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Abstract. The Multifractional Brownian Motion (MBM) is a general-
ization of the well known Fractional Brownian Motion. One of the main
reasons that makes the MBM interesting for modelization, is that one
can prescribe its regularity: given any Hoélder function H(t), with val-
ues in ]0,1[, one can construct an MBM admitting at any %o, a Holder
exponent equal to H(tp). However, the continuity of the function H(t)
is sometimes undesirable, since it restricts the field of application. In
this work we define a gaussian process, called the Generalized Multifrac-
tional Brownian Motion (GMBM) that extends the MBM. This process
will also depend on a functional parameter H(t) that belongs to a set H,
but H will be much more larger than the space of Hélder functions.

1 Introduction

It is classical that there exists a unique gaussian process, self-similar of order
H, vanishing at the origin and having stationary increments. This continuous,
centered gaussian process is called the Fractional Brownian Motion (FBM). It
has been introduced in 1968 by Mandelbrot and Van Ness [6]. This process can
be defined as the stochastic integral, for ¢ € IR,

oo _dt¢ 1
Balt)= [ ErmaW(e) )

where dW(€) is a Brownian measure (a good choice of dW(£) leads to real valued
FBM’s). It is worthwhile noting that {B;5(t)} is the well known Brownian
Motion.

One of the main interests of the FBM in modeling is that one can prescribe
the regularity of its paths. More precisely, the Holder exponent of the FBM
at any point %o is almost surely equal to H; for a random process {X(¢)} this
exponent a(tg) is defined as follows,

a(to) = sup {a, lim X(to + 1) — X(to) = 0} . (2)

h——0 |h|o¢
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However, the fact that the parameter H does not depend on %g, is sometimes
undesirable since it restricts the field of application. Some phenomena do not
admit a constant Holder exponent : for instance, the use of FBM for synthesizing
artificial mountains does not allow to take into account erosion phenomena.
The variation of the regularity may even contain an essential part of the signal
information. For instance the variation of the Holder exponent has been used
for images segmentation [5].

An extension of the FBM, has been proposed independently by Lévy
Véhel and Peltier [8] and by Benassi, Jaffard and Roux [3]. It is called the
Multifractional Brownian Motion (MBM). The MBM can be defined by (1),
except that the parameter H, is replaced by a Hdolder function H (¢), with values
in ]0,1[. This process shares many propreties with the FBM; for instance, at
any point to, the Holder exponent of the MBM is, almost surely, equal to H (o)
and the MBM is asymptotically locally self-similar of order H(to). In addition
the local Haussdorff and Box dimensions of the graph of the MBM at ¢g, are
both almost surely equal to 2 — H (o).

However, the continuity of the function H(¢) is sometimes undesirable, since
it restricts the field of application. In some contexts (for example financial crash
or image segmentation), it may seem more realistic that the Holder exponent
be a discontinuous function. Thus, it would be useful to construct a gaussian
process extending the MBM that admits a discontinuous Hoélder exponent, and
this will be the aim of our paper. The method we use is inspired from the study
of the Generalized Weierstrass function in [4].

The remainder of this article is organized as follows. In section 2, we define
the Generalized Multifractional Brownian Motion (GMBM) of parameters the
function H(t) € H and the real A > 1 where the space M is much more larger
than the space of Hélder functions (see Definitions 1 and 2). In section 3 and in
section 4, we will show that the GMBM shares some essential properties with
the MBM : at any point ¢(, the Holder exponent of the GMBM is almost surely
equal to H(¢o) and the GMBM is asymptotically locally self-similar of order
H{to).

2 Definition of the GMBM

We have seen that the MBM depends on a funtional parameter that belongs
to the space of Holder functions. The GMBM will also depend on a functional
parameter that belongs to a functional space H. Let us first define H.

We will say that a function h: R — R is a (8, ¢)-Hélder function where 8 > 0
and ¢ > 0 if and only if for all ¢1, t5 satisfying [t; — t2]| < 1, we have,

|h(t1) — h(t2)] < clts — ta°.
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Definition 1. H will be the set of the functions H(t) defined on IR, such that
H(t) = liminf H,(t) where (Hu(t)), v is a sequence of (B, ¢, )-Holder functions

with values in [a,b] C]0, 1] that satisfy,

(a) for all € > 0 and o, there ezist no = nolto,€) and ho = ho(to,€) > 0 such
that, for alln > ng and |h| < ho we have Hy(to + h) > H(to) — ¢,
(b) for allt, H(t) < B and ¢, = O(n).

Definition 2. Let H(t) = liminfH,(t) be a function in H and let X > 1. The

Generalized Multifractional Brownian Motion (GMBM) of parameters the func-
tion H(t) and the real X is the gaussian process {Ym x(t)},c g such that for all
te R,

zt£ -1
YH)\ 2/ |£|H (t)+1/2dW(£) (3)

where Do = {|¢] < 1} and for alln > 1, D, = {A\"~1 < |¢| < A"}.

Note that the process (3) not only depends on the function (H(¢)) but also
on the sequence (Hy(t)).

It is clear that the GMBM is an extension of the MBM. Indeed when in (3)
all the functions H,(t) are equal to a Holder function H(t), then the process
{Ya (1)}, g is the MBM of functional parameter H(t).

It is worthwhile noting that when one merely replaces in (1) the parameter
H by a discontinuous function H(t) one obtains a discontinuous process. Since
our main aim is to control the Holder exponent at each point, a definition such
as (3) is needed.

One can also remark that the set H contains for instance all the functions that
are both lower-semi-continuous (l.s.c.) and piecewise continuous (see Proposition
1); more interestingly, some very irregular functions, for instance functions of
the type b+ (a—b)xr(t) where xr(¢) is the characteristic function of an arbitrary
closed set F', as for example the Cantor set, belong also to H. (see Proposition
2). At last, one can note that all the functions of H are Ls.c.

The following propositions give some insights on the set H.

Proposition 1. Let {t;}, 7 be an increasing sequence and let
H : R — [a,b] C]0, 1] be a function such that for allt,

H(t) = (ai(t) = &)Xpetial(®) + (1 — @) D xey (¢ (4)
1eZ eZ

where, for alll, a;(t) is a continuous function on [t;,t141] and by < min{a;_1(¢1),
ai(t1)}. Then, the function H(t) belongs to the set M.

To prove Proposition 1 we need the following Lemma.
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Lemma 1. Leta : [u,v] — [c,d] be a continvous function. For alle > 0, there
ezxist a real 9 > 0 and a C! function a. : [u,v] — [c, d] satisfying the following
properties :

(i) for allt € [u,u+ 7], ac(t) = a(w) and for allt € [v — 1, v], ac(t) = a(v),
(39) for allt € [uv], la.(t) —a(2)] <
(iii) for allt, |al(t)| < e/ne (we can take e = 12).

Proof (of Lemma 1) Let € > 0, the function a(¢) being uniformly continuous
on [u, v], there exists a real &, 0 < o < (v—u)/16, such that for all ¢4, ¢3 € [u, ],
[t1 — t2| < «, we have |a(t1) — a(t2)]| < €/2.

Let ¢, = u+ (p+ 1)a/4, pm = max{p € I, z, < “t*} and let y, =
v—(¢+ 1)a/4, gm = max{q € IV, y, > ";” }. For all z, 8 € [0, 1], we set

Py(z) = —2Bz° + 362> (5)
We have, for all z and for all 3, |Pﬁ’(:c)| < 3/2.

The function a(t) will be defined as follows.
For all ¢t € [u, zo — /8]

for all ¢ € [yo + /8, v]

for all ¢ € [zg — /8, z0)
{ Plawo)-a)) (B[t — (zo — 2)]) + a(u) if a(zo) > a(u)
a.(t) =

Plau)—a(zo)) (1= St — (z0 — §)]) +alzo) else,

a¢(t) will be defined similarly on [yo, yo + &/8],
forall pe {0, ..., pn — 2} and for ¢ € [z, Zpy1]

Pla(wpis)—alay)) (21t — @p]) + a(zy) if a(zpi1) > a(zy,)
ac(t) = \
Pla(ey)—a(epin)) (1= 21t — 2p]) + a(zpy1) else,

ac(t) will be defined similarly on [yx11,yx] for all ¢ € {0, ..., gm — 2},
forall ¢t € [zp,,_1, Yq,.—1]

Pla(am-1)-a(@pm-1)) (M[t - fcpm—l]) +a(zp,,-1)
if a(:cpm_l) S a(me_l)
ae(t) =
Pla(@pp-1)=(ap-1)) (1 P fcpm—l]) + a(zg,,-1)
else.
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Proof (of Proposition 1). It follows from the previous Lemma, that for
all ] € Z and m > 1, there exist a real n,, > 0 and a C'! function Qlm
[ti, ti41] — [a, ] such that,

- for all t € [t 8 + mm], arm(t) = ai(t;) and for all ¢ € [ti1 — Mim, tig1]
arm () = ar(tiy1),

- for all ¢ € [t tit1], |arm () — ar(t)] < 1/m,

- for all ¢ € [ty, tiq1], |ag,, (B)| < ¢/mm.

One can suppose that for each I, (nlvm)mEN is a decreasing sequence and
that lim ., = 0.

m——0o0

For all k£ > 1, the function Hy(t) will be defined as follows.

Hi() = Y (1mui) () — @)Xp 417k 0040 —1/0(8) + Y (01 (t) — )X, -1k, 41/m(8) +

lel, lel,
D> (a(t) — @)X 1w (@) + > (61a(t) — @)xp—1/5.01(2) + @y (6)
leJy €Ly,

where
In={lcZ (m mn, >8/k)and (Im m_1m, > 8/k)},
Jy={l€Z, 1 ¢I;and I+ 1€ I};},
and Ly ={l€ Z, | ¢ I and | — 1 € I};}},
note that all these sets are finite;
forall l € It, and t € [t; — 1/k, ]
61,1 (t) = Plas_y(t)—5)(1 — k[t — (i — 1/k)]) + by,
and for all ¢ € [t;,t; + 1/k]
61,1 (t) = Playty)—n,) (k[E — t]) + br,
forall il € J;
N1 () = Play(u)—ay ([t — t1]) + a,
forall l € Ly
811 (1) = Plas(e)—ay(1 = bt = (1 = 1/F)]) + @,

and m(l, k) = max{m, nm > 8/k}.

Proposition 2. Let H : R — [a,b] C]0, 1] be the function defined by

H(t) =Y (ailt) — a)Xjan mul(t) + @, (7)
1elN
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where
-foralll, ' € N, I £ 1 we have |y, B[N, B [= 0,

- for alll, ai(t) is a continuous function on [ay, (i].

Since any open set may be written as a countable disjoined union of open
intervals, a consequence of the previous proposition is that all the functions of
the type (b — a)xu(¢) + @, where U C IR is open, belong to H.

The proof of Proposition 2 is similar to the one of Proposition 1.

Further properties of H will be investigated in a forthcoming work.
Theorem 1. With probability one, t — Yg (t,w) is a continuous function
To prove Theorem 1, we will need the following Lemma.

Lemma 2. Let {X(t)}tex be a real valued gaussian process defined on a com-
pact interval K and suppose there exist 2 reals ¢ > 0 and « > 0, such that for
allt, ' ¢ K

E(IX(8) - X())?) < clt - ¢]°. (8)
Then with probability one, t — X (¢,w) is a continuous function.

Proof (of Lemma 2). Let us show that the process {X(¢)}+cx satisfy the
following property; there exists 3 reals C > 0, 3 > 0 and v > 0 such that for all
t,t' ¢ K

B(X() - X()P) < Clt — ¢/, )

When the inequality () is satisfied, it results from Kolmogorov criterium
(see [10] page 57) that almost surely

lim sup |X(t) — X(¢')| = 0.
h—0 t, tl € K
[t—t|<h

Thus with probability one, ¢ — X (¢,w) is a continuous function.
To show (%), let us recall that (see [7] page 110), when Z is a centered gaussian
random variable, then for every real r > 0,

2721 ("41) 2yyr/2
T%)(E(IZI )72

Thus taking in the previous equality Z = X(¢)— X (¢') and r = Ala-l—_vl (y>0
being arbitrary), then using (8) we get ().

B(|2]") =
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Proof (of Theorem 1) Let us first show that for all ! € Z, with probability
one t — Y (t,w) is a continuous function on K; = [£, L + 1]. It follows from
Lemma 2, that it is sufficient to establish that: V, ¢, ¢’ € K]

E([Y () = Y(#)?) < clt -t/ (9)
We have,
E(Y®)-Y(#))?) <2(A+ B+ G+ H),

where

— 2/ |ezt§ |£| Ho(t)-1/2 _ |£|—H0(t1)—1/2)2 de,
o [ Hn(t)-1/ Hyu(t')-1/
BIS / g—nt—12_£—nt—122d£,
> [ 3 )
1
- 2/ |£|—2H0(t1)—1|e’i(t—t1)£ _ 1|2 de,
0

00 A"
G:22/\ ||~ 2HAE) 1 gilt=t)E _ 112 g,
n=1 not

Let us give ad-hoc upper bounds of A, B, H and G. The theorem on finite
increments entails that for all £ # 0, ¢, ¢’ and n, there exists 7 € [a+1/2,b+1/2],
such that

[|€|7Hn =172 — ||~ Ha(t)=1/2| = | log |¢]||€] 7| Ha(t) — Ha(t')|.  (10)

Then it follows from (10) and from Definition 1 (b) that,

A< 2 (3 le* — 12U de ) | Ho(t) — Ho(t')?

(11)
<2 (W 1)’ 1 8 ) - v
and
B <8y, ([ Gl de) e — v
<8I APTHA — 1) (nlog \)2A~—(R=D(Zat )2y 4|28 (12)
<8(A = 1)(log A)? (XopLy n®A~2en ek ) [t — 1/,
Moreover,

H<?2 (fol g—zHu(t’)+1 d{) It — 25/|2 <2 (fol g2+t d{) It — t’|2. (13)
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At last we have,
G < 2220:1 f;:_l 5—2@—1|ez’(t—t')£ _1)2de < 2f1+oo 5—2@—1|ei(t—t’)£ — 12 de,
<2 ( 1|t—t I~ 5—2a+1 d{) |t i 25/|2 +8 (»ﬁ:——oi’kl 5—2@—1 d{) , (14)

<clt —t')?e.

Thus (9) results from (11), (12), (13) et (14).

3 Pointwise regularity of the GMBM

The following theorem shows that one can prescribe the regularity of the GMBM.

Theorem 2. Let {Yu ()}, g be the GMBM of parameters the function H(t)
of H and the real A > 1. Let tg be an arbitrary real and let oy (to) be the Hélder
exponent of the process {YHvA(t)}tEIR at to (see (2)).

Then

Oéy(to) = H(to),
almost surely .
To prove Theorem 2 we need the following Lemma.

Lemma 3. Let {X(t)}ter be a real valued centered gaussian process defined on
an interval I and let ax(to) be its Hélder exponent at to. H(t) will be a deter-
ministic funtion with values in [a,b] C]0, 1].

(i) Suppose that for all € > 0, one can find two reals ¢ = c(to,€) > 0 and
ho = ho(to, €) > 0 such that, for all |h|, |h'| < ho,

E([X(to 4+ h) — X(to 4+ h')]?) < c|h — b/ |2H(to)=e), (15)

Then, ax(to) > H(to) almost surely .
(i) Suppose that for all € > 0, there exists a sequence (hy) satisfying
lim h, =0 and a real c = c(to,€) > 0 such that, for alln,
E([X (to + ha) — X(1)]?) > c|hy [PHEH), (16)
then ax(to) < H(to) almost surely .

This lemma follows from general results on the regularity of gaussian pro-
cesses. However, for sake of completness we prove it here by an elementary
method.
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Proof Let us fix tg € I, € > 0 and suppose that I =]u, v[. (15) entails that
there exists 2 reals ¢ > 0 and ho > 0 satisfying the following property: for all A,
B’ such that |k|, |h'| < hg and to + h, to+ A’ €1,

E([X(to + h) — X (to + h')]?) < c|h — B/|PHE)=e/2), (17)

Let n = Imin(ho,t — u,v —t) and J = [-7,n]. The gaussian process
{Y:,e(k)}res, will be defined on J as follows

X(to+k)—X(to .
LCotb o) if ke 7 — {0}
Yioe(k) = (18)

0if £ =0.
Suppose for a while that for all h, b’ € J
E(|Yi,e(R') = Yaoe(B)?) < C'|R — HJ". (19)
It follows then from (18) and from Lemma 2 that almost surely
kli—n>10 Y:,,e(k)=0 which means that almost surely ax (o) > H(to) — €. Thus from

now on our aim will be to show that the inequality (19) holds. It is clear that
the inequality (19) is true when A = 0 or when A’ = 0. For all 2, b’ € J — {0}
we have

E(|thm€(hl) - thuvf(h |2)

[ X (to +h') — X(to + h)?
S2E < |h/|2(H(to)—6)

1 1 2
+2 <|h/|H(tu)—e - |h|H(to)—e> E(IX (to + h) — X (t0)]?).

It follows then from (17) that,

. ) |h/ _ h|2(H(tD)—E/2)
E([Ytg,e(h') = Ya,e(h)[7) < 2¢ |h/|2(H(to)—e)

4% 1 B 1 2 |h|2(H(tD)—E/2)
|hl|H(tD)—e |h|H(tD)—e :

From now on we will suppose that 0 < |h| < |h/|,
52(H (tg)—2)

1
so we have EEGE= < TSARCICIERE and consequently,

B([Yiye(H) = Yio,e(R)) < c2?HOOH 1~ hJ* 4 2¢ (1 -

2
A H(to)—e .
|hl°.

[

Let us study the case where A’ > 0, the case where ' < 0 being similar.
When h € [-h', k' /2], since |h'— h| > |h| the inequality (19) obviously holds.
When h €]h’/2, h'], the Theorem on finite increments entails that

A H(tog)—¢

1-— W

< 2(H(to) — €) <1 - hﬁ> :
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consequently, we have

(1_

and then, we get (19) from this last inequality.

h

hl

H(to)—e\ 2 B\ 2
) |h|6§4<1—y> B,

< 4|hl - h|67

Now, we are going to show (iz). For all € > 0, there exists (h,) a sequence of
non vanishing reals converging to 0 and there exists ¢ > 0 such that

E[(X(to + hn) — X (t0))?] > c|hy |2 HE)Fe/2),
Since {X(¢)} is a gaussian process we have

X(to + hn) — X(to)
|hn|H(tD)+e

~ N(0,02),

and the last inequality implies that lim o, = +o0o. Let us show that the se-
n—00
. H(tg)+e . -
quence of random variables (m> converges in probability to 0. For

all real > 0, we have

|y | (B0 Fe | X (to + hn) — X (t0)]
P =P 1
<|X(to+hn>—X(to>| =7 [ Fle > L/

= / ! exp(—=z?/202) dz
(lz|>1/9)

V2o,
exp(—xz2/2) dz.

_ 1 /
V271 J(|jal>1/904)

lim P < o [0 > L /+OO (—2?/2)dz =1
m < = — exp(—z z=1.
ot \[X(to +ha) = X(t0)] =) T Var ) TF
Therefore, there exists a sub-sequence k — ny such that

| X(to + ha,) — X(to)]
R ECDEE

= +OO,

almost surely. This means that almost surely, ax (o) < H(to) +e.
|

Proof (of Theorem 2).

Step 1: we will establish that for all ¢g, ay(to) > H(to) almost surely. It
follows from Lemma 3 (7) that it is sufficient to show that for all € > 0, there
exist 2 reals ¢ = ¢(to,€) > 0 and hg = ho(fo, €) > 0, such that for all |k|, |A'| < hg

E([Y (to 4+ h) — Y (to + 1')]?) < ¢|h — h'|PEE0)=e), (20)
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Let ho(to,€) < 1/2 and ng = no(to, €) be as in Definition 1 (a). For all |A/,

|W'| < ho, we have
E(Y(to+h)—Y(to+ 1))’ ] <2(R+ S+ T+7U),

where

1
R = 2/ |ei(t0+h)£ _ 1|2(|€|—H0(t0+h)—1/2 _ |€|—H0(t0+h1)—1/2)2 d{,
0

00 A™
S=38 Z/A (|£|—Hn(t0+h)_1/2 _ |€|—Hn(tu+h )_1/2)2d§,
n=1YA""1

1
T — 2/ |€|—2H0(t0+h')—1|ez'(h—h')£ _ 1|2 de +

ng—1

23 / e (3

—9 Z / |£|—2Hn(t0+h’)—1|ez’(h—h’)£ _ 1|2 de.

n=ng

Let us give ad-hoc upper bounds of R, S, T, and U. A similar method to
that we have used to give upper bounds of 4 and B, (see the proof of Theorem

1) leads to

2
R§2<|t0|—|—h )? fy Gser 6) ci|h— 1|,

§ < 8 ((log A)*(A — 1) Y02, n?A=(n=D20e2) | — h|26,

Moreover, as for all ¢t and n, Hy(t) € [a, b], we get

T <2 (fye2de) [h— w242 (77 2%t de) |- WP

At last, Definition (a) implies that

U< Ezoznu f)\)\:_1 5_2H(t0)+26_1|ei(h—h’)5 —12d¢
< 2f+00 5—2H(t0)+26—1|e’i(h—h )5 1|2 dé.

<2<f'h MIT g aH R G ) [ — B4 8 1, €Ik g

S C|h— h/|2(H(t0) e)‘

(23)

Thus, it follows from (21), (22) et (23) that the process {Y'(¢)} satisfies (20).

Step 2: we will establish that for all ¢o, ay (o) > H(to) almost surely. It
follows from Lemma 3 (4¢) that it is sufficient to show that for all € > 0, there
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exists a sequence (h,) of non vanishing real numbers converging to 0 and there
exists ¢ = ¢(to, €) > 0 such that for all n,

B(IY (to + hu) = ¥ (t0)]?) = el [0+, (24)

As H(to) = liminf H, (o), there exists a subsequence k — ny, such that for
n——00

all k, Hy,+1(to) < H(to) + €. From now on we will suppose that n = ny. Let
hyp, = A7, we have

Y (t0 + Bn) = Y (t0)llz2(2) = (BI(Y (to + ha) — Y (t0))2]) /*
1/2
> ( At |£| 2Hp41(to)— 1|ez(t0+h n)§ _ it05|2d£> /

_ _ _ _ 5 . 1/2
_ ( (|§| Huga(80)=1/2 _ |¢|~Hnta(totho) 1/2) |eiltotha)é _ 1] d{)

> ( At |£| 2H (to)—2e— 1|ezhn£ |2 d£>1/2
-2 Hnqa1(to)-1/2 _ —Hpqa(tot+ha)—1/2 2 d 1/2
(|€| €] ) de) .

Thus setting u = h, &, we get

n41 .
f;\n |£|—2H(t0)—25—1|ezhn£ . 1|2 de

hi(H(t”)"'E) f1>\ u—zH(tD)—ze—1|em — 112 du. (25)

Moreover, it follows from (10) that

At

An (|§| Hyga(to)=1/2 _ €]~ n+1(to+hn)—1/2)2d5

(fxn (log €)% ~2+~1 d¢ ) 3, b3 "
((n+ 1)2X" (A — 1)(log )2 A~ (2a+1)m \~2(B=H(to) —e)n) Ci+1hi(H(t”)+E)

((n + 1)2(log 2)? (A — 1)A=2(x+B=H(to)=eIm) ci+1hi(H(t0)+f>_

A

At last, (25) and (26) entail that

A ) 1/2
HY(tO + h’ﬂk) - Y(to)HLZ(_Q) > {(fl u_ZH(tD)—26—1|ezu _ 1|2 du)
—CA(@HP=HE) =k (g, 4 1)ep, 11} hH(t”HE,

and then Definition 1 (), implies that for &, big enough,
, 1/2 .
1Y (t0 + huy) — ¥ (t0) 122y > L2 (fj u2H (o) =2e=1|gin _ 1|2 du) pitorte,
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4 Local self-similarity of the GMBM

Definition 3. We will say that a process {X(t)} is asymptotically locally self-
similar of order o > 0 at to, if and only if the process {ﬂ%ﬂt—”l} converge
k13

in distribution to a mon trivial limit as p — 0F.

Proposition 3. Let {Yu (1)}, g be the GMBM of parameters the function
H(¢) = liminf H,(t) of H and the real A > 1. Let to be a real satisfying the

following properties.

1. There exist 2 reals ¢ = c(to) > 0 and 6§ = 6(to) > 1 — a such that for alln,
|Ha(to) — H(to)| < eA™*™;

2. These exist ng = no(to) and ho = ho(to) > 0 such that, for alln > ng and
|h| < ho we have Hp(to + h) > H(to).

Then the process {Yua(t)},c g is asymptotically locally self-similar of order
H(to) at tg. More precisely,

{Y(to +£¢(10)— Y (o) }uelR = Law {o(t0) Ba(to) (4) } . R »

lim Law
p——0t

where { B (1,)(v) },c R 15 the standard fractional brownian motion of parameter
H(to) and where

+o0 2 2
(o) = 4 / _sin"w/2

o |ulEG)T

It is worthwhile noting here that there exist many “interesting” functions in
‘H that satisfy 1. and 2. for all real ¢(. Indeed, following the same lines as in the
proof of Proposition 1 one can show that:

— functions that are both lower-semi-continuous and piecewise constant;
— functions of the type b+ (a — b)Xp(t), where 0 < a < b < 1 and Xp(?) is
the characteristic function of any arbitrary closed set F,

satisfy 1. and 2..
Proposition 3 is a consequence of the following Lemmas.

Lemma 4. For all tg,u,v and p small enough, we have

E[(Y(to + pu) — Y (t0))(Y (%o t ov) _—‘Ye(to))]
- Z:ZOIO fDn = |5|_211)7£ftu)+1 _1)d§ + 0(,02H(t0))
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Proof Let

eiltote)d _ 1
No(é,z,y) = [E[Entotn)+1/2

El(Y (to + pu) = Y(t0))(Y (to + pv) = Y (t0))]

/D [No(£, puy ps) — Na(£,0,0)|[Na(E, po, pv) — Na (2,0, 0))dé

2
Z [NH(Sa pU, Pu) - Nn(ga pU, 0)][Nn($, PY, P'U) - Nn(ga PY, 0)]d$

n=0

+ /D [N(€, pu, pu) — Na(é, pu, 0)][NalZ, pv,0) — Na(Z,0, 0)]dé

n

+ /D [Nw(£, pu, 0) — Nu(£,0,0)|[NalZ, pv, p0) — NalE, pv, 0))dé

n

4 [ INE s 0) = N6, 0, 0NE, 2, 0) - Nn(s,o,onds} .

n

At last, by a similar method to that we have used to give upper bounds of
A, B, H and G in the proof of Theorem 1, we can show that

E[(Y (to + pu) — Y (20))(Y (to + pv) — Y (t0))]
< a1p2ﬁ|u|ﬁ|v|ﬁ + azpﬁ+H(to)|u|ﬁ|v|H(to) 4 aspﬁ+H(tu)|u|H(tD)|v|ﬁ

ipud _q —ipvé_q
+ EZO:O fDn (v |5|2H)7£t(?t0)+1 )df,

where a1, @s and a3 are 3 constants.

Lemma 5. If the sequence (H,(to)) satisfies the condition 1. of Proposition 3,

then we have

zpuﬁ _ 1 —zpvé' _ 1)
i p2H<to> Z / |§|2H <to>+1 ¢
_ 400 (ezun _ 1)(6_“”’ _ l)dn
N
Proof
+o00 ¢ dun _ —fun _ +o0o ¢ ipuf _ —ipv€ _
(e 1)(e 1)d17 _ 1 (e 1)(e 1)d§.
. |n[2H (o) +1 PEEICN |€[2H (o) +1



31

Thus, we have

zpuﬁ —ipvé' -I-OO zun (e—iv'/] 1)
e 2/ e B
. 1
ipug _ 1)(emiomE _ _
< Z/D ¢ Y (jgpmares — g )|

1 1 1
2(1-H(to
<2p ( (¢ ))|U||U| [/0 <§2H0(t0)_1 + €2H(tu)—1> d¢

> " 1 1
+ A2 d{l .
L

ynei | E2Hn(to)+1 o £2H(to)+1

This last series is convergent, since the Theorem on finite increments and 7.
(see Proposition 3) imply that

00 A”

> |

n=1 Am=l

1 1
£2Hn(to)+1 - £2H(to)+1

d¢,

<202\ = 1)log A Y X H, (t0) — H (o),

n=1

o0

< cZnAz(l_a_é)n < oo.

Lemma 6. We have
E[(Y (to + pu) =¥ (0))(Y (o + pv) = ¥ (t0))]
_ </+°° (6““7 — 1)(6_“’71 — 1)d77> pz}[(tu) + O(,OZH(tD))-

[n|2H (o) +1

— 00
Proof This Lemma is a straightforward consequence of Lemmas 4 and 5. B

Proof (of Proposition 3) Lemma 6 yields the convergence of the finite di-

mensional distribution of the process YH’*(tD-I_’;;LZ_YH’*(tD) to those of
pH(t0) welR

{a(to)BH(tD)(u)}uEJR. To have the convergence in distribution for the topol-
ogy of the uniform convergence on compact sets a tightness result is required.

Following the same lines as in the proof of Theorem 2 and using 2. one can
show that, for integer [ = 2 and for every compact K there exists a finite constant
¢(to, ) such that for p > 0 small enough,

CORTIES (O AR

YVuv €K E’< DH(E)
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Since the processes are Gaussian this inequality can be extended to ! large enough
to get H(to).l > 1. Hence one can classically deduce that the sequence of the

laws of (%) oo is relatively compact.
P
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