Tschauner-Hempel equations in Hill's frame

Keplerian motions -Small intersatellite distance (a, e, v ): semi-major axis, eccentricity and true anomaly of the target satellite

X (v ), Y (v ), Z (v ): relative coordinates of the chaser   x 1 (v ) x 2 (v ) x 3 (v )   = (1 + ecos(v ))   X (v ) Y (v ) Z (v )  
x 4 (v ), x 5 (v ), x 6 (v ): derivatives of x i (v ), (i = 1, ..., 3) w.r. The problem to solve 

(P)                                    Find u = argmin u J(u) = -m(v f ) s.t. ẋ(v ) = A(v )x(v ) + B(v ) u(v ) m(v ) ṁ(v ) = -c(v ) u(v ) u(v ) ≤ 1 v ∈ [v 0 , v f ] g (v , x(v )) ≤ 0 v ∈ [v 0 , v f ] x(v 0 ) = x 0 h (x(v f )) = 0 m(v 0 ) = m 0 Richard Epenoy Fuel-Optimal
g (v , x(v )) = 1 - x 1 (v ) 2 + x 2 (v ) 2 + x 3 (v ) 2 d min (1 + ecos(v )) ≤ 0 v ∈ [v 0 , v f ]

Problem regularization (1/2)

A logarithmic barrier approach The smoothed exact penalty method

(P) δ                                  Find u δ = argmin u J δ (u) = J(u) -δ v f v 0 F (v , u(v )) dv s.t. ẋ(v ) = A(v )x(v ) + B(v ) u(v ) m(v ) ṁ(v ) = -c(v ) u(v ) u(v ) ≤ 1 v ∈ [v 0 , v f ] g (v , x(v )) ≤ 0 v ∈ [v 0 , v f ] x(v 0 ) = x 0 h (x(v f )) = 0 m(v 0 ) = m 0 F (v , u(v )) = c(v ) (log ( u(v ) ) + log (1 -u(v ) ))
J δ (u δ ) → J(u) as δ → 0 u δ → u for the weak-* topology on L ∞ [v 0 , v f ] , R 3 as δ → 0 Richard Epenoy Fuel-Optimal
The penalized problem (P) The smoothed exact penalty method

2 σ,α,                              Find u 2 σ,α, = argmin u J 2 σ,α, (u) = J δ (u) + v f v 0 ψ σ,α, (g (v , x(v ))) dv s.t. ẋ(v ) = A(v )x(v ) + B(v ) u(v ) m(v ) ṁ(v ) = -c(v ) u(v ) u(v ) ≤ 1 v ∈ [v 0 , v f ] x(v 0 ) = x 0 h (x(v f )) = 0 m(v 0 ) = m 0 ψσ,α, (z) = σlog 1 + exp z σ 1 + α -z -→ σ→0 Max 0, z 1 + α -z
The penalized problem (P) 2 σ,α, 

                             Find u 2 σ,α, = argmin u J 2 σ,α, (u) = J δ (u) + v f v 0 ψ σ,α, (g (v , x(v ))) dv s.t. ẋ(v ) = A(v )x(v ) + B(v ) u(v ) m(v ) ṁ(v ) = -c(v ) u(v ) u(v ) ≤ 1 v ∈ [v 0 , v f ] x(v 0 ) = x 0 h (x(v f )) = 0 m(v 0 ) = m 0 G. Liuzzi
Algorithm Let 0 < q 1 < q 2 < 1, 0 < α lim < α 0 , 0 > 0, σ 0 > α q 1 lim , 0 < θ < 1, 0 < τ < 1 Let k = 0, end = false WHILE (end = false) Solve problem (P) 2 σ k ,α k , k → x 2 σ k ,α k , k , m 2 σ k ,α k , k , u 2 σ k ,α k , k IF (α k ≤ α lim ) THEN end = true (x δ , m δ , u δ ) ← x 2 σ k ,α k , k , m 2 σ k ,α k , k , u 2 σ k ,α k , k ELSE IF Min k , v f v 0 Max 0, g (v , x 2 σ k ,α k , k (v )) dv > α q 2 k σ k THEN k+1 = τ α q 2 k σ k ELSE k+1 = k ENDIF α k+1 = θα k σ k+1 = Min σ k , α q 1 k+1 k = k + 1 ENDIF END WHILE

Convergence results

Lemma Let α > 0, z < α and > 0 be given. Then, (σ → ψ σ,α, (z)) is strictly increasing on ]0, +∞[ Let z < 0, > 0 and σ > 0 be given. Then, (α → ψ σ,α, (z)) is strictly increasing on ]0, +∞[ Convergence theorem -See Epenoy (2011) in JGCD 

J 2 σ k ,α k , k u 2 σ k ,α k , k → J δ (u δ ) as k → ∞ u 2 σ k ,α k , k → u δ according to the weak-* topology on L ∞ [v 0 , v f ] , R 3 as k → ∞ x 2 σ k ,α k , k → x δ uniformly on [v 0 , v f ] as k → ∞ m 2 σ k ,α k , k → m δ uniformly on [v 0 , v f ] as k → ∞
= 0.0 s v f = 3.349161118514 rad t f = 8000.0 s   X (t 0 ) Y (t 0 ) Z (t 0 )   =   -100 m -100 m -100 m          dX dt (t 0 ) dY dt (t 0 ) dZ dt (t 0 )        =   0.0 m/s 0.0 m/s 0.0 m/s     X (t f ) Y (t f ) Z (t f )   =   500 m 500 m 500 m          dX dt (t f ) dY dt (t f ) dZ dt (t f )        =   0.0 m/
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Solving the path-constrained rendezvous problem Smoothing the bang-off-bang control

Parameters of the algorithm

Smoothing parameter: The same as for the unconstrained problem

Case 1: d min = 50.0 m q 1 = 0.3 q 2 = 0.6 α lim = 4.73x10 -4 α 0 = 0.98 0 = 0.0999 σ 0 = 1.0 θ = 0.99 τ = 0.9

Case 2: d min = 140.0 m q 1 = 0.3 q 2 = 0.6 α lim = 1.37x10 -4 α 0 = 0.98 0 = 0.0157 σ 0 = 1.0 θ = 0.99 τ = 0.9