♦ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ ♣r♦❜❧❡♠ ✭✷✮✳ ❚❤❡ ✜rst ♦♥❡
❡♥❢♦r❝❡s ❛ ❝♦♥st❛♥t str❛t❡❣② ✐♥ ❡❛❝❤ ❱♦r♦♥♦✐ ❝❡❧❧✳ ❲❡ ❝❛❧❧ ✐t ❛s t❤❡ q✉❛♥t✐③❛t✐♦♥
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✷✮✿

vm
Q (F, σ) = inf

(um
k

)∈U
E

[

K−1
∑

k=0

ck(ξk) · um
k

]

s✉❜❥❡❝t t♦ um
k ∈ Uk, ❛❧♠♦st s✉r❡❧②

um
k (ξk, x

m
k ) =

∑

ξi,m

k
∈Γm

k

ui,m
k (xm

k )✶Ci,m

k

(ξk)

xm
k+1 = xm

k +Aku
m
k , xm

0 = 0

xm
T ∈ X

m
T ❛❧♠♦st s✉r❡❧②

✭✷✺✮

❇② ❢♦r✇❛r❞ ✐♥❞✉❝t✐♦♥✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t uk ✐s F̂m
k ❛❞❛♣t❡❞ ❛♥❞ t❤❛t xk ✐s

F̂m
k−1 ♠❡❛s✉r❛❜❧❡✳ ❚❤✐s q✉❛♥t✐③❛t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ ❛♣♣r♦①✐♠❛✲

t✐♦♥ ♠❛❞❡ ✐♥ t❤❡ ❢♦r✇❛r❞ ♣❛ss ♦❢ ♦✉r ❛❧❣♦r✐t❤♠✳
❙✐♥❝❡ uk ✐s F̂m

k ❛❞❛♣t❡❞✱ ✇❡ ♠❛② ✇r✐t❡ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ❛s ❢✉♥❝t✐♦♥ ♦❢ ✭✷✺✮
❛s

E

[

K−1
∑

k=0

ck(ξk) · um
k

]

= E

[

K−1
∑

k=0

E

[

ck(ξk) · um
k |F̂m

k

]

]

= E

[

K−1
∑

k=0

E

[

ck(ξk)|F̂m
k

]

· um
k

]

.

✭✷✻✮

■♥ t❤✐s ❢♦r♠✉❧❛t✐♦♥ t❤❡ ❞❡❝✐s✐♦♥ ui,m
k t♦ ❜❡ t❛❦❡♥ ✇❤❡♥ t❤❡ st❛t❡ ❜❡❧♦♥❣s t♦ t❤❡

❝❡❧❧ Ci
k ❛t st❡♣ tk ❛❝t✉❛❧❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r❡✈✐♦✉s ❝❡❧❧s ❛❧♦♥❣ t❤❡ r❡❛❧✐③❛t✐♦♥

♦❢ ξ✳ ❲❡ ♠❛② r❡♣❧❛❝❡ ✐♥ ❡❛❝❤ ❱♦r♦♥♦✐ ❝❡❧❧ E

[

ck(ξk)|F̂m
k

]

❜② ck(E[ξk | ξk ∈ Ci
k])

✐♥ t❤❡ ♣r❡✈✐♦✉s ❢♦r♠✉❧❛t✐♦♥✳ ■t ❝❛♥ ❜❡ s❤♦✇♥✱ s❡❡ ❬✷✷✱ ❈❤❛♣t❡r ✸❪✱ t❤❛t ✐t ✐s
❡q✉✐✈❛❧❡♥t t♦ ♦♥❡ ❧❛r❣❡ s✐③❡ ❢♦r♠✉❧❛t✐♦♥ ♦♥ s❝❡♥❛r✐♦s✳ ❲❡ ❝❛❧❧ ✐t ❛s t❤❡ s❝❡♥❛r✐♦
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✷✮✿

vm
S (F, σ) = inf

(um
k

)∈U

∑

(ξi,m

k
)k

pi,m

(

K−1
∑

k=0

ck(ξi,m
k ) · ui,m

k

)

s✉❜❥❡❝t t♦ ui,m
k ∈ Uk

✭♥♦♥✲❛♥t✐❝✐♣❛t✐✈✐t②✮ ui,m
k = uj,m

k , ✐❢ ξi,m
[k] = ξj,m

[k]

xi,m
k+1 = xi,m

k +Aku
i,m
k , xi,m

0 = 0

xi,m
K ∈ X

i,m
K

✭✷✼✮

✇❤❡r❡ ξi,m
[k] := (ξi0,m

0 , . . . , ξik,m
k ) ∈ (Γm

0 , . . . ,Γ
m
k ) ✐s ❛ s✉❜✲tr❛❥❡❝t♦r② ✐♥ t❤❡ q✉❛♥✲

t✐③❛t✐♦♥ tr❡❡ ✉♥t✐❧ t✐♠❡ tk✱ pi,m :=
∏K−2

k=0 p
ikik+1,m
k ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ❛ss♦❝✐❛t❡❞

t♦ ♦♥❡ tr❛❥❡❝t♦r② ξi,m
[K−1]✳ ❚❤✐s s❝❡♥❛r✐♦ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ ❛♣♣r♦①✐♠❛✲

t✐♦♥ ♠❛❞❡ ✐♥ t❤❡ ❜❛❝❦✇❛r❞ ♣❛ss ✐♥ ♦✉r ❛❧❣♦r✐t❤♠✳
❉❡♥♦t❡ ❜② vm

Q (F, σ) ❛♥❞ u∗,m
Q (F, σ) ✭r❡s♣✳ vm

S (F, σ) ❛♥❞ u∗,m
S (F, σ)✮ t❤❡ ♦♣t✐✲

♠❛❧ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛♥❞ ♦♥❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ q✉❛♥t✐③❛t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥
♣r♦❜❧❡♠ ✭✷✺✮ ✭r❡s♣✳ ♦❢ t❤❡ s❝❡♥❛r✐♦ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ✭✷✼✮✮✳

■◆❘■❆



❙❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ♦❢ ❡♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ♣r♦❜❧❡♠ ✶✶

■♥ t❤❡ s❛♠❡ ✇❛② ❛s ✭✷✵✮ ❛♥❞ ✭✷✶✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ s❡♥s✐t✐✈✐t② ❡st✐♠❛t❡s ❝♦rr❡✲
s♣♦♥❞✐♥❣ t♦ t❤❡ ❛❜♦✈❡ ❞✐s❝r❡t✐③❡❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❜❧❡♠s ❜② ❉❛♥s❦✐♥✬s t❤❡♦✲
r❡♠✿

(δm
Q,F )i

k := (vm
Q )′(F, σ; ei

k, 0) ≤ (δ̄m
Q,F )i

k := E

[

∂ck(ξk)

∂(F k
0 )i

· (u∗,m
Q )k

]

i = 1, . . . , d

✭✷✽✮

(δm
Q,σ)i := (vm

Q )′(F, σ; 0, ei) ≤ (δ̄m
Q,σ)i := E

[

K−1
∑

k=0

∂c(ξk)

∂σi
· (u∗,m

Q )k

]

i = 1, . . . , d

✭✷✾✮

(δm
S,F )i

k := (vm
S )′(F, σ; ei

k, 0) ≤ (δ̄m
S,F )i

k := E

[

∂ck(ξ̂k)

∂(F k
0 )i

· (u∗,m
S )k

]

i = 1, . . . , d

✭✸✵✮

(δm
S,F )i := (vm

S )′(F, σ; ei, 0) ≤ (δ̄m
S,σ)i := E

[

K−1
∑

k=0

∂c(ξ̂k)

∂σi
· (u∗,m

S )k

]

i = 1, . . . , d

✭✸✶✮

▲❡♠♠❛ ✹✳✹✳ ■❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ξk ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✱ t❤❡♥ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ t✇♦ ❞✐s❝r❡t❡ ❞✐s✲
❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❜❧❡♠s vm

S (F, σ) ❛♥❞ vm
Q (F, σ) ❛r❡ ❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❜❧❡

❛t ❛❧♠♦st ❡✈❡r② F ∈ R
d×K ❛♥❞ σ ∈ R

d
+✳

Pr♦♦❢✳ ❚❤❡ s❝❡♥❛r✐♦ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ✭✷✼✮ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❧❛r❣❡ ❧✐♥❡❛r
♣r♦❣r❛♠✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ t❤❡♦r②✱ vm

S ✐s ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r✱
❝♦♥❝❛✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ ✇❤♦❧❡
s♣❛❝❡✱ s♦ vm

S ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❛♥❞ t❤❡♥ ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ❋ré❝❤❡t ❞✐✛❡r❡♥✲
t✐❛❜❧❡ ❜② ❘❛❞❡♠❛❝❤❡r✬s t❤❡♦r❡♠ ❬✷✶✱ ❚❤❡♦r❡♠ ✾✳✻✵❪✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥
♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ξk✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t (F, σ) → ξ̂

m
(F, σ) ✐s ✐♥❥❡❝t✐✈❡ ❛♥❞

❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❜❧❡✱ ❝❤❛✐♥ r✉❧❡ ♦❢ ❋ré❝❤❡t ❞❡r✐✈❛t✐✈❡ ♦❢ ❝♦♠♣♦s✐t❡ ♠❛♣♣✐♥❣
❤♦❧❞s ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❡ ❧❡♠♠❛ ❢♦r s❝❡♥❛r✐♦ ❛♣♣r♦①✐♠❛t✐♦♥
♣r♦❜❧❡♠ ✭✷✼✮✳

❚❤❡ q✉❛♥t✐③❛t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ✭✷✺✮ ♦♥❧② ❞✐✛❡rs ❢r♦♠ ✭✷✼✮ ❜② r❡✲
♣❧❛❝✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥t ✐♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ E[c(ξt) | ξt ∈ Ci

t ] ❜② c(E[ξt | ξt ∈
Ci

t ])✳ ❚❤✉s✱ ❝♦♥❝❛✈✐t② ♦❢ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ vm
Q ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦❡✣❝✐❡♥t ✐♥

♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ st✐❧❧ ❤♦❧❞s✳ ❲✐t❤ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts✱ ✇❡ ❣❡t t❤❡ ❛❧♠♦st
❡✈❡r②✇❤❡r❡ ❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ❢♦r t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ q✉❛♥✲
t✐③❛t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ✭✷✺✮✳

❚❤❡r❡❢♦r❡✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ♦❜t❛✐♥ ❡①❛❝t s❡♥s✐t✐✈✐t② ✈❛❧✉❡s ❢♦r ❜♦t❤ ❞✐s❝r❡t✐③❡
❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❜❧❡♠s ❢♦❧❧♦✇✐♥❣ ❉❛♥s❦✐♥✬s t❤❡♦r❡♠ ❛❧♠♦st ❡✈❡r②✇❤❡r❡✱ ✐✳❡✳
t❤❡ ✐♥❡q✉❛❧✐t✐❡s ✭✷✽✮✲ ✭✸✶✮ ❜❡❝♦♠❡ ❡q✉❛❧✐t✐❡s ❛❧♠♦st ❡✈❡r②✇❤❡r❡✳

▲❡♠♠❛ ✹✳✺✳ ❆ s✉❜s❡q✉❡♥❝❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ str❛t❡❣② u∗,m
Q ♦❢ t❤❡ q✉❛♥t✐③❛t✐♦♥

❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ✭✷✺✮ ❝♦♥✈❡r❣❡s ✇❡❛❦❧② ✐♥ L2(Ω, (Ft),P; Rn×K) t♦ ♦♥❡
♦♣t✐♠❛❧ str❛t❡❣② u∗ ♦❢ ❝♦♥t✐♥✉♦✉s ♣r♦❜❧❡♠ ✭✷✮✳

Pr♦♦❢✳ ❲❡ ❞❡♥♦t❡ ❜② v∗Q t❤❡ ❧✐♠✐t ✐♥❢❡r✐♦r ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ✈❛❧✉❡ ❢✉♥❝t✐♦♥
v∗Q := lim infm→∞ v∗,m

Q ✱ ❛♥❞ t❤❡ s✉❜s❡q✉❡♥❝❡ ❛ss♦❝✐❛t❡❞ t♦ t❤✐s ❧✐♠✐t ✐♥❢❡r✐♦r

❘❘ ♥➦ ✼✺✼✹



✶✷ ❩✳ ❈❡♥✱ ❏✳❋✳ ❇♦♥♥❛♥s ❛♥❞ ❚✳ ❈❤r✐st❡❧

u∗,mn1

Q ✳ ❚❤❡ ❢❡❛s✐❜❧❡ s❡t ♦❢ ✭✷✺✮ ✐s ❛ s✉❜s❡t ♦❢ U t❛❦✐♥❣ ✈❛❧✉❡ ✐♥ U ✇❤✐❝❤ ✐s
♥♦♥ ❡♠♣t②✱ ❝♦♥✈❡① ❛♥❞ ❜♦✉♥❞❡❞✳ ❚❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ u∗,mn1

Q ✐s t❤❡r❡❢♦r❡ ❛
❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ✐♥ ❛ ❍✐❧❜❡rt s♣❛❝❡ U ✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢
❛ ✇❡❛❦❧② ❝♦♥✈❡r❣❡♥t s✉❜s❡q✉❡♥❝❡ u∗,mn2

Q t❤❛t ❝♦♥✈❡r❣❡s ✐♥ t❤❡ ✇❡❛❦ t♦♣♦❧♦❣②
t♦ u∗Q ❢♦❧❧♦✇✐♥❣ ❬✶✵✱ ❈♦r♦❧❧❛r② ✸✳✸✵❪✳ ❙✐♥❝❡ t❤❡ ❢❡❛s✐❜❧❡ s❡t ✐s ❝❧♦s❡❞ ❛♥❞ ❝♦♥✈❡①✱
✐t ✐s ✇❡❛❦❧② ❝❧♦s❡❞ ❛♥❞ ❤❡♥❝❡ u∗Q ✐s ❢❡❛s✐❜❧❡✳ ❙✐♥❝❡ u∗,m

Q ✐s ❛❧✇❛②s ❢❡❛s✐❜❧❡ ❢♦r
t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✭✷✮✱ ✇❡ ❣❡t v ≤ v∗,m

Q ❢♦r ❡✈❡r② m✳ ▲❡t m ❣♦ t♦ ∞ ❛♥❞ ✇❡
♦❜t❛✐♥ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② v ≤ v∗Q✳

■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ r❡✈❡rs❡ ✐♥❡q✉❛❧✐t②✱ ❧❡t ✉s ❜✉✐❧❞ ❛ s❡q✉❡♥❝❡ ✇❤✐❝❤ ✐s
❢❡❛s✐❜❧❡ ❢♦r t❤❡ q✉❛♥t✐③❛t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ✭✷✺✮ ❛♥❞ ✇❤✐❝❤ ❝♦♥✈❡r❣❡s
t♦ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✷✮✳ ❚❤❡ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ s❡t U ✐s ✐♥❝❧✉❞❡❞
✐♥ L2✱ ✇❤❡r❡ C∞ ✐s ❞❡♥s❡✳ ❚❤❡♥ ❢♦r ♦♥❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ (u∗k) ∈ U∗ ♦❢ t❤❡
❝♦♥t✐♥✉♦✉s ♣r♦❜❧❡♠ ✭✷✮✱ t❤❡r❡ ❡①✐sts ♦♥❡ s❡q✉❡♥❝❡ (un,c

k ) ∈ C∞ ❝♦♥✈❡r❣✐♥❣ t♦
(u∗k) s✉❝❤ t❤❛t

∑K−1
k=0 ‖un,c

k − u∗‖ ≤ 1/n✳ ❲❡ ❜✉✐❧❞

un,m
k (ξ[k]) = E

[

un,c
k (ξ[k]) | F̂

m
k

]

,

✇❤✐❝❤ ✐s ♦♥❡ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ q✉❛♥t✐③❛t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ✭✷✺✮✱
❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ un,m

k t♦ un,c
k ✐♥ L2 ✐s ❞✉❡ t♦ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ‖ξ − ξ̂

m
‖ → 0

❛♥❞ t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✳ ❲❡ ♥♦t❡ vn,m
Q t❤❡ ✈❛❧✉❡ ❛ss♦❝✐❛t❡❞

✇✐t❤ str❛t❡❣② un,m
k ✳ ❚❤❡r❡❢♦r❡✱ vm

Q ≤ vn,m
Q ✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡ vn,n

Q ✱
❛♥❞ ❧❡t n → ∞✱ ✇❡ ♦❜t❛✐♥ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② v∗Q ≤ v✳ ❚❤✉s✱ ✇❡ ❣❡t v∗Q = v
❛♥❞ ❤❡♥❝❡ ♣r♦✈❡ t❤❡ ❧❡♠♠❛✳

❖♥❡ ✐♠♠❡❞✐❛t❡ ❝♦r♦❧❧❛r② ✐s

❈♦r♦❧❧❛r② ✹✳✻✳ ❚❤❡ s❡♥s✐t✐✈✐t② ❡st✐♠❛t❡s ♦❢ t❤❡ q✉❛♥t✐③❛t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥
♣r♦❜❧❡♠ δ̄m

Q,F ❛♥❞ δ̄m
Q,σ ❞❡✜♥❡❞ ✐♥ ✭✷✽✮ ❛♥❞ ✭✷✾✮ ❝♦♥✈❡r❣❡ t♦ s❡♥s✐t✐✈✐t✐❡s ✈❛❧✉❡

♦❢ ❝♦♥t✐♥✉♦✉s ♣r♦❜❧❡♠ δF ❛♥❞ δσ ✭❞❡✜♥❡❞ ✐♥ ✭✶✻✮ ❛♥❞ ✭✶✼✮✮ ❛t ❛❧♠♦st ❡✈❡r②
F ∈ R

d×K ❛♥❞ σ ∈ R
d
+✳

▲❡♠♠❛ ✹✳✼✳ ❆ s✉❜s❡q✉❡♥❝❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ str❛t❡❣② u∗S ♦❢ s❝❡♥❛r✐♦ ❛♣♣r♦①✐✲
♠❛t✐♦♥ ♣r♦❜❧❡♠ ✭✷✼✮ ❝♦♥✈❡r❣❡s ✇❡❛❦❧② ✐♥ L2(Ω, (Ft),P; Rn×K) t♦ ❛♥ ♦♣t✐♠❛❧
str❛t❡❣② u∗ ♦❢ ❝♦♥t✐♥✉♦✉s ♣r♦❜❧❡♠ ✭✷✮✳

Pr♦♦❢✳ ■♥ ✈✐❡✇ ♦❢ ❧❡♠♠❛ ✹✳✺✱ ✇❡ ❥✉st ♥❡❡❞ t♦ ❝♦♠♣❛r❡ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ❢✉♥❝t✐♦♥
vm

S ❛♥❞ vm
Q ✳ ❇♦t❤ ❞✐s❝r❡t✐③❡❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❜❧❡♠s ❤❛✈❡ t❤❡ s❛♠❡ ❢❡❛s✐❜❧❡

s♦❧✉t✐♦♥ s♣❛❝❡ L2(Ω, (F̂m
k ),P) → (Uk)✳ ❇② ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥✱ ✇❡

❝❛♥ ♦❜t❛✐♥ t❤❛t

|vm
Q − vm

S | ≤
K−1
∑

k=0

[ck]lip‖Uk‖∞‖ξt − ξ̂t‖2 ≤ CQS

K−1
∑

k=0

‖ξk − ξ̂k‖2 ≤ 2CQS‖ξ − ξ̂‖2

✇❤❡r❡ ‖U‖∞ = sup {|u| ∈ U}✱ ❛♥❞ CQS ✐s ❛ ❝♦♥st❛♥t ✇❤✐❝❤ ♦♥❧② ❞❡♣❡♥❞s ♦♥
[ck]lip ❛♥❞ ‖U‖∞✳

❋♦❧❧♦✇✐♥❣ ❩❛❞♦r✬s t❤❡♦r❡♠ ✭s❡❡ ❜❡❧♦✇ t❤❡♦r❡♠ ✹✳✾✮✱ ✇❡ ❣❡t t❤❛t limm→∞ vm
Q =

limm→∞ vm
S ✳ ❚❤❡♥✱ t❤❡ ❧❡♠♠❛ ❝❛♥ ❜❡ ♣r♦✈❡❞ ❜② ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t

❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✹✳✺✳

❚❤❡♥✱ ✇❡ ❤❛✈❡ ❛ s✐♠✐❧❛r ❝♦r♦❧❧❛r② ❛s ❝♦r♦❧❧❛r② ✹✳✻ ❢♦r t❤❡ s❝❡♥❛r✐♦ ❛♣♣r♦①✐✲
♠❛t✐♦♥ ♣r♦❜❧❡♠✿

■◆❘■❆



❙❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ♦❢ ❡♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ♣r♦❜❧❡♠ ✶✸

❈♦r♦❧❧❛r② ✹✳✽✳ ❚❤❡ s❡♥s✐t✐✈✐t② ❡st✐♠❛t❡s ♦❢ t❤❡ s❝❡♥❛r✐♦ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❜❧❡♠
δ̄m
S,F ❛♥❞ δ̄m

S,σ ❞❡✜♥❡❞ ✐♥ ✭✸✵✮ ✭✸✶✮ ❝♦♥✈❡r❣❡ t♦ t❤❡ s❡♥s✐t✐✈✐t✐❡s ✈❛❧✉❡ ♦❢ ❝♦♥t✐♥✲

✉♦✉s ♣r♦❜❧❡♠ δF ❛♥❞ δσ ❞❡✜♥❡❞ ✐♥ ✭✶✻✮ ❛♥❞ ✭✶✼✮✱ ❛t ❛❧♠♦st ❡✈❡r② F ∈ R
d×K

❛♥❞ σ ∈ R
d
+✳

Pr♦♦❢✳ ❚❤✐s ❝♦r♦❧❧❛r② ✐s ♦❜t❛✐♥❡❞ ❢♦❧❧♦✇✐♥❣ t❤❡ ❢❛❝t t❤❛t (ξ̂
m

k ) ❝♦♥✈❡r❣❡s t♦ (ξk)
❛♥❞ t❤❛t u∗,m

S ❝♦♥✈❡r❣❡s ✇❡❛❦❧② ✐♥ U t♦ u∗ ❛♥❞ t❤❡ ❬✶✵✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✸❪✳

❋✐♥❛❧❧②✱ ✇❡ r❡❝❛❧❧ t❤❡ ❩❛❞♦r✬s t❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✹✳✾✳ ❬✶✾✱ ❚❤❡♦r❡♠ ✻✳✷❪ ■❢ E[|ξ|p+η] <∞ ❢♦r s♦♠❡ η > 0✱ t❤❡♥✱

lim
N

(

Np/d min
|Γ|≤N

‖ξ − ξ̂‖p
p

)

= Jp,d

(
∫

|g|d/(d+p)(u)du

)1+p/d

✇❤❡r❡ P(du) = g(u)λd(du) + ν, ν ⊥ λd ✭λd ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ R
d✮✳ ❚❤❡

❝♦♥st❛♥t Jp,d ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ ♦❢ t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥ [0, 1]d✳

❚❤✐s t❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t min
|Γ|≤N

‖ξ − ξ̂‖p = O(N1/d)✳

✺ ❆❧❣♦r✐t❤♠ ❛♥❞ ♥✉♠❡r✐❝❛❧ t❡sts

✺✳✶ ❆❧❣♦r✐t❤♠

❆❢t❡r ❣❡tt✐♥❣ ♦♥❡ ♦♣t✐♠❛❧ ✭ǫ✲♦♣t✐♠❛❧✮ str❛t❡❣② (u∗,tr−sddp
k ) t❤❛♥❦s t♦ ♦✉r ❞✐s✲

❝r❡t✐③❛t✐♦♥ ❛♥❞ ❙❉❉P ❛❧❣♦r✐t❤♠ ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✷✱ ✇❡ ✉s❡ t❤❡ ▼♦♥t❡ ❈❛r❧♦
♠❡t❤♦❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❡①♣❡❝t❛t✐♦♥s ✐♥ ✭✷✽✮✲✭✷✾✮✳

❲❡ s✐♠✉❧❛t❡ ❛ s❛♠♣❧❡ ♦❢ ξs, s = 1, . . . , S t❤❡ tr❛❥❡❝t♦r✐❡s ❛♥❞ ❝♦♠♣✉t❡ t❤❡
✈❛❧✉❡ ♦❢ s❡♥s✐t✐✈✐t✐❡s ❢♦r ❡❛❝❤ tr❛❥❡❝t♦r②✿

s(δF )i
k =

∂ck(ξs
k)

∂(F k
0 )i

· su∗,tr−sddp
k i = 1, . . . , d ✭✸✷✮

s(δσ)i =

K−1
∑

k=0

∂ck(ξs
k)

∂σi
· su∗,tr−sddp

k i = 1, . . . , d ✭✸✸✮

❚❤❡r❡❢♦r❡ ✇❡ ♦❜t❛✐♥ t❤❡ ♠❡❛♥ ❛♥❞ ✈❛r✐❛♥❝❡ ♦❢ t❤✐s s❛♠♣❧❡✿

µtr−sddp
(δF )i

k

=
1

S

S
∑

s=1

s(δF )i
k σtr−sddp

(δF )i
k

=

(

1

S − 1

S
∑

s=1

(s(δF )i
k − µtr−sddp

(δF )i
k

)2

)1/2

✭✸✹✮

µtr−sddp
(δσ)i =

1

S

S
∑

s=1

s(δσ)i σtr−sddp
(δσ)i =

(

1

S − 1

S
∑

s=1

(s(δσ)i − µtr−sddp
(δσ)i )2

)1/2

✭✸✺✮

✺✳✷ ❈♦♠♣❛r✐s♦♥ ♠❡t❤♦❞s

❲❡ s❤❛❧❧ ♥♦✇ ❛❞❞r❡ss t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢r♦♠
t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❉❛♥s❦✐♥✬s t❤❡♦r❡♠✳ ■♥ t❤❛t ♣❡rs♣❡❝t✐✈❡✱ ✇❡ ❜❡♥❝❤♠❛r❦ t❤❡♠
❛❣❛✐♥st t❤❡ s❡♥s✐t✐✈✐t✐❡s ♦❜t❛✐♥❡❞ ❜② t❤❡ ♠❡❛♥ ♦❢ ♦t❤❡r ❛❧❣♦r✐t❤♠s✳

❘❘ ♥➦ ✼✺✼✹



✶✹ ❩✳ ❈❡♥✱ ❏✳❋✳ ❇♦♥♥❛♥s ❛♥❞ ❚✳ ❈❤r✐st❡❧

❚❤❡ ✜rst ❝♦♠♣❛r✐s♦♥ ❧✐❡s ✐♥ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ st❛t❡ ✈❛r✐❛❜❧❡ (xk)✳ ■♥✲
❞❡❡❞✱ ♠❛♥② ♣♦♣✉❧❛r ❛❧❣♦r✐t❤♠s ✐♠♣♦s❡ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ (xk) ❛s ❛ ♣r❡r❡q✉✐✲
s✐t❡ ✇❤✐❧st ♦✉r ❙❉❉P ❜❛s❡❞ ❛❧❣♦r✐t❤♠ r❡♠♦✈❡s t❤✐s ❝♦♥str❛✐♥t✳ ❆❧t❤♦✉❣❤ ♠♦r❡
❡✣❝✐❡♥t t❤❛♥ ❙❉❉P ✐♥ ❧♦✇ ❞✐♠❡♥s✐♦♥s✱ t❤❡ (xk) ❞✐s❝r❡t❡ ❛❧❣♦r✐t❤♠s ❜❡❝♦♠❡
♥✉♠❡r✐❝❛❧❧② ✐♥tr❛❝t❛❜❧❡ ✇❤❡♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ (xk) ✐♥❝r❡❛s❡✳

❚❤❡ s❡❝♦♥❞ s♦✉r❝❡ ♦❢ ❝♦♠♣❛r✐s♦♥ ❝♦♥❝❡r♥s t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠
♣r♦❝❡ss (ξk)✳ ■♥ ♦✉r ❢r❛♠❡✇♦r❦✱ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ t❤❡ ♦♣t✐♠❛❧ q✉❛♥t✐③❛t✐♦♥ tr❡❡
♠❡t❤♦❞ ❛s ❛ ✇❛② t♦ ❞✐s❝r❡t✐③❡ t❤❡ r❛♥❞♦♠♥❡ss✳ ❆s ❧♦♥❣ ❛s (ξk) r❡♠❛✐♥s ✐♥ ❧♦✇
❞✐♠❡♥s✐♦♥✱ ✇❡ ♠❛② ❛❧s♦ ✐♠♣❧❡♠❡♥t ❛ P❉❊ ❜❛s❡❞ ♠❡t❤♦❞✳

❋✐♥❛❧❧②✱ t❤❡ ❧❛st ❛♥❞ ♣r♦❜❛❜❧② ♠♦st ✐♠♣♦rt❛♥t ❝r✐t❡r✐❛ ♦❢ ❝♦♠♣❛r✐s♦♥ r❡s✐❞❡s
✐♥ t❤❡ ✇❛② t❤❡ s❡♥s✐t✐✈✐t✐❡s ❛r❡ ❝♦♠♣✉t❡❞✳ ❲❡ ❝❤❛❧❧❡♥❣❡ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts
♦❜t❛✐♥❡❞ ❜② t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❉❛♥s❦✐♥✬s t❤❡♦r❡♠ ❛❣❛✐♥st t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡
♠❡t❤♦❞ ✇❤✐❝❤ ✐s ❛s s✐♠♣❧❡ ❛s ✐t ✐s ♣♦♣✉❧❛r✳

✺✳✷✳✶ ❉❛♥s❦✐♥ ✰ q✉❛♥t✐③❛t✐♦♥ tr❡❡ ✰ st❛t❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥

❚❤❡ ✜rst ❝♦♠♣❛r✐s♦♥ ♠❡t❤♦❞ ✐s t❤❡ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ✐♥ ❬✺❪ t❤❛t ❝♦♠❜✐♥❡s
q✉❛♥t✐③❛t✐♦♥ tr❡❡ ♠❡t❤♦❞ ❛♥❞ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡ ♦♥ ❞✐s❝r❡t✐③❡❞
st❛t❡ s♣❛❝❡ (x̂k)✳ ▲❡t ✉s str❡ss ❛❣❛✐♥ t❤❛t t❤✐s ♠❡t❤♦❞ ♣r♦✈❡s t♦ ❜❡ ✈❡r② ❡✣❝✐❡♥t
❛s ❧♦♥❣ ❛s t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ (xk) r❡♠❛✐♥s ✐♥ ❧♦✇ ❞✐♠❡♥s✐♦♥✳ ▲❡t vtr−disc st❛♥❞s
❢♦r t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡ ❛♥❞ u∗,tr−disc ❢♦r t❤❡ ♦♣t✐♠❛❧ str❛t❡❣②✿

vtr−disc(k, x̂k, ξ̂k) = min
uk∈Uk

(

ck(ξ̂k)uk + E[vtr−disc(k + 1, x̂k + uk, ξ̂k+1) | ξ̂k]
)

✭✸✻✮

u∗,tr−disc(k, x̂k, ξ̂k) = argmin
uk∈Uk

(

ck(ξ̂k)uk + E[vtr−disc(k + 1, x̂k + uk, ξ̂k+1) | ξ̂k]
)

✭✸✼✮

✇❤❡r❡

E[vtr−disc(k + 1, x, ξ̂k+1) | ξ̂k = ξi
k] =

∑

ξj

k+1
∈Γk+1

pij
k v

tr−disc(k + 1, x, ξj
k+1)

❲❡ ❝❛♥ r❡✉s❡ t❤❡ s❛♠❡ ❢♦r♠✉❧❛ ❛s ✭✸✷✮✲✭✸✺✮ ✇✐t❤ t❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝② u∗,tr−disc

t♦ ❝♦♠♣✉t❡ t❤❡ s❡♥s✐t✐✈✐t✐❡s ✈❛❧✉❡s t❤❛t ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② (δF )tr−disc ❛♥❞
(δσ)tr−disc✳ ❚❤❛♥❦s t♦ t❤✐s ♠❡t❤♦❞✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❝♦♠♣❛r❡ t✇♦ ♠❡t❤♦❞s t♦
❝♦♠♣✉t❡ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ♦❜t❛✐♥❡❞ ♦♥ t❤❡ s❛♠❡ q✉❛♥t✐③❛t✐♦♥ tr❡❡ ❛s t❤❡
♦♥❡ ✉s❡❞ ✐♥ ♦✉r ❙❉❉P ❜❛s❡❞ ❛❧❣♦r✐t❤♠✳

✺✳✷✳✷ ❉❛♥s❦✐♥ ✰ P❉❊ ✰ st❛t❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥

■❢ t❤❡ r❛♥❞♦♠ ♣r♦❝❡ss (ξk) ✐s ✐♥ ❧♦✇ ❞✐♠❡♥s✐♦♥✱ ♦♥❡ ♥❛t✉r❛❧ ✐❞❡❛ ✐s t♦ ✉s❡ ❛ P❉❊
♠❡t❤♦❞ t♦ ❝♦♠♣✉t❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s❡❝♦♥❞ ❝♦♠♣❛r✐s♦♥
♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛r❛❣r❛♣❤ ❝♦♠❜✐♥❡s ❛ P❉❊ ♠❡t❤♦❞ ✇✐t❤ t❤❡ ❞②♥❛♠✐❝
♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡ ♦♥ ❞✐s❝r❡t✐③❡❞ st❛t❡ s♣❛❝❡ (x̂k)✳ ■♥ ♦r❞❡r t♦ ✉s❡ ❛ P❉❊
♠❡t❤♦❞✱ ✇❡ ♥❡❡❞ t♦ ❜✉✐❧❞ ♦♥❡ ❝♦♥t✐♥✉♦✉s t✐♠❡ ♣r♦❝❡ss ❢r♦♠ t❤❡ ❞✐s❝r❡t❡ t✐♠❡
r❛♥❞♦♠ ♣r♦❝❡ss✳ ❚♦ ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ ♦✉r ♣r✐❝❡ ♠♦❞❡❧ ✭✽✮✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡
❝♦♥t✐♥✉♦✉s ✈❡rs✐♦♥ ♦❢ t❤❡ ❇❧❛❝❦ ♠♦❞❡❧✿

dF ·
t = σF ·

tdWt ✭✸✽✮

■◆❘■❆



❙❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ♦❢ ❡♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ♣r♦❜❧❡♠ ✶✺

❛♥❞ ♠❛❦❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ F t
0 ❜❡t✇❡❡♥ tk ❛♥❞ tk+1✿

F t
0 =

t− tk
tk+1 − tk

F k+1
0 +

t− tk+1

tk − tk+1
F k

0 tk ≤ t ≤ tk+1. ✭✸✾✮

▲❡t vpde−disc(k, xk, ξk) st❛♥❞s ❢♦r t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡✱ ❛♥❞ u∗,pde−disc(k, xk, ξk)
❢♦r t❤❡ ♦♣t✐♠❛❧ str❛t❡❣②✿

vpde−disc(k, x̂k, ξk) = min
uk∈Uk

(

ck(ξk)uk + E[vpde−disc(k + 1, x̂k + uk, ξk+1) | ξk]
)

✭✹✵✮

u∗,pde−disc(k, x̂k, ξk) = argmin
u∈Uk

(

ck(ξk)uk + E[vpde−disc(k + 1, x̂k + uk, ξk+1) | ξk]
)

✭✹✶✮

▲❡t ṽ(t, x, ξt) := E[vpde−disc(k + 1, x, ξk+1) | ξt]✱ tk ≤ t ≤ tk+1✳ ❈♦♠❜✐♥✐♥❣
t❤❡ ❋❡②♥♠❛♥✲❑❛❝ ❢♦r♠✉❧❛ ❛♥❞ ■tô✬s ❧❡♠♠❛ ♦♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❡①t❡♥s✐♦♥ ♦❢ ♦✉r
♣r✐❝❡ ♠♦❞❡❧ ✭✸✽✮ ✭✸✾✮✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥s ❜② s♦❧✈✐♥❣ t❤❡
❢♦❧❧♦✇✐♥❣ P❉❊ ❜❛❝❦✇❛r❞❧② ❢r♦♠ tk+1 t♦ tk✿






∂ṽ
∂t

+ 1
2
∑d

i=1(σ
i)2(ξi)2 ∂2ṽ

∂(ξi)2
+
∑

i 6=j ρijσ
iσjξiξj ∂2ṽ

∂ξi∂ξj = 0 tk ≤ t ≤ tk+1

ṽ(tk+1, ·, ξtk+1
) = vpde−disc(tk+1, ·, ξtk+1

)

✭✹✷✮
❚❤✐s ♣❛r❛❜♦❧✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s♦❧✈❡ ♥✉♠❡r✐✲
❝❛❧❧② ✐♥ ❞✐♠❡♥s✐♦♥ ✶✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ ♠❛② s♦❧✈❡ ✐t ❜② t❤❡ ✉s❡ ♦❢ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡
♠❡t❤♦❞ ✇✐t❤ ❛♥ ✐♠♣❧✐❝✐t s❝❤❡♠❡✱ ✇❤✐❝❤ ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ ❛♣♣❡♥❞✐① ❆✳

❖♥❝❡ ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ u∗,pde−disc✱ ✇❡ ♠❛② st✐❧❧ ❛♣✲
♣❧② ❉❛♥s❦✐♥✬s t❤❡♦r❡♠ ❜② ✉s✐♥❣ t❤❡ s❛♠❡ ❢♦r♠✉❧❛ ✭✸✷✮✲✭✸✺✮✳ ❲❡ ❞❡♥♦t❡ t❤❡
s❡♥s✐t✐✈✐t② r❡s✉❧t ❜② (δF )pde−disc ❛♥❞ (δσ)pde−disc✳

◆♦t❡ t❤❛t t❤✐s ♠❡t❤♦❞ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ q✉❛♥t✐③❛t✐♦♥ tr❡❡✳ ❍❡♥❝❡✱ t❤❡
r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❝✉rr❡♥t ♣❛r❛❣r❛♣❤ ❡✈✐❞❡♥❝❡
t❤❡ ❛❝❝✉r❛❝② ♦❢ ❞✐s❝r❡t✐③✐♥❣ (ξk) ❜② t❤❡ q✉❛♥t✐③❛t✐♦♥ tr❡❡ ♠❡t❤♦❞✳

✺✳✷✳✸ ❋✐♥✐t❡ ❞✐✛❡r❡♥❝❡ ✭❢❞✳✮ ✰ P❉❊ ✰ st❛t❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t♦♥

❚❤❡ ❧❛st ♠❡t❤♦❞ ✉s❡❞ t♦ ❝♦♠♣❛r❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ s❡♥s✐t✐✈✐t✐❡s ❡st✐♠❛t❡ ✐s
♣r♦❜❛❜❧② t❤❡ ♠♦st ✉s❡❞ ✐♥ ♣r❛❝t✐❝❡✳ ❖♥❝❡ ❛♥ ❡✣❝✐❡♥t ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ t♦
❝♦♠♣✉t❡ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ v(F, σ) ✐s ❛✈❛✐❧❛❜❧❡✱ t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ♠❡t❤♦❞ ♠❛②
❜❡ ✉s❡❞ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ✈❛❧✉❡✿

(δfd
F )i

k =
v(F + ǫei

k, σ) − v(F − ǫei
k, σ)

2ǫ
✭✹✸✮

(δfd
σ )i =

v(F, σ + ǫei) − v(F, σ − ǫei)

2ǫ
✭✹✹✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥✉♠❡r✐❝❛❧ t❡sts✱ ✇❡ ✉s❡ P❉❊ ❛♥❞ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ ❞✐s❝r❡t✐③❛t✐♦♥
t♦ ❝♦♠♣✉t❡ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ v(F, σ)✳ ❲❡ ❞❡♥♦t❡ ❜② (δF )fd−pde ❛♥❞ (δσ)fd−pde

t❤❡ s❡♥s✐t✐✈✐t✐❡s ❡st✐♠❛t❡s✳ ❚❤✐s ♠❡t❤♦❞ ❛❧❧♦✇s ✉s t♦ ❝♦♠♣❛r❡ t❤❡ r❡❧❡✈❛♥❝❡ ♦❢
t❤❡ ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❢r♦♠ ❉❛♥s❦✐♥✬s t❤❡♦r❡♠✳

❘❘ ♥➦ ✼✺✼✹



✶✻ ❩✳ ❈❡♥✱ ❏✳❋✳ ❇♦♥♥❛♥s ❛♥❞ ❚✳ ❈❤r✐st❡❧

✺✳✸ ❙✇✐♥❣ ♦♣t✐♦♥

❚❤❡ ✜rst t❡st ✐s ♣❡r❢♦r♠❡❞ ♦♥ s✇✐♥❣ ♦♣t✐♦♥s ✇❤✐❝❤ ❛r❡ ❢❛✐r❧② ❝♦♠♠♦♥ ✐♥ t❤❡
❡♥❡r❣② ♠❛r❦❡ts✳ ❆ s✇✐♥❣ ♦♣t✐♦♥ ❛❧❧♦✇s ✐ts ❤♦❧❞❡r t♦ ♣✉r❝❤❛s❡ ❛ t♦t❛❧ ❛♠♦✉♥t
♦❢ ❝♦♠♠♦❞✐t② ❞✉r✐♥❣ ❛ ♣r❡❞❡t❡r♠✐♥❡❞ ♣❡r✐♦❞ ♦❢ t✐♠❡✳ ❆ t②♣✐❝❛❧ s✇✐♥❣ ♦♣t✐♦♥
❝♦♥tr❛❝t ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs✿ ❛ ❢❡❛s✐❜❧❡ ❝♦♥tr♦❧ s❡t Uk = [0, 1] ❢♦r ❡✈❡r②
t✐♠❡ st❡♣ tk✱ ❛ ✜♥❛❧ st❛t❡ s❡t XK = [L,U ]✱ ❛♥❞ ❛ t✐♠❡ ❤♦r✐③♦♥ K = 50 ✐♥ ♦✉r
❡①❛♠♣❧❡✳ ❚❤❡ r✉♥♥✐♥❣ ❝♦st ❢✉♥❝t✐♦♥ c(ξk) ✐s ❡q✉❛❧ t♦ ξk −Kk✱ ✇❤❡r❡ t❤❡ str✐❦❡
Kk = F k

0 ✳
❯♥❞❡r ❝❡rt❛✐♥ ❝✐r❝✉♠st❛♥❝❡s✱ s✇✐♥❣ ♦♣t✐♦♥s ❢❡❛t✉r✐♥❣ ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥ ❝♦♥✲

tr♦❧ ♣♦ss❡ss❡s t❤❡ ❜❛♥❣✲❜❛♥❣ ♣r♦♣❡rt②✳ ❇❛r❞♦✉ ❡t ❛❧ ❬✺✱ ✹❪ s❤♦✇ t❤❛t t❤❡r❡
❛❧✇❛②s ❡①✐sts ❛ ❜❛♥❣✲❜❛♥❣ ♦♣t✐♠❛❧ str❛t❡❣② ✇❤❡♥ (L,U) ∈ Z

2✳ ❚❤❡r❡❢♦r❡✱ t❤❡
❞✐s❝r❡t✐③❛t✐♦♥ ♦♥ xt t❛❦❡s ✈❛❧✉❡ ✐♥ Z ♦♥❧②✳

■♥ t❤❡ ❝✉rr❡♥t t❡st✱ ✇❡ t❛❦❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ ❡①❡r❝✐s❡ r✐❣❤t L ❡q✉❛❧ t♦ 20✱
❛♥❞ ✉♣♣❡r ❜♦✉♥❞ ♦❢ ❡①❡r❝✐s❡ r✐❣❤t U ❡q✉❛❧ t♦ 30✳ ■♥ t❤✐s ♥✉♠❡r✐❝❛❧ t❡st ❛♥❞
t❤❡ ♥❡①t ♦♥❡✱ ✇❡ s❡t ✐♥ ♣r✐❝❡ ♠♦❞❡❧ ❢♦r✇❛r❞ ❝✉r✈❡ F k

0 t♦ 1.0 + 0.2 sin(2πtk/T )✱
❛♥❞ ✈♦❧❛t✐❧✐t② σ t♦ 0.042✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs ✐♥t❡r✈❡♥✐♥❣ ✐♥ t❤❡ P❉❊
r❡s♦❧✉t✐♦♥ ✭s❡❡ s❡❝t✐♦♥ ❆✮✱ ✇❡ s❡t t❤❡ ❧♦✇❡r ❜♦✉♥❞ ξ t♦ 0.1✱ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ξ

t♦ 5.0✱ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐s❝r❡t✐③❛t✐♦♥ s♣❛❝❡ st❡♣s J t♦ 200✱ ❛♥❞ ✜♥❛❧❧② t❤❡ ♥✉♠❜❡r
♦❢ t✐♠❡ st❡♣s L t♦ 5✱ ❋✐♥❛❧❧②✱ ✇❡ t❛❦❡ ǫ = 0.01 ✐♥ t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❡st✐♠❛t✐♦♥✳
❚❤❡ ♣r♦❣r❛♠ ✐s ✇r✐tt❡♥ ✐♥ ❈✰✰ ✇✐t❤ ●◆❯ ▲✐♥❡❛r Pr♦❣r❛♠♠✐♥❣ ❑✐t✭●▲P❑✮
✹✳✹✹✱ ❛♥❞ t❤❡ t❡st ✇❛s ♣❡r❢♦r♠❡❞ ♦♥ ❛ P❈ ✇✐t❤ ❛ ✸✳✵✼●❍③ ■♥t❡❧ ❳❡♦♥ ❈P❯ ❛♥❞
✶✷●❇②t❡ ♠❛✐♥ ♠❡♠♦r②✳ ❚❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r ♦♣t✐♠❛❧ ✈❛❧✉❡s ❛r❡ ❣✐✈❡♥ ✐♥
t❛❜❧❡ ✶✳

tr❡❡✰s❞❞♣✳ tr❡❡✰❞✐s❝r❡t✳ ♣❞❡✳✰❞✐s❝r❡t✳
✉❜✳ σ(✉❜✳) ❧❜✳

♦♣t✐♠❛❧ ✈❛❧✉❡ ✲✶✳✹✹✷✾ ✵✳✵✶✷✺ ✲✶✳✹✸✼✺ ✲✶✳✹✸✻✶ ✲✶✳✹✷✹✹

❚❛❜❧❡ ✶✿ ❖♣t✐♠❛❧ ✈❛❧✉❡s ❢♦r t❤❡ ✸ ♠❡t❤♦❞s✳

❚❤❡ s❡♥s✐t✐✈✐t② ✈❛❧✉❡s ✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ ❝♦♥tr❛❝t ♦❢ t❤❡ ❢♦r✇❛r❞ ❝✉r✈❡ ❛r❡
❞✐s♣❧❛②❡❞ ✐♥ ✜❣✉r❡ ✶✳

❋✐♥❛❧❧②✱ t❤❡ s❡♥s✐t✐✈✐t② ✈❛❧✉❡s ✇✐t❤ r❡s♣❡❝t t♦ σ ❛r❡ ❣✐✈❡♥ ✐♥ t❛❜❧❡ ✷✳

tr❡❡✰s❞❞♣✳ tr❡❡✰❞✐s❝r❡t✳ ♣❞❡✳✰❞✐s❝r❡t✳ ❢❞✳✰ ♣❞❡✳
♠❡❛♥ st❞✳ ❞❡✈✳ ♠❡❛♥ st❞✳ ❞❡✈✳ ♠❡❛♥ st❞✳ ❞❡✈✳

δσ ✲✸✷✳✾✺✽ ✵✳✶✺✽ ✲✸✷✳✾✻✸ ✵✳✶✺✽ ✲✸✷✳✾✾✸ ✵✳✶✻✵ ✲✸✸✳✵✶✹

❚❛❜❧❡ ✷✿ ❙❡♥s✐t✐✈✐t② ✈❛❧✉❡ ✇✐t❤ r❡s♣❡❝t t♦ σ ♦❜t❛✐♥❡❞ ❜② t❤❡ ✹ ♠❡t❤♦❞s✳

❲❡ r❡♠❛r❦ t❤❛t t❤❡ s❡♥s✐t✐✈✐t✐❡s ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❜② ❛❧❧ ✹ ♠❡t❤♦❞s ❛r❡ ❝❧♦s❡
t♦ ❡❛❝❤ ♦t❤❡r✳ ❚❤✐s r❡s✉❧t ♣r♦✈❡s t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ s❡♥s✐t✐✈✐t✐❡s ♦❜t❛✐♥❡❞ ❜②
♦✉r ♦r✐❣✐♥❛❧ ❛❧❣♦r✐t❤♠ ✭❉❛♥s❦✐♥ ✰ q✉❛♥t✐③❛t✐♦♥ tr❡❡ ✰ ❙❉❉P✮✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡
❛❧s♦ ♦❜s❡r✈❡ t❤❡ ❝❧♦s❡♥❡ss ♦❢ t❤❡ ❞❡❧t❛s ♦❜t❛✐♥❡❞ ❜② ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❛♥❞ t❤♦s❡
♦❜t❛✐♥❡❞ ❜② ❉❛♥s❦✐♥ ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♠❡t❤♦❞s ❛r❡ t❤❡ s❛♠❡

■◆❘■❆



❙❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ♦❢ ❡♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ♣r♦❜❧❡♠ ✶✼

❋✐❣✉r❡ ✶✿ ❙❡♥s✐t✐✈✐t② ✈❛❧✉❡s ✇✐t❤ r❡s♣❡❝t t♦ F ♦❜t❛✐♥❡❞ ❜② t❤❡ ✹ ♠❡t❤♦❞s✳ ❙✐♥❝❡
t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ♦❢ t❤❡ ✜rst ✸ ♠❡t❤♦❞s r❡♣r❡s❡♥t ❧❡ss t❤❛♥ ✶✪ ♦❢ t❤❡
s❡♥s✐t✐✈✐t② ✈❛❧✉❡s✱ ✇❡ ✇✐❧❧ ♥♦t ♣❧♦t t❤❡♠ ❢♦r s❛❦❡ ♦❢ ❝❧❛r✐t②✳

✭✐✳❡✳ P❉❊✰❞✐s❝r❡t✐③❛t✐♦♥✮✳ ❍♦✇❡✈❡r✱ ✇❡ ♦❜s❡r✈❡ ❛ s✐❣♥✐✜❝❛♥t ❞❡✈✐❛t✐♦♥ ❢♦r δ0✳
❖♥❡ ♣♦ss✐❜❧❡ r❡❛s♦♥ ✐s t❤❛t t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ v(F, σ) ✐s ♥♦t ❋ré❝❤❡t
❞✐✛❡r❡♥t✐❛❜❧❡ ❛t t✐♠❡ t0✳

❈♦♠♣❛r❡❞ t♦ ♦t❤❡r ♠❡t❤♦❞s✱ ♦✉r ❛❧❣♦r✐t❤♠ ❞♦❡s ♥♦t ♣r♦❝✉r❡ ❛♥② ❛❞✈❛♥t❛❣❡
✐♥ ❈P❯ t✐♠❡ ❢♦r s✉❝❤ ❛ ❧♦✇ ❞✐♠❡♥s✐♦♥ ♣r♦❜❧❡♠✳ ■♥ t❤❡ ♥❡①t ❡①❛♠♣❧❡✱ ✇❡ ✇✐❧❧
❝♦♠♣❛r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡s❡ ✹ ♠❡t❤♦❞s ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r ❛ ♣r♦❜❧❡♠ ✇✐t❤
❤✐❣❤❡r ❞✐♠❡♥s✐♦♥ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡ ut ❛♥❞ st❛t❡ ✈❛r✐❛❜❧❡ xt✳

✺✳✹ ❙♠❛❧❧ ❝♦♠♠♦❞✐t② ♣♦rt❢♦❧✐♦ ❝❛s❡ st✉❞②

▲❡t ✉s ❝♦♥s✐❞❡r ❛ s♠❛❧❧ ♥❡t✇♦r❦ ♦❢ ❞✐str✐❜✉t✐♦♥ ♦❢ ♥❛t✉r❛❧ ❣❛s✳ ❖♥❡ ❝♦♠♣❛♥②
❜✉②s ❣❛s ❢r♦♠ ♣r♦❞✉❝t✐♦♥ s✐t❡ ❆ ❛♥❞ ❞❡❧✐✈❡rs t♦ t✇♦ ❝♦♥s✉♠✐♥❣ s✐t❡s ❇ ❛♥❞ ❈✳
❚❤❡ ♠❛r❣✐♥ ♦❜t❛✐♥❡❞ ✐s ✐♥❞❡①❡❞ ♦♥ t❤❡ s♣♦t ❝♦♠♠♦❞✐t② ♣r✐❝❡✳ ❚❤❡ ❝♦♥tr❛❝t ✐s
❛❧s♦ s✉❜❥❡❝t t♦ ✢♦✇ ❝♦♥str❛✐♥ts ✭s❡❡ t❛❜❧❡ ✸✮✳

s✐t❡ ❧♦❝✳ q✉❛♥✳ Ut ❣❧♦✳ q✉❛♥✳ XT r✉♥♥✐♥❣ ❝♦st ck(ξk)

❆ [5, 10] [400, 400]

❇ [0, 7] [200, 200] (A→ B)

{

(ξ − 1.1) + 0.1 ✐❢ ξ ≤ 1.1

0.5(ξ − 1.1) + 0.1 ♦t❤❡r✇✐s❡

❈ [2, 8] [200, 200] (A→ C)

{

(ξ − 0.9) − 0.1 ✐❢ ξ ≤ 0.9

0.5(ξ − 0.9) − 0.1 ♦t❤❡r✇✐s❡

❚❛❜❧❡ ✸✿ ❙♠❛❧❧ ❝♦♠♠♦❞✐t② ♣♦rt❢♦❧✐♦ s❡tt✐♥❣✿ ❝♦♥str❛✐♥ts ❛♥❞ r✉♥♥✐♥❣ ❝♦st✳

❘❘ ♥➦ ✼✺✼✹



✶✽ ❩✳ ❈❡♥✱ ❏✳❋✳ ❇♦♥♥❛♥s ❛♥❞ ❚✳ ❈❤r✐st❡❧

❯♥❢♦rt✉♥❛t❡❧②✱ t❤✐s ♣r♦❜❧❡♠ ❞♦❡s ♥♦t ♣♦ss❡ss t❤❡ ❝♦♥✈❡♥✐❡♥t ❜❛♥❣✲❜❛♥❣ ♣r♦♣✲
❡rt② ♦❢ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ❞✐s❝r❡t✐③✐♥❣ st❛t❡ ✈❛r✐❛❜❧❡ xt ∈ R

2 ✇✐❧❧
♠❛❦❡ t❤❡ ♣r♦❣r❛♠ ❜♦t❤ t✐♠❡ ❛♥❞ ♠❡♠♦r② ❝♦♥s✉♠✐♥❣✳

❉✉r✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡sts✱ ✇❡ t❛❦❡ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ st❡♣s ♦♥ st❛t❡ ✈❛r✐❛❜❧❡s
hB = hC = 0.5✳ ❚❤❡ r❡s✉❧ts ❢♦r ♦♣t✐♠❛❧ ✈❛❧✉❡s ❛r❡ ❣✐✈❡♥ ✐♥ t❛❜❧❡ ✹✳

tr❡❡✰s❞❞♣✳ tr❡❡✰❞✐s❝r❡t✳ ♣❞❡✳✰❞✐s❝r❡t✳
✉❜✳ σ(✉❜✳) ❧❜✳

♦♣t✐♠❛❧ ✈❛❧✉❡ ✲✶✻✳✷✽✵✾ ✵✳✽✷✺✶ ✲✶✻✳✵✵✷✹ ✲✶✸✳✽✻✶ ✲✶✸✳✽✸✻✶
❈P❯ t✐♠❡ ✭s✮ ✸✶✾ ✷✵✼ ✷✾✼

❚❛❜❧❡ ✹✿ ❖♣t✐♠❛❧ ✈❛❧✉❡ ❛♥❞ ❈P❯ t✐♠❡ ♦❢ ✸ ♠❡t❤♦❞s✳

❖✉r ❛❧❣♦r✐t❤♠ ❝♦sts ❛r♦✉♥❞ ✺✵✪ ♠♦r❡ ❈P❯ t✐♠❡ t❤❛♥ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢
❛ q✉❛♥t✐③❛t✐♦♥ tr❡❡ ❛♥❞ ❛ st❛t❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❛♥❞ ♦♥❧② ❛r♦✉♥❞ ✶✵✪ ♠♦r❡
t❤❛♥ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛ P❉❊ ♠❡t❤♦❞ ❛♥❞ ❛ st❛t❡ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❇✉t t❤❡
r❡s✉❧t ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ✐s ♠✉❝❤ ❜❡tt❡r t❤❛♥ t❤❡ st❛♥❞❛r❞ ❛❧❣♦r✐t❤♠ ♦♥ ♦♣t✐♠❛❧
✈❛❧✉❡ ✭❛r♦✉♥❞ ✷✵✪ ✐♥ t❤✐s t❡st✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❞✐s❝r❡t✐③❡❞ ♣r♦❣r❛♠s ✇✐❧❧
❜❡❝♦♠❡ ✐♥tr❛❝t❛❜❧❡ ✇❤❡♥ t❤❡ st❛t❡ s♣❛❝❡ ✈❛r✐❛❜❧❡ ✐s ✐♥ ❞✐♠❡♥s✐♦♥ ❣r❡❛t❡r t❤❛♥
3✳ ■♥ ❢❛❝t✱ r❡❛❧ ❧✐❢❡ ♣♦rt❢♦❧✐♦ ♣r♦❜❧❡♠s ❛r❡ ♠♦st❧② ✐♥ ❞✐♠❡♥s✐♦♥ 10 ❛♥❞ ♠♦r❡ ✭s❡❡
s❡❝♦♥❞ ❡①❛♠♣❧❡ ✐♥ ♦✉r ♣r❡✈✐♦✉s ❛rt✐❝❧❡ ❬✽❪✮✳ ❚❤✐s r❡♠❛r❦ ❛❧s♦ ❛♣♣❧✐❡s t♦ ♣r♦❜❧❡♠s
✐♥✈♦❧✈✐♥❣ s❡✈❡r❛❧ ❧❛②❡rs ♦❢ r❛♥❞♦♠♥❡ss ❧✐❦❡ s✇✐♥❣ ♦♣t✐♦♥s ✇❤✐❝❤ ♦❢t❡♥ ✐♥❝❧✉❞❡ ❛
s❡❝♦♥❞ st♦❝❤❛st✐❝ ❝♦♠♣♦♥❡♥t ❞r✐✈✐♥❣ t❤❡ str✐❦❡ ♣r✐❝❡✳ ❚❤✉s✱ ♦✉r ❛❧❣♦r✐t❤♠ ❣✐✈❡s
❛ ❣♦♦❞ ❛♥s✇❡r t♦ s✉❝❤ ♣r♦❜❧❡♠s✳

❉❡s♣✐t❡ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❙❉❉P ❛❧❣♦r✐t❤♠ ❛♥❞
t❤❡ ❞✐s❝r❡t✐③❡❞ ♠❡t❤♦❞s✱ ✇❡ st✐❧❧ ♣r❡s❡♥t t❤❡ s❡♥s✐t✐✈✐t② ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❜② t❤❡
❞✐✛❡r❡♥t ♠❡t❤♦❞s ❦♥♦✇✐♥❣ ✐♥ ❛❞✈❛♥❝❡ t❤❛t s✉❝❤ ❛ ❝♦♠♣❛r✐s♦♥ ✐s s❦❡✇❡❞✳

❍❡♥❝❡✱ t❤❡ s❡♥s✐t✐✈✐t✐❡s ✈❛❧✉❡s ✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ ❝♦♥tr❛❝t ♦❢ t❤❡ ❢♦r✇❛r❞
❝✉r✈❡ ✐s ❣✐✈❡♥ ❜② ✜❣✉r❡ ✷✳

❋✐♥❛❧❧②✱ t❤❡ s❡♥s✐t✐✈✐t② ✈❛❧✉❡s ✇✐t❤ r❡s♣❡❝t t♦ σ ❛r❡ ❣✐✈❡♥ ✐♥ t❛❜❧❡ ✺✳

tr❡❡✰s❞❞♣✳ tr❡❡✰❞✐s❝r❡t✳ ♣❞❡✳✰❞✐s❝r❡t✳ ❢❞✳✰ ♣❞❡✳
♠❡❛♥ st❞✳ ❞❡✈✳ ♠❡❛♥ st❞✳ ❞❡✈✳ ♠❡❛♥ st❞✳ ❞❡✈✳

δσ ✲✻✸✳✾✺✶ ✽✳✸✻✽ ✲✶✻✳✹✷✵ ✾✳✵✼✼ ✲✶✻✳✺✸✼ ✽✳✵✼✼ ✲✶✺✳✶✶✺

❚❛❜❧❡ ✺✿ ❙❡♥s✐t✐✈✐t② ✈❛❧✉❡ ✇✐t❤ r❡s♣❡❝t t♦ σ ♦❜t❛✐♥❡❞ ❜② ✹ ♠❡t❤♦❞s✳

❆s ❡①♣❡❝t❡❞✱ ✇❡ ♦❜s❡r✈❡ ❛ ❧❛r❣❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ❜② ♦✉r
❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡ ♦t❤❡r ♠❡t❤♦❞s✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ ✐t ❝♦♠❡s t♦ t❤❡ s❡♥s✐t✐✈✐t✐❡s
δσ✳ ❍♦✇❡✈❡r✱ ✇❡ ❛❧s♦ r❡♠❛r❦ ❛ ❝♦♠♠♦♥ ♣❛tt❡r♥ ❢♦r t❤❡ s❡♥s✐t✐✈✐t✐❡s δF ✐♥ ✜❣✉r❡
✷✱ ❡✈✐❞❡♥❝✐♥❣ t❤❛t t❤❡ r❡s✉❧ts ♣r♦✈✐❞❡❞ ❜② ♦✉r ❛❧❣♦r✐t❤♠ ❛♥❞ ❉❛♥s❦✐♥ t❤❡♦r❡♠
s❡❡♠ r❡❛s♦♥❛❜❧❡✳ ❋✐♥❛❧❧②✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤❡ ❧❛st ♣❛r❛❣r❛♣❤ r❡♠❛✐♥s ✈❛❧✐❞✿
❢♦r s✐♠✐❧❛r ❞✐s❝r❡t✐③❛t✐♦♥ ♠❡t❤♦❞✱ t❤❡ ❉❛♥s❦✐♥ t❤❡♦r❡♠ ♣r♦✈✐❞❡s s✐♠✐❧❛r r❡s✉❧ts
❛s t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ♠❡t❤♦❞✳

■◆❘■❆



❙❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ♦❢ ❡♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ♣r♦❜❧❡♠ ✶✾

❋✐❣✉r❡ ✷✿ ❙❡♥s✐t✐✈✐t② ✈❛❧✉❡s ✇✐t❤ r❡s♣❡❝t t♦ F ♦❜t❛✐♥❡❞ ❜② t❤❡ ✹ ♠❡t❤♦❞s✳ ❙✐♥❝❡
t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ♦❢ t❤❡ ✜rst ✸ ♠❡t❤♦❞s r❡♣r❡s❡♥t ❧❡ss t❤❛♥ ✵✳✶✪ ♦❢ t❤❡
s❡♥s✐t✐✈✐t② ✈❛❧✉❡s✱ ✇❡ ✇✐❧❧ ♥♦t ♣❧♦t t❤❡♠ ❢♦r s❛❦❡ ♦❢ ❝❧❛r✐t②✳

❆ ■♠♣❧✐❝✐t s❝❤❡♠❡ ♦❢ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❢♦r ✶ ❞✐✲

♠❡♥s✐♦♥ P❉❊

●❡♥❡r❛❧❧②✱ t❤❡ ♣❛r❛❜♦❧✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐s ✈❡r② ❞✐✣❝✉❧t t♦ s♦❧✈❡
♥✉♠❡r✐❝❛❧❧② ✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥✳ ❲❡ r❡❢❡r t♦ ❆❧❧❛✐r❡ ❬✶❪ ❛♥❞ ❊r♥ ❛♥❞ ●✉❡r♠❛♥❞
❬✶✻❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳

■♥ t❤❡ ❝❛s❡ t❤❛t ξt ✐s ✐♥ ❞✐♠❡♥s✐♦♥ ♦♥❡✱ t❤❡ ❡q✉❛t✐♦♥ ✭✹✷✮ ✐s ✇r✐tt❡♥ ❛s






∂ṽ
∂t

+ 1
2σ

2ξ2 ∂2ṽ
∂ξ2 = 0, tk ≤ t ≤ tk+1, ξ ∈ [ξ, ξ],

ṽ(tk+1, ·, ξtk+1
) = g(tk+1, ·, ξtk+1

).
✭✹✺✮

❚♦ ❛♣♣❧② t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡✱ ✇❡ ♥❡❡❞ t♦ ❞✐s❝r❡t✐③❡ ❜♦t❤ t✐♠❡ t ❛♥❞
s♣❛❝❡ ξ✳ ▲❡t t❤❡ t✐♠❡ st❡♣ ❜❡ ht = (tk+1 − tk)/L✱ ❛♥❞ t❤❡ s♣❛❝❡ st❡♣ ❜❡ hξ =
(ξ − ξ)/J ✱ ✇❤❡r❡ L, J ❛r❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✳ ❲❡ ❞❡♥♦t❡ ❜② ṽl

j ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥
♦❢ ṽ(tk + lht, ξ + jhξ) ✇❤❡r❡ 0 ≤ l ≤ L ❛♥❞ 0 ≤ j ≤ J ✳ ❚❤❡ st❛♥❞❛r❞ ✐♠♣❧✐❝✐t
✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡ ✐s











ṽl+1
j − ṽl

j

ht
+ 1

2σ
2ξl

j

ṽl
j+1 − 2ṽl

j + ṽl
j−1

h2
ξ

= 0,

ṽL
j (·) = g(tk+1, ·, ξ + jhξ).

✭✹✻✮

❘❘ ♥➦ ✼✺✼✹



✷✵ ❩✳ ❈❡♥✱ ❏✳❋✳ ❇♦♥♥❛♥s ❛♥❞ ❚✳ ❈❤r✐st❡❧

❚❤✉s✱ ✇❡ ♥❡❡❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❛t ❜♦✉♥❞s ♦❢ ξ✳ ❇② t❤❡ ❛r❣✉♠❡♥ts ♦❢
♣r♦❜❧❡♠ ❝♦♥t❡①t✱ ✇❡ t❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✿











∂2ṽ
∂ξ2 = 0, ξ = ξ,

∂2ṽ
∂ξ2 = 0, ξ = ξ.

✭✹✼✮

❚❤✉s✱ t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡ ❛t ❜♦✉♥❞s ❛r❡✿
{

ṽl+1
0 − ṽl

0 = 0,

ṽl+1
J − ṽl

J = 0.
✭✹✽✮

❘❡❢❡r❡♥❝❡s

❬✶❪ ●✳ ❆❧❧❛✐r❡✳ ◆✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ❛♥❞ ♦♣t✐♠✐③❛t✐♦♥✿ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ♠❛t❤✲
❡♠❛t✐❝❛❧ ♠♦❞❡❧❧✐♥❣ ❛♥❞ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ✭◆✉♠❡r✐❝❛❧ ♠❛t❤❡♠❛t✐❝s ❛♥❞
s❝✐❡♥t✐✜❝ ❝♦♠♣✉t❛t✐♦♥✮✳ ❖①❢♦r❞ ✉♥✐✈❡rs✐t② Pr❡ss✱ ❯❙❆✱ ✷✵✵✼✳ ❚r❛♥s❧❛t❡❞
❢r♦♠ t❤❡ ❋r❡♥❝❤ ❜② ❆✳ ❈r❛✐❣✳

❬✷❪ ❱✳ ❇❛❧❧② ❛♥❞ P✳ P❛❣ès✳ ❊rr♦r ❛♥❛❧②s✐s ♦❢ t❤❡ q✉❛♥t✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r
♦❜st❛❝❧❡ ♣r♦❜❧❡♠s✳ ❙t♦❝❤❛st✐❝ Pr♦❝❡ss❡s ✫ ❚❤❡✐r ❆♣♣❧✐❝❛t✐♦♥s✱ ✶✵✻✭✶✮✿✶✕✹✵✱
✷✵✵✸✳

❬✸❪ ❱✳ ❇❛❧❧② ❛♥❞ P✳ P❛❣ès✳ ❆ q✉❛♥t✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r s♦❧✈✐♥❣ ❞✐s❝r❡t❡ t✐♠❡
♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠s✳ ❇❡r♥♦✉❧❧✐✱ ✾✭✻✮✿✶✵✵✸✕✶✵✹✾✱
✷✵✵✸✳

❬✹❪ ❖✳ ❇❛r❞♦✉✱ ❙✳ ❇♦✉t❤❡♠②✱ ❛♥❞ ●✳ P❛❣ès✳ Pr✐❝✐♥❣ s✇✐♥❣ ♦♣t✐♦♥s ✉s✐♥❣ ♦♣t✐♠❛❧
q✉❛♥t✐③❛t✐♦♥✱ ✷✵✵✼✳

❬✺❪ ❖✳ ❇❛r❞♦✉✱ ❙✳ ❇♦✉t❤❡♠②✱ ❛♥❞ ●✳ P❛❣ès✳ ❖♣t✐♠❛❧ q✉❛♥t✐③❛t✐♦♥ ❢♦r t❤❡
♣r✐❝✐♥❣ ♦❢ s✇✐♥❣ ♦♣t✐♦♥s✳ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝❛❧ ❋✐♥❛♥❝❡✱ ✶✻✭✷✮✿✶✽✸✕✷✶✼✱
✷✵✵✾✳

❬✻❪ ❈✳ ❇❛rr❡r❛✲❊st❡✈❡✱ ❈✳❋✳ ❇❡r❣❡r❡t✱ ❈✳ ❉♦ss❛❧✱ ❊✳ ●♦❜❡t✱ ❆✳ ▼❡③✐♦✉✱
❘✳ ▼✉♥♦s✱ ❛♥❞ ❉✳ ❘❡❜♦✉❧✲❙❛❧③❡✳ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r t❤❡ ♣r✐❝✐♥❣ ♦❢
s✇✐♥❣ ♦♣t✐♦♥s✿ ❛ st♦❝❤❛st✐❝ ❝♦♥tr♦❧ ❛♣♣r♦❛❝❤✳ ▼❡t❤♦❞♦❧♦❣② ❛♥❞ ❝♦♠♣✉t✐♥❣
✐♥ ❛♣♣❧✐❡❞ ♣r♦❜❛❜✐❧✐t②✱ ✽✭✹✮✿✺✶✼✕✺✹✵✱ ✷✵✵✻✳

❬✼❪ ❋✳ ❇❧❛❝❦✳ ❚❤❡ ♣r✐❝✐♥❣ ♦❢ ❝♦♠♠♦❞✐t② ❝♦♥tr❛❝ts✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥✲
♦♠②✱ ✸✿✶✻✼✕✶✼✾✱ ✶✾✼✻✳

❬✽❪ ❏✳❋✳ ❇♦♥♥❛♥s✱ ❩✳ ❈❡♥✱ ❛♥❞ ❚✳ ❈❤r✐st❡❧✳ ❊♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ❜②
st♦❝❤❛st✐❝ ♣r♦❣r❛♠♠✐♥❣ t❡❝❤♥✐q✉❡s✳ ■◆❘■❆ ❘❡s❡❛r❝❤ ❘❡♣♦rt ✼✷✽✾✱ ▼❛②✱
✷✵✶✵✳

❬✾❪ ❏✳❋✳ ❇♦♥♥❛♥s ❛♥❞ ❆✳ ❙❤❛♣✐r♦✳ P❡rt✉r❜❛t✐♦♥ ❛♥❛❧②s✐s ♦❢ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜✲
❧❡♠s✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱ ✷✵✵✵✳

❬✶✵❪ ❍✳ ❇r❡③✐s✳ ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s✱ ❙♦❜♦❧❡✈ ❙♣❛❝❡s ❛♥❞ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧
❊q✉❛t✐♦♥s✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱ ✷✵✶✵✳
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❙❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ♦❢ ❡♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t ♣r♦❜❧❡♠ ✷✶

❬✶✶❪ ❘✳ ❈❛r♠♦♥❛ ❛♥❞ ▼✳ ▲✉❞❦♦✈s❦✐✳ ❱❛❧✉❛t✐♦♥ ♦❢ ❡♥❡r❣② st♦r❛❣❡✿ ❛♥ ♦♣t✐♠❛❧
s✇✐t❝❤✐♥❣ ❛♣♣r♦❛❝❤✳ ◗✉❛♥t✐t❛t✐✈❡ ❋✐♥❛♥❝❡✱ ✶✵✿✸✺✾✕✸✼✹✱ ✷✵✵✾✳

❬✶✷❪ ❘✳ ❈❛r♠♦♥❛ ❛♥❞ ◆✳ ❚♦✉③✐✳ ❖♣t✐♠❛❧ ♠✉❧t✐♣❧❡ st♦♣♣✐♥❣ ❛♥❞ ✈❛❧✉❛t✐♦♥ ♦❢
s✇✐♥❣ ♦♣t✐♦♥s✳ ▼❛t❤❡♠❛t✐❝❛❧ ❋✐♥❛♥❝❡✱ ✶✽✿✷✸✾✕✷✻✽✱ ✷✵✵✵✳
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